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ABSTRACT

Sharpness-Aware Minimization (SAM) is a highly effective regularization technique for
improving the generalization of deep neural networks for various settings. However, the
underlying working of SAM remains elusive because of various intriguing approxima-
tions in the theoretical characterizations. SAM intends to penalize a notion of sharpness of
the model but implements a computationally efficient variant; moreover, a third notion of
sharpness was used for proving generalization guarantees. The subtle differences in these
notions of sharpness can indeed lead to significantly different empirical results. This paper
rigorously nails down the exact sharpness notion that SAM regularizes and clarifies the
underlying mechanism. We also show that the two steps of approximations in the original
motivation of SAM individually lead to inaccurate local conclusions, but their combination
accidentally reveals the correct effect, when full-batch gradients are applied. Furthermore,
we also prove that the stochastic version of SAM in fact regularizes the third notion of
sharpness mentioned above, which is most likely to be the preferred notion for practical
performance. The key mechanism behind this intriguing phenomenon is the alignment
between the gradient and the top eigenvector of Hessian when SAM is applied.

1 INTRODUCTION

Modern deep nets are often overparametrized and have the capacity to fit even randomly labeled data (Zhang
et al., 2016). Thus, a small training loss does not necessarily imply good generalization. Yet, standard
gradient-based training algorithms such as SGD are able to find generalizable models. Recent empirical and
theoretical studies suggest that generalization is well-correlated with the sharpness of the loss landscape at
the learned parameter (Keskar et al., 2016; Dinh et al., 2017; Dziugaite et al., 2017; Neyshabur et al., 2017;
Jiang et al., 2019). Partly motivated by these studies, Foret et al. (2021); Wu et al. (2020); Zheng et al. (2021);
Norton et al. (2021) propose to penalize the sharpness of the landscape to improve the generalization. We
refer this method to Sharpness-Aware Minimization (SAM) and focus on the version of Foret et al. (2021).

Despite its empirical success, the underlying working of SAM remains elusive because of the various in-
triguing approximations made in its derivation and analysis. There are three different notions of sharpness
involved — SAM intends to optimize the first notion, the sharpness along the worst direction, but actually
implements a computationally efficient notion, the sharpness along the direction of the gradient. But in the
analysis of generalization, a third notion of sharpness is actually used to prove generalization guarantees,
which admits the first notion as an upper bound. The subtle difference between the three notions can lead to
very different biases (see Figure 1 for demonstration).

More concretely, let L be the training loss, = be the parameter and p be the perturbation radius, a hyperpa-
rameter requiring tuning. The first notion corresponds to the following optimization problem (1), where we
call RN (2) = LY*(x) — L(x) the worst-direction sharpness at . SAM intends to minimize the original
training loss plus the worst-direction sharpness at .

mmin Li‘fl"‘x(x)7 where Lglax(m) = max|y|,<1 L(z + pv). (1)

However, even evaluating LM# () is computationally expensive, not to mention optimization. Thus Foret
etal. (2021); Zheng et al. (2021) have introduced a second notion of sharpness, which approximates the worst-
case direction in (1) by the direction of gradient, as defined below in (2). We call stc(x) = L,’}“C(x) — L(z)
the ascent-direction sharpness at x.

min LY*(z), where L3*(x) = L (x+ pVL(x)/ [VL()],) - )
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Type of Sharpness-Aware Loss | Notation Definition Biases (among minimizers)
Worst-direction L™ max ) <1 L(z + pv)  ming A;(VZL(z)) (Thm G.3)
. . sc VL(z .
Ascent-direction Ly L (:c + pﬁ) ming Amin(V2L(z)) (Thm G.4)
Average-direction Ly EyunonL(z+ PTa)  ming Tr(V2L(z)) (Thm G.5)

Table 1: Definitions and biases of different notions of sharpness-aware loss. The corresponding sharpness is defined
as the difference between sharpness-aware loss and the original loss. Here A; denotes the largest eigenvalue and Amin
denotes the smallest non-zero eigenvalue.

For further acceleration, Foret et al. (2021); Zheng et al. (2021) omit the gradient through other occurrence
of z and approximate the gradient of ascent-direction sharpness by gradient taken after one-step ascent, i.e.,
VLy*(z) = VL (z + pVL(z)/ ||VL(2)||,) and derive the update rule of SAM, where 7 is the learning rate.

Sharpness-Aware Minimization (SAM): z(t+ 1) = x(t) — nVL (x + pVL(z)/ [VL(z)|,) . (3)

Intriguingly, the generalization bound of SAM upperbounds the generalization error by the third notion of
sharpness, called average-direction sharpness, Rﬁvg (z) and defined formally below.

Ry (x) = Ly"®(x) — L(z), where Lp*¥(2) = Egno,n L (z + pg/llgll2) - )

The worst-case sharpness is an upper bound of the average case sharpness and thus it is a looser bound for
generalization error. In other words, according to the generalization theory in Foret et al. (2021); Wu et al.
(2020) in fact motivates us to directly minimize the average case sharpness (as opposed to the worst-case
sharpness that SAM intends to optimize).

In this paper, we analyze the biases introduced by penalizing these various notions of sharpness as well as the
bias of SAM (Equation 3). Our analysis for SAM is performed for small perturbation radius p and learning
rate 17 under the setting where the minimizers of loss form a manifold following the setup of Fehrman et al.
(2020); Li et al. (2021). In particular, we make the following theoretical contributions.

1. We prove that full-batch SAM indeed minimizes worst-direction sharpness. (Theorem 4.5)

2. Surprisingly, when batch size is 1, SAM minimizes average-direction sharpness. (Theorem 5.4)

3. We provide a characterization (Theorems 4.2 and 5.3) of what a few sharpness regularizers bias towards
among the minimizers (including all the three notions of the sharpness in Table 1), when the perturbation
radius p goes to zero. Surprisingly, both heuristic approximations made for SAM lead to inaccurate
conclusions: (1) Minimizing worst-direction sharpness and ascent-direction sharpness induce different
biases among minimizers, and (2) SAM doesn’t minimize ascent-direction sharpness.

The key mechanism behind this bias of SAM is the alignment between gradient and the top eigenspace of
Hessian of the original loss in the latter phase of training—the angle between them decreases gradually to
the level of O(p). It turns out that the worst-direction sharpness starts to decrease once such alignment is
established (see Section 4.3). Interestingly, such an alignment is not implied by the minimization problem
(2), but rather, it is an implicit property of the specific update rule of SAM. Interestingly, such an alignment
property holds for SAM with full batch and SAM with batch size one, but does not necessarily hold for the
mini-batch case.

2 RELATED WORKS

Sharpness and Generalization. The study on the connection between sharpness and generalization can be
traced back to Hochreiter et al. (1997). Keskar et al. (2016) observe a positive correlation between the batch
size, the generalization error, and the sharpness of the loss landscape when changing the batch size. Jastrzeb-
ski et al. (2017) extend this by finding a correlation between the sharpness and the ratio between learning
rate to batch size. Dinh et al. (2017) show that one can easily construct networks with good generalization
but with arbitrary large sharpness by reparametrization. Dziugaite et al. (2017); Neyshabur et al. (2017);
Wei et al. (2019a;b) give theoretical guarantees on the generalization error using sharpness-related measures.
Jiang et al. (2019) perform a large-scale empirical study on various generalization measures and show that
sharpness-based measures have the highest correlation with generalization.

Background on Sharpness-Aware Minimization. Foret et al. (2021); Zheng et al. (2021) concurrently pro-
pose to minimize the loss at the perturbed from current parameter towards the worst direction to improve
generalization. Wu et al. (2020) propose an almost identical method for a different purpose, robust gener-
alization of adversarial training. Kwon et al. (2021) propose a different metric for SAM to fix the rescaling
problem pointed out by Dinh et al. (2017). Liu et al. (2022) propose a more computationally efficient version
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Figure 1: Visualization of the different biases of different sharpness notions on a 4D-toy example. Let
Fi, Fy R?2 — RT be two positive functions satisfying that Fi > F5 on [0,1]2. For x € R4, consider loss
L(z) = Fi(z1,z2)x3 + Fo(x1,22)x]. The loss L has a zero loss manifold {x3 = x4 = 0} of codimension
M = 2 and the two non-zero eigenvalues of VL of any point = on the manifold are A\1(VZL(z)) = Fi(x1,22)
and A\2(V?L(2)) = Fa(x1,w2). We test three optimization algorithms on this 4D-toy model with small learning rates.
They all quickly converge to zero loss, i.e., 3(t), z4(t) ~ 0, and after that z, (¢), z2(t) still change slowly, i.e., moving
along the zero loss manifold. We visualize the loss restricted to (z3,z4) as the 3D shape at various (z1, z2)’s where
z1 = z1(t), x2 = x2(¢) follows the trajectories of the three algorithms. In other words, each of the 3D surface visualize
the function g(x3,x4) = L(z1(t),x2(t), z3,x4). As our theory predicts, (1) Full-batch SAM (Equation 3) finds the
minimizer with the smallest top eigenvalue, F (z1,z2); (2) GD on ascent-direction loss L’gsc (Equation 2) finds the
minimizer with the smallest bottom eigenvalue, Fb(z1,z2); (3) 1-SAM (Equation 13) (with Lo(z) = Fi(z1, z2)z3
and L1 (z) = Fa(z1,x2)x3) finds the minimizer with the smallest trace of Hessian, I (1, 22) + Fo(21,2). See
more details in Appendix B.

of SAM. Zhuang et al. (2022) proposes a variant of SAM, which improves generalization by simultane-
ously optimizing the surrogate gap and the sharpness-aware loss. Zhao et al. (2022) propose to improve
generalization by penalizing gradient norm. Their proposed algorithm can be viewed as a generalization of
SAM. Andriushchenko et al. (2022) study a variant of SAM where the step size of ascent step is p instead
of m. They show that for a simple model this variant of SAM has a stronger regularization effect
when batch size is 1 compared to the full-batch case and argue that this might be the explanation that SAM
generalizes better with small batch sizes. More related works are discussed in Appendix A.

3 NOTATIONS AND ASSUMPTIONS

For any natural number &, we say a function is C* if it is k-times continuously differentiable and is ¢ ifits
kth order derivatives are locally lipschitz. We say a subset of R” is compact if each of its open covers has
a finite subcover. It is well known that a subset of R” is compact if and only if it is closed and bounded.
For any positive definite symmetric matrix A € RP*P, define {);(A), v;(A)}ic(p) as all its eigenvalues
and eigenvectors satisfying A1 (A4) > Aa(A)... > Ap(A) and ||v;(A)||2 = 1. For any mapping F, we define
OF () as the Jacobian where [0F (x)];; = 0, F;(z). Thus the directional derivative of F' along the vector u at
x can be written as OF (z)u. We further define the second order directional derivative of I along the vectors
wand v at z, 9*F(x)[u, v], d(OF - u)(z)v, that is, the directional derivative of OF - u along the vector v at z.

Given a C' submanifold (Definition C.1) T" of R” and a point = € T, define P,  as the projection operator
onto the manifold of the normal space of I" at x and P‘ér = Ip — P, r. We fix our initialization as i

and our loss function as L : RP — R. Given the loss function, its gradient flow is denoted by mapping
¢ : RP x [0,00) — RP. Here, ¢(x,7) denotes the iterate at time 7 of a gradient flow starting at = and is
defined as the unique solution of ¢(x,7) = = — fOT VL(¢(x,t))dt, Vo € RP. We further define the limiting
map P as (z) = lim, o ¢(x, 7), that is, (x) denotes the convergent point of the gradient flow starting
from . When L(z) is small, ®(z) and x are near. Hence in our analysis, we regularly use ®(x(t)) as a
surrogate to analyze the dynamics of (¢). Lemma 3.1 is an important property of ® from Li et al. (2021)
(Lemma C.2), which is repeatedly used in our analysis. The proof is shown in Appendix F.

Lemma 3.1. For any x at which ® is defined and differentiable, we have that 0®(x)V L(x) = 0.

Recent empirical studies have shown that there are essentially no barriers in loss landscape between different
minimizers, that is, the set of minimizers are path-connected (Draxler et al., 2018; Garipov et al., 2018).
Motivated by this empirical discovery, we make the assumption below following Fehrman et al. (2020); Li
et al. (2021); Arora et al. (2022), which is theoretically justified by Cooper (2018) under a generic setting.

Assumption 3.2. Assume loss L : RP — R is C*, and there exists a C* submanifold T of RP that is a
(D — M)-dimensional for some integer 1 < M < D, where for all x € T, x is a local minimizer of L and
rank(V2L(z)) = M.
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Though our analysis for the full-batch setting is performed under the general and abstract setting, Assump-
tion 3.2, our analysis for the stochastic setting uses a more concrete one, Setting 5.1, where we can prove that
Assumption 3.2 holds. (see Theorem 5.2)

Definition 3.3 (Attraction Set). Let U be the attraction set of I" under gradient flow, that is, a neighborhood
of T containing all points starting from which gradient flow w.r.t. loss L converges to some point in I, or
mathematically, U = {x € RP|®(x) exists and ®(x) € T'}.

It can be shown that for a minimum loss manifold, the rank of Hessian plus the dimension of the manifold
is at most the environmental dimension D, and thus our assumption about Hessian rank essentially says the

rank is maximal. Assumption 3.2 implies that U is open and ® is ConlU (Arora et al., 2022, Lemma B.15).

4 EXPLICIT AND IMPLICIT BIAS IN THE FULL-BATCH SETTING

In this section, we present our main results in the full-batch setting. Section 4.1 provides characterization of
explicit bias of worst-direction, ascent-dircetion, and average-direction sharpness. In particular, we show that
ascent-direction sharpness and worst-direction sharpness have different explicit biases. However, it turns out
the explicit bias of ascent-direction sharpness is not the effective bias of SAM (that approximately optimizes
the ascent-direction sharpness), because the particular implementation of SAM imposes additional, different
biases, which is the main focus of Section 4.2. We provide our main theorem in the full-batch setting, that
SAM implicitly minimizes the worst-direction sharpness, via characterizing its limiting dynamics as learning
rate p and 7 goes to 0 with a Riemmanian gradient flow with respect to the top eigenvalue of the Hessian
of the loss on the manifold of local minimizers. In Section 4.3, we sketch the proof of the implicit bias of
SAM and identify a key property behind the implicit bias, which we call the implicit alignment between the
gradient and the top eigenvector of the Hessian.

4.1 WORST- AND ASCENT-DIRECTION SHARPNESS HAVE DIFFERENT EXPLICIT BIASES

In this subsection, we show that the explicit biases of three notions of sharpness are all different under
Assumption 3.2. We first recap the heuristic derivation of ascent-direction sharpness Rﬁsc.

The intuition of approximating Rg’la" by R,’}SC comes from the following Taylor expansions (Foret et al., 2021;
Wau et al., 2020). Consider any compact set, for sufficiently small p, the following holds uniformly for all x
in the compact set:

2

Ryax(x) = sup L(x+ pv) — L(z) = sup (vaVL(J:) + %UTVQL(x)v +0(p%)), 3)
lvll,<1 llvll;<1

VL(z)

ﬁVL(x)TVQL(x)VL(a:)
IVL(2)],

op®).  (©
2 IVL()|l3

Ry*(z)=L(z +p )—L(z) =p|[VL(z)|l,+

Here, the preference among the local or global minima is what we are mainly concerned with. Since
SUP||y|, <1 v VL(z) = ||VL(x)||, when |[VL(x)||, > 0, the leading terms in Equations 5 and 6 are both

the first order term, p |[VL(x)||,, and are the same. However, it is erroneous to think that the first order
term decides the explicit bias, as the first order term ||V L(x)||,, vanishes at the local minimizers of the loss
L and thus the second order term becomes the leading term. Any global minimizer x of the original loss
L is an O(p?)-approximate minimizer of the sharpness-aware loss because VL(x) = 0. Therefore, the
sharpness-aware loss needs to be of order p? so that we can guarantee the second-order terms in Equation 5
and/or Equation 6 to be non-trivially small. Our main result in this subsection (Theorem 4.2) gives an explicit
characterization for this phenomenon. The corresponding explicit biases for each type of sharpness is given
below in Definition 4.1. As we will see later, they can be derived from a general notion of limiting regularizer
(Definition 4.3).

Definition 4.1. For x € RP, we define SM*(z) = M\ (V2L(2))/2, SA(x) = Ay (V2L(2))/2 and
SA () = Tr(V2L(x))/(2D).

Theorem 4.2. Under Assumption 3.2, let U' be any bounded open set such that its closure U' C U and
U NT C U NT. Forany type € {Max, Asc, Avg} and any optimality gap A > 0, there is a function
€ : RT — RT with lim,_,g €(p) = 0, such that for all sufficiently small p > 0 and all u € U’ satisfying that

L(u) + RYP*(u) — iélg/ (L(x) + RY™(2)) < Ap?,'
it holds L(u) —inf,cy L(z) < (A+€(p))p? and that S®¥Pe(u) —inf .epqr SWPe(z) € [—€(p), A+ €(p)].

'"We note that R5* () is undefined when ||V L(z)||, = 0. In such cases, we set R5*(z) = oc.

4
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Theorem 4.2 suggests a sharp phase transition of the property of the solution of min, L(z) + R,(x) when
the optimization error drops from w(p?) to O(p?). When the optimization error is larger than w(p?), no
regularization effect happens and any minimizer satisfies the requirement. When the error becomes O(p?),
there is a non-trivial restriction on the coefficients in the second-order term.

Next we give a heuristic derivation for the above defined S*P¢. First, for worst- and average-direction
sharpness, the calculations are fairly straightforward and well-known in literature (Keskar et al., 2016; Kaur
et al., 2022; Zhuang et al., 2022; Orvieto et al., 2022), and we sketch them here. In the limit of perturbation
radius p — 0, we know that the minimizer of the sharpness-aware loss will also converges to I', the manifold
of minimizers of the original loss L. Thus to decide to which z € I' the minimizers will converge to as

p — 0, it suffices to take Taylor expansion of L;‘SC or Ll,}vg at each x € I' and compare the second-order

coefficients, e.g., we have that Rj"¢(z) = %Tr(V2L(:r)) +O(p?®) and RY™ () = %Al(V2L(x)) +0(p?)
by Equation 5.

However, the analysis for ascent-direction sharpness is more tricky because Rﬁsc(x) = oo forany xz € I' and
thus is not continuous around such x. Thus we have to aggregate information from neighborhood to capture
the explicit bias of R, around manifold I". This motivates the following definition of limiting regularizer
which allows us to compare the regularization strength of 12, around each point on manifold I" as p — 0.

Definition 4.3 (Limiting Regularizer). We define the limiting regularizer of { R, } as the function’
S:T =R, S(x)=limlim inf R,(z')/p

p—=0r—=0 ||z’ —z||,<r

To minimize R)* around x, we can pick 2’ — z satisfying that [[VL(z')||, — 0 yet strictly being non-
; Asc( 1\ o~ p2 VL(z))TV2L(2)VL(z')
zero. By Equation 6, we have I?, (o) = & ST

that because of Assumption 3.2, VL(z)/ ||V L(x)||, must almost lie in the column span of V2L(z), which
p—0

implies that inf,, VL(z')TV2L(2)VL(z")/|VL(z")||3 "= A (V2L(z)), where rank(V2L(x)) = M
by Assumption 3.2. The above alignment property between the gradient and the column space of Hessian
can be checked directly for any non-negative quadratic function. The maximal Hessian rank assumption in
Assumption 3.2 ensures that this property extends to general losses.

. Here the crucial step of the proof is

We defer the proof of Theorem 4.2 into Appendix G.1, where we develop a sufficient condition where the
notion of limiting regularizer characterizes the explicit bias of 12, as p — 0.

4.2 SAM PROVABLY DECREASES WORST-DIRECTION SHARPNESS

Though ascent-direction sharpness has different explicit bias from worst-direction sharpness, in this subsec-
tion we will show that surprisingly, SAM (Equation 3), a heuristic method designed to minimize ascent-
direction sharpness, provably decreases worst-direction sharpness. The main result here is an exact char-
acterization of the trajectory of SAM (Equation 3) via the following ordinary differential equation (ODE)
(Equation 7), when learning rate n and perturbation radius p are small and the initialization 2(0) = Xy is in
U, the attraction set of manifold I'.

X(r)=X(0) — ;/:0 P)J('(S)VFV)\l(V2L(X(s)))ds7 X (0) = ®(xinit)- @)

We assume ODE (Equation 7) has a solution till time 75, that is, Equation 7 holds for all t < T5. We call
the solution of Equation 7 the limiting flow of SAM, which is exactly the Riemannian Gradient Flow on
the manifold I with respect to the loss A1(V2L(-)). In other words, the ODE (Equation 7) is essentially
a projected gradient descent algorithm with loss A;(VZL(-)) on the constraint set I' and an infinitesimal
learning rate. Note A1 (V2L(x)) may not be differentiable at z if \; (VZL(x)) = A2(V2L(x)), thus to ensure
Equation 7 is well-defined, we assume there is a positive eigengap for L on I'.?

Assumption 4.4. For all x € T, there exists a positive eigengap, i.e., \1(V2L(z)) > A\o(V2L(z)).

Theorem 4.5 is the main result of this section, which is a direct combination of Theorems I.1 and 1.3. The
proof is deferred to Appendix I.3.

’Here we implicitly assume the zeroth and first order term varnishes, which holds for all three sharpness notions.
3In fact we only need to assume the positive eigengap along the solution of the ODE. If I" doesn’t satisfy Assump-
tion 4.4, we can simply perform the same analysis on its submanifold {x € T" | eigengap is positive at z }.
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Theorem 4.5 (Main). Ler {x(t)} be the iterates of full-batch SAM (Equation 3) with ©(0) = x;,;, € U.
Under Assumptions 3.2 and 4.4, for all n, p such that n1ln(1/p) and p/n are sufficiently small, the dynamics
of SAM can be characterized in the following two phases:

* Phase I: (Theorem I.1) Full-batch SAM (Equation 3) follows Gradient Flow with respect to L until entering
an O(np) neighborhood of the manifold T in O(In(1/p)/n) steps;

* Phase II: (Theorem 1.3) Under a mild non-degeneracy assumption (Assumption 1.2) on the initial point
of phase II, full-batch SAM (Equation 3) tracks the solution X of Equation 7, the Riemannian Gradient
Flow with respect to the loss \1(V2L(+)) in an O(np) neighborhood of manifold T. Quantitatively, the
approximation error between the iterates x and the corresponding limiting flow X is O(nln(1/p)), that is,

Iz(TTs/(np°)1) — X (T3)]l2 = O(n1n(1/p)).

Moreover, the angle between V L (x( f%]) and the top eigenspace of V2 L(x( (%] ) is O(p).
Theorem 4.5 shows that SAM decreases the largest eigenvalue of Hessian of loss locally around the manifold
of local minimizers. Phase I uses standard approximation analysis as in Hairer et al. (2008). In Phase II,
as T3 is arbitrary, the approximation and alignment properties hold simultaneously for all X (¢) along the
trajectory, provided that In(1/p) and p/n are sufficiently small. The subtlety here is that the threshold of
being sufficiently small” on nln(1/p) and p/n actually depends on T35, which decreases when 75 — 0 or
— 0o0. We defer the proof of Theorem 4.5 to Appendix I.

As a corollary of Theorem 4.5, we can also show that the largest eigenvalue of the limiting flow closely tracks
the worst-direction sharpness.

Corollary 4.6. In the setting of Theorem 4.5, the difference between the worst-direction sharpness of the
iterates and the corresponding scaled largest eigenvalues along the limiting flow is at most O(np?In(1/p)).
That is,

| R (2([T3/np°1)) — p* M (V2L(X(T3)) /2] = O(np* In(1/p)). ®

Since n1n(1/p) is assumed to be sufficiently small, the error O(n1n(1/p) - p?) is only o(p?), meaning that
penalizing the top eigenvalue on the manifold does lead to non-trivial reduction of worst-direction sharpness,
in the sense of Section 4.1.

Hence we can show that full-batch SAM (Equation 3) provably minimizes worst-direction sharpness around
the manifold if we additionally assume the limiting flow converges to a minimizer of the top eigenvalue of
Hessian in the following Corollary 4.7.

Corollary 4.7. Under Assumptions 3.2 and 4.4, define U’ as in Theorem 4.2 and suppose X (00) = tlim X(t)

—00
exists and is a minimizer of \;(V2L(z)) in U' N T. Then for all € > 0, there exists T, > 0, such that for all
p,m such that nln(1/p) and p/n are sufficiently small, we have that

LY @[T/ (0p*)])) < e + inf IM(z).

We defer the proof of Corollaries 4.6 and 4.7 to Appendix [.4.

4.3 ANALYSIS OVERVIEW FOR SHARPNESS REDUCTION IN PHASE II OF THEOREM 4.5

Now we give an overview of the analysis for the trajectory of full-batch SAM (Equation 3) in Phase II (in
Theorem 4.5). The framework of the analysis is similar to Arora et al. (2022); Lyu et al. (2022); Damian
et al. (2021), where the high-level idea is to use ®(z(t)) as a proxy for x(t) and study the dynamics of
®(x(t)) via Taylor expansion. Following the analysis in Arora et al. (2022) we can show Equation 9 using
Taylor expansion, starting from which we will discuss the key innovation in this paper regarding implicit
Hessian-gradient alignment. We defer its intuitive derivation into Appendix L.5.

VL(z(t)  VL(z(t))
IVL(@)lly " [VL( (@)l

Now, to understand how ®(z(t)) moves over time, we need to understand what the direction of the RHS
of Equation 9 corresponds to—we will prove that it corresponds to the Riemannian gradient of the loss

Bla(t + 1)-0(a(t))= ~ 2 00((1)52(VL) (D) O 6% + np®) - 9)

function VA1 (V2L(x)) at x = ®(x(t)). To achieve this, the key is to understand the direction %.
2
It turns out that we will prove % is close to the top eigenvector of the Hessian up to sign flip, that is
2

6
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I ”VVLL ;(tt —s5-v1(V2L(x))||2 < O(p) for some s € {—1,1}. We call this phenomenon Hessian-gradient

alignment and will discuss it in more detail at the end of this subsection.

Using this property, we can proceed with the derivation (detailed in Appendix .5):
2
D(a(t+1)) - @(a(t)) = —L-00(@(w (1)) VA (VEL(@((1) + OGP0 +16°),  (10)

Implicit Hessian-gradient Alignment. It remains to explain why the gradient implicitly aligns to the top
eigenvector of the Hessian, which is the key component of the analysis in Phase II. The proof strategy here
is to first show alignment for a quadratic loss function, and then generalize its proof to general loss functions
satisfying Assumption 3.2. Below we first give the formal statement of the implicit alignment on quadratic
loss, Theorem 4.8 and defer the result for general case (Lemma I.19) to appendix. Note this alignment
property is an implicit property of the SAM algorithm as it is not explicitly enforced by the objective that
SAM is intended to minimize, L‘;SC. Indeed optimizing L’;SC would rather explicitly align gradient to the
smallest non-zero eigenvector (See proofs of Theorem G.5)!

Theorem 4.8. Suppose A is a positive definite symmetric matrix with unique top eigenvalue. Consider
running full-batch SAM (Equation 3) on loss L(x) := %xTAx as in Equation 11 below.

2(t+1) = 2(t) — nA(x(t) + pAz(t) /|| Aw(t)]|2) (11
Then, for almost every x(0), we have x(t) converges in direction to vi(A) up to a sign flip and
. A(4) .
limy oo [[2(8)]|2 = F2045 with nhi(A) < 1.
The proof of Theorem 4.8 relies on a two-phase analysis of the behavior of Equation 11, where we first
show that x(t) enters an invariant set from any initialization and in the second phase, we construct a potential
function to show alignment. The proof is deferred to Appendix H.

Below we briefly discuss why the case with general loss is closely related to the quadratic loss case. We claim
that, in the general loss function case, the analog of Equation 11 is the update rule for the gradient:

VL(2(t+1))=VL(z(t)) —nV2L(z(t)) (VL(z(t)) + pV2L(x(t))”VL(( (()33”2) +0mp*). (12
We first note that indeed in the quadratic case where VL(z) = Ax and V?L(z) = A, Equation 12 is
equivalent to Equation 11 because they only differ by a multiplicative factor A on both sides. We derive its
intuitive derivation into Appendix L.5.

5 EXPLICIT AND IMPLICIT BIASES IN THE STOCHASTIC SETTING

In practice, people usually use SAM in the stochastic mini-batch setting, and the test accuracy improves
as the batch size decreases (Foret et al., 2021). Towards explaining this phenomenon, Foret et al. (2021)
argue intuitively that stochastic SAM minimizes stochastic worst-direction sharpness. Given our results in
Section 4, it is natural to ask if we can justify the above intuition by showing the Hessian-gradient alignment
in the stochastic setting. Unfortunately, such alignment is not possible in the most general setting. Yet
when the batch size is 1, we can prove rigorously in Section 5.2 that stochastic SAM minimizes stochastic
worst-direction sharpness, which is the expectation of the worst-direction sharpness of loss over each data
(defined in Section 5.1), which is the main result in this section. We stress that the stochastic worst-direction
sharpness has a different explicit bias to the worst-direction sharpness, which full-batch SAM implicitly
penalizes. When perturbation radius p — 0, the former corresponds to Tr(V2L(-)), the same as average-
direction sharpness, and the latter corresponds to A (V2L(+)).

Below we start by introducing our setting for SAM with batch size 1, or 1-SAM. We still need Assumption 3.2
in this section. We first analyze the explicit bias of the stochastic ascent- and worst-direction sharpness in
Section 5.1 via the tools developed in Section 4.1. It turns out they are all proportional to the trace of hessian
as p — 0. In Section 5.2, we show that 1-SAM penalizes the trace of Hessian. Below we formally state our
setting for stochastic loss of batch size one (Setting 5.1).

Setting 5.1. Let the total number of data be M. Let fi(x) be the model output on the k-th data where [y
is a C*-smooth function and yy, be the k-th label, for k = 1,..., M. We define the loss on the k-th data as

Li(z) = U(fr(x), yx) and the total loss L = ny 1 Li/M, where function K(y' y) is Ct-smooth in yy'. We

also assume for any y € R, it holds that arg min,cp Uy, y) = y and that Wb/_y > 0. Finally, we
denote the set of global minimizers of L with full-rank Jacobian by I and assume that it is non-empty, that is,
I 2 {2z e R | fu(x) = yy,Vk € [M] and {V fy(2)} 1L, are linearly independent} # (.
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We remark that given training data (i.e., { fx}4L,), I' defined above is just equal to the set of global mini-
mizers, {z € RP | fi.(z) = yx,Vk € [M]}, except for a zero measure set of labels (yx)4L, when fj, are C*
smooth, by Sard’s Theorem. Thus Cooper (2018) argued that the global minimizers form a differentiable
manifold generically if we allow perturbation on the labels. In this work we do not make such an assumption
for labels. Instead, we consider the subset of the global minimizers with full-rank Jacobian, I'. A standard
application of implicit function theorem implies that I" defined in Setting 5.1 is indeed a manifold. (See
Theorem 5.2, whose proof is deferred into Appendix E.1)

Theorem 5.2. Loss L, set I" and integer M defined in Setting 5.1 satisfy Assumption 3.2.

1-SAM: We use 1-SAM as a shorthand for SAM on a stochastic loss with batch size 1 as below Equation 13,
where k; is sampled i.i.d from uniform distribution on [M].

1-SAM : x(t+1) = x(t) = nV Ly, (z + pVLi,(2)/ VL, (x)],) - (13)

5.1 STOCHASTIC WORST-, ASCENT- AND AVERAGE- DIRECTION SHARPNESS HAVE THE SAME
EXPLICIT BIASES AS AVERAGE DIRECTION SHARPNESS

Similar to the full-batch case, we use LZ‘;‘,", L’;“;, LAvg to denote the corresponding sharpness-aware loss for

L and RMZ" R‘,?SC, RAV[% to denote corresponding sharpness for L;, respectively (defined as Equations 1, 2
and 4 with L replaced by L). We further use stochastic worst-, ascent- and average-direction sharpness to
denote Ej, [Rk’[‘;j‘] Eyx [RASC] and E;, [RAVg] Unlike the full-batch setting, these three sharpness notions have the
same explicit biases, or more pre01sely, they have the same limiting regularizers (up to some scaling factor).

Theorem 5.3. The limiting regularizers of three notions of stochastic sharpness, denoted by §Max, S Asc, SAve,
satisfy that SM™(x) = SA¢(x) = D - SA(z) = Tr(V2L(x))/2. Furthermore, define U’ in the same
way as in Theorem 4.2 . For any type € {Max, Asc, Avg}, it holds that if for some u € U’, L(u) +
Ek[Rg?e(u)] < xiélé/(L(w) +Ey [Rzy;)e(a:)]) +ep?,* then we have that L(u) — inf e L(z) < ep? + 0(p?)

and that lgtype(u) —infyepnr §type(as)’ < e+ o(1).

We defer the proof of Theorem 5.3 to Appendix G.4. Unlike in the full-batch setting where the implicit
regularizer of ascent-direction sharpness and worst-direction sharpness have different explicit bias, here they
are the same because there is no difference between the maximum and minimum of its non-zero eigenvalue
for rank-1 Hessian of each individual loss Ly, and that the average of limiting regularizers is equal to the
limiting regularizer of the average regularizer by definition.

5.2 STOCHASTIC SAM MINIMIZES AVERAGE-DIRECTION SHARPNESS

This subsection aims to show that the implicit bias of 1-SAM (Equation 13) is minimizing the average-
direction sharpness for small perturbation radius p and learning rate 7, which has the same implicit bias as all
three notions of stochastic sharpness do (Theorem 5.3). As an analog of the analysis in Section 4.3, which
shows full-batch SAM minimizes worst-direction sharpness, analysis in this section conceptually shows that
1-SAM minimizes the stochastic worst-direction sharpness.

Mathematically, we prove that the trajectory of 1-SAM tracks the following Riemannian gradient flow (Equa-
tion 14) with respect to their limiting regularize Tr(V2L(-)) on the manifold for sufficiently small 1 and p
and thus penalizes stochastic worst-direction sharpness (of batch size 1). We assume the ODE (Equation 14)
has a solution till time 75.

X (1) = X(0) — ;/io P (o r VIX(V?L(X (s)))ds, X(0) = ®(ini)- (14)

Theorem 5.4. Let {x(t)} be the iterates of 1-SAM (Equation 13) and x(0) = x;,;; € U, then under Set-
ting 5.1, for almost every T;r, for all n and p such that (n+ p) In(1/np) is sufficiently small, with probability
at least 1 — O(p) over the randomness of the algorithm, the dynamics of 1-SAM (Equation 13) can be split
into two phases:

* Phase I (Theorem J.1): 1-SAM follows Gradient Flow with respect to L until entering an O(np) neighbor-
hood of the manifold T in O(In(1/pn)/n) steps;

*We note that R5* () is undefined when ||V L(z)||, = 0. In such cases, we set R5*(z) = oc.
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* Phase Il (Theorem J.2): 1-SAM tracks the solution of Equation 14, X, the Riemannian gradient flow with
respect to Tr(V2L(+)) in an O(np) neighborhood of manifold T. Quantitatively, the approximation error
between the iterates x and the corresponding limiting flow X is O(n'/? + p), that is,

|l2([T5/(np*)]) = X(T3) ]2 = O('/* + p).

The high-level intuition for the Phase II result of Theorem 5.4 is that Hessian-gradient alignment holds true

for every stochastic loss Ly, along the trajectory of 1-SAM and therefore by Taylor expansion (the same argu-

ment in Section 4.3), at each step ®(z(¢)) moves towards the negative (Riemannian) gradient of A\;(V2Ly, )

where k; is the index of randomly sampled data, or the limiting regularizer of the worst-direction sharp-

ness of Ly, . Averaging over a long time, the moving direction becomes the negative (Riemmanian) gradient

of Ex, [A\1(V?2Lg,)], which is the limiting regularizer of stochastic worst-direction sharpness and equals to
(VéL) by Theorem 5.3.

The reason that Hessian-gradient alignment holds under Setting 5.1 is that the Hessian of each stochastic loss
Ly, at minimizers p € T', V2L (p) = Bg%\y — 1 Ve () (V fi(p)) T (Lemma J.15), is exactly rank-1,
which enforces the gradient VL (z) ~ V2L (®(z))(x — ®(z)) to (almost) lie in the top (which is also the
unique) eigenspace of V2L;,(®(x)). Lemma 5.5 formally states this property.

Lemma 5.5. Under Setting 5.1, for any p € T and k € [M], it holds that V fi.(p) # 0 and that there is an
open set V containing p, satisfying that

Vo € V,VL(z) #0 = 3s € {—1,1}, Hgﬁ: ((j)) = S||VVJ{5((pp))||2 +O(||lz = pll2)-

Corollaries 5.6 and 5.7 below are stochastic counterparts of Corollaries 4.6 and 4.7, saying that the trace of
Hessian are close to the stochastic worst-direction sharpness along the limiting flow (14), and therefore when
the limiting flow converges to a local minimizer of trace of Hessian, 1-SAM (Equation 13) minimizes the
average-direction sharpness. We defer the proofs of Corollaries 5.6 and 5.7 to Appendix J.4.

Corollary 5.6. Under the condition of Theorem 5.4, we have that with probability 1 — O(\/1 + /p), the
difference between the stochastic worst-direction sharpness of the iterates and the corresponding scaled trace
of Hessian along the limiting flow is at most O (( 4y p1/4) 2) that is,

B[RS (2([ T3/ (np*)]))] = PP Te(VL(X (T3))) /2] = O((n"/* + p*/*)p?) -
Corollary 5.7. Define U’ as in Theorem 4.2, suppose X ( ) = thm X (t) exists and is a minimizer of
—00

Tr(V2L(z))) in U’ NT. Then for all € > 0, there exists a constant T, > 0, such that for all p,n such that
(n + p) In(1/np) are sufficiently small, we have that with probability 1 — O(/n + \/p),

Ex (LM (2([T. / (np*)]))] < ep® + nf, Er[LY% ()] .

6 CONCLUSION

In this work, we have performed a rigorous mathematical analysis of the explicit bias of various notions of
sharpness when used as regularizers and the implicit bias of the SAM algorithm. In particular, we show
the explicit biases of worst-, ascent- and average-direction sharpness around the manifold of minimizers
are minimizing the largest eigenvalue, the smallest nonzero eigenvalue, and the trace of Hessian of the loss
function. We show that in the full-batch setting, SAM provably decreases the largest eigenvalue of Hessian,
while in the stochastic setting when batch size is 1, SAM provably decreases the trace of Hessian.

The most interesting future work is to generalize the current analysis for stochastic SAM to arbitrary batch
size. This is challenging because, without the alignment property which holds automatically with batch size
1, such an analysis essentially requires understanding the stationary distribution of the gradient direction
along the SAM trajectory. It is also interesting to incorporate other features of modern deep learning like
normalization layers, momentum, and weight decay into the current analysis.

Another interesting open question is to further bridge the difference between generalization bounds and the
implicit bias of the optimizers. Currently, the generalization bounds in Wu et al. (2020); Foret et al. (2020)
only work for the randomly perturbed model. Moreover, the bound depends on the average sharpness with
finite p, whereas the analysis of this paper only works for infinitesimal p. It’s an interesting open question
whether the generalization error of the model (without perturbation) can be bounded from above by some
function of the training loss, norm of the parameters, and the trace of the Hessian.
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A ADDITIONAL RELATED WORKS

Implicit Bias of Sharpness Minimization. Recent theoretical works (Blanc et al., 2019; Damian et al., 2021;
Lietal., 2021) show that SGD with label noise implicitly biased toward local minimizers with a smaller trace
of Hessian under the assumption that the minimizers locally connect as a manifold. Arora et al. (2022) show
that normalized GD implicitly penalizes the largest eigenvalue of the Hessian. Ma et al. (2022) argues that
such sharpness reduction phenomena can also be caused by a multi-scale loss landscape. Lyu et al. (2022)
show that GD with weight decay on a scale invariant loss function implicitly decreases penalize the spherical
sharpness, i.e., the largest eigenvalue of the Hessian evaluated at the normalized parameter.

Another line of works study the sharpness minimization effect of large learning rate assuming the (stochastic)
gradient descent converges in the end of training, where the analysis is mainly based on linear stability (Wu
etal., 2018; Cohen et al., 2021; Maet al., 2021; Cohen et al., 2022). Recent theoretical analysis (Damian et al.,
2022; Li et al., 2022) show that the sharpness minimization effect of large learning rate in gradient descent
do not necessarily rely on the convergence assumption and linear stability via a four-phase characterization
of the dynamics at the so-called Edge of Stability regime (Cohen et al., 2021).

Comparison with concurrent work Bartlett et al. (2022). Bartlett et al. (2022) prove that on quadratic
loss, the iterate of SAM (Equation 11) and its gradient converges to the top eigenvector of Hessian, which is
almost the same as our Theorem 4.8. Assuming such alignment for a general loss, the work of Bartlett et al.
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(2022) shows that the largest eigenvalue of Hessian decreases in the next step. This paper also proves such
a Hessian-gradient alignment for general loss functions (Lemma 1.19) and an end-to-end theorem showing
that the largest eigenvalue of Hessian and worst-direction sharpness decrease along the trajectory of SAM
(Theorem 4.5), which are not shown in Bartlett et al. (2022). Moreover, this paper also characterize implicit
bias of stochastic SAM with batch size 1, which is minimizing the average-direction sharpness, while Bartlett
et al. (2022) only considers the deterministic case.

Comparison with Arora et al. (2022). Our proof uses a similar framework as Arora et al. (2022). However,
our analysis has its own difficulty for the following reasons. First, Arora et al. (2022) only deal with the
deterministic case, while our analysis extends to stochastic SAM as well (Section 5). Second, our analysis
for the deterministic case is different from that of Arora et al. (2022) in the following two aspects. First, the
alignment analysis is more complicated because we have two hyperparameters,learning rate n and perturba-
tion radius p, while Arora et al. (2022) only needs to deal with one hyperparameter, learning rate 7. Second,
the mechanism of penalizing worst-direction sharpness is different, which can be seen from the dependency
of the sharpness-reduction rate over learning rate 7. In Arora et al. (2022), normalized GD reduces the sharp-
ness via a second-order effect of GD and thus the sharpness is reduced by O(n?) per step. In our analysis, for
fixed small perturbation radius p, the sharpness is reduced by O(p?n) per step, which is linear in 7).

Analyzing Discrete-time Dynamics via Continuous-time Approaches. There is a long line of research
that shows the trajectory of stochastic discrete iterations with decaying step size eventually tracks the solution
of some ODE (see Kushner et al. (2003); Borkar et al. (2009); Duchi et al. (2018) and the reference therein).
However, those results mainly focus on the convergence property of the stochastic iterates (e.g., convergence
to stationary points), while we are interested in characterizing the trajectory especially when the process is
running for a long time even after the iterate reaches the neighborhood of the manifold of stationary points.

Recently there has been an effort of modeling the discrete-time trajectory of (stochastic) gradient methods
by continuous-time approximation (Su et al., 2014; Mandt et al., 2017; Li et al., 2017; 2019). Notably,
Li et al. (2019) presents a general and rigorous mathematical framework to prove such continuous-time
approximation. More specifically, Li et al. (2019) proves for various stochastic gradient-based methods, the
discrete-time weakly converges to the continuous-time one when LR  — 0 in ©(1/n) steps. The main
difference between our results with these results (e.g., Theorem 9 in Li et al. (2019)) is that we focus on a
much longer training regime, i.e., T = O(n~!p~2) steps where the previous continuous-time approximation
results no longer holds throughout the entire training. As a result, their continuous approximation is only
equivalent to the Phase I dynamics in our Theorems 4.5 and 5.4 and cannot capture the dynamics of SAM in
Phase II, when the sharpness-reduction implicit bias happens. The latter requires a more fine-grained analysis
to capture the effects of higher-order terms in 7 and p in SAM Equation 3.

B EXPERIMENTAL DETAILS FOR FIGURE |

In Figure 1, we choose F (x) = 23 + 623 +8 and Fy(z) = 4(1 —21)% + (1 — 23)2 + 1. The loss L has a zero
loss manifold {z = 0} and the eigenvalues of its Hessian on the manifold are F (z) and F»(x) with Fy(z) >
8 > 6 > Fy(x) on [0,1]%. The loss L has a zero loss manifold {z3 = 24 = 0} of codimension M = 2
and the two non-zero eigenvalues of V2L of any point = on the manifold are \; (V2 L(x)) = Fy(z1, x2) and
)\Q(V2L(f1))) = Fg(l‘l, 132).

As our theory predicts,

1. Full-batch SAM (Equation 3) finds the minimizer with the smallest top eigenvalue F(z), which is z; =
0,332 = 0,323 = 07564 = 0;

2. GD on ascent-direction loss L‘;SC (2) finds the minimizer with the smallest bottom eigenvalue, Fs(x),
whichisz; =1,20 = 1,23 = 0,24 = 0;

3. Stochastic SAM (Equation 13) (with Lo(z,y) = F1(2)y3, L1(x,y) = Fa(2)y?) finds the minimizer with
smallest trace of Hessian, which is 1 = 4/5,20 = 1/7,25 = 0,24 = 0.

C ADDITIONAL PRELIMINARY

In this section, we introduce some additional notations and clarification before the proof.

We will first give the detailed definition of differentiable submanifold.
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Definition C.1 (Differentiable Submanifold of RP). We call a subset T' C RP a C* submanifold of RP if
and only if for every x € T, there exists a open neighborhood U of x and an invertible C* map 1 : U — RP,
such that (T NU) = (R™ x {0}) Ny (U).

Necessity of Manifold Assumption. The connectivity of the set of local minimizers implied by the manifold
assumption above allows us to take limits of perturbation radius p — 0 while still yield interesting and
insightful implicit bias results in the end-to-end analysis. So far almost all analysis of implicit bias for
general model parameterizations relies on Taylor expansion, e.g. Blanc et al. (2019); Damian et al. (2021); Li
et al. (2021); Arora et al. (2022), so does the derivation of the SAM algorithm Foret et al. (2020); Wu et al.
(2020). Thus it’s crucial to consider small perturbation size p. On the contrary, if the set of global minimizers
are a set of discrete points, then with small perturbation radius p, implicit bias of optimizers is not sufficient
to drive the iterate from global minimum to the other one.

Implicit versus Explicit Bias. If an algorithm or optimizer has a bias towards certain type of global/local
minima of the loss over other minima of the loss, and this bias is not encoded in the loss function, then we
call such bias an implicit bias. On the other hand, a bias emerges as solely a consequence of successfully
minimizing certain regularized loss regardless of the optimizers (as long as the optimzers minimize the loss),
we say such bias is an explicit bias of the regularized loss (or the regularizer).

As a concrete example, we will prove that full-batch SAM (Equation 3) prefers local minima with certain
sharpness property. The bias stems from the particular update rule of full-batch SAM (Equation 3), and not
all optimizers for the intended target loss function L4%¢ (Equation 2) has this bias. Therefore, it’s considered
as an implicit bias. As an example for explicit bias, all optimizers minimizing a loss combined with ¢
regularization will prefer model with smaller parameter norm and this is considered as an explicit bias of /5
regularization.

Usage of O(-) Notation: Our analysis assumes small 1 and p while treating all other problem-dependent pa-
rameters as constants, such as the dimension of parameter space and the maximum possible value of deriva-
tives (of different orders) of loss function L and the limit map ®. In O(-), Q(+), o(-),w(-), ©(-), we hide all
the dependency related to the problem, e.g., the (unique) initialization jy;;, the manifold T, compact set U’
in Theorem 4.2, and the continuous time 75 in Theorems 4.5 and 5.4, and only keep the dependency on p and
7. For example, O(f(p)) is a placeholder for some function g(p) such that there exists problem-dependent
constant C' > 0, Vp > 0,]g(p)| < C|f(p)|- In informal equations such as Equation 31 in the proof sketch
section, we are a bit more sloppy and hide dependency on x(¢) in O(-) notation as well. But these will be
formally dealt with in the proofs.

Ill-definedness of SAM with Zero Gradient. The update rule of SAM (Equations 3 and 13) is ill-defined
when the gradient is zero. However, our analysis in Appendix D shows that when the stationary point of loss
L,{z | VL(z) = 0}, is a zero-measure set, for any perturbation radius p, except for countably many learning
rates, full-batch SAM is well-defined for almost all initialization and all steps (Theorem D.1). A similar result
is shown for stochastic SAM if the stationary points of each stochastic loss form a zero-measure set (Theo-
rem D.2). Thus SAM is generically well-defined. For the sake of rigorousness, when SAM encountering zero
gradients, we modify the algorithm via replacing the ill-defined normalized gradient by an arbitrary vector
with unit norm and our analysis for implicit bias of SAM still holds.

D WELL-DEFINEDNESS OF SAM

In this section, we discuss the well-definedness of SAM. When VL (z) = 0, SAM (Equation 3) is not well-
defined, because the normalized gradient % is not well-defined. The main result of this section are
2

Theorems D.1 and D.2, which say that (stochastic) SAM starting from random initialization only has zero
probability to reach points that SAM is undefined (i.e., points with zero gradient), for all except countably
many learning rates. These results follow from Theorem D.3, which is a more general theorem also applicable
to other discrete update rules as well, like SGD. Note results in this section does not rely on the manifold
assumption, i.e., Assumption 3.2. We end this section with a concrete example where SAM is undefined
with constant probability, suggesting that the exclusion of countably many learning rates are necessary in
Theorems D.1 and D.2.

Theorem D.1. Consider any C? loss L with zero-measure stationary set {z | VL(x) = 0}. For every p > 0,
except countably many learning rates, for almost all initialization and all t, the iterate of full-batch SAM
(Equation 3) x(t) has non-zero gradient and is thus well-defined.
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Theorem D.2. Consider any C? losses { Ly} 2L, with zero-measure stationary set {x | VLy(x) = 0} for
each k € [M]. For every p > 0, except countably many learning rates n, for almost all initialization and all
t, with probability one of the randomness of the algorithm, the iterate of stochastic SAM (Equation 13) x(t)
has non-zero gradient and is thus well-defined. >

Before present our main theorem (Theorem D.3), we need to introduce some notations first. For a map F'
mapping from RP \ Z — RP, we define that £, : RP \ Z — R as F,(z) £ 2 — nF(z) for any n € R*.
Given a sequence of functions {F"}7° , we define F}'(z) £ ¢ — nF"(x), for any z € RP. We further
define that F, (z) & F" (szl(x)) for any n > 1 and that Fg(x) =z

Theorem D.3. Let Z be a closed subset of RP with zero Lebesgue measure and i be any probability measure
on RP that is absolutely continuous to the Lesbegue measure. For any sequence of C' functions F™ :
RP\ Z — RP n € N7, the following claim holds for all except countably many 1 € R*:

I ({x eRP|3ne N,FZ(x) €ZandV0<i<n-— Lf;(x) ¢ Z}) =0.

In other words, for almost all 1 (except countably many positive numbers), iteration x(t + 1) = z(t) —

nF(x(t)) = Fz ((0)) will not enter Z almost surely, provided that x(0) is sampled from .

Theorem D.1 and Theorem D.2 follows immediately from Theorem D.3.

Proof of Theorem D.1. Let F(x) = VL(z + p%) and Z = {x € RP | VL(z) = 0}. We can easily

check Fis C! on RP \ Z and by assumption Z is a zero-measure set. Applying Theorem D.3 with F* = F
for all n € NT, we get the desired results. O

Proof of Theorem D.2. Let G*(z) = VL(x + p%) and Z = UM {x € RP | VLi(z) = 0}. We
can easily check Fy is C* on R \ Z and by assumption Z is a zero-measure set. Applying Theorem D.3

with F* = G*» for all n € NT where k,, is the nth data/batch sampled by the algorithm, we get the desired
results. O

Now we will turn to the proof of Theorem D.3, which is based on the following two lemmas.

Lemma D.4. Let Z be a closed subset of RP with zero Lebesgue measure and F : RP \ Z — RP be a
continuously differentiable function. Then except countably many n € RY, {z € R4\ Z | det(9F,(z)) = 0}
is a zero-measure set under Lebesgue measure.

Lemma D.5. Let Z be a closed subset of R with zero Lebesgue measure and H : RP \ Z — RP be a
continuously differentiable function. If {x € R4\ Z | det(0H (z)) = 0} is a zero-measure set, then for any
zero-measure set Z', H=1(Z') is a zero-measure set.

Proof of Theorem D.3. 1Tt suffices to prove that for every N € N, at most for countably many 7:

u({x eRP |F,) (x) € ZandW0 <i < N —1,F, () ¢ Z}) = 0. (15)

The desired results is immediately implied by the above claim because the countable union of countable set
is still countable, and countable union of zero-measure set is still zero measure.

To prove Equation 15, we first introduce some notations. Foranyn > 0,0 <n < N —1,and z € RP, we

define F;(nﬂ)(x) 2 (FN-")"YF," (x)), where F(,]y(a:) = . We extend the definition to set in a natural
way, namely F, "(8) & Upe sF, "(z) for any S C RP. Under this notation, we have that
_N _ D =N . —1
F,N2) —u({xeR | F) (z) € ZandV0 < i < N —1,F, (2) ¢ Z})
We will prove by induction. We claim that for each 0 < n < N except for countably many 1 € R, F; n(Z )
has zero Lebesgue measure. The base case n = 0 is by trivial as Z is assumed to be zero-measure. Suppose

>Though we call Equation 13 1-SAM, but our result here applies to any batch size where Lj, can be regarded as the
loss for k-th possible batch and M is the number of the total number of batches.
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this holds for n. By Lemma D.4, except countably many n € RT, {z € R? \F;H(Z) | det(OFN """ (x)) =
0} is a zero-measure set. Next by Lemma D.5 if for some n € RT, {z € Rd\F;n(Z) | det(aF,g\/‘”—1 (x)) =
0} is a zero-measure set, then F;nil(z) = (Fév_”_l)_l(F;n(Z)) is a zero-measure set. Then by induc-
tion, we know that except countably many € R™, for all integer 0 < n < N, F; ”(Z ) is zero-measure.
Since y is absolutely continuous to Lebesgue measure, u(F, ™ (Z)) = 0.

We end this section with the proofs of Lemmas D.4 and D.5.

Proof of Lemma D.4. We use \;(x) to denote that the real part of the ith eigenvalue of the matrix OF (x) in
the descending order. Since OF'(z) is continuous in z, \;() is continuous in x as well, for any ¢ € [D], and
thus {x € RP\ Z | \;(x) = 1/n} is a measurable set. Note that for a fixed i € [D], for each positive integer
n, let I,, be the set of n where u({x € RP \ Z | X\i(z) = 1/n}) > 1/n, then |I,,| < n, because

Dol o S™ (o € RO\ 21 nw) = 1/m) < il € RO\ 2] 1/00) € 1)) < 1
neln

Therefore, there are at most countably many n € R™, such that u({z € RP \ Z | \;(z) = 1/n}) > 0.
Further note that det(0F),(z)) = 0 <= 3i € [D], \;(xz) = 1/n, we know that there are at most countably
many 7 € R, such that u({z € RP \ Z | det(9F,(z)) = 0}) = 0. This completes the proof. O

Proof of Lemma D.5. Denote {z € RP \ Z | det(0H (z)) = 0} by Z”, since det(0H (z)) is continuous in
xas Fis Ct, Z" is relatively closed in RP \ Z. Since Z' is a closed set, R” \ (Z’ U Z") is open. Thus
forall z € RP \ (Z' U Z") with det(0H (x)) # 0, there exists a open neighborhood of z, U, where for all
x' € U, det(0H (x")) # 0, since thus det(9H (x)) is continuous. This further implies H is invertible on U
and its inverse (H |¢7) ! is differentiable on F'(U). Therefore, (H |¢7) ~! maps any zero-measure set to a zero-
measure set. In particular, (H|)~*(Z' N H(U)) is zero measure, so is (H) "1 (Z")NU C (H|y) (2" N
H(U)). Now for every = € R \ Z we take an open neighborhood U, C RP \ (Z' U Z”). Since R” is a
separable metric space, the open cover of R, {Us}zerp\(z7uz) has a countable subcover, {Uy } zc1, where
I is a countable set of RP \ (Z’ U Z"). Therefore we have that H~1(Z')\ (2’ U Z") = H-1(Z') N (RP \
(Z'U Z")) = Uper H™Y(Z") N U, is a zero-measure set. Thus H~1(Z’) is also zero-measure since Z', Z"
are both zero-measure. This completes the proof. O

We end this section with an example where SAM is undefined with constant probability.

Theorem D.6. For any n, p > 0, there is a C? loss function L : R — R satisfying that (1) L has a unique
stationary point and (2) the set of initialization that makes SAM with learning rate 1 and perturbation radius
p to reach the unique stationary point has positive Lebesgue measure.

Proof of Theorem D.6. We first consider the case with p = = 1 with
22/2+x+1/2, forz € (—o0,—2);
L(z) = 2*/64 +22/8, forz € [-2,2]; (16)
2?/2 —x+1/2, forz € (2,00).

We first check L is indeed C': L(2) = L(-2) = 1/2, L'(2) = —L'(-2) = 1and L"(2) = L"(-2) = 1.
Now we claim that for all |z(0)| > 2, (1) = 0, which is a stationary point. Note that L is even and
monotone increasing on [0, 00), we have VL(z)/|VL(z)| = sign(x). Thus for |z(¢)| > 1, it holds that
|z(t) 4 sign(x(t)| > 2 and therefore

z(t +1) =z(t) — nL'(2(t) + pVL(2)/|VL(2)])
=x(t) — L'(x(t) + sign(z(t)))
=x(t) — (x(t) + sign(x(t)) — sign(x(t) + sign(x(t))))
x(t) —x(t) = 0. 17

Now we turn to the case with arbitrary positive 7, p. It suffices to consider L,, ,(z) £ BL(%). We can use
the calculation for p = 1 = 1 to verify for any |z| > 2p,

. . 1 ) T
L, ,(x + psign(L;, ,(2))) = L, ,( + psign(z)) = ;)L(x/P + sign(z)) = p
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namely x — L, (= + psign(L;, ,(z))) = 0. This completes the proof. O

A common (but wrong) intuition here is that, for a continuously differentiable update rule, as long as the
points where the update rule is ill-defined (here it means the points with zero gradient) has zero measure,
then almost surely for all initialization, gradient-based optimization algorithms like SAM will not reach
exactly at any stationary point. However the above example negate this intuition. The issue here is that

though a differentiable map (like SAM = +— = — nVL(z + pugég Mo
set to zero-measure set, the preimage of zero-measure set is not necessarily zero-measure, as the map x

x—nVL(z+ p%& is not necessarily invertible. The update rule of SAM is not invertible at 0 is exactly

)) always maps the zero-measure

the reason of why preimage of 0 has a positive measure.

E PROOF SETUPS

In this section we provide details of our proof setups, including notations and assumptions/settings.

We first introduce some additional notations that will be used in the proofs. For any subset S € R, we

define dist(z, S) £ inf,ecs ||z — y||2 For any d > 0 and any subset S € RP, we define S? = {z € R? |
dist(z, S) < d}. Our convention is to use K to denote a compact set and U to denote an open set.

Below we restate our main assumption in the full-batch case and related notations in Section 3. Throughout
the analysis, we fix our initialization as iy, our loss function as L : RP - R.

Assumption 3.2. Assume loss L : RP — R is C*, and there exists a C*> submanifold T' of RP that is a

(D — M)-dimensional for some integer 1 < M < D, where for all x € T, x is a local minimizer of L and
rank(V2L(z)) = M.

Notations for Full-Batch Setting: Given any point € I', define P, r as the projection operator onto
the manifold of the normal space of I" at x and P;F = Ip — P, r. Given the loss function L, its gra-
dient flow is denoted by mapping ¢ : R x [0,00) — RP. Here, ¢(x,7) denotes the iterate at time 7
of a gradient flow starting at z and is defined as the unique solution of ¢(z,7) = x — [ VL(¢(x,t))dt,
Vz € RP. We further define the limiting map of ¢(z,-) as ®(z) = lim, o ¢(z,7), that is, ®(x) de-
notes the convergent point of the gradient flow starting from x. For convenience, we define \;(x), v;(x) as
Ni(V2L(®(z))), vi(VEL(®(x))) whenever the latter is well defined. When z(¢) and T is clear from context,
we also use \; (1) == \;(z(t)),v;(t) = vi(x(t)), Pﬁp = qu(m(t)) s Per = Pa),r

Definition 3.3 (Attraction Set). Let U be the attraction set of I under gradient flow, that is, a neighborhood
of T containing all points starting from which gradient flow w.r.t. loss L converges to some point in T, or
mathematically, U = {z € RP|®(z) exists and ®(z) € T'}.

Below we restate the setting for stochastic loss of batch size one in Section 5.

Setting 5.1. Let the total number of data be M. Let fi(x) be the model output on the k-th data where [y
is a C*-smooth function and yy, be the k-th label, for k = 1,..., M. We define the loss on the k-th data as

Li(z) = U(fr(x), yx) and the total loss L = ZM Ly, /M, where function E(y' y) is Ct-smooth in y'. We

also assume for any y € R, it holds that arg min,, . £(y',y) = y and that 2 (d ,)2 |y/_J > 0. Finally, we
denote the set of global minimizers of L with full-rank Jacobian by I and assume that it is non-empty, that is,

I 2 {2z e R | fu(x) = yy,Vk € [M] and {V fy(2)} 1L, are linearly independent} # (.
Theorem 5.2. Loss L, set " and integer M defined in Setting 5.1 satisfy Assumption 3.2.

In our analysis, we prove our main theorems in the stochastic setting under a more general condition than
Setting 5.1, which is Condition E.1 (on top of Assumption 3.2). The only usage of Setting 5.1 in the proof is
Theorems 5.2 and E.2.

Condition E.1. Total loss L = ; 2{:1 L. For each k € [M], Ly, is C*, and there exists a (D — 1)-

dimensional C%-submanifold of RP, Ty, where for all x € Ty, x is a global minimizer of Ly, Ly(x) = 0 and
rank(V2Ly(z)) = 1. Moreover, I' = N}L T, for T defined in Assumption 3.2.

Theorem E.2. Setting 5.1 implies Condition E. 1.
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Notations for Stochastic Setting: Since L, is rank-1 on I', for each k € [M], we can write it as Ly (z) =
Ak ()wy(z)w, (z) for any = € T', where wy, is a continuous function on I' with pointwise unit norm. Given
the loss function Ly, its gradient flow is denoted by mapping ¢ : RP x [0,00) — RP. Here, ¢y (z,7)
denotes the iterate at time 7 of a gradient flow starting at - and is defined as the unique solution of ¢y (z, 7) =
z — [ VLi(¢r(z,t))dt, Vo € RP. We further define the limiting map @y, as 4 (z) = lim, o0 ¢ (z, 7),
that is, @ (z) denotes the convergent point of the gradient flow starting from . Similar to Definition 3.3,
we define Uy, = {x € RP|®(x) exists and ®;(x) € Tt} be the attraction set of I';. We have that each Uy, is
open and Py, is C%on U}, by Lemma B.15 in Arora et al. (2022).

Definition E.3. A function L is u-PL in a set U iff Vo € U, |[VL(z)||3 > 2u(L(z) — inf,ep L(x)).
Definition E.4. The spectral 2-norm of a k-order tensor X;, .. ;, € Rbvx--xdy g defined as

||XH2: max X[.’ﬂl,...,l‘k].
z;€R% ||z;||2=1
Lemma E.5 (Arora et al. (2022) Lemma B.2). Given any compact set K C T, there exist
r(K), u(K), A(K) € R such that

K™ NT is compact.

K5 c UN (NkepanUs).

Lis pi(K)-PL on K",

inf ¢ ierce) (A (V2L(2)) — A2 (V2 L(2))) > A(K) > 0.
inf e gerc) A (VEL()) > p(K) > 0.

infxeKr(K) )\1(V2Lk(f£)) > ,LL(K) > 0.

ARk b~

Given compact set K C I', we further define

((K)= sup [V2L(z)ll2, v(K) = sup [V’L(z)|2, T(K)= sup [V L(z)|,
rEKT(K) rEKT(K) re KT (K)

V20 (z) — V20
f(K) = sup ||V2‘I)(l‘>||2, X(K) _ sup ” ( ) (y)HQ
e KT(K) z,ye Kr(K) ||1’ - yH2
Similarly, we use notations like (i (K), vk (K), Ti(K), & (K), xx (K) to denote the counterpart of the above
quantities defined for stochastic loss Ly, and its limiting map @, for k& € [M].
Lemma E.6 (Arora et al. (2022), Lemma B.5 and B.7). Given any compact subset K C T, let r(K) be
defined in Lemma E.S5, there exist 0 < h(K) < r(K) such that

1 L(z)— inf L(z) < L0000
meSKu’RK) (a:) me}?wﬂ (a:) - 8
2. Vo € KME) &(z) € Km(K)/2,
K 2
3. ¥z € KM, |z — ()]s < waSley-
4. The whole segment x® () lies in K", so does x®y,(z), for any k € [D)].

The proof of the lemmas above can be found in Arora et al. (2022). Readers should note that although Arora
et al. (2022) only prove these lemmas when K is a special compact set (the trajectory of an ODE), all the
proof does not use any property of K other than it is a compact subset of I', and thus our Lemmas E.5 and E.6
hold for general compact subsets of .

In the rest part of the appendix, for convenience we will drop the dependency on K in various constants when
there is no ambiguity.

E.1 PROOFS OF THEOREMS 5.2 AND E.2

Proof of Theorem 5.2. Define ' : RP — RM as [F(z)]y = fu(z),Vk € [M]. Let T, =
span({V fx(x)}M ,) and T;" be the orthogonal complement of T}, in R”. Now we apply implicit func-
tion theorem on F' at each z € I'. Without loss of generality (e.g. by rotating the coordinate system), we can
assume that z = 0, T,, = RP~M x {0}, and that T;- = IéO} x RM . Implicit function theorem ensures that
there are two open sets 0 € U C RP=™ and 0 € V C RM and an invertible C* map g : U — V such that

FTYY)N (U % V) = {(u, g(u)) | w € U},

where Y £ [y1,...,yn] € RM. Moreover, {V fi.(z)}L, is linearly independent for every 2/ € U x V.
Thus by definition of T, it holds that TN (U x V) = F~Y(y) N (U x V) = {(u,g(u)) | u € U}. Now for
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= (u,v) € U x V,wedefine ) : U x V — RP by ¢(u,v) £ (u,v — g(u)). We can check that 1 is C*
and (T (U x V) = {(u,v — g(u)) | 0 = g(u),u € UV} = {(u,0) | u € U)} = U x {0} = (RP—M x
{0})N4(U). This proves that I is a C* submanifold of R” of dimension D — M. (c.f. Definition C.1) Since
argming cp L(y',y) = y for any y € R, itis clear that Vx € T, x is a global minimizer of L. Finally we

check the rank of Hessian of loss L. Note that forany = € T, V2 Ly (z) = w |y =y Ve (2) (Ve (2)) T

(9y")?
and that %ﬁk)b’—w > 0, rank(V2L(x)) = rank(9F(x)) = M. This completes the proof. O
Proof of Theorem E.2.

1. L= S0, Ly by definition.

2. Vk € [M], Li.(z) = (fr(z),yx) is C* as £ and fy, are both C*.

3. For any z € T, by Lemma 5.5, we have V fi.(z) # 0. Then there exists an open neighborhood V}, such
that ' C V}, and V fi.(z) # 0 for any © € Vi, k € [M]. Then applying implicit function theorem as in the
proof of Theorem 5.2, for any k € M there exists a (D — 1)-dimensional C*-manifold '}, C V, such that
for any 2’ € V, fi(2') = yi if and only if 2’ € T'}. Asforany z € I' C V4, fr(2’) = yx, we can infer
thatT' C I'}. Then T’ C UM | Ty

4. For any x € Ty, we have fi(z)

= hich implies Li(x) = 0. Also as z € V.,V fi(x) # 0.
By Lemma J.15, we have rank(V2L(x ))

O

F PROPERTIES OF LIMITING MAP OF GRADIENT FLOW, ®

In our analysis, the property of ® will be heavily used. In this section, we will recap some related lemmas
from Arora et al. (2022), and then introduce some new lemmas for the stochastic setting with batch size one.

Lemma F.1 (Arora et al. (2022) Lemma B.6). Given any compact set K C T, for any x € K",

jo—oola < [ 19820}, < \/2<L<x> ~ L8 IVl

Lemma F.2. Given any compact set K C T, for any v € K",

IVL(@)]2 < ¢llz — @(2)]]2 < g\/ 2(L(z) _f@w |

Proof of Lemma F.2. The first inequality is by Lemma E.5 and Taylor Expansion. The second inequality is
by Lemma F.1. O

Lemma F.3 (Arora et al. (2022) Lemmas B.16 and B.22).
0®(z)VL (x) =0,z € U,
00 (2) V2L (z) VL (v) = —0*® (x) [VL (x), VL (2)],z € U;
00 (z) 0*(VL)(z)[v1,v1] = PéFV()\l(VQ(L(J:)))),x crl.
Lemma F.4 (Arora et al. (2022) Lemmas B.8 and B.9). Given any compact set K C T, for any x € K",

(v
[Py r (& — ®(2))]|2 < 472||$ — o(a)|l3;

IVL () = V2L (®(2)) (x — ®(2))]]2 < Ellx — O(@)I3;

IVL (@) 2

L) @ - 8@ | < wlF 2@l
VL@) _ VL(®@) (- ) o le - 2ol
V@)~ VoL () (& —8())z '

Lemma F.5 (Li et al. (2021), Lemma 4.3). Forz € T, 0®(z) = PE’F, the orthogonal projection matrix onto
the tangent space of T at x. Since d 0®(x)V2L(x) = 0.
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The proof of above lemmas can be found in Arora et al. (2022); Li et al. (2021). In the following, we will
first show the proof of Lemma 3.1

Proof of Lemma 3.1. Since ® is defined the limit map of gradient flow, it holds that for any ¢ > O,
®(¢(x,t)) = ®(x). Differentiating both sides at t = 0, we have 8<I>(¢(x70))w = 0. The proof is
completed by noting that 8¢(m = —VL(¢(x,t)) by definition of ¢. O

Lemma F.6. Given any compact set K C T, for any v € K",
18®(2)V Li(2)|l2 < (v + G|z — ()13

VL ’f< )1y < (e + G612 — D)

Proof of Lemma F.6. By Lemma E.6 and Taylor Expansion,
10@(2)VLy(2)|]2 < [0 (2)V?Li(P(2))(x — ©(2))||2 + vilz — @ ()3
< 09(®(2)) V2 Li(®(2)) (2 — @(2)) 2 + vicl|z — @(2)]3 + G|z — B(2)[I3
= || Pr0®(2(x)) V2Li(®(2))(z — (2))ll2 + viellz — ()| + Géllz — (2)[3
= (v + G|z — ()3,

this proves the first claim.

Again by Lemma E.5 and Taylor Expansion,

z)V?2 VL (@) z)V?2 x VL@ vglle — @(z
109 () V7 L (x )HVL Bl ll2 < [0 () V=L (2( ))”VL e )”H2+ kllz — @ (2)ll2
< 108(8(2) VL (B() T Dl + 04+ Gl — 2o
= (Ui + Gz — 2(z)]2,
this proves the second claim. O

Lemma F.7. Suppose v € K" andy = — nVL (x + p”VL(I) )

VL@
ly —zll2 < nl|VL (z) [|2 +n¢p
[®(z) — B(y)ll2 < Enpl VL (z) |2+ vnp® + En°IVL (z) |13 + £Pn?p°
< (Enpllz — B(x)|l2 + CPnPllz — B(x)|13 + vnp® + 5@“2 *p?

Proof of Lemma F.7. For sufficient small p, z + p T~ LE ;H € K". By Taylor Expansion,
(x)
(z)

— ]y = VL
Iy~ el =V (o + oo

”) o < 7V (@) ]2 + nCp

This further implies that for sufficiently small  and p, 7y € K".
Again by Taylor Expansion,

109 (2)(y — )]}z < 70D (@)VL (2) + pd () V> L(x) ) e+ 2.

IVL ()

By Lemma F.3, 9®(2)VL () = 0 and 09 (x) V2L (2) VL (z) = —0*® (x) [VL (z), VL (x)]. Hence,

09 (a)y - )l < nolVL () [ 0°0(e) | 1S T o

< EnplIVL (x) |2 + np’v/2.

As Ty € K", by Taylor Expansion,
12(y) = ®(@)]|2 < [0@(2)(y — )2 + Elly — 23/2

2 + np*v/2
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Putting together we have
1®(2) = @(y)ll2 < Enpl VL (2) |2 + np?v + En* VL (2) |13 + £Cn°p?
Finally, by Lemma F.2, we have
1®(2) — @(y)ll2 < Enpl VL (2) |2 + vnp* + &V L (2) |3 + £¢n*p?
< Cenplle — @(@)[l2 + CénPllz — ()13 + vip® + 5(2772;)2
This completes the proof.

Lemma F.8. Suppose v € K" andy = x —nV L (.13 +p HViiggll)

ly = zll2 < nllVLy () [l +1Cp,
1®(z) = @(y)ll2 < OWIIVL(@)|3 +npl VL(2)]|2 + np®) -

Proof of Lemma F.8. For sufficient small p, z + p ™ L’;Ei;” € K'. By Taylor Expansion,

VLk( )

y—zll2=n VLk<w+,0

) o < VL (&) 12 + nCp-

This further implies that for sufficiently small n and p, 7y € K.
Again by Taylor Expansion,

[ (a)(y )z < HlOR()V L (o) + p000) P Lali) T N e+ 2.

IV Ly ()

We further have by Lemma F.1,
109 (x)V L (z) |
<[02(2(x))VLk () || + £V Lk () [[2]l2 — ©()]]
<[0®(2(2)) V2 Li(®(2))(x — @(2))|| + vz — ()3 + ¢Ellz — ()3

ggnw(:ﬂ)n% + %HVL(%)H% ~

Similarly,
02 VLk()
2 k( )
<[lp0®(®(x)) V"L (x )||VL @ )HII2+pC£IIw—‘I>($)H2
VL ()

<[p0®(2(2)) V2 Li(®(2)) o7 arll2 + pCElle — ()2 + prllz — @()]l2

VL ()
¢€ v
SPEHVL(HU)Hz + PﬁHVL(fE)Hz :
This completes the proof.
G ANALYSIS FOR EXPLICIT BIAS

Throughout this section, we assume that Assumption 3.2 holds.

G.1 A GENERAL THEOREM FOR EXPLICIT BIAS IN THE LIMIT CASE

In this subsection we provide the proof details for section 4.1, which shows that the explicit biases of three

notions of sharpness are all different, using our new mathematical tool, Theorem G.6.

Notation for Regularizers. Let R, : RP — R U {oo} be a family of regularizers parameterized by p. If
R, is not well-defined at some z, then we let R,(x) = oo. This convention will be useful when analyzing
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ascent-direction sharpness R;}SC = L‘;SC — L which is not defined when VL(z) = 0. This convention will
not change the minimizers of the regularized loss. Intuitively, a regularizer should always be non-negative,
but however, when far away from manifold, there are regularizers R,(x) of our interest that can actually

be negative, e.g., R5'¢(z) ~ %Tr(V2L(x)). Therefore we make the following assumption to allow the

regularizer to be mildly negative.

Condition G.1. Suppose for any bounded closed set B C U, there exists C' > 0, such that for sufficiently
small p, Yz € B, R,(z) > —Cp?.

Definition 4.3 (Limiting Regularizer). We define the limiting regularizer of { R, } as the function®
S:T'—R, S()=limlim inf R,(z')/p

p—=07r—0 ||z’ —z| ,<r

The high-level intuition is that we want to use the notion of limiting regularizer to capture the explicit bias of
R, among the manifold of minimizers I' as p — 0, which is decided by the second order term in the Taylor
expansion, e.g., Equation 5 and Equation 6. In other words, the hope is that whenever the regularized loss
is optimized, the final solution should be in a neighborhood of minimizer z with smallest value of limiting
regularizer S(x). However, such hope cannot be true without further assumptions, which motivates the
following definition of good limiting regularizer.

Definition G.2 (Good Limiting Regularizer). We say the limiting regularizer S of { R, } is good around some
x* € T, if S is non-negative and continuous at x* and that there is an open set V« containing x*, such that
forany C >0, inf, 0 —o),<cp R,(z")/p? converges uniformly to S(z) in for all z € T NV« as p — 0.

In other words, a good limiting regularizer satisfy that for any C, € > 0, there is some py+ > 0,

Vo € DN Vye and p < pge, |S(x) — inf R,(z)/p?| < e.
llz’—zll,<C-p

We say the limiting regularizer S is good on T, if S is good around every point x € T'. In such case we also
say R, admits S as a good limiting regularizer on I'.

The intuition of the concept of a good limiting regularizer is that, the value of the regularizer should not
drop too fast when moving away from a minimizer x in its O(p) neighborhood. If so, the minimizer of the
regularized loss may be (p) away from any minimizer to reduce the regularizer at the cost of increasing
the original loss, which makes the limiting regularizer unable to capture the explicit bias of the regularizer.
(See Appendix G.2 for a counter example) We emphasize that the conditions of good limiting regularizer is
natural and covers a large family of regularizers, including worst-, ascent- and average-direction sharpness.
See Theorems G.3 to G.5 below.

Theorem G.3. Worst-direction sharpness RY*™ admits \1(V2L(-))/2 as a good limiting regularizer on T
and satisfies Condition G.1.

Theorem G.4. Ascent-direction sharpness Ry* admits Ay (V2L(-))/2 as a good limiting regularizer on T
and satisfies Condition G.1.

Theorem G.5. Average-direction sharpness Ry'® admits Tr(V2L(-))/(2D) as a good limiting regularizer
on I and satisfies Condition G.1.

Next we present the main mathematical tool to analyze the explicit bias of regularizers admitting good limit-
ing regularizers, Theorem G.6.

Theorem G.6. Let U’ be any bounded open set such that its closure U C U and U' \T" = U’ NT. Then for
any family of parametrized regularizers { R, } admitting a good limiting regularizer S(x) onI" and satisfying
Condition G.1, for sufficiently small p, it holds that

. o 2. < 2 .
mlélé/ (L(z) + R,(z)) mlélé/L(LU) p mell?’fmrs<x) < o(p?)

Moreover, for sufficiently small p, it holds uniformly for all v € U’ that

L(u)+ R,(u) < miélé/([/(x) + R,(z)) + O(p®) = R,(u)/p* — zeil?/fmr S(x) > —o(1).

Here we implicitly assume the zeroth and first order term varnishes, which holds for all three sharpness notions.
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Theorem G.6 says that minimizing the regularized loss L(u) + R,(u) is not very different from minimizing
the original loss L(u) and the regularizer R,(u) respectively. To see this, we define the following optimality

gaps

A(u) & L(u) + Ry(u) — miélél([’(x) + R,(x)) >0
B(u) £ L(u) — Iié%, L(z) >0
Cu) £ Ry(w)/p* ~ inf S(a),

and Theorem G.6 implies that ‘A(u) — B(u) — pQC(u)‘ = 0(p?). Moreover, A(u), B(u) are non-negative
by definition, and C'(u) > —o(1) are almost non-negative, whenever A(u) is O(p?)-approximately opti-
mized.

For the applications we are interested in in this paper, the good limiting regularizer S can be continuously
extended to the entire space R”. In such a case, the third optimality gap has an approximate alternative form
which doesn’t involve R,, namely S(u) — inf g7 S(2). Corollary G.7 shows minimizing regularized
loss L(u) + R,(u) is equivalent to minimizing the limiting regularizer, S(u) around the manifold of local
minimizer, I'.

Corollary G.7. Under the setting of Theorem G.6, let S be an continuous extension of S to R%. For any
optimality gap A > 0, there is a function € : Rt — R with lim,_,o €(p) = 0, such that for all sufficiently
small p > 0 and all u € U’ satisfying that

L(u) + Ry(w) = inf (L(@) + Ry(x)) < AP,

it holds that L(u) — inf e L(z) < (A + €(p))p? and that

S(u) = dnf S(x) € [=€(p), A+ e(p)].

G.2 BAD LIMITING REGULARIZERS MAY NOT CAPTURE EXPLICIT BIAS

In this subsection, we provide an example where a bad limiting regularizer cannot capture the explicit bias
of regularizer when p — 0, to justify the necessity of Definition G.2. Here a bad limiting regularizer is a
limiting regularizer which is not good.

Consider choosing R,(z) = L(x + pe) — L(x) with ||e]| = 1 as a fixed unit vector. We will show minimiz-
ing the regularized loss L(z) + R, () does not imply minimizing the limiting regularizer of R,(x) on the
manifold.

By Definition 4.3 and the continuity of R,, the limiting regularizer S of R, is
7 . . / 2 — 2 _ 2 > 0.

Veel, S(z) [1)11)% }1_% Hx/_u;ﬁﬁr R,(z")/p })1—1% R,(x)/p° = V°L(z)[e,e] > 0

However, for any = € ', we can choose ' = x — pe, then
L(z") + R,(2") = L(z' + pe) = L(z) = 0.

Therefore, no matter how small p is, minimizing L(x) + R,(z) can return a solution which is p-close to
any point point of I". In other words, the explicit bias of minimizing L(z) + R,(x) is trivial and thus is not
equivalent to minimizing the limiting regularizer S on the manifold T'.

The reason behind the inefficacy of the limiting regularizer .S in explaining the explicit bias of R, is that S(x)
is not a good limiting regularizer for any = € I satisfying S(x) > 0. To be more concrete, choose C' = 1
and e = S(z)/2 in Definition G.2. For any = € T and sufficiently small p > 0, considering =’ = = — pey, by
Taylor Expansion,

Ry(x') = L(x' + pe) — L(z')
(VL) €) + P V2L e, €] + o(p?)
(V2L () (@' — ), ¢) + p*V2L(2')e, €] + o(p?)
= —p*V?L(z)[e,e] + p*V?L(z')[e, €] + o(p?)

= p’e’ (V2L(z') = V2 L(x))e + o(p?) = o(p?)

This implies inf),_,,<cp Rp(2') < R,(x1) = o(p?). Hence,
S(x)— inf  R,(2))/p* > S(x) —o(1) > S(z)/2 =e.

lla'—zll2<Cp
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G.3 PROOF OF THEOREM G.6

This subsection aims to prove Theorem G.6. We start with a few lemmas that will be used later.
Lemma G8. I =UNT.

Proof of Lemma G.8. For any point x € U NT, there exists {x;}?°, € I such that limj_,o, 25 = . Since
x € U and @ is continuous in U, it holds that ® is continuous at z, thus limy_, o, ®(zx) = ®(x) € T.

However ®(z) = xy because xj, € T, Vk. Thus we know 2z = ®(x) € T'. Hence U NT" C I. The other side
is clear because ' C U andT' C T. O

Lemma G.9. Let U’ be any bounded open set such that its closure U C U. IfU' NT C U'NT, then
UNnr=U0'nT.

Proof of Lemma G.9. By Lemma G.38, itjoldithaLﬁ NT=U'NnUNT =U'NT. Note that U’ NT C
U, U'NT CT,wehavethat U’ NT C U'NT = U’ NT, which completes the proof. O

Lemma G.10. Let U’ be any bounded open set such that its closure U C U and U' "\T C U’ NT. Then for
all ho > 0,3pg > 0 ifx € U’ dist(x,T") < pg = dist(z, U’ NT) < ha.

Proof of Lemma G.10. We will prove by contradiction. Suppose there exists ho > 0 and {x,}72, € U’,
such that limy,_, o, dist(zy, ') = 0 but Vk > 0, dist(xy, U’ NT) > hy. Since U’ is bounded, U’ is compact
and thus {z},}72, has at least one accumulate point z* in U’ C U. Since U is the attraction set of I' under
gradient flow, we know that ®(z*) € T'. Now we claim 2* € T. This is because limy_, o dist(zg,I) = 0
and thus there exists a sequence of points on I', {yx } 32, where limy_,« ||z — yx|| = 0. Thus we have that
¥ = limg_y 00 Y = limg_ 00 P(yx) = P(x*), where the last step we used that z* € U and ® is continuous
on U. By the definition of U, 2* € U <= ®(2*) € T, thus 2* € T". Then we would have 2* € U’ N T,
which is contradictory to dist(xy, U’ NT) > dist(zx, U’ N T) > ho,Vk > 0. This completes the proof. [

Lemma G.11. Let U’ be any bounded open set such that its closure U’ C U and U' N\T C U’ NT. Then for
all ho > 0,3p1 > 0ifx € U', L(x) < inf,cpys L(x) 4+ p1 = dist(z, U’ NT) < ho.

Proof of Lemma G.11. We will prove by contradiction. If there exists a list of p1, ..., pg, ..., such that p, — 0
and there exists x € U’, such that L(x) < infyecpr L(x) + pg and dist(zg, U’ NT) > ho. Since U’ is
bounded, U’ is compact and thus {xk}zo:l has at least one accumulate point x* in U’ C U. Since L is
continuous in U, L(z*) = limg_,oo L(x) = infyecpys L(x). Thus 2* is a local minimizer of L and thus
has zero gradient, which further implies that z* = ®(z*). Thus z* € U’ N T, which is contradictory to
dist(zy, U’ NT) > dist(zg, U’ NT) > hy, Yk > 0. This completes the proof. O

Lemma G.12. Let U’ be any bounded open set such that its closure U’ C U and U' N\T' = U’ NT. Suppose
regularizers {R,,} admits a limiting regularizer S on T, then

. < 2 . . 2
inf (L(e) + Ry() < p*_inf (@) + inf L(z) + (")

Proof of Lemma G.12. First choose sufficiently small p, such that p < h(U’NT'). Choose an approximate
minimizer of S(z), o € U’ N T, such that S(zg) < infreprar S(z) + p. Then by the definition of
limiting regularizers (Definition 4.3) and the assumption that U’ is open, there exists x1 € U’ satisfying that
lz1 — xoll2 < 7p < p? and Rp(xl)/p2 — S(wg) < p?. Thus, R,(z1) < 0%S(xo) + p*.
As ||z1 — xoll2 < p? < hand g € U’ NT. This further leads to Zoz7 € U’ N Fh. By Taylor expansion on
L at z, we would have L(z1) < L(xg) + O(||zo — z1||3) = infrepnr L(z) + O(p*). Thus it holds that

' < <p? i i 4.

mlél(g/(L(iE) + R,(z)) < L(z1) + Ry(x1) < p a:el(IJl’fﬁF S(x) + zlél[g/ L(xz)+ O(p*)
This completes the proof. O

Lemma G.13. Let U’ be any bounded open set such that its closure U’ C U and U' N\T' = U’ NT. Suppose
regularizers {R,} admits a good limiting regularizer S on T, then for all v € U’,

lu = @)z = O(p) = Ryfw) = p* inf S(x) — olp?).
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Proof of Lemma G.13. Define r = r(K), h = h(K) as the constant in Lemma E.5 with K = U’ NT". Note
K is compact and by Lemma G.9, K = U’ NI C I'. By Lemma E.5, we have K" N T is a compact set, so
is K" NT. Since S is a good limiting regularizer for {R,}, by Definition G.2, for any z* € K" NT, there
exists open neighborhood of x*, V.« such that for any C', e; > 0, there is a p,« such that

S)— i R,()/p

Ve € Vo« and p < ppx
‘ pr=pass o’ —z[l,<C-p

< €1.

Note that K" N T is compact, there exists a finite subset of K'NT, {x} }, such that K'NT C U Vi -
Hence for any C, €; > 0, there is some px = miny pg, > 0, it holds that,

Vee K"NTandp < pg, |S(z)— | iIH1f<C Rp(x')/p2‘ < €. (18)
' —z||,<C'p
We can rewrite Equation 18 as for any C' > 0,
sup |S(z) — inf R,(2")/p*| = 0(1), asp— 0. (19)
zeKhNI lz"—=z|l,<C-p

Asu € U’ C U, we have that ®(u) € T'. If ||u — ®(u)||2 = O(p), then dist(u,I') < O(p). By Lemma G.10,
we have that dist(u, K =o0 12 This further implies dist(®(u), K) < dist(u, K) + dist(P(u),u) = o(1).
Hence we have that <I> N T for sufficiently small p. Thus we can pick = ®(u) in Equation 19 and
C sufficiently large, Wthh y1elds that

2 : / 2 2
p~S(P(u)) < Huu@(lul}ﬁ,zgow) Ry(u') +0(p”) < Rp(u) + o(p”), (20)

where the last step is because ||[u — ®(u)||2 = O(p). On the other hand, we have that

P > inf —o(1). 21

S(®(u) > inf S(a)— o) e
as S is continuous on I' and dist(U’ N T', @(u)) = o(1). Combining Equations 20 and 21, we have R, (u) >
p?inf eprar S(z) — o(p?). O

Proof of Theorem G.6. We will first lower bound L(x) + R,(x) for € U’. Suppose Cy- is the constant in
Condition G.1. Define C; = \/2 o Hinf, e SC

m =)+ . We discuss by cases. For sufficiently small p,

1. If v ¢ K", then by Lemma G.11, L(z) is lower bounded by a positive constant.
2. Ifr € K" and ||z — ®(z)||2 > C1p, then by Lemma F.1,

pllz — ()3 , 2
> = > ’ .
L) > M2 5 (Gt ng S(@) 4 1)
This implies L(z) + R,(x) > (infyepnr S(z) + 1)p* + infrepr L(z).
3. If ||z — ®(z)||2 < Cip, by Lemma G.13, R,(x) > p? infyepnr S(x) — o(p?), hence
H> i 24 i .
L(a) + Byw) +o(?) > il S(@)p’ + inf L(z)

Concluding the three cases, we have

inf (L(x)+ Ry(@) > inf L@)+ inf S()p* = o(p?).
By Lemma G.12, we have that

inf (L(2) + Ry(0)) < p* inf S()+ dnf L(x)+o(p?).
Combining the above two inequalities, we prove the main statement of Theorem G.6.

Furthermore, if L(u) + R,(u) < infzep/(L(z) + R,(z)) + O(p?), then by the main statement and Condi-
tion G.1, we have that

L(w) - inf L(x) < inf (L(x) + Ry(0)) = By(u) — inf L(x)+ O(p?)

<p?_inf S(@)+Cp*+0(p*) = O(p).

zeU

Then by Lemma G.11, we have u € (U’NT")" for sufficiently small p. By Lemma F.1, we have ||u—®(u)||2 =
O(p). By Lemma G.13, we have R, (u) > p*inf,cprnr S(z) — o(p?). O
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G.4 PROOFS OF COROLLARY G.7
Proof of Corollary G.7. Since L(u)+ R,(u) — 1&5/ (L(z) + Ry(z)) < Ap? = O(p*), by Theorem G.6, we
have that .

L(w) — inf L(x) < (A+0(1))?,

and
R,(z) — inf S(z) € [—o(1),A+o(1)].

zeU’'NI’

Thus it suffices to show R,(z) — S(x) = o(p?). Since L(u) — infyepr L(x) < (A )

Lemma G.11, we know dist(z,U’ NT') = o(1). Thus by Lemma F.1, ||z — ®(z)| = o(1), Wthh implies
that p2S(®(z)) —o(p?) < R,(u). Since S is an continuous extension, S(z) —S(®(x)) = S(z)—S(®(z)) =
O(||lz — ®(x)||,) = o(1). Thus we conclude that S(z) < S(®(z)) < infyeprar S(z) + A + o(1). On the
other hand, S(z) > S(®(x)) — o(1) > inf.eprar S(z) — o(1), where the last step we use the fact that
dist(z,U" NT) = o(1). This completes the proof. O

+¢€(p))p* = o(1), by

G.5 LIMITING REGULARIZERS FOR DIFFERENT NOTIONS OF SHARPNESS

Proof of Theorem G.3.

1. We will first verify Condition G.1. For fixed compact set B C U, as |V3L(x)||2 is continuous, there exists
constant v, such that Vz € B!, |V3L(z)||2 < v. Then by Taylor Expansion,

Rﬁda"(m) = ”nﬁax L(x + pv) — L(x)

> ||£Iﬁa}§(1 (p(VL(2),v) + p*v" V2L(z)v/2) — vp’/6

> —vp3/6.

2. Now we verify SM*(z) = A\;(V?L(-))/2 is the limiting regularizer of R)**. Let x be any point in I, by
continuity of RE,/[“X,

RMaX ($/>

RMaX<JJ)
lim lim  inf p72 = lim -2
P00 o/ —ala<r P P50 p

= M (V2L(x))/2.

3. Finally we verify definition of good limiting regularizer, by Assumption 3.2, SM¥ () = \;(x)/2 is non-
negative and continuous on I'. For any * € I, choose a sufficiently small open convex set V' containing
x* such that Vo € V1, ||V3L(z)||2 < v. Forany z € V NT, for any z’ satisfying that ||z’ — z||2 < Cp, by
Theorem K.3,

RY™(a') = Hn|1\a><<1L(x +pv) — L(z') > hax (p(VL(2"),v) + p*v" V?L(2")v/2) — vp®/6

> " M(V2L(2"))/2 = vp® /6 = p* M (V2 L(2))/2 = O(p?).
This implies | irﬁf<c RM™(2') > p* A (V2L(x))/2 — O(p?).
z'—x|2<Cp
On the other hand, forany x € V N T,

RM*™(z) = max L(z+ pv) — L(z) < max (p(VL(z),v) + p*v” V2L(z)v/2) + vp®

. Ioll,<1 = vl <1
= max p*o " V2 L(x)v/2 4 vp® = p* A (VPL(2")) /2 + O(p%).
v, <
This implies inf ~ RM*(z2') < p?\(V2L(x))/2 + O(p®).
' ~all2<Cip

Thus, we conclude that | irﬁf<c RY*(x")/p* — M (V2L(x))/2| = O(p),Yx € V NT, indicating
' —z|[2<Cp

SMax s a good limiting regularizer of Ry on T,

This completes the proof. O

Proof of Theorem G.4.
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1. We will first prove Condition G.1 holds. For any fixed compact set B C U, as A\;(V2L) and ||V3L|is
continuous, there exists constant C, such that Vo € B2, \;(V2L) > —( and ||[V3L(z)|| < v. Then by
Taylor Expansion,

A () = L(x VL(z) | -
. o, VL(z) 1o VL (z) — 3
> (VL@ e+ (o) VP H@ o 7 /2) - 6
~(C+v/6)p?

2. Now we verify S4%(z) = Tr(V?L(-))/2 is the limiting regularizer of R/*. Let z be any point in I". Let
K = {z} and choose h = h(K) as in Lemma E.5. For any 2’ € K" N U’,

VL( )
RASCJ}/ =L$I+p .’17/
VI (z' VI (2
> VL) I+ p2<w((x,))>Tv2L<a:’> < Lé /2o
VI (z VL (2
> PR ) D [ Gy 2 v
VL(z' V2L(®(z"))(z' —®(x")) v
By Lemma F4, we have 133y = roergoosroty + 041’ = (') ). Hence
R*(2') > p* Ap (VPL(®(2'))) /2 — (p*O(||2" — ®(2")||2) — vp° /6.
This 1mphes 1imp_,0 limr_m inf|‘w/_w||2<r RAL > )\ ( (CID(x’)))/Q

We now show the above inequality is in fact equality. If we choose =/ = x + ruvys, then by Taylor
Expansion,

VL(z)) = VL(z) + V2L(x)(z} — z) + O([|2; — [|*)
= 1oy + O(1?)

This implies lim,_,o ”zi(ﬁ = vpy. We also have lim, g V2L(2!) = V2L(z) and lim, o VE(2!) =

0. Putting together,

. . VL( )
Asc/ 1\ // o "
, VL (z") VL (2")
=1 L " 2 T T 2L " r 2 3
= P\ (V2L(2))/2 + O(p°).
ASC(:E/ Asc(

This implies lim,, 0 lim, ¢ inf |5, <, < lim,_,0 lim, g L = A (V2L(x))/2.

Hence the limiting regularizer S is exactly Ay (VQL( )/2.

3. Finally we verify definition of good limiting regularizer, by Assumption 3.2, SM¥(z) = \j;(z)/2 is non-
negative and continuous on I'. For any 2* € I', choose a sufficiently small open convex set V' containing
x* such that Vo € V1, ||V3L(x)|2 < v. Forany x € V N T, for any 2’ satisfying that |2’ — z||2 < Cp,

VL( )

RA(z"y = L(z' + p — L(z'
VL (2/ VI (2
> VL) I+ p2<w((x,)>>Tv2L<x’> LA/ Vs
VI () VI ()

P> IV2L(®(2")) —=———2-/2 — vp3 /6.

2P Gw@yy) ¥ ey 2

VL(z VIL(®(x"))(z' —®(x")) v .. .

By Lemma F4, we have [T7dy = moarao sty + Ol = @(a)2). This implies
inf  RA<(2') > p?An(VEL(2))/2 — O(p?).

llz'—zll2<Cp
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On the other hand, simillar to the proof in the second part, we have | irﬁf . RASC(;E’) <
z'—z||2<Cp
P A (V2L(2))/2+ O(p?).
Thus, we conclude that | irﬁf<c RN™(a")/p* = Mi(V2L(2))/2| = O(p),Yx € V NT, indicating
' —z|2<Cp

SMax js a good limiting regularizer of Rl;)’["‘x onT.
This completes the proof. O
Proof of Theorem G.5.

1. We will first verify Condition G.1. For fixed compact set B C U, as ||V3L(z)||2 is continuous, there exists
constant v, such that Vo € B!, |V3L(z)||2 < v. Then by Taylor Expansion,

RAvg( ) I['F‘quVJ\/'(OI (‘r+pH H) L(‘T)

Tv27, 9 3
> Epeston (WOLE) 5p) 4G5 eI ) <o
> —vp®/6.
2. Now we verify SM(z) = Tr(V2L(-))/2D is the limiting regularizer of R,"¢. Let x be any point in T', by
continuity of RAVg,
Av Av

lim lim  inf LQ(:C,) = lim L‘Z(w) = Tr(V2L(x))/2D.
p=0r=0|z/—z|2<r P p=0 p

3. Finally we verify definition of good limiting regularizer, by Assumption 3.2, SA¢(x) = Tr(zx)/2D is non-
negative and continuous on I'. For any #* € I, choose a sufficiently small open convex set V' containing
x* such that Vo € V1, [|[V3L(x)|l2 < v. Forany x € V NT, for any 2’ satisfying that |2’ — z||; < Cp, by
Theorem K.3,

RN (2) = Egono.n Lz’ + pﬁ) — I(2)

T
> 2 n_ 9 \ 3
> Egenon <”<VL( Dl T ¥ L(“ann) vp/6

> PPTe(V2L(2'))/2D — v /6 > pPTe(V2L(x))/2D — O(p)
This implies Hmugﬁggcp RYE(z') > p*Tr(V2L(z))/2D — O(p?).
On the other hand, forany x € V N T,
RAVg( ) =Egn(o.nL(z + pi—r ) L(x)

g T, g 3
+p? = V2L(x ) +vp
e

T
=Eg~N(om2ﬁ v2L<x>2” [ et = PTHVEL) /2D + O(p°).

This implies ~ inf  RS"(x') < p*Tr(V2L(z))/2D + O(p?).

l’—z]la<Cp

9]l
<Egun(,1) < (VL(z),

Thus, we conclude that

| iIﬁf<C R (2')/p* — Tr(VZL(x))/QD‘ = O(p),Vz € V NT, indicating
' —xl|2 P

SAYE is a good limiting regularizer of R)"®

onl"

O
Theorem G.14. Stochastic worst-direction sharpness Ej, [R%"Lx] admits Tr(V2L(+))/2 as a good limiting
regularizer on I and satisfies Condition G.1.
Proof of Theorem G.14. By Theorem E.2, Condition E.1 holds.

Easily deducted from Theorem G.3 Ak (z) is a good limiting regularizer for 12’5 on I'y. Thenas I' C I',
Aj(z) is a good limiting regularizer for Rj'* on I'. Hence S(z) = >, Ax(z)/2M = Tr(V2L(x))/2 is a
good limiting regularizer of Ej, [Rz’l‘;‘)"] (x)onT. O
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Theorem G.15. Stochastic ascent-direction sharpness Ek[R‘,?’S;] admits Tr(V2L(+))/2 as a good limiting
regularizer on I" and satisfies Condition G.1.

Proof of Theorem G.15. By Theorem E.2, Condition E.1 holds.

Easily deducted from Theorem G.4 Ay(x) is a good limiting regularizer for R} on T'y as the codi-
mension of T'y, is 1. Then as I' C T, Ax(x) is a good limiting regularizer for R;?%¢ on I'.Hence
S(x) = 32) Ax(2)/2M = Tr(V?L(x))/2 is a good limiting regularizer of Ej,[Ry](x) on T, O

Theorem G.16. Stochastic average-direction sharpness Ey, [R/,?V;f] admits Tr(V2L(+))/(2D) as a good lim-
iting regularizer on I and satisfies Condition G. 1.

Proof of Theorem G.16. By definition, we know that [y, [R’,;Vf] — RA". The rest follows from Theorem G.5.
O

G.6 PROOF OF THEOREMS 4.2 AND 5.3

To end this section, we prove the two theorems presented in the main text. The readers will find the proof
straight forward after we established the framework of good limiting regularizers.

Proof of Theorem 4.2. Apply Corollary G.7 on R*¥P®, The mapping from R to good limiting regularizers
S®Pe are characterized by Theorems G.3 to G.5. [

Proof of Theorem 5.3. Apply Corollary G.7 on RWPe, The mapping from R to good limiting regularizers
S®Pe are characterized by Theorems G.14 to G.16. O

H ANALYSIS FULL-BATCH SAM ON QUADRATIC LOSS (PROOF OF THEOREM 4.8)

The goal of this section is to prove Theorem 4.8. In this section, we use A < B to indicate B — A is positive
semi-definite.

Theorem 4.8. Suppose A is a positive definite symmetric matrix with unique top eigenvalue. Consider
running full-batch SAM (Equation 3) on loss L(x) := %xTAx as in Equation 11 below.

2t +1) = a(t) = nA(2(t) + pAz(t) /| Aa(t)]]2) (1)
Then, for almost every xz(0), we have x(t) converges in direction to vi(A) up to a sign flip and

limy o0 [|2(8) ]2 = 24128 with nha (A) < 1.

Proof of Theorem 4.8. We first rewrite the iterate as

A2x(t
Define & (t) = VL(;(t)) = 220 "and we have
. . . A%E(t
Z(t+1)=2(t) —nAz(t) —n ||a~c(t)(|)2 . (22)

We suppose A € RP*P and use \;, v; to denote \;(A), v;(A).
Further, we define that

D
PUD) 2 S (A (A)T,
=
I; £ {& | ||PUP)3]|y < nA3},
Ti(t) = (E(t), vs)

S2 ] E0l < =" s Ty
_277’>\17
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By Lemma H.1, I; is an invariant set for update rule Equation 22.
Our proof consists of two steps.

(1) Entering Invariant Set. Lemma H.2 implies that there exists constant 77 > 0, such that V¢ >
Ty, [|[PUPIE() |2 < 0X]
A2

(2) Alignment to Top Eigenvector. Lemmas H.10 and H.11 show that ||Z(t)||2 and |Z;(t)| converge to 2171/\1,
which implies our final results.

O

H.1 ENTERING INVARIANT SET

In this subsection, we will prove the following three lemmas.

1. Lemma H.1 shows I; is an invariant set for update rule (Equation 22).

2. Lemma H.2 shows that under the update rule (Equation 22), all iterates not in I; will shrink exponentially
in /5 norm.

3. Lemma H.3 combines Lemmas H.1 and H.2 to show that for sufficiently large ¢, z(t) € N;I;.

Lemma H.1. Fort >0, ifnA\1(A) < 1 and &(t) € I, then T(t + 1) € I;.

Proof of Lemma H.I1. By (Equation 22), we have that

. . Pl:D) A2 ,
PUPIE(t +1) = (I — PUPInA —p———— 0l YPUPE(t).
2
Hence we have that
D) ~ . DAz o
|PULIa( + Dy = |1 = PIPIpA — gt 2 H ( i YPUPE(t)])2
N Pi:D) A2
< |- P(]'D)WA—UwH o [PUPIE ()2 -
Because & (t) € I, [|Z(t)[|]2 < 1
2 2
Pi:D) g2
I(1—nA; — 7) I(1—nX\ —np—=L ) <1 —PUPInA — n7-<l
PGP0 T E@] [12(t) |2
. (4:D) A2
Hence, ||[I — PUPInA — 7’]%”2 < max(1,n\; + BT R0 1). It holds that

IPYPIE(t + 1) ]2 < max(|| PYP a2, — (1= A |PUPE(D)]2) < AT,

where the last equality is because 1 —nA; > 0. This above inequality is exactly the definition of Z(t+1) € I;
and thus is proof is completed. O

Lemma H.2. Fort >0, ifnA\1(A) < 1 and &(t) ¢ L, then
A2,

U ()” N j> |PUPIE(t)]2 (23)

< max (1 = nAp,nA;) [PUPIE(D)] -

|PUPIE(E 4 1) > < max (1 o —

Proof of Lemma H.2. Note that
pi:D) g2
pU:D)
EoIrR

pi:D) g2 N
W|\2||P(3'D)$(t)”2~

AsE(t) ¢ I, We have [|3(t)[|2 > [|PUP)E(2)]| > nA2, hence i 24 < nZL5A < pliD),

IPYP)E(t +1)]|2 = [|(I = PUPInA —q

< ||p(j:D) — PUPIpA —p
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This implies that

N N N pi:D) g2
_n/\jP(J-D) < —PUPIpA < pUD) _ plDip A UW
and
P:D) A2 2\

P(j:D) —P(j:D)’I]A_n P(j:D)(l_n)\D)

1Z(t)]]2 REDIPY

Hence we have that

|PUDIZ(t +1)2 < max (1 —nAp — ” ( )|| ;A > [PUPIE(L)|.

< max (1= 7Ap, nA;) [PUPE()]|2
This completes the proof. O

Lemma H.3. Choosing T1 = max; (—logmax(knbm,\j)max(”ﬁﬁ%,1)), then ¥t > T1,D > j >
1,53@) S Hj

Proof of Lemma H.3. We will prove by contradiction. Suppose 35 € [D] and T' > T3, such that Z(T') ¢ 1.
By Lemma H.1, it holds that V¢t < T, Z(¢) ¢ I;. Then by Lemma H.2,

|PUP)Z(T)||2 < max (1 —nAp, ;)" [PUPIE(0)]2 < A2,

which leads to a contradiction. O

H.2 ALIGNMENT TO TOP EIGENVECTOR

In this subsection, we prove the following lemmas towards showing that Z(¢) converges in direction to v1 (A)
up to a proper sign flip.

1. Corollary H.4 show that for almost every learning rate n and initialization iy, Z1(¢) # 0, for every ¢ > 0.
This condition is important because if Z1 (¢) = 0 at some step ¢, then for any ¢’ > ¢, Z1 (') will also be 0
and thus alignment is impossible.

2. Lemma H.5 shows that under update rule (Equation 22),t ¢ S = t+ 1 € S for sufficiently large ¢, where

the definition of S'is {t[||Z(t)]2 < 5= n>\ 6> T}
3. Lemma H.9, a combination of Lemmas H.6 and H.7, shows that following update rule (Equation 22),
Z1(t) increases for ¢t € S.

2
4. Lemma H.10 shows that ||Z(¢)|| converges to 2221)\1 under Equation 22.

5. Lemma H.11 shows that ||Z1(¢)||2 converges to 22/\?& under Equation 22.

We will first prove that V¢, &1 (t) # 0 happens for almost every learning rate n and initialization iy, (Corol-
lary H.4), using a much more general result (Theorem D.3).

Corollary H.4. Except for countably many 1 € R, for almost all initialization ;,; = x(0), it holds that
for all natural number t, T (t) # 0.

Proof of Corollary HA4. Let F,,(z) = F(z) 2 A(z + quTﬁ‘z), Vn e Ntz € RPand Z = {z € RP |

(x,v1) = 0}. We can easily check F is C! on R” \ Z and Z is a zero-measure set. Applying Theorem D.3,
we have the following corollary. O

Lemma H.5. Fort > 0, if |#(t)||2 > 2";; ,E(t) € N, then

A7 Ab
2\ 2)\2 ’

[2(t 4+ 1)l2 < max( AT = (1= A1) |2 (t)]|2)

33



Published as a conference paper at ICLR 2023

Proof of Lemma H.5. Note that

-1 = (=24 =)o)
1 D
= Foh D (A= nM)IEDI2 = 0)F) 25Dy

Consider the following two cases.
1 If for any 4, such that |(1 — nA1)[|Z(t) |2 — nA}| > [(1 — nX)[|E(E)[|l2 — nAZ|,

12(t +Dllz < [(1 = nA)Z(B)ll2 = nAT| = AT = (1 = nA) 2 (0)]]2-
2 1If there exists i, such that [(1 — nAy)[|Z(¢)[|2 — nA3| < [(1 = nX)[|E(E)]|2 —

1 is the smallest among such index.
As

1A = (L =) IZ(@)]l2 < AT = (1= nA) 2012 = [(1 = nA0) [2(1) |2 — nAT]
We have —nA? + (1 — n\;)||Z(t)]|2 > nAF — (1 — nA1)||Z(¢)]|2. Equivalently,
nAZ +nA?

2—n\ — N\
Combining with Z(¢) € Iy = [|Z(t)|2 < nA?, we have < ’\1 A
Now consider the following vertors,

v (1) £ (A = (1= n\)|E(D)[12)F()

V@ (1) £ (2= = ) E(D)]2 Ti>\2 — A PEPE(H)

vEE () £ (g1 = nAirp) IFD) |2 — nAZ +nXE ) PO PE®), 1< j < D -1,

Then we have

1Z(t)]l2 > (24)

T — 1 S T AR .
(¢ + 1)l —Hm ; (@ =n)lEM)ll2 = A7) 75 (t)vsll2

<y 2 (¥ = (=m0 12) 3,0y |+

. b, ~ ~
o ; (1 = A [E(E)]|2 — nA2) &5 (E)yl2
D+1—1

1

< Hx( P Z [0z
By assumption, we have Z(t) € NI;, hence we have
™ @)1z = AT = (1 = nA)[EO )22
[0 @)z < n((2 = A = nA)IIZE)]l2 — nAT = nADA,

[0 (Bl < n((MAirj—1 = D) IED |2 = Ay + 02y 1)AZ 1< j < D~
Using AM-GM inequality, we have

A )\2 )\13+j—1 + 2)\?4‘]
A S T
4
N2 )2 Adpj—1+ AL
1+j—1""+5 —= 2 .

Hence ,
D (@)l < n((DAirj—r = M )IF @) |2 = nNE s +0AT )N
A3 A3 A
< 7?1 &()]|2 ’”_13 42 ”3‘12 H 1< j<D—i
D—i
: AN PR
> @) < P () 52
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Putting together,
| Dl
P+ 1) < = v®
2 2 2 A =D ~
SHAT AT (2 —nA —nX) + 1 3 " (I =nA)[|z(®) ]2
1 A — A% 1
212012 2 27\ D
— AN+ A])— +n -
)12 2 t)ll2
. )

2 1
SOATH A2 = nda — 2nA) — (L= ) [E(0)]l — P AT GAT +A]) =
1 e VIOl ViEon " 20T
1 )\4
)\
Vo "2

2 -
<OAT + A7 (2 — A — 37A) = (L= nA)l|Z(®)ll2 2>\2( /\2

We further dlscuss three cases
] ENEAR LY Ry . nATAnA? AZH?
Lo If i/ 3205t < a5 s We have [[Z(8) |2 > 5555 705 > nhi ,then

|Z(t + 12
2 2 2 - 22,12 2 1 D
<A + 1A (2 — A1 — 577)\1') — (A =nA)[Z@)[l2 — 77 A; (5)\1: + 1)m 2)\2

2 nA? + A2
<OAZ £ X2(2—=1n)A1 — =\ — (L= ) — L T2
SOAT +nAL(Z = nAL = gnAi) = (1= nh); . —

2—nh—nAi >\4

1
242 2 2
CpPAZ(SAZ AL T
<M b
_277]>\1 2)\%

The second line is because (1 — 77)\1)\\50( M2+ m?A2(3A2 + )\Q)W monotonously increase w.r.t

|Z(%)|l2 when ||Z(£)||2 > nA; \/ 77+ L. The last line is due to Lemma K.9.

1 2
2 ) AT+ nAT4+nA?
2. IfnA > nhiy/ 21_77/\1 > 2_n1>\1_n>\i,then

1t +1)|2
1 1 Ab
- 5 _ 2320142 2y -
A =mA)lIZ@)ll2 = AL (GA; +A1)||5c<1t)H2 "2

2
<nAT 4+ A7 (2 — AL — 377)\1‘) -
AD

2 1
<A+ AT (2 — A — Soh) — 277/\1'\/@? + oA (1 —nh) -2
3 2 272

< 7})\% — 77& .
—2-— 7])\1 2)\%
The second line is because of AM-GM inequality. The last line is due to Lemma K.11
1x21a2 ~ IN21a2
3. I3 <\ T we have [|2(t)[]2 < AT < nhiy/ 2= S then

1Z(t + 1)]l2
- 7 —2A2Z(ZA2 4 1 Ab
(1 77>\1)|| (t)H2 n )‘ ( >‘ )H ()HQ 2)\2
1

_ 2 2 2 2\~
(I =nA)nAi —nXi (5 A+A)A2 Yy

2
<A + A3 (2 — A — 577)\1') -

2
<AL+ AT (2= AL — §77>\i) -

LS
The second line is because (1 — n)\1)||i"( M2 + m2AH (507 + )\Q)W monotonously decrease w.r.t
|Z(t)]|2 when ||Z(t)[]2 < niy/ F :)\ L. The last line is due to Lemma K.10.
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Lemma H.6. if |#()]2 < it holds that | @1 (t + 1) > |#1(t)].

nA}
2—7]>\1 ’

Proof of Lemma H.6. Nota that |Z,(t + 1)| = |1 — nA\; — n%”il(m and that nHm(t)H
follows that 1 — nA; — n% < —1. Hence we have that |Z1 (t + 1)| > |Z1(t)].

Lemma H.7. Foranyt > 0, if [#(t)l|> < ™25, &(t) € N, it holds that
I12(t +1)ll2 < 9T — (1= A IZ(E)]|2 -
Proof of Lemma H.7. Note that
.
()]l
The proof is completed by noting that ||Z(¢t + 1)|| < ||[I — nA — nmm lZ(t) ]|

||I—77A ax {|1 _77/\3 ” ( )”

fla <
UEOIE ()|| 125D

Lemma H.8. Foranyt >0, if |Z(t)|[2 < = n>\ , it holds that

[Z(t + 1|2
<(mAT = (L4 nA0)[1E(8)]2) %

B0 (10=aEOk =2\ \2 P
EOIE (jerz:M](nA?(177A1)|I53(t)|2 >) 0GR

Proof of Lemma H.8. We will discuss the movement along vy and orthogonal to v;. First,

(2:D) - @2:D) PEDIAZ o) -
[P a(t+ D)l = I(I - P A —n——r— EGIE JPEEE()2
(2:D) _ p(2:D) pED) A (2:D) -
<|p nA—n EOIP H [P 2(t)])2
A} (2:D)
< _max A — ——2 P&

Szt + 1) = (% — 14 nA1)|Z1(t)|. Hence we have that

[2(t + 1)ll2
<A = (14 nA)[12(8)]]2) %

a0 =IOl — 2\ 2, [P
o Gz, ( SV (W O] >}> O~ Gwor)

Lemma H.9. Fort,t' € 5,0 <t <t/ then |Z1(t)| < |Z1(t)).

—(1=nX;).

>2-—nA2 It

Proof of Lemma H.9. Fort € S,by LemmaH.5,¢t+1€ Sort+1¢ S,t+2 € S. We will discuss by case.

1. Ift+ 1 € S, we can use Lemma H.6 to show |Z1 (¢)| < |Z1(¢ + 1)].
2. Ift+1¢ S, t+2¢€ .5, then

(AT — (1 = ) IF@)[12) (AT — (1 = nA)[[E(E+ 1)]l2)

|Z1(t +2)| = 1Z()][2]|2(t + 1)]]2
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(AT = @ =nA)IZ@O12) (AT = (L= A&t + 1)l[2) = [2(0)[|2][Z(t + 1)]l2
= nPA = A (L= nA) (1202 + (12(E + 1)]|2)
> (2nM1 — P AD) | E(1)|2]|Z (¢ + 1)
= 0PN = AL = )|
> (20 =P ADNZ®) |2 +nAT (1 —n)) 2+ D2,
combining with Lemma H.7, we only need to prove,
AT = AT (1= nA)llE(t) 2
> (2000 = PADZ@)]12 + AT (L = nA1)) (AT = (1= nA0)[2()]|2) -
Through some calculation, this is equivalent to

(2 = n)lE@®2 = 2AD)((1 = ) [[E@)]l2 = nAT) > 0.

which holds for [|(¢)[|2 < 5725

Combining the two cases and using induction, we can get the desired result. O

2
Lemma H.10. ||Z(¢)|| converges to 2j>‘1)\1 when t — 0.

Proof of Lemma H.10. By Lemma H.9, |Z;(t)| increases monotonously for ¢ € S. By Lemma H.5, S is
infinite. By Lemma H.2, for sufficiently large ¢, |Z;(¢)| is bounded. Combining the three facts, we know
Z1(t) for t € S converges.

Formally Ve > 0, there exists T, > 0 such that V¢, ¢ € S,t' >t > T,, ||‘|I$11((tt))‘||‘2 <l+e

Then by Lemma H.5,Vt € S;t+1 € Sort+ 2 € S, we will discuss by case. Fort > T,
1. Ift+1 € S, then

[+ Dl _ nA = (1 =nA) (D)2

e non EOIE
2. Ift+1¢& Sandt+2 € S, then
12(¢ + 2)])
T AT B
0¥ = (L= EOl) (03 — (= Al + 1))
EOREEDI
|

S (AT — (1 —nA)[|2()[|2) (nAT — (1 —nA1) (nAT — (1 —nA))[|E(E)]12))
- 122 (mAT = (1 = nA)[12(t)[]2)
AT — (1= A1) (nAT — (1= nA)[|E(8)]]2)

[EOIE '

Here in the last inequality, we apply Lemma H.7.

. ~ . A2 23
Concluding, ||Z(t)||2 > min (27:’7;%6, (27/\71’77);\“7%) NVt > Tt € S. AsVt ¢ S,t > T., we have
7 4 7 - A7 253
2(®)]2 = 5 @) 2 = min (250 o)
- . )\2 )\d
Further by Lemma H.7, V¢ > T, + 1, ||Z(t)||2 < nA? — (1 — nA1) min (2 Fy vl o /\?n)/\m+e)
.. . ~ A2
Combining both bound, we have tliglc lZ(@®)|l2 = 22771)\1 . O

Lemma H.11. ||Z(t)]|2 converges to when t — oo.

)\
27;)\’
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Proof of Lemma H.11. Notice that

)\2
IPE2a(e+ Dl < max (11— e = i L= o — 0B ) IPEDRO)!.
GEe G

- n\3
When [|7()]l2 > 52—,
A

—1+5<1-nA—n 1=nAp - L=np
"o T =
IPED3(E + s < max(l - Ap, 1 - 5)[PED3 ()],
Hence for sufficiently large ¢, || P*2)Z(t)||, shrinks exponentially, showing that hm 1Z1()ll2 = 22;\3\1'
]

I ANALYSIS FOR FULL-BATCH SAM ON GENERAL LOSS (PROOF OF THEOREM 4.5)

The goal of this section is to prove the following theorem.

Theorem 4.5 (Main). Let {x(t)} be the iterates of full-batch SAM (Equation 3) with x(0) = x; € U.
Under Assumptions 3.2 and 4.4, for all n, p such that n1n(1/p) and p/n are sufficiently small, the dynamics
of SAM can be characterized in the following two phases:

* Phase I: (Theorem I.1) Full-batch SAM (Equation 3) follows Gradient Flow with respect to L until entering
an O(np) neighborhood of the manifold T in O(In(1/p)/n) steps;

* Phase II: (Theorem 1.3) Under a mild non-degeneracy assumption (Assumption 1.2) on the initial point
of phase 11, full-batch SAM (Equation 3) tracks the solution X of Equation 7, the Riemannian Gradient
Flow with respect to the loss \1(V2L(+)) in an O(np) neighborhood of manifold T. Quantitatively, the
approximation error between the iterates x and the corresponding limiting flow X is O(nln(1/p)), that is,

= (TT3/(np*)1) = X(T3)ll2 = O(n1n(1/p)) -
Moreover, the angle between V L (x( [7;";3 1) and the top eigenspace of V*L(x ((WQ )) is O(p).

Readers may refer to Appendix E for notation.
To prove the theorem, we will separate the dynamic of SAM on general loss L to two phases.
Define

M
R;(z) = Z/\?(I)@i(f),x = ®(x)) —npAj(x),Vj € [M],z € U,

which is the length projection of  — ®(x) on button—k non-zero eigenspace of V2 L(®(x)). We will provide
a fine-grained convergence bound on R;(x).

Theorem LI.1 (Phase I). Let {x(t)} be the iterates defined by SAM ( Equation 3) and x(t) = Xy, € U, then
under Assumption 3.2 there exists a positive number T independent of 1) and p, such that for any T > T,
it holds for all 0, p such that (n + p) In(1/np) is sufficiently small, we have

max max max{R; .0} = O(np?
Ty In(1/np)<nt<T{In(1/np) j€[M] { ( ( )) } (np )

a; P(x(t)) — P(xii)|| < O((n+ p)In(1
B () = D) | < O+ ) (1/70)

Theorem 1.1 implies SAM will converge to an O(np) neighbor of I'. Notice in the time frame defined
by Theorem I.1, x(t) effectively operates at a local regime around ® ([T} In(1/np)/n]), this allows us to
approximate L with the quadratic Taylor expansion of L at ®([7} In(1/np)/n]) and prove the following
theorem Theorem 1.3.

Towards proving Theorem 1.3, we need to make one assumption about the trajectory of SAM, Assumption [.2.

Assumption L2. There exists step t, satisfying that Ty In(1/np)/n < t < O(n(1/np/n)), |{z(t) —
O(x(t)),vi(z(t))] = Qp?) and that ||z(t) — ®(z(t))]]2 < A\ (t)np — Q(p?), where T} is the constant
defined in Theorem I.1.
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We remark that the above assumption is very mild as we only need the above two conditions in Assumption .2
to hold for some step in ©(1/7) steps after Phase I ends, and since then our analysis for Phase II shows that
these two conditions will hold until Phase II ends.

Theorem 1.3 (Phase II). Ler {x(t)} be the iterates defined by SAM (Equation 3) under Assump-
tions 3.2 and 4.4, for all n,p such that n1ln(1/p) and p/n is sufficiently small, further assuming that

(1) max;en max{R;(x(0)),0} = O(np?), (2) |2(x(0)) — ()| = O((n + p)n(1/np)), (3)
[2(0) — B(2(0)), 01 (£(0)] > 2p?) and (4) 2(0) — B(x(®))l < A (O)1p — Qo). the iterates (1)
tracks the solution X of Equation 7. Quantitatively for t = [T3/np?], we have that

[@(x(t)) = X (np*t)|| = O(nln(1/p)).
Moreover, the angle between N L(z(t)) and the top eigenspace of V2 L(®(x(t))) is at most O(p). Quantita-

tively,
(z(2))) (np) .

» U1 np
mas ()~ @0 (0)] = Olnp?).

|=0
|=0
In this section we will define K as {X (¢) | 0 < t < T3} where X is the solution of Equation 7. To simplify
our proof, we assume WLOG L(z) = 0forz € T

1.1 PHASE I (PROOF OF THEOREM [.1)

Proof of Theorem I.1. The proof consists of three major parts.

1. Tracking Gradient Flow. Lemma 1.4 shows the existence of step tgr = O(1/7) such that x(tgr) is in a
subset of K™ and ®(z(tgr)) is O(n + p) close to D (Zini).

2. Decreasing Loss. Lemma 1.6 shows the existence of step tppc = O(In(1/p)/n) such that z(tpgc) is in
O(p) neighbor of T" and ®(z(tprc)) is O((n + p) In(1/p)) close to P(xpi)-

3. Entering Invariant Set. Lemmas 1.11 and 1.13 shows the existence of step tiny = O(In(1/pn)/n) such
that for any ¢ satisfying tiyy < t < tinv + ©(In(1/n)/n), we have that x(t) € Niepanly and S(x(1)) is

O((n + p) In(1/np)) close to P (inir)-
O

I.1.1 TRACKING GRADIENT FLOW

Lemma I.4 shows that the iterates x(t) tracks gradient flow to an O(1) neighbor of T'.

Lemma I.4. Under condition of Theorem I.1, there exists tgr = O(1/n), such that the iterate x(tgr) is
O(1) close to the manifold T and ®(x(tar)) is O(n + p) is close to P (xni;). Quantitatively,

ph?
L(z(tar)) < ETH
|z(tcr) — @(z(tar))|| < h/4,
[®(z(tar)) — P(zimir)|| = O(n + p) -

Proof of Lemma 1.4. Choose C' = %\/% . Since @ (init) = im0 ¢(init, T'), there exists T > 0, such that
H¢($inil> T) — q)(xinil)HQ < Oh/2 . Note that

x(t+1) =z(t) —nVL(z(t) +p

VL (I(t))) ) =x(t) — nVL(z(t)) + O(np) .

IVL (x(®)) |

By Corollary L.3, let b(z) = —V L(z), p = n and e = O(p), we have that the iterates x(t) tracks gradient
flow ¢(xinit, T') in O(1/n) steps. Quantitatively for tgp = f%] , we have that

lz(tar) = ¢(zinit, T)ll2 = O(e +p) = O(n +p) -
This implies x(tqr) € K", hence by Taylor Expansion on @,
[@(x(tar)) — @(zinid) l2 = [[®(z(tar)) — P((init, T)) |2
< O(llz(ter) — ¢(@init, T)]|2)
<OMm+p).
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This implies
llz(tar) — ®(z(tar))ll2
<||z(tar) — ¢(Tini, To) |2 + |¢(Zinics To) — P(zinic) |2 + | P(Tinic) — P(z(tar))|2
<Ch/24+0(n+p) <Ch<h/4.

By Taylor Expansion, we conclude that L(z(tgr)) < ¢||z(tar) — ®(z(tar))||3/2 < “3—};2 O

1.1.2 DECREASING LOSS

Lemma 1.6 shows that the iterates x(t) converges to an O(p) neighbor of I" in O(In(1/p)/n) steps.

Lemma LS. Under condition of Theorem L1, if x(t) € K" and |VL(z(t))|| > 4(p, then we have that
L(xz(t + 1)) decreases with respect to L(x(t)), quantitatively, we have that

L(z(t+1)) < L(=(t))(1 —nu/8).
Moreover the movement of the projection of the iterates on the manifold is bounded, quantitatively, we have

that
[®(z(t +1)) = @(z(t)]| < O”).

Proof of Lemma 1.5. As z(t) € K" and L is u-PL in K", we have L(z(t)) > 0.
As z(t) € K", by Lemma F.7 and Taylor Expansion, we have ||z(¢)x(t + 1)|| = O(n). hence for sufficiently

small 7, z(t)x(t + 1) C K". Using similar argument, the segment from x(¢) to x(t) + p% isin K".

Then by Taylor Expansion on L,
Lla(t-+ 1) = L(alt) ~ VL (o0 + o7 (j((f)’))”)

(
< Lix(t)) —n< (“ VL z((f))))ll»
|

) n?|IVL (93( )+P\|§§E§(3§H) |2

(25)

By Taylor Expansion on VL, we have that
VL (x(t))

IVE (ol0) + oo gy ) ~ VE @) < 6.
IVL (z(6)) |
After plugging in Equation 25, we have that

L(x(t+ 1)) < L(x(t) = 0l VL () || + n¢pll VL () [| + Cr*[VL ((6) || + CPnp* . (26)
As ||VL(z(t))|| > 4¢p, we have that the following term is bounded.
1
G VL (z() [* < Snll VL (1)) 117,
1
nCplIVL (@(®) || < nlVE (@@) 7,
Ciip < Cup? < el VL () |
After plugging in Equation 26, by Lemma F.2,
1
L(w(t +1)) < L(x(t)) = 77l VL (z(6) |
< L(z()(1 = nu/8).

As x(t) € K", by Taylor Expansion, we have
IVL (z(®)) [| < ¢h.
Hence by Lemma F.7 and Taylor Expansion,

1@ (2t +1)) = @(a@®))]| < EnpIIVL (@) ||l2 +vip® + En* VL (2) |3 + £Cn*p* < O(°),
which completes the proof. O

40



Published as a conference paper at ICLR 2023

Lemma 1.6. Under condition of Theorem .1, assuming there exists tgr such that L(z(tcr)) < ‘3% and

z(tar) € KM%, then there exists tppc = tar +O(In(1/p)/n), such that x(tpgc) is in O(p) neighbor of T,
quantitatively, we have that

IVL(z(tpec))ll2 < 4Cp.
Moreover the movement of the projection of ®(x(-)) on the manifold is bounded,

[®(z(tcr)) — @(z(tprc))llz = O(nIn(1/p)).
Proof of Lemma 1.6. Choose tpgc as the minimal ¢ > tgp such that |VL(z(tprc))|l2 < 4(p. Define
C = [Iny_x (64p°/h?)] = O(In(1/p)/n).
We will first perform an induction on ¢ < min{tpgc, tar + C} = tar + O(In(1/p)/n) to show that
L(x(t)) < (1 —np/8)" " L(a(tcr))
1®(2(t) — ®(a(tar))|l = O((t — tar))

For t = tgp, the result holds trivially. Suppose the induction hypothesis holds for ¢. Then by F.1 and Taylor
Expansion,

2L(:L'(7fGF))

[@(x(t)) —2z@)] < < h/4.

Then we have that
dist (K, z(t)) <dist(K, z(tar)) + [lz(tar) — (z(tar))l2
+@(x(tar)) — 2(2(0)] + |2(2(2)) — 2@
<3h/4+ O(i(t — tar)) = 3h/4 + O(nln(1/p)) <
That is #(t) € K". Then as t < tprc, |[VL(2(t))||2 > 4(p. Then by Lemma 1.5, we have that
L(z(t +1)) < (1 —np/8)L(x(t)) < (1 —np/8) 1 7'r L(x(tar)),
[@(2(t +1)) = @(z(ter))|| < [|@(2(t +1)) = @(z(®)]| + [|2(z(t)) — @(z(tar))]
< O(*(t - tar))
which completes the induction.

Now if tprc > tar + C = tar + Q(In(1/p)/n), As the result of the induction, we have that
2

Lia(tar +©)) < (1~ ") Lia(tar) < S5 Lla(tar) < 80%.

By Lemma F.2, we have that |V L(z(tgr+C))]|2 < ¢ w = 4(p, which leads to a contradiction.

Hence we have that tpgc < tgr + C = tar + O(In(1/p)/n). By induction, we have that

12 (2(tprc)) — @(x(ter))ll = O(n*(toec — tar)) = O(nIn(1/p)).
This completes the proof. O

1.1.3 ENTERING INVARIANT SET

We first introduce some notations that is required for the proof in this and following subsection.

Define

T=z—o(x),
Alw) = V2L (®(x)) ,
T =Ax)t,
T; = <§3’Uj(l')>a
M
PUD ) = vi(2)v] (2)
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Note & ~ VL(z) for z near the manifold . We also use Z(t), A(t) and #(t) to denote z(t), A(z(t)) and
x(t).
Recall the original definition of R;(z) is

\IZV ),z — ®(x))2 = npA3(x),

Based on the above notions, we can rephrase the notion R as
Rj(z) = | PUP) (@)Z]| —npAi(x) -
We additionally define the approximate invariant set Il; as
I; = {[|1PYP) ()| < npAj(x) + O(np*)} .
Lemma L.7. Assuming t satisfy that x(t) € K", then we have that

gllw(t) —e@)| < 2@ < clle@) — (@)

Proof of Lemma 7. First by Lemma F.4, ®(z(t)) € K", hence

12(t)]| = [V2L(@(x () (2(t) — @(x(t))]| < (llz(t) — @(x(t))] -
Also

12| = V2 L(@(x () (@(t) = (@(®))]| = ullPaaey r(@(t) — D(x(t)))]] -
By Lemma F.4 and Lemma E.6, we have

() = (@) < [Paaqey).r(@(t) = @@ + | Pog,r(z(t) — @)
(v 1, .
Sz l2(t) — @(2(t)] + ;Hm(t)ll

< 5lle(®) — SO} + 13O,

Hence [[2(t) — ®(x(t))l| < 2[|Z(t)]]. a

Lemma L8. Assuming t satisfy that z(t) € K" and ||%(t)||2 = O(p), then we have that
1@ (z(t +1)) = 2(x(®)]| = O(np?).
Proof of Lemma 1.8. By Lemma 1.7, we have ||z(t) — ®(z(t))|| = O(p). By Lemma F.7, we have that
1@zt + 1)) = D)) < ¢Enplle = 2(@)ll2 + &nPllz — ®(2)]3 + vnp® + ECn*p
< O(np?).
O
Lemma L9. Assuming t satisfy x(t) € K"? and ||x(t) — ®(z(t))||2 = O(p), define " as x'(t) = z(t) and
forT >t,
o'(r+1) = /(1) = nV2L(®(x(t))) (2 (1) — ®(x(t))

oL (b)) (@) (@ (r) — P
eV L@ @O 2L (G (2 (0) (@ (1) = B (0) ]

Then

' (t +1) = (t +1)ll2 = O(np*)
and further if || z(t + 1) — ®(x(t + 1)) |2 = Qnp), then

2" (t +2) — 2(t +2)[l2 = O(np?).
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Proof of Lemma 1.9. By |z(t) — ®(z(t))|| = O(p), x(t) € K"/2, and Lemma F.7, we have that ||z (¢ + 1) —
z(t)|| = O(np) and hence x(t +1) € K3"/4, This also implies ||z(t+1) — ®(z(t+1))||2 = O(p). Similarly
we have z(t +2) € K34,

For k € {1, 2}, by Taylor Expansion,

x(t+k+1)=x(t+k)—nVL(x(t+k)) — anZL(x(t + k))m + 0(77,02)
—u(t + k) — nVPL(@((t + k) (a(t + k) — Ba(t + k) + O(np?)
eV L(@(a(t 4 k) e R 02
VL (et + R) |
=z(t+ k) — nV2 (P(x(t+ k) (z(t+ k) — P(z(t + k)))
L@l + D) T i+ On),

Now by Lemmas 1.7 and 1.8, ||®(x(t + k)) — ®(z(t))||2 = O(np?),
(t+k+1) =z(t + k) — npV2L(O(x))(2(t + k) — &(x(t)))

VL (z(t+k))
—pVPL(®(z)) )
L (e
Now we first prove the first claim, we have for k = 0, ||z(t+ k) —2'(t + k)||2 = 0, by Lemma F.4 and eq. 27,
(

ot 1) =ol0) = 1V L@(@) a(0) — ¥(a)) = np s I =R 4 0Gyp?)

=2'(t+ 1) + O(np?).

+O(np?). 27

The second claim is slightly more complex. By the first claim and Lemma F.4, we have that
VL(z(t+1)) V2L(®(z(t+ 1)) (z(t +1) — ®(z(t + 1))
IVL (z(+ D)) [ [[V2L(R(e(t + 1)) (2(t + 1) — D(z(t + 1)) ]2
+O([Jx(t +1) = 2(2(t + 1))]l2)- (28)
We first show ||[VZL(®(z(t+1)))(x(t+1) — ®(x(t +1)))||]2 is of order ||z(t +1) — @(z(t+ 1)) |2 = Q(p?)
to show that the normalized gradient term is stable with respect to small perturbation,

IV2L(@(x(t + 1)) (w(t +1) = D(a(t +1)))ll2
>|| P (o (41)),0 VAL(®(2(t + 1)) (x(t + 1) = (a(t + 1))l
>[[V2L(@(x(t + 1)) Poga(ern),r(@(t +1) — S(z(t +1)))[l2
Zpll Po o1y, r(@(t +1) = 2(z(t +1)))|2
Zp(l(@(t+1) = @(a(t + D))ll2 = | Pagasn), (@t +1) = 2t + 1))

Zp(([ (2t + 1) = @(x(t +1)))ll2 - 4%”36(?? +1) = &(a(t + 1))

>t + 1) = @t + 1) = Qo).

Based on Lemma F.7, we have

O(z(t + 1)) — ®(x(t)) = O(np®).
We further have by the first claim and Lemma 1.8,

VEL(®(x(t + 1)) (x(t + 1) — ®(x(t + 1)) — VEL(®(x)) (' (t + 1) — D(2(t)))
—V2 L(®(x))(2(t + 1) — @(x(t + 1)) — VP L(D(2)) (2' (t + 1) — D(x(t))
O(llz(t +1) — @(x(t + 1)) [[2|(z(t + 1)) — @(z)]]2)
—VQL( () (@(t +1) = D(x(t+ 1)) — VEL(®(2)) (2 (t + 1) — D(2(1))) + O(np®)
=V2L(®(2))(z(t + 1) — ' (t + 1)) + VZL(®(2))(D(z(t + 1)) — D(x(t))) + O(np®)
=0(np?)
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This implies
V2ZL(®(z(t+ 1)) (z(t +1) — ®(z(t + 1)) V2L(®(2)) (2 (t + 1) — @(z))

IV2L(@(x(t + 1) (w(t + 1) — @(x(t + 1)l [V2L(®(2))(2'(t +1) — O(2))]|2
Combining with Equation 28, we have
VL(x(t+1) _  V2L(®(2))(2'(t+1) - B(z))
IVL(z(t+ D)) [ [[V2L(®(2)) (@' (t + 1) = ()]l

+ O(p)

By the above approximation and Equation 27,
z(t+2)=2'(t+2) + O0(np?).

Lemma L.10. Assuming t satisfy that x(t) € K3"/* and ||Z(t)||2 = O(p), then we have that

(64 1) = 3(0) + 1A@)7(0) + oA O T2 0 2 = Olg?).
Proof of Lemma 1.10. By Lemma 1.9, we know
e+ 1) = o(6) +15(0) + mpAW) O < ).
This implies
IAa(t + 1) = (a(e) = 30) + nAOH) + npA0) 2]
AW (e + 1) = 2(0) + 7(0) + oA TZ )]
<Cllt+1) = ol0) + 17(8) + mpA() 5yl = Ola?).

We also have
Zt+1)— AW (z(t+ 1) — D(x(2)))
=(A(t +1) — A1) (z(t + 1) — ©(2(t + 1)) — A()((x(t)) — D(x(t + 1))
=0(np?).

Plugging in Equation 29, we have that

ISt

(t
[Z(@)]l

~—

I12(t + 1) = Z(t) + nA)Z(t) + npA*(t) l2 = O(np?).

(29)

O

Lemma L11. Under condition of Theorem 1.1, assuming there exists tpgc such that x(tpgc) € Kh/2
and ||V L(z(tprc))|| < 4Cp, then there exists tprca = tprc + O(In(1/n)/n), such that x(tprce) is in

I, N K3h/4,

Furthermore, for any t satisfying tppca < t < tppca + O(In(1/1)/n), we have that x(t) € T; N K3"/* and

[@(z(t)) — (z(tpec))l| = O(p* In(1/)).

Proof of Lemma I.11. For simplicity, denote C' = [Iny_,,, %] +06(n(1/p)/n) = O(In(1/n)/n). Here the

quantity ©(In(1/p)/n) is the same quantity in the statement of the lemma.
We will prove the induction hypothesis for ipgc < t < tpgc + 2C,
12(t = )| = npAT(1),t > tore = ()] < (1 —np)|E(t - D],
12t — D)l < mpAf(t —1),t > tome = [|F(E)]| < npAT(t) + O(np?),
[@(x(t)) — @(z(tprc))|| < O(p*(t — torc)),
z(t) € K34,
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The induction hypothesis holds trivially for ¢t = tpgc.

Assume the induction hypothesis holds for ¢ < ¢. By Lemmas F.1 and 1.7, ||Z(¢tprc)|l2 < ¢||z(tbrc) —

O(z(tpre))|| < %”VL(J)(tDEc))H < %p. Combining with the induction hypothesis, we have ||Z(t)]] <
4¢
o

By z(t) € K3/ and Lemma 1.8, we have that
1@ (2(t +1)) — (z(t)]| < O(np?).
Hence we have that
[@(x(t +1)) — @(z(tprc)) | < [[@(x(t + 1)) — @(z(t)]| + [[®(x(t)) — ®(z(tpec))|l
< O(np*(t+1 - torc)). (30)
This proves the third statement of the induction hypothesis.

By ||Z(t)|| = O(p) and Lemma 1.10, we have that

- - - Z(t
66+ 1) = 3(0) + 1A@)7(0) + oA (O T2 0 2 = ).
Analogous to the proof of Lemmas H.1 and H.2, we have
1. If [|2(t)]| > npA3(t), we would have
- - Z(t)
() — nA®)E(t) — npA®(t) 7=l
[z
1
||z — nA(t) — npA%(t) ———
Iz (t) ( )”x(t)” I
- 1
<[|z(?)[| max{nAi,1 —nAp — UP)\%W}

< max{(1 = nAp)[Z(t)]| = npAD, nAul|Z()]}
<max{(1 —nu)|Z(t)]| — nop®, ¢ |2 ()1}
Hence we have
[12(¢ + D) < max{(1 = nu)|Z(t)[| = npp®, n¢|Z @)1} + O(mp®) < (1 = np)l|2()]]-
2. If ||Z(t)||2 < npA2(t), then by Lemma H.1, we have that
J266) = nA@0) ~ npA*(0)

l2 < npA3(t).
Hence by Lemma K.1
[E(t + 1| < npA3(t) + O(np?) < npAi(t+1) + O(np?) .

Concluding the two cases, we have shown the first and second claim of the induction hypothesis holds. Hence
2 2
we can show that ||Z(t 4+ 1)|| < %p. Then by Lemma 1.7, we have that ||z(t + 1) — ®(x(t + 1))|| < %p.

Ast < tpgc + 2C = tprc + O(In(1/n)/n), by Equation 30,
[®(x(t + 1)) = 2(z(tprc))|| < O(=p*Inn).
This implies
dist(z(t + 1), K) <dist(z(tprc), K) + ||z(tpec) — @(z(tprc)) ||
+1®(z(torc)) — (@ (t + )| + [lo(t +1) — (x(t + 1))
=h/2+O(p*In(1/n)) + O(p) < 3h/4.
This proves the fourth claim of the inductive hypothesis.

The induction is complete.
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Now define tpgco the minimal ¢ > tpgc, such that ||Z(t)]| < npA2(t).
If tpec2 > tpec + C, then by the induction, Lemmas F.1 and 1.7,
|1Z(toec + O)I| < (1~ np) |1 Z(tpec)ll

3
= -

nu?

< =
=

Cllz(tpec) — ®(z(tprC)||

IN

2
ne

VL(t
4C IVL(tpec)|

< pPnp
< M(tprc + C)np.

This is a contradiction. Hence we have tprce < tpgc + C. By the induction hypothesis z(tprce) €
I, N K3h/4,

Furthermore by induction, for any ¢ satisfying tpgce < t < tpgc + 2C, we have that
[E(®)]| < npAT(t) + O(np?) .
By the induction hypothesis (¢) € T; N K3"/* and | ®(x(t)) — ®(z(tprc))|| = O(p* In(1/p)). O

Lemma L.12. Under condition of Theorem 1.1, assuming t satisfy that x(t) € I; N K 3h/4 then we have that
Ri(2(t) 2 0= Ry(a(t+1)) + Ai(t + )np < (1 — ) (Bi(z(t)) + Az (H)np),
Ri(a(t)) < 0= Ri(a(t +1)) < Omp?).

Proof of Lemma 1.12. As z(t) € Iy, |Z(t)||l2 < {np + O(np?).

As ||#(t)||l2 = O(p). we have z(H)a(t + 1) C K" and ®(2(£))@(z(t + 1)) C K.

We will begin with a quantization technique separating [A/] into disjoint continuous subset St ...,.S), such
that Vi #£ j,

in_[A\e(t) = Mi(t)] > p.
rein o Pe(®) = M) 2 p

By Lemmas 1.8 and K. 1, we have that for any n € [M],
k(1) = At +1)] = O(IV2L(®(x(t))) — VZL(®(z(t + 1)))II)
= O(||®(x(t)) — @(x(t + 1))
= O(np?).
This implies

i M(t+1D) = NE+D)| > p— 2) > (0.99).
keg{-l,ll%sj| rE+1) =Nt + 1) = p—O(np”) = 0.99

Define
t
Pég) £ Z Un(t)vn(t)T'
keS;

By Theorem K.3, for any £k,
[V2L(®(x(t)) — VPL(®(x(t + 1))

P = Pg N < o ; ) =0(p).
By Lemma 1.10, we have that
N N 5 z(t
0+ 1) = 3(0) + 1A@)Z(0) + oA (O T2 2 = ).

We will write 2 (t + 1) as shorthand of Z(£) — nA(t)#(t) — npA2(t) 2.

Now we discuss by cases,
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1. If \/Z Pé(f(l) Z(1)]|? > maxges, AZ(t)np > p?np, by Lemma H.3,

S IR E(+ 112 < ZH O 2t +1)]2 + O(np?)

=7 1=j
|| S P ()]
<max{ (1 = po(t-+ D) 2P0 = npAn(t + 1) Hx(s)“ ,
=]
nmax k(1 +1 HZP&{ B)[I} + Onp?)
=]
< max{(1 - np) HZPSRC @l fnp%,ncnnga O} +0Gme”).

=j
This further implies

1 -
angit’ (t+1))2 < ZHP&% t+ 1)[|2 + O(npl|Z(t + 1))

< max{(1 - nn) \IZP§<)> )l —np%,ncn ZP@‘E% I} +Onp?)
=7

t
<(1—np) ||ZP§()>

2. If \/Z PS@) Z(t)]|? < maxges, A7 (t)np, then by Lemma H.1, we have that

||Z ()33 (t+1)[2 < W)maX)‘k( )

Hence we have that

ZIIPé’&>~t+1>H2< Zn P 2 (t +1)|2 + O(np?)

< 2
< i%%?j)‘k( Jnp + O(np”)

< max A\ (t + 1)np + O(np?).
keS;

This further implies

1
ZHPS%’ (t+1))2 < ZIIPéZ> (t+ D)2 + O(npllE(t + 1))

i=j

< max Ak-(t)np +0(np?)

< 2.
gg?j/\k( Lnp + Onp”)

Finally taking into quantization error, as all the eigenvalue in the same group at most differ Dp, for any
i € S;, we have that —\? (¢ + 1) + maxyes, Az (t + 1) < 2DCp+ D?p?.

Hence the previous discussion concludes as
1. If Ry(x(t)) >0
Ri(w(t+1)) + AR (t + np < (1 = np) (Rie((t)) + A (8)-np)
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2. If Ry(2(t)) < 0
Ri(z(t +1)) < O(np?).
0

Lemma 1.13. Under condition of Theorem 1.1, assuming there exists tpgca such that for any t satisfying
tpece < t < tppcz + O(n(1/n)/n), we have that 2(t) € Ty N K3"/* | Then there exists tyny = tprca +
O(In(1/n)/n)) such that for any t satisfying tinv <t < tinv + O(In(1/n)/n), we have that

x(t) S (mke[A{]Hk) N K7h/8 .
[ (2(t)) — ®(x(tprce))|| = O(p* In(1/n)).

Proof of Lemma 1.13. The proof is almost identical with Lemma .11 replacing the first two iterative hypoth-
esis to Lemma .12 and is omitted here.

1.2 PHASE II (PROOF OF THEOREM 1.3)

Proof of Theorem 1.3. Let tarign = O(In(1/p)/n) be the quantity defined in Lemma I.19.
We will inductively prove the following induction hypothesis P(¢) holds for tapian <t < T3/np* + 1,
x(t) € K"? tapion <7<t
[(2(7) = @(2(7)), vi(2(7)))] = O(np), tauiey <7 <t
max [{z(7) = ®(x(7)), v;(z(7)))| = O(np?), tavien < 7 <t

je[2:M]
[®(z(7)) — X (np*7)|| = O(nIn(1/p)), tarien <7 <t

P(taricn) holds due to Lemma I.19. Now suppose P(t) holds, then (¢ 4+ 1) € K". By Lemma I.19 again,
[(z(t+1) = @(2(t+1)),v1(x(t+1)))| = O(np) and max;ep.ar [(x(t+1) = P(2(t+1)), v;(x(t+1)))| =
O(np?) holds.
Now by Lemma [.20,
1@ (x(7 + 1)) = @(2(7)) + 1° Py g7y, r VA (1) /2] = O(np® + 77 p%) , tanion < 7 < t.
By Corollary .3, let b(x) = —0®(x) VA (V2L(x))/2, p = np? and € = O(n + p), it holds that
[@(z(7)) = X (np*7)]|

=0([|®(z(taLion)) — P(zinid) | + Tsnp® + (p +1)T3)

=0(nIn(1/p)),tatioy <7<t +1
This implies [|z(t+1) = X (np?(t+1))[l2 < [|2(t+1) = @(x(t+1))ll2+ [ 2(2(t+1)) = X (np?(t+1)) |2 =

O(nin(1/p)) < h/2. Hence z(t + 1) € K"/2. Combining with P(t) holds, we have that P (¢ + 1) holds.
The induction is complete.

Now P([T3/np?]) is equivalent to our theorem. O

1.2.1 ALIGNMENT TO TOP EIGENVECTOR

We will continue to use the notations introduced in Appendix I.1.3.

We further define
S={t 0 + O(np?

N 1 nA? n\3
T = {t||20)]| < =
{|||x<>||_2(2_%+2_m2 o).

3 1 nA? A3
U = {t| (p)_llxl(t)ll_Q(Q,,AﬁznAg o}

Here the constant in O depends on the constant in I; and will be made clear in Lemma I.16.

For s € S, define next(s) as the smallest integer greater than s in S.
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Lemma 1.14. Under the condition of Theorem 1.3, there exist constants C1,Co < 1 independent of n and p,
2 2
il (b)) < L ( T )pand 2(t) € (Mjepaly) N K™/, then

2—nAi(t 2—nA2(t)
i At
C +1 <
Ol = Cug P = 10+ Dl < 0oy

Proof of Lemma I.14. By Lemma I.10, if we write 2/ (¢+1) as shorthand of 7 (t) —nA(t)Z(t) —npA>(t )
then ||Z(t + 1) — 2/(t + 1)|| = O(np?).

Define H?uad as {x|R;(x) < 0}. Then we can find a surrogate x,, (t) such that x4, (t) € (Njepnmr ]]Iquad) nK"
and ||z (t) — 2(t)]l2 = O(np?). We will write . (t + 1) as shorthand of gy, (t) — NA(t)Tsu (t) —

2 Tsur (1)
np A () o

Let
h(t)é(z—w\/% (Sl ) -5 (Sl mag S 200

¢? 2t ¢? ¢? ¢?
As h(1) < 1, we can choose Cy < 1, such that h(C}) < 1

We can further choose Cy = max{(h(Cy) +1)/2,1 — %} < 1.

We will discuss by cases

1. If
. nAl
lZ(t)|l2 > P
Wl 2 2T T8 — 38— )
Then
Izl _ M(2—nA)
2, R0 mo) + 07 - XB)0 — i)
_ AH(2 —nA)
M(2—=n 1 —nAp) = A5(1 — 1))
2 1 2
> T R 2
S ey 12-n\ ¢

In such case we have

j(t) . msur( )
2O Nzsuw (D)l

Then we have |2, (t + 1) — 2/(t + 1)|| = O(np?). By Lemma H.5, we have that

|2t + D2 < |2t +1) = 2"t + Dl + |2t + 1) — 2, (E + DI+ 2k, (¢ + 1)

I =0(p).

nA? A\ -
< max(y—p = npﬁ%mp)\? — (L =nA)[Z(t)]2) + O(np?)
AD(2 = nA1) /LY
< 12D\ 07 (9 _(1— 14 2 1
2 2 2
B AT nAT
1- 2 <C .
< 342) S WAL W
2. If
A < A

z(t)|l2 < P> P
IZ@®ll2 )\%(1*77)\D)+(>\%*)\29)(1*77)\1) 1—n\
T'hen we have

| —npAD + (L= nAp)llE(®)]2] _
npA? — (L—nA)Z@) )2~ A?
A3 — (1= )| Z(B)]l2| _ A3
npA; — (1 - 77)‘1)||~(t)||2 ?'
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By Lemma H.8,

[l (t + 1)l
| ||2 Ol /\2 /\2
||$ ||2 [EHOIE ¢C—p? (C—A)

) IR A3
t <= .
||x1<>|2_2(2%+2m2 /

For ||z (t )Hz > 2 ,001,

After plugging in, we have that
nA? A2
O(np?) < Coy
o P Ome) < Cag op
This concludes the proof. O

Lemma L.15. Under the condition of Theorem 1.3, for any t > 0 satisfying that (1) z(t) € (Njepnly) N K",
(2)t &S, it holds thatt +1 € S.

Moreover, if |21 ()| > Q(p?) and ||Z(t)|2 < npA2 — Q(p?), then it holds that ||z, (t + 1)| > Q(p?).

12t + Dl < Jl2/ (¢ + Dll2 + O(p®) < h(C) 5

Proof of Lemma 1.15. Ast ¢ S, it holds that
2

- ?7)\1 2
> + 06 .
[z = 5 77)\1p (np”)

By Lemma .10, if we write 2'(t + 1) as shorthand of Z(t) — nA(t + 1)Z(t) — npA*(t);
1) —a'(t+ 1)|| = O(np®).

Define H?uad as {z|R;j(x) < 0}. Then we can find a surrogate @, (t) such that z,,(¢) € (N je[M}Hq“ad) N
K", and ||zsu: (t) — Z(t)||2 = O(np?). We will write . (t + 1) as shorthand of gy, (t) — NA(t)Tsur (t) —

2 Lsur (t)
np A () e

\
As || Z(t)]| = Q(np), we have

T(t
T

rovd then [[#(t +

Torlt) _ EO)
Nzl ~ T2 = 00)-
Honc we v 34— ()] =541 (D)4 D] = 0

Notice we have ||z (t)[]2 > 52 n )\ p for properly chosen function in the definition S, hence, by Lemma H.5

/\2
/ t 1 < AT .
Hxsur( + )”2 = 2_77)\1p

This further impliest + 1 € S.

We also have
<xsur(t)7 ’U1>

|<$éur(t + 1);'U1>| = |<$sur(t)7vl> — A1 <xsur(t)’ U1> - TIP)\% ||$sur(t)||

2

\a ; npAT
IR ey

We will discuss by cases. Let C satisfies that C' = /1 (A3 + A}).
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2
1. If ||z (t)|| < Cp, then as we have 2+ > Vg

¢ 2 Jmcan

2
(2l (£ + 1), 01)] = |<xsur(t)7v1>|(% - 1) > Q(p%).

2. If ||zsur ()| > Cnp, then as x(t) € Iy, we have that |(zq,(t),v1)| > Q(np). Then as ||ze(t)]] <
[Z(t)[|2 + O(np?) < Afnp — Q(p?), we have that

Ainp
Ainp — Q(p?)
By previous approximation results, we have that |71 (t + 1) > Q(p?).

|<Iéur(t + 1)5U1>| Z |<xsur(t)7vl>‘( - 1) Z Q(pZ).

Lemma L1.16. Under the condition of Theorem 1.3, for any t > 0 satisfying that (1) z(t) € (Njeanl;) N
Kr6 (2)t € S, it holds that next(t) is well defined and next(t) < t 4 2.

Proof of Lemma I.16. Following similar argument in Lemma H.1, we have that z(t +1) € (N;epanl;) N K™
Ift+1 ¢S, then we can apply Lemma I.15 to show thatt + 2 € S. O

Lemma 1.17. Under the condition of Theorem 1.3, there exists constant C' > 0 independent of n and p,

assuming that (1) x(t) € (Njepanly) N K™/8 2)t € 8, (3) Q(p?) < ||Z1(1)]], then
121 (next(£))]| = [|Z1(2)]| = O(np?).
Proof of Lemma 1.17. This is by standard approximation as in previous proof and Lemma H.9. O

Lemma 1.18. Under the condition of Theorem 1.3, there exists constant C' > 0 independent of n and p,
2 2
assuming that (1) x(t) € (Njepnly) N K™%, (2) t € S (3) Q(p%) < [|21(1)]| < %( SRt ),0,

277’[}\1 277]/\2
then
. . . 1 A2 A2
s exe(0)] = min(1 + ol 0] 5 (500 + 572 ) o),
1 2 2
or s (nextext(O)] 2 min{(1 + C)llan () 5 (0 + 522 ) o)

Proof of Lemma I.18. In this proof, we will sometime drop the ¢ in A, (¢) or A(t). Applying Lemma .16, we

have next(t) and next(next(t)) are well-defined. We can suppose |71 (next(t))» < 1 (22‘31 + 22‘3\2),

else the result holds already.
By assumption, we have ||Z1(t)|| > Q(p?).
Using Lemma I.10,

J(0-+ 1) = 3(0) + 1AZ(0) + npA* 2] < Olae?).
Denote
(4 1) = &(t) + nAz(t) + npA? Z(t)
1z

as the one step update of SAM on the quadratic approximation of the general loss.
Now using Lemma I.14 and the induction hypothesis, we have for some C; and Cy smaller than 1, ||Z(¢)|| >

A2 A
Cig2iop = |2/ (t+ 1| < Cagip.

We will discuss by cases,

- A2
LIEfE@)l] < Cratygye

If next(t) =t + 1, then
21t + DIl _ npAf = A= )[Z@O] o 2=C1) —nh+Cinh 1
21 ()]l Iz h Cy -G
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As we have 71 (t) = Q(p?), we have 2 (t + 1) = Q(p?), then as ||Z1(t + 1) — 2} (t + 1)|| = O(np?), this
implies

i , oo 1 11 i

122t + DI 2 flza (E+ DI = Op™) = F-ll2a (¢ + D = O(np*) = 2(g DI

If next(t) = t + 2, define 2/ (t +2) = 2/ (t +1) —nAz'(t + 1) — npA2 =

Tty as 121+ Dl = Q).
by Lemma 1.9, we have ||2/(t + 2) — Z(t + 2)|| = O(np?).

2"t +2) _ (mpA] — (1 —nAu)||2(t
21 ()l [z
o (mpAT = (L= nh)||E( — (1 =nA1) (npA? = (1 =) [I2@0)]))
- [[Z(t )II (an" (L=n\)z@®)])
npAT — (L= nA) (npA] = (1= nA)[2(®)])
(t)

(mpAT — (1 —nAy)ll2" (£ + 1))
)

nA1
> (1—nA1)? +F<2_”Al> >1+4Cn.
1

Combining with |71 (t)| > Q(p?), we have that
121 (next(2))[| > (1 + Cn)l|Z1(2)]|

- A2 ~
2 Case 2 #(t)]| > Crgicp. then [[&(t + 1) < o ponexct(t) = ¢ 41
By Lemma I.17, || (t + 12|| > (1= Cn)l|z1(t)]]-

As ||Z(next(t))]| < Co5251—, similar to the first case,

2— 7])\ ’
121 (next(next(2)))[| = (1 + 4Cn)[[z1(next(8))[| = (1 + Cn)||Z2(H)]]-

2
In conclusion, if ||Z1 (¢)|| < % (2 77/\1 + 2"?‘7/\ ) p, we would have there exists C' > 0

121 (next(8))[| = (1 + Cn)[|21 ()] or [|Z1 (next(next(t)))[| = (1 + Cn)|| 21 (B)]]-
O

Lemma 1.19. Under the condition of Theorem 1.3, there exists constant Ty > 0 independent of n and p, we
would have that when t = tarien = [T2In(1/p)/n],

[(a(t) — ®(x(t)), v (2(t)))
max _|(z(t) — ®(z(t)), v;(z(t)))

JE[2:M]

Further if x(t') € K" holds for t' = 0,1, ...,tLocaL, then for t satisfying tarian <t < tLoCAL
[(z(t) — @(x(t)), vi(2(t)))] = Onp) ,
e [{z(t) — @((t)),v;(z(t))] = O(np?).
Proof of Lemma 1.19. Let C be the constant defined in Lemma 1.18.

By Lemma 1.15, we can suppose WLOG ||Z1(0)| > p? and 0 € S. Define

22
Cr £ [logy..c (57 5= /0)]

2
Cy £C1+ [In a2y 1= 0(108(1/p) /).

Pmax(1- 5 1- 27} (2

2 2
We will choose tarignmip as the minimal ¢ € S, such that ||Z1(¢)|| > % (22‘;\1 + 222’32) p-
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Then by induction and Lemmas 1.17 and 1.18, we easily have that for ¢ < min{Cs + 1, tarLicnMip } and
t € S, we have that

z(t) € K™/8 0 (n,IL)

A2 nA3
- > min{ (1 t/4)) 5 1 2
21 ()] > min{(1 + Cn)/*|| 21 (0)], (2_%1 +2_77A2>P}

A2 A2
AT + 1|\ p} )
2 — 77)\1 2 — ’17)\2
The detailed induction is analogous to previous inductive argument and is omitted. If ¢ o 1onvip > C1, then
we have for the minimal t > C; and ¢t € S

N A}
z1(t)|| > —————
70 > 575

This is a contradiction and we have that ¢t A 1anvm < C1.

or [|Z1 (next(t))]| = min{(1 + Cn)"/*[Z1(0)]],

1
2
1
2

2— 7])\1+2 nNA2

- ~ 1 A} nA3
t)|| > )| > - +3

By Lemma 117, |71 (next(t))| > [[7:(t)| — O(np?) for 71 ()] > & (52
then by Lemma [.18,

UL )pandteSand

for Cy >t > taLIGNMID-
We will then show that for ¢ > tarianmip + C iteration, || PPz (t 4 1)|| < O(np?).

For Cy >t > taLIGNMID»

2 2 22 2
1o nhg—mp—2 <1 —prp — <1-2D <1 1
PTG ST T e T T T @
Notice that,
A2 A2
L=nAe —npr—rr =1 —nha—mp
1Z(t)]] 1Z(®)]]
42 2(02 — \2) A2
>1— g — ——2 (2 — D I A H VA S Rl
Zl=mde = o (@ mhe) 2 14 = 2 —l+ 55
Hence,

2
| PEP)(#)a! (t 4 1)||2 < max{l — Cz, - ;A—Cz}llp(Q:D)(t)i‘(t”b

Now by Lemma K.1 and Theorem K.3,
IPEP) (1) — PEP) (i + 1)|| < O(np?)
lo1.(8) = vi(t + 1) < O(p®
A1 (t) = At + 1) < O(np?)

~

By Lemma 1.10, we have that ||2/(t + 1) — Z(t + 1)|| = O(np?).

Combining the above, it holds that
(2

||P(2 D)(t—i— Dzt +1)|| < max{l — 27427 4C2}|

[PED ()2 (1) + O(np?)

Hence when t = tar1aN = taLienmip + Co,
Iz = 12 = 2(np) ,

IPEP (D) (1) < O@mp?) .

By z(t) € I, we easily have ||Z1(¢)|| = O(np). Hence we conclude that

121 (B[l = ©np)
IPEP )z (1) = O(mp?) .

The second claim is just another induction similar to previous steps and is omitted as well. O
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[.2.2 TRACKING RIEMANNIAN GRADIENT FLOW
We are now ready to show that ®(z(¢)) will track the solution of Equation 7. The main principal of this proof
has been introduced in Section 4.3.
Lemma 1.20. Under the condition of Theorem 1.3, for any t satisfying that
z(t) € K",
1Z21()[| = ©(np),
IPEP) ()2 (t)]| = O(np?)
it holds that
[@(2(t + 1)) = @(2(8) + 10* Paa(ey r VA1 (1) /2l < O(np® +17°p°) .

Proof of Lemma 1.20. To begin with, we can approximate ®(xz(t + 1)) — ®(z(t)) by its first order Taylor
Expansion, by Lemma F.7,

[@(a(t +1)) = D(a(t) - 02(x(t))(a(t + 1) — (t))| = O(la(t + 1) - 2(t)[[*) = O0%)

Then by plugging in the update rule and another Taylor Expansion,

VL (x)
IVL () |

VL(z) VL(z)
IVL () | IVL () |

109 (2(t)) ((t + 1) — x(t) —npdP(x(t)) V2L (x)

—1p*0P(a(t))OV2L ()| 1/2ll2 = O(mp?).

Using Lemma F.3, we have

VL (z)
IVL (z) |

VL (x) VL (z)

Imp0®(x(t)) V=L () IVL () [|" VL (2) |

I = npll VL () [[1|0°®(x(1))

I =O0MplIVL(2)])-

Putting together, we have that
VL (x) VL (x)
IVL (@) || [IVL () |

1@ (2 (t + 1)) = D(x(t)) — 1p*0P(x(1)) V2L (®((t)))] 172l
<O(n*p* +1p°) + O(npl| VL () ]])

As we have ||Z(t)|| = ©(np), hence by Lemmas F.2 and 1.7,
VL (z(t)) VL(z(t))

x — ®(z(t)) — np?0d(x 2 x
I9(a(t + 1)) = @(a(t)) ~ 9?02 (@()OVL (@O T o T TV G T2
<O(np* +1°p%)

Finally, we have that

2 T 2 T VL (z(t)) VL (x(t))

= np?0®(x(1)OVL (®(x(t))[v1 (1), v ()]/2]] < O(np?)

as the angle between % and vy (t) is O(p).
By Lemma F.3, it holds that

AP (x(t))OV2L ((x(t)))[v1(1), v1(1)] = PxrV(Ai(t))
Putting together we have that,

[@(2(t +1)) = @(2(t) +np* Px p VA1 (1) /2] < O(np® + 1% p?).

It completes the proof. O
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1.3 PROOF OF THEOREM 4.5
Proof of Theorem 4.5. By Theorem 1.1, there exists constant 77 independent of 7, p, such that for any 7] >
Ty independent of 7, p, it holds that

max max R:(z(t)) = O(np?).
T4 In(1/np) <nt<T} In(1/np) jE[M] ((t)) = Otne”)

max P(x(t)) — P(xini)|| = O((n + p) In(1 .
B () = D) ]| = O+ ) (1 /10)

By Assumption 1.2, there exists step 77 In(1/np) < ntpuase < T3 In(1/np), such that

Inax R;(x(tpuase)) = O(np?),

|®(z(tprase)) — (zini)|| = O((n + p) In(1/1p)),
(z(tprase) — ®(x(tpuask)), v1(z(truase)))| > Q(p?)
|z(tprase)|l2 < M1 (tpuase)np — Q(p%)

Hence by Theorem 1.3, if we consider a translated process with 2/(¢) = (¢t + tpuasg), we would have for
any T3 such that the solution X of Equation 7 is well defined, we have that for ¢t = (nTT?’z

|2(2" (1) = X (np?t)]2 = O(n1n(1/p)).
This implies for ¢ satisfying X (np?(t — tpuasg)) is well-defined,
[@(2(t)) — X (np*(t — trrask))[l2 = O(nn(1/p)).
Finally, as

| X (np*(t — tpuase)) — X (1p°t)[|2 = O(np’teuase) = O(pIn(1/np)) = O(n1n(1/p)).
‘We have that
[®(x(t)) — X (np°t)]|l2 = O(nn(1/p)).

The alignment result is a direct consequence of Theorem I.3.

1.4 PROOFS OF COROLLARIES 4.6 AND 4.7

Proof of Corollary 4.6. We will do a Taylor expansion on L];’[a". By Theorem 1.1 and 1.3, we have

|l2([T3/np°1)) — X (T)|| = O(n + p) and |z([T3/np])) — ®(x([T3/1p°1)))ll2 = O(np). For conve-
nience, we denote x([T3/np*]) by z.

RN () = max pv? VL(z) + p*vT V2L(2)v/2 + O(p®)

p [vll2<1

<1 [vTVL(z)]]2 = O(||x — ®(z)|]2) = O(np), it holds that

Since max”vuz

RY™(z) = p° %, vIVEL(x)v/2+ O(*p? + p°)
vil2>

= P M (VEL(2)) + O(n°p? + p°)
= P\ (V2L(X(T3))) + O(np?),
which completes the proof. O

Proof of Corollary 4.7. We choose T such that X (T¢) is sufficiently close to X (00), such that Ay (X (7)) <
A1(X(00)) + €/2. By Corollary 4.6 (let T35 = T.), we have that for all p,n such that nln(1/p) and
p/n are sufficiently small, ||RY**(x([T./(np*)])) — p* (X (T:))/2]l < o6(1). This further implies

IRY™ (x([Te/(np*)]) = p* M1 (X (20))/2|| < €p®+0(1). Wealso have L(x([Te/(np*)])) —infrevr L(x) =
o(1). Then we can leverage Theorem G.6 and Theorem G.3 to get the desired bound. O
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1.5 DERIVATIONS FOR SECTION 4.3

We will first show our derivation of Equation 9.

In Phase II, 2(t) is O(np)-close to the manifold I" and therefore it can be shown that ||z (t) — ®(z(t))|2 =
O(np) holds for every step in Phase II. This also implies that ||z(t + 1) — z(t)||, = O(np) (See Lemma E.7).
Using Taylor expansion around z(t), we have that

O(z(t+1)) — D(a(t)) =0P(x(t))(2(t + 1) — 2(t) + O(|l=(t + 1) — z(1)]3)
)

|
=—n0®(x(t))VL(x(t) + pHVVLL((;(%))IIQ

For any = € RP, applying Taylor expansion on VL (z + p%) around 2z, we have that
VIL(z) )
IVL(z)ll
VL(z) Vi)  Vi(z)
IVL(z)]] IVL(z)lly" IVL()[l,

Using Equation 32 with = = x(¢), plugging in Equation 31 and then rearranging, we have that

np’ 2 VL(x(t))  VL(z(t))
2a(t +1)) = P (1) + TG0 VIO g L YL

VL(x(t)) 2 9 3
VL), TOTe )

By Lemma 3.1, we have that 9®(x(t))VL(x(t)) = 0. Furthermore, by Lemma F.5, we have that
0P (®(x(t)))VZL(®(x(t))) = 0. This implies that

0P (x(1)) V2 L(x(t)) = 0D(®(x(1)))VEL(P(x(1))) + O(||z(t) — ®(x(1))],) = O(np).
Thus we conclude that
Blalt +1)) - B(e(0) = ~ 22000 (Ll [ o

+O(n*p* +np?) . )

) +0(n*p%). 31)

VL(I +p

=VL(z) + pV3L(z) + 82(v )(z)]

| +0(p%). (32)

= —10P(x(1)) VL(x(t)) = 1pd®(x(t)) V> L((t))

We will then show our derivation of Equation 10

D(z(t+ 1)) — ®(x(1))

2
= — %3@(x(t))82(VL)(x(t))[ ( (t)) ( (t))

IV L), VL)l
= — 00 (a(1))0* (VL) (x(1)) [01 (V2L (2 (1)), 01 (V2L (2 (1)))] + O(?0? + 1p°)

= — M 00(x(t)VAL(VEL(z(1)) + O(%p + np?)

| +0m*p* +np?)

= — = -00(D(x(1)) VAL(VZL(D(x(1))) + O(n*p® +1p°), (10)

where the second to last step we use the property of the derivative of eigenvalue (Lemma K.7) and the last step
is due to Taylor expansion of 9®(-)VA;(VZL(-)) at ®((t)) and the fact that ||®(z(t)) — z(t)|| = O(np).

We will finally show our derivation of Equation 12.

The update of the gradient (Equation 12) can be viewed as an O(np?)-perturbed version of the update of the
iterate in the quadratic case. Note O(77p?) is a higher order term comparing to the other two terms, which are
on the order of ©(n%p) and O(np) respectively. By controlling the error terms, the mechanism and analysis
of the implicit alignment between Hessian and gradient still apply to the general case. We can also show that
once this alignment happens, it will be kept until the end of our analysis, which is ©(n~!p~2) steps.
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Finally, we derive Equation 12 by Taylor expansion. We first apply Taylor expansion (Equation 32) on the
update rule of the iterate of SAM (Equation 3):

VL(z(t))

2t +1) = 2(t) = nVLEW) = moV LEO) g

+0(np?). (33)

Since phase II happens in an O(7p)-neighborhood of manifold I', we have |z(t + 1) — z(t)||, = O(np).
Then by Equation 33 and Taylor expansion on VL(x(t + 1)) at 2(t), we have that

VL(z(t+1)=VL(z(t)) - V2L(z(t)) (z(t + 1) — z(t)) + O(n*p?)

=VL(x(t) =nV?L(x(t) (VL(2(t)) + pV?L(x(t))

VL(”“"Y)) )+0@mp?). (34

[VL(z(t)))ll2
J ANALYSIS FOR 1-SAM (PROOF OF THEOREM 5.4)

The goal of this section is to prove the following theorem.

Theorem 5.4. Let {x(t)} be the iterates of 1-SAM (Equation 13) and x(0) = x; € U, then under Set-
ting 5.1, for almost every Ty, for all n and p such that (n+ p) In(1/np) is sufficiently small, with probability
at least 1 — O(p) over the randomness of the algorithm, the dynamics of 1-SAM (Equation 13) can be split
into two phases:

* Phase I (Theorem J.1): 1-SAM follows Gradient Flow with respect to L until entering an O(np) neighbor-
hood of the manifold T in O(In(1/pn)/n) steps;
* Phase II (Theorem J.2): 1-SAM tracks the solution of Equation 14, X, the Riemannian gradient flow with

respect to Tr(V2L(-)) in an O(np) neighborhood of manifold T. Quantitatively, the approximation error
between the iterates x and the corresponding limiting flow X is 0(771/ 2+ p), that is,

I2([T5/(mp*)]) — X (T3)]2 = O(n** + p).

As mentioned in our proof setups in Appendix E, we will prove Theorem 5.4 under a more general (and
weaker) condition, namely Condition E.1 and Assumption 3.2. The only usage of Setting 5.1 in the proof is
Theorems 5.2 and E.2, which are restated below.

Theorem 5.2. Loss L, set I and integer M defined in Setting 5.1 satisfy Assumption 3.2.
Theorem E.2. Setting 5.1 implies Condition E. 1.

Condition E.1. Total loss L = ; 2{:1 L. For each k € [M], Ly, is C*, and there exists a (D — 1)-

dimensional C%-submanifold of RP, Ty, where for all x € Ty, x is a global minimizer of Ly, Ly(x) = 0 and
rank(V2Ly(z)) = 1. Moreover, T' = N}L T, for T defined in Assumption 3.2.

Analogous to the full-batch setting, we will split the trajectory into two phases.

Theorem J.1 (Phase I). Let {x(t)} be the iterates defined by SAM (Equation 13) and x(0) = zj; € U,
then under Assumption 3.2 and E. I, for almost every X, there exists a constant T, it holds for sufficiently
small (n+ p)In1/np, we have with probability 1 — O(p), there exists t < Ty In(1/np)/n, such that ||x(t) —

(z(t))|l2 = O(np) and ||® (i) — ®(x(t))]2 = O(n'/2 + p).

Theorem J.1 shows that SAM will converges to an 0(77,0) neighborhood of the manifold without getting far
away from ®(x(0)), where we can perform a local analysis on the trajectory of ®(xz(t)).

Under Assumptions 3.2 and E.1, we have Tr(V2 Ly (x)) = A (V?L(x)) is differentiable for = € T;. Hence
Tr(V2L(z)) = 224:1 Tr(V2Ly(x)) is also differentiable and we have (14) is well defined for some finite
time TQ.

Theorem J.2 (Phase II). Let {x(t)} be the iterates defined by SAM (Equation 13) under Assumptions 3.2
and E.1, assuming (1) ||2(0) — ®(z(0))|l2 = O(np) and (2) || ®(xini) — ®(x(0))||2 = O(n*/? + p), then for
almost every z(0), for any Ty > 0 till which solution of (14) X exists, for sufficiently small (n+ p)In1/(np),
we have with probability 1 — O(np), for all np*t < T, ||®(z(t)) — X (np*t)||l2 = O(n*/? + p) and ||z(t) —
@(z(t))]l2 = O(np)-
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Combining Theorems E.2, J.1 and J.2, the proof of Theorem 5.4 is clear and we deferred it to Appendix J.3.

Now we recall our notations for stochastic setting with batch size one. Notations for Stochastic Setting:
Since Ly, is rank-1 on 'y, for each k € [M], we can write it as Li(z) = Ay (2x)wy(z)w) (z) for any z € Ty,
where wy, is a continuous function on I';, with pointwise unit norm. Given the loss function Ly, its gradient
flow is denoted by mapping ¢ : R x [0,00) — RP. Here, ¢y (z,7) denotes the iterate at time 7 of a
gradient flow starting at 2 and is defined as the unique solution of ¢y (z,7) = z — [ VLi(¢x(,1))dt,
Vz € RP. We further define the limiting map ®; as ®y(x) = lim, . ¢y (z, ), that is, ®;(x) denotes
the convergent point of the gradient flow starting from x. Similar to Definition 3.3, we define U, = {z €

RP|®(x) exists and @ (x) € '} be the attraction set of I';. We have that each Uy, is open and @, is ¢’ on
Ui by Lemma B.15 in Arora et al. (2022).

In this section we will define K as { X (¢) | t € [0, T5]} where X is the solution of (14). We will denote h(K)
in Lemma E.6 by h. Using Theorem D.3, we will assume the update is always well defined.

J.1 PHASE I (PROOF OF THEOREM J.1)

Proof of Theorem J.1. The proof consists of two steps.

1. Tracking Gradient Flow. By Lemma J.3, with probability 1 — p?, there exists step tgr = O(1/n) such
that

|z(ter) — ®(z(tar))ll2 < h/4.
|®(z(tar)) — ®(zimi) |2 = OM"? + p).

2. Decreasing Loss. By Lemma J.7, with probability 1 — O(p), there exists step tprc = tgr +
O(In(1/p)/n) = O(In(1/p)/n) such that

[VL(z(tprc))ll2 = O(p).
[®(x(tpec)) — @(@mi) |2 < [®(z(tprc)) — @(2(tar))ll2 + [ 2(2(tar)) — P(@imid) |2
=0(n'"* +p).

Then by Lemma J.12, with probability 1 — O(p), there exists step tprce = tprc + O(In(1/np)/n) =
O(In(1/np)/n), it holds that

[|z(tprc2) — ®(z(tpEC2))(]2 = O(NP).
[®(z(tpec2)) — (i) |2 < | P(z(tpEC2)) — 2(2(tpEC))|2 + [[2(2(tDEC)) — P(Tinit) |2
= 0"+ p).

Concluding, let T} be the constant satisfying tprce < T3 In(1/7p)/n, then we have for ¢t = tpgoy <
Ty In(1/np)/n such that

() = (z(t))ll2 = Onp).
1@ ((8)) — ®(inie)ll2 = O(n'/* + p).

J.1.1 TRACKING GRADIENT FLOW

Lemma J.3 shows that the iterates x(t) tracks gradient flow to an O(1) neighbor of T".

Lemma J.3. Under condition of Theorem J.1, with probability 1 — O(p?), there exists tcr = O(1/n), such

that the iterate x(tcr) is O(1) close to the manifold T' and ®(x(tcr)) is O(n*/? + p) is close to ®(Tinir).
Quantitatively,

Proof of Lemma J.3. Choose C' = % %
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There exists T' > 0, such that
|¢(Zinit, T) — @(Tinit)[[2 < Ch/2.

Consider

VL (2(t))
IV Ly ((2)) ||
= z(t) = nV L (x(t)) + O(np).

2t +1) = a(t) — nVLi(a(t) + p )

By Theorem L.1, let b(x) = —VL(x),p = n and e = O(p), for sufficiently small 7 and p, the iterates x(t)

tracks gradient flow ¢(zin, 7') in O(1/7) steps in expectation, Quantitatively, with probability 1 — p?, for

tor = (%] we have that

|z(tar) — ¢(Timi, To)|l2 = O(Vp +¢€) < O(n*? + p).

This implies 2 (tqr) € K", hence by Taylor Expansion on @,

|8z (tar)) — D@mllz = |9((tar)) — S T)):
< O(|Jz(tar) — ¢(inie, T)|[2)
<Om'*+p).

This implies
z(tar) — ®(z(tar))ll2 <l|z(tar) — ¢(Tinit, To) |2 + [|¢(Tinit, To) — P (Tinit) |2
+ 12 (@inie) — P(x(tar)) |2
<Ch/2+On'*+p) < Ch < h/4.
By Taylor Expansion,

La(tar) < Clle(ter) ~ olattar) /2 < i

J.1.2 DECREASING LOSS

Lemma J.4. Under condition of Theorem J.1, assuming x(ty) € K"/* and for any t satisfying to < t <

< uh? .
to + O(In(1/np)/n), tOSTStO+Ig?i}I§(1/UP)/n) L(xz()) < Hg, it holds that

z(r) € K" Vtg <1<t

Moreover, we have that

[ (2(t) — @(2(to))l| = O((n + p) n(1/1p))-

Proof of Lemma J.4. We will prove by induction. For 7 = ¢y, the result holds trivially. Suppose the result
holds for ¢ — 1, then for any 7 satisfying to < 7 <t — 1, by Lemmas F.1 and E.§,

[@(z(r + 1)) — @(x(7)[| < Enpll VL (x(7)) |2 + vnp® + En?(|VL (z(7)) |5 + £¢°n°p°
=0 +np).

Also by Lemma F.1, ||z(t) — ®(z(t)) |2 < h/2v/2, this implies,
dist(K, z(t)) <dist(K, z(to)) + ||z(to) — ®(z(to))]l2
+ (| (x(to)) — P(x()l + [[®(x(t)) — z(D)]
<0.99h + O(n*(t — tar)) = 0.99h + O(n1n(1/np)) < h.
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Lemma J.5. Under condition of Theorem J.1, if x(T) € K", then we have that
i
E[L(z(r + 1))]a(r)] < L(z(7)) — 5 L(z(7)).
Moreover it holds that,

E[ln L(z(7 + 1))|z(7)] <ImE[L(z(r + 1))|2(7)] < In L(z(7)) — %

Proof of Lemma J.5. By Lemma F.8 and Taylor Expansion,

E[L(z(T + 1))]2(7)]

&1 (a(r) 1V Lulotr) + m]) ()
VL (z(7))
<E {L(x(T)) <VL( VL ((r) Ww))”)ﬂ
+B [V
<L(x(7)) = 0l VL (@()) |3+ 1pC| VL (2(r) ll2 + CPEIIV Lis(2(r) 3] + ¢Pn?o?
<L(x(r)) = 3 IVL (2(r) |3
<L(x(r)) - ”“L( (7).
O

Lemma J.6. Under condition of Theorem J.1, assuming (ty) € K"* and L(x(ty)) < “ 32 , then with

probability 1 — O(p), for any t satisfying to < t < to + O(In(1/np)/n), it holds that x(t) € K". Moreover
we have that

1@ (x(t)) = (z(to))l| = O((n + p) In(1/np)).
Proof of Lemma J.6. By Uniform Bound and Lemma J .4,
P(3to <t <to+ O(In(1/np)/n), L(x(t)) > ph

- 16
to+O0(In(1/np)/n) B2 B2
< Yo PL(x(t) = B and  L(z(r)) < %,wo <r<t—1)

)

= 16
to+O(In(1/np)/m) B2
< Y PEL) > ’”176 and 2(r) € K"Vt <7 <t—1)

Consider each term, and applying uniform bound again,

2
P(L(x(t)) > % and z(r) € K"Vto <7t <t—1)
< Z P(L Mhz and L(z(r)) < ph?
— 16 - 32

T=to
h2 h?
and Vt7127'27+1,ﬁ—6>L(x(7")) o
and Vt—1>7">7 (") e K").

Then if we consider each term, we have that it is bounded by

h? h?
P(L(x(t)) > HTG and Vt—1>7 >7+1,Lix(r)) > %
ph?
and Vt—1>7">rx(r")e K" | L(z(r)) < 3—2)
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Define a coupled process L(7 + 1) = In L(x(7 + 1)) and

Ty = { L), if L(r' — 1) = In L(x(r’ — 1)) > In(4),
L(r" —1) —nu/2, if otherwise.
Then clearly
2 2
P(L(z(t)) > % and Vt>7' >7+1,L(z(7")) > %
ph?
and Vt>1">r12(r") € K" | L(z(7)) < 3—2)
~ 2
< P(L(t) > (25

Consider a fixed 7/ satisfying 7 + 1 < 7/ < ¢. By Lemma J.5, we have that

L(x(r' + 1)) = L(x(r")) < —np/2.

Hence L(t) + nut/2 is a super martingale.

Further it holds that if L(z(7' — 1)) > (“3};2 ), then

L(z(r" = 1)) = L(z(7")) = O(llz(v" = 1) = z(7")[) = O(n) .
Using the smoothness at log(z) at “3—};2 which is a positive constant,
IL(r" +1) = L(7")| < O(n) < C.

Here C' is a constant independent of 7. This implies L(z(7 + 1)) < %
Now by Azuma-Hoeffding bound (Lemma K.4), we have that

a2

8t =7~ (C +

P(L(t) = L(t+ 1)+ (t = 7 — 1)nu/2 > a) < 2exp(— ).

With a = In( ph” )+ (t—717—=1)np/2 > (In2 + (t — 7 — 1)nu)/2, we have that

16L(T+1)
- wh? (In2 + (t — 71— 1)nu)?
P(L(t) >In(—-)) <2 —
(L) > () < 2exp(- 2T
In2(t—7—-1)u
<2exp(————5—
< 2exp( 8(C + p)*n )
Hence we have
ph?
Pt < t < to + O(In(1/np)/n), L(x(t)) 2 7 &)
In2(t—7—1p,. o 9
<0(2 ————— ) In"(1 < p.
<O(2exp( S(C £ 121 )In*(1/np)/n°) < p
Hence with probability 1 — p, L(z(t)) < “1}&2,%0 <t <ty+ O(In(1/np)/n), combining with Lemma J.4,
we have completed our proof. O
uh?

Lemma J.7. Under condition of Theorem J.1, assuming there exists tar such that L(z(ter)) < 45 and

z(tar) € KM%, then with probability 1 — O(p), there exists tppc = tar +O0(In(1/p) /1), such that x(tpgc)
is in O(p) neighbor of T, quantitatively, we have that

IVL(z(tpec))ll2 < 4¢p.

Moreover the movement of the projection of ®(x(+)) on the manifold is bounded,

[®(z(tar)) — ®(x(tprc))ll2 = O((n + p) In(1/p)) .
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h?

21n
Proof of Lemma J.7. For simplicity of writing, define T} = (%] = O(In(1/p)/n).

By Lemma J.6, we may assume z(t) € K" for tqr <t < T} + tar.
Define indicator function as

A(t) = 1[VL (2(r)) > 4Cp, ¥t > 7 > taw) .
By Lemma J.5, we have that,

E[L(x(t +1)A(t + 1)] < E[L(x(t + 1) A®)] < (1 - L)E[L(x(£) At)]

We can then conclude that with 75 = T + tgp, using Lemma F.2,

8up*BA(Tz + 1) < E[L(x(T2 + 1)) ATz +1)] < (1 — %)TIL(f(tGF)) < 8up®.

We have
This implies A(7T5 + 1) = 0 with probability 1 — O(p), which indicates the existence of tpgc. The second

claim is a direct application of Lemma J.6. O

Lemma J.8 (A general version of Lemma 5.5). Under Assumption 3.2 and Condition E.1, for x € K" and
p € C,V2Li(p) = Ap(p)wr(p)wi(p) T, there exists s € {1, —1},
VL (z)

Vie ] Swr® Oz —pl).

Further if |w! (z — p)| > ||z — p||g/2, then s = sign(w, (z — p)). This implies

,
m (x = p) = swy (z —p) = O(||lz — p[3)

> [lwy (& —p)||2 — O(lz — p[l3%) .

Proof of Lemma J.8. We will calculate the direction of % using two different approximations and
compare them to get our result.

1. According to Lemma F.4,

VLI (x)  VZLp(®p(2))(z — Px(x)) o
NZx )~ VL@@ = apa)flz + O~ 2)l)
Suppose V2L, (@ (1)) = Ap(®p(x))wi, (@ (z))ws (Pr(z)) T, then
VIi(z)
IV Ly (2)

As V2L (p) = Ax(p)wi(p)wk(p) T, using Davis-Kahan Theorem K.3, we would have 3s € {—1,1},
such that [Jwy, (@4 () — swi(p)ll2 < C[[Pr(2) = pll2-

= wi(P(2)) + O(||z — Px(2)]|2)

= swi(p) + O([|[®x(x) = pll2 + [z = pll2)-
IV Ly () ||
According to Lemma F.1, we have ||z — @ (z)|2 < HVL’L(“C)“Q < qu;sz. This implies,
VL (2)
= swi(p) + O(||lz — pll2)- (35)
VL () |

Equation 35 is our first statement.
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2. By Taylor expansion at p,
VL (x) = A(w)ws (p)wi(p) " (= —p) + O(w|a —p|3).
That being said, when |w, (z — p)| > ||z — pHg/Q, we have
IVLy, (x) = Apwrwy (z = p)ll2 < O(llz —pll3).

IV Lk (2) | = [[Agwiwy (z = p)ll2 = O(llz = plI3) = |z - pll5%).

Concluding,
VLk (33) Akwkw;( p) 1/2
| - <O([|lz = pll;
o @]~ Thewwy @)l )
Hence we have ( )
VL . T 1/2
= sign(wy, (z — p))wir + O(|lz — p|l5’7) . (36)

Comparing (35) and (36), we have s = sign(wy,(p) " (x — p)) when |w/ (z — p)| > ||z — p||3/2

O

Lemma J.9. Under condition of Theorem J.1, for any constant C > 0 independent of 1, p, there exists
constant Cy > Cy > 0 independent of 1, p, if x(t) € K" and C1np < ||z(t) — ®(z(t))|| < Cp, then we have

that
Epfllz(t +1) = @zt + 1))z [ 2(t)] < [lz(t) — 2(z(t))[]2 — Canp-

Proof of Lemma J.9. By Lemma E.2, ||z(t) — ®(x(t))|| = O(p). Hence we have that by Taylor Expansion,
z(t

o o VL)
=t 1) = o(t) = VL ( O PR, @) ||>
B VL (x(1))
=a(t) = VL (2(t)) — ﬂPVsz(x(t))m + O(np?)
= a(0) = 19 L o) — mpvawna] LD o)

Here Ay, wy indicates Ay (P (z(t))), wg (P (x(t))).
Notice that given ||z(t) — ®(x(¢))|| = O(p), by Lemma E.8, we have that

1@ (2(t +1)) = (2(t))]l2 = Onp?),
z(t +1) = z(®)]2 = Onp)-
This implies z(t + 1) € K.
Further by Taylor Expansion, VL (z(t)) = Aywiw, (z(t) — ®(x(t))) + O(p?).
By Lemma J.8, we have for some s (t) € {—1,1}.

w;m su(t)wr + O(||z(t) — ®(2())]2) -

We also have
Concludi si(t) # sign(wy (z(t) — ®(x(t))) = [w] (2(t) — D@(®))]2 < () — @@ 37)
% 4 1) - Bl 4 1)
=(x(t) — ®(a(1))) — nAywrwy ((t) — @(x(t))) — npArsk(Hwpwy wy + O(np®).
After we take square and expectation,
Efllz(t +1) — ®(x(t + 1))II§ | 2(t)]

UN . 5, 207" - 2
<Jlx(t) - S + ZA\wk D) + T AR
k=1
-2k ];Auwz (e(t) — S((®) - 297 ;Aksm)wz (x(t) - B (1))

L O (1) — B()] + 7).
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We will then carefully examine each positive term,
90 M
25 Al () — Bt = 20 (e (1) — @ (1)) TV L(a(0)? a(t) — B(a (1)
k=1
< 2M¢n?|la(t) — ®(x(t))|* = O(n*p?).

M
2772/)2 2 2,2 2 _ 2 2
§A<24n,0 O(n*p).

This implies,
Efllz(t +1) — @(2(t + 1)13 | =(2)]
M
<[la(t) — 2z ()13 - 2777\5 D Apsi(w] (@(t) — D(a(t)))
k=1

+0mp?||=(t) — ()l +n*p?) -

We will now lower bound Z,]CMZI Agsi(t)w] (x(t) — ®(z(t))). By Equation 37,

M M
> Awsu(tywf ((t) — (1) = Y Axlwy (2(t) - Dll2 = 2ZAk\\:r ()3
h=1 k=1

M
> 37 Awllwf (2(t) — D(x(8)))]|2 — O(la(t) — D(x(t))ll3?) -
For Z,JCV[ L Agllwg (z(t) — @(x(t))) ]2, by Lemma Lemma F.4,

ZAknwk Dl > JZAznwk (x(1)))]3

=/ (@(t) = (x(1))) TV2L(®(x(1)))?(2(t) — 2(=(1)))
= [[V2L(®(x(t) (= (t) — T(x(t)))]2

> pl|02(@(x(1)))(x () — @(2(1)))l2

> plla(t) — 2(x(®))ll2 — O(lla(t) — 2(x(1))]3)

Concluding, we have that
D Apsi(thwy (z(t) — ®(2(t))) > plla(t) — D(x(t))|2/2.
k=1

So
Efllz(t +1) — @(x(t + 1)[3 | z(t)]
<[l (t) — @(x(t)3 - %Ilw(t) = (x(1))]]2
+O0(np?||z(t) — @(=(0)]| +1°p?)

<(llz(t) = @(x(t)]l2 — Canp)?®.
The inequality holds if ||z(¢) — ®(z(t))||2 > Cinp.

Finally by Jenson’s Inequality,

Effz(t +1) = @(x(t + 1))ll2|z(@)] < [lz(t) = @(x(t))]l2 — Canp-
O

Lemma J.10. Under condition of Theorem J.1, for any constant C' > 0 independent of 1, p, there exists
constant C3 > 0 independent of 0, p, if x(t) € K" and ||z(t) — ®(x(t))|| < Cp, then we have that

Mzt +1) = (2t +1))ll2 = [l=(t) — (1)) < Csnp.
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Proof of Lemma J.10. This is a direct application of Lemma F.8. O

Lemma J.11. Under condition of Theorem J.1, assuming x(to) € K"'? and ||z(to) — ®(x(to))|| < f(n,p)
for some fixed function f and f(n, p) € Q(npIn®(1/np)) N O(p), then with probability 1 — O(p), for any t
satisfying to <t < to+ O(In(1/np)/n), it holds that ||z (t) — ®(x(¢t)|| < 2f(n, p). Moreover, we have that

[@(2(t)) — @(2(to))l| = O((n + p) n(1/1p))-

Proof of Lemma J.11. By Lemma J.6, we have that 2(t) € K" for any ¢ satisfying that ¢, < t < ¢y +
O(In(1/np)/n) and with probability 1 — O(p) we will suppose this hold for the following deduction.

By Uniform Bound,

P(3to <t <to+O(n(1/np)/n), () — 2(x(t)]| = 2f(n, p))
to+O(niL1e))

< Y P(la(t) - @) = 2f(,p)) and |z(r) = ®(z(r)] < 2f(n,p),Vto < T <t 1).

t=to

Consider each term and apply Uniform bound again,

(||$( ) = @(x(t)l = 2f(n,p)) and
< Z P([lx(t) — @(z(®)]| = 2f(n,p)) and |[lz(r) = @(z())I| < f(n,p),

T= t()

and  f(n,p) < [la(r") — @(x() < 2f(n,p), VT +1 <7 <t —1).

(1) = @(z(T)|| < 2f(n,p),Vto <7 <t —1)

Then if we consider each term, it is bounded by

P(llz(t) — @(x(®))] = 2 (n, p))
and  f(n,p) < [lo(r)) = @(x(r)| <2f(n, p), VT +1 <7 <t -1
[ z(r) = @(x(r)Il < f(n, p))- (38)

Now let C be the positive constant satisfying 2f(n, p) < Cp, suppose C1, C5 are the constants corresponds
to C'in Lemma J.9 and Cj is the constant correspond to C' in Lemma J.10. By definition C'5 > Cs.

Define a coupled process (7 + 1) = y(7 + 1) and

() = {Hx(T’) —®@()ll2, G —1) = [la(7" = 1) = 2(z(r" = 1))ll2 > f(n, p)

Y g(r" = 1) = Canp, if otherwise.

Now clearly Equation 38 is bounded by P(g(t) > 2f(n, p)).
As E[g(7")] < g(r' = 1) — Canp by Lemma 1.9 and ||§(7") — (7' — 1)|] < C3np by Lemma J.10. This
implies ||g(7")|| — Canp7’ is a super martingale. By Azuma-Hoeffding bound(Lemma K.4), we have
h2
4(t — 7 —1)(Cs + Co)2n?p? )
Choosing h = Conp(t — 7 — 1) = [lz(7 + 1) — ©(z(7 + 1)) + 2/ (n, p)
Pyt +1) = 2f(n, p))
(Canp(t — 1) — |lo(r + 1) — @(a(r +1))[| + 2f (1, p))*

P(g(t) = g(r+ 1) — Conp(t — 7 — 1) + h) < 2exp(—

=2exp(- 8(t — 7)(C3 + C3)2n2p? )
(Canp(t = 71) + f(n,p)/2)*

S2exp(- 4(t — 7)(C3 + Cq)2n?p? )

<2exp(— Caf(n,p) ) < 010,

2(C3 + Co)?np

We then have
P(3to < t < to + O(Wn(1/np)/n), |x(t) — B(x(D)]| > 2/ (1, p)) < p.

65



Published as a conference paper at ICLR 2023

Lemma J.12. Under condition of Theorem J.1, assuming there exists tpgc such that z(tpgc) € K "2 and
(IVL(x(tprc))|| < 4Cp, then with probability 1 — O(p), there exists tprcz = tprc + O(In(1/np)/n), such
that ||z (tpece) — (tpeca)|l < O(np).

Furthermore, for any t satisfying tppcz < t < tprcz + O(In(1/np)/n), we have that | ®(x(t)) —
O (z(torc))|| = O(p* In(1/np)).

Proof of Lemma J.12. We have that z(t) € K" (Lemma J.6) and ||z(t) — ®(x(t))|| < Cp for some constant
C' (Lemma J.11) for any ¢ satisfying that tpgc < t < tprc + O(In(1/np)/n) with probability 1 — O(p)
and we will suppose this holds for the following deduction. The second statement then follows directly
from Lemma F.8.

Let C;,Cs be the constant in Lemma J.9 corresponding to C, For simplicity of writing, define 7} 2
Cln(55-) o .
[—<1e® 2] — O(In(1/np)/n). Define indicator function as

Can
A(t) = 1[[z(t) — @(z(t))[| = Cinp,Vt = 7 > tar] .

By Lemma J.9, we have that,
Efljz(t+1) — @(z(t + 1)) A+ 1)] < E[[Jz(t + 1) — @(z(t + 1)) A(t)]

< Efflz(t) — ()| A®)] — ConpE[A(?)]
< E[[la(t) — (x(0))[lA®)] (1 - %)

We can then conclude that with T = T} + tpgc, using Lemma F.2,
CinpEA(T +1) < El[a(Ts + 1) — ®(a(Ts + 1)||2A(Th + 1)]

C
< (1= 2D a(tvec) - @(a(toec))| < Cinp®.
This implies A(T + 1) = 0 with probability 1 — O(p), which indicates the existence of tpgcae. O

J.2 PHASE II (PROOF OF THEOREM J.2)

Proof of Theorem J.2. We will inductively prove the following induction hypothesis P(t¢) holds with proba-
bility 1 — O(n®p3t) for t < T3 /np* + 1,
z(r) e KM% r <t
(1) = @(z(7))[l2 < 2[[2(0) — 2(2(0))]2 = O(np), T < ¢
1@ (z(r)) = X (np*r)| = On'/? +p), 7 < t
P(0) holds trivially. Now suppose P(t) holds, then z(t + 1) € K". By Lemma J.13, we have that with
probability 1 — O(1°p%), ||z (t + 1) — ®(x(t + 1))I| < 2[|2(0) — @(2(0))[l2 = O(np).
Now we have
2[|z(0) — (x(0))[2 = O(np), 7 <t + 1.
z(r) e K7 <t+1
By Lemma J.14, it holds that
[@(2(r + 1) = ©(@(r) +10* Pio(ry) 0 VA (V2 L, (@(2(1))) ) /21| < Olp® + %07
As
Er Pio(i.r V1 (V2L (@(@(1)) ) = Piia( r VIH(VAL(@(2(1)))).
By Theorem L.1, let b(z) = —0®(z)VTr(V2L(x)), bx(x) = —0®(x)Tr(V2Lg,(x)), p = np® and € =
O(n + p), it holds that, with probability 1 — O(n3p?),
1@ (2(7)) = X (np*7)|
=0(||(2(0)) = ® (i) | + Tynp? + /np*T3log(2¢Ts/(112p%)) + (p + n)T3)
=0(n'?+p), 7 <t+1
This implies [|z(t+1) — X (np?(t+1))[l2 < [|(t+1) = (2 (t+1))|l2 + | 2(x(t+1)) = X (np?(t +1))[|2 =
O(n*/? + p) < h/2. Hence x(t + 1) € K"/2. Combining with P(t) holds with probability 1 — O(n>p>t),
we have that P (¢ + 1) holds with probability 1 — O(n?p3(t + 1)). The induction is complete.

Now P([T3/np?]) is equivalent to our theorem. O
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J.2.1 CONVERGENCE NEAR MANIFOLD

Lemma J.13. Under condition of Theorem J.2, assuming x(t) € K"Vt < t < to + O(1/np?) and

ll2(to) — @(x(to))|| < f(n, p) for some fixed function f and f(n, p) € Q(npIn®(1/np)) N O(p), then with
probability 1 — O(n?p?), for any t satisfying to < t < to + O(1/np?), it holds that ||x(t) — ®(x(t))|| <

2f(n, p)-

Proof of Lemma J.13. The proof is almost identical to Lemma J.11 and is omitted. [

J.2.2 TRACKING RIEMANNIAN GRADIENT FLOW

Lemma J.14. Under the condition of Theorem J.2, for any t satisfying that z(t) € K" and

|2(t) = ®((t))|| = O(npn®(1/np)).
It holds that

1t + 1)) = B(a(t)) + 10> Py V0 (V2L (B((1))) ) /21 < Olng® + 1P %)

Proof of Lemma J.14. We will abbreviate k; by k in this proof.
By Taylor Expansion,

#(t+1) = a(t) — 1 Ly (m@ VL (a(t)) )

TP NL O]
VL (2(t)
IVEx @)

VL (x(t)) VL (z(t)) ,
[V eO) 1 TV (a2 F O

= a(t) = VL (2(t)) = npV>Li (a(t))

—np?0*(VLy)]

Now as ||z(t) — ®(x(t))|l2 = O(np), by Lemma E.8, it implies
[z(t +1) = 2@)]2 = Onp) -

Then we have
1@(2(t +1)) = D(2(t)) — 0P (x(t))(x(t + 1) — 2(t)]l2 < &zt +1) — 2(t)[I5 = O(n*p?).
Using Lemma F.6, we have
In0@(2(t))V Lk (x(1)) |2 = O(llz(t) — 2(x(1))[13) = O’ p* +1p"),

90200 L (5(0) P e = Opla(t) ~ 2 (0) ) = O + 1)

Hence
[D(x(t+ 1)) — P(x(t)) + 77P23q)($(t))82(VLk)[ VL (2(t)) VL (x(t))

— (2,2 3
VLo @) Ve @@/ 22 = Ore” +m07).

Notice finally that by Lemma J.8,
VI (2(t)  VLg(x(t)
IVLi (z(@0)) I IV L (2(2)) |
=0 (®(x(1)))9* (VL) [w, wy] + O([Jx(t) — ®(x(t))[2)
=Py (a(ey.r VMV Li(@(2(1)))) + O(l|2(t) — @(2(1))]2).

0D (w(t))0* (VL)

Hence we have
O(x(t+ 1)) — @(x(t)) = —0p” Paaqy r VM (VQth (‘I>($(t))))/2 +O0(n*p* +np?)

This completes the proof. O
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J.3 PROOF OF THEOREM 5.4

Proof of Theorem 5.4. By Theorem J.1, there exists constant 7 independent of 7, p, such that there exists
tpuase < T1 In(1/np)/n, with probability 1 — O(p), it holds that

l|lz(tprase) — ®(2(tpuask))l2 = O(np).
”(I)(x(tPHASE)) - (I)(mmlt)H = ( 1/2 + p)

Hence by Theorem J.2, if we consider a translated process with z'(t) = z(t + tppasg), we would have for
any 73 such that the solution X of Equation 14 is well defined, we have that for ¢t = [ﬁﬂ

(2 (1)) — X (np°t)]|2 = O(nIn(1/p)).
This implies for ¢ satisfying X (np?(t — tpuasg)) is well-defined,

1@ (x(8)) — X (p*(t — tpuase))ll2 = O(n'/* + p).

Finally, as
IX (np*(t — teuase)) — X (npt)||2 = O(np*tpuase) = O(pIn(1/np)) = O(p).
We have that
1@ (2(t)) = X (np*t)]l2 = O'/* + p).

‘We also have

[z(t) = ®(z(t))]|2 = O(np).
by Theorem J.2. O

J.4 PROOFS OF COROLLARIES 5.6 AND 5.7

Proof of Corollary 5.6. We will do Taylor expansion on E,, [Lz’{zg‘](x). By Theorem J.1 and 1.2, we have

|l2([T5/np°1) = X(Ts)llz = O(n'/> + p) and | @(([T3/1p*])) — «([T3/0p°1)ll2 = O(0"/* + p). For
convenience, we denote z([T3/np?]) by .

B4 [RYS)(x) = max EylpvT VL(z) + %07 V2 Li(@)o/2] + O(p')

Since max, <1 [v" VL (z)| = O(|lz — @(2)]) = O(n*/2 + p), it holds that,
Ex[RY})(2) = p°Ex| max v V2 L(2)0/2] + O((n'/* + p/*)p%)

= B x0TV LCX(T3))0/2) + O (0 + 9'74)7)

= p*Te(X(T3))/2 + O((n*/* + p*/*)p?)
0

Proof of Corollary 5.7. We choose T such that X (T) is sufficiently close to X (c0), such that Tr(X (7)) <
Tr(X()) + €¢/2. By corollary 5.6 (let T5 = T.), we have for all p,n such that (n + p)In(1/np)
is sufficiently small, [[E.[RY>|(z([T./(np*)])) — p*Tr(X(T))/2l2 < o(1). This further implies

B[R] (@ ([Te/(np?)])) = p*Tr(X(00))/22 < €p?/2 + o(1). We also have L(z([Te/(np*)])) —
inf,cpyr L(z) = o(1). Then we can leverage Theorems G.6 and G.14 to get the desired bound. O

J.5 OTHER OMITTED PROOFS FOR 1-SAM

We will use ¢ (y, yx) and ¢” (y, y) to denote Mb —y and %:;ymy/:y.
Lemma J.15. Under Setting 5.1, fix k € [M], for any p satisfying £(f1(p), yr) = 0, we have that

V2Li(p) = 0" (fi(p), yr) V() (V fe(p) T
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Proof of Lemma J.15. {(fr(p),yr) = 0 implies ¢'(fx(p), yx) = 0. Then by Taylor Expansion,
V2Li(p) = Val(fx(p), yr)
= [l (fu(p), Y1)V fi(p)]
=" (fu (D) ye) VI )V @) T+ (fr(p) yu) V2 fie(p)
[

=" (fr(P) ) V() V fr(p) " -
This concludes the proof. O

Proof of Lemma 5.5. By Lemma J.15, as L( ) =7 Zﬁ{l Lk (p), we have

0%4(
MZ y yk ly=e @) V()Y fr(p) T

By definition of I" in Setting 5.1, we have for any p € T', {V fi(p)}7_, are linearly independent, which
implies that V fi(p) # 0 forany p € T".

Forany p € T, as II§?1: Eg ;H is well defined and continuous at p, there exists a open ball V' containing p such
()], > C1 > 0and ||V[“§§:($)H]”2 < (4 for some constants C and Cs.

Suppose V Ly (x) # 0, then as by Taylor Expansion,
VLk( ) = Z/(fk( ), Yi)V fr(2) -

VLg(z) _ Vie(z) _
We have o750 = [vieT = v + Cellz

the proof. O

We note that the alignment result in Lemma 5.5 is not directly used in our proof. Instead, we use its gener-
alized version Lemma J.8 which holds under holds under a more general condition than Setting 5.1, namely
Condition E.1.

K TECHNICAL LEMMAS

Lemma K.1 (Corollary 4.3.15 in Horn et al. (2012)). Let X, 3 € RP*D pe symmetric and non-negative with
eigenvalues A1 > ... > \p and ;\1 > ... > S\D, then for any 1,
A = Xl <12 =22

Definition K.2 (Unitary invariant norms). A matrix norm || - ||. on the space of matrices in RP*? is unitary
j . = ||K||, for any unitary matrices U € RP*P W € R4*,
Theorem K.3. [Davis-Kahan sin() theorem (Davis et al., 1970)] Let ¥, 3 € RPXP pe symmetric, with
eigenvalues \y > ... > A\, and 5\1 > ... > 5\p respectively. Fix1 <r < s <p,letd Ls—r+landletV =
(Vs Vpg1s - - -, 0s) € RPX4 and V= (Vs Dpy1s - - -, 0s) € RPXD have orthonormal columns satisfying Yov; =
Ajvj and f]i)j = S\jﬁj forj=r,r+1,...,s Define A £ min {max{()7 As — Asp1 ), max{0, \,_q — /\r}},

where ;\0 £ o and 5\p+1 £ oo, we have for any unitary invariant norm I| -
A-|sinOWV, V)|, < [|Z = 2.
Here ©(V,V) € R4 with O(V, V);; = arccoso;j forany j € [d] and oV, V)ij =0foralli+# j € [d].
o1 > 09 > -+ - > 04 denotes the singular values of VTV. [sin ©|;; is defined as sin(©,;).
Lemma K.4 (Azuma-Hoeffding Bound). Suppose {Z,}nen is a super-martingale, suppose —a < Z; 1 —
Z; < B, then for all n > 0,a > 0, we have
P(Zn — Zo > a) < 2exp(—a’/(2n(a + 5)%))
Lemma K.5 (Azuma-Hoeffding Bound, Vector Form, Hayes (2003)). Suppose {Z,}nen is a RP-valued
martingale, suppose ||Z;11 — Z;||2 < o, then for alln > 0,a > 0, we have
P(||Z, — Zolly > o(1 +a)) < 2exp(1l — a®/2n).

In other words, for any 0 < & < 1, with probability at least 1 — 0, we have that
2e 2
1Zn — Zolly < & <1 +1/2nlog 5) < 20/2nlog Ke.
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Lemma K.6 (Discrete Gronwall Inequality, Borkar (2009)). Ler {x(t)}ien be a sequence of nonnegative
real numbers, {a, }nen be a sequence of positive real numbers and C, L > 0 scalars such that for all n,

t—1

z(t) <C+L Z anz(n)

n=0
Then for T, = 31 _ an, it holds that x(t + 1) < Cel™t,

Lemma K.7 (Magnus (1985)). Let A : RP — RP*P pe any C* symmetric matrix function and x* € RP
satisfying A (A(z*)) > Ao (A(x*)) and vy be the top eigenvector of A(x™*). It holds that VA1 (A(2))|p=ar =
V(v A(x)v1) o=s--

We then present some of the technical lemmas we required to prove Lemma H.5.

b— 242p2 2462 1 1
Lemma K.8. If0 < c < %%, a,/ 5(1+—cb) > 2302—cb’ then a > 5b,cb < 5

Proof of Lemma K.8. Notice that

/a2+b2 a2 + 2b2 > cb? + ca? >cb2—&—ca2
T—cb ~ 2(1—cb) = 2—cb—ca~ 2—cb '

So
vV1—cb+ ! > /1+ L
vV1—cb ™ a?
Asc < bb}“,wehavel >1—cb> %.
So
® 4 \/§> 1
b a a?
The above inequality implies a > %b. Asc < bb%,“,cb < % O
Lemma K.9. When 0 <a<b,0<c<?® s we have
2 c(a? +b?) 1 2—ca—cb cb?
b? 2(2—cb— = 1—b7— 2(za® + b?
cb® +ca“(2 —c 3ca) ( ) Y ca(2a—|— )(a2—|—b2) <5

Proof of Lemma K.9. Equivalently, we are going to prove

1 1 1—cb 1 ca —cb 2

1 —chb)b? - - a? b27> 200 _op— 2

(1=cb) (2—ca—cb 2—cb>+a2—ca—cb+ (2 * )( + b2) za(2-c SCa)
Further simplifying, we only need to prove

(1 — cb)cab? o2 1—cb 1 at

= —(2 —cb
(2 — cb)(2 — ca — cb) 2—ca—cb_3ca * (a2+b2)( ca—cb)
We have the following auxiliary inequalities,
(1—cb)b>a
1—cb > 1 > 1 _ab S a®
2—ca—ch “+b+(1 0 +=e @242 T a? + b2
1—cb _ 2—ca—cb
>
@2 T a2+
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Using the above auxiliary inequalities we have

(1 — cb)cab? 5 1—cb - 1 34 a* @
a ~ca’+ ———5(2—ca—
(2 —¢cb)(2 — ca — cb) 2—ca—cb 3 2(a® + b?)
ca?b 1 a’(1—cb) _ 1
1—=(2—ca— — > —cd®
<:(2—cb)(2—ca—cb)+( 2( o Cb))2—ca—cb_3ca
2 2 —
- ca®b ca*(a+b)(1 — cb) > lcag
(2 —¢b)(2 — ca— cb) 2(2 —ca — cb) 3
ca®b ca®b(1 — cb) 1 5
> =
<:(2706)(2—cafcb) + 2(2—ca—cb) ~ 3% b
- 1 " 1—cb S 1
2—cb)? " 22—cb) — 3

<=3(1 — cb)(2 — cb) + 6 > 2(2 — cb)?
<=(cb)2 —cb+4>0

2 2
Lemma K.10. When 0 < a < b,0 < ¢ < b52 q, /@222 > _atb e haye

(I1—cb) = 2—ca—cb’

2 1 1 cb?
2 209 _oh_ 2 —(1— 2 a2(2,2 2y <
cb® + ca”(2 —cb 3ca) (1 —cb)eb® — ca (2a +b )b2 <5

Proof of Lemma K.10. Equivalently, we are going to prove,

) 2 b2 a?(5a? +b%)
3, 2 2
cb +a(2—cbf§ca)§2_cb+ =

2
= cb® +a*(1 —cb— gca) <

P : 1 1, cb
We have the auxiliary inequality 5— > 5 + .
Hence
b2 4
T
2 b2 at cb?
3 2
<=cb® +a (1fcbf§ca) < EJrﬁJFT

2
cb® +a*(1 —cb — gca) <

<=2(b% — ba?) — (b —a)(b+a)* < % + —
B da®
<(b—a)(2b(a+b) - (a+b)?) < = + 2
3 3
=b—a)?(b+a) < %ﬁ%
Using Lemma K.8,a > 4,(b — a)2(b+a) = (b> —a®)(b—a) < b2(b—a) < &
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O]
Lemma K.11. When 0 < a <b,0 <c < %2 b2 > q,/ gflti% > 22?12@1;’ we have
2 1 b2
cb® + ca®(2 — b — gca) — 20@\/(172 + §a2)(1 —cb) < 26_ &
Proof of Lemma K.11. Define
2 1
F(a) 2 a*(2—cb— gca) - Qa\/(b2 + §a2)(1 —cb)
b—a [ a2 + 22 a® + b?
S(e,b) £ {al0 <a<b,0 < b2 > >
(c,) {a| sasoU<ces 2’ =a 2(1701))_270(1—66}
Amin(c,b) 2 inf S(c, b)
Umaz(c,b) £ sup S(c,b) < b— cb?
Consider
dF(a) 2 2 5 1 o | 1—cb
e 2a(2 — cb — gca) - gea” - 24/ (b2 + 5(12)(1 —cb)—a o %a2
*F(a) 72(2fcb—gca)*écafécafa 1_7017—%1 L= cb + o V1—cb
da® 3 3703 b2 + a2 b+ 3a%  2(b2 + 1a2)?

1—¢b
>4 —=2cb—4ca—3ay| 57
> c ca a b2—|—%a2

Define u £ cb,v £ ¢, thenu +v < 1.

2r 1
CF@ Sy oy gy 3T e

da? 1, 1
Vot

1
>4 - 2u—du(l —u) = 3T~ u———
2T aowe
2 (1—u)
>du? —6u+4—3V1—wu
(1-w)?
2 + 1

As (U5 1 > (/U= > Ty we have

d’F
TI) 5 g~ 6u 4 - 31— ) =40 13> 0

The above inequality shows that F'(a) is convex w.r.t to a for amin(c,b) < a < amaz(c,b). Hence F(a) <
max (F(amin(c, 1)), F(amaz(c,b))). Below we Use tmin, Gmaz as shorthands for a,,in (¢, b),amaz(c, b).

2 2 2 2
. . ami'rz+2b — anzin-"_b
For F(amin), we have ain e R — T

This implies

1 (a2, +b%) 1 2 — Capmin — b
2t | (B2 + =a2 . Y1 — cb) = (1 — cb) —Gmin 07 2 (Lo pay2 7 Cmin — €D
a \/( + 2amzn)( & ) ( ¢ )2—Camin—0b +a’mzn(2amzn+ ) (agnin_’_bg)
Hence using Lemma K.9,

2 c(a?,;, +b?) 1 2 — Cmin — b
Famin) = a2 (2 —cb — =camin) — (1 — cb)——min L7 g2 (Zq2 . 2 Tmen 7
(a ) a‘mzn( c 300’ ) ( c )2 — Clpmin — ch Camzn(Qa’mzn + ) (a?nm —|—62)

1, cb?
z — cb?
_0(2—cb <)
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For F'(amaz), we know that a,,,, must satisfy at least of the following three equalities and we discuss three
cases one by one.

2 2 2 2 . . . . .
L. amaz \/ﬂ = _%maat? _ ip this case we simply redo the calculation in Part 1.

2—CAmae—cb’

2 252 L .
2. b = aman % This implies

1 1 1
2amaa: \/(b2 + §a$nax)(1 - Cb) = (1 - Cb)b2 + afrmw(gafnaw + b2)b72

Hence using Lemma K. 10,

2 1 1
F(am(lﬁ) = afnam(2 —cb— gcam(lm) - (1 - Cb)Cb2 - Ca?nax(ia?nam + b2)b72
1, cb?
z — cb?
- 0(2 —cb cb)
3. ¢b® = b — apgy. Define v 2 4maz ch =1 —v. Note that 1 — cb = 222z and b* > dmaq w.

These imply a2,,, + 2ama:0? — 26% < 0 = amar < 0.9b. This implies v < 0.9. By Lemma K.8,
0.5 <.
As v € [0.5,0.9], it holds that

1 <u/(14+ —
v+ )+ o L+ 5w
This implies
2 12 —v 1
22-(1—-v)-Z(1 - —2/(14+ =)v < = -1
2w =3 o) =20+ s oo =57
Finally,

2 1
F(ammﬂ) = awznagc (2 —cb— gcamax) - 2amax \/(b2 + ia%mx)(l - Cb)

— 2 <v2(2(1v) ;(l—v)v)fQU (1+”22)v> §b2(2_lcb .

In conclusion, it holds that,
F(a) < max (F(amin(c, b)), F(amaz(c,b)))

L OMITTED PROOFS ON CONTINUOUS APPROXIMATION

In this section we give a general approximation result (Theorem L.1) between a continuous-time flow (Equa-
tion 39) and a discrete-time (stochastic) iterates (Equation 40) in some compact subset of RP, denoted by
K. This result is used multiple times in our analysis for full-batch SAM and 1-SAM. " Letb: K — RP isa
C' -lipschitz function, that is, Va, 2’ € K, it holds that ||b(x) — b(z")|, < C1 ||z — 2’||,. Let by, be mappings

from K to RP for k € [M] satisfying that b(z) = 55 224:1 bi(x) forall z € K.

We consider the continuous-time flow X : [0,7] — K, which is the unique solution of

dX (1) = b(X(7))dr. (39)
and the discrete-time iterate {«(t) }teny Which approximately satisfy
a(t+1) = x(t) + pbe, (x(t)), (40)

"Though we believe this approximation result is folklore, we cannot find a reference under the exact setting as ours.
For completeness, we provide a quick proof in this section.

73



Published as a conference paper at ICLR 2023

where k; is independently sampled from uniform distribution over [M] for each ¢ € N and z(¢) is a deter-
ministic function of kg, ..., k:—1. We use F; to denote the o-algebra generated by ko, ..., k:—1 and F, to
denote the filtration (F)ten. Thus x(t) is adapted to filtration F,. Note b is undefined outside K, thus in
the analysis we only consider the process stopped immediately leaving K, that is, % (¢) £ z(min(t,tx)),
where tx = {t' € N | x(t') ¢ K}. If x(t) isin K for all t > 0, then t;¢ = oc. It is easy to verify that ¢ is
a stopping time with respect to the filtration F,.. For convenience, we denote X (7) = X (min(7, ptx)) as

the stopped continuous counterpart of 2.

Theorem L.1. Suppose there exist constants Cy, €, € > 0 satisfying that

1. ||b(2)]|y < Co, forany x € K and k € [M];
2. ||bg(z) — b(z)||, < Cs, forany x € K and k € [M];

3. kut(z(t)) — M , < forallt.

Then for any integer 0 < k < T'/p and 0 < § < 1, with probability at least 1 — 6, it holds that

Jdmax [t (6) = X (p0)| < Hy5e T,

where H, 5 = [|2(0) — X (0)[ly + C1C2Tp + 2C3 /pT log %L + €T

Proof of Theorem L.1. Summing up Equation 39 and Equation 40, for any ¢ < ¢k, we have that

XG0 - X0) = | : b(X (7))dr,

and that

Denote ||z(t) — X (pt)]|, by E¢, we have that for ¢ < t,

E, — Ey
pt t—1
<|| [, pextenar = 3 ete+ 1 -t 2
ot t—1 t—1 t—1
< / X m)dr —p DX @)+ |lp DX P) —p Y bla(t)
= t'=0 2 t'=0 t'=0 2
(A) (B)
t—1 t—1 t—1 t—1
+lp D b@(t) =p Y bi, ()| + |lp D b, (@(t) = D (' +1) = (t))
t'=0 t'=0 2 t'=0 t'=0 2
(©) (D)

Below we will proceed by bounding the four terms (A), (B), (C) and (D) in Equation 43.
1. Note that for any 0 < 7 < 7/ < T, we have that

/ /

/ " (s)ds| < / 1B ()l ds < (' — 7)Cs.

=T 9 =T

1X(7) = X(7)ll, =

Thus, by C1-lipschitzness of b,

(4) = ’ /io b(X (7)) — b(X(|7/p]p))dr ) < /io 16(X (7)) = o(X([/p]p))l, dT

<C1Cyp*t < C1CopT.

2. By definition of E; and C-lipschitzness of b, we have that (B) < Cip Z;—:lo Ey.
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3. We claim that for any 0 < § < 1, we have that for probability at least 1 — d, it holds that

2eT
(C) <2034 /2pT log —; . (44)
p

Below we prove our claim. We denote p me (L)1 (1)) — p Spn(bhe) by, (x(t')) by Sy, which
is a martingale with respect to filtration F,, since ¢ is a stopping time. Note

|S: — St+1H2 re [erlax [b(z) — bk(x)HQ < Cs,

by Azuma-Hoeffding’s inequality (vector form, Lemma K.5), it holds that for any 0 < ¢ < T'/p and
0 < 6 < 1, with probability at least 1 — ¢,

2e
[Sell, < 2C3py/2tlog 5

Applying an union bound on the above inequality over t = 0,...,|7/p| — 1, we conclude that with

probability at least 1 — 0, (C) < 2C3p, /2T /plog 2ng = 2C5, /2Tp log = QET
4. We have that

oz +1) —a(t)
p

by, (x(t’ ‘ < pte < €T.

t—1
D)<p).
=0
Combining the above upper bounds for (A), (B), (C) and (D), we conclude that for any 0 < ¢ <
min(T/p, tx),
t—1

By <Hys5+CipY_ Ep. (45)
t’'=0

Applying the discrete gronwall inequality (Lemma K.6) on Equation 45, we have that
Et < Hp,5601pt < Hp,5601T7
which completes the proof. O

Corollary L.2. If ming<,<7 dist(X(7),RP \ K) > H, 5¢1T, then with probability at least 1 — 6, tx >
|T'/p| and therefore

t) — X (pt)|| < Hp5e17.
oax lle(t) = Xl < Hyse
Proof of Corollary L.2. By Theorem L.1, we know with probability at least 1 — J§, we have that
vk < T
0<tT/p |20 = X5 @) < Hyge
Therefore dist (2% (t), RP \ K) > dist(X X (pt), RP\ K) —dist(X X (pt), ¥ (t)) > 0forany 0 < t < T'/p,
which implies % (t) ¢ R \ K, or equivalently, 2% (t) € K. Thus we conclude that tx > |T/p]. O
Corollary L.3. Suppose M = 1 and there exist constants Cs, € > 0 satisfying that
1. ||b(z)||y < Co forany x € K;
2. Hb(w) — WH <e¢forallz € K.

Then for any k € N such that kp < T, it holds that

0<I?<a%(/ [ (8) = X" (pt)]| < Hpe™ T,

where H, = ||2(0) — X (0)|, + C1C2Tp + €T.

Therefore, similar to Corollary L.2, if ming<, <7 dist(X (7),RP \ K) > H,e“T, then it holds that tx >
|T/p| and that

t)— X(pt)| < Hy ¢ T
ogr?§¥/pllx( ) (pt)|| < Hpse
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Proof of Corollary L.3. For any § € (0, 1], choosing C3 = 0 and by Theorem L.1, we have that

P max [ () = XK @n)]| < HpeOT| 210,

Since § can be any number in (0, 1], the above probability is exactly 1. O

We end this section with a summary of applications of Theorem L.1 and corollary L.3 in our proofs (Table 2).

Setting | p by, €
Full-batch SAM, Phase I (Lemma [.4) n —VL() p
Full-batch SAM, Phase II (Theorem 1.3) | np? —0®(-)VA1(V2L(-))/2 p+n
1-SAM, Phase I (Lemma J.3) n —VL() p
1-SAM, Phase II (Theorem J.2) np*  —0P()VTr(V2Li(:))/2 p+n

Table 2: Summary of applications of Theorem L.1 and corollary L.3 in our analysis
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