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The iterated conditional sequential Monte Carlo (i-CSMC) algorithm
from Andrieu, Doucet and Holenstein (2010) is an MCMC approach for ef-
ficiently sampling from the joint posterior distribution of the 7' latent states
in challenging time-series models, e.g. in non-linear or non-Gaussian state-
space models. It is also the main ingredient in particle Gibbs samplers which
infer unknown model parameters alongside the latent states. In this work, we
first prove that the i-CSMC algorithm suffers from a curse of dimension in
the dimension of the states, D: it breaks down unless the number of sam-
ples (“particles’), N, proposed by the algorithm grows exponentially with D.
Then, we present a novel ‘local’ version of the algorithm which proposes
particles using Gaussian random-walk moves that are suitably scaled with
D. We prove that this iterated random-walk conditional sequential Monte
Carlo (i-RW-CSMC) algorithm avoids the curse of dimension: for arbitrary
N, its acceptance rates and expected squared jumping distance converge to
non-trivial limits as D — oo. If T'= N = 1, our proposed algorithm reduces
to a Metropolis—Hastings or Barker’s algorithm with Gaussian random-walk
moves and we recover the well known scaling limits for such algorithms.

1. Introduction.

1.1. Summary. This work analyses Monte Carlo methods for approximating the joint
smoothing distribution (i.e. the joint distribution of all latent states) in high-dimensional
state-space models. Developing efficient Markov chain Monte Carlo (MCMC) algorithms
for this task is challenging if the dimension of the latent states, the ‘spatial’ dimension D, or
the number of observations, the ‘time horizon’ 7', is large because of the difficulty of finding
good ‘global’ proposal distributions on a large (DT-dimensional) space. For this reason, the
acceptance rate of independent Metropolis—Hastings (MH) kernels for this problem is typi-
cally O(e~P7T) which means that the algorithm suffers from a ‘curse of dimension’, i.e. its
complexity grows exponentially in the size (1'D) of the problem. Throughout this work, we
define complexity as the number of full likelihood evaluations needed to control the approxi-
mation error of a fixed-dimensional marginal of the joint smoothing distribution.

For the moment, assume that D is fixed and sufficiently small. In this scenario, the iterated
conditional sequential Monte Carlo (i-CSMC) algorithm (Andrieu, Doucet and Holenstein,
2010; Chopin and Singh, 2015; Andrieu, Lee and Vihola, 2018) has become a popular Monte
Carlo method for approximating the joint smoothing distribution. The algorithm is based
around a conditional sequential Monte Carlo (CSMC) algorithm which builds a proposal
distribution sequentially in the ‘time’ direction by propagating N 4 1 Monte Carlo samples
termed ‘particles’ over the 7' time steps. One of these lineages is set equal to the current state
of the Markov chain and termed the reference path. At each time step, some of the remaining
N particle lineages are pruned out if they are unlikely represent good proposals (‘selection’).
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The remaining particle lineages are multiplied and extended to the next time by sampling
from the model dynamics (‘mutation’). The selection steps prevent the algorithm from wast-
ing computational effort on extending samples which are unlikely to form good proposals.
This ensures that the complexity of the algorithm remains linear (and hence avoids a curse
of dimension) in 7. Specifically, this linear complexity is due to the fact that the number
of particles needs to be scaled as N ~ T' (Andrieu, Lee and Vihola, 2018; Lindsten, Douc
and Moulines, 2015; Del Moral, Kohn and Patras, 2016; Brown et al., 2021). Recently, Lee,
Singh and Vihola (2020) showed that the use of an extension known as backward sampling
(Whiteley, 2010) removes this need so that the overall complexity of the algorithm can be
further reduced to O(1) (for fixed D), recalling that ‘complexity’ is the number of likeli-
hood evaluations needed to control approximation errors of fixed-dimensional marginals of
the joint smoothing distribution. Empirically, this has also been found to hold for a related
extension called ancestor sampling (Lindsten, Jordan and Schon, 2012).

Due to this favourable scaling in 7", the i-CSMC algorithm has become a popular tool for
Bayesian inference in low-dimensional state-space models (and beyond). For instance, it is
the main ingredient within so-called particle Gibbs samplers (Andrieu, Doucet and Holen-
stein, 2010) which infer unknown model parameters alongside the latent states.

Unfortunately, as we show in this work, the i-CSMC algorithm suffers from a curse of
dimension in the ‘spatial’ dimension D of the latent states. That is, for any time horizon
T, the algorithm breaks down if log(/N) = o(D) — i.e. unless the number of particles grows
exponentially in D — and this cannot be overcome through the use of backward sampling.

The main contribution of this work is to propose a novel CSMC algorithm, called random-
walk conditional sequential Monte Carlo (RW-CSMC) algorithm. In contrast to the (standard)
CSMC algorithm, it scatters the particles locally around the reference path using Gaussian
random-walk proposals whose variance is suitably scaled with D. The algorithm is incorpo-
rated into a larger iterated random-walk conditional sequential Monte Carlo (i-RW-CSMC)
algorithm which again induces a Markov kernel that leaves the joint smoothing distribution
invariant. We prove that this strategy overcomes the curse of dimension in D, i.e. in the
sense that the expected squared jumping distance associated with any D-dimensional time-
marginal distribution is stable as D — oo. In other words, for any fixed 7', the algorithm has
complexity O(D) (and the number of particles does not need to grow with D).

We also discuss the complexity in the time horizon T'. Specifically, if the model factorises
over time, we are able to verify that our proposed i-RW-CSMC algorithm has the same scaling
as the i-CSMC algorithm. That is, without backward sampling, we may grow the number of
particles as N = CT, for some constant C' > 0, to guarantee an overall complexity O(7'D).
The use of backward sampling again removes the need for growing N with T so that the
overall complexity can be brought down to O(D). Admittedly, the ‘factorisation-over-time’
assumption is strong. However, we conjecture that the above-described scaling in 7" holds
more generally, i.e. — just as in the i-CSMC algorithm — this assumption is not necessary.
As evidence for this, we present a slight modification of the i-RW-CSMC algorithm based
around the embedded hidden Markov model (EHMM) method from Neal (2003); Neal, Beal
and Roweis (2004), which we term the random-walk embedded hidden Markov model (RW-
EHMM) algorithm. Without making the ‘factorisation-over-time’ assumption, we prove that
this modified algorithm does not require scaling /N with T'.

Table 1 summarises the complexity of the algorithms discussed in this work.

1.2. Related work. Our work can be viewed as an extension of high-dimensional scal-
ing limits of classical MCMC algorithms (e.g., Roberts, Gelman and Gilks, 1997). This is
because if N =T =1, the i-RW-CSMC update reduces to a MH (or to Barker’s) kernel
(Metropolis et al., 1953; Hastings, 1970; Barker, 1965) with a random-walk proposal. In
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TABLE 1
Complexity of the algorithms in this work. ‘Complexity’ is defined as the number of likelihood evaluations
needed to control approximation errors of fixed-dimensional marginals. The *-symbol indicates that the
complexity in T' is only proved in for models that factorise over time in this work.

With backward sampling?

No Yes
i-CSMC O(TeP) 0(eP)
i-RW-CSMC™ O(TD) O(D)
RW-EHMM O(D)

contrast, the i-CSMC algorithm reduces to a MH (or again to Barker’s) algorithm with an in-
dependent proposal (‘independent’ refers to the fact that the proposed value does not depend
on the current state of the Markov chain) which is known to break down in high dimensions.

If =1 and N > 1, these algorithms can be viewed as a MH (or Barker’s) kernel
with multiple proposals. Such methods were introduced in the seminal works of Tjelme-
land (2004); Neal (2003). Classical optimal scaling results were extended to a closely related
class of MCMC algorithms with multiple proposals in Bédard, Douc and Moulines (2012).

We limit our analysis to the i-RW-CSMC algorithm. However, alternative ways of con-
structing (iterated) CSMC algorithms with local moves are possible. Indeed, our work was
motivated by Shestopaloff and Neal (2018) who proposed the first such algorithm — which,
incidentally, reduces to a MH (or Barker’s) kernel with delayed acceptance (Christen and
Fox, 2005) if N =T = 1. A generic framework which admits the i-CSMC algorithm, the
i-RW-CSMC algorithm, and the method from Shestopaloff and Neal (2018) as special cases
can be found in Finke, Doucet and Johansen (2016, Section 6).

We have recently become aware of Malory (2021, Chapter 4) who independently analyse
arelated class of iterated CSMC algorithms with exchangeable particle proposals that is like-
wise a special case of Finke, Doucet and Johansen (2016, Section 6). Our work distinguishes
itself from theirs by, among others, the following contributions.

1. We provide formal proof that the standard i-CSMC algorithm breaks down in high dimen-
sions, even with backward sampling.

2. Our dimensional-stability guarantees for the i-RW-CSMC algorithm hold even if the state-
space model is dependent over time — Malory (2021) assume that the target distribution
factorises into a product of independent marginals over time.

3. Our methodology and analysis permits a backward-sampling extension which is vital for
performing inference for long time series.

1.3. Contributions and structure. This work is structured as follows.
Section 2 reviews the i-CSMC algorithm and shows that it generalises classical MCMC
kernels with independent proposals. Our main result in this section is the following.

* Proposition 2.2 proves that the i-CSMC algorithm suffers from a curse of dimension in the
spatial dimension D and that this cannot be overcome with backward sampling.

Section 3 introduces the novel RW-EHMM algorithm as a preliminary solution to the
curse-of-dimensionality problem and as a precursor to our proposed i-RW-CSMC algorithm.
It does not employ resampling and therefore requires O(NN?) operations to implement rather
than O(V) iterations. However, we introduce this algorithm here for didactic reasons because
it is simple to understand and shares many features with our main i-RW-CSMC algorithm.
For instance, both algorithms scatter particles around the reference path using the same Gaus-
sian random-walk type proposals which are scaled suitably with D. Our main results in this
section are the following.
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* Proposition 3.2 and Proposition 3.3 prove that the RW-EHMM algorithm has stable accep-
tance rates in high dimensions.

* Proposition 3.4 establishes a non-trivial limit for the expected squared jumping distance in
high dimensions.

* Corollary 3.5 verifies that the number of particles does not need to be scaled with T'.

Section 4 introduces our novel i-RW-CSMC algorithm, shows that it generalises classical
MCMC kernels with Gaussian random-walk proposals, and proves that it avoids the curse of
dimension. Our main results in this section are the following.

* Propositions 4.1 and 4.2 show that the i-RW-CSMC algorithm can be viewed as a ‘per-
turbed’ version of the RW-EHMM algorithm.

* Proposition 4.5 and Corollary 4.6 prove that the i-RW-CSMC algorithm has stable accep-
tance rates in high dimensions.

* Proposition 4.7 establishes a non-trivial limit for the expected squared jumping distance in
high dimensions.

* Proposition 4.8 verifies that, under the additional assumption that the model is independent
over time, without backward sampling, N must grow at least linearly in the time horizon
T'; with backward sampling, NV does not need to scale with 7". We conjecture that this result
holds more generally, i.e. that the ‘factorisation-in-time’ assumption is not necessary.

Additionally, Remark 4.4 explains that whilst the (standard) CSMC algorithm that underlies
the i-CSMC algorithm is inextricably linked to the justification of standard ‘unconditional’
sequential Monte Carlo (SMC) counterpart, no such ‘unconditional’ SMC counterpart exists
for the RW-CSMC algorithm that underlies the i-RW-CSMC algorithm.

Section 5 provides numerical illustration of our theoretical results. Most of our proofs
and further materials can be found in the appendix. In particular, Appendix F extends the
proposed methodology deal with unknown ‘static’ model parameters — either via a particle-
Gibbs type update or via another novel MCMC kernel that is loosely related to correlated
pseudo-marginal methods.

1.4. Notation and conventions. Let ({2,.A,P) be some probability space and denote ex-
pectation with respect to P by E. The symbol N(u, X)) denotes a normal distribution with
mean vector p and covariance matrix X'; 6, is the point mass (Dirac measure) at x. Unless
otherwise indicated, all (transition) densities mentioned in this work are absolutely continu-
ous w.r.t. a suitable version of the Lebesgue measure.

For n € N, we often write [n] :={1,2,...,n} and [n]p:={0,1,2,...,n} and we let 1,, €
R™ and 0,, € R™ be a column vectors of length n whose entries are all 1 and 0, respectively.
The symbol I,, € R™*™ denotes the identity matrix.

Finally, for any N € N, n € [N]o and any h'*Y € RY, and with convention h° := 0, we
define the Boltzmann selection function

exp(h")
1+ 2%21 exp(h™) 7

as well as the Rosenbluth—Teller selection function

(1) W ({RmIN_) =

n m N o N eXp(hn) y ifn e [N]’
(2) " ({h" =) = § 14 21 exp(h™) — 1 Aexp(h™)
L= Y ({1, ifn=0.

To sample from (2), we can propose n € [IN] with probability exp(h™)/ 22:1 exp(h™) and
return n with probability 1 A Zile exp(h™)/ X 1e(N]o\{n} exp(h'); otherwise, we return 0.
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If N =1, these selection functions reduce to the well-known acceptance functions of
Barker’s algorithm (Barker, 1965): ¥ = exp /(1 + exp) and of the MH algorithm (Metropo-
lis et al., 1953; Hastings, 1970): &' = 1 A exp. The following Peskun-ordering type result
(Peskun, 1973) (which follows immediately from the definition) shows that the Rosenbluth—
Teller selection function induces a smaller rejection probability than the Boltzmann selection
function.

LEMMA 1.1.  Forany N € Nand RN € RN, wO({hm}N_ ) > @O ({h™}N_)). N
2. Existing methodology: the i-CSMC algorithm.

2.1. Feynman—Kac model. For the measurable space (E,&) := (RP,B(R)®P), let
M, € P(E) be a probability measure with density m; : E — [0, c0). Furthermore, for ¢ > 2,
let M;: E x £ — [0, 1] be some Markov kernel with transition density m;: E x E — [0, 00).
Furthermore, for ¢t > 1, let G;: E — (0, 00) be strictly positive measurable potential func-
tions. The methods discussed in this work target the following probability measure on
(ET,Da ST,D) = (ET, 5®T)2

T
oy, p(dxp:r) oc M (dx1) G (x1) [ [ Mie(xe-1, dx) G (x1).
=2

EXAMPLE (state-space model). Let (X¢, Y¢):>1 be a Markov chain on a space E x F
with initial distribution M (dx; )H; (x1, dy1) and transition kernels M (x;—1, dx; ) Hy (x¢, dyy).
Assume that for each time ¢ € [T'], we observe a realisation y; € F of Y, but X; is unob-
served (‘latent’). We are then typically interested in computing (at least approximately) the
posterior distribution of the latent ‘states’ X;.7, often called the joint smoothing distribution:

wr p(dx1.r) =P(X1.r € dx1.7|Yir =yi7).

Such a model, called state-space model or (general-state) hidden Markov model, can be
viewed as a Feynman—Kac model by considering the observed values yi.7 to be ‘fixed’ (so
that they can be dropped from the notation) and assuming that G¢(x;) = hy(x¢,y¢), where
h,(xy, - ) is a density of H;(xy, - ) w.r.t. to a suitable dominating measure. <

Such models are routinely used in a wide variety of fields (Cappé, Moulines and Ry-
dén, 2005). Unfortunately, with the exception of a few special cases (e.g. state-space models
that are both linear and Gaussian) the distribution 77 p is typically intractable and must be
approximated, e.g. using MCMC methods. It is therefore crucial to design 77 p-invariant
MCMC kernels that can efficiently deal with long time horizons (large T°) and large ‘spatial’
dimension (large D) both of which are nowadays often found in the models of interest to
practitioners (see, e.g., Van Leeuwen, 2009; Cressie and Wikle, 2015).

2.2. Description of the algorithm.

2.2.1. Basic algorithm. In the remainder of this section, we review the iterated condi-
tional sequential Monte Carlo (i-CSMC) algorithm. For the moment, assume that the ‘spa-
tial’ dimension D is fixed (and not too large). For such scenarios, the i-CSMC algorithm
(Andrieu, Doucet and Holenstein, 2010) has become a popular way of constructing an effi-
cient 7wy p-invariant Markov kernel. Specifically, the algorithm employs a collection of N
particles to construct a proposal for the entire state sequence sequentially in the ‘time’ di-
rection. Compared to updating the latent state sequence via an independent MH kernel, this
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strategy brings down the computational complexity from O(e”) to at most O(T') and thus
avoids a curse of dimension in the time horizon 7.
For any ¢ € [T] and any x;.7 € E7 p, define

wi(x¢) == log Gy(xy).

The [th update of the i-CSMC scheme is then outlined in Algorithm 1, where we use the con-
vention that any action described for the nth particle index is to be performed conditionally
independently for all n € [N]. We also use the convention that any quantity with time index
t < 1is to be ignored, e.g. so that M (zy, - ) = M (-).

ALGORITHM 1 (i-CSMC). Given x1.7 :=x1.7[l] € E7 p.

1. Forte [T,
a) ift>1,
i. set AY [ =a) =0,
ii. sample A} | =aj ; € [N]o with probability

g/a?’l({wtfl(zﬁl) - Wtfl(zg—ﬂ %:1) =

n
ap_q

b) set Z9 = z) := x; and sample Z7 =z ~ My(z,' 7', - ).
2. Sample K7 = kp € [N]y with probability

W ({wr(2f) — wr(29) h_1) =

Gi1(z,})
S o Gio1(Z)

9

Gr(2i7)
Y h_oGr(zp)

3. Set Ky =ky==ay ™ fort=T—1,...,1.
. . k1 kr

4. Set X|.p =x).p = (z7",....27").

5. Return xq.7p[l + 1] =% 1.

Step 1 of Algorithm 1 which a) performs (conditional) multinomial resampling by draw-
ing the ancestor indices A}'; and b) generates the particles Z}, is known as the conditional
sequential Monte Carlo (CSMC) algorithm.

The following running example illustrates how the algorithms discussed in this work re-
duce to versions of well known classical MCMC kernels if N =T = 1.

EXAMPLE (classical MCMC kernels). If T'=1 and N = 1, the target distribution is
given by 1 p(dx;) oc M (dx1)G1(x1) and Algorithm 1 proposes Zi = z} ~ M; and ac-
cepts this proposal as the new state of the Markov chain with probability

Zl
vl (wi(zi) — wi(z])) = Gl(zgli gl(Z%)’
0 _

where zj = x;. This can be recognised as a version of Barker’s kernel (Barker, 1965) with
independence proposal M; (in the sense that the proposed state does not depend on the
current state). <

EXAMPLE (multi-proposal MCMC kernels). If 7'=1 but N > 1, Algorithm 1 (termed
conditional sampling—importance resampling in Andrieu, Lee and Vihola 2018) reduces to
an MCMC algorithm with multiple proposals (all being independent of each other and of
the current state of the Markov chain). Multi-proposal MCMC algorithms were introduced
in Neal (2003); Tjelmeland (2004); Frenkel (2004); Delmas and Jourdain (2009); Yang et al.
(2018); Schwedes and Calderhead (2018) analyse Rao-Blackwellisation strategies for re-
using all N proposed samples to estimate expectations of interest. <

2.2.2. Extensions.



CONDITIONAL SEQUENTIAL MONTE CARLO IN HIGH DIMENSIONS 7

Forced move. To reduce the probability of sampling K7 = k7 = 0 in Step 2 of Algorithm 1
(and hence improve the i-CSMC kernel in the Peskun order — see Lemma 1.1) Chopin
and Singh (2015) proposed to replace the Boltzmann selection function in Step 2 by the
Rosenbluth-Teller selection function, i.e. instead sample K1 = kr 7% 0 with probability

Gr(zar)
Y1 Gr(#f) — Gr(z5?) A Gr(47)
This so called forced move approach can be recognised as an application of the modified

discrete-state Gibbs sampler kernel from Liu (1996). See also Tjelmeland (2004) for an
iterative algorithm for optimising the selection function.

Fr ({wr(2) — wr(z3) ) _)) =

EXAMPLE (classical MCMC kernels, continued). With the forced-move extension,
Step 2 of Algorithm 1 accepts Z} = z ~ M with probability
Gi(z})
Gi(z])’

o' (w1(z1) — wi(z])) = 1A

where z! = x;. This can be recognised as a version of an independent MH kernel (Metropolis
et al., 1953; Hastings, 1970). <

Backward sampling. Steps 2 and 3 of Algorithm 1 sample a final-time particle index K
and then trace back its ancestral lineage. This limits the new state x1.7[l + 1] to one of the
N + 1 particle lineages generated under the CSMC algorithm in Step 1 which often coalesce
with the old reference path x;.7[l]. To ensure good mixing, we must therefore control the
probability of such coalescence events by growing N linearly with T'. This can be costly if
T is large. To circumvent this problem, the backward-sampling extension (Whiteley, 2010)
instead samples K; = k; € [N]o in Step 3 with probability
k: ke ki
TE (v (2], 2y ) — vi(2l, 2y N ) = NGt(Zt il ’Ztﬂ,z ;
2 m=0 Ge (2" )mpy1 (27", 2,17)

fort=1T —1,...,1, where we have defined
Vi(Xpt+1) = Wi (xe) + log my (X, Xe41).-

Lee, Singh and Vihola (2020) show that backward sampling allows us to keep /N constant
in T thus reducing the complexity of the algorithm from O(T") to O(1). A closely related
method, ancestor sampling, was proposed in Lindsten, Jordan and Schon (2012).

Further extensions. Step | of Algorithm 1 proposes particles from the ‘prior” M (x;—_1, - )
and draws the parent indices A} ;| via (conditional) multinomial resampling. Other proposal
kernels (Doucet, Godsill and Andrieu, 2000), other resampling schemes (Douc, Cappé and
Moulines, 2005) or even auxiliary particle filter ideas (Pitt and Shephard, 1999; Shestopaloff
and Doucet, 2019) could be employed. However, since none of these extensions overcome
the curse of dimension proved below, we refrain from including them here to keep the pre-
sentation simple.

2.2.3. Induced wr p-invariant Markov kernel. Given X 1.7 = x1.7 = x1.7[l], let

N !
]PT,D,XLT (dZ];T X dalzT_l X dkl;T X dxl:T)

be the law of all the random variables (Zq.7, A1.7—1, K 1;T,X’1:T) generated in Steps 1-4
of Algorithm 1 (with or without the forced-move extension and with or without backward
sampling). Appendix B.1 gives a formal definition of this law.



Let E¥ D.x,., denote expectation w.r.t. IP’T Dx,.- Algorithm 1 induces a Markov kernel

PT,D(X1:T7 dx}.p) = ET Dx1.1 [{X.r € dx}.r}],

for (x1.7,dx).;) € Ex p X Er p. The following proposition shows that this Markov kernel
leaves 7 p invariant. It was proved Andrieu, Doucet and Holenstein (2010) for the ba-
sic algorithm and in Chopin and Singh (2015); Whiteley (2010) for the forced-move and
backward-sampling extensions. For completeness, we provide an alternative, simple proof in
Appendix B.2.

PROPOSITION 2.1.  Forany N,T,D €N, wr pPY , = 77 p. <

For any ¢ € [T], we call

afZ]Y,D,xl;T (t) JJYD JX1.T [H{Kt 7é 0}]

the acceptance rate at time t associated with Algorithm 1. This name is justified because
K; =0 in Algorithm 1 implies x; = x¢, i.e. x¢[l + 1] = x¢[l].

2.3. Curse of dimension.

2.3.1. High-dimensional regime. 'We now prove that the i-CSMC algorithm suffers from
a curse of dimension. This is established for a special case of the Feynman—Kac model from
Section 2.1 which factorises into D independent and identically distributed (IID) ‘spatial’
components. Most other theoretical results in this work will be established under this regime.
However, we stress that none of the algorithms discussed in this work are limited to this IID
setting.

A1l The mutation kernels and potential functions factorise as

D

M (x;-1,dx;) = [ [ Me(2i-1,0,dwea) and  Gy(xy) HGt Ttd)s
d=1

with the convention that any quantity with time index 0 is to be ignored and where

* x; =14 1.p € E, recalling that (E, £) = (R, B(R)®P);

* M; € P(R) is a probability measure with density m;: R — [0,00) and, for ¢ > 2,
M;: R x B(R) — [0,1] is a Markov kernel with transition density m;: R? — [0, 00);

* Gy: R—(0,00) is a strictly positive and measurable potential function. N

Thus, under A1, 7wy p = 77%? D with the following probability measure on R”:

T
mr(dayr) oc My (dar )G (@) [ [ Mi(we—1, dae) Ge ().
t=2

2.3.2. Convergence to a degenerate limit. 'We now show that in high (‘spatial’) dimen-
sions, the law of genealogies under the i-CSMC algorithm converges to limit that is degen-
erate in the sense that all particle lineages immediately coalesce with the reference path so
that all acceptance probabilities are zero. Once could naively hope that backward sampling
circumvents this problem because it draws a new reference path that is not confined to one
of the V + 1 surviving lineages. Unfortunately, our analysis shows that backward sampling,
too, returns the old reference path in high dimensions. Typical behaviour of the genealogies
is illustrated in Figure 1.
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Low dimensions Moderate dimensions High dimensions

6 6__ 6__ 6 6 6 6 6 6 6 6 6 6
Z1 #7737 2747 73 Z1 7273 Z4/Z5 Z1 %2 Z3 74 Zj
z? zg zg/zi<zg z‘;) zg 'zg zi—zg Z“;) zg zg zi g
4 4 4 4 4 47 4 4 fa 4 4 a4 a4 4
2] %27 2374 Z3 Zy 0z Zz 24 Z3 Z1 %y 73 2y 5
2 2 2 27 2 2 2 o2 )2 DISERND RE N 2
z1\22_/Z3 z4\25 21 %2 23 [ 24 /)25 D R EOR Z5
. 1 1 1 1 TS AR U AR | 1 1 1
1 zy 723 %4 Z5 Zy. 2k 2 B /z5 zy 5
B L A 2

(a) Without backward sampling.

Low dimensions Moderate dimensions High dimensions
R e T I R B I B B A
5 5 .5 5__.5 5 5 5 57 5 i o5 .5 5
Zy. oz Z3 Z4\zs 21 . %2 230 24725 z3 2 5
4 4 4 4 4 4" 4 4 4 4 L4 o4 4
Z] 72T 237774 Z3 Zy 0z Z3 24 Z5 23 2y 5
3 3 3 3 3 3 3 .3 /.3 3 R B | 3
zyEy Z3 z4/25 Z1  Z2 23 ['Z4  [Z5 B3 24 )25
2 2 2 27 2 2 2 . 2 2 S22 2
zl\ZQ_/Z?J Z4\Z5 Zl »Z2 c. Z3 : 4 Z5 Z3 Z4 Z5
1 1 1 1 1 1o 1A 1 1 1 R ERR | 1
z z z z z Zy . Zo Zogf- z o Zg 2 z
L 2 .78 T 5 Lol T2l B R T U S
0__,0-_ 0 __0__0 0,0 0. 0Z_0 0. 0.0
Z1T Z2T Z3T 24T Z3 Z] T Z2T Z3TZ4T %y 23724725

(b) With backward sampling.

F1G. 1. Breakdown of the i-CSMC algorithm in high dimensions. Black lines represent parti-
cle lineage induced by the algorithm, i.e. a line connects z}" ; and z}" iff @}’ ; = m. Solid lines
(—) represent the surviving lineages at time 7' = 5. Dotted lines () represent lineages that
have died out. The red line (- ) represents the old reference path x1.7[l] = (29, ..., 2%). The

blue line (=) represents the new reference path x1.7[l + 1] = (z3",...,25).

The degenerate limit of the law of the genealogies and the indices of the new reference
path under the i-CSMC algorithm is the law IP’¥ (day.7—1 x dky.7) which deterministically
sets all ancestor indices and all indices of the new reference path to 0. More formally,

P (dar—1 x dkir) =85 VT gy 0y dbyr).

We let E¥ denote expectation w.r.t. this law. The proof that the law of the genealogies and
new reference path indices indeed converges to this trivial limit will be given below in Propo-
sition 2.2 which relies on the following assumptions, where [E denotes expectation w.r.t.
Xq.7 ~ mp and where

ryr = Ellog G¢(Xy)] — Eflog My(Gy)(X¢-1)],
by = E[log G¢(Xy) + logmey1(Xe, Xev1)] — Ellog My(Gemuya (-, Xig1)) (Xe—1)]-

A2 lnfte[T} Tt|T = ET > 0 <
A3 infte[T,l} bt|T = bT > 0. <

Assumptions A2 and A3 are not restrictive: a) they do not depend on multiplication of G,
by some positive constant; b) they automatically hold if the model factorises over time (see
Assumption A4 in Section 4.2.3) unless the potentials GG; are almost-everywhere constant;
¢) Appendix B.3 shows that they hold even in a simple linear-Gaussian state-space model.

We now state our first main result, Proposition 2.2 (proved in Appendix B.4), which shows
that in high dimensions, all particle lineages coalesce immediately with the reference path un-
less in number of particles, N + 1, N = N (D) grows exponentially in the spatial dimension
D — even with the backward-sampling or forced-move extensions. Let || - | denote the total
variation distance.
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PROPOSITION 2.2 (curse of dimension). Let T € N. Assume Al and A2 (as well as A3 if
backward sampling is used) and write

A7 poxrr = |[B2 Do { (Ar:r—1, K1.7) € -} = EXY [I{(Aver—1, K1.r) € - |-
Then there exists a family Fr p € Ep p with limp_,o 77 p(Fr,p) =1 and

logN =0(D) = limp_e SUDx, . cFy b dﬁD,XLT =0. N

An immediate consequence of Proposition 2.2 is the following corollary which shows that
all acceptance rates vanish in high dimensions.

COROLLARY 2.3. Under the assumptions of Proposition 2.2 and with the same sets
Frpe&rp, foranyte[T]:

logN=0(D) = limp_ SUDy, ,cFy p aij\{D,xlzT(t) =0. 4
3. Simplified dimensionally stable methodology: the RW-EHMM algorithm.

3.1. Description of the algorithm. Our novel i-RW-CSMC algorithm will be presented
in the next section. To ease the exposition, we first — in this section — introduce another
novel algorithm, the random-walk embedded hidden Markov model (RW-EHMM) algorithm
which is a simplified version of the i-RW-CSMC algorithm and is likewise stable in high
dimensions. However, the implementation of a single RW-EHMM update requires O(N?T')
operations whilst a single i-RW-CSMC update only requires O(/NT") operations.

3.1.1. Basic algorithm. The RW-EHMM algorithm proposed in this section also induces
a v, p-invariant Markov kernel. It can viewed as an instance of the embedded hidden Markov
model (EHMM) methods from Neal (2003); Neal, Beal and Roweis (2004) which are closely
related to iterated CSMC methods with backward sampling as explained in Finke, Doucet
and Johansen (2016). The main difference between iterated CSMC and EHMM methods is
that the former use resampling steps to permit implementation in O(/N'T") operations wheras
the latter typically require O(N2T') operations.

The [th update of the novel RW-EHMM scheme is outlined in Algorithm 2 where we
use the convention that any action described for the nth particle index is to be performed
conditionally independently for all » € [N] and any action described for the dth ‘spatial’
component is to be performed conditionally independently for all d € [D].

ALGORITHM 2 (RW-EHMM). Given x;.7 = x1.7[l] € E7 p.
1. Fort € [T]: set Z) = zY := x,;[I] and sample Z}¥ = z*" as follows:
a) sample U} ~N(0, ),

b) set 27y = 2y + \/t/ DUy,
c) setz = zy.p.

2. Sample K1.7 = k.7 € [N]§ with probability

kl k’T
iy z A
¢r(zir, {kir}) = rolers L £ Iy
) ) ( 3 . ) le:Te[N]OT mr.p(2ys. .., 27)
3. Set X{.p =x].p=(z7",...,27).

4. Return x1.7[l + 1] == Xll:T‘

Step 1 of Algorithm 2 scatters particles around the reference particle z) = x; by adding
correlated Gaussian noise independently in each dimension d € [D]:

3) (Z&d,,Zﬁl)TNN(lNZ?’d,%E)a
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where 1 is a vector of 1s of length /N and where

o V= %(1 ~1% +1y) is an (N x N) covariance matrix with 1 on the diagonal and % ev-
erywhere else which governs the correlation between (univariate spatial components of)
different particles,

e {; > 0is some scale factor that governs how far (on average) particles are scattered around
the reference path.

This proposal was introduced by Tjelmeland (2004) who noted that

* the marginal distributions of individual particles are simply Gaussian random-walk moves
with variance /;/D, i.e. Z} ~ N(z, DID) for n € [N];
¢ (3) can be viewed as first samphng anew ‘centre’ Z! td = zt a~ N(z? & 2%) and then sam-

pling Ztld,.. ZN ~ N( gd,;—b)'

o
1L / 0 ¢
/ (2; th’@ [HNthv va]dZ = (th ANz g, tE)
—0o0

Other types of ‘local’ proposals (i.e. not necessarily based on Gaussian random walks) could
be used. However, we limit our analysis to this particular structure because it is symmetric
in the sense that its density cancels out in the selection functions More formally, letting A

denote a sultable version of the Lebesgue measure, z; ;' = (20 5 d, zf 7 l,zfjl, ; zﬁi)
andz, " = (z,7",..., 2, ), the proposal StD zp,dz; ") = dzt g, 1Nth» 5‘2) in-
duced by Step 1 of Algorlthm 2 satisfies:

4) )\(dzt)S (2], dz; 7)) = A(dzf) S (zf, dz; ¥, for any j,k € [N]p.

3.1.2. Implementation in O(N>T) operations. Even though Step 2 of Algorithm 2 re-
quires sampling from the distribution {7(z1.7, -) whose support is (N + 1) -dimensional,
Neal (2003) recognised that this can be achieved in O(N?T) operations as follows:

1. Forward filtering. Fort =1,...,T, compute (with convention w( = 1):
N

wi
o) wit =Y mu(z) 7)) Ge(zp).
=0 210 Wi_1
2. Backward sampling. For t =T, ... 1 (with convention mp,; = 1), sample K; = k; €
[N]o with probability " vk
(6) Wy mt“(zt*,ztrf)

N k
Zn o Wt fmy g (z aztrll)

To provide additional intuition for these recursions, Appendix A shows that the particles Zi.7
“discretise” the model into an (N 4 1)-state HMM and that (5) and (6) can be viewed as
the forward-filtering and backward-sampling recursions that sample from the joint posterior
distribution of the states under this HMM.

3.1.3. Induced wr p-invariant Markov kernel. Given X 1.7 = x1.7 = x1.7[l], let
ﬁé\{D,xl;T (dzl:T X dklzT X dx,l:T)?

be the law of all the random variables (Zq.7, K7.7, X’LT) generated in Steps 1-3 of Algo-
rithm 2. Appendix C.1 gives a formal definition of this law.
Let EYJY D.x,., denote expectation w.r.t. Pé\{ D x,..- Algorithm 2 induces a Markov kernel

SN TN

P7 p(x1:1, dxy.p) = E7 D xyr [{X.r € dx).7}],
for (x1.7,dx).;) € Er,p x €1 p. The following proposition shows that this Markov kernel
leaves 7vr p invariant.
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PROPOSITION 3.1. For any N,T,D €N, mp pPY |, = mr p. <
As in Neal (2003); Neal, Beal and Roweis (2004) this can be proved by noting that Algo-

rithm 2 (in a slightly generalised form outlined at the beginning of Appendix C.1) targets the
extended distribution:

~

7TTD(dX1 T X dkl T X dZ1 T) = TFTD(dxl T) Unlf[N dkjl T H(SXt Zt Zt, dz;kt),
t=1

where Unif 4 is the uniform distribution on a set A. Step 1 of Algorithm 2 then samples from
77 p(dz1.7|x1.7, k1.7) while Steps 2 and 3 jointly sample from 77 p(dxi.7 x dk1.7|21.7).
For completeness, we give a more concise proof in Appendix C.2.

We stress that Proposition 3.1 does not require the high-dimensional regime from Assump-
tion A1. That is, Algorithm 2 induces a valid (i.e. w7 p-invariant) Markov kernel even if the
model does not factorise into D IID components.

3.2. Stability in high dimensions. We now show that the RW-EHMM algorithm is stable
in high dimensions. For the analysis, we assume the regime from Assumption A1l.

3.2.1. Non-degenerate limiting law of the particle indices. In the following, we show
that as as D — oo, the law of the particle indices of the new reference path, K., un-
der the RW-EHMM algorithm converges to a limit which is non-degenerate in the sense
that the acceptance probabilities are strictly positive at each time step. Using the conven-
tion that ¢ denotes the ith derivative w.r.t. z; and with 9, := 9}, as well as with 77 () ==
fRT (x1.7)mr(21.7) doy.7, for any mp-integrable function ¢ : R — R, we make the fol-
lowing moment assumption.

B1 The density 7 is twice continuously differentiable and for any s, t € [T,
* 050, log mr is Lipschitz-continuous and bounded,
o (|0t log mp|*) < o0. N

Hereafter, we assume B1. The limiting law of K7.7 (proved below) is then given by

T

PY (dvy.r x dki7) {HN dvtaﬂt|T72tT):| Hwk’({v? m=1)-
=1

Expectations w.r.t. E~D¥ are denoted by IE¥ . This law is defined through N-dimensional Gaus-
sian random vectors V; = VtLN which are such that Vs and V; are independent whenever
s # t and with mean vector and covariance matrix

E[Vt] = _%EtIﬂTlN = ﬂt|T7 and var[Vt] = ftIﬂTE = §t|T7
where by Lemma D.7 in Appendix D.6,
Tyr = ([0 log 77]?) = = (0% log 7p).

3.2.2. Convergence to the non-degenerate limit. 'The following proposition (whose proof
is a simpler version of the proof of Proposition 4.5 in Section 4 and is therefore omitted)
shows that in high dimensions, the law of the indices K;.7 under the RW-EHMM update
specified in Algorithm 2 converges to a limit that is non-trivial in the sense that the events
{K: # 0} have positive probability. Again, || - || is the total variation distance.
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PROPOSITION 3.2 (convergence of the law of the particle indices). Let T, N € N, assume
Al as well as B1, and write

47 poxrw = |[ET s K1 € -} = BY [{ K1 € -}
Then there exists a family Fr p € Ep p withlimp_,o 77 p(Fr,p) =1 and

: N
limpo0 SUPx,.+€Fr p deD’xl:T =0. <

The following proposition (proved in Appendix C.3) shows that the acceptance rate at any
time ¢ associated with Algorithm 2,

dYJY,D,xl:T (t) = EYJ\J,D,XLT []I{Kt 7£ O}L
converges to a strictly positive limit
oy (t) = B [I{ K, #0}).

Note that the acceptance rates and their limits depend on ¢1.7 even though we do not make
this explicit in our notation.

PROPOSITION 3.3 (dimensional stability of the acceptance rates). Assume Al and BI.
Then for T,N €N, t € [T] and Fr.p € Er,p as in Proposition 3.2,

1lrrlD—)OO SupxerEFfLD ’d’JJY,DJ(LT (t) - d,ljy (t)’ = 0’

exp(6Zyr)\ "
1+ — .
( + N >0 <

Of course, stabilising the acceptance rates in high dimensions is not sufficient for avoiding
a breakdown. A widely used criterion for assessing the performance of MCMC algorithms is
the expected squared jumping distance (ESJD) (Sherlock and Roberts, 2009), which (for the
time-f component in Algorithm 2) is given by

ESIDY p(t) = E[|| X[l + 1] — X[1]|[3],
where || - [|2 denotes the Euclidean norm and where X;.7[{] is the /th state of the Markov

chain with transition kernel P% p at stationarity. The following proposition (proved in Ap-
pendix C.3) shows that the ESJD is also stable in high dimensions.

where
ag (t) >

PROPOSITION 3.4 (dimensional stability of the ESID). Assume Al and Bl and let
T,N € N. Then, for any t € [T,

lim e [ESTDY 1 (£) — 4,65 (1)| = 0. A

3.2.3. Stability as T' — oo. An immediate consequence of Proposition 3.3 is the fol-

lowing corollary which shows that the limiting acceptance rates d¥ (t) are guaranteed to be

bounded away from zero as 7" — oc.

COROLLARY 3.5 (time-horizon stability of the acceptance rates). Assume Al, BI and
that Z({) == suppey supsep) ULy < 0o. Then, for any N € N,

L )\
finf @ > (14 SPEON 4
Jf nf o ( )—< LA A A

REMARK 3.6. Proposition 3.4 makes it clear that the ESJD is also stable under the addi-
tional assumption that inf;> ¢; > 0. 4
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4. Proposed dimensionally stable methodology: the i-RW-CSMC algorithm.
4.1. Description of the algorithm.

4.1.1. Basic algorithm. In this section, we introduce our novel iterated iterated random-
walk conditional sequential Monte Carlo (i-RW-CSMC) algorithm which induces an alterna-
tive v p-invariant Markov kernel. We also prove that the algorithm overcomes the curse of
dimension suffered by the existing i-CSMC approach. The proposed algorithm scatters parti-
cles locally around the reference path in the same way as the RW-EHMM method introduced
in the previous section. However, recall that this algorithm required O(/N2T') operations per
iteration for fixed dimensions D. In contrast, the algorithm proposed in this section uses re-
sampling steps to ensure that a single update can be implemented in O(/N'T) operations as in
the standard i-CSMC approach.

For any t € [T] and any x;.7 € E7 p, we define

Wi (X¢—1:¢) = logmy(x;—1,%¢) +1log G¢(x¢),
with the convention that any quantity with time index ¢ < 1 is to be ignored. The /th update of
the novel i-RW-CSMC scheme is then outlined in Algorithm 3 where we use the convention
that any action described for the nth particle index is to be performed conditionally inde-

pendently for all n € [N] and any action described for the dth ‘spatial’ component is to be
performed conditionally independently for all d € [D].

ALGORITHM 3 (i-RW-CSMC). Given x1.7 :=x1.7[l] € E7 p.

1. Fort e [T):
a) ift>1,
i. set A9 | =a) =0,
ii. sample A} | =a}" | =1 € [N]o with probability
s !
— o = my (2,52 1)Gi1(2;1)
V(Wi (2,25, 200) = W1 (2,2 ) b)) = —
D om—o Mi-1(2, 5,27 1) G (2" )
b) set ZY = z? = x; and sample Z}'V = z}'" as follows:
i. sample U}}¥ ~N(0, %),
ii. set 2y = Z?,d + \/WU{fd,

ne o n
1l set zy ‘= 2y q.p-

2. Sample K7 = kr € [N]o with probability .
kr (& ar_i _m = 0 0\ N mT(Z;T:ll’ ZI%T)GT(Z];’T)
v ({WT(ZT—DZT) _WT(ZT—laZT)}m:I) = ZN ( a7, m)G ( m)
_oM7\ZH_+,Z T\Z
3. Set K, =k =a* fort=T—1,...,1. m=0 e T
4. Set X! =x1.0 = (zlfl,. .. ,z?T).

5. Return xy.7[l + 1] == Xll:T'

Step 1 of Algorithm 3 which a) performs (conditional) multinomial resampling by drawing
the ancestor indices A}'; and b) generates the particles Z} by scattering them around the
reference particle z) = x; in the same way as Algorithm 2, will be referred to as the random-
walk conditional sequential Monte Carlo (RW-CSMC) algorithm.

Step 2 samples a final-time particle index K7 = kp with probability proportional to the
krth particle weight at time 7" and Step 3 traces back the associated ancestral lineage.

The following proposition (proved in Appendix D.2) shows that the i-RW-CSMC algo-
rithm can be viewed as a ‘perturbed’ version of the RW-EHMM algorithm. To our knowledge,
this insight is novel.
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PROPOSITION 4.1. The combination of Steps la, 2 and 3 of Algorithm 3 induces a
&r(z1.7, - )-invariant Markov kernel. <

To provide additional intuition, Appendix A shows that the particles Zq.r “discretise”
the model into an (N + 1)-state HMM and that the Markov kernel from Proposition 4.1
can be viewed running a slightly non-standard CSMC algorithm to target the joint posterior
distribution of the states in this HMM.

We continue the running example from Section 2 which shows that the algorithms analysed
in this work reduce to versions of well known classical MCMC kernels if N =7 =1.

EXAMPLE (classical MCMC kernels, continued). Algorithm 3 propoes Zi = zi ~

N(z9, % S1p), where z§ = x1[I], which is then accepted as the new state of the Markov chain

with probability

7 _ m; (z1)G1(z])
wl w1 7! — Wi z9)) = 1 1 .
(1) =) = o )G (af) + (]G ()
This can be recognised as Barker’s kernel (Barker, 1965) with a Gaussian random-walk pro-
posal. Note that the symmetry property from (4) ensures that the proposal density cancels out
in the acceptance probability. N

EXAMPLE (multi-proposal MCMC kernels, continued). For N > 1 and T' = 1, Algo-
rithm 3 is again a special case of a class of MCMC algorithms with multiple proposals
(Tjelmeland, 2004). Related algorithms were analysed in Bédard, Douc and Moulines (2012);
Bédard and Mireuta (2013) who also proved scaling limits in high dimensions. <

4.1.2. Extensions. The extensions discussed for the standard CSMC algorithm in Sec-
tion 2.2.2 can be used for the i-RW-CSMC algorithms with only minor modifications.

Forced move. To use the forced-move approach, we simply replace the Boltzmann selection
function by the Rosenbluth—Teller selection function in Step 2 of Algorithm 3.

EXAMPLE (classical MCMC kernels, continued). With the forced-move extension, Al-
gorithm 3 proposes Z1 = z! ~ N(z, &41p), where z{ = xI], which is then accepted as the

new state of the Markov chain with probability

This can be recognised as a MH kernel (Metropolis et al., 1953; Hastings, 1970) with a
Gaussian random-walk proposal. Again, the symmetry property from (4) ensures that the
proposal density cancels out in the acceptance ratio. N

Backward sampling. To employ backward sampling, we sample each particle index K; =
k¢ € [N]o in Step 3 of Algorithm 3 with probability

e . L
vk ({9y(2," ), 2" ,thf) Vi(z) 120,27 ) b het)
k. _k
(7) mt(zt 1’Zt )Gt( )mt-i-l(zt aztj:ll)
N 2 k
> m=0 mt(zt—lvzt )G (z]")my i1 (21" 7thf)
where

Vi(Xp—1:441) = Wi (Xp—1:¢) + logmy 1 (x4, Xg41)-
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The following proposition (proved in Appendix D.2) shows that when backward sampling
is used, the i-RW-CSMC algorithm can again be viewed as a ‘perturbed’ version of the RW-
EHMM algorithm. To our knowledge, this insight is novel.

PROPOSITION 4.2.  Proposition 4.1 remains valid if backward sampling is used, i.e. the
combination of Steps la, 2 and 3 of Algorithm 3 again induces a &r(zy.7, - )-invariant
Markov kernel. N

Again, Appendix A shows that the Markov kernel from Proposition 4.2 be viewed running
a slightly non-standard CSMC algorithm with backward sampling to target the (/V + 1)-state
HMM mentioned above.

4.1.3. Induced 7 p-invariant Markov kernel. Given X ;.7 = x1.7 = X1.7(l], let
Iﬁé\{D,xl:T (le:T X dalzT_l X dk‘lzT X dX/l:T)

be the law of all the random variables (Z.7, A1.7—1, KLT,X'LT) generated in Steps 1-4
of Algorithm 3 (with or without the forced-move extension and with or without backward
sampling). Appendix D.1 gives a more formal definition of this law.

Let IE¥ D.x,., denote expectation w.r.t. F’% D x,..- Algorithm 3 induces a Markov kernel

13¥,D(X1:T7 dx}.p) = E?{D,xm [{X.r € dx}.r}],

for (x1.7, dX/LT) € Erp x Er,p. The following proposition shows that this Markov kernel
leaves 7 p invariant. It can be proved by interpreting the i-RW-CSMC kernel as a special
case of the generic iterated CSMC approach described in Finke, Doucet and Johansen (2016).
For completeness, we provide a simple proof in Appendix D.2.

PROPOSITION 4.3.  Forany N,T,D €N, wr pPY , = 77 p. <

We stress that this proposition does not require the high-dimensional regime from As-
sumption Al. That is, Algorithm 3 induces a valid (i.e. w7 p-invariant) Markov kernel even
if the model does not factorise into D IID components.

REMARK 4.4. As explained in Andrieu, Doucet and Holenstein (2010), the (standard)
CSMC algorithm is closely linked to the justification of a corresponding ‘unconditional’
SMC algorithm. However, for the RW-CSMC algorithm, no such ‘unconditional’ SMC coun-
terpart exists. We expand on this in Appendix D.3. N

4.2. Stability in high dimensions. In this section, prove that the i-RW-CSMC algorithm
is dimensionally stable. Throughout this section, we assume that the model follows the high-
dimensional regime from Assumption A1. Such assumptions are common in the literature on
optimal scaling (Roberts, Gelman and Gilks, 1997). However, we stress that the algorithm is
agnostic to this structure, i.e. it does not exploit the fact that the target distribution factorises.
We thus expect such results to hold more generally.

4.2.1. Non-degenerate limiting law of the genealogies. In the following, we show that as
as D — oo, the law of the genealogies (and the indices of the new reference path) induced
by the i-RW-CSMC algorithm converges to a limit that is non-degenerate in the sense that
the particle lineages do not necessarily coalesce with the reference path (and, likewise, the
indices of the new reference path do not necessarily coincide with those of the old reference
path). Define

wy = log Gy + log my,
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with the convention wTH = 0. We again use the convention that 9} denotes the ith derivative
w.r.t. 2; and with 9 := 9}, and we write 77 (y) fRT o(z1.7)mr(x1.7) dzy., for any mp-
integrable function ¢ : RT — R. With these conventions, we make the following moment
assumptions which are similar to the assumptions in Bédard, Douc and Moulines (2012), and
which are assumed to hold for any ¢ € [T].

C1 w; is twice continuously differentiable and
s 02wy, at?wm, 0¢O¢+1wWry1 are Lipschitz-continuous and bounded,
o 7TT(|8t7I1t|4),7TT(|8t7I1t+1|4) < Q. <

Before stating the result, we define a law I@g(dvlq X dwy.p X day.p—1 X dky.7). This is a
joint distribution of random variables (Vy.7, Wi.p, A1.7—1, K1.7), where A1.p—1 and Ky.p
are collections of ancestor and particle indices as in the fixed-dimensional case and where
Vi = V5NV and W, := W'V are each N-dimensional Gaussian vectors which are such that
(Vs, Ws) and (V4, W;) are independent whenever s # ¢ and such that

el V| Z1y T (0Fwy) 1y
Wt t wT(afth)lN

—2
and, recalling that ¥ = (I + 1x17%),

Vil _ mr([Ovwe)2) Y wr([0vwd)[0re 1)) X =
r {Wt] =4 [WT([at@t][at@t+1])E WT([atU_]t-i-ﬂz—SE } = Zt|T.

:| = ﬁt|T>

We will also use the convention that V.0 = W = 0 for any ¢ € [T] and W} = 0 for any
n € [N].
Note that under Assumption C1, by Lemma D.7 in Appendix D.6,

Zyjr = ([0 log m)?) = —7p(0? log T7)
=var[V" + W'/, = 2E[V}* + W['|/; < 0.

We are now ready to state the limiting law of the genealogies. Throughout, we assume
C1. Then we can define the law P?(dvlgﬂ x dwy.p X day.p—1 X dky.7) by the following
sampling procedure (a formal definition is given in Appendix D.4).

1. For t € [T, sample (V;, Wy) = (vg, wi) ~ N(figr, Xyr).
2. Forte [T —1],
a) set AY =af =0,
b) sample A} =a} =1[¢€ [N]o with probability ¥ ({v" —|—wt N_.), independently

for n € [N].
3. Sample K7 =kr € [ Jo with probab111ty whr ({om + waT SN_D.
4. Fort=T—1,...,1,set K; =k, —att“.

As usual, if we use the forced-move extension, we must replace ¥" by " in Step 3. Like-
wise, if we use backward sampling, we must instead sample K; = k; € [N]p with probablhty
k(Lo 4w 4w, YN _,) in Step 4. Hereafter, EYY denotes expectation w.r.t. PY

4.2.2. Convergence to the non-degenerate limit. Proposition 4.5, proved in Appendix D.5,
shows that in high dimensions, the law of the genealogies and the indices of the new refer-
ence path under the i-RW-CSMC update specified in Algorithm 3 converges to the limiting
law specified above. Here again, || - || denotes the total variation distance.

PROPOSITION 4.5 (convergence of the law of the genealogies). Let T, N € N, assume
Al as well as C1, and write

A7 pxw = |ET D I{(Arr—1, K1) € -} = EY [I{(Arr—1, K17) € |-
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Then there exists a family Fr p € Ep p with limp_,oc 77 p(Fr,p) =1 and

: IN
limpo0 SUPx,.r€Fr p dTaD»xlzT =0. <

The following corollary shows that the acceptance rate at any time t associated with Al-
gorithm 3,

d,]]V-V,D,Xl;T (t) = IF:,]IV",D,XLT []I{Kt 7é 0}]7

converges to a strictly positive limit

aq (t) =EF [I{K; #0}].

Note that the acceptance rates and their limits depend on ¢;.7 even though we do not make
this explicit in our notation.

COROLLARY 4.6 (dimensional stability of the acceptance rates). Assume Al and ClI,
T,N €N, and let t € [T). Then aT( ) > 0. Furthermore, with ¥1. p € €7 p as in Proposi-
tion 4.5:

liI-IID_)OO Supxl:TeFTYD ’d’]ZV-',D,Xl;T (t) - d¥ (t)’ = 0' <

PROOF. The convergence follows immediately from Proposition 4.5. The strict positivity
of the limit is due to the finite-moments assumption C1. O

EXAMPLE (classical MCMC kernels, continued). As mentioned above, Algorithm 3 re-
duces to a classical MCMC kernel with a suitably scaled Gaussian random-walk proposal if
T = N = 1. In this case, the asymptotic acceptance rates for Barker’s kernel and for the MH
kernel derived in Roberts, Gelman and Gilks (1997); Bédard, Douc and Moulines (2012);
Agrawal et al. (2021):

o‘&(l) _ E[Q’I(Vf)] =E [%] — without forced-move,
E[@Y (V] =E[1 Aexp{V}] = 2<I>(— v 12 ”1), with forced-move,

where ® is standard-normal cumulative distribution function. <

Of course, stabilising the acceptance rates in high dimensions is not sufficient for avoiding
a breakdown. A widely used criterion for assessing the performance of MCMC algorithms is
the expected squared jumping distance (ESJD) (Sherlock and Roberts, 2009), which (for the
time-¢t component in Algorithm 3) is given by

ESIDY (1) = E[|| X[l + 1] - X,[1]3],

where || - ||2 denotes the Euclidean norm and where X;.7[l] is the Ith state of the Markov
chain with transition kernel PT p at stationarity. The following proposition (whose proof is
the same as that of Proposition 34in Appendix C.4 and is therefore omitted) shows that the
ESJD is stable in high dimensions.

PROPOSITION 4.7 (dimensional stability of the ESID). Assume Al as well as C1, and
let T,N € N. Then, for any t € [T,

Hmp—ee[ESIDY p(t) — L:07' ()] = 0. q
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4.2.3. Stability as T'— oo. In this section, we discuss scaling of the number of particles,
N + 1, in the time horizon, 7', in high (spatial) dimensions. Throughout, we let £ := ({;)¢>1
be a sequence of positive scaling factors.

Under stability assumptions on the Feynman—Kac model and for some fixed spatial dimen-
sion D, it is well known that the acceptance rates of the i-CSMC algorithm, a% D x1r (t), can
be bounded away from zero as T' — oo by scaling the number of particles appropriately. To be
more specific: Without backward sampling, aT Dx ,.(t) can be controlled by growing N lin-
early in T" (Andrieu, Lee and Vihola, 2018; Llndsten Douc and Moulines, 2015; Del Moral,
Kohn and Patras, 2016). With backward sampling, aT Dux,., (t) can be controlled without
scaling N with T' (Lee, Singh and Vihola, 2020). Proposition 4.8 (proved in Appendix D.6)
verifies that — under the following ‘factorisation-over-time’ assumption — the i-RW-CSMC
algorithm admits the same scaling of N with 7" as the i-CSMC algorithm.

A4 Forany t € [T] and any (21,7, ;) € R?, My(w4—1, - ) = My(z}_4, +). q

PROPOSITION 4.8 (time-horizon stability of the acceptance rates). Assume Al, A4 as
well as C1 and that Z({) == suppey supep) ULy < 00

1. Without backward sampling, if there exists C' > 0 such that N > CT':

exp(Z(¢))
> —_ .
%Iel% t1er[1£] o7 (1) > exp < c >0

2. With backward sampling, for any N € N:

exp(Z(6)\
f inf >(1+ ) >,
%rethler[lT] or (1) 2 < * N - :

REMARK 4.9.  Proposition 4.7 shows that infrey infye 7y ESJDY 1 (¢) > 0 (i.e. the ESID
is also stable) under the additional assumption inf;>q ¢; > 0. 4

Note that the lower bound for the case with backward sampling in Proposition 4.8 is the
same as the one obtained for the RW-EHMM algorithm in Corollary 3.5. This is not a co-
incidence: under Assumption A4, Algorlthm 3 with backward sampling induces the same
Markov kernel as Algorithm 2, PT D= P¥ p- However, recall that in Corollary 3.5, we
were able to prove stability of the acceptance rates in 7' without relying on Assumption A4.
This, along with Propositions 4.1 and 4.2 (which show that the i-RW-CSMC algorithm can
be viewed as a ‘perturbed’ version of the RW-EHMM algorithm) motivates the following
conjecture.

CONJECTURE 4.10. Assumption A4 is not necessary to guarantee stability of the accep-
tance rates in 7" with the scaling of N = N(T") from Proposition 4.8. <

5. Numerical illustration. In this section, we illustrate the results on a simple state-
space model specified as follows (additional simulations in a more realistic problem — a
multivariate stochastic volatility model — are provided in Appendix E.3.2). Let ¢ denote a
Lebesgue density of the standard normal distribution. Let y: = (y¢.4)ac[p] € RP be some
D-dimensional vector of observations collected at time ¢ € [T]. Then for any d € [D],

Gi(zt,0) = P(Yt,d — Te,d),
mt(xt—l,da fUt,d) = (P(xt,d - fUt—l,d)-

The results shown below are based on 100 independent runs of each algorithm for each
value of D; each run uses L = 25000 iterations initialised from stationarity, and each uses
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i-CSMC i-RW-CSMC
1.00 1
0.75 Dimension (D)
1 18 — 35
0.50 1 2 19 — 36
3 20 — 37
0.25 1 4 21 — 38
fé 5 22 — 39
= 0.00 6 23 — 40
8 7 24 — 41
g i-CSMC i-RW-CSMC 8 25 — 42
2, with backward sampling with backward sampling 9 26 — 43
ot 4 10 27 — 44
2 M 11— 28 — 45
| 12 —29 — 46
0.75 13 — 30 — 47
14 — 31 — 48
0.50 1 15 — 32 — 49
16 — 33 — 50
0.257 17 — 34
().()0 - T T T T T T T

0O 5 10 15 20 250 5 10 15 20 25
Time (t)

FIG. 2. The v p-averaged acceptance rates as a function of ¢.

a different observation sequence of length 7' = 25 sampled from the model. Throughout, we
use NV + 1 = 32 particles. In the i-RW-CSMC algorithm, /1 = ... = {7 = 1.

Figure 2 displays the 7 p-averaged acceptance rates as a function of the time index ¢.
More precisely, for X .7 ~ 7r p, it shows:

1. first column: E[a%{D X, (D]
2. second column: E[a7 p x, . (2)].

The upper-left panel shows that for the i-CSMC algorithm, the acceptance rates vanish in
high dimensions. In contrast, the upper-right panel shows that the acceptance rates converge
to a non-trivial limit for the i-RW-CSMC algorithm. The first row also shows that, in both
algorithms, the acceptance rates are an increasing function of the time index ¢ due to the
coalescence of the particle paths with the reference path. The second row shows that the
backward-sampling extension removes this dependence on the time index and leads to ac-
ceptance rates which are stable over time. However, the lower-left panel illustrates that back-
ward sampling does not save the i-CSMC algorithm in high dimensions — its acceptance rates
still vanish. Additionally, in Appendix E, we illustrate that the effective sample size (ESS)
(Kong, Liu and Wong, 1994) of the resampling and backward-sampling weights converges
to a non-trivial limit > 1 under the i-RW-CSMC algorithm, whereas it collapses to 1 for the
i-CSMC algorithm.

Figure 3 displays the expected squared jumping distance (ESJD) as a function of ¢. More
specifically, it shows:

1. first column: ESIDY ,(t) := E[|| X[l + 1] — X¢[1]||3]

2. second column: ESJDQA{D(t) = E[|| X[l + 1] — X, [1]1|3]

where Xy.7[l] is the Ith state of a stationary Markov chain with transition kernels P]TV p and
Xi.7[l] is the Ith state of a stationary Markov chain with transition kernels P¥ p- The first
column illustrates that in high dimensions, the ESJD of the i-CSMC algorithm vanishes in
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i-CSMC i-RW-CSMC
1.00
o 075 Dimension (D)
2 1 18 — 35
g 0.50 2 19 — 36
= 3 20 — 37
o 0.25 4 21 —38
R 5 22 —39
2 0.00 6 23 — 40
g 7 24 — 41
:_; i-CSMC i-RW-CSMC 8 25 — 42
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3 | 10 —27 — 44
g 10 ) 11— 28 —45
~ 12 29 — 46
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Time (t)

F1G. 3. Expected squared jumping distance as a function of ¢.

high dimensions. In contrast, the ESJID of the i-RW-CSMC algorithm converges to Eto’z¥ (t) >
0 (in accordance with Proposition 4.7).

Figure 4 displays the lag-D autocorrelation of the sample for the first ‘spatial’ component
at each time ¢. More precisely, writing X.[l] = X ;.p|[l] and Xy[l] = Xt71:D[l], it shows:

1. first column: corr(Xy [l + D], X;1[1]);

2. second column: corr(X¢ 1[I + D], X;1[1]).

The fact that this leads to non-trivial limit in the second column illustrates that the i-RW-
CSMC algorithm is stable in high dimensions as long as the number of iterations grows
linearly with D. However, the first column shows that increasing the number of iterations in
this manner does not save the i-CSMC algorithm from breaking down in high dimensions.

6. Practical implementation. In this section, we discuss how to implement the pro-
posed algorithms in practice.

Initialisation. 'We suggest initialising the MCMC chain using a simple bootstrap particle
filter, i.e. the “unconditional” counterpart of Algorithm 1, using a modest number of par-
ticles, say N = 100. Empirically, we have found this strategy to work well even in higher
dimensions and it has the advantage that it requires no problem-specific tuning.

Choice of N. As we have shown, it is not needed to scale N with T" or D. In addition, the
acceptance rates are bounded above by 1 so that they can only increase sublinearly in V.
Hence, we recommend to select /N based on the available parallel computing architecture
(and to a relatively small value on serial machines). Note that for small N, the RW-EHMM
algorithm may even be a viable alternative.

Choice of ¢;. We propose a simple adaptation strategy to specify ¢;[g], the value of ¢, at the
gth iteration of the algorithm. Let o [g] denote the average acceptance rate at time ¢ up to the
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F1G. 4. Lag- D autocorrelations of the first marginal of the D-dimensional time-¢ state vector
as a function of ¢.

gth iteration. Then we set

0.9-4]g —1], if ay[g] < max{a —0.05,0.05},
llgl = q 1.1 4]g — 1], if a¢[g] > min{a + 0.05,0.95},
exp(log(€i[g — 1]) + (au[g] — a)/g), otherwise.

Here, o € (0,1) is some target acceptance rate. Motivated by optimal-scaling results in a
related multi-proposal MCMC setting (Bédard, Douc and Moulines, 2012), and by further
empirical results shown in Appendix E.2, we take « to be an increasing function in N. Specif-
ically, we use a:=1 — (N + 1)~ for some 3 € (0,1), say 3 = 1/3. In Appendix E.3.2 we
illustrate that this strategy is able to quickly improve poor initial choices of ¢;. It must be
pointed out that such adaptation strategies break the guarantee that the algorithm leaves the
desired target distribution invariant. Common practice in the literature on MCMC methods is
therefore to stop the adaptation after some pre-specified burn-in phase.

7. Conclusion.

Comparison with classical MCMC algorithms. The iterated conditional sequential Monte
Carlo (i-CSMC) algorithm (Andrieu, Doucet and Holenstein, 2010) is a powerful tool for
inference about the joint smoothing distribution in state-space models and more generally.
This is because the algorithm automatically exploits the decorrelation in the ‘time’ direc-
tion exhibited by the model. Let T" denotes the time horizon and let D denote the ‘spatial’
dimension of each latent state.

For the moment assume that D is fixed and reasonably small.
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e The i-CSMC algorithm has O(T") complexity' which is in contrast to a naive independent
Metropolis—Hastings (MH) algorithm which does not exploit the structure of the model
and therefore suffers O(e’) complexity, i.e. a curse of dimension in 7.

* The i-CSMC algorithm can be combined with backward sampling to reduce the complexity
to O(1) (Lee, Singh and Vihola, 2020). This is similar to combining the independent MH
updates with a ‘blocking’ (in the time direction) strategy. Indeed, Singh, Lindsten and
Moulines (2017) reduced the complexity of the standard i-CSMC algorithm by using time-
direction blocking instead of backward sampling.

Now, consider the case that the ‘spatial’ dimension D is large.

* Unfortunately, the i-CSMC algorithm (Andrieu, Doucet and Holenstein, 2010) (with or
without backward sampling) then proposed propose ‘global’ moves in the ‘space’ direction
and consequently suffers a curse of dimension in D (i.e. complexity O(e”)) in the same
way as an independent MH algorithm (with or without blocking in the time direction).
Indeed, if T'= N =1 then the i-CSMC algorithm reduces to a standard independent MH
algorithm for which this drawback is well known.

e It is also well known that proposing ‘local’ moves can overcome this curse of dimen-
sion (Roberts, Gelman and Gilks, 1997). That is, in the classical MCMC setting, we
must use, e.g., suitably scaled random-walk rather than independence proposals. In this
work, we have therefore proposed a novel iterated ‘local’ CSMC algorithm, termed it-
erated random-walk conditional sequential Monte Carlo (i-RW-CSMC) algorithm, which
utilises Gaussian random-walk proposals whose variance is of order D~!. The algorithm
provably avoids the curse of dimension in D suffered by the original i-CSMC algorithm.
To potentially remove the need for scaling the number of particles with 7" and thus achieve
O(D) complexity, the i-RW-CSMC algorithm can be combined with backward sampling.
This is again akin to blocking in the time direction in classical MCMC algorithms. In fact,
Appendix E.2 illustrates that a multi-proposal Gaussian random-walk MH algorithm with
blocking in the time direction can perform similar to the i-RW-CSMC algorithm with back-
ward sampling. Our algorithm reduces to a standard Gaussian random-walk MH algorithm
ifI'=N=1.

Limitations. The i-RW-CSMC algorithm shares the well-known limitations of the random-
walk MH algorithm. That is, it requires the state space to be continuous in order to allow
for suitably scaled local proposals; and such ‘local’ proposals may not easily move between
well-separated modes.

Extensions. Further reductions in the complexity from O(D) to O(1) may be feasible by
employing blocking strategies in the ‘space’ direction (Rebeschini and van Handel, 2015;
Finke and Singh, 2017). Indeed, Murphy and Godsill (2015) proposed a spatially-blocked
i-CSMC algorithm. However, such strategies require a specific ‘spatial’ (de)correlation struc-
ture which can only be found in particular models.

The analysis of the i-RW-CSMC algorithm in high dimensions could be extended in a
number of ways. First, we could easily consider models in which the potential functions G
depend not only on z; but also on x;_; or allow scale factors ¢; differ across particles. Sec-
ond, we could consider the case that ancestor sampling instead of backward sampling is used.
Third, in the same way as this has been done in the literature on optimal scaling for classi-
cal MCMC algorithms, the assumptions on the high-dimensional regime could be relaxed,
e.g. by allowing for some of the D components of the target distribution to be differently

IRecall that ‘complexity’ is measured as the number of full likelihood evaluations needed to control the ap-
proximation error of a fixed-dimensional marginal of the joint smoothing distribution.
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scaled or by allowing for dependence between some of the DD components (see, e.g., Sher-
lock and Roberts, 2009; Yang, Roberts and Rosenthal, 2020). Likewise, we could allow for
non-Gaussian proposals (Neal and Roberts, 2011). Finally, we could investigate the optimal
choice of the scaling factors ¢; and the associated optimal acceptance rates as well as proving
a suitable T-dimensional diffusion limit of a time-scaled 7'-dimensional spatial marginal of
the Markov chain induced by the algorithm.

We stress that the i-RW-CSMC algorithm introduced in this work is by no means the
only way of achieving ‘local’ CSMC updates. We have only focussed on this particular al-
gorithm to keep the presentation simple. Alternative local CSMC algorithms are possible.
For instance, the first such local algorithm proposed in the literature is the method from
Shestopaloff and Neal (2018) which uses MCMC kernels for proposing local moves around
the reference path. Their algorithm reduces to a delayed-acceptance MH algorithm (Christen
and Fox, 2005) if T'= N = 1. The algorithm showed promising performance in some high-
dimensional settings in Finke, Doucet and Johansen (2016) who also provided a generic
framework which admits this approach as well as the algorithms analysed in this work as
special cases.

Acknowledgments. The first author would like to thank Arnaud Doucet for insightful
discussions which led to this research.

Funding. The authors acknowledge support from the Singapore Ministry of Education
Tier 2 (MOE2016-T2-2-135) and a Young Investigator Award Grant (NUSYIA FY16 P16;
R-155-000-180-133).

REFERENCES

AGRAWAL, S., VATS, D., EATUSZYNSKI, K. and ROBERTS, G. O. (2021). Optimal scaling of MCMC beyond
Metropolis. arXiv e-prints arXiv:2104.02020. https://doi.org/10.48550/arXiv.2104.02020

ANDRIEU, C., DOUCET, A. and HOLENSTEIN, R. (2010). Particle Markov chain Monte Carlo methods.
Journal of the Royal Statistical Society: Series B (Statistical Methodology) 72 269-342. With discussion.
https://doi.org/10.1111/j.1467-9868.2009.00736.x

ANDRIEU, C., LEE, A. and VIHOLA, M. (2018). Uniform ergodicity of the iterated conditional SMC and geo-
metric ergodicity of particle Gibbs samplers. Bernoulli 24 842-872. https://doi.org/10.3150/15-BEJ785

BARKER, A. A. (1965). Monte Carlo calculations of the radial distribution functions for a proton—electron
plasma. Australian Journal of Physics 18 119—134. https://doi.org/10.1071/PH650119

BEDARD, M., Douc, R. and MOULINES, E. (2012). Scaling analysis of multiple-try MCMC methods. Stochastic
Processes and their Applications 122 758-786. https://doi.org/10.1016/j.spa.2011.11.004

BEDARD, M. and MIREUTA, M. (2013). On the empirical efficiency of local MCMC algorithms with pools of
proposals. Canadian Journal of Statistics 41 657-678. https://doi.org/10.1002/cjs.11196

BROWN, S., JENKINS, P. A., JOHANSEN, A. M. and KOSKELA, J. (2021). Simple conditions for conver-
gence of sequential Monte Carlo genealogies with applications. Electronic Journal of Probability 26 1-22.
https://doi.org/10.1214/20-EJP56

CAPPE, O., MOULINES, E. and RYDEN, T. (2005). Inference in hidden Markov models. Springer Series in
Statistics. Springer.

CHOPIN, N. and SINGH, S. S. (2015). On particle Gibbs sampling. Bernoulli 21 1855-1883.
https://doi.org/10.3150/14-BEJ629

CHRISTEN, J. A. and Fox, C. (2005). Markov chain Monte Carlo using an approximation. Journal of Computa-
tional and Graphical Statistics 14 795-810. https://doi.org/10.1198/106186005X76983

CRESSIE, N. and WIKLE, C. K. (2015). Statistics for spatio-temporal data. John Wiley & Sons.

DEL MORAL, P., KOHN, R. and PATRAS, F. (2016). On particle Gibbs samplers. Annales de I’Institut Henri
Poincaré, Probabilités et Statistiques 52 1687-1733. https://doi.org/10.1214/15-AIHP695

DELMAS, J.-F. and JOURDAIN, B. (2009). Does waste recycling really improve the multi-proposal Metropolis—
Hastings algorithm? An analysis based on control variates. Journal of Applied Probability 46 938-959.
https://doi.org/10.1239/jap/1261670681

DHAENE, J., WANG, S., YOUNG, V. and GOOVAERTS, M. (2000). Comonotonicity and maximal stop-loss pre-
miums. Bulletin of the Swiss Association of Actuaries 2 99-113.


https://doi.org/10.48550/arXiv.2104.02020
https://doi.org/10.1111/j.1467-9868.2009.00736.x
https://doi.org/10.3150/15-BEJ785
https://doi.org/10.1071/PH650119
https://doi.org/10.1016/j.spa.2011.11.004
https://doi.org/10.1002/cjs.11196
https://doi.org/10.1214/20-EJP56
https://doi.org/10.3150/14-BEJ629
https://doi.org/10.1198/106186005X76983
https://doi.org/10.1214/15-AIHP695
https://doi.org/10.1239/jap/1261670681

CONDITIONAL SEQUENTIAL MONTE CARLO IN HIGH DIMENSIONS 25

Douc, R., CAPPE, O. and MOULINES, E. (2005). Comparison of resampling schemes for particle filtering. In
Proceedings of the 4th International Symposium on Image and Signal Processing and Analysis 64—69. IEEE.
https://doi.org/10.1109/ISPA.2005.195385

DOUCET, A., GODSILL, S. J. and ANDRIEU, C. (2000). On sequential Monte Carlo sampling methods for
Bayesian filtering. Statistics and Computing 10 197-208. https://doi.org/10.1023/A:1008935410038

DVORETZKY, A. (1972). Asymptotic normality for sums of dependent random variables. In Proceedings of the
Sixth Berkeley Symposium on Mathematical Statistics and Probability, Volume 2: Probability Theory. The
Regents of the University of California.

FEARNHEAD, P. (1998). Sequential Monte Carlo methods in filter theory, PhD thesis, Department of Statistics,
University of Oxford, UK.

FEARNHEAD, P. and CLIFFORD, P. (2003). On-line inference for hidden Markov models via parti-
cle filters. Journal of the Royal Statistical Society: Series B (Statistical Methodology) 65 887-899.
https://doi.org/10.1111/1467-9868.00421

FINKE, A., DOUCET, A. and JOHANSEN, A. M. (2016). On embedded hidden Markov mod-
els and particle Markov chain Monte Carlo methods. arXiv e-prints arXiv:1610.08962.
https://doi.org/10.48550/arXiv.1610.08962

FINKE, A. and SINGH, S. S. (2017). Approximate smoothing and parameter estimation in
high-dimensional state-space models. [IEEE Transactions on Signal Processing 65 5982-5994.
https://doi.org/10.1109/TSP.2017.2733504

FRENKEL, D. (2004). Speed-up of Monte Carlo simulations by sampling of rejected states. Proceedings of the
National Academy of Sciences 101 17571-17575. https://doi.org/10.1073/pnas.0407950101

GUARNIERO, P., JOHANSEN, A. M. and LEE, A. (2017). The iterated auxiliary particle filter. Journal of the
American Statistical Association 112 1636—1647. https://doi.org/10.1080/01621459.2016.1222291

HASTINGS, W. K. (1970). Monte Carlo sampling methods using Markov chains and their applications.
Biometrika 57 97-109. https://doi.org/10.1093/biomet/57.1.97

KonNGg, A., Lmu, J. S. and WONG, W. H. (1994). Sequential imputations and Bayesian
missing data problems. Journal of the American Statistical Association 89  278-288.
https://doi.org/10.1080/01621459.1994.10476469

LEE, A., SINGH, S. S. and VIHOLA, M. (2020). Coupled conditional backward sampling particle filter. Annals
of Statistics 48 3066-3089. https://doi.org/10.1214/19-A0S1922

LINDSTEN, F., Douc, R. and MOULINES, E. (2015). Uniform ergodicity of the particle Gibbs sampler. Scandi-
navian Journal of Statistics 42 775-797. https://doi.org/10.1111/sjos.12136

LINDSTEN, F., JORDAN, M. I. and SCHON, T. B. (2012). Ancestor sampling for particle Gibbs. In Proceedings
of the 2012 Conference on Neural Information Processing Systems.

Liu, J. S. (1996). Peskun’s theorem and a modified discrete-state Gibbs sampler. Biometrika 83 681-682.

MALORY, S. (2021). Bayesian inference for stochastic processes, PhD thesis, Lancaster University.
https://doi.org/10.17635/lancaster/thesis/1240

METROPOLIS, N., ROSENBLUTH, A. W., ROSENBLUTH, M. N., TELLER, A. H. and TELLER, E. (1953).
Equation of state calculations by fast computing machines. Journal of Chemical Physics 21 1087-1092.
https://doi.org/10.1063/1.1699114

MURPHY, J. and GoODSILL, S. J. (2015). Blocked particle Gibbs schemes for high dimen-
sional interacting systems. [EEE Journal of Selected Topics in Signal Processing 10 328-342.
https://doi.org/10.1109/JSTSP.2015.2509940

NEAL, R. M. (2003). Markov Chain sampling for non-linear state space models using embedded hidden Markov
models. ArXiv Mathematics e-prints. https://doi.org/10.48550/arXiv.math/0305039

NEAL, R. M., BEAL, M. J. and ROWEIS, S. T. (2004). Inferring state sequences for non-linear systems with
embedded hidden Markov models. Advances in Neural Information Processing Systems 16 401-408.

NEAL, P. and ROBERTS, G. (2011). Optimal scaling of random walk Metropolis algorithms with non-Gaussian
proposals. Methodology and Computing in Applied Probability 13 583-601. https://doi.org/10.1007/s11009-
010-9176-9

PESKUN, P. H. (1973). Optimum Monte-Carlo sampling using Markov chains. Biometrika 60 607-612.
https://doi.org/10.1093/biomet/60.3.607

PITT, M. K. and SHEPHARD, N. (1999). Filtering via simulation: Auxiliary particle filters. Journal of the Amer-
ican Statistical Association 94 590-599. https://doi.org/10.1080/01621459.1999.10474153

REBESCHINI, P. and VAN HANDEL, R. (2015). Can local particle filters beat the curse of dimensionality? The
Annals of Applied Probability 25 2809-2866. https://doi.org/10.1214/14-AAP1061

ROBERTS, G. O., GELMAN, A. and GILKS, W. R. (1997). Weak convergence and optimal scal-
ing of random walk Metropolis algorithms. The Annals of Applied Probability 7 110-120.
https://doi.org/10.1214/a0ap/1034625254


https://doi.org/10.1109/ISPA.2005.195385
https://doi.org/10.1023/A:1008935410038
https://doi.org/10.1111/1467-9868.00421
https://doi.org/10.48550/arXiv.1610.08962
https://doi.org/10.1109/TSP.2017.2733504
https://doi.org/10.1073/pnas.0407950101
https://doi.org/10.1080/01621459.2016.1222291
https://doi.org/10.1093/biomet/57.1.97
https://doi.org/10.1080/01621459.1994.10476469
https://doi.org/10.1214/19-AOS1922
https://doi.org/10.1111/sjos.12136
https://doi.org/10.17635/lancaster/thesis/1240
https://doi.org/10.1063/1.1699114
https://doi.org/10.1109/JSTSP.2015.2509940
https://doi.org/10.48550/arXiv.math/0305039
https://doi.org/10.1007/s11009-010-9176-9
https://doi.org/10.1007/s11009-010-9176-9
https://doi.org/10.1093/biomet/60.3.607
https://doi.org/10.1080/01621459.1999.10474153
https://doi.org/10.1214/14-AAP1061
https://doi.org/10.1214/aoap/1034625254

26

SCHWEDES, T. and CALDERHEAD, B. (2018). Quasi Markov chain Monte Carlo methods. arXiv e-prints
arXiv:1807.00070. https://doi.org/10.48550/arXiv.1807.00070

SHERLOCK, C. and ROBERTS, G. (2009). Optimal scaling of the random walk Metropolis on elliptically sym-
metric unimodal targets. Bernoulli 15 774-798. https://doi.org/10.3150/08-BEJ176

SHESTOPALOFF, A. and DOUCET, A. (2019). Replica Conditional Sequential Monte Carlo. In International
Conference on Machine Learning 5749-5757.

SHESTOPALOFF, A. Y. and NEAL, R. M. (2013). MCMC for non-linear state space models using ensembles of
latent sequences. ArXiv e-prints. https://doi.org/10.48550/arXiv.1305.0320

SHESTOPALOFF, A. Y. and NEAL, R. M. (2018). Sampling latent states for high-dimensional non-linear state
space models with the embedded HMM method. Bayesian Analysis 13 797-822. https://doi.org/10.1214/17-
BA1077

SINGH, S. S., LINDSTEN, F. and MOULINES, E. (2017). Blocking strategies and stability of particle Gibbs
samplers. Biometrika 104 953-969. https://doi.org/10.1093/biomet/asx051

TIELMELAND, H. (2004). Using all Metropolis—Hastings proposals to estimate mean values preprint No. 4/2004,
Norwegian University of Science and Technology, Trondheim, Norway.

VAN LEEUWEN, P. J. (2009). Particle filtering in geophysical systems. Monthly Weather Review 137 4089-4114.
https://doi.org/10.1175/2009MWR2835.1

WHITELEY, N. (2010). Contribution to the discussion on ‘Particle Markov chain Monte Carlo methods’ by An-
drieu, C., Doucet, A., and Holenstein, R. Journal of the Royal Statistical Society: Series B (Statistical Method-
ology) 72 306-307.

YANG, J., ROBERTS, G. O. and ROSENTHAL, J. S. (2020). Optimal scaling of random-walk Metropolis
algorithms on general target distributions. Stochastic Processes and their Applications 130 6094-6132.
https://doi.org/10.1016/j.spa.2020.05.004

YANG, S., CHEN, Y., BERNTON, E. and LI1U, J. S. (2018). On parallelizable Markov chain Monte Carlo al-
gorithms with waste-recycling. Statistics and Computing 28 1073-1081. https://doi.org/10.1007/s11222-017-
9780-4

APPENDIX A: FINITE-STATE HIDDEN MARKOV MODEL INTERPRETATION

In this section, we provide additional intuition for the validity for the steps that sam}zle
the particle indices Ky.7 = k1.1 € [N]g of the new reference path X/ . = (Zf{l, oLyt
within the RW-EHMM and i-RW-CSMC algorithms (Algorithms 2 and 3). Our discussion
is based around ideas from Neal (2003); Neal, Beal and Roweis (2004); Finke, Doucet and
Johansen (2016). Central to it will be the following distribution over k1.7 € [N ]OT which was
introduced in the RW-EHMM algorithm:

7TT,D(Z]1€17- .. ,ZI%T)
Iy lr
le,Te[N}OT mr.p(2ys. .., 27)
Recall that conditional on the set of particles Z1.7 = z;.7:
1. the RW-EHMM Algorithm draws K1.7 ~ &p(z1.7, - );
2. the i-RW-CSMC Algorithm draws K.7 according to a {7(z;.7, - )-invariant Markov ker-
nel (see Propositions 4.1 and 4.2).

ér(zir, {kir}) =

Our main results in this section are then the following:

1. In Subsection A.l, we show that the distribution £7(z1.7, - ) can be viewed as the joint
posterior distribution of all 7" latent states in a finite-state hidden Markov model (HMM)
with state space [N]p.

2. In Subsection A.2, we then show that the recursions for sampling K. = k1.7 via Step 2
of the RW-EHMM Algorithm in O(N2T') operations (see Subsection 3.1.2) are simply
the forward filtering—backward sampling recursions for sampling from the joint posterior
distributions of the latent states in the HMM from A.1.

3. In Subsection A.3, we then show that the recursions for sampling Ky.7 = ki.7 via
Steps la, 2 and 3 of the i-RW-CSMC Algorithm (in O(NT') operations) can be viewed as
a slightly non-standard CSMC algorithm (potentially with backward sampling) for sam-
pling from the joint posterior distributions of the latent states in the HMM from A.1.
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A.1. Finite-state hidden Markov model. All the developments that follow are condi-
tional on the some value of the set of particles Z;.7 = z1.7. Hence, we will sometimes drop
the dependence on z1.7 from the notation. For any k.7 € [NV ]g and any ¢ € [T, set

ki1 ke k.
my(z,' 5,2, ) Ge(z;")

ft(kt’kt—l) = )
N omy(z 2 Gy(2])

n=0
o [Ny m (21 G (2] g ma(2h, 28) Ga(28), ift=1,
9t (Utlkt) = § N ki on n '
ano my 1 (z; 7Zt+1)Gt+1(Zt+1>v ift > 1,

with our usual convention that any quantity with time subscript O is to be ignored, i.e.
fi(-|ko) = f1(+). Then clearly, f;(-|k;—1) is a probability mass function on [N]y. With this
notation, f(k¢|k:—1) and g;(9:|k:) can be interpreted as the transition and emission proba-
bilities of a finite-state HMM (where “observations” g, are added to the notation to make
it more intuitive). In particular, the joint probability of the first 7' states and the first 7' — 1
observations of this HMM is

=

p(krr, grr—1) = | | fe(Relki—1) gt (Ge|Fe)

“
Il
—

ko
my(z;" ', 2} )Gy(zyt) x T p(2)', ..., 2h7),

Il
=

~
Il
—

which implies that the joint posterior distribution of these states is:
k k
7TT,D(Z117 EEE ZTT)

l l
le:TG[N]g 7TT7D(Z11, ) Zj?)

p(krr|ir—1) = =&r(zrr, {kur}).

A.2. Sampling K;.r within the RW-EHMM algorithm. We now show that the recur-
sions for sampling K1.7 = ki.7 via Step 2 of the RW-EHMM Algorithm in O(N2T') opera-
tions (see Subsection 3.1.2) are simply the forward filtering—backward sampling recursions
for the HMM from A.1.

A.2.1. Forward filtering. Specifically, (5) is then nothing more than the forward-filtering
recursion which propagates the one-step ahead predictive distributions Wtk‘ = p(k¢|g1:0-1)-
Fort=1,...,T (and with convention wg = 1):

n

plke=n,9t-1|014—2) wy

N ~ ~ - N )
Soimop(ke =1Lgi1|Tie—2)  Yiowi
wy' = p(ke =1, Gr—1|71:-2)

N
= Z p(ki—1 =m|G—2)ge—1(Ji—1|m) fe(n|m)

m=0

wz?ll m n n
- Z N 1 my(zy" |, 21" ) Ge(z).
k:—1€[N]o ZZ:O Wi_q

Wi =p(ke =nl|g14—1) =

A.2.2. Backward sampling. Likewise, (6) is nothing more than the backward-sampling
recursion. That is, fort =T — 1,..., 1, we sample K; = k; € [IN]o with probability

p(ke| ke, Tir—1) = p(ke|ker1, J1:t)
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(ke kg1, Ge—1:4|T1:0—2)
SN op(ke =1, ki1, Ge—1:|G14—2)
_ p(kt, Ge—1|91:6—2) gt (Ge|ke) fr1 (K1 |kt
SN oplke =10, Ge—1[G1:0-2) 9 (Feln) Frr (kesa )

k. ke kit
wi my (2 7Zt+1)

kepay”
Zgzo wime (27,2, 15)

A.3. Sampling K;.7 within the i-RW-CSMC algorithm. We now show that the re-
cursions for sampling K1.7 = ky.p via Steps 1a, 2 and 3 of the i-RW-CSMC Algorithm (in
O(NT) operations) can be viewed as first running a CSMC algorithm targetting the HMM
from A.1 and then selecting a single particle lineage via ancestral tracing or backward sam-

pling.

A.3.1. Conditional particle filter with ancestral tracing. Without backward sampling,
Steps 1a, 2 and 3 of the i-RW-CSMC algorithm can be interpreted as running a slightly non-
standard CSMC algorithm (with ancestral tracing) which targets the one-step-ahead predic-
tive distributions and which employs /N + 1 particles which are jointly “proposed” from the
distribution d(g 1. v) at each time step. That is, the value of each particle is deterministically
set equal to its particle index. We note that this is a slightly non-standard CSMC algorithm
because the particles are not proposed independently given the history of the particle system
as in, e.g., a bootstrap particle filter. However, such “stratified” proposals have long been
used for particle filters tailored to finite state spaces such as the discrete particle filter from
Fearnhead (1998); Fearnhead and Clifford (2003). The nth unnormalised particle weight of
the CSMC algorithm targetting the finite-state HMM at time ¢ can then be shown to be given
by

wi' = g1 (Ge-1lai 1) fe(nlaiy) = my(z")", 27) Go(27).
A.3.2. Conditional particle filter with Backward sampling. If instead we employ back-

ward sampling to sample a new particle path in the CSMC algorithm targetting the finite-state
HMM, then this gives the backward-sampling probabilities from (7):

- aft, g k ke ki
W ge(Gelke) fron (e lle) gz 2 )Gz ) my g (277, 2,1Y)

N ~ - o k
Zm:O wi g (Fe|m) fra1 (ker1lm) Zﬁ:o mt(Z?L’ﬁ z}")Gy(z]")my 1 (2}", thf)

APPENDIX B: DETAILS FOR SECTION 2

B.1. Joint law induced by Algorithm 1. We now formally define the joint law of all
random variables generated in Algorithm 1. This will be used in some of the proofs below.
To simplify the presentation, we note that we fixed the reference path in Algorithm 1 to
always have particle index 0, i.e. we always set ZY := z? :=x; as well as AY | =a) | :=0.
However, in some of the proofs below, it is more convenient to work with a slightly more
general version of the algorithm which, at the beginning each time step, draws a particle
index J; = j; from a uniform distribution on [N]y and then sets Ait_l = ait_l = j;_1 as well
as Zl' = z]' = xy.
Conditional on X.7 = x1.7 = x;.7[l], the joint law of all random variables (J1.7, Z1.7, A1.7—1, K1.7, X.7)
generated by this slightly generalised version of Algorithm 1 may be written as

=N )
]P)T:B,xl:T (d,]l:T X dzl:T X dCleTfl X dklzT X dX/l:T)
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N
= Unifyyr (djir) 8x,.0 (dz7" % -+ x dz7) LH Ml(dz?)]

T n#j1
H o ( da¥t1 HRt 1,D (Z¢—1, dai 1)Mt(Zt 1 >dzt)]
t=2
n#]t
X RT,D (ZT,dk‘T)
[H 6akt+1 (dkt)] [without backward sampling]

Xy T-1
[H BtJ’VD ((z¢, zfjjf ), dk:t)] [with backward sampling]

(8) X Bghi ey (dxp).
Here, we have defined the following quantities.

* Resampling kernels. For any n € [N]j and any ¢ € [T,
Gi(z;)
& .
Zm:O Gy (Z?L)

When using the forced-move extension, replace Ré\{ pl(z7r,{kr}) at time ¢t =T in (8) by

Rl (2, {n}) =" ({wi(2]") — wi(2}) } 1) =

, Gr(zy) A if by # jr
S o Gr(zf) — Gr(zh7) A Gr(z))
N
Gr(z) .
1-— —if kp = j7.
% S o Gr(zp) — Gr(zh) A Gr(z)F)
1#]

* Backward kernels. For ¢t € [T — 1],

ki1 . k¢ kiq1
Bg,VD((Zthﬁ ), {n}) = lApn({"t(Z??Ztﬁ ) — Vt(ZtaZt++1 )}m 1)

k
Gi(zi)myy1 (2, 2,,7)
kt+1)

~ =N
> om—o Gtz )my 1 (2], Zi

From this definition, we can recover the joint law of all random variables (Z1.7, A1.7—1, K1.1, X’LT)
generated in Steps 1-4 of Algorithm 1 by conditioning on the event {J; =0,...,Jpr =0},
ie.

]P),ZZYDXLT' P'ZJ\[BxlT( ‘Jl:ow-‘)JT:O)-

Let ]Eg 5 x denote expectatlon W.I.t. IP’T Dx, . In the remainder of this section, we will
sometimes work with ]P’T’D x,., Tather than with IP’T Dx,.r- This is justified because both
versions of the i-CSMC algorlthm induce the same Markov kernel:

N,
ET,B,XLT [{X}.r € dxir}] = ET,D,XLT [{X.7 € dx}.r}]

= PIZY,D(XI:Tv dx,l:T)'
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B.2. Proof of Proposition 2.1.

PROOF (of Proposition 2.1).  For the plain algorithm (with neither the backward sampling
nor the forced-move extension) we can readily check that

TI'T7D(dX1;T)P71Y:B’XLT(djl:T x dzy.r x day.r-1 x dki.r x dxj.p)
) = WT,D(dXS;T)Pg’B . (dkrr x dzyp x darp—y X djir X dxpr),

i.e. (9) admits 7wy p(dx).;-) as a marginal.

For the backward-sampling extension, let IP’T Dxyr be the same as IPT Doxir (Wlthout
backward sampling) except that the terms 3, , (da?" | ) in (8) are replaced by BY | p((z-1,2]"), {al"
Then

ﬂT,D(dXLT)Pf_X’B,XLT(djlzT x dzy.r x daypoy x dkpp x dx).7)
(10) =77 D(dxll.T)ﬁbg’B !, (dk‘l-T x dz1.7 X day.p—1 X djr.p X Xm:T)a

That is, (10) again admits 77 p(dx).,) as a marginal. Incidentally, IP’T Doxyp CAN be recog-
nised as the law of all the random variables generated by the i-CSMC algorlthm with ancestor
sampling from Lindsten, Jordan and Schon (2012).

Finally, the algorithm with the forced-move extension can be justified as a partially col-
lapsed Gibbs sampler because this extension leaves the marginal distribution of K7 (un-
der (9) without backward sampling or under (10) with backward sampling) conditional on
(Xy.7, J1.17, Z1.7, Ay.7) invariant. O

B.3. Verification of Assumptions A2 and A3 in a linear-Gaussian state-space model.
Consider a state-space model with D-dimensional observations y; = y; 1.p € RP and

H (x¢, dy:) = [T N(dyed; 2.4, 1),

M; (Xt—h dXt) = Hc?:l N(d-%'t,d; Tt—1,d, 1)

Let ¢ be a density function of a univariate standard normal distribution. Then this model
satisfies A1 with

Gi(7,a) = O(Yt.a — Tt,d),
mt($t—1,da iUt,d) = (P(xt,d - éUt—Ld)-

To simplify the notation and calculations, we hereafter drop the subscript d, take y; =

..,yr = 0 and assume as initial density mi(z1) = @(x1/v02+1)/Vo2+ 1, where
02 :=(v/5 —1)/2. Standard Kalman-filtering and Kalman-smoothing recursions then give
P(X; € dzy|Yi:e = y1.4) = N(day; 0,02) as well as wp(dzy.r) = P(X1.7 € dzy.r|Yir = yir) =
N(dzy.7; 07, C) with [C]s; = ul*=*l62,,,, where u = 0% /(0> + 1) and

1— 2\T—t
o? = ul(iLJ? I{t < T} + (u®) T2,

Tedious but simple algebra then shows that A2 and A3 hold because
L(log(o? +2) — 0?), if 7T =1,
2 } >0.15.

bp >rp=rpr=
7 L (og(2) + [02(u? — 2) +ul/2), T >1,

).
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B.4. Proof of Proposition 2.2.

PROOF (of Proposition 2.2). A telescoping-sum argument gives the following decompo-
sition which will form the basis of the proof both in the case with and without resampling.
Here, we let O denote a vector of zeros of appropriate length.

T-1 N

A Dxrr <D D NEF D [H{AT € - HAv—1 = 0] = 8o(- )|

t=1 n=1
+ ||EY p oy [{ K1 € - }Arp—1 =0] = 8o(- )|

T-1
a £ 3NN e, (1 € - H(Avr 1, Kiror) = 0] = 80|
t=1

First, we consider the case without backward sampling. We write
Ror,p(Xi—1:0) =[5 Y51 log My(Gy) (24-1,4) — log Gy(xr.a)] + royr
= 5 31 log My(Gy) (w4—1,a) — Ellog My(Gy)(Xi—1)]

+ 5 S0 Ellog Go(Xy)] — log Gi(wy.a).-
For some 7 € (0,1/2), we set
Frp:= {XlzT €cErp |Vte [T] : |Rt\T,D(Xt—1:t)‘ < Dfn}.
Since n < 1/2 implies that D"\/2D loglog D = O(D), the law of the iterated logarithm then
implies that limp_,o, 77 p(F7 p) = 1.

We can now turn to the terms in the decomposition (11). Let (x1.7,p)p>1 be some se-
quence in (Ez p)p>1,i.e. X¢,p =211.p.p € RP, forany D > 1. Forany n € [N] and t € [T,
let Z ) ~ M;(x¢-1,p, -) and Z?,D :=x p. For any t € [T] (with A} replaced by Ky if
t= T) we have that

BT D xcvr.p {AY € [N]}Ar—1 = 0] = 8o ([N])]
_EN >ni exp{wi(Zf p) — wi( Z?D ’ }
- X1:7,D Lit—=1= :
PP YN exp{wi(Z) — wi(Z9 )}

For any n € [N] and ¢ € [T], let Z} , ~ My(x¢-1,p, -) and Zt’D '=x¢,p. To complete the
proof, it then suffices to show that

onsr exp{wi(Z] ) = wi(Z{ p)} =0,
as D — oo, whenever log N = o(D). By Markov’s inequality, for any £ > 0,
P({3 01 exp{wi(Z}p) — wi(Z)p)} > e})
< Ne~texp{—Dryr + D|Ryr,p(Xt—1:,0)|}
< Ne! exp{—Dryr + D=},

and ryp > rp > 0 by A2. This completes the proof in the case without backward sampling.
We now consider the case with backward sampling. We write

Bt\T,D(thlthrl)
=[5 30 log My(Gemysn (- 2es1,0)) (Te—1,0) — ve(@as1,0)] + byyr
= 5320 log My(Gemusa (- @e41,4)) (#e-1,4) — Ellog My(Gymysr (-, Xi41)) (Xe—1)]
+5 ZdD:1 Ellog{G(X¢)mi1(Xe, Xey1)}] — log{Gi(xe,amis1 (24, Ti1,4) }-
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with convention Brr p = Rypr,p- For some 1 € (0,1/2), we set

Frp={x1.7 €Erp |Vt € [T]:|Ryr,pXi—1:4)| V |Byr,p(Xt—1:041)| < D7}

Since 7 < 1/2 implies that D"\/2D loglog D = O(D), the law of the iterated logarithm then
again implies that limp_,oc 77 p(Fr p) = 1.
Again we consider the decomposition (11). We then have that

‘E%D,xlzT,D[H{Kt € [N} (Avr—1, Ki1) = 0] = 8o ([N])]|

N
_EN > n—1 exp{vi(Z D Zg+1,D) - Vt(Zg,Dv Zg—f—l,D)}
— “T,Dx1.1,p
1+ Zm L exp{ve(Z}" t,D> Z?Jrl,D) - Vt(z?,D’ Z?Jrl,D)}
To complete the proof, it suffices to show that
N
o1 Vi(Zip 20 p) —vi(ZY 2D, p) =6 0,

as D — oo, whenever log N = o(D). By Markov’s inequality, for any € > 0,

‘A1:t—1 = 0].

({En 1 exp{vi(Zp, t+1 D) — Vt(zg,u Z?+1,D) >e})
< Ne~ ' exp{—Dbyr + D|Byrp(x¢—1:441,0)|}
< Ne ' exp{—=Dbyp + D'},
and by > by > 0 by A3. This completes the proof in the case with backward sampling. [

APPENDIX C: DETAILS FOR SECTION 3

C.1. Joint law induced by Algorithm 2. We now formally define the joint law of all
random variables generated in Algorithm 2. This will be used in some of the proofs below.
To simplify the presentation, we note that we again fixed the reference path in Algorithm 2
to always have particle index 0, i.e. we always set Z? := z) := x;. However, in some of the
proofs below, it is more convenient to work with a slightly more general version of the algo-
rithm which, at each time step, draws a particle index J; = j; from a uniform distribution on
[N]o and then sets Z* := zJ* .= x.
Conditional on Xl.T = x1.7 = X1.7l], the joint law of all random variables (J1.7, Z1.7, K1.7, X.7)
generated by this slightly generalised version of Algorithm 2 may be written as

ng o (djrr X dzar X dkpg X dx).p)

= Unif[N}oT(djlzT)SXM(dZ{1 X e X dz [H StD 7} dz;? )]
X gT (leTa dkl:T) S(le"l Z’CT) (dxll;T)~
Here, we have defined z; " = (20,...,27 ',z ... 2) as well as the following quanti-
ties.

-----

* Proposal kernels. For any ¢ € [T] and any n € [N]o,

StND (zy,dz; ™) HN dz 4 7ztdl]\/,DE)

. n—1 _n+1 N
where th = (ztd, FATRIT ,ztvd).

* Selection probablhty

T D (z]{31 . ZI;WT)

A l
le;Te N|T 7TT7D(Z1 ’* Z']’I:)
(N3

gT(Zl:T, {kl:T}) =
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From this definition, we can recover the joint law of all random variables (Zy.7, K;.7, X’I:T)
generated in Steps 1-3 of Algorithm 2 by conditioning on the event {J; =0,..., Jpr =0},
ie.

DN . DNx . .
PTDXLT' IP>TDx1T( ‘Jl_ow"?JT—O)-
Let ET Dx denote e§pectat10n W.I.t. IP’ D I . In the remainder of this section, we will

sometimes work with IPT Doxror rather than with IP’T D, Ihis is justified because both
versions of the RW-EHMM algorlthm induce the same Markov kernel:

=N
ET,’B,XLT [{X}.r € dxjr}] = ET,D,XLT [{X.7 € dx}.r}]
= f)IA“[,D(XI:Tv dx,l:T)‘
C.2. Proof of Proposition 3.1.

PROOF (of Proposition 3.1). Recall that by (4), the random-walk type proposal used to
scatter the particles around the reference path is symmetric in the sense that

/\(dzt>StD(Zt7dZt_]) )‘(dzt)StD(ZtvdZt >7

for any 7, k € [N]o, where z; ™ :== (29, ...,z ', 27", ... 2l¥) and where \ denotes a suit-

able version of the Lebesgue measure.
We can then readily check that

ﬂT,D(dxliT)ﬁ)ZJY,’B,xLT (djlzT X dzl:T X d]ﬁ;T X dX,l:T)
(12) = mr p(dx). )P o (dkrr x dzag x djir x dxir),
i.e. (12) admits 77 p(dx).;) as a marginal. O

C.3. Proof of Proposition 3.3.

PROOF (of Proposition 3.3). The first part (the convergence statement) follows immedi-
ately from Proposition 3.2. For the second part (the lower bound), we note that

~ ex Et t -1
- > B i)z (14 220,

ne[N]

where the penultimate inequality follows by Lemma D.6 in Appendix D.6. O
C.4. Proof of Proposition 3.4.
PROOF (of Proposition 3.4). Let Fr p € Er p be as in Proposition 3.2. We then have
[ESTDY () — i (1)
= | fg,, ®r0(dxi)BY o [1XG — %3] — 66 ()]
S supy, L eFy ‘dT,D,xLT(t) — gy (t)]
+ SUPx, 1 eEr b |]E71\{D7XI:T 11X = x¢ll3] = 6édf p o, (1))

(13) +70.0(Br,0 \ F1,0) $uDx, s ebrp [EY p ser, [I1X7 = x4/13] |-
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We now consider the limit of each of the terms in the last line of (13) as D — oo. The
first term converges to zero by Proposmon 3.3. Take U}, =DV 2( ( — Ztq) as in
Algorithm 2, then U}, = D! S U )?2—p 1, as D' —> o0, and hence |U” — 1] —p0
and \Ut 5| —p 1 by the continuous mapping theorem. Furthermore, (|U '» —1)p>1 and
(|Ut D|) p>1 are uniformly integrable. Thus, for the second term, for any x1.7 € E7 p,

‘ETDXI.T [11X] = x¢[I3] — gtOéT,D,xLT@”
< |6 BY o (O — 1) K = n}]|
<4NE[|Ulp—1]] —o0.

Similarly, for any x1.7 € E7 p,
B pacur (17 = xel3]] < [0 200 B p e, [OFp T = 3 ]|
<GNE[|Up|] =1,

and the third term therefore converges to zero since 7(E. p \ Fr p) — 0. Il

APPENDIX D: DETAILS FOR SECTION 4

D.1. Joint law induced by Algorithm 3. We now formally define the joint law of all
random variables generated in Algorithm 3. This will be used in some of the proofs below.
To simplify the presentation, we note that we again fixed the reference path in Algorithm 3
to always have particle index 0, i.e. we always set Z? := z) := x; as wellas AY | =a) | :=0.
However, in some of the proofs below, it is more convenient to work w1th a slightly more
general version of the algorithm which, at the beginning each time step, draws a particle
index J; = j; from a uniform distribution on [N]j and then sets Aiil = a{il = j;—1 as well
as Z)' =z} = x,.
Cond1t10na1 on X .7 = X1.7 = X1.7[l], the joint law of all random variables (J1.7, Z1.7, A1.0—1, K1.7, X .1)
generated by this slightly generalised version of Algorithm 3 may be written as

P%’B,XI:T (djl;T X le:T X dal;T_l X dkl;T X dX’l T)
= Unifypr (djrr) By, o (dzd* X - x dz [H D (z*,dz;” )}

[T
X HBjt_l(da HRtD Zi—1:t, ae—1), dag_ 1)]

#]t
><R¥D((ZT 1.7, ar-1),dkr)

[ H Saf‘“ (dkt)] [without backward sampling]
x {11 )
[H BtJ’VD((zt,l;t, ai—1, zfﬁf), dk:t)} [with backward sampling]
t=1
(14) X Bt (A7),
Here, we have defined z; " = (20,...,27 ', 2" ... 2") as well as the following quanti-

ties.

* Proposal kernels. For any ¢ € [T'] and any n € [IV]o, as in the RW-EHMM algorithm,

D
S (2, dz; ") = H N(dz, 75 21, Ly,
d=1
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—n._ (,0 1 n+l N
where zt#? = (Zt,d’ e, fd , ?d . 7Zt,d)‘
* Resampling kernels. For any n € [N]j and any ¢ € [T,

_ m 0
RN ((ze—14yar—1), {n}) = 0" ({0 (2], 2)") — (2 L 20) M)
(7, 7)) Ga(2))
S omy(z,y 2] Gy (2]

When using the forced-move extension, we replace R% p((zr—1.7,ar-1),{kr}) at time
t="Tin (8) by

I

( hkT
— if kp # jr,
SN hm — hkr A hir #
N
hl
1— . if kr = j7
l?é]T

where we have defined the shorthand h"™ := mT(zT 1.27)Gr(z7}).
* Backward kernels. For t € [T — 1],

BtJ,VD((Zt—lztv ai—1, Zt+1 '), {n})

_ a* k k
= Epn({Vt(Ztt—llaZt ,Ztrll) Vi (Zt 17Ztazt—t|—+11)}m 1)

i k
mt(z?ill, z;')Gy(z7 )my 1 (21, 2, )

o N -t [
Zm:O my (Z?—D Z:tn)Gt (Zln)mf%l (Z:ﬁn’ Zt++1 )
From this definition, we can recover the joint law of all random variables (Z1.7, A1.7—1, K17, X’I:T)
generated in Steps 1-4 of Algorithm 3 by conditioning on the event {J; =0,...,Jr =0},
ie.

N . N ,x
PTDXLT' IP>TDx1T( ‘Jl:OW"?JT:O)-
Let E? ]*3 x denote expectatlon W.I.L. IP’T Doxype 10 the remainder of this section, we will
sometimes work with IPT Doxyor rather than with IP’T Dox, . This is justified because both
versions of the i-RW-CSMC algorithm induce the same Markov kernel:

_ _
ET,B,XLT [{X}.r € dxjr}] = ET,D,XLT [{X.7 € dx}.r}]
= P?{D(Xl:% dx,l:T)‘

D.2. Proof of Propositions 4.1. 4.2 and 4.3. In this section, we prove Propositions 4.1,
4.2 and 4.3 using the slightly generalised extended state-space construction defined above.
The proof of Proposition 4.3 proceeds along the same lines as the proof of Proposition 2.1.

PROOF (of Proposition 4.3). Recall that by (4), the random-walk type proposal used to
scatter the particles around the reference path is symmetric in the sense that
A(dZ§)S§Y (Zt7dZt_J) A(dzt )St D(Zt ,dz, );
for any j, k € [N]o, where z; ™ := (29, ...,z ', 27", ... 2¥) and where \ denotes a suit-
able version of the Lebesgue measure.
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For the plain algorithm (with neither the backward sampling nor the forced-move exten-
sion), we can then readily check that

N ,
7r,p(dx1r)Pr D o, (djir X dzir x darr—1 x dkir x dx),p)

(15) = WTD(dXﬂ-T)ED¥’5 x, (kv x dzy.p X dayp—1 X djrp X dxyr),

i.e. (15) admits 7wy p(dx).;) as a marginal.
For the backward-sampling extension, let IP’T . be the same as IP’T Dox,. (with-
out backward samphng) except that the terms BJ, 1(dat 1) in (14) are replaced by

Bivl D((Zt 2:t—1, Gt — 2,Zt ),{al* ;}). Then
WT,D(dxlsT)]P)Tp,xl:T (d]1:T x dzi.p x darp—q1 x dkyp x dx).p)

ok

(16) = TI'TD(dxll T)ng)x (dkl T X dZ1 T X da1 T—1 X dj1 T X dxl:T)'
That is, (16) again admits 7w D(dx1 1) as a marginal. Incidentally, IP’T Dx,., can be recog-
nised as the law of all the random variables generated by an i- "RW-CSMC algorithm with
ancestor sampling. This shows that ancestor sampling is a valid alternative to backward sam-
pling in this algorithm.

Finally, use of the forced-move extension can again be justified as a partially collapsed
Gibbs sampler because applying this extension in Step 2 of Algorithm 3 leaves the marginal
distribution of K7 conditional on (Xy.7, J1.7, Z1.7, A1.7) invariant. O

PROOF (of Proposition 4.1). Let

Zr((z1.7, j17),darr—1 x dkp.r)

[HBO dagt1 HRt 1,D ((Zt—2:t—1,a1—2),da;" 1)]

n T-1
X R%D((ZT—lzT,aT—l)ydkT) H Baf‘“ (dky).
=1

Simple algebra then verifies that
¢r(zir, djir) Zr((z1r, i), darr—1 x dkir)
=¢r(z1r, dkrr) Er (2107, kir), dar—1 x djir).
This completes the proof. O
PROOF (of Proposition 4.2). Let

Er((z1:7, j1.7), dar.r—1 x dki.7)

T N
- [TTsvtaety Hégv17D<<zt_2:t_1,at_2>,da?n}

t=2 n=0
n#je —
XRTD((ZT 1.7, ar—1),dkr) H (Zg—1:¢, Qs 1,Zt+1) dk:}),

and

D

(211, j1:7), dar.r—1 % dki.1)

T N
= {HBtJ\lLD((thtlaatlath) {aly )HRtj\il,D((thQ:tflyat72)vda?—1)

=2 - 10
><RTD((ZT 1.7,ar—1),dkr) H6 kepn ( dk:ts

(1
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Simple algebra then verifies that
§r(z1r, djir) ZEr((z1r, j17), darr—1 X dkyr)

= &r(zrr, dkyr) Er((21, kir), darr— 1 X djir).

This completes the proof. O]

D.3. Relationship with ‘unconditional’ SMC algorithms. In this section, we expand
on the observation made in Remark 4.4 that whilst standard CSMC methods are closely
related with a corresponding ‘unconditional’ SMC algorithm, no such ‘unconditional’ coun-
terpart exists for the i-RW-CSMC algorithm.

As explained in Andrieu, Doucet and Holenstein (2010), standard CSMC methods are
closely linked to the justification of a corresponding ‘unconditional’ SMC algorithm in the

sense that the law of all the particles and parent indices generated by the latter, @g 71*)’ is:

E[E}T x, , ({(Z1:r, Arr—1) € dzyr x darr_1})]
Hthl ﬁ 27]:[:0 Gi(z7)

N T N
mHMM@thﬁwm%Mhmmuﬂm

n=0 t=2n=0

= Q%’B(dZLT x day.r—1),

where X 1.7 ~ 71 p, and where — to avoid complications arising from the division by zero —
we assume that m,; and Gy are strictly positive.

However, for the i-RW-CSMC algorithm, no such ‘unconditional’ SMC algorithm exists.
To see this, let A denotes a suitable version of the Lebesgue measure. Then by (4), the measure

E[EQ’B,XLT(H{(ZL%A1:T71) € dzi.r x dai.7—1})]
ITims s Sono mu(ze ) 27) Go(2])

[H)\ dz)) SN (29, dz; )]
T N
X |:HHR1{/V17D((Zt—2:t—17at—2)7da?1):|

t=2n=0

~N
= Qp'p(dz1.r x day.r-1),
is not finite and hence there does not exist an algorithm that samples from it.
D.4. Formal definition of the limiting law. In this section, we give a more formal def-
inition of the limiting law of the genealogies (i.e. of the ancestor indices, A}') and of the

particle indices of the new reference path, K, under the i-RW-CSMC algorithm that appears
in Section 4.2.

PY (dvy.r x dwyr x dayp_y x dky.r)

— [ﬁN(d[Utawt]T;ﬂtTvEtlT)]

[H So(da?) H RyYp((vr, we—1,a-1),day )]
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x Ry ((vp,wr_y, ar—y), dkr)

T-1
[H Baktﬂ (dkt)} [without backward sampling]
t=1

X T-1
[H Bi‘VT((vt, Wi—1:t, Qp—1), dkt)] . [with backward sampling]
t=1

Here, we have defined the following quantities.
* Asymptotic resampling kernels. For any n € [N]j and any ¢ € [T,
RﬁfT((vt? Wt—1, at71)7 {n}) = Wﬂ({vg’l’b + w?ial %:1)7

where we recall the convention that w ; = 0. As usual, when using the forced-move
extension, we replace " by @" in the definition above at time ¢t = T'.
» Asymptotic backward kernels. For any n € [N]p and any ¢ € [T — 1],

BYr(vrwimr,ai1), {n}) = 0" ({0 + wf +wyt I ).

D.5. Proof of Proposition 4.5. In this section, we prove Proposition 4.5. The proof can
be viewed as an extension of the proof of Bédard, Douc and Moulines (2012, Lemma 10) to
the case that 7" > 1. It relies on a Taylor-series expansion and a few technical lemmata which
we state first.

LEMMA D.1. For any N € N and n € [N]o Boltzmann selection function ¥" and
Rosenbluth—Teller selection function @™ are Lipschitz-continuous. N

PROOF. This can be verified by checking that the absolute value of the gradient is almost
everywhere bounded. O

Main decomposition.. Throughout the remainder of this subsection, we fix some N,T € N.
For any x1.7 € E7 p and any ¢ € [T, define

Vir = mr([0ri]?),
Wyr = mr([0sr41]°),
Sy = mr([0pw] [Op e 41]),
Vyr(xi-1:) = D130 {[0v] (we-1:0.0) },
Wyt (xe41) = D730 {[060011] (r441.0) 1,
Syr(xe-11441) = D7 {000 (- 1:0.0) HOv0r41] (Tee41,0)
Vyr(xe-14) = [DVyr(xe-1:)] 7% supge;py 0004 (24 -1.0.0)],

Wt|T(Xt:t+1) = [DWt|T(Xt:t+1)]_1/2 Supde[p]|[at@t+1](ﬂft:t+1,d)|,
where we recall the convention that wr41 = 0. With this notation, for some 0 <17 < 1/4,
define the following family of Borel sets:
Vyr(xi-14) = Vyr|V

War (Xet41) = Wyr|V
17 Frp:= T EE
(17) T,.D X1.T & BT.D tselg,)] B |St|T(Xt71:t+A)/_ Syrlv

Vir (Xe—1:6) V Wy (Xt:141)

<D™
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LEMMA D.2. ForanyT €N, limp_,oo ®7p(F7.p) = 1. <

PROOF. The results
(18) mr.p({x1.7 €Erp | [Vyr(Xt—114) = Vyr| < D7}) = 1,
mr p({x11 € Brp | Wyr(Xe441) = Wyr| < D7} — 1,
mr.o({x1.1 €Erp | [Syr(Xi—1441) — Syr| < D7}) = 1,
follow from the law of the iterated logarithm since 1 < 1/2. To prove
wrp({xir €Erp]| Tjt|T(Xt—1:t) <D™"})—=1,

we argue as in Bédard, Douc and Moulines (2012) that, by (18), it suffices to show that for
any ¢ > 0,

7r,p({X1:7 € ET,p | upaep)|[0:01) (1-1:00)| < cDV> 7))
= P({sup e p)|[040¢] (Xi—1:,4)| < eDV?71})
= [1 = P({|[0sw¢)(Xi—1.,1)| > cDV/271})]P
— 1,

where (X1.7,4)4>1 be IID samples from 7p. But this holds since Markov’s inequality along
with the fact that 7 < 1/4 and C1 ensures that

P({|[0)(Xi-1:41)| > eDY?71}) < mp(|0py|*) e DH=12) = o(D 7).
The result w7 p({x1.7 € E7 p | )/A\;HT(xt:tH) < D7"}) — 1 follows by the same arguments.

O

In the remainder of this subsection, we let (x1.7,p)p>1 be some sequence in (E7,p)p>1.
ie. Xy p=211.0,0 € RP, for any D > 1. We shall also often use the shorthand Supg, , for
SUDy, . ,eF, - We then set

Xt D, ifn=0,
t,D * .
xt,0+ /% Ul p, ifne[N],

where U}, :== U}, p» with Ut ip ~N(0y, X) for X == 1(In +1y51%) and where UtldND
and UtleND are independent whenever s # ¢ or d # e. We also fix some a} € [N]o for all
(t,n) € [T — 1] x [N] and some k; € [N] for all ¢ € [T].

A second-order Taylor-series expansion then gives

V_Vt(zﬁ_llDa Z?p) — wi(Z_1 p, 2} p)
=Vi'p+ Wt ip+t ZZ (RY D )+ Sat 'p)+ Zz— tatl,lt:nDZ’
as well as (for t < T),
V(2 T T ) — V(2. ID,Zt - Zi D)
=Vip+ Wffp + Z?:l( Ry, Staf 1p)t S taflltJBi

n 4 n,i
Win+ 232215 D
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where
V’I’L = 8 U 82 _ 7
oo Vt\T X¢—1:4,D) Z ¢0] (@4—1:4,4.0) th+ 7 (0; W)
Wt|T \/Tt ‘
wm. .— 6 [m 62 B |
P Wyt (Xe:041,D) Z v @t 1) (Te041,4.0) U gD t3 77 (07 Wet1)
and with

sz) = {1_ \/%}\/»Zd 10vw](z4-1:4,4,0) Uy p
RYD = 55 > [0701) (@ 1:0,0.0) — § 77 (0F,)
RZ’g = 24]3 d= 1[8t W) (21 th){(Uﬁd,D)z -1}
RYp =t S {030 (wi-1.0.0.0 + €'a pVEUL )
— [0wd) (#1-1:0,0.0) } (U4 p)*

71 . WtT ét
Sep = {1 —y/ m}\/ S [0 (e i1.a.0) U7y

SfTDQ = 2€}D d= 1[8t Wi 1) (Tet41,4,0) — ’WT(Bt Wiy1)
3
STD =35 g 1[5 W1 ] (Tee41,0,0){( th) —1}
4 _
Str,nb = ﬁ Zd:1{[3t2wt+1]($t,d,z) + n%,D\/EU&,D’xH—Ld,D)

— [0fwes)(wees1.4.0)} (Ul p)°

Tmnl L \/f Liy1

1D Zd 1060101 ) (@ t:a41,0,0) Uy pUL 4.
\/e ¢ _
Ty = Yt S {10001 B ) (as1,a,0 + 0% pVEUTY b

Tep1,d,0 + & 1.a0V 11Ul 1 4 D)
— [0t0s 1@ 1) (T:041,4,0) YU 4 UL 1,00

for some Nra.p:&tap €[0,D7 1/2] and with the usual convention that Vi'ns Wi'p, R?’é, and
Si'h are 0if t =0 or n=0. SlmllarlmimD—OWheneverm 0,n=0ort=1.

LEMMA D.3.  Assume Al and C1. For any t € [T], (m,n) € [N]?, i € [4] and j € [2],

1. imp_so0 SUPR,, , [|R ]

PROOF. By definition of F7 p, using that x — /x is concave and increasing so that
vz — /Yyl < +/|z — yl|, and since by Jensen’s inequality, E[| X|] < E[X?2]1/2,

|Rn1 <\/\Vt\T Xi—1:4,0)= Vi1 |

Vf\T(Xt 1:t D)

5 S {[0v) (21 -1:0a.0) Y BT p)?]
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<D™?% 50,

m,1 Wit (X¢:441,0)— V7|
EHSt:D H S Wt\T(Xt:tJrl,D)

x ) % i {0 ) (weei.a.0) P EU, 5)?)

<D2¢% 0.

From the definition of Fr p,
B[R}l < 4D 0,
B[S < 4D 0.
By Jensen’s inequality, E[| X|] < E[X?]'/2 and hence
BB < \/ 1t S {[0700) (w1 1..0.0) Y var (U7 )2
< ﬁllaf@t\\oo — 0,
E(ST < /1o S (0P @) (1.0.0) 2 var (U )

< 5 |07 0100 — O,

1 Lelein
t”:fl pl] \/ ) Zd 1{000e11We1](24:441,0,0) P E[ thUt—',-l dD] =0.

Since 7, 1, &My p € [0,D71/2] and since 07wy, 071 and 0;0;4 1141 are Lipschitz-
continuous

n,4 Z3/2 _ n
EHRt,D ] < 2\/5[8t2wt]LIPE[|Ut,d,D|3] —0
m,4 Z — m
EllS pll < \ﬁ[afthrl]LIPEHUt,d,DP] —0
m,n,2 iV, Etft 1/2 1/2 1 m n
HTt 41, DH [atatJrlth]LIP H(ﬁ / Uil t,d,D + gt-{—lUtH dD)Ut,d,DUtH,d,DH —0
where [f].;p denotes the Lipschitz constant of f w.r.t. the 1-norm. O

LEMMA D.4.  Assume Al and C1 and let (V}" )i nein) and (Wi )ieir—1)ne|n)] be the
families of Gaussian random variables defined in Section 4.2.1. Then, if x1.7.p € Fr p, as
D — o0,

. 1:N 1:N 1I:N 1:N T
YD — (VlyD P '7VT,D7W].,D P 7WT*1,D) 5
converges in distribution to
Vo= (VEN L VEN W L wp )T q
PROOF. Since E[V/";] = E[V;"] and E[W/"},] = E[W;"], we only need to show conver-
gence in distribution of the centred random vector
v T71:N 1171:N 171:N T
Yp:=Yp— E[YD] (Vl D - 7VT,D ) W1,D 7---7WT—1,D)
to

Y=Y —E[Y]= VIV, VEN WEN W)
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By the Cramér-Wold theorem, it then suffices to prove that MY, =g ATY for_any
A= (NN NN MEY)) € RNGTE1) Equivalently, we must show that ATYp —4 N(0,72),
where

72 = var[]ATY]

T N N
= Z Z Z NPT cov [V, VM) + AN cov[W), W™ + 2AP AT cov V™, W™,
t=1 n=1m=1

where we recall the convention that W = 0.

Let F4.p == ({Uf. p |t € [T],e € [d],n € [N]}) as well as

T
UdvD::Z[ _ [atwt J(zt—1:t,a,0 Z)\ Uiap

Vyr(Xt-1:.0)

t=1
+I{t<T} L\/ 5[00041) (% 441,40 f: MUy D} ;
Wyr(Xt:+1,0) A v

then Uy p is F4 p-measurable. Therefore, for x1.7p € Fr p, by the central limit theorem
for triangular arrays (Dvoretzky, 1972), Zfl):l Ugp = ATYp converges in distribution to a
zero-mean Gaussian random variable with variance 72 if, as D — oo,

LY E [Dd D|-7:d 1.0] — E[Uap|Fa-1.0)* —p 7%

2. iy >ogm BUG p I Ua,p| > €} Fa—1,p] — 0, for any € > 0.
To verify the first condition, we note that
D
> EWUi plFa-1,0] ~ Elha.pl Fa-1.0]’
d=1
=72 42 Z GHyrp Z Z AP AT S s
n=1m=1
where
Vt\TWt\T
H = Syr(x_1. — Sy,
HT.D \/VtT(Xt1:t,D)WtT(Xt:t+1,D) tr(%-1it41,0) = Syyr

so that limp o supg,. , |Hyr p| = 0 by definition of Fr p.
It remains to check the second condition. Let £ > 0 and set

oV = SUPye[7) 2 Vir < 00,
a? = supcpp_ ) BWyr < o0,
a® =9 supyer—1) Celir1/ViyrWyr < 00,
and a := sup;c3) a®,
b% b = Vyr(xe—1:4,0))%,
b§2d)D = Wyr(xe41,0)]%,

bg,d),D = 1)t|T(Xt*1:7f,D)]/-/\\-}ﬂT(Xt:t+17D)7
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as well as

<

1) . N N

§,¢1) = anl Zm:1 AL tT,ld,D ZZI,D?
@t <IN N Neamyr, Um
td n=12L.m=1"t "t “td,DYtd,D>
3 N N 3

g,d) =t <TY Y 2 AU p U -

Then, since bgic)l p < D27 for all i € [3] by definition of Frp.

N

< =

{Ua,pl >y S {a X2 T 60 MO > 2)
C{aX} S0 M0 > D¥e2),

and thus
D
Z EU p I{[Ua,p| > e} Fa-1,p]
d=1
D T . 3 T '
3D T 9 BICERE B
d=1 i=1 t=1 j=1s=1

This completes the proof. O

PROOF (of Proposition 4.5). We present the proof for the general case with backward
sampling. This immediately implies the proof for the case without backward sampling. Like-
wise, we omit the proof in the case of the forced-move extension.

We fix some N,T € N and define Fr p as in (17). By Lemma D.2, we then have
limp_oo 77, p(F7,p) = 1. We also fix some a}’ € [N]p for all (t,n) € [T — 1] x [N] and
some k; € [N]p forall t € [T]].

The proof of the statement is then complete upon verifying that, as D — oo,

supg,. , |E[Yp(Zp)] — E[T(Y)]|

(19) <supg, ,|E[Yp(Zp)] — E[Y (YD) + supg, , |E[T(YD)] - E[T(Y)]|
— 0,
where Zp = Zi%, RPN Z%% and
Tp(Zp)
=TS TI 7 (W2, Zi) — Wil 2 . 20 p) i)

_ ar_y _
X l*ka({WT(ZTfl,Dv Z7 1 p)— WT<Z(7)“—1,D’ ZOT,D) 1)

T—1 gk (f< ay’y m ki1 — 0 0 kiia N
X Ht:l v t<{vt(zt71,D7Zt,D7Zt+1,D> - Vt(zt—l,D7Zt,Dth+1,D) m:l)v
and where Y and Y are as in Lemma D.4 as well as

T((v%’N,...,U%N,w%:N,...,w%ﬁj_vl)T)
T—-1 N n ay’
=TTmy Tl &% (o + w30 ))

X R (ol gt N ) TIE o (fop + wp +wp YN ).
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We now consider the two terms on the r.h.s. of (19). For the first term, a standard
telescoping-sum decomposition, and using the fact that the selection functions are Lipschitz
(see Lemma D.1) and bounded above by 1, gives

E[Yp(Zp)] - E[T(YD)]|
< [SUPye ) [ ]

X [N ST L U R+ 18T+ T

+ N [ R |+ 1730 1} + S5 T |

T-1 N s s a‘t 17 ay_1,m,J
+ Yy e i[RI+ ISP DI+ T S

so that limp_, supg,. ,|E[Yp(Zp)] — E[T(Yp)]| — 0, by Lemma D.3.

For the second term on the r.h.s. of (19), Lemma D.4 and the continuous mapping theorem
ensure that '(Yp) —4 7(Y). Since 0 <7 < 1, this implies limp_, o supp, , |E[Y(Yp)] — E[T(Y)]| — 0.
- :

D.6. Proof of Proposition 4.8. In this section, we prove Proposition 4.8. The proof relies
on a few lemmata which we state first.

LEMMA D.5. Let 09 > 01 > 0and (X1, X2) ~N(02,12). Then

eO’1X1—O’f/2 SCX eO'QXQ—G'S/Q. q

PROOF. Let ¢: R — (0,00) denote the probability density function of a standard normal
distribution, let ®: R — (0,1) denote the associated cumulative distribution function and
X ~N(0,1). Then for any a > 0, b € R and ¢ € R, writing [(a, c) = log(c)/a + a/2,

o0

B -0y = [ (@ - pla)da

l(a,c)
—6“2/2%/ ¢(z —a)dz — c®(—I(a,c))
(a,c)

(20) = /2P (—1(a,¢) + a) dz — c®(—I(a,c)).
Let Y; := e”X:=97/2 for j € {1,2}. Then by (20), for any d € R,

) (LD s

E[(Y2 - d)+] — B[(Yi — d);] = &(

Finally, E[Y]] = E[Y2] by the properties of the log-normal distribution. This completes the
proof. O

LEMMAD.6. Let X :=(X1,...,XN) ~N(p,02X)andY = (Y1,...,Yn) ~N(v,725),
where [X];; =1 and [X]; ; = 1/2 for i # j and where = —aly, v:= —bly for a € R
and b > 72 /2. Assume also that X and Y are independent. Then for any binary vector
6 =01.N € {0, 1}N,

N X,+6,Y; 02 /2+a+712/24b\ —1
R (-2
14+ Zi:l eX11+57:Y7‘, N
In particular, for 6 = (0,...,0) we have the tighter bound

N X o2 /24a\ —1
E [Z:F]lve] > <1 4 € > ) 4
14350 e N
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PROOF. We begin by proving the bound in the special case § = (0,...,0):

ZN )
E[ Ei_:leXl }>E[ 1 ]
N | = -X
14+ 30N eXs 1+e %1/N

1 e02/2+a -1
- J—
= 1 ¥ EjeX /N] < TN >

where the first line follows since ¢ — ¢/(1 + t) is concave and 21111 eXi <. NeX1; the
second step is due to Jensen’s inequality and the fact that ¢t — 1/(1 + t) is convex; the last
step follows from the properties of the log-normal distribution.

We now extend the approach to arbitrary 6 € {0,1}. Since 72/2 — b <0,

ZN . eXit0:Yi: ZN . eXit0:Yi+(1-8:) (72 /2-b)
1= > 1= .
1+ ZL eXitdY: T 14 Zf\il eXi+8:Yi+(1-38:) (72 /2—b)
Furthermore, by Lemma D.5 and Dhaene et al. (2000, Theorem 5),

N
. . . P 2 p—
Zexr‘r&yﬁ-(l 8;)(7%/2-0) Scx N6X1+Yl,

i=1

and since ¢ +— t/(1 4 t) is concave,
ZNleXi—l—éiYi, r ZNleX1,+571Yi+(1—5z:)(7'2/2—b)
1= 1=
[1 + Zszl eXﬁém] 1+ Zi\le exi+5m+(1_5i)(72/z—b)}

I sz\il eXH'Yi
>E ~

L1+ 5 et

NeX1+Y1

|1+ NeX1+Y1]

1
>
“1+E[e X %]/N

o0 /2+atT?/24b\ ~1
=14+ —-].
()

>E

Here, the penultimate line again follows by Jensen’s inequality since ¢ — 1/(1+t) is convex.
] O

LEMMA D.7.  Let m(x1.7) denote some twice differentiable probability density function
on RT and write 0} f (x1.1) as shorthand for %f(a:lT) with 0} =: 0. Then

7([0; log 7)?) = —7(d% log 7). q
PROOF. If T'=1, using integration by parts,
n({(logm)?) = [ (z)(log Y (x) da

21 =7'(2)| %% — m((logm)") = —((logm)").
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For T'> 1, we let m_4(x_) == ffooo m(x1.7)dz; denote the marginal density of z_; :=
(2141, Tey1r) and let my_y (24| —t) = 7(21.7) /7t (2 —¢). Since O log 7(w1.7) = O log Ty (4|7 —4),

([0 log 7T]2) = 7([0¢ log 7Tt|—t]2)
:/[/[&tlog7rt|_t(xt|x_t)]27rt|_t(xt|x_t) dzy |m_(x_y) dz—y

= —7(0; logmy )
—m (02 log ),

where the third line follows by integration by parts in the same way as (21) with 7 (z) replaced
by the conditional distribution 7y (2¢|7 ). O

PROOF (of Proposition 4.8). By Lemma 1.1, it suffices to consider the case without
forced move. Under Assumption A4, we have W;* =0 for any ¢ € [T] and any n € [N], so
that

Rijr((ve,wi—1,ar-1), {n}) = 0" ({v]" }1521),

does not depend on a;—; (nor on w;_1). As a consequence,

HZETW (VN H( e”qogz“flT))’1

s=tne[N|

where the last line follows by Lemma D.6. This completes the proof of the first part of the
proposition.

We now prove the lower bound in the case that backward sampling is employed. Since
W =0 for any ¢t € [T] and any n € [IN] due to Assumption A4, we additionally have that

Bl ((ve, w1, ai-1), {n}) = 7" ({v]"}20),

does not depend on a;_1 (nor on wy.;—1). As a consequence,

ex Ly —1
= 3 BNVl > (Hp%m)’

ne[N]

where the last line follows by Lemma D.6. This completes the proof of the second part of the
proposition. O

APPENDIX E: ADDITIONAL SIMULATION RESULTS

E.1. Effective samples sizes. Figure 5 displays the v p-averaged effective sample size
(ESS) of the ‘resampling’ and ’backward-sampling’ weights at time ¢ for each algorithm in
the setting from Section 5. More specifically, let

1
Soao (W2

denote the ESS for self-normalised importance sampling weights W2 (Kong, Liu and
Wong, 1994). Below, let [E denote expectation w.r.t. Xq.7 ~ 7 p.

1. The first column shows E{ET DX, [ESS (W]}, where,

ESS(WON) =

— T ({wi(Z7) — wi (ZDN_)), without backward sampling,
b LP”({vt(ZmZKt“) vt(Z?,Zfﬁrl) N_.), with backward sampling.

t+1 m=1
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2. The second column shows IE{IE%D X, [BSS(WN)]}, where

O FIZ 2 w2 N ), without backward sampling,
! LP"({\’/t(Zf_tI}Z?}Zﬁff) — (29,79, ijff) N_.), with backward sampling.

By construction, the ESS takes values in [1, N + 1]. The first column shows that for the i-
CSMC algorithm, the ESS degenerates to its smallest possible value, 1, in high dimensions.
In contrast, for the i-RW-CSMC algorithm, the ESS converges to a non-trivial limit > 1.

i-CSMC i-RW-CSMC
301
Dimension (D)
20 1 1 18 — 35
2 19 — 36
o 101 — 3 20 — 37
N 4 21 — 38
3 5 22 — 39
= 0 6 23 — 40
£ 7 24 — 41
S i-CSMC i-RW-CSMC 8 25 — 42
] with backward samplin, with backward samplin, 9 26 — 43
= e pne 10 —27 — 44
3 30 11— 28 — 45
b 12 29 — 46
= 13 —30 — 47
20 14 — 31 — 48
15 — 32 — 49
10 - / 16 —33 — 50
17 — 34
O -

0 5 10 15 20 250 5 10 15 20 25
Time (£)

F1G. 5. The 7 p-averaged effective sample sizes of the ‘resampling weights’ (top row) and
‘backward-sampling weights’ (bottom row) as a function of ¢.

E.2. Comparison with classical MCMC algorithms and choice of tuning parameters.
Here, we compare the performance of our proposed methodology with classical MCMC algo-
rithms that use the same Gaussian random-walk proposal kernel. For a fair comparison, the
latter will be “multi-propsal” versions which make N proposals. Specifically, we compare
the following four methods, where we recall that ™ denotes the Rosenbluth—Teller selection
function which was defined in (2) and which reduces to the usual MH acceptance probability
&' =1 Aexpif N =1 proposals are used.

* i-CSMC. The standard i-CSMC algorithm, Algorithm 1 (with forced-move and backward-
sampling extensions).

* i-RW-CSMC. The i-RW-CSMC algorithm from Algorithm 3 (with forced-move and
backward-sampling extensions).

* RWMH. A random-walk Metropolis—Hastings (RWMH) algorithm on the full, i.e. (7" x
D)-dimensional, space. For a fair comparison with the previous two algorithms, we imple-
ment a multi-proposal version of this method which proposes N new points — rather than
just 1 — at each iteration. That is, the structure of the algorithm is that of Algorithm 3 us-
ing the forced-move extension in the case of 7' = 1. Algorithm 4 summarises the method,
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where we use the convention that z7,,. := (z7,...,2%). Note that due to the (7" x D)-
dimensional space, the variance of the proposal kernels is properly scaled as ¢/(T'D), for
some ¢ > 0. For N = 1, this algorithm reduces to a standard Gaussian random-walk algo-
rithm (on the full space).

* Blocked RWMH. A blocked version of the above-mentioned multi-propos] RWMH algo-
rithm. Each state x; corresponds to a block. In this case, as in the i-RW-CSMC algorithm,
the variance of the proposal kernels at time ¢ is properly scaled as ¢;/ D, for scale factors
ly,...,4r > 0. Algorithm 5 summarises the method. For N = 1, this algorithm reduces to
a standard blocked Gaussian RWMH algorithm.

ALGORITHM 4 (RWMH). Given x1.7 :=x1.7[l] € E7 p.

1. Sample all particles Z}" = z} as in Step 1 of Algorithm 2, , where (1 = ... = {7 = ¢, for
some £ > 0.
2. Sample K = k € [N]o with probability #*({h™}¥_ ), where

h'™ :=log 7y p(z{'7) — log ﬂ'T,D(Z(l):T)'

3. Set X =%\ =2k .
4. Return x.7[l + 1] := x| .

T

ALGORITHM 5 (Blocked RWMH).  Given x;.7 :=x1.7[l] € E7 p.

1. Sample all particles Z}' = z} as in Step 1 of Algorithm 2.
2. Fort=1,...,T,
— ; i k¢ m1N
a) sample K; = k; € [N]o with probability &* ({hj"}," _,), where

mo.__ / m /
hi" = log 77 p(X1.4_1,2{",X¢+1.7) — 108 1 (X141, Xe:7)s

b) set X} :=x, ==z,
3. Return xy.7[l + 1] =%/

As part of the simulation study, we also investigate the choice of the tuning parameter N
(used by all four above-mentioned algorithms) and the choice of the target acceptance rate
a € (0,1) which is used to adaptively tune the scale factors /; in the i-RW-CSMC and blocked
RWMH algorithms and the scale factor ¢ in the RWMH algorithm. Recall that as discussed
in Section 6, we adapt the scale factors so that the acceptance rate is around «.

The model is the same as in Section 5. However, due to the substantial number of com-
parisons, we only consider 7' = 5 observations. The i-CSMC and i-RW-CSMC algorithms
both employ the forced-move and backward-sampling extensions. We use 25000 iterations
for each algorithm in each configuration and results are averaged over four independent rep-
etitions. Figure 6 compares the squared jumping distance (averaged over all components and
time steps) for the different algorithms and configurations and illustrates the following.

1. The optimal acceptance rate appears to be around 0.2 if we use only N = 1 proposals
but increases with N. This is in line with the results for a related multi-proposal MCMC
algorithm (in case that 7' = 1) from Bédard, Douc and Moulines (2012).

2. The i-RW-CSMC algorithm performs better than the (multi-proposal) RWMH algorithm.
This is not surprising because the former exploits the decorrelation in the “time”-direction
whereas the latter does not.

3. As discussed the Section 7, backward sampling plays a similar role as blocking (in the
“time”-direction). Hence, it is expected (and our simulations illustrate this) that both the



CONDITIONAL SEQUENTIAL MONTE CARLO IN HIGH DIMENSIONS 49

i-RW-CSMC algorithm and the blocked (multi-proposal) RWMH algorithm have a similar
complexity. The blocked RWMH algorithm appears to even perform slightly better than
the i-RW-CSMC algorithm. This may be due to the fact that the former uses the superior
Rosenbluth—Teller selection function (2) at each time step whereas the latter only uses
the Boltzmann selection function (1) (except in the final time step). However, note that
the blocked RWMH algorithm requires manual selection of the block sizes (here: taken
to be equal to a single state) whereas no such tuning is needed when using the i-RW-
CSMC algorithm with backward sampling. Indeed backward sampling can be interpreted
as automatically selecting suitable block sizes depending on the proposed set of particles.

Algorithm i-CSMC i-RW-CSMC —— RWMH Blocked RWMH
v [ v [ v [ vew ([ vem [ vew |
0.75
] § |
0.50 ) / \ \ i
-2 LN / -
0.25 P~ NN A N L p 7500
0.00 L |
0.75
504 — | ©
0.50 - A\
25 1 - A~ v\ P e
- = N\ L LN
i PN
0.00 L |
0.6
0.4 ;
0.2 = Pl
= — = X N /WQ
e L

0.2 7

a

0.1

)
AN
.

_— — o= N

Mean squared jumping distance

e N
0.0 —
0.100 ]
0.075 1 /\ S
0.050 1 / I
0.025 A Q / MJ\ g
0.000 - —
0.04
0.03 . =
0.02 /ﬁ/ \/\ 4
001 e X N L~ | °
p—— —

0.00 t=—— —— —— —— —— ——
0.250.500.75 0.250.500.75 0.250.500.75 0.250.500.75 0.250.500.75 0.250.500.75

Target acceptance rate «

F1G. 6. Performance of the algorithms discussed in this section in different dimensions and
for various choices of the tuning parameters N and a.

E.3. Multivariate stochastic volatility model.

E.3.1. Model. Our second example is a multivariate stochastic volatility model which
was previously used as a benchmark in Guarniero, Johansen and Lee (2017). We stress that
this model does not generally satisfy the IID assumption A1.

Let ¢, - denote a density (w.r.t. a suitable version of the Lebesgue measure, A) of a D-
dimensional normal distribution wit mean vector m € R and covariance matrix C' € RP* D,
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Let y; = (y1,4)aep] € R” be a vector of D log-returns observed at time ¢ € [T']. Then:
Gi(Xt) = o, diag(exp(x)) V1)

my (Xt—l ) Xt) = (P;kHP(xt,lfp,),U(Xt)’

where exp is applied element-wise, where diag(z) is a diagonal matrix with diagonal given
by the vector  and where p, ¢ € RP, & := diag(¢), U € RP*P is some covariance matrix.
We also recall that 0p,1p € R are column vectors filled with zeros and ones, respectively,
and Ip € RP*P is an identity matrix. At time ¢ = 1, my(x;) = ¢, (x1), where U, is the
stationary covariance matrix of the latent autoregressive process of fog—volatilities, ie.

vecU, = (Ip: — P Q@ P) Lvecl.

Finally, we assume = v1p, & = ¢lp as well as [U]; ; = 7 and [U]; ; = 7p, for some v € R,
7>0, ¢,p€ (—1,1) and any ¢,j € [D] with i # j. Note that the IID assumption Al is
violated unless p = 0.

E.3.2. lllustration of the algorithms and adaptation of ¢;. We compare the performance
of the i-CSMC and i-RW-CSMC algorithms, with NV = 1000 and N = 50 particles as well as
30000 and 600000 iterations, respectively, on a simulated data set generated using parame-
ters (v, ¢, 7, p) = (0,0.9,2,0.25) and for 7' = 50 and D = 30. Each algorithm is initialised
by running a standard “unconditional” SMC algorithm (i.e. a so-called “bootstrap particle
filter”) with NV = 1000 and N = 50 particles, respectively.

We use the adaptive rule for setting the scale factors ¢; suggested in Section 6 and with tar-
get acceptance rate as « = 1 — (N + 1)_1/ 3 ~ 73 %. To illustrate the utility of this adaptation
rule, we initialise the scale factors to overly large values: ¢ = ... = {7 =100

The results are shown in Figures 8 and 7 which illustrate that the i-RW-CSMC algorithm
outperforms the i-CSMC algorithm in terms of average squared jumping distance and in
terms of the average integrated autocorrelation time (where averages are taken over all “spa-
tial” components), both of which are scaled to account for the fact that the i-CSMC algorithm
uses a larger number of particles.

We stress that these metrics may overstate the performance of the i-CSMC algorithm be-
cause — in contrast to the i-RW-CSMC algorithm — it did not actually yield reliable estimates
of any marginals under the joint smoothing distribution. For instance, at time ¢ = 1, only 30
out of the 30000 iterations resulted in acceptance.
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0.04 1
Algorithm

i-CSMC

0.02 1 i-RW-CSMC

(Mean-squared jumping distance) /(N + 1)

0.00 9

0 10 20 30 40 50

Time

FIG. 7. Averaged (over ‘spatial’ components) squared jumping distance (adjusted for the
number of particles) in the multivariate stochastic volatility model.

1000000
Algorithm

i-CSMC

500000 i-RW-CSMC

(Integrated autocorrelation time) X (N + 1)

0 10 20 30 40 50
Time

FI1G. 8. Averaged (over ‘spatial’ components) integrated autocorrelation time (adjusted for
the number of particles) in the multivariate stochastic volatility model.

Finally, we illustrate the adaptive rule for setting the scale factors ¢; suggested in Section 6.
Figure 9 illustrates that the adaptive rule leads to a quick reduction in the scale factors down
from the overly large initial values ¢; = ... = {7 = 100.
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F1G. 9. Evolution of the scale factors ¢; under the adaptive scheme from Section 6.

APPENDIX F: USE FOR PARAMETER ESTIMATION

The Feynman—Kac model is typically specified through a set of parameters 6§ € ©, i.e.
M; =My, my =mgp;, Gy = Gy and 7w p = o T, D In this case, we likewise write
MCMC kernels induced by Algorithms 1, 2 and 3 as PT D= Pe .05 P¥ D= Pg 'r.p> and
PND Pe T,D

If 6 is unknown, then Bayesian inference in this model requires an MCMC algorithm
that targets the joint posterior distribution of the parameters and the latent states which is
proportional to w(df x dxi.7) o p(df)mwy r p(dxy.7), where the probability measure  on
© is the prior distribution for 6.

In this section, we discuss two classes of MCMC algorithms which target this joint pos-
terior distribution. The first includes the particle Gibbs sampler from Andrieu, Doucet and
Holenstein (2010); the second includes a novel algorithm.

Particle Gibbs sampler. The first parameter-estimation algorithm is the particle Gibbs sam-
pler proposed in Andrieu, Doucet and Holenstein (2010). Its (I + 1)th iteration is given in
Algorithm 6, where Ry, ,(6,d?Y) denotes some w(df|x;.7)-invariant MCMC kernel (e.g.
often a convolution of multiple MH updates).

ALGORITHM 6 (particle Gibbs sampler). Given (6[l],x1.7[l]) € © x Er p,

1. sample 8l + 1] ~ R T[l}(g[l], ),
2. sample x1.7[l + 1] ~ 9[l+1] TD(XI [l -).

In Step 2 of the particle Gibbs sampler it is stralghtforward to instead use the Markov
kernel induced by Algorithm 2 or 3, i.e. Pg T.p Of Pa 1 p- To see this, note that these kernels
leave 7y 7, p(dx1.7) = w(dxy.7|0) invariant.
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Alternative algorithm. For the RW-EHMM and i-RW-CSMC algorithms, an alternative type
of parameter-estimation method, in which the #-updates make use of the information con-
tained in all particles Z}, is possible.

The RW-EHMM-based algorithm is outlined in Algorithm 7, where ¢, ,.(6,d6") is some
proposal kernel for the parameters which may depend on the values of the particles. It can be
viewed as a version of the parameter-estimation algorithms based around embedded HMM
methods proposed in Shestopaloft and Neal (2013) who argued that averaging over multiple
particles may allow for larger steps to be taken in the #-direction compared to conditioning
on a particular sequence of latent states.

ALGORITHM 7 (alternative RW-EHMM-based parameter estimation). Given (0,x1.7) :=
(0[1], x1.7[l]) € © x ET p,

1. sample Z;.7 = z;.7 via Step 1 of Algorithm 2,
2. sample @' =60’ ~ ¢, . (0, -) and set

G OO S, ey T (7
Qe (0,00)0(0) 3, evyr Tom0 (21 2T

sample U = u ~ Unifjg 1,
4. ifu<r,

e sample Kyi.7 = k1.7 ~ §or(z1r, +),

e return (01 + 1], x1.7[l + 1)) = (0, (2}, ..., 25));

else,

* sample Ki.7 = ki.r ~ &o.7(21:75 - )s

e return (A1 + 1], x1.7[ + 1]) = (0, (2", ..., 250)).

(98]

Since Algorithm 7 relies on the RW-EHMM scheme, its computational cost again grows
quadratically in N. This motivates us to propose Algorithm 8 which only requires O(N)
operations. To our knowledge, Algorithm 8 is novel. For simplicity, we only state the ver-
sion of the algorithm with the backward-sampling but without the forced-move extension.
Here, qz,.1.a,.0_, (0,d0’) is some proposal kernel for the parameters which may depend on
the values of the particles and ancestor indices. Likewise, we have used the following nota-
tion for the probability of resampling the nth particle at time ¢ which was already introduced
in Appendix D.1:

CLTI,
_ my (2, 21) Go,(21')
Ry (vt ai-1), {n}) = o T
Y om—omo (2, 27" Go(2]")
and for the probability of selecting the nth particle at time ¢ via backward sampling which
likewise was already introduced in Appendix D.1:

i k
my (2, 2)) Gt (27 ) mg 41 (2], 2,74

- k
o ma (2 7 G (2 g 11 (217, 24

R k
BY, p((Ze—1, 001,234 ), {n}) =

In addition, a} := %O:N € [N])'™ denote values of a second set of proposed time-¢ ancestor

indices A} := A"
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ALGORITHM 8 (alternative i-RW-CSMC-based parameter estimation). Given (6,x1.7) :=
(0[1],x1:7[l]) € © x Erp,

1. sample (Zy.7, Ar.r—1) = (217, ar:7—1) via Step 1 of Algorithm 3,
2. sample
e O =0~ Qzy.7,01.7 1 (0’ ’ );

T-17N 5
c Alpoy=dypr ~ LS Theo R%,D((Zt—lzta ai_y),{a;"}),
and set

o Garat (OO T Yoo M2, 7)) Gon(2)
4z, .7,a1.7—1 ((9? QI)M(G) szl quz\[:(] mg (Z?i_ll ) Z?)Ge,t (Z?)

)

3. sample U = u ~ Unifyg 1y,
4, ifu<r,
d sample KT = kT ~ RQ{T,D«ZT—LT? a’Tfl), . ),
e fort=T—1,...,1, sample K; = k; ~ Bé\{tjD((zt_lzt,agfl,zfj’:f), )5
e return (A1 + 1], xy.7[l + 1]) = (0, (2}, ..., 27));
else,

e sample K7 = kp ~ Ré\,[T,D((ZT—lzT, ar—1), - )s
e fort=T-—1,...,1, sample K; = ky ~ BY, ,((2e—14, ar-1,2,%4), - );
e return (0l + 1], x1.7[l + 1]) == (0, (Z]flw--vZ?FT»'

Algorithm 8 could potentially be improved by employing (conditional) systematic rather
than multinomial resampling. In this case, the ancestor indices in both the numerator and
denominator can be drawn based on the same uniform random number at each time step.
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