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The iterated conditional sequential Monte Carlo (i-CSMC) algorithm
from Andrieu, Doucet and Holenstein (2010) is an MCMC approach for ef-
ficiently sampling from the joint posterior distribution of the T latent states
in challenging time-series models, e.g. in non-linear or non-Gaussian state-
space models. It is also the main ingredient in particle Gibbs samplers which
infer unknown model parameters alongside the latent states. In this work, we
first prove that the i-CSMC algorithm suffers from a curse of dimension in
the dimension of the states, D: it breaks down unless the number of sam-
ples (‘particles’), N , proposed by the algorithm grows exponentially with D.
Then, we present a novel ‘local’ version of the algorithm which proposes
particles using Gaussian random-walk moves that are suitably scaled with
D. We prove that this iterated random-walk conditional sequential Monte
Carlo (i-RW-CSMC) algorithm avoids the curse of dimension: for arbitrary
N , its acceptance rates and expected squared jumping distance converge to
non-trivial limits as D→∞. If T =N = 1, our proposed algorithm reduces
to a Metropolis–Hastings or Barker’s algorithm with Gaussian random-walk
moves and we recover the well known scaling limits for such algorithms.

1. Introduction.

1.1. Summary. This work analyses Monte Carlo methods for approximating the joint
smoothing distribution (i.e. the joint distribution of all latent states) in high-dimensional
state-space models. Developing efficient Markov chain Monte Carlo (MCMC) algorithms
for this task is challenging if the dimension of the latent states, the ‘spatial’ dimension D, or
the number of observations, the ‘time horizon’ T , is large because of the difficulty of finding
good ‘global’ proposal distributions on a large (DT -dimensional) space. For this reason, the
acceptance rate of independent Metropolis–Hastings (MH) kernels for this problem is typi-
cally O(e−DT ) which means that the algorithm suffers from a ‘curse of dimension’, i.e. its
complexity grows exponentially in the size (TD) of the problem. Throughout this work, we
define complexity as the number of full likelihood evaluations needed to control the approxi-
mation error of a fixed-dimensional marginal of the joint smoothing distribution.

For the moment, assume that D is fixed and sufficiently small. In this scenario, the iterated
conditional sequential Monte Carlo (i-CSMC) algorithm (Andrieu, Doucet and Holenstein,
2010; Chopin and Singh, 2015; Andrieu, Lee and Vihola, 2018) has become a popular Monte
Carlo method for approximating the joint smoothing distribution. The algorithm is based
around a conditional sequential Monte Carlo (CSMC) algorithm which builds a proposal
distribution sequentially in the ‘time’ direction by propagating N + 1 Monte Carlo samples
termed ‘particles’ over the T time steps. One of these lineages is set equal to the current state
of the Markov chain and termed the reference path. At each time step, some of the remaining
N particle lineages are pruned out if they are unlikely represent good proposals (‘selection’).
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The remaining particle lineages are multiplied and extended to the next time by sampling
from the model dynamics (‘mutation’). The selection steps prevent the algorithm from wast-
ing computational effort on extending samples which are unlikely to form good proposals.
This ensures that the complexity of the algorithm remains linear (and hence avoids a curse
of dimension) in T . Specifically, this linear complexity is due to the fact that the number
of particles needs to be scaled as N ∼ T (Andrieu, Lee and Vihola, 2018; Lindsten, Douc
and Moulines, 2015; Del Moral, Kohn and Patras, 2016; Brown et al., 2021). Recently, Lee,
Singh and Vihola (2020) showed that the use of an extension known as backward sampling
(Whiteley, 2010) removes this need so that the overall complexity of the algorithm can be
further reduced to O(1) (for fixed D), recalling that ‘complexity’ is the number of likeli-
hood evaluations needed to control approximation errors of fixed-dimensional marginals of
the joint smoothing distribution. Empirically, this has also been found to hold for a related
extension called ancestor sampling (Lindsten, Jordan and Schön, 2012).

Due to this favourable scaling in T , the i-CSMC algorithm has become a popular tool for
Bayesian inference in low-dimensional state-space models (and beyond). For instance, it is
the main ingredient within so-called particle Gibbs samplers (Andrieu, Doucet and Holen-
stein, 2010) which infer unknown model parameters alongside the latent states.

Unfortunately, as we show in this work, the i-CSMC algorithm suffers from a curse of
dimension in the ‘spatial’ dimension D of the latent states. That is, for any time horizon
T , the algorithm breaks down if log(N) = o(D) – i.e. unless the number of particles grows
exponentially in D – and this cannot be overcome through the use of backward sampling.

The main contribution of this work is to propose a novel CSMC algorithm, called random-
walk conditional sequential Monte Carlo (RW-CSMC) algorithm. In contrast to the (standard)
CSMC algorithm, it scatters the particles locally around the reference path using Gaussian
random-walk proposals whose variance is suitably scaled with D. The algorithm is incorpo-
rated into a larger iterated random-walk conditional sequential Monte Carlo (i-RW-CSMC)
algorithm which again induces a Markov kernel that leaves the joint smoothing distribution
invariant. We prove that this strategy overcomes the curse of dimension in D, i.e. in the
sense that the expected squared jumping distance associated with any D-dimensional time-
marginal distribution is stable as D→∞. In other words, for any fixed T , the algorithm has
complexity O(D) (and the number of particles does not need to grow with D).

We also discuss the complexity in the time horizon T . Specifically, if the model factorises
over time, we are able to verify that our proposed i-RW-CSMC algorithm has the same scaling
as the i-CSMC algorithm. That is, without backward sampling, we may grow the number of
particles as N = CT , for some constant C > 0, to guarantee an overall complexity O(TD).
The use of backward sampling again removes the need for growing N with T so that the
overall complexity can be brought down to O(D). Admittedly, the ‘factorisation-over-time’
assumption is strong. However, we conjecture that the above-described scaling in T holds
more generally, i.e. – just as in the i-CSMC algorithm – this assumption is not necessary.
As evidence for this, we present a slight modification of the i-RW-CSMC algorithm based
around the embedded hidden Markov model (EHMM) method from Neal (2003); Neal, Beal
and Roweis (2004), which we term the random-walk embedded hidden Markov model (RW-
EHMM) algorithm. Without making the ‘factorisation-over-time’ assumption, we prove that
this modified algorithm does not require scaling N with T .

Table 1 summarises the complexity of the algorithms discussed in this work.

1.2. Related work. Our work can be viewed as an extension of high-dimensional scal-
ing limits of classical MCMC algorithms (e.g., Roberts, Gelman and Gilks, 1997). This is
because if N = T = 1, the i-RW-CSMC update reduces to a MH (or to Barker’s) kernel
(Metropolis et al., 1953; Hastings, 1970; Barker, 1965) with a random-walk proposal. In
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TABLE 1
Complexity of the algorithms in this work. ‘Complexity’ is defined as the number of likelihood evaluations
needed to control approximation errors of fixed-dimensional marginals. The ∗-symbol indicates that the

complexity in T is only proved in for models that factorise over time in this work.

With backward sampling?

No Yes

i-CSMC O(T eD) O(eD)

i-RW-CSMC* O(TD) O(D)

RW-EHMM O(D)

contrast, the i-CSMC algorithm reduces to a MH (or again to Barker’s) algorithm with an in-
dependent proposal (‘independent’ refers to the fact that the proposed value does not depend
on the current state of the Markov chain) which is known to break down in high dimensions.

If T = 1 and N > 1, these algorithms can be viewed as a MH (or Barker’s) kernel
with multiple proposals. Such methods were introduced in the seminal works of Tjelme-
land (2004); Neal (2003). Classical optimal scaling results were extended to a closely related
class of MCMC algorithms with multiple proposals in Bédard, Douc and Moulines (2012).

We limit our analysis to the i-RW-CSMC algorithm. However, alternative ways of con-
structing (iterated) CSMC algorithms with local moves are possible. Indeed, our work was
motivated by Shestopaloff and Neal (2018) who proposed the first such algorithm – which,
incidentally, reduces to a MH (or Barker’s) kernel with delayed acceptance (Christen and
Fox, 2005) if N = T = 1. A generic framework which admits the i-CSMC algorithm, the
i-RW-CSMC algorithm, and the method from Shestopaloff and Neal (2018) as special cases
can be found in Finke, Doucet and Johansen (2016, Section 6).

We have recently become aware of Malory (2021, Chapter 4) who independently analyse
a related class of iterated CSMC algorithms with exchangeable particle proposals that is like-
wise a special case of Finke, Doucet and Johansen (2016, Section 6). Our work distinguishes
itself from theirs by, among others, the following contributions.

1. We provide formal proof that the standard i-CSMC algorithm breaks down in high dimen-
sions, even with backward sampling.

2. Our dimensional-stability guarantees for the i-RW-CSMC algorithm hold even if the state-
space model is dependent over time – Malory (2021) assume that the target distribution
factorises into a product of independent marginals over time.

3. Our methodology and analysis permits a backward-sampling extension which is vital for
performing inference for long time series.

1.3. Contributions and structure. This work is structured as follows.
Section 2 reviews the i-CSMC algorithm and shows that it generalises classical MCMC

kernels with independent proposals. Our main result in this section is the following.

• Proposition 2.2 proves that the i-CSMC algorithm suffers from a curse of dimension in the
spatial dimension D and that this cannot be overcome with backward sampling.

Section 3 introduces the novel RW-EHMM algorithm as a preliminary solution to the
curse-of-dimensionality problem and as a precursor to our proposed i-RW-CSMC algorithm.
It does not employ resampling and therefore requires O(N2) operations to implement rather
than O(N) iterations. However, we introduce this algorithm here for didactic reasons because
it is simple to understand and shares many features with our main i-RW-CSMC algorithm.
For instance, both algorithms scatter particles around the reference path using the same Gaus-
sian random-walk type proposals which are scaled suitably with D. Our main results in this
section are the following.
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• Proposition 3.2 and Proposition 3.3 prove that the RW-EHMM algorithm has stable accep-
tance rates in high dimensions.

• Proposition 3.4 establishes a non-trivial limit for the expected squared jumping distance in
high dimensions.

• Corollary 3.5 verifies that the number of particles does not need to be scaled with T .

Section 4 introduces our novel i-RW-CSMC algorithm, shows that it generalises classical
MCMC kernels with Gaussian random-walk proposals, and proves that it avoids the curse of
dimension. Our main results in this section are the following.

• Propositions 4.1 and 4.2 show that the i-RW-CSMC algorithm can be viewed as a ‘per-
turbed’ version of the RW-EHMM algorithm.

• Proposition 4.5 and Corollary 4.6 prove that the i-RW-CSMC algorithm has stable accep-
tance rates in high dimensions.

• Proposition 4.7 establishes a non-trivial limit for the expected squared jumping distance in
high dimensions.

• Proposition 4.8 verifies that, under the additional assumption that the model is independent
over time, without backward sampling, N must grow at least linearly in the time horizon
T ; with backward sampling, N does not need to scale with T . We conjecture that this result
holds more generally, i.e. that the ‘factorisation-in-time’ assumption is not necessary.

Additionally, Remark 4.4 explains that whilst the (standard) CSMC algorithm that underlies
the i-CSMC algorithm is inextricably linked to the justification of standard ‘unconditional’
sequential Monte Carlo (SMC) counterpart, no such ‘unconditional’ SMC counterpart exists
for the RW-CSMC algorithm that underlies the i-RW-CSMC algorithm.

Section 5 provides numerical illustration of our theoretical results. Most of our proofs
and further materials can be found in the appendix. In particular, Appendix F extends the
proposed methodology deal with unknown ‘static’ model parameters – either via a particle-
Gibbs type update or via another novel MCMC kernel that is loosely related to correlated
pseudo-marginal methods.

1.4. Notation and conventions. Let (Ω,A,P) be some probability space and denote ex-
pectation with respect to P by E. The symbol N(µ,Σ) denotes a normal distribution with
mean vector µ and covariance matrix Σ; δx is the point mass (Dirac measure) at x. Unless
otherwise indicated, all (transition) densities mentioned in this work are absolutely continu-
ous w.r.t. a suitable version of the Lebesgue measure.

For n ∈N, we often write [n] := {1,2, . . . , n} and [n]0 := {0,1,2, . . . , n} and we let 1n ∈
Rn and 0n ∈Rn be a column vectors of length n whose entries are all 1 and 0, respectively.
The symbol In ∈Rn×n denotes the identity matrix.

Finally, for any N ∈ N, n ∈ [N ]0 and any h1:N ∈ RN , and with convention h0 := 0, we
define the Boltzmann selection function

Ψn({hm}Nm=1) :=
exp(hn)

1 +
∑N

m=1 exp(h
m)

,(1)

as well as the Rosenbluth–Teller selection function

Φn({hm}Nm=1) :=


exp(hn)

1 +
∑N

m=1 exp(h
m)− 1∧ exp(hn)

, if n ∈ [N ],

1−
∑N

m=1Φ
m({hl}Nl=1), if n= 0.

(2)

To sample from (2), we can propose n ∈ [N ] with probability exp(hn)/
∑N

m=1 exp(h
m) and

return n with probability 1∧
∑N

m=1 exp(h
m)/

∑
l∈[N ]0\{n} exp(h

l); otherwise, we return 0.
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If N = 1, these selection functions reduce to the well-known acceptance functions of
Barker’s algorithm (Barker, 1965): Ψ1 = exp/(1+exp) and of the MH algorithm (Metropo-
lis et al., 1953; Hastings, 1970): Φ1 = 1 ∧ exp. The following Peskun-ordering type result
(Peskun, 1973) (which follows immediately from the definition) shows that the Rosenbluth–
Teller selection function induces a smaller rejection probability than the Boltzmann selection
function.

LEMMA 1.1. For any N ∈N and h1:N ∈RN , Ψ0({hm}Nm=1)≥ Φ0({hm}Nm=1). ◁

2. Existing methodology: the i-CSMC algorithm.

2.1. Feynman–Kac model. For the measurable space (E,E) := (RD,B(R)⊗D), let
M1 ∈ P(E) be a probability measure with density m1 : E→ [0,∞). Furthermore, for t≥ 2,
let Mt : E×E → [0,1] be some Markov kernel with transition density mt : E×E→ [0,∞).
Furthermore, for t ≥ 1, let Gt : E→ (0,∞) be strictly positive measurable potential func-
tions. The methods discussed in this work target the following probability measure on
(ET,D,ET,D) := (ET ,E⊗T ):

πT,D(dx1:T )∝M1(dx1)G1(x1)

T∏
t=2

Mt(xt−1,dxt)Gt(xt).

EXAMPLE (state-space model). Let (Xt,Yt)t≥1 be a Markov chain on a space E × F
with initial distribution M1(dx1)H1(x1,dy1) and transition kernels Mt(xt−1,dxt)Ht(xt,dyt).
Assume that for each time t ∈ [T ], we observe a realisation yt ∈ F of Yt but Xt is unob-
served (‘latent’). We are then typically interested in computing (at least approximately) the
posterior distribution of the latent ‘states’ X1:T , often called the joint smoothing distribution:

πT,D(dx1:T ) = P(X1:T ∈ dx1:T |Y1:T = y1:T ).

Such a model, called state-space model or (general-state) hidden Markov model, can be
viewed as a Feynman–Kac model by considering the observed values y1:T to be ‘fixed’ (so
that they can be dropped from the notation) and assuming that Gt(xt) = ht(xt,yt), where
ht(xt, · ) is a density of Ht(xt, · ) w.r.t. to a suitable dominating measure. ◁

Such models are routinely used in a wide variety of fields (Cappé, Moulines and Ry-
dén, 2005). Unfortunately, with the exception of a few special cases (e.g. state-space models
that are both linear and Gaussian) the distribution πT,D is typically intractable and must be
approximated, e.g. using MCMC methods. It is therefore crucial to design πT,D-invariant
MCMC kernels that can efficiently deal with long time horizons (large T ) and large ‘spatial’
dimension (large D) both of which are nowadays often found in the models of interest to
practitioners (see, e.g., Van Leeuwen, 2009; Cressie and Wikle, 2015).

2.2. Description of the algorithm.

2.2.1. Basic algorithm. In the remainder of this section, we review the iterated condi-
tional sequential Monte Carlo (i-CSMC) algorithm. For the moment, assume that the ‘spa-
tial’ dimension D is fixed (and not too large). For such scenarios, the i-CSMC algorithm
(Andrieu, Doucet and Holenstein, 2010) has become a popular way of constructing an effi-
cient πT,D-invariant Markov kernel. Specifically, the algorithm employs a collection of N
particles to construct a proposal for the entire state sequence sequentially in the ‘time’ di-
rection. Compared to updating the latent state sequence via an independent MH kernel, this
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strategy brings down the computational complexity from O(eT ) to at most O(T ) and thus
avoids a curse of dimension in the time horizon T .

For any t ∈ [T ] and any x1:T ∈ET,D , define

wt(xt) := logGt(xt).

The lth update of the i-CSMC scheme is then outlined in Algorithm 1, where we use the con-
vention that any action described for the nth particle index is to be performed conditionally
independently for all n ∈ [N ]. We also use the convention that any quantity with time index
t < 1 is to be ignored, e.g. so that M1(z

n
0 , · )≡M1( · ).

ALGORITHM 1 (i-CSMC). Given x1:T := x1:T [l] ∈ET,D .

1. For t ∈ [T ],
a) if t > 1,

i. set A0
t−1 = a0t−1 := 0,

ii. sample An
t−1 = ant−1 ∈ [N ]0 with probability

Ψan
t−1({wt−1(z

m
t−1)−wt−1(z

0
t−1)}Nm=1) =

Gt−1(z
an
t−1

t−1 )∑N
m=0Gt−1(zmt−1)

,

b) set Z0
t = z0t := xt and sample Zn

t = znt ∼Mt(z
an
t−1

t−1 , · ).
2. Sample KT = kT ∈ [N ]0 with probability

ΨkT ({wT (z
m
T )−wT (z

0
T )}Nm=1) =

GT (z
kT

T )∑N
m=0GT (zmT )

.

3. Set Kt = kt := a
kt+1

t , for t= T − 1, . . . ,1.
4. Set X′

1:T := x′
1:T := (zk1

1 , . . . ,zkT

T ).
5. Return x1:T [l+ 1] := x′

1:T .

Step 1 of Algorithm 1 which a) performs (conditional) multinomial resampling by draw-
ing the ancestor indices An

t ; and b) generates the particles Zn
t , is known as the conditional

sequential Monte Carlo (CSMC) algorithm.
The following running example illustrates how the algorithms discussed in this work re-

duce to versions of well known classical MCMC kernels if N = T = 1.

EXAMPLE (classical MCMC kernels). If T = 1 and N = 1, the target distribution is
given by π1,D(dx1) ∝M1(dx1)G1(x1) and Algorithm 1 proposes Z1

1 = z11 ∼M1 and ac-
cepts this proposal as the new state of the Markov chain with probability

Ψ1(w1(z
1
1)−w1(z

0
1)) =

G1(z
1
1)

G1(z01) +G1(z11)
,

where z01 = x1. This can be recognised as a version of Barker’s kernel (Barker, 1965) with
independence proposal M1 (in the sense that the proposed state does not depend on the
current state). ◁

EXAMPLE (multi-proposal MCMC kernels). If T = 1 but N > 1, Algorithm 1 (termed
conditional sampling–importance resampling in Andrieu, Lee and Vihola 2018) reduces to
an MCMC algorithm with multiple proposals (all being independent of each other and of
the current state of the Markov chain). Multi-proposal MCMC algorithms were introduced
in Neal (2003); Tjelmeland (2004); Frenkel (2004); Delmas and Jourdain (2009); Yang et al.
(2018); Schwedes and Calderhead (2018) analyse Rao–Blackwellisation strategies for re-
using all N proposed samples to estimate expectations of interest. ◁

2.2.2. Extensions.
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Forced move. To reduce the probability of sampling KT = kT = 0 in Step 2 of Algorithm 1
(and hence improve the i-CSMC kernel in the Peskun order – see Lemma 1.1) Chopin
and Singh (2015) proposed to replace the Boltzmann selection function in Step 2 by the
Rosenbluth–Teller selection function, i.e. instead sample KT = kT ̸= 0 with probability

ΦkT ({wT (z
m
T )−wT (z

0
T )}Nm=1) =

GT (z
kT

T )∑N
m=1GT (zmT )−GT (z

kT

T )∧GT (z0T )
.

This so called forced move approach can be recognised as an application of the modified
discrete-state Gibbs sampler kernel from Liu (1996). See also Tjelmeland (2004) for an
iterative algorithm for optimising the selection function.

EXAMPLE (classical MCMC kernels, continued). With the forced-move extension,
Step 2 of Algorithm 1 accepts Z1

1 = z11 ∼M1 with probability

Φ1(w1(z
1
1)−w1(z

0
1)) = 1∧ G1(z

1
1)

G1(z01)
,

where z01 = x1. This can be recognised as a version of an independent MH kernel (Metropolis
et al., 1953; Hastings, 1970). ◁

Backward sampling. Steps 2 and 3 of Algorithm 1 sample a final-time particle index KT

and then trace back its ancestral lineage. This limits the new state x1:T [l + 1] to one of the
N +1 particle lineages generated under the CSMC algorithm in Step 1 which often coalesce
with the old reference path x1:T [l]. To ensure good mixing, we must therefore control the
probability of such coalescence events by growing N linearly with T . This can be costly if
T is large. To circumvent this problem, the backward-sampling extension (Whiteley, 2010)
instead samples Kt = kt ∈ [N ]0 in Step 3 with probability

Ψkt({vt(z
m
t ,z

kt+1

t+1 )− vt(z
0
t ,z

kt+1

t+1 )}
N
m=1) =

Gt(z
kt

t )mt+1(z
kt

t ,z
kt+1

t+1 )∑N
m=0Gt(zmt )mt+1(zmt ,z

kt+1

t+1 )
,

for t= T − 1, . . . ,1, where we have defined

vt(xt:t+1) :=wt(xt) + logmt+1(xt,xt+1).

Lee, Singh and Vihola (2020) show that backward sampling allows us to keep N constant
in T thus reducing the complexity of the algorithm from O(T ) to O(1). A closely related
method, ancestor sampling, was proposed in Lindsten, Jordan and Schön (2012).

Further extensions. Step 1 of Algorithm 1 proposes particles from the ‘prior’ Mt(xt−1, · )
and draws the parent indices An

t−1 via (conditional) multinomial resampling. Other proposal
kernels (Doucet, Godsill and Andrieu, 2000), other resampling schemes (Douc, Cappé and
Moulines, 2005) or even auxiliary particle filter ideas (Pitt and Shephard, 1999; Shestopaloff
and Doucet, 2019) could be employed. However, since none of these extensions overcome
the curse of dimension proved below, we refrain from including them here to keep the pre-
sentation simple.

2.2.3. Induced πT,D-invariant Markov kernel. Given X1:T = x1:T = x1:T [l], let

PN
T,D,x1:T

(dz1:T × da1:T−1 × dk1:T × dx′
1:T )

be the law of all the random variables (Z1:T ,A1:T−1,K1:T ,X
′
1:T ) generated in Steps 1–4

of Algorithm 1 (with or without the forced-move extension and with or without backward
sampling). Appendix B.1 gives a formal definition of this law.
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Let EN
T,D,x1:T

denote expectation w.r.t. PN
T,D,x1:T

. Algorithm 1 induces a Markov kernel

PN
T,D(x1:T ,dx

′
1:T ) := EN

T,D,x1:T
[I{X′

1:T ∈ dx′
1:T }],

for (x1:T ,dx
′
1:T ) ∈ET,D × ET,D . The following proposition shows that this Markov kernel

leaves πT,D invariant. It was proved Andrieu, Doucet and Holenstein (2010) for the ba-
sic algorithm and in Chopin and Singh (2015); Whiteley (2010) for the forced-move and
backward-sampling extensions. For completeness, we provide an alternative, simple proof in
Appendix B.2.

PROPOSITION 2.1. For any N,T,D ∈N, πT,DP
N
T,D = πT,D . ◁

For any t ∈ [T ], we call

αN
T,D,x1:T

(t) := EN
T,D,x1:T

[I{Kt ̸= 0}]

the acceptance rate at time t associated with Algorithm 1. This name is justified because
Kt = 0 in Algorithm 1 implies x′

t = xt, i.e. xt[l+ 1] = xt[l].

2.3. Curse of dimension.

2.3.1. High-dimensional regime. We now prove that the i-CSMC algorithm suffers from
a curse of dimension. This is established for a special case of the Feynman–Kac model from
Section 2.1 which factorises into D independent and identically distributed (IID) ‘spatial’
components. Most other theoretical results in this work will be established under this regime.
However, we stress that none of the algorithms discussed in this work are limited to this IID
setting.

A1 The mutation kernels and potential functions factorise as

Mt(xt−1,dxt) =

D∏
d=1

Mt(xt−1,d,dxt,d) and Gt(xt) =

D∏
d=1

Gt(xt,d),

with the convention that any quantity with time index 0 is to be ignored and where
• xt = xt,1:D ∈E, recalling that (E,E) = (RD,B(R)⊗D);
• M1 ∈ P(R) is a probability measure with density m1 : R → [0,∞) and, for t ≥ 2,
Mt : R×B(R)→ [0,1] is a Markov kernel with transition density mt : R2 → [0,∞);

• Gt : R→ (0,∞) is a strictly positive and measurable potential function. ◁

Thus, under A1, πT,D = π⊗D
T , with the following probability measure on RT :

πT (dx1:T )∝M1(dx1)G1(x1)

T∏
t=2

Mt(xt−1,dxt)Gt(xt).

2.3.2. Convergence to a degenerate limit. We now show that in high (‘spatial’) dimen-
sions, the law of genealogies under the i-CSMC algorithm converges to limit that is degen-
erate in the sense that all particle lineages immediately coalesce with the reference path so
that all acceptance probabilities are zero. Once could naïvely hope that backward sampling
circumvents this problem because it draws a new reference path that is not confined to one
of the N + 1 surviving lineages. Unfortunately, our analysis shows that backward sampling,
too, returns the old reference path in high dimensions. Typical behaviour of the genealogies
is illustrated in Figure 1.
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(b) With backward sampling.

FIG. 1. Breakdown of the i-CSMC algorithm in high dimensions. Black lines represent parti-
cle lineage induced by the algorithm, i.e. a line connects zmt−1 and znt iff ant−1 =m. Solid lines
( ) represent the surviving lineages at time T = 5. Dotted lines ( ) represent lineages that
have died out. The red line ( ) represents the old reference path x1:T [l] = (z01, . . . ,z

0
T ). The

blue line ( ) represents the new reference path x1:T [l+ 1] = (zk1

1 , . . . ,zkt

T ).

The degenerate limit of the law of the genealogies and the indices of the new reference
path under the i-CSMC algorithm is the law PN

T (da1:T−1 × dk1:T ) which deterministically
sets all ancestor indices and all indices of the new reference path to 0. More formally,

PN
T (da1:T−1 × dk1:T ) := δ

⊗((N+1)(T−1)+T )
0 (da1:T−1 × dk1:T ).

We let EN
T denote expectation w.r.t. this law. The proof that the law of the genealogies and

new reference path indices indeed converges to this trivial limit will be given below in Propo-
sition 2.2 which relies on the following assumptions, where E denotes expectation w.r.t.
X1:T ∼ πT and where

rt|T := E[logGt(Xt)]−E[logMt(Gt)(Xt−1)],

bt|T := E[logGt(Xt) + logmt+1(Xt,Xt+1)]−E[logMt(Gtmt+1( · ,Xt+1))(Xt−1)].

A2 inft∈[T ] rt|T =: rT > 0. ◁
A3 inft∈[T−1] bt|T =: bT > 0. ◁

Assumptions A2 and A3 are not restrictive: a) they do not depend on multiplication of Gt

by some positive constant; b) they automatically hold if the model factorises over time (see
Assumption A4 in Section 4.2.3) unless the potentials Gt are almost-everywhere constant;
c) Appendix B.3 shows that they hold even in a simple linear-Gaussian state-space model.

We now state our first main result, Proposition 2.2 (proved in Appendix B.4), which shows
that in high dimensions, all particle lineages coalesce immediately with the reference path un-
less in number of particles, N + 1, N =N(D) grows exponentially in the spatial dimension
D – even with the backward-sampling or forced-move extensions. Let ∥ · ∥ denote the total
variation distance.
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PROPOSITION 2.2 (curse of dimension). Let T ∈N. Assume A1 and A2 (as well as A3 if
backward sampling is used) and write

dNT,D,x1:T
:=

∥∥EN
T,D,x1:T

[I{(A1:T−1,K1:T ) ∈ ·}]−EN
T [I{(A1:T−1,K1:T ) ∈ ·}]

∥∥.
Then there exists a family FT,D ∈ ET,D with limD→∞πT,D(FT,D) = 1 and

logN = o(D) =⇒ limD→∞ supx1:T∈FT,D
dNT,D,x1:T

= 0. ◁

An immediate consequence of Proposition 2.2 is the following corollary which shows that
all acceptance rates vanish in high dimensions.

COROLLARY 2.3. Under the assumptions of Proposition 2.2 and with the same sets
FT,D ∈ ET,D , for any t ∈ [T ]:

logN = o(D) =⇒ limD→∞ supx1:T∈FT,D
αN
T,D,x1:T

(t) = 0. ◁

3. Simplified dimensionally stable methodology: the RW-EHMM algorithm.

3.1. Description of the algorithm. Our novel i-RW-CSMC algorithm will be presented
in the next section. To ease the exposition, we first – in this section – introduce another
novel algorithm, the random-walk embedded hidden Markov model (RW-EHMM) algorithm
which is a simplified version of the i-RW-CSMC algorithm and is likewise stable in high
dimensions. However, the implementation of a single RW-EHMM update requires O(N2T )
operations whilst a single i-RW-CSMC update only requires O(NT ) operations.

3.1.1. Basic algorithm. The RW-EHMM algorithm proposed in this section also induces
a πT,D-invariant Markov kernel. It can viewed as an instance of the embedded hidden Markov
model (EHMM) methods from Neal (2003); Neal, Beal and Roweis (2004) which are closely
related to iterated CSMC methods with backward sampling as explained in Finke, Doucet
and Johansen (2016). The main difference between iterated CSMC and EHMM methods is
that the former use resampling steps to permit implementation in O(NT ) operations wheras
the latter typically require O(N2T ) operations.

The lth update of the novel RW-EHMM scheme is outlined in Algorithm 2 where we
use the convention that any action described for the nth particle index is to be performed
conditionally independently for all n ∈ [N ] and any action described for the dth ‘spatial’
component is to be performed conditionally independently for all d ∈ [D].

ALGORITHM 2 (RW-EHMM). Given x1:T := x1:T [l] ∈ET,D .

1. For t ∈ [T ]: set Z0
t = z0t := xt[l] and sample Z1:N

t = z1:Nt as follows:
a) sample U1:N

t,d ∼N(0,Σ),
b) set znt,d := z0t,d +

√
ℓt/DUn

t,d,
c) set znt := znt,1:D .

2. Sample K1:T = k1:T ∈ [N ]T0 with probability

ξT (z1:T ,{k1:T }) :=
πT,D(z

k1

1 , . . . ,zkT

T )∑
l1:T∈[N ]T0

πT,D(z
l1
1 , . . . ,z

lT
T )

.

3. Set X′
1:T := x′

1:T := (zk1

1 , . . . ,zkT

T ).
4. Return x1:T [l+ 1] := x′

1:T .

Step 1 of Algorithm 2 scatters particles around the reference particle z0t = xt by adding
correlated Gaussian noise independently in each dimension d ∈ [D]:

(3) (Z1
t,d, . . . ,Z

N
t,d)

T ∼N
(
1Nz0t,d,

ℓt
DΣ

)
,
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where 1N is a vector of 1s of length N and where

• Σ := 1
2(1N1TN + IN ) is an (N ×N) covariance matrix with 1 on the diagonal and 1

2 ev-
erywhere else which governs the correlation between (univariate spatial components of)
different particles,

• ℓt > 0 is some scale factor that governs how far (on average) particles are scattered around
the reference path.

This proposal was introduced by Tjelmeland (2004) who noted that

• the marginal distributions of individual particles are simply Gaussian random-walk moves
with variance ℓt/D, i.e. Zn

t ∼N(z0t ,
ℓt
D ID), for n ∈ [N ];

• (3) can be viewed as first sampling a new ‘centre’ Z ′
t,d = z′t,d ∼N(z0t,d,

ℓt
2D ) and then sam-

pling Z1
t,d, . . . ,Z

N
t,d

IID∼ N(z′t,d,
ℓt
2D ):∫ ∞

−∞
N(z′;z0t,d,

ℓt
2D )

[ N∏
n=1

N(znt,d, z
′, ℓt

2D )

]
dz′ =N

(
z1:Nt,d ;1Nz0t,d,

ℓt
DΣ

)
.

Other types of ‘local’ proposals (i.e. not necessarily based on Gaussian random walks) could
be used. However, we limit our analysis to this particular structure because it is symmetric
in the sense that its density cancels out in the selection functions. More formally, letting λ
denote a suitable version of the Lebesgue measure, z−n

t,d := (z0t,d, . . . , z
n−1
t,d , zn+1

t,d , . . . , zNt,d),
and z−n

t := (z−n
t,1 , . . . , z

−n
t,D), the proposal SN

t,D(z
n
t ,dz

−n
t ) :=

∏D
d=1N(dz

−n
t,d ;1Nznt,d,

ℓt
DΣ) in-

duced by Step 1 of Algorithm 2 satisfies:

λ(dzjt )S
N
t,D(z

j
t ,dz

−j
t ) = λ(dzkt )S

N
t,D(z

k
t ,dz

−k
t ), for any j, k ∈ [N ]0.(4)

3.1.2. Implementation in O(N2T ) operations. Even though Step 2 of Algorithm 2 re-
quires sampling from the distribution ξT (z1:T , · ) whose support is (N + 1)T -dimensional,
Neal (2003) recognised that this can be achieved in O(N2T ) operations as follows:

1. Forward filtering. For t= 1, . . . , T , compute (with convention wn
0 := 1):

wn
t :=

N∑
m=0

wm
t−1∑N

l=0w
l
t−1

mt(z
m
t−1,z

n
t )Gt(z

n
t ).(5)

2. Backward sampling. For t = T, . . . ,1 (with convention mT+1 ≡ 1), sample Kt = kt ∈
[N ]0 with probability

wkt

t mt+1(z
kt

t ,z
kt+1

t+1 )∑N
n=0w

n
t mt+1(znt ,z

kt+1

t+1 )
.(6)

To provide additional intuition for these recursions, Appendix A shows that the particles Z1:T

“discretise” the model into an (N + 1)-state HMM and that (5) and (6) can be viewed as
the forward-filtering and backward-sampling recursions that sample from the joint posterior
distribution of the states under this HMM.

3.1.3. Induced πT,D-invariant Markov kernel. Given X1:T = x1:T = x1:T [l], let

P̃N
T,D,x1:T

(dz1:T × dk1:T × dx′
1:T ),

be the law of all the random variables (Z1:T ,K1:T ,X
′
1:T ) generated in Steps 1–3 of Algo-

rithm 2. Appendix C.1 gives a formal definition of this law.
Let ẼN

T,D,x1:T
denote expectation w.r.t. P̃N

T,D,x1:T
. Algorithm 2 induces a Markov kernel

P̃N
T,D(x1:T ,dx

′
1:T ) := ẼN

T,D,x1:T
[I{X′

1:T ∈ dx′
1:T }],

for (x1:T ,dx
′
1:T ) ∈ET,D × ET,D . The following proposition shows that this Markov kernel

leaves πT,D invariant.
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PROPOSITION 3.1. For any N,T,D ∈N, πT,DP̃
N
T,D = πT,D . ◁

As in Neal (2003); Neal, Beal and Roweis (2004) this can be proved by noting that Algo-
rithm 2 (in a slightly generalised form outlined at the beginning of Appendix C.1) targets the
extended distribution:

π̃T,D(dx1:T × dk1:T × dz1:T ) = πT,D(dx1:T )Unif [N ]T0
(dk1:T )

T∏
t=1

δxt
(zkt

t )SN
t,D(z

kt

t, dz
−kt

t ),

where UnifA is the uniform distribution on a set A. Step 1 of Algorithm 2 then samples from
π̃T,D(dz1:T |x1:T , k1:T ) while Steps 2 and 3 jointly sample from π̃T,D(dx1:T × dk1:T |z1:T ).
For completeness, we give a more concise proof in Appendix C.2.

We stress that Proposition 3.1 does not require the high-dimensional regime from Assump-
tion A1. That is, Algorithm 2 induces a valid (i.e. πT,D-invariant) Markov kernel even if the
model does not factorise into D IID components.

3.2. Stability in high dimensions. We now show that the RW-EHMM algorithm is stable
in high dimensions. For the analysis, we assume the regime from Assumption A1.

3.2.1. Non-degenerate limiting law of the particle indices. In the following, we show
that as as D → ∞, the law of the particle indices of the new reference path, K1:T , un-
der the RW-EHMM algorithm converges to a limit which is non-degenerate in the sense
that the acceptance probabilities are strictly positive at each time step. Using the conven-
tion that ∂i

t denotes the ith derivative w.r.t. xt and with ∂t := ∂1
t , as well as with πT (φ) :=∫

RT φ(x1:T )πT (x1:T )dx1:T , for any πT -integrable function φ : RT → R, we make the fol-
lowing moment assumption.

B1 The density πT is twice continuously differentiable and for any s, t ∈ [T ],
• ∂s∂t logπT is Lipschitz-continuous and bounded,
• πT (|∂t logπT |4)<∞. ◁

Hereafter, we assume B1. The limiting law of K1:T (proved below) is then given by

P̃N
T (dv1:T × dk1:T ) :=

[ T∏
t=1

N(dvt; µ̃t|T , Σ̃t|T )

] T∏
t=1

Ψkt({vmt }Nm=1).

Expectations w.r.t. P̃N
T are denoted by ẼN

T . This law is defined through N -dimensional Gaus-
sian random vectors Vt := V 1:N

t which are such that Vs and Vt are independent whenever
s ̸= t and with mean vector and covariance matrix

E[Vt] =−1
2ℓtIt|T1N =: µ̃t|T , and var[Vt] = ℓtIt|TΣ =: Σ̃t|T ,

where by Lemma D.7 in Appendix D.6,

It|T := πT ([∂t logπT ]
2) =−πT (∂

2
t logπT ).

3.2.2. Convergence to the non-degenerate limit. The following proposition (whose proof
is a simpler version of the proof of Proposition 4.5 in Section 4 and is therefore omitted)
shows that in high dimensions, the law of the indices K1:T under the RW-EHMM update
specified in Algorithm 2 converges to a limit that is non-trivial in the sense that the events
{Kt ̸= 0} have positive probability. Again, ∥ · ∥ is the total variation distance.
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PROPOSITION 3.2 (convergence of the law of the particle indices). Let T,N ∈N, assume
A1 as well as B1, and write

d̃NT,D,x1:T
:=

∥∥ẼN
T,D,x1:T

[I{K1:T ∈ ·}]− ẼN
T [I{K1:T ∈ ·}]

∥∥.
Then there exists a family FT,D ∈ ET,D with limD→∞πT,D(FT,D) = 1 and

limD→∞ supx1:T∈FT,D
d̃NT,D,x1:T

= 0. ◁

The following proposition (proved in Appendix C.3) shows that the acceptance rate at any
time t associated with Algorithm 2,

α̃N
T,D,x1:T

(t) := ẼN
T,D,x1:T

[I{Kt ̸= 0}],

converges to a strictly positive limit

α̃N
T (t) := ẼN

T [I{Kt ̸= 0}].

Note that the acceptance rates and their limits depend on ℓ1:T even though we do not make
this explicit in our notation.

PROPOSITION 3.3 (dimensional stability of the acceptance rates). Assume A1 and B1.
Then for T,N ∈N, t ∈ [T ] and FT,D ∈ ET,D as in Proposition 3.2,

limD→∞ supx1:T∈FT,D
|α̃N

T,D,x1:T
(t)− α̃N

T (t)|= 0,

where

α̃N
T (t)≥

(
1 +

exp(ℓtIt|T )
N

)−1

> 0. ◁

Of course, stabilising the acceptance rates in high dimensions is not sufficient for avoiding
a breakdown. A widely used criterion for assessing the performance of MCMC algorithms is
the expected squared jumping distance (ESJD) (Sherlock and Roberts, 2009), which (for the
time-t component in Algorithm 2) is given by

ẼSJDN
T,D(t) := E[∥Xt[l+ 1]−Xt[l]∥22],

where ∥ · ∥2 denotes the Euclidean norm and where X1:T [l] is the lth state of the Markov
chain with transition kernel P̃N

T,D at stationarity. The following proposition (proved in Ap-
pendix C.3) shows that the ESJD is also stable in high dimensions.

PROPOSITION 3.4 (dimensional stability of the ESJD). Assume A1 and B1 and let
T,N ∈N. Then, for any t ∈ [T ],

limD→∞
∣∣ẼSJDN

T,D(t)− ℓtα̃
N
T (t)

∣∣= 0. ◁

3.2.3. Stability as T → ∞. An immediate consequence of Proposition 3.3 is the fol-
lowing corollary which shows that the limiting acceptance rates α̃N

T (t) are guaranteed to be
bounded away from zero as T →∞.

COROLLARY 3.5 (time-horizon stability of the acceptance rates). Assume A1, B1 and
that I(ℓ) := supT∈N supt∈[T ] ℓtIt|T <∞. Then, for any N ∈N,

inf
T∈N

inf
t∈[T ]

α̃N
T (t)≥

(
1 +

exp(I(ℓ))
N

)−1

> 0. ◁

REMARK 3.6. Proposition 3.4 makes it clear that the ESJD is also stable under the addi-
tional assumption that inft≥1 ℓt > 0. ◁
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4. Proposed dimensionally stable methodology: the i-RW-CSMC algorithm.

4.1. Description of the algorithm.

4.1.1. Basic algorithm. In this section, we introduce our novel iterated iterated random-
walk conditional sequential Monte Carlo (i-RW-CSMC) algorithm which induces an alterna-
tive πT,D-invariant Markov kernel. We also prove that the algorithm overcomes the curse of
dimension suffered by the existing i-CSMC approach. The proposed algorithm scatters parti-
cles locally around the reference path in the same way as the RW-EHMM method introduced
in the previous section. However, recall that this algorithm required O(N2T ) operations per
iteration for fixed dimensions D. In contrast, the algorithm proposed in this section uses re-
sampling steps to ensure that a single update can be implemented in O(NT ) operations as in
the standard i-CSMC approach.

For any t ∈ [T ] and any x1:T ∈ET,D , we define

swt(xt−1:t) := logmt(xt−1,xt) + logGt(xt),

with the convention that any quantity with time index t < 1 is to be ignored. The lth update of
the novel i-RW-CSMC scheme is then outlined in Algorithm 3 where we use the convention
that any action described for the nth particle index is to be performed conditionally inde-
pendently for all n ∈ [N ] and any action described for the dth ‘spatial’ component is to be
performed conditionally independently for all d ∈ [D].

ALGORITHM 3 (i-RW-CSMC). Given x1:T := x1:T [l] ∈ET,D .

1. For t ∈ [T ]:
a) if t > 1,

i. set A0
t−1 = a0t−1 := 0,

ii. sample An
t−1 = ant−1 = l ∈ [N ]0 with probability

Ψ l({swt−1(z
am
t−2

t−2,z
m
t−1)− swt−1(z

0
t−2,z

0
t−1)}Nm=1) =

mt−1(z
al
t−2

t−2,z
l
t−1)Gt−1(z

l
t−1)∑N

m=0mt−1(z
am
t−2

t−2,z
m
t−1)Gt−1(zmt−1)

,

b) set Z0
t = z0t := xt and sample Z1:N

t = z1:Nt as follows:
i. sample U1:N

t,d ∼N(0,Σ),
ii. set znt,d := z0t,d +

√
ℓt/DUn

t,d,
iii. set znt := znt,1:D .

2. Sample KT = kT ∈ [N ]0 with probability

ΨkT ({swT (z
am
T−1

T−1,z
m
T )− swT (z

0
T−1,z

0
T )}Nm=1) =

mT (z
a
kT
T−1

T−1,z
kT

T )GT (z
kT

T )∑N
m=0mT (z

am
T−1

T−1,z
m
T )GT (zmT )

.

3. Set Kt = kt := a
kt+1

t , for t= T − 1, . . . ,1.
4. Set X′

1:T := x1:T := (zk1

1 , . . . ,zkT

T ).
5. Return x1:T [l+ 1] := x′

1:T .

Step 1 of Algorithm 3 which a) performs (conditional) multinomial resampling by drawing
the ancestor indices An

t ; and b) generates the particles Zn
t by scattering them around the

reference particle z0t = xt in the same way as Algorithm 2, will be referred to as the random-
walk conditional sequential Monte Carlo (RW-CSMC) algorithm.

Step 2 samples a final-time particle index KT = kT with probability proportional to the
kT th particle weight at time T and Step 3 traces back the associated ancestral lineage.

The following proposition (proved in Appendix D.2) shows that the i-RW-CSMC algo-
rithm can be viewed as a ‘perturbed’ version of the RW-EHMM algorithm. To our knowledge,
this insight is novel.
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PROPOSITION 4.1. The combination of Steps 1a, 2 and 3 of Algorithm 3 induces a
ξT (z1:T , · )-invariant Markov kernel. ◁

To provide additional intuition, Appendix A shows that the particles Z1:T “discretise”
the model into an (N + 1)-state HMM and that the Markov kernel from Proposition 4.1
can be viewed running a slightly non-standard CSMC algorithm to target the joint posterior
distribution of the states in this HMM.

We continue the running example from Section 2 which shows that the algorithms analysed
in this work reduce to versions of well known classical MCMC kernels if N = T = 1.

EXAMPLE (classical MCMC kernels, continued). Algorithm 3 propoes Z1
1 = z11 ∼

N(z01,
ℓ1
D ID), where z01 = x1[l], which is then accepted as the new state of the Markov chain

with probability

Ψ1(sw1(z
1
1)− sw1(z

0
1)) =

m1(z
1
1)G1(z

1
1)

m1(z01)G1(z01) +m1(z11)G1(z11)
.

This can be recognised as Barker’s kernel (Barker, 1965) with a Gaussian random-walk pro-
posal. Note that the symmetry property from (4) ensures that the proposal density cancels out
in the acceptance probability. ◁

EXAMPLE (multi-proposal MCMC kernels, continued). For N > 1 and T = 1, Algo-
rithm 3 is again a special case of a class of MCMC algorithms with multiple proposals
(Tjelmeland, 2004). Related algorithms were analysed in Bédard, Douc and Moulines (2012);
Bédard and Mireuta (2013) who also proved scaling limits in high dimensions. ◁

4.1.2. Extensions. The extensions discussed for the standard CSMC algorithm in Sec-
tion 2.2.2 can be used for the i-RW-CSMC algorithms with only minor modifications.

Forced move. To use the forced-move approach, we simply replace the Boltzmann selection
function by the Rosenbluth–Teller selection function in Step 2 of Algorithm 3.

EXAMPLE (classical MCMC kernels, continued). With the forced-move extension, Al-
gorithm 3 proposes Z1

1 = z11 ∼N(z01,
ℓ1
D ID), where z01 = x1[l], which is then accepted as the

new state of the Markov chain with probability

Φ1(sw1(z
1
1)− sw1(z

0
1)) = 1∧ m1(z

1
1)G1(z

1
1)

m1(z01)G1(z01)
.

This can be recognised as a MH kernel (Metropolis et al., 1953; Hastings, 1970) with a
Gaussian random-walk proposal. Again, the symmetry property from (4) ensures that the
proposal density cancels out in the acceptance ratio. ◁

Backward sampling. To employ backward sampling, we sample each particle index Kt =
kt ∈ [N ]0 in Step 3 of Algorithm 3 with probability

Ψkt({svt(z
am
t−1

t−1,z
m
t ,z

kt+1

t+1 )− svt(z
0
t−1,z

0
t ,z

kt+1

t+1 )}
N
m=1)

=
mt(z

akt
t−1

t−1,z
kt

t )Gt(z
kt

t )mt+1(z
kt

t ,z
kt+1

t+1 )∑N
m=0mt(z

am
t−1

t−1,z
m
t )Gt(zmt )mt+1(zmt ,z

kt+1

t+1 )
,(7)

where

svt(xt−1:t+1) := swt(xt−1:t) + logmt+1(xt,xt+1).
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The following proposition (proved in Appendix D.2) shows that when backward sampling
is used, the i-RW-CSMC algorithm can again be viewed as a ‘perturbed’ version of the RW-
EHMM algorithm. To our knowledge, this insight is novel.

PROPOSITION 4.2. Proposition 4.1 remains valid if backward sampling is used, i.e. the
combination of Steps 1a, 2 and 3 of Algorithm 3 again induces a ξT (z1:T , · )-invariant
Markov kernel. ◁

Again, Appendix A shows that the Markov kernel from Proposition 4.2 be viewed running
a slightly non-standard CSMC algorithm with backward sampling to target the (N +1)-state
HMM mentioned above.

4.1.3. Induced πT,D-invariant Markov kernel. Given X1:T = x1:T = x1:T [l], let
sPN
T,D,x1:T

(dz1:T × da1:T−1 × dk1:T × dx′
1:T )

be the law of all the random variables (Z1:T ,A1:T−1,K1:T ,X
′
1:T ) generated in Steps 1–4

of Algorithm 3 (with or without the forced-move extension and with or without backward
sampling). Appendix D.1 gives a more formal definition of this law.

Let sEN
T,D,x1:T

denote expectation w.r.t. sPN
T,D,x1:T

. Algorithm 3 induces a Markov kernel
sPN
T,D(x1:T ,dx

′
1:T ) :=

sEN
T,D,x1:T

[I{X′
1:T ∈ dx′

1:T }],
for (x1:T ,dx

′
1:T ) ∈ET,D × ET,D . The following proposition shows that this Markov kernel

leaves πT,D invariant. It can be proved by interpreting the i-RW-CSMC kernel as a special
case of the generic iterated CSMC approach described in Finke, Doucet and Johansen (2016).
For completeness, we provide a simple proof in Appendix D.2.

PROPOSITION 4.3. For any N,T,D ∈N, πT,D
sPN
T,D = πT,D . ◁

We stress that this proposition does not require the high-dimensional regime from As-
sumption A1. That is, Algorithm 3 induces a valid (i.e. πT,D-invariant) Markov kernel even
if the model does not factorise into D IID components.

REMARK 4.4. As explained in Andrieu, Doucet and Holenstein (2010), the (standard)
CSMC algorithm is closely linked to the justification of a corresponding ‘unconditional’
SMC algorithm. However, for the RW-CSMC algorithm, no such ‘unconditional’ SMC coun-
terpart exists. We expand on this in Appendix D.3. ◁

4.2. Stability in high dimensions. In this section, prove that the i-RW-CSMC algorithm
is dimensionally stable. Throughout this section, we assume that the model follows the high-
dimensional regime from Assumption A1. Such assumptions are common in the literature on
optimal scaling (Roberts, Gelman and Gilks, 1997). However, we stress that the algorithm is
agnostic to this structure, i.e. it does not exploit the fact that the target distribution factorises.
We thus expect such results to hold more generally.

4.2.1. Non-degenerate limiting law of the genealogies. In the following, we show that as
as D →∞, the law of the genealogies (and the indices of the new reference path) induced
by the i-RW-CSMC algorithm converges to a limit that is non-degenerate in the sense that
the particle lineages do not necessarily coalesce with the reference path (and, likewise, the
indices of the new reference path do not necessarily coincide with those of the old reference
path). Define

w̄t = logGt + logmt,
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with the convention w̄T+1 ≡ 0. We again use the convention that ∂i
t denotes the ith derivative

w.r.t. xt and with ∂t := ∂1
t , and we write πT (φ) :=

∫
RT φ(x1:T )πT (x1:T )dx1:T , for any πT -

integrable function φ :RT →R. With these conventions, we make the following moment
assumptions which are similar to the assumptions in Bédard, Douc and Moulines (2012), and
which are assumed to hold for any t ∈ [T ].

C1 w̄t is twice continuously differentiable and
• ∂2

t w̄t, ∂2
t w̄t+1, ∂t∂t+1w̄t+1 are Lipschitz-continuous and bounded,

• πT (|∂tw̄t|4), πT (|∂tw̄t+1|4)<∞. ◁

Before stating the result, we define a law sPN
T (dv1:T × dw1:T × da1:T−1 × dk1:T ). This is a

joint distribution of random variables (V1:T ,W1:T ,A1:T−1,K1:T ), where A1:T−1 and K1:T

are collections of ancestor and particle indices as in the fixed-dimensional case and where
Vt := V 1:N

t and Wt :=W 1:N
t are each N -dimensional Gaussian vectors which are such that

(Vs,Ws) and (Vt,Wt) are independent whenever s ̸= t and such that

E
[
Vt

Wt

]
= 1

2ℓt

[
πT (∂

2
t w̄t)1N

πT (∂
2
t w̄t+1)1N

]
=: µ̄t|T ,

and, recalling that Σ = 1
2(IN + 1N1TN ),

var

[
Vt

Wt

]
= ℓt

[
πT ([∂tw̄t]

2)Σ πT ([∂tw̄t][∂tw̄t+1])Σ
πT ([∂tw̄t][∂tw̄t+1])Σ πT ([∂tw̄t+1]

2)Σ

]
=: sΣt|T .

We will also use the convention that V 0
t = W 0

t ≡ 0 for any t ∈ [T ] and Wn
0 ≡ 0 for any

n ∈ [N ].
Note that under Assumption C1, by Lemma D.7 in Appendix D.6,

It|T := πT ([∂t logπt]
2) =−πT (∂

2
t logπT )

= var[V n
t +Wn

t ]/ℓt =−2E[V n
t +Wn

t ]/ℓt <∞.

We are now ready to state the limiting law of the genealogies. Throughout, we assume
C1. Then we can define the law sPN

T (dv1:T × dw1:T × da1:T−1 × dk1:T ) by the following
sampling procedure (a formal definition is given in Appendix D.4).

1. For t ∈ [T ], sample (Vt,Wt) = (vt,wt)∼N(µ̄t|T , sΣt|T ).
2. For t ∈ [T − 1],

a) set A0
t = a0t := 0,

b) sample An
t = ant = l ∈ [N ]0 with probability Ψ l({vmt +w

am
t−1

t−1 }Nm=1), independently
for n ∈ [N ].

3. Sample KT = kT ∈ [N ]0 with probability ΨkT ({vmT +w
am
T−1

T−1 }Nm=1).
4. For t= T − 1, . . . ,1, set Kt = kt := a

kt+1

t .

As usual, if we use the forced-move extension, we must replace Ψn by Φn in Step 3. Like-
wise, if we use backward sampling, we must instead sample Kt = kt ∈ [N ]0 with probability
Ψkt({vmt +wm

t +w
am
t−1

t−1 }Nm=1) in Step 4. Hereafter, sEN
T denotes expectation w.r.t. sPN

T .

4.2.2. Convergence to the non-degenerate limit. Proposition 4.5, proved in Appendix D.5,
shows that in high dimensions, the law of the genealogies and the indices of the new refer-
ence path under the i-RW-CSMC update specified in Algorithm 3 converges to the limiting
law specified above. Here again, ∥ · ∥ denotes the total variation distance.

PROPOSITION 4.5 (convergence of the law of the genealogies). Let T,N ∈ N, assume
A1 as well as C1, and write

d̄NT,D,x1:T
:=

∥∥sEN
T,D,x1:T

[I{(A1:T−1,K1:T ) ∈ ·}]− sEN
T [I{(A1:T−1,K1:T ) ∈ ·}]

∥∥.



18

Then there exists a family FT,D ∈ ET,D with limD→∞πT,D(FT,D) = 1 and

limD→∞ supx1:T∈FT,D
d̄NT,D,x1:T

= 0. ◁

The following corollary shows that the acceptance rate at any time t associated with Al-
gorithm 3,

ᾱN
T,D,x1:T

(t) := sEN
T,D,x1:T

[I{Kt ̸= 0}],

converges to a strictly positive limit

ᾱN
T (t) := sEN

T [I{Kt ̸= 0}].

Note that the acceptance rates and their limits depend on ℓ1:T even though we do not make
this explicit in our notation.

COROLLARY 4.6 (dimensional stability of the acceptance rates). Assume A1 and C1,
T,N ∈ N, and let t ∈ [T ]. Then ᾱN

T (t)> 0. Furthermore, with FT,D ∈ ET,D as in Proposi-
tion 4.5:

limD→∞ supx1:T∈FT,D
|ᾱN

T,D,x1:T
(t)− ᾱN

T (t)|= 0. ◁

PROOF. The convergence follows immediately from Proposition 4.5. The strict positivity
of the limit is due to the finite-moments assumption C1.

EXAMPLE (classical MCMC kernels, continued). As mentioned above, Algorithm 3 re-
duces to a classical MCMC kernel with a suitably scaled Gaussian random-walk proposal if
T =N = 1. In this case, the asymptotic acceptance rates for Barker’s kernel and for the MH
kernel derived in Roberts, Gelman and Gilks (1997); Bédard, Douc and Moulines (2012);
Agrawal et al. (2021):

ᾱ1
1(1) =

{
E[Ψ1(V 1

1 )] = E
[ exp{V 1

1 }
1+exp{V 1

1 }
]
, without forced-move,

E[Φ1(V 1
1 )] = E[1∧ exp{V 1

1 }] = 2Φ
(
−
√

ℓ1I1|1

2

)
, with forced-move,

where Φ is standard-normal cumulative distribution function. ◁

Of course, stabilising the acceptance rates in high dimensions is not sufficient for avoiding
a breakdown. A widely used criterion for assessing the performance of MCMC algorithms is
the expected squared jumping distance (ESJD) (Sherlock and Roberts, 2009), which (for the
time-t component in Algorithm 3) is given by

ĞESJDN
T,D(t) := E[∥Xt[l+ 1]−Xt[l]∥22],

where ∥ · ∥2 denotes the Euclidean norm and where X1:T [l] is the lth state of the Markov
chain with transition kernel sPN

T,D at stationarity. The following proposition (whose proof is
the same as that of Proposition 3.4 in Appendix C.4 and is therefore omitted) shows that the
ESJD is stable in high dimensions.

PROPOSITION 4.7 (dimensional stability of the ESJD). Assume A1 as well as C1, and
let T,N ∈N. Then, for any t ∈ [T ],

limD→∞
∣∣ĞESJDN

T,D(t)− ℓtᾱ
N
T (t)

∣∣= 0. ◁
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4.2.3. Stability as T →∞. In this section, we discuss scaling of the number of particles,
N + 1, in the time horizon, T , in high (spatial) dimensions. Throughout, we let ℓ := (ℓt)t≥1

be a sequence of positive scaling factors.
Under stability assumptions on the Feynman–Kac model and for some fixed spatial dimen-

sion D, it is well known that the acceptance rates of the i-CSMC algorithm, αN
T,D,x1:T

(t), can
be bounded away from zero as T →∞ by scaling the number of particles appropriately. To be
more specific: Without backward sampling, αN

T,D,x1:T
(t) can be controlled by growing N lin-

early in T (Andrieu, Lee and Vihola, 2018; Lindsten, Douc and Moulines, 2015; Del Moral,
Kohn and Patras, 2016). With backward sampling, αN

T,D,x1:T
(t) can be controlled without

scaling N with T (Lee, Singh and Vihola, 2020). Proposition 4.8 (proved in Appendix D.6)
verifies that – under the following ‘factorisation-over-time’ assumption – the i-RW-CSMC
algorithm admits the same scaling of N with T as the i-CSMC algorithm.

A4 For any t ∈ [T ] and any (xt−1, x
′
t−1) ∈R2, Mt(xt−1, · ) =Mt(x

′
t−1, · ). ◁

PROPOSITION 4.8 (time-horizon stability of the acceptance rates). Assume A1, A4 as
well as C1 and that I(ℓ) := supT∈N supt∈[T ] ℓtIt|T <∞.

1. Without backward sampling, if there exists C > 0 such that N ≥CT :

inf
T∈N

inf
t∈[T ]

ᾱN
T (t)≥ exp

(
−exp(I(ℓ))

C

)
> 0.

2. With backward sampling, for any N ∈N:

inf
T∈N

inf
t∈[T ]

ᾱN
T (t)≥

(
1 +

exp(I(ℓ))
N

)−1

> 0. ◁

REMARK 4.9. Proposition 4.7 shows that infT∈N inft∈[T ]
ĞESJDN

T,D(t)> 0 (i.e. the ESJD
is also stable) under the additional assumption inft≥1 ℓt > 0. ◁

Note that the lower bound for the case with backward sampling in Proposition 4.8 is the
same as the one obtained for the RW-EHMM algorithm in Corollary 3.5. This is not a co-
incidence: under Assumption A4, Algorithm 3 with backward sampling induces the same
Markov kernel as Algorithm 2, sPN

T,D = P̃N
T,D . However, recall that in Corollary 3.5, we

were able to prove stability of the acceptance rates in T without relying on Assumption A4.
This, along with Propositions 4.1 and 4.2 (which show that the i-RW-CSMC algorithm can
be viewed as a ‘perturbed’ version of the RW-EHMM algorithm) motivates the following
conjecture.

CONJECTURE 4.10. Assumption A4 is not necessary to guarantee stability of the accep-
tance rates in T with the scaling of N =N(T ) from Proposition 4.8. ◁

5. Numerical illustration. In this section, we illustrate the results on a simple state-
space model specified as follows (additional simulations in a more realistic problem – a
multivariate stochastic volatility model – are provided in Appendix E.3.2). Let φ denote a
Lebesgue density of the standard normal distribution. Let yt = (yt,d)d∈[D] ∈ RD be some
D-dimensional vector of observations collected at time t ∈ [T ]. Then for any d ∈ [D],

Gt(xt,d) := φ(yt,d − xt,d),

mt(xt−1,d, xt,d) := φ(xt,d − xt−1,d).

The results shown below are based on 100 independent runs of each algorithm for each
value of D; each run uses L = 25000 iterations initialised from stationarity, and each uses
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FIG. 2. The πT,D-averaged acceptance rates as a function of t.

a different observation sequence of length T = 25 sampled from the model. Throughout, we
use N + 1= 32 particles. In the i-RW-CSMC algorithm, ℓ1 = . . .= ℓT = 1.

Figure 2 displays the πT,D-averaged acceptance rates as a function of the time index t.
More precisely, for X1:T ∼ πT,D , it shows:

1. first column: E[αN
T,D,X1:T

(t)];
2. second column: E[ᾱN

T,D,X1:T
(t)].

The upper-left panel shows that for the i-CSMC algorithm, the acceptance rates vanish in
high dimensions. In contrast, the upper-right panel shows that the acceptance rates converge
to a non-trivial limit for the i-RW-CSMC algorithm. The first row also shows that, in both
algorithms, the acceptance rates are an increasing function of the time index t due to the
coalescence of the particle paths with the reference path. The second row shows that the
backward-sampling extension removes this dependence on the time index and leads to ac-
ceptance rates which are stable over time. However, the lower-left panel illustrates that back-
ward sampling does not save the i-CSMC algorithm in high dimensions – its acceptance rates
still vanish. Additionally, in Appendix E, we illustrate that the effective sample size (ESS)
(Kong, Liu and Wong, 1994) of the resampling and backward-sampling weights converges
to a non-trivial limit > 1 under the i-RW-CSMC algorithm, whereas it collapses to 1 for the
i-CSMC algorithm.

Figure 3 displays the expected squared jumping distance (ESJD) as a function of t. More
specifically, it shows:

1. first column: ESJDN
T,D(t) := E[∥Xt[l+ 1]−Xt[l]∥22];

2. second column: ĞESJDN
T,D(t) := E[∥sXt[l+ 1]− sXt[l]∥22],

where X1:T [l] is the lth state of a stationary Markov chain with transition kernels PN
T,D and

sX1:T [l] is the lth state of a stationary Markov chain with transition kernels sPN
T,D . The first

column illustrates that in high dimensions, the ESJD of the i-CSMC algorithm vanishes in



CONDITIONAL SEQUENTIAL MONTE CARLO IN HIGH DIMENSIONS 21

i-CSMC
with backward sampling

i-RW-CSMC
with backward sampling

i-CSMC i-RW-CSMC

0 5 10 15 20 25 0 5 10 15 20 25

0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

Time (t)

E
xp

ec
te

d
sq

ua
re

d
ju

m
pi

ng
di

st
an

ce

Dimension (D)
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34

35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

FIG. 3. Expected squared jumping distance as a function of t.

high dimensions. In contrast, the ESJD of the i-RW-CSMC algorithm converges to ℓtᾱ
N
T (t)>

0 (in accordance with Proposition 4.7).
Figure 4 displays the lag-D autocorrelation of the sample for the first ‘spatial’ component

at each time t. More precisely, writing Xt[l] =Xt,1:D[l] and sXt[l] = sXt,1:D[l], it shows:

1. first column: corr(Xt,1[l+D],Xt,1[l]);
2. second column: corr( sXt,1[l+D], sXt,1[l]).

The fact that this leads to non-trivial limit in the second column illustrates that the i-RW-
CSMC algorithm is stable in high dimensions as long as the number of iterations grows
linearly with D. However, the first column shows that increasing the number of iterations in
this manner does not save the i-CSMC algorithm from breaking down in high dimensions.

6. Practical implementation. In this section, we discuss how to implement the pro-
posed algorithms in practice.

Initialisation. We suggest initialising the MCMC chain using a simple bootstrap particle
filter, i.e. the “unconditional” counterpart of Algorithm 1, using a modest number of par-
ticles, say N = 100. Empirically, we have found this strategy to work well even in higher
dimensions and it has the advantage that it requires no problem-specific tuning.

Choice of N . As we have shown, it is not needed to scale N with T or D. In addition, the
acceptance rates are bounded above by 1 so that they can only increase sublinearly in N .
Hence, we recommend to select N based on the available parallel computing architecture
(and to a relatively small value on serial machines). Note that for small N , the RW-EHMM
algorithm may even be a viable alternative.

Choice of ℓt. We propose a simple adaptation strategy to specify ℓt[g], the value of ℓt at the
gth iteration of the algorithm. Let αt[g] denote the average acceptance rate at time t up to the
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FIG. 4. Lag-D autocorrelations of the first marginal of the D-dimensional time-t state vector
as a function of t.

gth iteration. Then we set

ℓt[g] :=


0.9 · ℓt[g− 1], if αt[g]<max{α− 0.05,0.05},
1.1 · ℓt[g− 1], if αt[g]>min{α+ 0.05,0.95},
exp(log(ℓt[g− 1]) + (αt[g]− α)/g), otherwise.

Here, α ∈ (0,1) is some target acceptance rate. Motivated by optimal-scaling results in a
related multi-proposal MCMC setting (Bédard, Douc and Moulines, 2012), and by further
empirical results shown in Appendix E.2, we take α to be an increasing function in N . Specif-
ically, we use α := 1− (N + 1)−β for some β ∈ (0,1), say β = 1/3. In Appendix E.3.2 we
illustrate that this strategy is able to quickly improve poor initial choices of ℓt. It must be
pointed out that such adaptation strategies break the guarantee that the algorithm leaves the
desired target distribution invariant. Common practice in the literature on MCMC methods is
therefore to stop the adaptation after some pre-specified burn-in phase.

7. Conclusion.

Comparison with classical MCMC algorithms. The iterated conditional sequential Monte
Carlo (i-CSMC) algorithm (Andrieu, Doucet and Holenstein, 2010) is a powerful tool for
inference about the joint smoothing distribution in state-space models and more generally.
This is because the algorithm automatically exploits the decorrelation in the ‘time’ direc-
tion exhibited by the model. Let T denotes the time horizon and let D denote the ‘spatial’
dimension of each latent state.

For the moment assume that D is fixed and reasonably small.
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• The i-CSMC algorithm has O(T ) complexity1 which is in contrast to a naïve independent
Metropolis–Hastings (MH) algorithm which does not exploit the structure of the model
and therefore suffers O(eT ) complexity, i.e. a curse of dimension in T .

• The i-CSMC algorithm can be combined with backward sampling to reduce the complexity
to O(1) (Lee, Singh and Vihola, 2020). This is similar to combining the independent MH
updates with a ‘blocking’ (in the time direction) strategy. Indeed, Singh, Lindsten and
Moulines (2017) reduced the complexity of the standard i-CSMC algorithm by using time-
direction blocking instead of backward sampling.

Now, consider the case that the ‘spatial’ dimension D is large.

• Unfortunately, the i-CSMC algorithm (Andrieu, Doucet and Holenstein, 2010) (with or
without backward sampling) then proposed propose ‘global’ moves in the ‘space’ direction
and consequently suffers a curse of dimension in D (i.e. complexity O(eD)) in the same
way as an independent MH algorithm (with or without blocking in the time direction).
Indeed, if T =N = 1 then the i-CSMC algorithm reduces to a standard independent MH
algorithm for which this drawback is well known.

• It is also well known that proposing ‘local’ moves can overcome this curse of dimen-
sion (Roberts, Gelman and Gilks, 1997). That is, in the classical MCMC setting, we
must use, e.g., suitably scaled random-walk rather than independence proposals. In this
work, we have therefore proposed a novel iterated ‘local’ CSMC algorithm, termed it-
erated random-walk conditional sequential Monte Carlo (i-RW-CSMC) algorithm, which
utilises Gaussian random-walk proposals whose variance is of order D−1. The algorithm
provably avoids the curse of dimension in D suffered by the original i-CSMC algorithm.
To potentially remove the need for scaling the number of particles with T and thus achieve
O(D) complexity, the i-RW-CSMC algorithm can be combined with backward sampling.
This is again akin to blocking in the time direction in classical MCMC algorithms. In fact,
Appendix E.2 illustrates that a multi-proposal Gaussian random-walk MH algorithm with
blocking in the time direction can perform similar to the i-RW-CSMC algorithm with back-
ward sampling. Our algorithm reduces to a standard Gaussian random-walk MH algorithm
if T =N = 1.

Limitations. The i-RW-CSMC algorithm shares the well-known limitations of the random-
walk MH algorithm. That is, it requires the state space to be continuous in order to allow
for suitably scaled local proposals; and such ‘local’ proposals may not easily move between
well-separated modes.

Extensions. Further reductions in the complexity from O(D) to O(1) may be feasible by
employing blocking strategies in the ‘space’ direction (Rebeschini and van Handel, 2015;
Finke and Singh, 2017). Indeed, Murphy and Godsill (2015) proposed a spatially-blocked
i-CSMC algorithm. However, such strategies require a specific ‘spatial’ (de)correlation struc-
ture which can only be found in particular models.

The analysis of the i-RW-CSMC algorithm in high dimensions could be extended in a
number of ways. First, we could easily consider models in which the potential functions Gt

depend not only on xt but also on xt−1 or allow scale factors ℓt differ across particles. Sec-
ond, we could consider the case that ancestor sampling instead of backward sampling is used.
Third, in the same way as this has been done in the literature on optimal scaling for classi-
cal MCMC algorithms, the assumptions on the high-dimensional regime could be relaxed,
e.g. by allowing for some of the D components of the target distribution to be differently

1Recall that ‘complexity’ is measured as the number of full likelihood evaluations needed to control the ap-
proximation error of a fixed-dimensional marginal of the joint smoothing distribution.
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scaled or by allowing for dependence between some of the D components (see, e.g., Sher-
lock and Roberts, 2009; Yang, Roberts and Rosenthal, 2020). Likewise, we could allow for
non-Gaussian proposals (Neal and Roberts, 2011). Finally, we could investigate the optimal
choice of the scaling factors ℓ⋆t and the associated optimal acceptance rates as well as proving
a suitable T -dimensional diffusion limit of a time-scaled T -dimensional spatial marginal of
the Markov chain induced by the algorithm.

We stress that the i-RW-CSMC algorithm introduced in this work is by no means the
only way of achieving ‘local’ CSMC updates. We have only focussed on this particular al-
gorithm to keep the presentation simple. Alternative local CSMC algorithms are possible.
For instance, the first such local algorithm proposed in the literature is the method from
Shestopaloff and Neal (2018) which uses MCMC kernels for proposing local moves around
the reference path. Their algorithm reduces to a delayed-acceptance MH algorithm (Christen
and Fox, 2005) if T =N = 1. The algorithm showed promising performance in some high-
dimensional settings in Finke, Doucet and Johansen (2016) who also provided a generic
framework which admits this approach as well as the algorithms analysed in this work as
special cases.
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APPENDIX A: FINITE-STATE HIDDEN MARKOV MODEL INTERPRETATION

In this section, we provide additional intuition for the validity for the steps that sample
the particle indices K1:T = k1:T ∈ [N ]T0 of the new reference path X′

1:T = (ZK1

1 , . . . ,ZKt

T )
within the RW-EHMM and i-RW-CSMC algorithms (Algorithms 2 and 3). Our discussion
is based around ideas from Neal (2003); Neal, Beal and Roweis (2004); Finke, Doucet and
Johansen (2016). Central to it will be the following distribution over k1:T ∈ [N ]T0 which was
introduced in the RW-EHMM algorithm:

ξT (z1:T ,{k1:T }) =
πT,D(z

k1

1 , . . . ,zkT

T )∑
l1:T∈[N ]T0

πT,D(z
l1
1 , . . . ,z

lT
T )

.

Recall that conditional on the set of particles Z1:T = z1:T :

1. the RW-EHMM Algorithm draws K1:T ∼ ξT (z1:T , · );
2. the i-RW-CSMC Algorithm draws K1:T according to a ξT (z1:T , · )-invariant Markov ker-

nel (see Propositions 4.1 and 4.2).

Our main results in this section are then the following:

1. In Subsection A.1, we show that the distribution ξT (z1:T , · ) can be viewed as the joint
posterior distribution of all T latent states in a finite-state hidden Markov model (HMM)
with state space [N ]0.

2. In Subsection A.2, we then show that the recursions for sampling K1:T = k1:T via Step 2
of the RW-EHMM Algorithm in O(N2T ) operations (see Subsection 3.1.2) are simply
the forward filtering–backward sampling recursions for sampling from the joint posterior
distributions of the latent states in the HMM from A.1.

3. In Subsection A.3, we then show that the recursions for sampling K1:T = k1:T via
Steps 1a, 2 and 3 of the i-RW-CSMC Algorithm (in O(NT ) operations) can be viewed as
a slightly non-standard CSMC algorithm (potentially with backward sampling) for sam-
pling from the joint posterior distributions of the latent states in the HMM from A.1.
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A.1. Finite-state hidden Markov model. All the developments that follow are condi-
tional on the some value of the set of particles Z1:T = z1:T . Hence, we will sometimes drop
the dependence on z1:T from the notation. For any k1:T ∈ [N ]T0 , and any t ∈ [T ], set

ft(kt|kt−1) :=
mt(z

kt−1

t−1 ,z
kt

t )Gt(z
kt

t )∑N
n=0mt(z

kt−1

t−1 ,z
n
t )Gt(znt )

,

gt(ỹt|kt) :=

{[∑N
n=0m1(z

n
1 )G1(z

n
1 )
]∑N

n=0m2(z
kt

1 ,zn2 )G2(z
n
2 ), if t= 1,∑N

n=0mt+1(z
kt

t ,znt+1)Gt+1(z
n
t+1), if t > 1,

with our usual convention that any quantity with time subscript 0 is to be ignored, i.e.
f1( · |k0)≡ f1( · ). Then clearly, ft( · |kt−1) is a probability mass function on [N ]0. With this
notation, ft(kt|kt−1) and gt(ỹt|kt) can be interpreted as the transition and emission proba-
bilities of a finite-state HMM (where “observations” ỹt are added to the notation to make
it more intuitive). In particular, the joint probability of the first T states and the first T − 1
observations of this HMM is

p(k1:T , ỹ1:T−1) =

T∏
t=1

ft(kt|kt−1)gt(ỹt|kt)

=

T∏
t=1

mt(z
kt−1

t−1 ,z
kt

t )Gt(z
kt

t )∝ πT,D(z
k1

1 , . . . ,zkT

T ),

which implies that the joint posterior distribution of these states is:

p(k1:T |ỹ1:T−1) =
πT,D(z

k1

1 , . . . ,zkT

T )∑
l1:T∈[N ]T0

πT,D(z
l1
1 , . . . ,z

lT
T )

= ξT (z1:T ,{k1:T }).

A.2. Sampling K1:T within the RW-EHMM algorithm. We now show that the recur-
sions for sampling K1:T = k1:T via Step 2 of the RW-EHMM Algorithm in O(N2T ) opera-
tions (see Subsection 3.1.2) are simply the forward filtering–backward sampling recursions
for the HMM from A.1.

A.2.1. Forward filtering. Specifically, (5) is then nothing more than the forward-filtering
recursion which propagates the one-step ahead predictive distributions W kt

t = p(kt|ỹ1:t−1).
For t= 1, . . . , T (and with convention wn

0 = 1):

Wn
t = p(kt = n|ỹ1:t−1) =

p(kt = n, ỹt−1|ỹ1:t−2)∑N
l=0 p(kt = l, ỹt−1|ỹ1:t−2)

=
wn
t∑N

l=0w
l
t

,

wn
t = p(kt = n, ỹt−1|ỹ1:t−2)

=

N∑
m=0

p(kt−1 =m|ỹt−2)gt−1(ỹt−1|m)ft(n|m)

=
∑

kt−1∈[N ]0

wm
t−1∑N

l=0w
l
t−1

mt(z
m
t−1,z

n
t )Gt(z

n
t ).

A.2.2. Backward sampling. Likewise, (6) is nothing more than the backward-sampling
recursion. That is, for t= T − 1, . . . ,1, we sample Kt = kt ∈ [N ]0 with probability

p(kt|kt+1:T , ỹ1:T−1) = p(kt|kt+1, ỹ1:t)
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=
p(kt, kt+1, ỹt−1:t|ỹ1:t−2)∑N

n=0 p(kt = n,kt+1, ỹt−1:t|ỹ1:t−2)

=
p(kt, ỹt−1|ỹ1:t−2)gt(ỹt|kt)ft+1(kt+1|kt)∑N

n=0 p(kt = n, ỹt−1|ỹ1:t−2)gt(ỹt|n)ft+1(kt+1|n)

=
wkt

t mt+1(z
kt

t ,z
kt+1

t+1 )∑N
n=0w

n
t mt+1(znt ,z

kt+1

t+1 )
.

A.3. Sampling K1:T within the i-RW-CSMC algorithm. We now show that the re-
cursions for sampling K1:T = k1:T via Steps 1a, 2 and 3 of the i-RW-CSMC Algorithm (in
O(NT ) operations) can be viewed as first running a CSMC algorithm targetting the HMM
from A.1 and then selecting a single particle lineage via ancestral tracing or backward sam-
pling.

A.3.1. Conditional particle filter with ancestral tracing. Without backward sampling,
Steps 1a, 2 and 3 of the i-RW-CSMC algorithm can be interpreted as running a slightly non-
standard CSMC algorithm (with ancestral tracing) which targets the one-step-ahead predic-
tive distributions and which employs N + 1 particles which are jointly “proposed” from the
distribution δ(0,1,...,N) at each time step. That is, the value of each particle is deterministically
set equal to its particle index. We note that this is a slightly non-standard CSMC algorithm
because the particles are not proposed independently given the history of the particle system
as in, e.g., a bootstrap particle filter. However, such “stratified” proposals have long been
used for particle filters tailored to finite state spaces such as the discrete particle filter from
Fearnhead (1998); Fearnhead and Clifford (2003). The nth unnormalised particle weight of
the CSMC algorithm targetting the finite-state HMM at time t can then be shown to be given
by

wn
t := gt−1(ỹt−1|ant−1)ft(n|ant−1) =mt(z

at−1.
t−1 ,znt )Gt(z

n
t ).

A.3.2. Conditional particle filter with Backward sampling. If instead we employ back-
ward sampling to sample a new particle path in the CSMC algorithm targetting the finite-state
HMM, then this gives the backward-sampling probabilities from (7):

wkt

t gt(ỹt|kt)ft+1(kt+1|kt)∑N
m=0w

m
t gt(ỹt|m)ft+1(kt+1|m)

=
mt(z

akt
t−1

t−1 ,z
kt

t )Gt(z
kt

t )mt+1(z
kt

t ,z
kt+1

t+1 )∑N
m=0mt(z

am
t−1

t−1,z
m
t )Gt(zmt )mt+1(zmt ,z

kt+1

t+1 )
.

APPENDIX B: DETAILS FOR SECTION 2

B.1. Joint law induced by Algorithm 1. We now formally define the joint law of all
random variables generated in Algorithm 1. This will be used in some of the proofs below.

To simplify the presentation, we note that we fixed the reference path in Algorithm 1 to
always have particle index 0, i.e. we always set Z0

t := z0t := xt as well as A0
t−1 = a0t−1 := 0.

However, in some of the proofs below, it is more convenient to work with a slightly more
general version of the algorithm which, at the beginning each time step, draws a particle
index Jt = jt from a uniform distribution on [N ]0 and then sets Ajt

t−1 = ajtt−1 := jt−1 as well
as Zjt

t := zjtt := xt.
Conditional on X1:T = x1:T = x1:T [l], the joint law of all random variables (J1:T ,Z1:T ,A1:T−1,K1:T ,X

′
1:T )

generated by this slightly generalised version of Algorithm 1 may be written as

sPN,⋆
T,D,x1:T

(dj1:T × dz1:T × da1:T−1 × dk1:T × dx′
1:T )
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:= Unif [N ]T0
(dj1:T )δx1:T

(dzj11 × · · · × dzjTT )

[
N∏

n=0
n̸=j1

M1(dz
n
1 )

]

×

[
T∏
t=2

δjt−1
(dajtt−1)

N∏
n=0
n̸=jt

RN
t−1,D(zt−1,da

n
t−1)Mt(z

an
t−1

t−1 ,dz
n
t )

]
×RN

T,D(zT ,dkT )

×



[T−1∏
t=1

δ
a
kt+1
t

(dkt)

]
[without backward sampling][T−1∏

t=1

BN
t,D((zt,z

kt+1

t+1 ),dkt)

]
[with backward sampling]

× δ
(z

k1
1 ,...,z

kT
T )

(dx′
1:T ).(8)

Here, we have defined the following quantities.

• Resampling kernels. For any n ∈ [N ]0 and any t ∈ [T ],

RN
t,D(zt,{n}) := Ψn({wt(z

m
t )−wt(z

0
t )}Nm=1) =

Gt(z
n
t )∑N

m=0Gt(zmt )
.

When using the forced-move extension, replace RN
T,D(zT ,{kT }) at time t= T in (8) by

GT (z
kT

T )∑N
m=0GT (zmT )−GT (z

kT

T )∧GT (z
jT
T )

, if kT ̸= jT ,

1−
N∑
l=0
l ̸=jT

GT (z
l
T )∑N

m=0GT (zmT )−GT (zlT )∧GT (z
jT
T )

, if kT = jT .

• Backward kernels. For t ∈ [T − 1],

BN
t,D((zt,z

kt+1

t+1 ),{n}) := Ψn({vt(z
m
t ,z

kt+1

t+1 )− vt(z
0
t ,z
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=
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t )mt+1(z

n
t ,z
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m=0Gt(zmt )mt+1(zmt ,z
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.

From this definition, we can recover the joint law of all random variables (Z1:T ,A1:T−1,K1:T ,X
′
1:T )

generated in Steps 1–4 of Algorithm 1 by conditioning on the event {J1 = 0, . . . , JT = 0},
i.e.

PN
T,D,x1:T

:= PN,⋆
T,D,x1:T

( · |J1 = 0, . . . , JT = 0).

Let EN,⋆
T,D,x1:T

denote expectation w.r.t. PN,⋆
T,D,x1:T

. In the remainder of this section, we will
sometimes work with PN,⋆

T,D,x1:T
rather than with PN

T,D,x1:T
. This is justified because both

versions of the i-CSMC algorithm induce the same Markov kernel:

EN,⋆
T,D,x1:T

[I{X′
1:T ∈ dx′

1:T }] = EN
T,D,x1:T

[I{X′
1:T ∈ dx′

1:T }]

=PN
T,D(x1:T ,dx

′
1:T ).
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B.2. Proof of Proposition 2.1.

PROOF (of Proposition 2.1). For the plain algorithm (with neither the backward sampling
nor the forced-move extension) we can readily check that

πT,D(dx1:T )PN,⋆
T,D,x1:T

(dj1:T × dz1:T × da1:T−1 × dk1:T × dx′
1:T )

= πT,D(dx
′
1:T )P

N,⋆
T,D,x′

1:T
(dk1:T × dz1:T × da1:T−1 × dj1:T × dx1:T ),(9)

i.e. (9) admits πT,D(dx
′
1:T ) as a marginal.

For the backward-sampling extension, let P̊N,⋆
T,D,x1:T

be the same as PN,⋆
T,D,x1:T

(without
backward sampling) except that the terms δjt−1

(dajtt−1) in (8) are replaced by BN
t−1,D((zt−1,z

jt
t ),{a

jt
t−1}).

Then

πT,D(dx1:T )PN,⋆
T,D,x1:T

(dj1:T × dz1:T × da1:T−1 × dk1:T × dx′
1:T )

= πT,D(dx
′
1:T )̊P

N,⋆
T,D,x′

1:T
(dk1:T × dz1:T × da1:T−1 × dj1:T × dx1:T ),(10)

That is, (10) again admits πT,D(dx
′
1:T ) as a marginal. Incidentally, P̊N,⋆

T,D,x1:T
can be recog-

nised as the law of all the random variables generated by the i-CSMC algorithm with ancestor
sampling from Lindsten, Jordan and Schön (2012).

Finally, the algorithm with the forced-move extension can be justified as a partially col-
lapsed Gibbs sampler because this extension leaves the marginal distribution of KT (un-
der (9) without backward sampling or under (10) with backward sampling) conditional on
(X1:T , J1:T ,Z1:T ,A1:T ) invariant. □

B.3. Verification of Assumptions A2 and A3 in a linear-Gaussian state-space model.
Consider a state-space model with D-dimensional observations yt = yt,1:D ∈RD and

Ht(xt,dyt) :=
∏D

d=1N(dyt,d;xt,d,1),

Mt(xt−1,dxt) :=
∏D

d=1N(dxt,d;xt−1,d,1).

Let φ be a density function of a univariate standard normal distribution. Then this model
satisfies A1 with

Gt(xt,d) = φ(yt,d − xt,d),

mt(xt−1,d, xt,d) = φ(xt,d − xt−1,d).

To simplify the notation and calculations, we hereafter drop the subscript d, take y1 =
. . . , yT = 0 and assume as initial density m1(x1) = φ(x1/

√
σ2 + 1)/

√
σ2 + 1, where

σ2 := (
√
5− 1)/2. Standard Kalman-filtering and Kalman-smoothing recursions then give

P(Xt ∈ dxt|Y1:t = y1:t) = N(dxt; 0, σ
2) as well as πT (dx1:T ) = P(X1:T ∈ dx1:T |Y1:T = y1:T ) =

N(dx1:T ;0T ,C) with [C]s,t = u|t−s|σ2
s∨t, where u := σ2/(σ2 + 1) and

σ2
t := u

1− (u2)T−t

1− u2
I{t < T}+ (u2)T−tσ2.

Tedious but simple algebra then shows that A2 and A3 hold because

bT > rT = rT |T =

{
1
2(log(σ

2 + 2)− σ2), if T = 1,
1
2(log(2) + [σ2(u2 − 2) + u]/2), if T > 1,

}
> 0.15.
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B.4. Proof of Proposition 2.2.

PROOF (of Proposition 2.2). A telescoping-sum argument gives the following decompo-
sition which will form the basis of the proof both in the case with and without resampling.
Here, we let 0 denote a vector of zeros of appropriate length.

dNT,D,x1:T
≤

T−1∑
t=1

N∑
n=1

∥∥EN
T,D,x1:T

[I{An
t ∈ ·}|A1:t−1 = 0]− δ0( · )

∥∥
+
∥∥EN

T,D,x1:T
[I{KT ∈ ·}|A1:T−1 = 0]− δ0( · )

∥∥
+

T−1∑
t=1

∥∥EN
T,D,x1:T

[I{Kt ∈ ·}|(A1:T−1,Kt+1:T ) = 0]− δ0( · )
∥∥.(11)

First, we consider the case without backward sampling. We write

Rt|T,D(xt−1:t) := [ 1D
∑D

d=1 logMt(Gt)(xt−1,d)− logGt(xt,d)] + rt|T

= 1
D

∑D
d=1 logMt(Gt)(xt−1,d)−E[logMt(Gt)(Xt−1)]

+ 1
D

∑D
d=1E[logGt(Xt)]− logGt(xt,d).

For some η ∈ (0,1/2), we set

FT,D := {x1:T ∈ET,D | ∀ t ∈ [T ] : |Rt|T,D(xt−1:t)|<D−η}.
Since η < 1/2 implies that Dη

√
2D log logD =O(D), the law of the iterated logarithm then

implies that limD→∞πT,D(FT,D) = 1.
We can now turn to the terms in the decomposition (11). Let (x1:T,D)D≥1 be some se-

quence in (ET,D)D≥1, i.e. xt,D = xt,1:D,D ∈RD , for any D ≥ 1. For any n ∈ [N ] and t ∈ [T ],
let Zn

t,D ∼Mt(xt−1,D, · ) and Z0
t,D := xt,D . For any t ∈ [T ] (with An

t replaced by KT if
t= T ), we have that

|EN
T,D,x1:T,D

[I{An
t ∈ [N ]}|A1:t−1 = 0]− δ0([N ])|

= EN
T,D,x1:T,D

[ ∑N
n=1 exp{wt(Z

n
t,D)−wt(Z

0
t,D)}

1 +
∑N

m=1 exp{wt(Zm
t,D)−wt(Z0

t,D)}

∣∣∣∣A1:t−1 = 0

]
.

For any n ∈ [N ] and t ∈ [T ], let Zn
t,D ∼Mt(xt−1,D, · ) and Z0

t,D := xt,D . To complete the
proof, it then suffices to show that∑N

n=1 exp{wt(Z
n
t,D)−wt(Z

0
t,D)}→P 0,

as D→∞, whenever logN = o(D). By Markov’s inequality, for any ε > 0,

P({
∑N

n=1 exp{wt(Z
n
t,D)−wt(Z

0
t,D)}> ε})

≤Nε−1 exp{−Drt|T +D|Rt|T,D(xt−1:t,D)|}

≤Nε−1 exp{−Drt|T +D1−η},
and rt|T ≥ rT > 0 by A2. This completes the proof in the case without backward sampling.

We now consider the case with backward sampling. We write

Bt|T,D(xt−1:t+1)

:= [ 1D
∑D

d=1 logMt(Gtmt+1( · , xt+1,d))(xt−1,d)− vt(xt:t+1,d)] + bt|T

= 1
D

∑D
d=1 logMt(Gtmt+1( · , xt+1,d))(xt−1,d)−E[logMt(Gtmt+1( · ,Xt+1))(Xt−1)]

+ 1
D

∑D
d=1E[log{Gt(Xt)mt+1(Xt,Xt+1)}]− log{Gt(xt,dmt+1(xt,d, xt+1,d)}.
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with convention BT |T,D =RT |T,D . For some η ∈ (0,1/2), we set

FT,D := {x1:T ∈ET,D | ∀ t ∈ [T ] : |Rt|T,D(xt−1:t)| ∨ |Bt|T,D(xt−1:t+1)|<D−η}.

Since η < 1/2 implies that Dη
√
2D log logD =O(D), the law of the iterated logarithm then

again implies that limD→∞πT,D(FT,D) = 1.
Again we consider the decomposition (11). We then have that

|EN
T,D,x1:T,D

[I{Kt ∈ [N ]}|(A1:T−1,Kt+1) = 0]− δ0([N ])|

= EN
T,D,x1:T,D

[ ∑N
n=1 exp{vt(Z

n
t,D,Z

0
t+1,D)− vt(Z

0
t,D,Z

0
t+1,D)}

1 +
∑N

m=1 exp{vt(Zm
t,D,Z

0
t+1,D)− vt(Z0

t,D,Z
0
t+1,D)}

∣∣∣∣A1:t−1 = 0

]
.

To complete the proof, it suffices to show that∑N
n=1 vt(Z

n
t,D,Z

0
t+1,D)− vt(Z

0
t,D,Z

0
t+1,D)→P 0,

as D→∞, whenever logN = o(D). By Markov’s inequality, for any ε > 0,

P({
∑N

n=1 exp{vt(Z
n
t,D,Z

0
t+1,D)− vt(Z

0
t,D,Z

0
t+1,D)> ε})

≤Nε−1 exp{−Dbt|T +D|Bt|T,D(xt−1:t+1,D)|}

≤Nε−1 exp{−Dbt|T +D1−η},

and bt|T ≥ bT > 0 by A3. This completes the proof in the case with backward sampling. □

APPENDIX C: DETAILS FOR SECTION 3

C.1. Joint law induced by Algorithm 2. We now formally define the joint law of all
random variables generated in Algorithm 2. This will be used in some of the proofs below.

To simplify the presentation, we note that we again fixed the reference path in Algorithm 2
to always have particle index 0, i.e. we always set Z0

t := z0t := xt. However, in some of the
proofs below, it is more convenient to work with a slightly more general version of the algo-
rithm which, at each time step, draws a particle index Jt = jt from a uniform distribution on
[N ]0 and then sets Zjt

t := zjtt := xt.
Conditional on X1:T = x1:T = x1:T [l], the joint law of all random variables (J1:T ,Z1:T ,K1:T ,X

′
1:T )

generated by this slightly generalised version of Algorithm 2 may be written as

P̃N,⋆
T,D,x1:T

(dj1:T × dz1:T × dk1:T × dx′
1:T )

:= Unif [N ]T0
(dj1:T )δx1:T

(dzj11 × · · · × dzjTT )

[ T∏
t=1

SN
t,D(z

jt
t ,dz

−jt
t )

]
× ξT (z1:T ,dk1:T )δ(zk1

1 ,...,z
kT
T )

(dx′
1:T ).

Here, we have defined z−n
t := (z0t , . . . ,z

n−1
t ,zn+1

t , . . . ,zNt ) as well as the following quanti-
ties.

• Proposal kernels. For any t ∈ [T ] and any n ∈ [N ]0,

SN
t,D(z

n
t ,dz

−n
t ) :=

D∏
d=1

N
(
dz−n

t,d ;z
n
t,d1N , ℓtDΣ

)
,

where z−n
t,d := (z0t,d, . . . , z

n−1
t,d , zn+1

t,d , . . . , zNt,d).
• Selection probability.

ξT (z1:T ,{k1:T }) :=
πT,D(z

k1

1 , . . . ,zkT

T )∑
l1:T∈[N ]T0

πT,D(z
l1
1 , . . . ,z

lT
T )

.



CONDITIONAL SEQUENTIAL MONTE CARLO IN HIGH DIMENSIONS 33

From this definition, we can recover the joint law of all random variables (Z1:T ,K1:T ,X
′
1:T )

generated in Steps 1–3 of Algorithm 2 by conditioning on the event {J1 = 0, . . . , JT = 0},
i.e.

P̃N
T,D,x1:T

:= P̃N,⋆
T,D,x1:T

( · |J1 = 0, . . . , JT = 0).

Let ẼN,⋆
T,D,x1:T

denote expectation w.r.t. P̃N,⋆
T,D,x1:T

. In the remainder of this section, we will
sometimes work with P̃N,⋆

T,D,x1:T
rather than with P̃N

T,D,x1:T
. This is justified because both

versions of the RW-EHMM algorithm induce the same Markov kernel:

ẼN,⋆
T,D,x1:T

[I{X′
1:T ∈ dx′

1:T }] = ẼN
T,D,x1:T

[I{X′
1:T ∈ dx′

1:T }]

= P̃N
T,D(x1:T ,dx

′
1:T ).

C.2. Proof of Proposition 3.1.

PROOF (of Proposition 3.1). Recall that by (4), the random-walk type proposal used to
scatter the particles around the reference path is symmetric in the sense that

λ(dzjt )S
N
t,D(z

j
t ,dz

−j
t ) = λ(dzkt )S

N
t,D(z

k
t ,dz

−k
t ),

for any j, k ∈ [N ]0, where z−n
t := (z0t , . . . ,z

n−1
t ,zn+1

t , . . . ,zNt ) and where λ denotes a suit-
able version of the Lebesgue measure.

We can then readily check that

πT,D(dx1:T )P̃N,⋆
T,D,x1:T

(dj1:T × dz1:T × dk1:T × dx′
1:T )

= πT,D(dx
′
1:T )P̃

N,⋆
T,D,x′

1:T
(dk1:T × dz1:T × dj1:T × dx1:T ),(12)

i.e. (12) admits πT,D(dx
′
1:T ) as a marginal. □

C.3. Proof of Proposition 3.3.

PROOF (of Proposition 3.3). The first part (the convergence statement) follows immedi-
ately from Proposition 3.2. For the second part (the lower bound), we note that

ᾱN
T (t) =

∑
n∈[N ]

ẼN
T [Ψn({V l

t }Nl=1)]≥
(
1 +

exp(ℓtIt|T )
N

)−1

,

where the penultimate inequality follows by Lemma D.6 in Appendix D.6. □

C.4. Proof of Proposition 3.4.

PROOF (of Proposition 3.4). Let FT,D ∈ ET,D be as in Proposition 3.2. We then have∣∣ẼSJDN
T,D(t)− ℓtα̃

N
T (t)

∣∣
=
∣∣∫

ET,D
πT,D(dx1:T )ẼN

T,D,x1:T

[
∥X′

t − xt∥22
]
− ℓtα̃

N
T (t)

∣∣
≤ ℓt supx1:T∈FT,D

∣∣α̃N
T,D,x1:T

(t)− α̃N
T (t)

∣∣
+ supx1:T∈ET,D

∣∣ẼN
T,D,x1:T

[
∥X′

t − xt∥22
]
− ℓtα̃

N
T,D,x1:T

(t)
∣∣

+πT,D(ET,D \FT,D) supx1:T∈ET,D

∣∣ẼN
T,D,x1:T

[
∥X′

t − xt∥22
]∣∣.(13)
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We now consider the limit of each of the terms in the last line of (13) as D → ∞. The
first term converges to zero by Proposition 3.3. Take Un

t,d =D1/2ℓ
−1/2
t (Zn

t,d − xt,d) as in
Algorithm 2, then sUn

t,D :=D−1
∑D

d=1(U
n
t,d)

2 →P 1, as D →∞, and hence |sUn
t,D − 1| →P 0

and |sUn
t,D| →P 1 by the continuous mapping theorem. Furthermore, (|sUn

t,D − 1|)D≥1 and
(|sUn

t,D|)D≥1 are uniformly integrable. Thus, for the second term, for any x1:T ∈ET,D ,∣∣ẼN
T,D,x1:T

[
∥X′

t − xt∥22
]
− ℓtα̃

N
T,D,x1:T

(t)
∣∣

≤
∣∣ℓt∑N

n=1 ẼN
T,D,x1:T

[(
sUn
t,D − 1

)
I{Kt = n}

]∣∣
≤ ℓtN E

[∣∣sU1
t,D − 1

∣∣]→ 0.

Similarly, for any x1:T ∈ET,D ,∣∣ẼN
T,D,x1:T

[
∥X′

t − xt∥22
]∣∣≤ ∣∣ℓt∑N

n=1 ẼN
T,D,x1:T

[
sUn
t,D I{Kt = n}

]∣∣
≤ ℓtN E

[∣∣sU1
t,D

∣∣]→ 1,

and the third term therefore converges to zero since π(Et,D \FT,D)→ 0. □

APPENDIX D: DETAILS FOR SECTION 4

D.1. Joint law induced by Algorithm 3. We now formally define the joint law of all
random variables generated in Algorithm 3. This will be used in some of the proofs below.

To simplify the presentation, we note that we again fixed the reference path in Algorithm 3
to always have particle index 0, i.e. we always set Z0

t := z0t := xt as well as A0
t−1 = a0t−1 := 0.

However, in some of the proofs below, it is more convenient to work with a slightly more
general version of the algorithm which, at the beginning each time step, draws a particle
index Jt = jt from a uniform distribution on [N ]0 and then sets Ajt

t−1 = ajtt−1 := jt−1 as well
as Zjt

t := zjtt := xt.
Conditional on X1:T = x1:T = x1:T [l], the joint law of all random variables (J1:T ,Z1:T ,A1:T−1,K1:T ,X

′
1:T )

generated by this slightly generalised version of Algorithm 3 may be written as
sPN,⋆
T,D,x1:T

(dj1:T × dz1:T × da1:T−1 × dk1:T × dx′
1:T )

:= Unif [N ]T0
(dj1:T )δx1:T

(dzj11 × · · · × dzjTT )

[ T∏
t=1

SN
t,D(z

jt
t ,dz

−jt
t )

]
×

[
T∏
t=2

δjt−1
(dajtt−1)

N∏
n=0
n̸=jt

sRN
t,D((zt−1:t, at−1),da

n
t−1)

]
× sRN

T,D((zT−1:T , aT−1),dkT )

×



[T−1∏
t=1

δ
a
kt+1
t

(dkt)

]
[without backward sampling][T−1∏

t=1

sBN
t,D((zt−1:t, at−1,z

kt+1

t+1 ),dkt)

]
[with backward sampling]

× δ
(z

k1
1 ,...,z

kT
T )

(dx′
1:T ).(14)

Here, we have defined z−n
t := (z0t , . . . ,z

n−1
t ,zn+1

t , . . . ,zNt ) as well as the following quanti-
ties.

• Proposal kernels. For any t ∈ [T ] and any n ∈ [N ]0, as in the RW-EHMM algorithm,

SN
t,D(z

n
t ,dz

−n
t ) :=

D∏
d=1

N
(
dz−n

t,d ;z
n
t,d1N , ℓtDΣ

)
,
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where z−n
t,d := (z0t,d, . . . , z

n−1
t,d , zn+1

t,d , . . . , zNt,d).
• Resampling kernels. For any n ∈ [N ]0 and any t ∈ [T ],

sRN
t,D((zt−1:t, at−1),{n}) := Ψn({swt(z

am
t−1

t−1,z
m
t )− swt(z

a0
t−1

t−1,z
0
t )}Nm=1)

=
mt(z

an
t−1

t−1 ,z
n
t )Gt(z

n
t )∑N

m=0mt(z
am
t−1

t−1 ,z
m
t )Gt(zmt )

,

When using the forced-move extension, we replace sRN
T,D((zT−1:T , aT−1),{kT }) at time

t= T in (8) by 

hkT∑N
m=0h

m − hkT ∧ hjT
, if kT ̸= jT ,

1−
N∑
l=0
l ̸=jT

hl∑N
m=0h

m − hl ∧ hjT
, if kT = jT ,

where we have defined the shorthand hn :=mT (z
an
T−1

T−1 ,z
n
T )GT (z

n
T ).

• Backward kernels. For t ∈ [T − 1],

sBN
t,D((zt−1:t, at−1,z

kt+1

t+1 ),{n})

:= Ψn({svt(z
am
t−1

t−1,z
m
t ,z

kt+1

t+1 )− svt(z
a0
t−1

t−1,z
0
t ,z

kt+1

t+1 )}
N
m=1)

=
mt(z

an
t−1

t−1,z
n
t )Gt(z

n
t )mt+1(z

n
t ,z

kt+1

t+1 )∑N
m=0mt(z

am
t−1

t−1,z
m
t )Gt(zmt )mt+1(zmt ,z

kt+1

t+1 )
.

From this definition, we can recover the joint law of all random variables (Z1:T ,A1:T−1,K1:T ,X
′
1:T )

generated in Steps 1–4 of Algorithm 3 by conditioning on the event {J1 = 0, . . . , JT = 0},
i.e.

sPN
T,D,x1:T

:= sPN,⋆
T,D,x1:T

( · |J1 = 0, . . . , JT = 0).

Let sEN,⋆
T,D,x1:T

denote expectation w.r.t. sPN,⋆
T,D,x1:T

. In the remainder of this section, we will
sometimes work with sPN,⋆

T,D,x1:T
rather than with sPN,⋆

T,D,x1:T
. This is justified because both

versions of the i-RW-CSMC algorithm induce the same Markov kernel:

sEN,⋆
T,D,x1:T

[I{X′
1:T ∈ dx′

1:T }] = sEN
T,D,x1:T

[I{X′
1:T ∈ dx′

1:T }]

= sPN
T,D(x1:T ,dx

′
1:T ).

D.2. Proof of Propositions 4.1. 4.2 and 4.3. In this section, we prove Propositions 4.1,
4.2 and 4.3 using the slightly generalised extended state-space construction defined above.

The proof of Proposition 4.3 proceeds along the same lines as the proof of Proposition 2.1.

PROOF (of Proposition 4.3). Recall that by (4), the random-walk type proposal used to
scatter the particles around the reference path is symmetric in the sense that

λ(dzjt )S
N
t,D(z

j
t ,dz

−j
t ) = λ(dzkt )S

N
t,D(z

k
t ,dz

−k
t ),

for any j, k ∈ [N ]0, where z−n
t := (z0t , . . . ,z

n−1
t ,zn+1

t , . . . ,zNt ) and where λ denotes a suit-
able version of the Lebesgue measure.



36

For the plain algorithm (with neither the backward sampling nor the forced-move exten-
sion), we can then readily check that

πT,D(dx1:T )sPN,⋆
T,D,x1:T

(dj1:T × dz1:T × da1:T−1 × dk1:T × dx′
1:T )

= πT,D(dx
′
1:T )

sPN,⋆
T,D,x′

1:T
(dk1:T × dz1:T × da1:T−1 × dj1:T × dx1:T ),(15)

i.e. (15) admits πT,D(dx
′
1:T ) as a marginal.

For the backward-sampling extension, let P̂N,⋆
T,D,x1:T

be the same as sPN,⋆
T,D,x1:T

(with-
out backward sampling) except that the terms δjt−1

(dajtt−1) in (14) are replaced by
sBN
t−1,D((zt−2:t−1, at−2,z

kt

t ),{ajtt−1}). Then
πT,D(dx1:T )sPN,⋆

T,D,x1:T
(dj1:T × dz1:T × da1:T−1 × dk1:T × dx′

1:T )

= πT,D(dx
′
1:T )P̂

N,⋆
T,D,x′

1:T
(dk1:T × dz1:T × da1:T−1 × dj1:T × dx1:T ).(16)

That is, (16) again admits πT,D(dx
′
1:T ) as a marginal. Incidentally, P̂N,⋆

T,D,x1:T
can be recog-

nised as the law of all the random variables generated by an i-RW-CSMC algorithm with
ancestor sampling. This shows that ancestor sampling is a valid alternative to backward sam-
pling in this algorithm.

Finally, use of the forced-move extension can again be justified as a partially collapsed
Gibbs sampler because applying this extension in Step 2 of Algorithm 3 leaves the marginal
distribution of KT conditional on (X1:T , J1:T ,Z1:T ,A1:T ) invariant. □

PROOF (of Proposition 4.1). Let
ΞT ((z1:T , j1:T ),da1:T−1 × dk1:T )

:=

[ T∏
t=2

δ0(da
jt
t−1)

N∏
n=0
n ̸=jt

sRN
t−1,D((zt−2:t−1, at−2),da

n
t−1)

]

× sRN
T,D((zT−1:T , aT−1),dkT )

T−1∏
t=1

δ
a
kt+1
t

(dkt).

Simple algebra then verifies that
ξT (z1:T ,dj1:T )ΞT ((z1:T , j1:T ),da1:T−1 × dk1:T )

= ξT (z1:T ,dk1:T )ΞT ((z1:T , k1:T ),da1:T−1 × dj1:T ).

This completes the proof. □

PROOF (of Proposition 4.2). Let
ΞT ((z1:T , j1:T ),da1:T−1 × dk1:T )

:=

[ T∏
t=2

δ0(da
jt
t−1)

N∏
n=0
n̸=jt

sRN
t−1,D((zt−2:t−1, at−2),da

n
t−1)

]
× sRN

T,D((zT−1:T , aT−1),dkT )

T−1∏
t=1

sBN
t,D((zt−1:t, at−1,z

kt+1

t+1 ),dkt}),

and
Ξ̂T ((z1:T , j1:T ),da1:T−1 × dk1:T )

:=

[ T∏
t=2

sBN
t−1,D((zt−2:t−1, at−1,z

jt
t ),{a

jt
t−1})

N∏
n=0
n ̸=jt

sRN
t−1,D((zt−2:t−1, at−2),da

n
t−1)

]
× sRN

T,D((zT−1:T , aT−1),dkT )

T−1∏
t=1

δ
a
kt+1
t

(dkt).
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Simple algebra then verifies that

ξT (z1:T ,dj1:T )ΞT ((z1:T , j1:T ),da1:T−1 × dk1:T )

= ξT (z1:T ,dk1:T )Ξ̂T ((z1:T , k1:T ),da1:T−1 × dj1:T ).

This completes the proof. □

D.3. Relationship with ‘unconditional’ SMC algorithms. In this section, we expand
on the observation made in Remark 4.4 that whilst standard CSMC methods are closely
related with a corresponding ‘unconditional’ SMC algorithm, no such ‘unconditional’ coun-
terpart exists for the i-RW-CSMC algorithm.

As explained in Andrieu, Doucet and Holenstein (2010), standard CSMC methods are
closely linked to the justification of a corresponding ‘unconditional’ SMC algorithm in the
sense that the law of all the particles and parent indices generated by the latter, QN,⋆

T,D , is:

E[EN,⋆
T,D,X1:T

(I{(Z1:T ,A1:T−1) ∈ dz1:T × da1:T−1})]∏T
t=1

1
N+1

∑N
n=0Gt(znt )

∝
N∏

n=0

M1(dz
n
1 )

T∏
t=2

[ N∏
n=0

RN
t−1,D(zt−1,da

n
t−1)Mt(z

an
t−1

t−1 ,dz
n
t )

]
=:QN,⋆

T,D(dz1:T × da1:T−1),

where X1:T ∼ πT,D , and where – to avoid complications arising from the division by zero –
we assume that mt and Gt are strictly positive.

However, for the i-RW-CSMC algorithm, no such ‘unconditional’ SMC algorithm exists.
To see this, let λ denotes a suitable version of the Lebesgue measure. Then by (4), the measure

E[sEN,⋆
T,D,X1:T

(I{(Z1:T ,A1:T−1) ∈ dz1:T × da1:T−1})]∏T
t=1

1
N+1

∑N
n=0mt(z

an
t−1

t−1 ,z
n
t )Gt(znt )

∝
[ T∏
t=1

λ(dz0t )S
N
t,D(z

0
t ,dz

1:N
t )

]

×
[ T∏
t=2

N∏
n=0

sRN
t−1,D((zt−2:t−1, at−2),da

n
t−1)

]
=: sQN,⋆

T,D(dz1:T × da1:T−1),

is not finite and hence there does not exist an algorithm that samples from it.

D.4. Formal definition of the limiting law. In this section, we give a more formal def-
inition of the limiting law of the genealogies (i.e. of the ancestor indices, An

t ) and of the
particle indices of the new reference path, Kt, under the i-RW-CSMC algorithm that appears
in Section 4.2.

sPN
T (dv1:T × dw1:T × da1:T−1 × dk1:T )

:=

[ T∏
t=1

N(d[vt,wt]
T; µ̄t|T , sΣt|T )

]

×
[T−1∏
t=1

δ0(da
0
t )

N∏
n=1

sRN
t|T ((vt,wt−1, at−1),da

n
t )

]
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× sRN
T |T ((vT ,wT−1, aT−1),dkT )

×



[T−1∏
t=1

δ
a
kt+1
t

(dkt)

]
[without backward sampling][T−1∏

t=1

sBN
t|T ((vt,wt−1:t, at−1),dkt)

]
. [with backward sampling]

Here, we have defined the following quantities.

• Asymptotic resampling kernels. For any n ∈ [N ]0 and any t ∈ [T ],

sRN
t|T ((vt,wt−1, at−1),{n}) := Ψn({vmt +w

am
t−1

t−1 }
N
m=1),

where we recall the convention that w0
t−1 ≡ 0. As usual, when using the forced-move

extension, we replace Ψn by Φn in the definition above at time t= T .
• Asymptotic backward kernels. For any n ∈ [N ]0 and any t ∈ [T − 1],

sBN
t|T ((vt,wt−1:t, at−1),{n}) := Ψn({vmt +wm

t +w
am
t−1

t−1 }
N
m=1).

D.5. Proof of Proposition 4.5. In this section, we prove Proposition 4.5. The proof can
be viewed as an extension of the proof of Bédard, Douc and Moulines (2012, Lemma 10) to
the case that T > 1. It relies on a Taylor-series expansion and a few technical lemmata which
we state first.

LEMMA D.1. For any N ∈ N and n ∈ [N ]0 Boltzmann selection function Ψn and
Rosenbluth–Teller selection function Φn are Lipschitz-continuous. ◁

PROOF. This can be verified by checking that the absolute value of the gradient is almost
everywhere bounded.

Main decomposition.. Throughout the remainder of this subsection, we fix some N,T ∈N.
For any x1:T ∈ET,D and any t ∈ [T ], define

Vt|T := πT ([∂tw̄t]
2),

Wt|T := πT ([∂tw̄t+1]
2),

St|T := πT ([∂tw̄t][∂tw̄t+1]),

Vt|T (xt−1:t) :=D−1
∑D

d=1{[∂tw̄t](xt−1:t,d)}2,

Wt|T (xt:t+1) :=D−1
∑D

d=1{[∂tw̄t+1](xt:t+1,d)}2,

St|T (xt−1:t+1) :=D−1
∑D

d=1{[∂tw̄t](xt−1:t,d)}{[∂tw̄t+1](xt:t+1,d)},

Ṽt|T (xt−1:t) := [DVt|T (xt−1:t)]
−1/2 supd∈[D]|[∂tw̄t](xt−1:t,d)|,

W̃t|T (xt:t+1) := [DWt|T (xt:t+1)]
−1/2 supd∈[D]|[∂tw̄t+1](xt:t+1,d)|,

where we recall the convention that w̄T+1 ≡ 0. With this notation, for some 0 ≤ η < 1/4,
define the following family of Borel sets:

FT,D :=

x1:T ∈ET,D

∣∣∣∣∣∣∣∣ supt∈[T ]


|Vt|T (xt−1:t)−Vt|T |∨
|Wt|T (xt:t+1)−Wt|T |∨
|St|T (xt−1:t+1)−St|T |∨

Ṽt|T (xt−1:t)∨ W̃t|T (xt:t+1)

≤D−η

 .(17)
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LEMMA D.2. For any T ∈N, limD→∞πT,D(FT,D) = 1. ◁

PROOF. The results

πT,D({x1:T ∈ET,D | |Vt|T (xt−1:t)−Vt|T | ≤D−η})→ 1,(18)

πT,D({x1:T ∈ET,D | |Wt|T (xt:t+1)−Wt|T | ≤D−η})→ 1,

πT,D({x1:T ∈ET,D | |St|T (xt−1:t+1)−St|T | ≤D−η})→ 1,

follow from the law of the iterated logarithm since η < 1/2. To prove

πT,D({x1:T ∈ET,D | Ṽt|T (xt−1:t)≤D−η})→ 1,

we argue as in Bédard, Douc and Moulines (2012) that, by (18), it suffices to show that for
any c > 0,

πT,D({x1:T ∈ET,D | supd∈[D]|[∂tw̄t](xt−1:t,d)| ≤ cD1/2−η})

= P({supd∈[D]|[∂tw̄t](Xt−1:t,d)| ≤ cD1/2−η})

= [1− P({|[∂tw̄t](Xt−1:t,1)|> cD1/2−η})]D

→ 1,

where (X1:T,d)d≥1 be IID samples from πT . But this holds since Markov’s inequality along
with the fact that η < 1/4 and C1 ensures that

P({|[∂tw̄t](Xt−1:t,1)|> cD1/2−η})≤ πT (|∂tw̄t|4)c−1D4(η−1/2) = o(D−1).

The result πT,D({x1:T ∈ET,D | W̃t|T (xt:t+1)≤D−η})→ 1 follows by the same arguments.

In the remainder of this subsection, we let (x1:T,D)D≥1 be some sequence in (ET,D)D≥1,
i.e. xt,D = xt,1:D,D ∈RD , for any D ≥ 1. We shall also often use the shorthand supFT,D

for
supx1:T,D∈FT,D

. We then set

Zn
t,D :=

{
xt,D, if n= 0,

xt,D +
√

ℓt
DUn

t+1,D, if n ∈ [N ],

where Un
t,D := Un

t,1:D,D , with U1:N
t,d,D ∼N(0N ,Σ) for Σ := 1

2(IN +1N1TN ) and where U1:N
t,d,D

and U1:N
t,e,D are independent whenever s ̸= t or d ̸= e. We also fix some ant ∈ [N ]0 for all

(t, n) ∈ [T − 1]× [N ] and some kt ∈ [N ]0 for all t ∈ [T ].
A second-order Taylor-series expansion then gives

swt(Z
an
t−1

t−1,D,Z
n
t,D)− swt(Z

0
t−1,D,Z

0
t,D)

= V n
t,D +W

an
t−1

t−1,D +
∑4

i=1(R
n,i
t,D + S

an
t−1

t−1,D) +
∑2

i=1 T
an
t−1,n,i

t−1,t,D ,

as well as (for t < T ),

svt(Z
an
t−1

t−1,D,Z
n
t,D,Z

kt+1

t+1,D)− svt(Z
0
t−1,D,Z

0
t,D,Z

kt+1

t+1,D)

= V n
t,D +W

an
t−1

t−1,D +
∑4

i=1(R
n,i
t,D + S

an
t−1

t−1,D) +
∑2

i=1 T
an
t−1,n,i

t−1,t,D

+Wn
t,D +

∑4
i=1 S

n,i
t,D,
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where

V n
t,D :=

√
Vt|T

Vt|T (xt−1:t,D)

√
ℓt
D

D∑
d=1

[∂tw̄t](xt−1:t,d,D)U
n
t,d,D +

ℓt
2
πT (∂

2
t w̄t),

Wm
t,D :=

√
Wt|T

Wt|T (xt:t+1,D)

√
ℓt
D

D∑
d=1

[∂tw̄t+1](xt:t+1,d,D)U
m
t,d,D +

ℓt
2
πT (∂

2
t w̄t+1),

and with

Rn,1
t,D :=

{
1−

√
Vt|T

Vt|T (xt−1:t,D)

}√
ℓt
D

∑D
d=1[∂tw̄t](xt−1:t,d,D)U

n
t,d,D

Rn,2
t,D := ℓt

2D

∑D
d=1[∂

2
t w̄t](xt−1:t,d,D)− ℓt

2 πT (∂
2
t w̄t)

Rn,3
t,D := ℓt

2D

∑D
d=1[∂

2
t w̄t](xt−1:t,d,D){(Un

t,d,D)
2 − 1}

Rn,4
t,D := ℓt

2D

∑D
d=1{[∂2

t w̄t](xt−1:t,d,D + ξnt,d,D
√
ℓtU

n
t,d,D)

− [∂2
t w̄t](xt−1:t,d,D)}(Un

t,d,D)
2

Sm,1
t,D :=

{
1−

√
Wt|T

Wt|T (xt:t+1,D)

}√
ℓt
D

∑D
d=1[∂tw̄t+1](xt:t+1,d,D)U

m
t,d,D

Sm,2
t,D := ℓt

2D

∑D
d=1[∂

2
t w̄t+1](xt:t+1,d,D)− ℓt

2 πT (∂
2
t w̄t+1)

Sm,3
t,D := ℓt

2D

∑D
d=1[∂

2
t w̄t+1](xt:t+1,d,D){(Um

t,d,D)
2 − 1}

Sm,4
t,D := ℓt

2D

∑D
d=1{[∂2

t w̄t+1](xt,d,D + ηmt,d,D
√
ℓtU

m
t,d,D, xt+1,d,D)

− [∂2
t w̄t+1](xt:t+1,d,D)}(Um

t,d,D)
2

Tm,n,1
t,t+1,D :=

√
ℓtℓt+1

D

∑D
d=1[∂t∂t+1w̄t+1](xt:t+1,d,D)U

m
t,d,DU

n
t+1,d,D

Tm,n,2
t,t+1,D :=

√
ℓtℓt+1

D

∑D
d=1{[∂t∂t+1w̄t+1](xt:t+1,d,D + ηmt,d,D

√
ℓtU

m
t,d,D,

xt+1,d,D + ξnt+1,d,D

√
ℓt+1U

n
t+1,d,D)

− [∂t∂t+1w̄t+1](xt:t+1,d,D)}Um
t,d,DU

n
t+1,d,D,

for some ηmt,d,D, ξ
n
t,d,D ∈ [0,D−1/2], and with the usual convention that V n

t,D , Wn
t,D , Rn,i

t,D , and
Sn,i
t,D are 0 if t= 0 or n= 0. Similarly Tm,n,i

t−1,t,D = 0 whenever m= 0, n= 0 or t= 1.

LEMMA D.3. Assume A1 and C1. For any t ∈ [T ], (m,n) ∈ [N ]2, i ∈ [4] and j ∈ [2],

1. limD→∞ supFT,D
E[|Rn,i

t,D|] = 0,
2. limD→∞ supFT,D

E[|Sm,i
t,D |] = 0,

3. limD→∞ supFT,D
E[|Tm,n,j

t,t+1,D|] = 0. ◁

PROOF. By definition of FT,D , using that x 7→
√
x is concave and increasing so that

|
√
x−√

y| ≤
√

|x− y|, and since by Jensen’s inequality, E[|X|]≤ E[X2]1/2,

E[|Rn,1
t,D|]≤

√
|Vt|T (xt−1:t,D)−Vt|T |

Vt|T (xt−1:t,D)

×
√

ℓt
D

∑D
d=1{[∂tw̄t](xt−1:t,d,D)}2E[(Un

t,d,D)
2]
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≤D−η/2ℓ
1/2
l → 0,

E[|Sm,1
t,D |]≤

√
|Wt|T (xt:t+1,D)−Vt|T |

Wt|T (xt:t+1,D)

×
√

ℓt
D

∑D
d=1{[∂tw̄t+1](xt:t+1,d,D)}2E[(Um

t,d,D)
2]

≤D−η/2ℓ
1/2
l → 0.

From the definition of FT,D ,

E[|Rn,2
t,D|]≤

ℓt
2 D

−η → 0,

E[|Sm,2
t,D |]≤ ℓt

2 D
−η → 0.

By Jensen’s inequality, E[|X|]≤ E[X2]1/2 and hence

E[|Rn,3
t,D|]≤

√
ℓ2t
4D2

∑D
d=1{[∂2

t w̄t](xt−1:t,d,D)}2 var[(Un
t,d,D)

2]

≤ ℓt
2D1/2 ∥∂2

t w̄t∥∞ → 0,

E[|Sm,3
t,D |]≤

√
ℓ2t
4D2

∑D
d=1{[∂2

t w̄t+1](xt:t+1,d,D)}2 var[(Um
t,d,D)

2]

≤ ℓt
2D1/2 ∥∂2

t w̄t+1∥∞ → 0,

E[|Tm,n,1
t,t+1,D|]≤

√
ℓtℓt+1

D2

∑D
d=1{[∂t∂t+1w̄t+1](xt:t+1,d,D)}2E[Um

t,d,DU
n
t+1,d,D] = 0.

Since ηmt,d,D, ξ
n
t,d,D ∈ [0,D−1/2] and since ∂2

t w̄t, ∂2
t w̄t+1 and ∂t∂t+1w̄t+1 are Lipschitz-

continuous

E[|Rn,4
t,D|]≤

ℓ
3/2
t

2
√
D
[∂2

t w̄t]LIP E[|Un
t,d,D|3]→ 0,

E[|Sm,4
t,D |]≤ ℓ

3/2
t

2
√
D
[∂2

t w̄t+1]LIP E[|Um
t,d,D|3]→ 0,

E[|Tm,n,2
t,t+1,D|]≤

√
ℓtℓt+1√
D

[∂t∂t+1w̄t+1]LIP E[|(ℓ1/2t Um
t,d,D + ℓ

1/2
t+1U

n
t+1,d,D)U

m
t,d,DU

n
t+1,d,D|]→ 0,

where [f ]LIP denotes the Lipschitz constant of f w.r.t. the 1-norm.

LEMMA D.4. Assume A1 and C1 and let (V n
t )t∈[T ],n∈[N ] and (Wn

t )t∈[T−1],n∈[N ] be the
families of Gaussian random variables defined in Section 4.2.1. Then, if x1:T,D ∈ FT,D , as
D→∞,

YD := (V 1:N
1,D , . . . , V 1:N

T,D ,W 1:N
1,D , . . . ,W 1:N

T−1,D)
T,

converges in distribution to

Y := (V 1:N
1 , . . . , V 1:N

T ,W 1:N
1 , . . . ,W 1:N

T−1)
T. ◁

PROOF. Since E[V n
t,D] = E[V n

t ] and E[Wm
t,D] = E[Wm

t ], we only need to show conver-
gence in distribution of the centred random vector

ỸD := YD −E[YD] = (Ṽ 1:N
1,D , . . . , Ṽ 1:N

T,D , W̃ 1:N
1,D , . . . , W̃ 1:N

T−1,D)
T

to

Ỹ := Y −E[Y ] = (Ṽ 1:N
1 , . . . , Ṽ 1:N

T , W̃ 1:N
1 , . . . , W̃ 1:N

T−1)
T.
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By the Cramér–Wold theorem, it then suffices to prove that λTỸD →d λ
TỸ for any

λ= (λ1:N
1 , . . . , λ1:N

T , λ̄1:N
1 , . . . , λ̄1:N

T−1) ∈RN(2T−1). Equivalently, we must show that λTỸD →d N(0, τ
2),

where

τ2 := var[λTỸ ]

=

T∑
t=1

N∑
n=1

N∑
m=1

λn
t λ

m
t cov[V n

t , V m
t ] + λ̄n

t λ̄
m
t cov[Wn

t ,W
m
t ] + 2λn

t λ̄
m
t cov[V n

t ,Wm
t ],

where we recall the convention that Wn
T ≡ 0.

Let Fd,D := σ({Un
t,e,D | t ∈ [T ], e ∈ [d], n ∈ [N ]}) as well as

Ud,D :=

T∑
t=1

[√ Vt|T

Vt|T (xt−1:t,D)

√
ℓt
D [∂tw̄t](xt−1:t,d,D)

N∑
n=1

λn
t U

n
t,d,D

+ I{t < T}

√
Wt|T

Wt|T (xt:t+1,D)

√
ℓt
D [∂tw̄t+1](xt:t+1,d,D)

N∑
m=1

λ̄m
t Um

t,d,D

]
,

then Ud,D is Fd,D-measurable. Therefore, for x1:T,D ∈ FT,D , by the central limit theorem
for triangular arrays (Dvoretzky, 1972),

∑D
d=1Ud,D = λTỸD converges in distribution to a

zero-mean Gaussian random variable with variance τ2 if, as D→∞,

1.
∑D

d=1E[U2
d,D|Fd−1,D]−E[Ud,D|Fd−1,D]

2 →P τ
2,

2.
∑D

d=1

∑D
d=1E[U2

d,D I{|Ud,D| ≥ ε}|Fd−1,D]→ 0, for any ε > 0.

To verify the first condition, we note that

D∑
d=1

E[U2
d,D|Fd−1,D]−E[Ud,D|Fd−1,D]

2

= τ2 + 2

T−1∑
t=1

ℓtHt|T,D

N∑
n=1

N∑
m=1

λn
t λ̄

m
t Σn,m,

where

Ht|T,D :=

√
Vt|TWt|T

Vt|T (xt−1:t,D)Wt|T (xt:t+1,D)
St|T (xt−1:t+1,D)−St|T ,

so that limD→∞ supFT,D
|Ht|T,D|= 0 by definition of FT,D .

It remains to check the second condition. Let ε > 0 and set

a(1) := supt∈[T ] ℓ
2
tVt|T <∞,

a(2) := supt∈[T−1] ℓ
2
tWt|T <∞,

a(3) := 2 supt∈[T−1] ℓtℓt+1
√

Vt|TWt|T <∞,

and a := supi∈[3] a
(i),

b
(i)
t,d,D := [Ṽt|T (xt−1:t,D)]

2,

b
(2)
t,d,D := [W̃t|T (xt:t+1,D)]

2,

b
(3)
t,d,D := Ṽt|T (xt−1:t,D)W̃t|T (xt:t+1,D),
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as well as

M(1)
t,d :=

∑N
n=1

∑N
m=1 λ

n
t λ

m
t Un

t,d,DU
m
t,d,D,

M(2)
t,d := I{t < T}

∑N
n=1

∑N
m=1 λ̄

n
t λ̄

m
t Un

t,d,DU
m
t,d,D,

M(3)
t,d := I{t < T}

∑N
n=1

∑N
m=1 λ

n
t λ̄

m
t Un

t,d,DU
m
t,d,D.

Then, since b
(i)
t,d,D ≤D−2η for all i ∈ [3] by definition of FT,D ,

{|Ud,D| ≥ ε} ⊆ {a
∑3

i=1

∑T
t=1 b

(i)
t,d,D|M

(i)
t,d| ≥ ε2}

⊆ {a
∑3

i=1

∑T
t=1|M

(i)
t,d| ≥D2ηε2},

and thus
D∑

d=1

E[U2
d,D I{|Ud,D| ≥ ε}|Fd−1,D]

≤
D∑

d=1

E
[
a

3∑
i=1

T∑
t=1

|M(i)
t,d| I

{
a

3∑
j=1

T∑
s=1

|M(j)
s,d| ≥D2ηε2

}]
→ 0.

This completes the proof.

PROOF (of Proposition 4.5). We present the proof for the general case with backward
sampling. This immediately implies the proof for the case without backward sampling. Like-
wise, we omit the proof in the case of the forced-move extension.

We fix some N,T ∈ N and define FT,D as in (17). By Lemma D.2, we then have
limD→∞πT,D(FT,D) = 1. We also fix some ant ∈ [N ]0 for all (t, n) ∈ [T − 1] × [N ] and
some kt ∈ [N ]0 for all t ∈ [T ].

The proof of the statement is then complete upon verifying that, as D→∞,

supFT,D
|E[ΥD(ZD)]−E[Υ (Y )]|

≤ supFT,D
|E[ΥD(ZD)]−E[Υ (YD)]|+ supFT,D

|E[Υ (YD)]−E[Υ (Y )]|(19)

→ 0,

where ZD :=Z1:N
1,D , . . . ,Z1:N

T,D and

ΥD(ZD)

:=
∏T−1

t=1

∏N
n=1 Ψ

an
t ({swt(Z

am
t−1

t−1,D,Z
m
t,D)− swt(Z

0
t−1,D,Z

0
t,D)}Nm=1)

× ΨkT ({swT (Z
am
T−1

T−1,D,Z
m
T−1,D)− swT (Z

0
T−1,D,Z

0
T,D)}Nm=1)

×
∏T−1

t=1 Ψkt({svt(Z
am
t−1

t−1,D,Z
m
t,D,Z

kt+1

t+1,D)− svt(Z
0
t−1,D,Z

0
t,D,Z

kt+1

t+1,D)}Nm=1),

and where Y and YD are as in Lemma D.4 as well as

Υ ((v1:N1 , . . . , v1:NT ,w1:N
1 , . . . ,w1:N

T−1)
T)

:=
∏T−1

t=1

∏N
n=1 Ψ

an
t ({vmt +w

am
t−1

t−1 }Nm=1)

× ΨkT ({vmT +w
am
T−1

T−1 }Nm=1)
∏T−1

t=1 Ψkt({vmt +wm
t +w

am
t−1

t−1 }Nm=1).
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We now consider the two terms on the r.h.s. of (19). For the first term, a standard
telescoping-sum decomposition, and using the fact that the selection functions are Lipschitz
(see Lemma D.1) and bounded above by 1, gives

E[ΥD(ZD)]−E[Υ (YD)]|

≤
[
supm∈[N0][Ψ

m]LIP

]
×
[
N

∑T−1
t=1

∑N
n=1[{

∑4
i=1|R

n,i
t,D|+ |San

t−1,i

t−1,D|}+
∑2

j=1|T
an
t−1,n,j

t−1,t,D |]

+
∑N

n=1[{
∑4

i=1|R
n,i
T,D|+ |San

T−1,i

T−1,D|}+
∑2

j=1|T
an
t−1,n,j

T−1,T,D|]

+
∑T−1

t=1

∑N
n=1[{

∑4
i=1|R

n,i
t,D|+ |Sn,i

t,D|+ |San
t−1,i

t−1,D|}+
∑2

j=1|T
an
t−1,n,j

t−1,t,D |]
]
,

so that limD→∞ supFT,D
|E[ΥD(ZD)]−E[Υ (YD)]| → 0, by Lemma D.3.

For the second term on the r.h.s. of (19), Lemma D.4 and the continuous mapping theorem
ensure that Υ (YD)→d Υ (Y ). Since 0≤ Υ ≤ 1, this implies limD→∞ supFT,D

|E[Υ (YD)]−E[Υ (Y )]| → 0.
□

D.6. Proof of Proposition 4.8. In this section, we prove Proposition 4.8. The proof relies
on a few lemmata which we state first.

LEMMA D.5. Let σ2 ≥ σ1 > 0 and (X1,X2)∼N(02, I2). Then

eσ1X1−σ2
1/2 ≤cx e

σ2X2−σ2
2/2. ◁

PROOF. Let φ : R→ (0,∞) denote the probability density function of a standard normal
distribution, let Φ: R → (0,1) denote the associated cumulative distribution function and
X ∼N(0,1). Then for any a > 0, b ∈R and c ∈R, writing l(a, c) := log(c)/a+ a/2,

E[(eaX+b − c)+] =

∫ ∞

l(a,c)
(eax+b − c)φ(x)dx

= ea
2/2+b

∫ ∞

l(a,c)
φ(x− a)dx− cΦ(−l(a, c))

= ea
2/2+bΦ(−l(a, c) + a)dx− cΦ(−l(a, c)).(20)

Let Yi := eσiXi−σ2
i /2 for i ∈ {1,2}. Then by (20), for any d ∈R,

E[(Y2 − d)+]−E[(Y1 − d)+] = Φ
(σ2
2

− log(d)

σ2

)
−Φ

(σ1
2

− log(d)

σ1

)
≥ 0.

Finally, E[Y1] = E[Y2] by the properties of the log-normal distribution. This completes the
proof.

LEMMA D.6. Let X := (X1, . . . ,XN )∼N(µ,σ2Σ) and Y := (Y1, . . . , YN )∼N(ν, τ2Σ),
where [Σ]i,i = 1 and [Σ]i,j = 1/2 for i ̸= j and where µ := −a1N , ν := −b1N for a ∈ R
and b ≥ τ2/2. Assume also that X and Y are independent. Then for any binary vector
δ := δ1:N ∈ {0,1}N ,

E
[ ∑N

i=1 e
Xi+δiYi

1 +
∑N

i=1 e
Xi+δiYi

]
≥
(
1 +

eσ
2/2+a+τ2/2+b

N

)−1

.

In particular, for δ = (0, . . . ,0) we have the tighter bound

E
[ ∑N

i=1 e
Xi

1 +
∑N

i=1 e
Xi

]
≥
(
1 +

eσ
2/2+a

N

)−1

. ◁
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PROOF. We begin by proving the bound in the special case δ = (0, . . . ,0):

E
[ ∑N

i=1 e
Xi

1 +
∑N

i=1 e
Xi

]
≥ E

[
1

1 + e−X1/N

]

≥ 1

1 +E[e−X1/N ]
=

(
1 +

eσ
2/2+a

N

)−1

,

where the first line follows since t 7→ t/(1 + t) is concave and
∑N

i=1 e
Xi ≤cx NeX1 ; the

second step is due to Jensen’s inequality and the fact that t 7→ 1/(1 + t) is convex; the last
step follows from the properties of the log-normal distribution.

We now extend the approach to arbitrary δ ∈ {0,1}N . Since τ2/2− b≤ 0,∑N
i=1 e

Xi+δiYi

1 +
∑N

i=1 e
Xi+δiYi

≥
∑N

i=1 e
Xi+δiYi+(1−δi)(τ2/2−b)

1 +
∑N

i=1 e
Xi+δiYi+(1−δi)(τ2/2−b)

.

Furthermore, by Lemma D.5 and Dhaene et al. (2000, Theorem 5),

N∑
i=1

eXi+δiYi+(1−δi)(τ2/2−b) ≤cx NeX1+Y1 ,

and since t 7→ t/(1 + t) is concave,

E
[ ∑N

i=1 e
Xi+δiYi

1 +
∑N

i=1 e
Xi+δiYi

]
≥ E

[ ∑N
i=1 e

Xi+δiYi+(1−δi)(τ2/2−b)

1 +
∑N

i=1 e
Xi+δiYi+(1−δi)(τ2/2−b)

]

≥ E
[ ∑N

i=1 e
Xi+Yi

1 +
∑N

i=1 e
Xi+Yi

]

≥ E
[

NeX1+Y1

1 +NeX1+Y1

]
≥ 1

1 +E[e−X1−Y1 ]/N

=

(
1 +

eσ
2/2+a+τ2/2+b

N

)−1

.

Here, the penultimate line again follows by Jensen’s inequality since t 7→ 1/(1+ t) is convex.
□

LEMMA D.7. Let π(x1:T ) denote some twice differentiable probability density function
on RT and write ∂i

tf(x1:T ) as shorthand for ∂i

∂xi
t
f(x1:T ) with ∂1

t =: ∂t. Then

π([∂t logπ]
2) =−π(∂2

t logπ). ◁

PROOF. If T = 1, using integration by parts,

π([(logπ)′]2) =

∫
π′(x)(logπ)′(x)dx

= π′(x)|∞−∞ − π((logπ)′′) =−π((logπ)′′).(21)
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For T > 1, we let π−t(x−t) :=
∫∞
−∞ π(x1:T )dxt denote the marginal density of x−t :=

(x1:t−1, xt+1:T ) and let πt|−t(xt|x−t) := π(x1:T )/π−t(x−t). Since ∂t logπ(x1:T ) = ∂t logπt|−t(xt|x−t),

π([∂t logπ]
2) = π([∂t logπt|−t]

2)

=

∫ [∫
[∂t logπt|−t(xt|x−t)]

2πt|−t(xt|x−t)dxt

]
π−t(x−t)dx−t

=−π(∂2
t logπt|−t)

=−π(∂2
t logπ),

where the third line follows by integration by parts in the same way as (21) with π(x) replaced
by the conditional distribution πt|−t(xt|x−t).

PROOF (of Proposition 4.8). By Lemma 1.1, it suffices to consider the case without
forced move. Under Assumption A4, we have Wn

t ≡ 0 for any t ∈ [T ] and any n ∈ [N ], so
that

sRN
t|T ((vt,wt−1, at−1),{n}) = Ψn({vmt }Nm=1),

does not depend on at−1 (nor on wt−1). As a consequence,

ᾱN
T (t) =

T∏
s=t

∑
n∈[N ]

sEN
T [Ψn({V m

s }Nm=1)]≥
T∏
s=t

(
1 +

exp(ℓsIs|T )
N

)−1

,

where the last line follows by Lemma D.6. This completes the proof of the first part of the
proposition.

We now prove the lower bound in the case that backward sampling is employed. Since
Wn

t ≡ 0 for any t ∈ [T ] and any n ∈ [N ] due to Assumption A4, we additionally have that

sBN
t|T ((vt,wt:t−1, at−1),{n}) = Ψn({vmt }Nm=1),

does not depend on at−1 (nor on wt:t−1). As a consequence,

ᾱN
T (t) =

∑
n∈[N ]

sEN
T [Ψn({V l

t }Nl=1)]≥
(
1 +

exp(ℓtIt|T )
N

)−1

,

where the last line follows by Lemma D.6. This completes the proof of the second part of the
proposition. □

APPENDIX E: ADDITIONAL SIMULATION RESULTS

E.1. Effective samples sizes. Figure 5 displays the πT,D-averaged effective sample size
(ESS) of the ‘resampling’ and ’backward-sampling’ weights at time t for each algorithm in
the setting from Section 5. More specifically, let

ESS (W 0:N ) :=
1∑N

n=0(W
n)2

,

denote the ESS for self-normalised importance sampling weights W 0:N
t (Kong, Liu and

Wong, 1994). Below, let E denote expectation w.r.t. X1:T ∼ πT,D .

1. The first column shows E{EN
T,D,X1:T

[ESS (W 0:N
t )]}, where,

Wn
t :=

{
Ψn({wt(Z

m
t )−wt(Z

0
t )}Nm=1), without backward sampling,

Ψn({vt(Z
m
t,Z

Kt+1

t+1 )− vt(Z
0
t ,Z

Kt+1

t+1 )}Nm=1), with backward sampling.
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2. The second column shows E{sEN
T,D,X1:T

[ESS (ĎW 0:N
t )]}, where

ĎWn
t :=

{
Ψn({swt(Z

Am
t−1

t−1,Z
m
t )− swt(Z

0
t−1,Z

0
t )}Nm=1), without backward sampling,

Ψn({svt(Z
Am

t−1

t−1,Z
m
t,Z

Kt+1

t+1 )− svt(Z
0
t−1,Z

0
t ,Z

Kt+1

t+1 )}Nm=1), with backward sampling.

By construction, the ESS takes values in [1,N + 1]. The first column shows that for the i-
CSMC algorithm, the ESS degenerates to its smallest possible value, 1, in high dimensions.
In contrast, for the i-RW-CSMC algorithm, the ESS converges to a non-trivial limit > 1.
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FIG. 5. The πT,D-averaged effective sample sizes of the ‘resampling weights’ (top row) and
‘backward-sampling weights’ (bottom row) as a function of t.

E.2. Comparison with classical MCMC algorithms and choice of tuning parameters.
Here, we compare the performance of our proposed methodology with classical MCMC algo-
rithms that use the same Gaussian random-walk proposal kernel. For a fair comparison, the
latter will be “multi-propsal” versions which make N proposals. Specifically, we compare
the following four methods, where we recall that Φn denotes the Rosenbluth–Teller selection
function which was defined in (2) and which reduces to the usual MH acceptance probability
Φ1 = 1∧ exp if N = 1 proposals are used.

• i-CSMC. The standard i-CSMC algorithm, Algorithm 1 (with forced-move and backward-
sampling extensions).

• i-RW-CSMC. The i-RW-CSMC algorithm from Algorithm 3 (with forced-move and
backward-sampling extensions).

• RWMH. A random-walk Metropolis–Hastings (RWMH) algorithm on the full, i.e. (T ×
D)-dimensional, space. For a fair comparison with the previous two algorithms, we imple-
ment a multi-proposal version of this method which proposes N new points – rather than
just 1 – at each iteration. That is, the structure of the algorithm is that of Algorithm 3 us-
ing the forced-move extension in the case of T = 1. Algorithm 4 summarises the method,
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where we use the convention that zn1:T := (zn1 , . . . ,z
n
T ). Note that due to the (T × D)-

dimensional space, the variance of the proposal kernels is properly scaled as ℓ/(TD), for
some ℓ > 0. For N = 1, this algorithm reduces to a standard Gaussian random-walk algo-
rithm (on the full space).

• Blocked RWMH. A blocked version of the above-mentioned multi-proposl RWMH algo-
rithm. Each state xt corresponds to a block. In this case, as in the i-RW-CSMC algorithm,
the variance of the proposal kernels at time t is properly scaled as ℓt/D, for scale factors
ℓ1, . . . , ℓT > 0. Algorithm 5 summarises the method. For N = 1, this algorithm reduces to
a standard blocked Gaussian RWMH algorithm.

ALGORITHM 4 (RWMH). Given x1:T := x1:T [l] ∈ET,D .

1. Sample all particles Zn
t = znt as in Step 1 of Algorithm 2, , where ℓ1 = . . .= ℓT = ℓ, for

some ℓ > 0.
2. Sample K = k ∈ [N ]0 with probability Φk({hm}Nm=1), where

hm := logπT,D(z
m
1:T )− logπT,D(z

0
1:T ).

3. Set X′
1:T := x′

1:T := zk1:T .
4. Return x1:T [l+ 1] := x′

1:T .

ALGORITHM 5 (Blocked RWMH). Given x1:T := x1:T [l] ∈ET,D .

1. Sample all particles Zn
t = znt as in Step 1 of Algorithm 2.

2. For t= 1, . . . , T ,
a) sample Kt = kt ∈ [N ]0 with probability Φkt({hm

t }Nm=1), where

hm
t := logπT,D(x

′
1:t−1,z

m
t ,xt+1:T )− logπT,D(x

′
1:t−1,xt:T ),

b) set X′
t := x′

t := zkt

t .
3. Return x1:T [l+ 1] := x′

1:T .

As part of the simulation study, we also investigate the choice of the tuning parameter N
(used by all four above-mentioned algorithms) and the choice of the target acceptance rate
α ∈ (0,1) which is used to adaptively tune the scale factors ℓt in the i-RW-CSMC and blocked
RWMH algorithms and the scale factor ℓ in the RWMH algorithm. Recall that as discussed
in Section 6, we adapt the scale factors so that the acceptance rate is around α.

The model is the same as in Section 5. However, due to the substantial number of com-
parisons, we only consider T = 5 observations. The i-CSMC and i-RW-CSMC algorithms
both employ the forced-move and backward-sampling extensions. We use 25000 iterations
for each algorithm in each configuration and results are averaged over four independent rep-
etitions. Figure 6 compares the squared jumping distance (averaged over all components and
time steps) for the different algorithms and configurations and illustrates the following.

1. The optimal acceptance rate appears to be around 0.2 if we use only N = 1 proposals
but increases with N . This is in line with the results for a related multi-proposal MCMC
algorithm (in case that T = 1) from Bédard, Douc and Moulines (2012).

2. The i-RW-CSMC algorithm performs better than the (multi-proposal) RWMH algorithm.
This is not surprising because the former exploits the decorrelation in the “time”-direction
whereas the latter does not.

3. As discussed the Section 7, backward sampling plays a similar rôle as blocking (in the
“time”-direction). Hence, it is expected (and our simulations illustrate this) that both the
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i-RW-CSMC algorithm and the blocked (multi-proposal) RWMH algorithm have a similar
complexity. The blocked RWMH algorithm appears to even perform slightly better than
the i-RW-CSMC algorithm. This may be due to the fact that the former uses the superior
Rosenbluth–Teller selection function (2) at each time step whereas the latter only uses
the Boltzmann selection function (1) (except in the final time step). However, note that
the blocked RWMH algorithm requires manual selection of the block sizes (here: taken
to be equal to a single state) whereas no such tuning is needed when using the i-RW-
CSMC algorithm with backward sampling. Indeed backward sampling can be interpreted
as automatically selecting suitable block sizes depending on the proposed set of particles.
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FIG. 6. Performance of the algorithms discussed in this section in different dimensions and
for various choices of the tuning parameters N and α.

E.3. Multivariate stochastic volatility model.

E.3.1. Model. Our second example is a multivariate stochastic volatility model which
was previously used as a benchmark in Guarniero, Johansen and Lee (2017). We stress that
this model does not generally satisfy the IID assumption A1.

Let φm,C denote a density (w.r.t. a suitable version of the Lebesgue measure, λ) of a D-
dimensional normal distribution wit mean vector m ∈RD and covariance matrix C ∈RD×D .
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Let yt = (yt,d)d∈[D] ∈RD be a vector of D log-returns observed at time t ∈ [T ]. Then:

Gt(xt) := φ0D,diag(exp(xt))
(yt),

mt(xt−1,xt) := φµ+Φ(xt−1−µ),U (xt),

where exp is applied element-wise, where diag(x) is a diagonal matrix with diagonal given
by the vector x and where µ,ϕ ∈RD , Φ := diag(ϕ), U ∈RD×D is some covariance matrix.
We also recall that 0D,1D ∈RD are column vectors filled with zeros and ones, respectively,
and ID ∈ RD×D is an identity matrix. At time t= 1, m1(x1) = φµ,U∗

(x1), where U∗ is the
stationary covariance matrix of the latent autoregressive process of log-volatilities, i.e.

vecU∗ = (ID2 −Φ⊗Φ)−1 vecU.

Finally, we assume µ= ν1D , Φ= ϕID as well as [U ]i,i = τ and [U ]i,j = τρ, for some ν ∈R,
τ > 0, ϕ,ρ ∈ (−1,1) and any i, j ∈ [D] with i ̸= j. Note that the IID assumption A1 is
violated unless ρ= 0.

E.3.2. Illustration of the algorithms and adaptation of ℓt. We compare the performance
of the i-CSMC and i-RW-CSMC algorithms, with N = 1000 and N = 50 particles as well as
30000 and 600000 iterations, respectively, on a simulated data set generated using parame-
ters (ν,ϕ, τ, ρ) = (0,0.9,2,0.25) and for T = 50 and D = 30. Each algorithm is initialised
by running a standard “unconditional” SMC algorithm (i.e. a so-called “bootstrap particle
filter”) with N = 1000 and N = 50 particles, respectively.

We use the adaptive rule for setting the scale factors ℓt suggested in Section 6 and with tar-
get acceptance rate as α= 1− (N +1)−1/3 ≈ 73%. To illustrate the utility of this adaptation
rule, we initialise the scale factors to overly large values: ℓ1 = . . .= ℓT = 100

The results are shown in Figures 8 and 7 which illustrate that the i-RW-CSMC algorithm
outperforms the i-CSMC algorithm in terms of average squared jumping distance and in
terms of the average integrated autocorrelation time (where averages are taken over all “spa-
tial” components), both of which are scaled to account for the fact that the i-CSMC algorithm
uses a larger number of particles.

We stress that these metrics may overstate the performance of the i-CSMC algorithm be-
cause – in contrast to the i-RW-CSMC algorithm – it did not actually yield reliable estimates
of any marginals under the joint smoothing distribution. For instance, at time t= 1, only 30
out of the 30000 iterations resulted in acceptance.
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FIG. 7. Averaged (over ‘spatial’ components) squared jumping distance (adjusted for the
number of particles) in the multivariate stochastic volatility model.
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FIG. 8. Averaged (over ‘spatial’ components) integrated autocorrelation time (adjusted for
the number of particles) in the multivariate stochastic volatility model.

Finally, we illustrate the adaptive rule for setting the scale factors ℓt suggested in Section 6.
Figure 9 illustrates that the adaptive rule leads to a quick reduction in the scale factors down
from the overly large initial values ℓ1 = . . .= ℓT = 100.
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FIG. 9. Evolution of the scale factors ℓt under the adaptive scheme from Section 6.

APPENDIX F: USE FOR PARAMETER ESTIMATION

The Feynman–Kac model is typically specified through a set of parameters θ ∈ Θ, i.e.
Mt = Mθ,t, mt = mθ,t, Gt = Gθ,t and πT,D = πθ,T,D . In this case, we likewise write
MCMC kernels induced by Algorithms 1, 2 and 3 as PN

T,D =PN
θ,T,D , P̃N

T,D = P̃N
θ,T,D , and

sPN
T,D = sPN

θ,T,D
If θ is unknown, then Bayesian inference in this model requires an MCMC algorithm

that targets the joint posterior distribution of the parameters and the latent states which is
proportional to ϖ(dθ × dx1:T )∝ µ(dθ)πθ,T,D(dx1:T ), where the probability measure µ on
Θ is the prior distribution for θ.

In this section, we discuss two classes of MCMC algorithms which target this joint pos-
terior distribution. The first includes the particle Gibbs sampler from Andrieu, Doucet and
Holenstein (2010); the second includes a novel algorithm.

Particle Gibbs sampler. The first parameter-estimation algorithm is the particle Gibbs sam-
pler proposed in Andrieu, Doucet and Holenstein (2010). Its (l + 1)th iteration is given in
Algorithm 6, where Rx1:T

(θ,dϑ) denotes some ϖ(dθ|x1:T )-invariant MCMC kernel (e.g.
often a convolution of multiple MH updates).

ALGORITHM 6 (particle Gibbs sampler). Given (θ[l],x1:T [l]) ∈Θ×ET,D ,

1. sample θ[l+ 1]∼Rx1:T [l](θ[l], · ),
2. sample x1:T [l+ 1]∼PN

θ[l+1],T,D(x1:T [l], · ).

In Step 2 of the particle Gibbs sampler, it is straightforward to instead use the Markov
kernel induced by Algorithm 2 or 3, i.e. P̃N

θ,T,D or sPN
θ,T,D . To see this, note that these kernels

leave πθ,T,D(dx1:T ) =ϖ(dx1:T |θ) invariant.
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Alternative algorithm. For the RW-EHMM and i-RW-CSMC algorithms, an alternative type
of parameter-estimation method, in which the θ-updates make use of the information con-
tained in all particles Zn

t , is possible.
The RW-EHMM-based algorithm is outlined in Algorithm 7, where qz1:T

(θ,dθ′) is some
proposal kernel for the parameters which may depend on the values of the particles. It can be
viewed as a version of the parameter-estimation algorithms based around embedded HMM
methods proposed in Shestopaloff and Neal (2013) who argued that averaging over multiple
particles may allow for larger steps to be taken in the θ-direction compared to conditioning
on a particular sequence of latent states.

ALGORITHM 7 (alternative RW-EHMM-based parameter estimation). Given (θ,x1:T ) :=
(θ[l],x1:T [l]) ∈Θ×ET,D ,

1. sample Z1:T = z1:T via Step 1 of Algorithm 2,
2. sample Θ′ = θ′ ∼ qz1:T

(θ, · ) and set

r :=
qz1:T

(θ′, θ)µ(θ′)
∑

n1:T∈[N ]T0
πθ′,T,D(z

n1

1 , . . . ,znT

T )

qz1:T
(θ, θ′)µ(θ)

∑
n1:T∈[N ]T0

πθ,T,D(z
n1

1 , . . . ,znT

T )
,

3. sample U = u∼Unif [0,1],
4. if u≤ r,

• sample K1:T = k1:T ∼ ξθ′,T (z1:T , · ),
• return (θ[l+ 1],x1:T [l+ 1]) := (θ′, (zk1

1 , . . . ,zkT

T ));
else,
• sample K1:T = k1:T ∼ ξθ,T (z1:T , · ),
• return (θ[l+ 1],x1:T [l+ 1]) := (θ, (zk1

1 , . . . ,zkT

T )).

Since Algorithm 7 relies on the RW-EHMM scheme, its computational cost again grows
quadratically in N . This motivates us to propose Algorithm 8 which only requires O(N)
operations. To our knowledge, Algorithm 8 is novel. For simplicity, we only state the ver-
sion of the algorithm with the backward-sampling but without the forced-move extension.
Here, qz1:T ,a1:T−1

(θ,dθ′) is some proposal kernel for the parameters which may depend on
the values of the particles and ancestor indices. Likewise, we have used the following nota-
tion for the probability of resampling the nth particle at time t which was already introduced
in Appendix D.1:

sRN
θ,t,D((zt−1:t, at−1),{n}) :=

mθ,t(z
an
t−1

t−1 ,z
n
t )Gθ,t(z

n
t )∑N

m=0mθ,t(z
am
t−1

t−1 ,z
m
t )Gθ,t(z

m
t )

,

and for the probability of selecting the nth particle at time t via backward sampling which
likewise was already introduced in Appendix D.1:

sBN
θ,t,D((zt−1:t, at−1,z

kt+1

t+1 ),{n}) :=
mθ,t(z

an
t−1

t−1,z
n
t )Gθ,t(z

n
t )mθ,t+1(z

n
t ,z

kt+1

t+1 )∑N
m=0mθ,t(z

am
t−1

t−1,z
m
t )Gθ,t(z

m
t )mθ,t+1(z

m
t ,z

kt+1

t+1 )
.

In addition, a′t := a′t
0:N ∈ [N ]N+1

0 denote values of a second set of proposed time-t ancestor
indices A′

t :=A′
t
0:N .
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ALGORITHM 8 (alternative i-RW-CSMC-based parameter estimation). Given (θ,x1:T ) :=
(θ[l],x1:T [l]) ∈Θ×ET,D ,

1. sample (Z1:T ,A1:T−1) = (z1:T , a1:T−1) via Step 1 of Algorithm 3,
2. sample

• Θ′ = θ′ ∼ qz1:T ,a1:T−1
(θ, · );

• A′
1:T−1 = a′1:T−1 ∼

∏T−1
t=1

∏N
n=0

sRN
θ′,t,D((zt−1:t, a

′
t−1),{a′t

n}),
and set

r :=
qz1:T ,a′

1:T−1
(θ′, θ)µ(θ′)

∏T
t=1

∑N
n=0mθ′,t(z

a′
t−1
n

t−1,z
n
t )Gθ′,t(z

n
t )

qz1:T ,a1:T−1
(θ, θ′)µ(θ)

∏T
t=1

∑N
n=0mθ,t(z

an
t−1

t−1 ,z
n
t )Gθ,t(z

n
t )

,

3. sample U = u∼Unif [0,1],
4. if u≤ r,

• sample KT = kT ∼ sRN
θ′,T,D((zT−1:T , a

′
T−1), · ),

• for t= T − 1, . . . ,1, sample Kt = kt ∼ sBN
θ′,t,D((zt−1:t, a

′
t−1,z

kt+1

t+1 ), · );
• return (θ[l+ 1],x1:T [l+ 1]) := (θ′, (zk1

1 , . . . ,zkT

T ));
else,
• sample KT = kT ∼ sRN

θ,T,D((zT−1:T , aT−1), · ),
• for t= T − 1, . . . ,1, sample Kt = kt ∼ sBN

θ,t,D((zt−1:t, at−1,z
kt+1

t+1 ), · );
• return (θ[l+ 1],x1:T [l+ 1]) := (θ, (zk1

1 , . . . ,zkT

T )).

Algorithm 8 could potentially be improved by employing (conditional) systematic rather
than multinomial resampling. In this case, the ancestor indices in both the numerator and
denominator can be drawn based on the same uniform random number at each time step.
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