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Abstract

Recent advances in deep learning have given us some very promising results on the generalization
ability of deep neural networks, however literature still lacks a comprehensive theory explaining
why heavily over-parametrized models are able to generalize well while fitting the training data. In
this paper we propose a PAC type bound on the generalization error of feedforward ReLU networks
via estimating the Rademacher complexity of the set of networks available from an initial parameter
vector via gradient descent. The key idea is to bound the sensitivity of the network’s gradient
to perturbation of the input data along the optimization trajectory. The obtained bound does not
explicitly depend on the depth of the network. Our results are experimentally verified on the MNIST
and CIFAR-10 datasets.

1. Introduction and related work

Deep learning has started soaring in popularity during the last decade and by today it has reached
unprecedented heights in terms of practical usage as well as theoretical research. As higher compu-
tational capacity is also becoming easier to access, the complexity and size of deep neural networks
being used by the community is also dramatically increasing. The number of parameters contained
in such networks are usually much higher than the number of training data points or the dimension of
the training data. As a result, these models tend to easily interpolate the training data and according
to the “classical” theory of machine learning (see e.g. [32]) they should lead to overfitting. However,
it has been shown [34] empirically that this is not the case, i.e. highly over-parametrized models
trained by gradient descent are capable of generalizing well while fitting the training data. This
phenomenon drove the theoretical research of deep learning towards examining over-parametrized
models. A big push has been given by the discovery of the Neural Tangent Kernel (NTK, [12]),
leading to several convergence theorems in the infinitely wide regime [1, 8, 18] and shedding light
on the connection of over-parametrized networks and kernel machines (see [3] for a comprehensive
overview). While some interesting related results [4, 16, 25, 27, 31] exist, it is not entirely clear
how the properties of the NTK might explain generalization.

© D. Récz, M. Petreczky, A. Csertan & B. Dar6czy.



OPTIMIZATION DEPENDENT GENERALIZATION BOUND FOR RELU NETWORKS

Deep networks are almost always trained using some form of the gradient descent algorithm
which seems to contain a so-called implicit bias in case of over-parametrized neural networks, i.e.
finding well generalizing optima despite interpolating the training data. The conditions and proper-
ties of implicit bias is still under heavy research [33]. In [10] the authors show that under special
conditions on the data, gradient descent finds a solution which generalizes well, but the resulting
model is sensitive to adversarial perturbations. Analyzing the trajectories of gradient descent has
also been present in the literature [22, 35].

One of the standard methods to obtain generalization bounds for models in statistical learning
is the Probably Approximately Correct (PAC) framework [21], which was applied to deep networks
in [14] and later in [9, 23]. These papers establish PAC-Bayesian bounds on the generalization
error based on the estimation of the KL divergence of the predictor w.r.t. some prior distribution
of the parameters. This was further developed in [24] resulting in a bound depending on the norm
of the weights and (implicitly) on the depth of the network. PAC bounds on the generalization
error are closely connected to bounding the Rademacher complexity. In [9] and [2] the authors
also exploited some bounds on the Rademacher complexity of the underlying family of functions
represented by ReLU networks. Several other bounds on the Rademacher complexity was derived in
[11] depending on yet again the norm of the weight matrices and the width and depth of the network.
In [30] a bound on the Rademacher complexity is achieved by defining the learning problem in
a Reproducing Kernel Banach Space (RKBS) under some conditions on the learning algorithm.
Generalization bounds for deep convolutional networks and Graph Neural Networks have been
established in [17] and [20], respectively.

1.1. Our contribution

Informally, our main result is an upper bound on the generalization error of feedforward ReLU
networks trained with gradient descent under certain conditions, depending on the optimization
path. Before starting our journey to precisely state our theorem, we give a brief overview of the
most important ingredients of our concept in order to make the rest of the article more traceable.

* We will make use of a classical PAC inequality for the generalization error which depends on
the Rademacher complexity of the loss values on some (test) sample.

* The key step is to upper bound this Rademacher complexity of the family of functions rep-
resented by ReLU networks by examining the network’s behavior along the optimization
trajectory from the perspective of sensitivity to perturbation of the input data.

* The basic idea behind this sensitivity measure is the following. We look at the gradient of
the network function w.r.t. the parameters as a feature map defined on the input data. What
happens to this feature representation if the input data is perturbed by some Gaussian noise?

* We reinforce our theoretical bound by performing experiments on the MNIST [15] and
CIFAR-10 [13] datasets. '

The idea of measuring the change in the network’s gradients caused by Gaussian perturbation of
the input data has been introduced in [6], where it was empirically shown that in case of the task of
classification, the resulting measure correlates with the generalization gap of the network and can be

1. The implementation is available at https://github.com/danielracz/tansens_public
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used to estimate the test loss without making use of the labels of the test data. However, previously
there was no theoretical connection known to us explaining this phenomenon.

Exploiting the representation of the data via the gradient of the network as a feature map is one
of the underlying ideas of the Neural Tangent Kernel and has been seen before (e.g. [5, 19]). In [26]
such representation is used to induce a similarity function on the data. While the gradient is usually
constant over training [19] under heavy over-parametrization, we suspect it has a vital connection
to the generalization ability of the network in both the finite and infinite case.

2. Problem setup
2.1. Notations

Let us consider the framework of Empirical Risk Minimization over the task of binary classifica-

tion, i.e. we are given a finite set of training data D = {(x;,v;);7 = {1,...,n}} drawn from a
probability distribution X' x Y on R"n x {—1,1}. Let £L, (f) = LS~ L U(f(xi), ;) denote

the empirical loss we want to minimize defined over a class of functions 7. We denote the true
error by L(f) = Exg)~xxy[l(f(x),y]. The generalization error or gap of a model f € F is de-
fined as [£D,(f) — £(f)|. In practice, we can approximate the generalization gap by the empirical
generalization gap, i.e. the loss difference on the training data and some test data (see [7]).

Let the function class F we would like to optimize over be a family of ReLLU networks charac-
terized by a parameter vector §# € R”. We will treat such networks as a function of both the input
data and the parameter vectors denoted by f : RY x R™n — R"ut where P is the number of
parameters and n;, is the input dimension. As we are dealing with the binary classification task
we have n,,: = 1. Such models are usually trained by using the gradient descent algorithm from
the initial point #y defined recursively at time T" as Op = Op_1 — n(T)VeLE), (f(r-1,)), where
n(T) € R* is the learning rate at time 7. We follow the convention of ReLU’(0) = 0. For a
fixed choice of the learning rate function 7 : N — R™ we say 6 = GD(6p,n,T), if 0 is the output
of the gradient descent after 71" steps initialized in 6y and run with the choice of 7 as the learning
rate. Let T'raj(6y) denote the set of parameter vectors 6 for which there exists 7 and 7" such that

0 = GD(00,n,T).

2.2. Tangent Sensitivity

The central definition of our paper is called Tangent Sensitivity. Initially it was defined in [6]
motivated by the following. Consider a small enough Gaussian perturbation around x ~ X with
#(x) = x + d(x) where §(x) ~ N(0,01) is a random variable. For the expected change in the
gradient mapping defined as x — Vg f(6,x) on the input space we have

2

Es0 [ Vo (0,%) — Vo (0, 6())|I2] ~ s HW
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The first approximation is based on the Taylor expansion of the gradient mapping and scales with
the variance o of the Gaussian noise. Hence the next definition.

Definition 1 The Tangent Sample Sensitivity of a feedforward network f with output in R at input

x € R"n is a P X n;, dimensional matrix, S(6,x) := 8g£f(9,x) = gfgg(&X)- The Tangent

Sensitivity is the expectation of tangent sample sensitivity, i.e. S(0) := Ex.x[S(6,x)].
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Among other interesting properties it is empirically shown in [6] that the Frobenius norm of the
Tangent Sensitivity matrix has a close relationship to the generalization error of the network. The-
oretical explanation of this phenomenon has been unknown to us in the literature, thus to address
this experience, we will establish a PAC bound on the generalization gap in which the norm of the
Tangent Sensitivity appears.

During the rest of the paper we will abuse the naming convention and shorten Tangent Sample
Sensitivity to Tangent Sensitivity in some cases.

3. PAC bound

Our goal now is to state our main theorem. First we need to introduce a series of assumptions.
Assumption 2 The loss function | has the form [( f (x),y) = (f(x) —y), where L is K o-Lipschitz.
This is a mild assumption as most of the standard loss functions are Lipschitz on a bounded domain.

Assumption 3 For a fixed 6y € RY and e > 0 let Ugy.e = Traj(6o) N B:(6o), where B (6y) is the
e-ball around 0y. We assume that for any 0 € Uy, . the Frobenius norm of the Tangent Sensitivity is
bounded on the training set, i.e. sup ||S(0,x)|| < Crg for some Crs > 0.

x~D
Empirical evidence suggests that this is a reasonable assumption around an initialization point 6y,
which in practice usually contains an optimum. In light of Assumption 3 we define the family of

models Fy, ¢ 1= {f(@, )10 € Upye, sup ||S(0,%x)||p < C’}.
x~D

Assumption 4 We assume the following upper bounds hold: sup |f(6o,-)| < Kp,,
~X

x
sup || Vo f (60, x)|| < Kv, and sup ||x|| < K.
r~X X

Note, that the these assumptions are widely applied in the literature. The first two refer to the
boundedness of the function and its gradient around the initialization, while the third one assumes
the input is bounded.

Theorem 5 Consider the problem setup from Section 2 and let Assumption 2 - 4 hold for a fixed
initialization 6y and € > 0. Furthermore let us suppose for all T € N that along all gradient

T-1 n

descent trajectories of length T starting from 0y the quantity Y n(t)= > g—]lc(ﬁt_l, X;) is upper
i=1 i=1

bounded by a positive constant Cgp. Then for any ¢ €0, 1] with probability at least 1 — 0 over the

random sample S we have

2log(%)
N b

C
Vf(8,) € Fopcrse s £UF) = Lonp(f) < KeKoy + = + KH(0) + B
VN
where Cy = 2K K;Kv,CrsCap and H(0) is an error term and N denotes the size of S. The
constant B is an upper bound on the loss (-, ). Additionally, along with a properly scaled ReLU
activation if the width of the network tends to infinity, H (0) tends to zero.
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Figure 1: Pearson correlation® between the empirical generalization gap and the average norm of
the Tangent Sensitivity on the test dataset for a 3 x 3000-wide fully connected ReL U net
trained on CIFAR-10. The y-axes are based on the actual loss values. The norm values of
tangent sensitivity were linearly scaled for presentational purposes. For more details and
more experiments see Appendix C.

There are two critical terms in the bound of Theorem 5, namely C7sCqp and H (). The former
one highlights the connection of the generalization ability of the network and the Tangent Sensitivity
along the optimization trajectory and it originates from the estimation of the Rademacher complex-
ity (Definition 6 in Appendix A) of the network on the sample S. While currently we do not have
a satisfying theoretical guarantee on the value of Cg, we have strong empirical evidence that the
norm of the Tangent Sensitivity is indeed correlated to the empirical generalization gap, see Fig. 1.
For more details on our experiments see Appendix C.

The second term comes from the well known Taylor-approximation of the network and it is
proportional to the norm of the Hessian of the network function. The main intuition behind the
proof lies in the following possible approximation of a ReLLU network. If § = 67, then

T—1 n
F(0r,x) = f(60,%) — Vo f(6o,x)" Zn(t)izgjcswt_l,xnxi + h(07,x),
t=1 i=1

where h is an error term (see Appendix B) which determines the term H () in Theorem 5. Let wyg =
T-1 n

S nt)t > %S (0¢—1,%;)x;. Because wy depends only on the training set and the optimization
t=1 i=1

path, but not the actual input x, we can approximate a ReLU network by the scalar product <
wg, Vo f(0p,x) > and bound the norm of wy thanks to the various assumptions. Finally, we can
apply the standard techiniques for bounding the Rademacher complexity of linear classifiers. For a

complete proof of Theorem 5 see Appendix B.

3. https://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.pearsonr.
html
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4. Discussion and future work

In this paper we have established a PAC bound on the generalization error of feedforward ReLU
networks, crucially depending on the Tangent Sensitivity along the optimization trajectory. Em-
pirical evidence has previously shown the correlation between the two quantities, we believe the
obtained bound provides a strong theoretical justification. While the established bound is not tight,
we believe that the sensitivity measure might have a connection to the smoothness of the function in
some appropriate function space [3], which is a promising direction for the generalization theory of
deep networks. The straightforward next step seems to be the convergence analysis of the Tangent
Sensitivity matrix and its norm around the initialization and optima. An interesting idea would be to
incorporate it in the loss function, as presented in [28], however calculating the Tangent Sensitivity
norm is computational expensive, thus it requires to find an efficient approximation. In the infinite
width limit, Tangent Sensitivity can be viewed as a partial derivative-like object of the NTK w.r.t.
the input data. It would be interesting to examine the connection to the generalization ability of the
NTK Kernel Machine.
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Appendix A. Rademacher complexity

Definition 6 (e.g. see definition 26.1 in [29]) The Rademacher complexity of a bounded set A C
m

R™ of vectors is defined as R(A) = E, | sup,c 4 = > 05a; |, where the random variables o; are
i=1

i.i.d such that Plo; = 1] = Plo = —1] = 0.5. The Rademacher complexity of a set of functions F
over a set of samples S = {s1, ..., Sy} is defined as Rg(F) = R({(f(s1),..., f(sm))|f € F}).

Appendix B. Proof of Theorem 5

In order to prove Theorem 5 we will apply the following general PAC bound to our situation.

Theorem 7 (e.g. see Theorem 26.5 in [29]) Let F be a compact set of hypotheses. For any § €
10, 1]

4
Ps (Vf € FL(f) — Lomp(f) < 2Rs(Lo) + B ”Oj&)) 214

where Rg(Lg) is the Rademacher complexity of the set

Lo == {(I(f(x1,y1)),-- -, L(f(xNn,yn)) | f € F)}, B is an upper bound on l( ., .) and the
probability is taken over the random samples S of size N.

Proof of Theorem 7 can be found in [29].
First we take the Taylor approximation of f(,x) around a random initialization point 6.

£(0,%) = f(00,x) + Vo f(00,%) (0 — 00) + h(0,x)

where the approximation error h(0,x) = O((6 — 00)T Hof(6,%)T (6 — 6)). We know for wide
networks and a suitably scaled ReLU activation function the norm of the Hessian tends to zero
as the width tends to infinity [18] in B.(fy), hence for a wide enough network the error term h
is sufficiently small. The radius € is proportional to the smallest eigenvalue of the NTK Gram
matrix over the training data. Now consider the vanilla gradient descent for an L /-Lipschitz loss

n
function of the form £5, () = L 3" 1(f(0,x;),y:) for a fixed set of training data. Note, that
i=1

emp

n
VgﬁeDmp(H) =1 Zl %ng(@, x;). According to the GD update rule
1=

O =071 —1(T) VoL, (07-1)
where 7(T) is the learning rate at time 7.
Lemma 8 For a biasless ReLU network Vg f(6,x) = S(0,x)x.

Proof Let us fix an input vector x € R™ and a parameter vector § € R”. We say that a path p in
the network graph is active if all the nodes in the path are active, meaning that the preactivation of
every node is positive. The notation p : x; — means that p is a path starting at the j-th input neuron.
We do not specify the output neuron as we are in the binary classification setting, where n,,; = 1.

10
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Let S; be the i-th row of S(6,x). Since we fixed the input and parameter vectors, we will omit the
dependence of them in the notation of the derivatives (as we did in case of S;).
The ¢-th coordinate of the LHS is

- oxIe= % (¥ Ia)u-s

xj:input PiTj—r x;:input P —
node active path, gp;,ggi node active path, 9 #9
97, Ep 91 p

Let us fix an initial parameter 6y and a positive radius ¢ and let Uy, . = Tra;j(6y) N B (o). For
any § € Uy, . there is a T" such that § = GD(6y,n,T) for some 7. Under these circumstances we
may emphasize the relationship between 7, ¢ and T by the notations ¢ = 67 and = ng,.. Using
the GD update rule for such 67 and the Taylor approximation of f we obtain

T-1

f(eTax) = f(@Q,X) - v@f(QOaX)T (Z ( )veﬁemp(gt—l)> + h(QT,X)

t=1

T-1
= f(00,%) = Vo f(00,%)" (Z Z Vef (6 l,x») +h(0r,x) (D)

= f(eg, ) Vef o, x (Z 275 91} 1,XZ ) +h(9T,X).

The last equality follows from Lemma 8. Note, that the first term and Vy f (6o, x) depend only
on fy. In order to use Theorem 7 we need to upper bound the Rademacher complexity of
{(f(0,21)),...,0(f(8, zN ‘f ) € Foo,Crs,2 } for which it is enough to upper bound
Rs({(f(0,21),...,f(0,28)T|f(0,.) € Foy,0ps,c}) by Lemma 26.9 in [29] and Assumption 2.
Here we denoted the elements of the random sample .S from Theroem 5 by 21, ..., z)y and incorpo-
rated the labels into the loss function [. Using the notation
Rs(Foy,crse) = RS({(f(G, 21), -+, f(0,2N) T}f ) € Foo.Crs, 5}), Theorem 5 immediately
follows from the following proposition.

Proposition 9 Under Assumptions 2-4 and the additional assumptions stated in Theorem 5 we
have

Rs(Foy.crs.e) < KeRs({(f(00,21) - f(00, 2a0))" }) +K£KIKV£%SCGD+

+ KeRs({(h(0,21), ... h(0,200)) | (0, .) € Foocpsse })-
Before starting the proof we need another lemma.

Lemma 10 (Lemma 26.10 from [29]) Let vy, ..., V,, be vectors in a Hilbert space. Define S’ =
(W, V1), ey (W, v)) | Wy < 1. Then,

max; ||vill,

R(S) <=0

11
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Note that by omitting the condition ||w||, < 1 the lemma remains true with the modification of the
upper bound multiplied by ||w||,.
Proof of Proposition 9
We remind the reader that the training dataset is considered constant and is denoted by
D = {x1,...,x,}. The three terms in the RHS of Proposition 9 respectively originates from the
three terms in equation 1 together with the fact that for a set of the form 7' = { A(6) + B(6) | 0 € O}
the Rademacher complexity is upper bounded by
Rs(T) < Rs({A(0) | 0 € ©}) + Rs({B(0) | 6 € ©}).

The first and third terms are straightforward. The second term comes from the application of
Lemma 10 along with the roles v; = V f (6o, z;) and

T—1 n
Wy = % tzl n(t) 21 g—}(ﬁt_l, x;)Vof(0:—1,%;). Assuming that the Tangent Sensitivity is bounded
= 1=

for every input along the optimization path by Crg (Assumption 3) and the input is also bounded
by K, (Assumption 4), we have

T—1 n
1 ol
|wol|l < CrsK, ; 77(75); ; aif(etflyxi) < CrsK,Cep,

where we used the condition in Theorem 5. [ |

The term H (6) in the Theorem is any upper bound on the Rademacher complexity of
Rs({(h(0,21),...,h(0,201))" | f(6,.) € Foy,crs,c }) - Additionally, we have
Rs({(f(60,21) ... f(60,2:))"}) < Ko, and ||vi|| = Vo f(60,2)| < Kv,, hence the Theorem
follows.

Appendix C. Experiments

We performed experiments to verify the correlation between the norm of Tangent Sensitivity and
the empirical generalization gap. We considered the task of image classification on the well-known
MNIST and CIFAR-10 datasets. In case of the MNIST problem we trained a fully connected ReLU
network, a Multi-layer Percpetron (MLP) of the layer structure (784, 3000, 3000, 3000, 10). We
optimized the network for squared loss with Adam optimizer. The resulted correlation between the
empirical generalization gap and the average norm of the Tangent Sensitivity on the test dataset
can be seen in Fig. 2. Note, as in Fig. 1 on all figures the norm values of tangent sensitivity were
linearyly scaled for presentational purposes. Typically, a division by a constant with magnitude 10°
was enough. The class gaps are computed by considering the ¢-th output neuron and the binary
classificaiton problem for the ¢-th class.

As for the CIFAR-10 dataset, we trained similarly structured MLPs where the three hidden
layers have widths of 100, 700, 1500 and 3000. Besides the results of 3000-width network in Fig. 1,
the rest of the curves are shown in Fig. 3, Fig. 4, and Fig. 5.

Interestingly, in case of wide networks (3000-wide) the tangent sensitivity of different output
neurons correlate with the mean generalization gap while if the network has lower width this corre-
lation remains but only for matching per class output neuron and per class loss.
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Training loss
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Figure 2: Correlation between the empirical generalization gap and the average norm of the Tan-
gent Sensitivity on the test dataset for a 3 x 3000-wide fully connected ReLU trained on
MNIST.
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Figure 3: Correlation between the empirical generalization gap and the average norm of the Tangent
Sensitivity on the test dataset for a 3 x 100-wide fully connected ReLU trained on CIFAR-
10.
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Figure 4: Correlation between the empirical generalization gap and the average norm of the Tangent
Sensitivity on the test dataset for a 3 x 700-wide fully connected ReLU trained on CIFAR-

10.
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Figure 5: Correlation between the empirical generalization gap and the average norm of the Tan-
gent Sensitivity on the test dataset for a 3 x 1500-wide fully connected ReLU trained on
CIFAR-10.
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