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ABSTRACT

Average-reward Markov decision processes (MDPs) provide a foundational
framework for sequential decision-making under uncertainty. However, average-
reward MDPs have remained largely unexplored in reinforcement learning (RL)
settings, with the majority of RL-based efforts having been allocated to episodic
and discounted MDPs. In this work, we study a unique structural property of
average-reward MDPs and utilize it to introduce Reward-Extended Differential
(or RED) reinforcement learning: a novel RL framework that can be used to
effectively and efficiently solve various subtasks simultaneously in the average-
reward setting. We introduce a family of RED learning algorithms for prediction
and control, including proven-convergent algorithms for the tabular case. We then
showcase the power of these algorithms by demonstrating how they can be used to
learn a policy that optimizes, for the first time, the well-known conditional value-
at-risk (CVaR) risk measure in a fully-online manner, without the use of an explicit
bi-level optimization scheme or an augmented state-space.

1 INTRODUCTION

Markov decision processes (MDPs) (Puterman, 1994) are a long-established framework for sequen-
tial decision-making under uncertainty. Episodic and discounted MDPs, which aim to optimize a
sum of rewards over time, have enjoyed success in recent years when utilizing reinforcement learn-
ing (RL) solution methods (Sutton and Barto, 2018) to tackle certain problems of interest in various
domains. Despite this success however, these MDP-based methods have yet to be fully embraced in
real-world applications due to the various intricacies and implications of real-world operation that
often trump the ability of current state-of-the-art methods (Dulac-Arnold et al., 2021). We therefore
turn to the less-explored average-reward MDP, which aims to optimize the reward received per time-
step, to see how its unique structural properties can be leveraged to tackle challenging problems that
have evaded its episodic and discounted counterparts.

In particular, we present results that show how the average-reward MDP’s unique structural prop-
erties can be leveraged to enable a more subtask-driven approach to reinforcement learning, where
various learning problems, or subtasks, are solved simultaneously (and in a fully-online manner)
to help solve a larger, central learning problem. Importantly, we find compelling case-study in the
realm of risk-aware decision-making that demonstrates how this subtask-driven approach can greatly
simplify problems that have proven to be challenging to solve in episodic and discounted MDPs.

More formally, we introduce Reward-Extended Differential (or RED) reinforcement learning: a
first-of-its-kind RL framework that makes it possible to solve various subtasks simultaneously in
the average-reward setting. At the heart of this framework is the novel concept of the reward-
extended temporal-difference (TD) error, an extension of the celebrated TD error (Sutton, 1988),
which we leverage in combination with a unique structural property of the average-reward MDP
to solve various subtasks simultaneously. We first present the RED RL framework in a generalized
way, then adopt it to successfully tackle a problem that has exceeded the capabilities of current state-
of-the-art methods in risk-aware decision-making: learning a policy that optimizes the well-known
conditional value-at-risk (CVaR) risk measure (Rockafellar and Uryasev, 2000) in a fully-online
manner without the use of an explicit bi-level optimization scheme or an augmented state-space.
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Our work is organized as follows: in Section 2 we provide a brief overview of relevant work done on
average-reward RL as well as risk-aware learning and optimization in MDP-based settings. In Sec-
tion 3 we give an overview of the fundamental concepts related to average-reward RL and CVaR.
In Section 4, we motivate the need and opportunity for a subtask-driven approach to RL through
the lens of CVaR optimization. In Section 5, we introduce the RED RL framework, including the
concept of the reward-extended TD error. We also introduce a family of RED RL algorithms for pre-
diction and control, and highlight their convergence properties (with full convergence proofs in Ap-
pendix C). In Section 6, we empirically show how RED RL can be used to successfully learn a policy
that optimizes the CVaR risk measure. Finally, in Section 7 we emphasize our framework’s poten-
tial usefulness towards tackling other challenging problems outside the realm of risk-awareness,
highlight some of its limitations, and suggest some directions for future research.

2 RELATED WORK

Average-Reward Reinforcement Learning: Average-reward (or average-cost) MDPs, despite be-
ing one of the most well-studied frameworks for sequential decision-making under uncertainty (Put-
erman, 1994), have remained relatively unexplored in reinforcement learning (RL) settings. To
date, notable works on the subject (in the context of RL) include Mahadevan (1996), Tsitsiklis
and Van Roy (1999), Abounadi et al. (2001), Bhatnagar et al. (2009), and Wan et al. (2021). Most
relevant to our work is Wan et al. (2021), which provided a rigorous theoretical treatment of average-
reward MDPs in the context of RL, and proposed the proven-convergent ‘Differential Q-learning’
and (off-policy) ‘Differential TD-learning’ algorithms for the tabular case. Our work primarily
builds on Wan et al. (2021), and we utilize their proof technique when formulating the conver-
gence proofs for our algorithms. We note that the notion of a ‘subtask’, as explored in our work, is
different to that of hierarchical RL (e.g. Sutton et al. (1999)), where the focus is on using temporally-
abstracted actions, known as ‘options’ or ‘skills’, such that the agent learns a policy for each option,
as well as an inter-option policy. By contrast, in our work we learn a single policy, and the subtasks
are not part of the action-space. In the episodic and discounted settings, the notion of solving mul-
tiple objectives in parallel has been explored in various works (e.g. McLeod et al. (2021)), although
much of this work focuses on learning multiple features, options, policies, and/or value functions.
By contrast, in our work we learn a single policy and value function, and the subtasks are not part
of the state or action-spaces. To the best of our knowledge, our work is the first to explore solving
subtasks simultaneously in the average-reward setting.

Risk-Aware Learning and Optimization in MDPs: The notion of risk-aware learning and opti-
mization in MDP-based settings has been long-studied, from the well-established expected utility
framework (Howard and Matheson, 1972), to the more contemporary framework of coherent risk
measures (Artzner et al., 1999). To date, these risk-based efforts have almost exclusively focused on
the episodic and discounted settings. Critically, optimizing the CVaR risk measure in these settings
typically requires augmenting the state-space and/or having to utilize an explicit bi-level optimiza-
tion scheme, which can, for example, involve solving multiple MDPs. Seminal works that have
looked at CVaR optimization in the standard discounted and episodic settings include Béuerle and
Ott (2011) and Chow et al. (2015); Hau et al. (2023a). In the distributional setting, works such as
Dabney et al. (2018) have proposed a CVaR optimization approach that does not require an aug-
mented state-space or an explicit bi-level optimization, however it was later shown by Lim and
Malik (2022) that such an approach converges to neither the optimal dynamic-CVaR nor the optimal
static-CVaR policies (Lim and Malik (2022) then proposed a valid approach that utilizes an aug-
mented state-space). Some works have looked at optimizing a time-consistent (Ruszczynski, 2010)
interpretation of CVaR, however this only approximates CVaR, as CVaR is not a time-consistent risk
measure (Boda and Filar, 2006). Other works have looked at optimizing similar objectives to CVaR
that are more computationally tractable, such as the entropic value-at-risk (Hau et al., 2023b).

Most similar to our work (in non average-reward settings) are Stanko and Macek (2019) and Miller
and Yang (2017). In Stanko and Macek (2019), the authors use a vaguely similar update to the
one derived in our work, however all of the methods proposed in Stanko and Macek (2019) require
either an augmented state-space or an explicit bi-level optimization. Similarly, while the approach
presented in Miller and Yang (2017) does not require an augmented state-space, it requires an ex-
plicit bi-level optimization. In the average-reward setting, Xia et al. (2023) recently proposed a set
of algorithms for optimizing the CVaR risk measure, however their methods require the use of an
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augmented state-space and a sensitivity-based bi-level optimization. By contrast, our work, to the
best of our knowledge, is the first to optimize the CVaR risk measure in an MDP-based setting with-
out the use of an explicit bi-level optimization scheme or an augmented state-space. We note that
other works have looked at optimizing other risk measures in the average-reward setting, such as the
exponential cost (Murthy et al., 2023), and variance (Prashanth and Ghavamzadeh, 2016).

3 PRELIMINARIES

3.1 AVERAGE-REWARD REINFORCEMENT LEARNING

A finite average-reward MDP is the tuple M = (S, A, R, p), where S is a finite set of states, A
is a finite set of actions, R C R is a finite set of rewards, andp : § x A x R x § — [0,1] is
a probabilistic transition function that describes the dynamics of the environment. At each discrete
time step, t = 0,1, 2, ..., an agent chooses an action, A; € A, based on its current state, S; € S,
and receives a reward, Ry, 1 € R, while transitioning to a (potentially) new state, Sy 1, such that
p(s',r | s,a) = P(Sty1 = 8, Rey1 = 7 | St = s, A = a). In an average-reward MDP, an agent
aims to find a policy, 7 : S — A, that optimizes the long-run (or limiting) average-reward, 7, which
is defined as follows for a given policy, 7:

SR
Tr(s) = lim - z:l]E[Rt | So = s, Ao:t—1 ~ 7). 1)
t=
In this work, we limit our discussion to stationary Markov policies, which are time-independent
policies that satisfy the Markov property. The underlying process by which average-reward MDPs
operate is depicted in Fig. A.1 (in Appendix A).

Equation 1 can be simplified into a more workable form by making certain assumptions about the
Markov chain, {.S;}, induced by following policy 7. To this end, a unichain assumption is typically
used when doing prediction (learning) because it ensures the existence of a unique limiting distri-
bution of states, fi(s) = lim;_,oo P(S; = s | Ag.t—1 ~ ), that is independent of the initial state,
thereby simplifying Equation 1 to the following:

Fe=Y pn(s) Y mlals) Y S p(sr | s,a)r )

sES acA s’eSTreR

Similarly, a communicating assumption is typically used for control (optimization) because it en-
sures the existence of a unique optimal average-reward, 7*, that is independent of the initial state.

To solve an average-reward MDP, solution methods such as dynamic programming or RL can be
used, in conjunction with the following Bellman (or Poisson) equations:

ve(8) = Zﬂ(a | s) ZZp(s’,r | s,a)[r — T + v (")), 3)

a

4x(5,0) = 30" 0l | 5,0) [ — 7o + i (s, 0')], 4)

where, v (s) is the state-value function and ¢ (s, a) is the state-action value function for a given pol-
icy, m. Solution methods for average-reward MDPs are typically referred to as differential methods
because of the reward difference (i.e., 7 — 7) operation that occurs in Equations 3 and 4. Note that
solution methods typically find solutions to Equations 3 and 4 up to a constant, c. This is typically
not a concern, given that the relative ordering of policies is usually what is of interest.

In the context of RL, Wan et al. (2021) proposed the tabular ‘Differential TD-learning’ and ‘Dif-
ferential Q-learning’ algorithms, which are able to learn and/or optimize the value function and
average-reward simultaneously using only the TD error. The ‘Differential TD-learning’ algorithm
is shown below:

Vit1(Se) = Vi(St) + aepidy (52)
Vit1(s) = Vi(s), Vs#S; (5b)
6 = Rip1 — Ry + Vi(Se41) — Vi(Sy) (5¢)
Riy1 = Ry + naupidy (5d)
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where, V; : & — R is a table of state-value function estimates, o is the step size, d; is the TD
error, p; = 7(A¢|St)/B(A¢|S:) is the importance sampling ratio (with behavior policy, B), R; is an
estimate of the average-reward, 7, and 7 is a positive scalar.

We end by noting that the average-reward criterion (Equation 1) can also be optimized using dis-
counted MDPs (e.g. Grand-Clément and Petrik (2023)). In such cases, the solution is said to be
Blackwell-optimal because it takes into account the limiting and transient behavior of the system. In
this work however, we employ methods that utilize the standard average-reward MDP formulation,
because, as we will see in Sections 5 and 6, it enables a subtask-driven approach to RL that can
alleviate computational challenges and non-trivialities that arise in discounted MDPs.

3.2 CONDITIONAL VALUE-AT-RISK (CVAR)

Consider a random variable X with a finite mean on a probability space (€2, F,PP), and with a
cumulative distribution function F'(z) = P(X < z). The (left-tail) value-at-risk (VaR) of X with
parameter 7 € (0, 1) represents the T-quantile of X, such that VaR,(X) = sup{z | F(z) < 7}.
The (left-tail) conditional value-at-risk (CVaR) of X with parameter 7 is defined as follows:

1 T
CVaR, (X) = — / VaR, (X )du. (6)
T Jo
When F'(X) is continuous at x = VaR, (X)), the conditional value-at-risk can be interpreted as the
expected value of the 7 left quantile of the distribution of X, such that CVaR.(X) = E[X | X <

VaR,(X)]. Fig. A.2 (in Appendix A) depicts this interpretation of CVaR.

Importantly, CVaR can be formulated as follows (Rockafellar and Uryasev, 2000):

CVaR. (X) = sup E[b — - (b— X)*] = E[VaR. (X) — - (VaR(X) — X)], (7
beER T T

where, (y)T = max(y,0). Existing MDP-based methods typically leverage the above formulation
when optimizing for CVaR, by augmenting the state-space with an estimate of VaR,(X) (in this
case, b), and solving the following bi-level optimization:

1 1
sup CVaR, (X) = supsupE[b — = (b — X)T] = sup(b — = supE[(b — X)T]), (8)
™ T bER T beR T 7

where the ‘inner’ optimization problem can be solved using standard MDP solution methods.

In discounted and episodic MDPs, the random variable X corresponds to a (potentially-discounted)
sum of rewards. In average-reward MDPs, X corresponds to the (limiting) per-step reward. In other
words, the natural interpretation of CVaR in the average-reward setting is that of the CVaR of the
limiting reward distribution, as shown below (for a given policy, 7) (Xia et al., 2023):

1 n
CVaR, .(s) = lim — ) CVaR,[R; | S = s, Ap:p—1 ~ 7. )
t=1

n—o0o M

As with the average-reward (Equation 1), a unichain assumption (or similar) makes this CVaR objec-
tive independent of the initial state. In recent years, CVaR has emerged as a popular risk measure,
in-part because it is a ‘coherent’ risk measure (Artzner et al., 1999), meaning that it satisfies key
mathematical properties which can be meaningful in safety-critical and risk-related applications.

4 A SUBTASK-DRIVEN APPROACH

In this section, we motivate the need and opportunity for a subtask-driven approach to RL through
the lens of CVaR optimization. Let us begin by considering the standard approach used by exist-
ing MDP-based methods for optimizing CVaR, which requires an explicit bi-level optimization, as
described in Equation 8. In words, Equation 8 says that to optimize CVaR, we need to pick a wide
range of guesses for VaR, and for each guess, b, we need to solve an MDP. Then, out of all of the
MDP solutions, we pick the best one as our final solution. To further compound the computational
costs, this approach typically requires that the state-space be augmented with a state that corresponds
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to the VaR guess, b. Importantly, this computationally-expensive process would not be needed if we
somehow knew what the optimal value for b (i.e., VaR) was. In fact, in the average-reward setting,
if we knew VaR, then optimizing for CVaR ultimately amounts to optimizing an average (as per
Equation 7), which can be done trivially using the standard average-reward MDP.

As such, it would appear that, to optimize CVaR, we are stuck between two extremes: a significantly
computationally-expensive process if we don’t know VaR, and a trivial process if we do. But what
if we could estimate VaR along the way? That is, keep some sort of running estimate of VaR that we
optimize simultaneously as we optimize CVaR. Indeed, such an approach has been proposed in the
discounted and episodic settings (e.g. Stanko and Macek (2019)), however, no approach has been
able to successfully remove both the augmented state-space and the explicit bi-level optimization
requirements. The primary difficulty lies in how one updates the estimate of VaR along the way.

Critically, this is where the findings from Wan et al. (2021) come into play. In particular, Wan et al.
(2021) proposed proven-convergent algorithms for the average-reward setting that can learn and/or
optimize the value function and average-reward simultaneously using only the TD error. In other
words, these algorithms are able to solve two learning objectives simultaneously using only the TD
error. Yet, the focus in Wan et al. (2021) was on proving the convergence of such algorithms, without
exploring the underlying structural properties of the average-reward MDP that made such a process
possible to begin with. In this work, we formalize these underlying properties, and utilize them to
show that if one modifies, or extends, the reward from the MDP with various learning objectives,
then these objectives, or subtasks, can be solved simultaneously using a modified version of the TD
error. Consequently, in terms of CVaR optimization, this allows us to develop appropriate learning
updates for the VaR and CVaR estimates based solely on the TD error, such that we no longer need
to augment the state-space or perform an explicit bi-level optimization.

In Section 5, we present the theoretical framework that enables the aforementioned subtask-driven
approach. Then, in Section 6, we adapt this general-purpose framework for CVaR optimization.

5 REWARD-EXTENDED DIFFERENTIAL (RED) REINFORCEMENT LEARNING

In this section, we present our primary contribution: a framework for solving various learning ob-
jectives, or subtasks, simultaneously in the average-reward setting. We call this framework reward-
extended differential (or RED) reinforcement learning. The ‘differential’ part of the name comes
from the use of the differential algorithms from average-reward MDPs. The ‘reward-extended’ part
of the name comes from the use of the reward-extended TD error, a novel concept that we will intro-
duce shortly. Through this framework, we show how the average-reward MDP’s unique structural
properties can be leveraged to solve various subtasks simultaneously in a fully-online manner. We
first provide a formal definition for a (generic) subtask, then proceed to derive a learning frame-
work that allows us to simultaneously solve any given subtask that satisfies this definition. In the
subsequent section, we utilize this framework to tackle the CVaR optimization problem.

Definition 5.1 (Subtask). A subtask, z;, is any scalar prediction or control objective belonging to
a corresponding finite set Z; C R, such that there exists a linear (or piecewise linear) subtask
Sfunction, f : R X Z1 X Z3 X +++ X Z; X -+ X Zp — R, where R is the finite set of observed
per-step rewards from the MDP M, R CRisa finite set of ‘extended’ per-step rewards whose
long-run average is the primary prediction or control objective of the MDP, M= (S, A, R, p), and
Z={z1 € 21,20 € Z9,...,2, € Z,} is the set of n subtasks that we wish to solve, such that:

i) f is invertible with respect to each input given all other inputs; and

ii) each subtask z; € Z in f is independent of the states and actions, and hence independent of the
observed per-step reward, Ry € R, such that E[f(Ry, z1, 22, ..., 2n)] = f(E[R¢], 21, 22, ..., 2n),
where [E denotes any expectation taken with respect to the states and actions.

With this definition in mind, we now proceed by providing the basic intuition behind our framework
by using the average-reward itself, 7., as a blueprint of sorts for how we will derive the update
rules in our learning algorithms for our subtasks. In particular, we will show how the process for
deriving the update rule for the average-reward estimate, R;, in Equation 5 can be adapted to derive
equivalent update rules for estimates corresponding to any subtask that satisfies Definition 5.1.
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Consider the Bellman equation 3. We begin by pointing out that the average-reward satisfies many
of the key properties of a subtask. In particular, we can see that 7, satisfies Y [r — 7r + v (s")] =
> Ir + vx(s")] — Tx, where we use > as shorthand for the sums in the Bellman equation 3. This
allows us to rewrite the Bellman equation 3 as follows:

Tr = Zﬁ(a | 5) ZP(S/,T | s,a)[r + v (s") — va(8)]. (10)

Now, if we wanted to learn 7. from experience, we can utilize the common RL update rule of the
form: NewEstimate <— OldEstimate + StepSize [Target — OldEstimate] (Sutton and Barto, 2018)
to do so. In this case, the ‘target’ is the term inside the expectation (i.e., the sums) in Equation
10. This yields the update in Equation 5d: R;11 = R; + nagd:. Hence, we are able to learn 7
using the TD error, §. This highlights a unique structural property of average-reward MDPs: we
are able to simultaneously predict (learn) the value function and the average-reward using the TD
error. Similarly, in the control case we are able to simultaneously control (optimize) these same
two objectives using the TD error. We will now show, through the RED RL framework, how this
structural property can be utilized to simultaneously predict or control any subtask that satisfies
Definition 5.1. More specifically, we will show how we can replicate what we just did for the
average-reward for any arbitrary subtask:

Theorem 5.1 (The RED Theorem). An average-reward MDP can simultaneously predict or control
any arbitrary number of subtasks (within a single subtask function that satisfies Definition 5.1) using
the TD error.

Proof. Let R, = f (R¢, 21,22, ...,2,) = f(-) be a linear subtask function (as per Definition 5.1)

corresponding to n subtasks, where R; € R is the observed per-step reward, and R; € R is the
extended per-step reward whose long-run average, 7, is the primary prediction or control objective.

We first note that without a loss in generality, the subtask function can be written as follows:
Ry =Ry +ag+ a1z +aszo + ...+ apzn, (an
for some constant ag € R and ay,as,...,a, € R\ {0}.
We can then write the TD error for the prediction case as follows:
8¢ = Ry — Ry + Vi(Sp41) — Vi(Sh) (12a)
=Ri+ao+a1Zit+asZog+ ...+ anZpt — R + Vi(Si1) — Vi(Se), (12b)
where V; : S — R denotes a table of state-value function estimates, R; denotes an estimate of the

average-reward, 7', and Z; ; denotes an estimate of subtask z; Vi =1,2,...,n.

Similarly, we can write the Bellman equation 3 for the MDP M and solve for an arbitrary subtask,
z;, as follows:

'1}7‘—(8> = ]ETr[Rt — T+ ’Uﬂ—(St+1> | St = S] (133)
0=E,[Ri+ao+ a121 + aszo + ... + anzp — Tx + 07 (Ser1) — vx(s) | Se = 5] (13b)
0= Eﬂ-[Rt + apn + ...+ ai—12i-1 + Ai4+125+1 =+ ...

13
vt anzn — Fr 0 (Sie1) —vr(8) | Sy = 8]+ aiz; (13¢)
1
- i:Eﬂ-—fR et a1z i 3
Z [ ai( t + ap + A;i—1%Zi—1 + @;412i41 + (13d)
coit anzn — Fr + 02 (Sty1) — 0r(8)) | St = ]
=E:[¢i+ | St = 3], (13e)

where we used the fact that z; is independent of the states and actions to pull it out of the expectation.
Here, we use ¢; ; to denote the expression inside the expectation in Equation 13d.

Hence, to learn z; from experience, we can utilize the common RL update rule (in a similar fashion
to what we did with Equation 10 for the average-reward), using the term inside the expectation in
Equation 13d, ¢; ;, as the target, which yields the update:

Zis1 = Zig +no[dir — Zi ) (14a)
= Z;+ +noy(—1/a;)é6; (when combining Equations 12 and 13d) (14b)
= Zit +noufit, (140)
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where, Z; ; is the estimate of subtask z; at time ¢, and 7c is the step size.

Here, we define 3;, = (—1/a;)d; as the reward-extended TD error for subtask z;. Importantly, this
term satisfies a TD error-dependent property: it goes to zero as the TD error, §;, goes to zero. This
implies that, like the average-reward update in Equation 5d, the arbitrary subtask update is dependent
on the TD error, such that the subtask estimate will only cease to update once the TD error is zero.
Hence, minimizing the TD error allows us to solve the arbitrary subtask simultaneously.

As such, we have derived an update rule based on the TD error for our arbitrary subtask, z;. Finally,
because we picked z; arbitrarily, it follows that we can derive an update rule for every subtask in f(-)
based on the TD error. This means that we can perform prediction for all our subtasks simultaneously
by minimizing the (regular) TD error. The same logic can be applied in the control case to derive
equivalent updates, where we note that it directly follows from Definition 5.1 that the existence
of an optimal average-reward, 7%, implies the existence of corresponding optimal subtask values,
z; Vz; € Z. In a similar fashion, these results can trivially be extended for piecewise linear subtask
functions by applying the above logic for each linear segment separately, such that the resulting
subtask updates are also piecewise linear. This completes the proof of Theorem 5.1. O

Having derived the update rules for the subtasks, we now present our family of RED RL algorithms.
The full set of algorithms, including algorithms that utilize function approximation, are included in
Appendix B. We provide full convergence proofs for the tabular algorithms in Appendix C.

RED TD-learning algorithm (tabular): We update a table of estimates, V; : S — R as follows:

Riy1 = f(Ris1, Z1.4y Zots s Znit) (152)
0y = Rt+1 — Ry + Vi(Se11) — Vi(Sy) (15b)
Vig1(Se) = Vi(Se) + aupidy (15¢)
Vi1(s) = Vi(s), Vs # S (15d)
Riy1 = Ry + nraypidy (15e)
Zipt1 = Zig + NzyupiBiy, Vz € Z (15f)

where, R; is the observed reward, Z, ; is an estimate of subtask z;, 3; ; is the reward-extended TD
error for subtask z;, «y is the step size, J; is the TD error, p; is the importance sampling ratio,
Ry is an estimate of the long-run average-reward of Ry, 7, and 7,.,7., are positive scalars. Wan
et al. (2021) showed for their Differential TD-learning algorithm that R, converges to 7, and V;
converges to a solution of v in Equation 3 for a given policy, 7. We now provide an equivalent
theorem for our RED TD-learning algorithm, which also shows that Z; ; converges to z; » Vz; € Z,
where z; . denotes the subtask value when following policy 7:

Theorem 5.2 (informal). The RED TD-learning algorithm 15 converges, almost surely, R; to 7,
Zig to zix Yz, € Z, and Vi to a solution of v in the Bellman Equation 3, up to an additive
constant, ¢, if the following assumptions hold: 1) the Markov chain induced by the target policy, T,
is unichain, 2) every state—action pair for which w(a | s) > 0 occurs an infinite number of times
under the behavior policy, 3) the step sizes are decreased appropriately, 4) the ratio of the update
frequency of the most-updated state to the least-updated state is finite, and 5) the subtasks are in
accordance with Definition 5.1.

Proof. See Appendix C for the full proof. O

RED Q-learning algorithm (tabular): We update a table of estimates, Q; : S X A — R as

follows:
Rt+1 = f(Rt+1, Zl,tv Zz,m sy Zn,t) (16a)
6= Riy1 — Ry + max Qi(Se41,a) — Qi(Si, Ar) (16b)
Qt+1(St, At) = Qt(St7 At) + Oét(st (160)
Qt+1(57 a) = Qt(57a)a Vs,a # Sy, Ay (16d)
Rit1 = Ry + nroudy (16e)
Zijt1 = Zig + Ny Biy, Vz €2 (16f)
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where, R; is the observed reward, Z; ; is an estimate of subtask z;, 3; ; is the reward-extended TD
error for subtask z;, oy is the step size, ¢, is the TD error, R, is an estimate of the long-run average-
reward of Rt, Tr, and 7,7, are positive scalars. Wan et al. (2021) showed for their Differential
Q-learning algorithm that R; converges to 7x, and (J; converges to a solution of ¢ in Equation 4. We
now provide an equivalent theorem for our RED Q-learning algorithm, which also shows that Z; ;
converges to the corresponding optimal subtask value 2 Vz; € Z:

Theorem 5.3 (informal). The RED Q-learning algorithm 16 converges, almost surely, Ry to 7, Z;
to 2} Nz; € Z, Tr, 10 7%, 2, to 2] V2; € Z, and Q) to a solution of q in the Bellman Equation
4, up to an additive constant, c, where m, is any greedy policy with respect to Qy, if the following
assumptions hold: 1) the MDP is communicating, 2) the solution of q in 4 is unique up to a constant,
3) the step sizes are decreased appropriately, 4) all the state—action pairs are updated an infinite
number of times, 5) the ratio of the update frequency of the most-updated state—action pair to the
least-updated state—action pair is finite, and 6) the subtasks are in accordance with Definition 5.1.

Proof. See Appendix C for the full proof. O

6 CASE STUuDY: RED RL FOR CVAR OPTIMIZATION

In the previous section, we derived a general-purpose framework and a corresponding set of algo-
rithms that enable a more subtask-driven approach to reinforcement learning, where various learning
problems, or subtasks, are solved simultaneously to help solve a larger, central learning problem. In
this section, we provide a compelling case-study which illustrates how this subtask-driven approach
can be used to successfully tackle the CVaR optimization problem without the use of an explicit
bi-level optimization scheme (as in Equation 8), or an augmented state-space.

First, in order to leverage the RED RL framework for CVaR optimization, we need to derive a valid
subtask function for CVaR that satisfies the requirements of Definition 5.1. It turns out that we can
use a modified version of Equation 7 as the subtask function. The details of the adaptation of Equa-
tion 7 into a subtask function are presented in Appendix D. Critically, as discussed in Appendix D,
optimizing the long-run average of the extended reward (R;) from this subtask function corresponds
to optimizing the long-run CVaR of the observed reward (R;). Hence, we can utilize CVaR-specific
versions of the RED algorithms presented in Equations 15 and 16 (or their non-tabular equivalents)
to optimize VaR and CVaR, such that CVaR corresponds to the primary control objective (i.e., the
7 that we want to optimize), and VaR is the (single) subtask. We call the resulting algorithms, the
RED CVaR algorithms. These algorithms, which are shown in full in Appendix D, update CVaR in
an analogous way to the average-reward (i.e., CVaR corresponds to R, in Equations 15 or 16), and
update VaR using a VaR-specific version of Equation 15f or 16f as follows:

VaR; — 0 R; > VaR
VaR;; = aky — Noy t,T t = Vakg ’ (17)
VaRt + nat(ﬁ)(ﬁ, Rt < VaRt
where, VaR; is an estimate of VaR, nay is the step size, 7 is the CVaR parameter, and J; is the
regular TD error. As such, we are able to optimize our subtask, VaR, and our primary objective,
CVaR, without the use of an explicit bi-level optimization scheme or an augmented state-space.

We now present empirical results when applying the RED CVaR algorithms on two learning tasks.
The first task is a two-state environment that we created for the purposes of testing our algorithms.
It is called the red-pill blue-pill environment (see Appendix F), where at every time step an agent
can take either a red pill, which takes them to the ‘red world’ state, or a blue pill, which takes them
to the ‘blue world’ state. Each state has its own characteristic reward distribution, and in this case,
for a sufficiently low CVaR parameter, 7, the red world state has a reward distribution with a lower
(worse) mean but higher (better) CVaR compared to the blue world state. Hence, we would expect
that the Differential Q-learning algorithm (from Wan et al. (2021)) learns a policy that prefers to
stay in the blue world, and that the RED CVaR Q-learning algorithm learns a policy that prefers to
stay in the red world. This task is illustrated in Fig. 1a).

The second learning task is the well-known inverted pendulum task, where an agent learns how to
optimally balance an inverted pendulum. We chose this task because it provides us with opportunity
to test our algorithm in an environment where: 1) we must use function approximation (given the
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large state and action spaces), and 2) where the policy for the optimal average-reward and the policy
for the optimal reward CVaR is the same policy (i.e., the policy that best balances the pendulum will
yield a limiting reward distribution with both the optimal average-reward and reward CVaR). This
hence allows us to directly compare the performance of our RED algorithms to the regular Differ-
ential learning algorithms, as well as to gauge how function approximation affects the performance
of our algorithms. For this task, we utilized a simple actor-critic architecture (Barto et al., 1983;
Sutton and Barto, 2018) as this allowed us to compare the performance of the (non-tabular) RED
TD-learning algorithm with a (non-tabular) Differential TD-learning algorithm. This task is illus-
trated in Fig. 1b). The full set of experimental details, including additional experiments performed,
can be found in Appendix E.

CVaRy > CVaRp

(@ @’ TR<Tp

Per — Step Rewards .. -

~~~~~

a) b)

Figure 1: An illustration of the a) red-pill blue-pill, and b) inverted pendulum environments.

In terms of empirical results, Fig. 2 shows rolling averages of the average-reward and reward CVaR
as learning progresses in both tasks when using the regular Differential learning algorithms (to opti-
mize the average-reward) vs. the RED CVaR algorithms (to optimize the reward CVaR). As shown
in the figure, in the red-pill blue-pill task the RED CVaR algorithm is able to successfully learn a
policy that prioritizes maximizing the reward CVaR over the average-reward, thereby achieving a
sort of risk-awareness. In the inverted pendulum task, both methods converge to the same policy, as
expected. Fig. 3 shows typical convergence plots of the agent’s VaR and CVaR estimates as learning
progresses on the red-pill blue-pill task for various combinations of initial VaR and CVaR guesses.
We see that regardless of the initial guess, the estimates still converge. These estimates converge to
the correct VaR and CVaR values, up to a constant, thereby yielding the optimal CVaR policy, as in
Fig. 2a). See Appendix E for a more detailed discussion of the empirical results.

-06

Reward
Reward
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10k 20k 30k 40k 50k sk 10k 15k

Time Step Time Step

a) b)

Figure 2: Rolling average-reward and reward CVaR as learning progresses when using the (risk-
neutral) Differential algorithms vs. the (risk-aware) RED CVaR algorithms in the a) red-pill blue-
pill, and b) inverted pendulum tasks. A solid line denotes the mean average-reward or reward CVaR,
and the corresponding shaded region denotes the 95% confidence interval over 50 runs.
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Figure 3: Convergence plots of the agent’s VaR and CVaR estimates as learning progresses when
using the RED CVaR Q-learning algorithm on the red-pill blue-pill task with a) various combinations
of initial VaR and CVaR guesses, and b) an initial guess of 0.0 for both the VaR and CVaR estimates.

7 DISCUSSION, LIMITATIONS, AND FUTURE WORK

In this work, we introduced reward-extended differential (or RED) reinforcement learning: a novel
reinforcement learning framework that can be used to solve various subtasks simultaneously in the
average-reward setting. We introduced a family of RED RL algorithms for prediction and control,
and then showcased how these algorithms could be adopted to effectively and efficiently tackle the
CVaR optimization problem. More specifically, we were able to use the RED RL framework to
successfully learn a policy that optimized the CVaR risk measure without using an explicit bi-level
optimization scheme or an augmented state-space, thereby alleviating some of the computational
challenges and non-trivialities that arise when performing risk-based optimization in the episodic
and discounted settings. Empirically, we showed that the RED-based CVaR algorithms fared well
both in tabular and linear function approximation settings. Moreover, our experiments suggest that
these algorithms are robust to the initial guesses for the subtasks and primary learning objective.

More broadly, our work has introduced a theoretically-sound framework that allows for a subtask-
driven approach to reinforcement learning, where various learning problems (or subtasks) are solved
simultaneously to help solve a larger, central learning problem. In this work, we showed (both
theoretically and empirically) how this framework can be utilized to predict and/or optimize any
arbitrary number of subtasks simultaneously in the average-reward setting. Central to this result is
the novel concept of the reward-extended TD error, which is utilized in our framework to develop
learning rules for the subtasks, and satisfies key theoretical properties that make it possible to solve
any given subtask in a fully-online manner by minimizing the regular TD error. Moreover, we
built-upon existing results from Wan et al. (2021) to show the almost sure convergence of tabular
algorithms derived from our framework. While we have only begun to grasp the implications of our
framework, we have already seen some promising indications in the CVaR case study: the ability
to turn explicit bi-level optimization problems into implicit bi-level optimizations that can be solved
in a fully-online manner, as well as the potential to turn certain states (that meet certain conditions)
into subtasks, thereby reducing the size of the state-space.

Nonetheless, while these results are encouraging, they are subject to a number of limitations. Firstly,
by nature of operating in the average-reward setting, we are subject to the somewhat-strict assump-
tions made about the Markov chain induced by the policy (e.g. unichain or communicating). These
assumptions could restrict the applicability of our framework, as they may not always hold in prac-
tice. Similarly, our definition for a subtask requires that the associated subtask function be linear,
which may also limit the applicability of our framework to simpler functions. Finally, it remains to
be seen empirically how our framework performs when dealing with multiple subtasks, when taking
on more complex tasks, and/or when utilizing nonlinear function approximation.

In future work, we hope to address many of these limitations, as well as explore how these promising
results can be extended to other domains, beyond the risk-awareness problem. In particular, we
believe that the ability to optimize various subtasks simultaneously, as well as the potential to reduce
the size of the state-space, by converting certain states to subtasks (where appropriate), could help
alleviate significant computational challenges in other areas moving forward.

10
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A ADDITIONAL FIGURES

In this appendix, we provide figures that present average-reward MDPs and the CVaR risk measure
in a more visual manner.

A.1 AVERAGE-REWARD MDPs

Fig. A.1 depicts the underlying process by which average-reward MDPs operate, where a given
policy, 7, induces a Markov chain, {S;}, that yields a stationary reward distribution, whose mean
corresponds to the long-run average-reward 7. Different policies can then be compared based on
their 7 values to find the policy that yields the optimal average-reward.

{St}n ,"

Reward

Tn

Figure A.1: Visual depiction of the underlying process by which average-reward MDPs operate.
Here, following policy 7 induces a Markov chain, {S;}_. Ast — oo, this yields a stationary (or
steady-state) reward distribution with an average reward, 7. It is this long-run (or steady-state)
average-reward that the standard average-reward MDP formulation aims to optimize.

A.2 CVAR

Fig. A.2a) depicts the interpretation of CVaR as the expected value of the 7 left quantile of the
distribution corresponding to a random variable. Fig. A.2b) depicts two limiting reward distributions
that have the same long-run average-reward, but different CVaR values (assuming a sufficiently low
CVaR parameter, 7).

T i
1
CVaR |
1 2 :
1 1
1
— — Reward
T, = Tn,
VaR
CVaR, > CVaRg,
a) b)

Figure A.2: a) The left-tail conditional value-at-risk (CVaR) of a probability distribution; b) The
limiting reward distributions induced by two policies, 7; and 7. Both distributions have the same
long-run average-reward, but different CVaR values (assuming a sufficiently low CVaR 7).

13
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B RED RL ALGORITHMS

In this appendix, we provide pseudocode for our RED RL algorithms. We first present tabular
algorithms, whose convergence proofs are included in Appendix C, and then provide equivalent
algorithms that utilize function approximation.

Algorithm 1 RED TD-Learning (Tabular)
Input: the policy 7 to be evaluated, policy B to be used, subtask function f with constants

a1,0a2,...,0n

Algorithm parameters: step size parameters , 7y, 7z,, Mzys - - - s Nz,
Initialize V' (s) Vs; R arbitrarily (e.g. to zero)

Initialize subtasks Z1, Zs, ..., Z,, arbitrarily (e.g. to zero)

Obtain initial S

while still time to train do
A < action given by B for S
Take action A, observe R, S’
R:f(RaZI7Z27"-aZn)

[ao]]
+
<
2
|
<
n

ﬂi (—1/0,1)5, Vi:1,2,...,n
Zi:Zi—i_nziapﬁia Vi:152>"'an
S=9

end while

return V

Algorithm 2 RED Q-Learning (Tabular)

Input: the policy 7 to be used (e.g., e-greedy), subtask function f with constants a1, as, ..., a,
Algorithm parameters: step size parameters &, 7y, 7z, Mzgs - - - s Nz,

Initialize Q(s, a) Vs, a; R arbitrarily (e.g. to zero)

Initialize subtasks Z1, Zs, ..., Z,, arbitrarily (e.g. to zero)

Obtain initial S
while still time to train do
A < action given by 7 for S
Take action A, observe R, S’
R=f(R,Z,2Zs,..., %)
R — R+ max, Q(S',a) — Q(S, A)
)=Q(S,A) + ad

=(-1/a;)d, Vi=1,2,...,n

Z1:ZZ+7721C¥§1, V’L.:].72,...77”L
S=9

end while

return Q

14
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Algorithm 3 RED TD-Learning (Function Approximation)

Input: the policy 7 to be evaluated, policy B to be used, a differentiable state-value function

parameterization: ¥(s, w), subtask function f with constants a1, as, ..., ay,
Algorithm parameters: step size parameters o, 7y, Mz, Nzgs - - - 2 Mz,
Initialize state-value weights w € R arbitrarily (e.g. to 0)

Initialize subtasks Z1, Zo, . . ., Z, arbitrarily (e.g. to zero)

Obtain initial S

while still time to train do
A < action given by B for S
Take action A, observe R, S’
R:f(RaZhZZa"'?Zn)
§=R—R+9(5w)—9(S,w)
p=m(A[S)/B(A]S)
w =w ~+ apdVi(S,w)
R =R+ n.apé
ﬁiz(—l/ai)& Vi:1,2,...,n
Zi=Zi+n,apB;, Yi=12...,n
S=9

end while
return w

Algorithm 4 RED Q-Learning (Function Approximation)

Input: the policy 7 to be used (e.g., e-greedy), a differentiable state-action value function param-
eterization: (s, a, w), subtask function f with constants a1, as, ..., a,
Algorithm parameters: step size parameters o, 7y, Mz, Nzgs - - - » Nz,
Initialize state-action value weights w € R? arbitrarily (e.g. to 0)
Initialize subtasks Z1, Zo, .. ., Z, arbitrarily (e.g. to zero)
Obtain initial S
while still time to train do

A < action given by 7 for S

Take action A, observe R, S’

R:f(RaZhZZa"'vZn)

§ = R— R+ max, 4(5,a,w) — §(S, A, w)

w=w+ adVi(S, A, w)

R=R+naé

ﬁi:(—l/ai)é, Vi:1,2,...,n

ZiZZi—FT]ZiOz,B,‘, W:l,Z,...,n

/

end while
return w

15
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C CONVERGENCE PROOFS

In this appendix, we present the full convergence proofs for the tabular RED TD-learning and tabular
RED Q-learning algorithms. Our general strategy is as follows: we first show that the results from
Wan et al. (2021), which show the a.s. convergence of the value function and average-reward esti-
mates of differential algorithms, are applicable to our algorithms. We then build upon these results
to show that the subtask estimates of our algorithms converge as well.

For consistency, we adopt similar notation as Wan et al. (2021) for our proofs:

* For a given vector z, let ) _ « denote the sum of all elements in , such that )~ = " x(4).
* Let 7, denote the optimal average-reward.
* Let z;, denote the corresponding optimal subtask value for subtask z; € Z.

C.1 CONVERGENCE PROOF FOR THE TABULAR RED TD-LEARNING ALGORITHM

In this section, we present the proof for the convergence of the value function, average-reward, and
subtask estimates of the RED TD-learning algorithm. Similar to what was done in Wan et al. (2021),
we will begin by considering a general algorithm, called General RED TD. We will first define
General RED TD, then show how the RED TD-learning algorithm is a special case of this algorithm.
We will then provide necessary assumptions, state the convergence theorem of General RED TD,
and then provide a proof for the theorem, where we show that the value function, average-reward,
and subtask estimates converge, thereby showing that the RED TD-learning algorithm converges.
We begin by introducing the General RED TD algorithm:

Consider an MDP M = (S, A, R, p), a behavior policy, B, and a target policy, 7. Given a state s €
S and discrete step n > 0, let A, (s) ~ B(- | s) denote the action selected using the behavior policy,
let R, (s, An(s)) € R denote a sample of the resulting reward, and let S}, (s, A,,(s)) ~ p(-,- | s,a)
denote a sample of the resulting state. Let {Y,,} be a set-valued process taking values in the set
of nonempty subsets of S, such that: Y,, = {s : s component of the |S|-sized table of state-value
estimates, V, that was updated at step n}. Let v(n, s) = Z;l:o I{s € Y;}, where I is the indicator
function, such that v(n, s) represents the number of times V'(s) was updated up to step n.

Now, let f be a valid subtask function (see Definition 5.1), such that R, (s, A,(s)) =
F(Ru(s,An(8)s Z1im, Zams - - -5 Zi,m) for k subtasks € Z, where R, (s, A, (s)) is the extended
reward, Z is the set of subtasks, and Z; ,, denotes the estimate of subtask z; € Z at step n. Consider

an MDP with the extended reward: M = (S, A, R, p), such that R,,(s, A,,(s)) € R. The update
rules of General RED TD for this MDP are as follows, for n > 0:

Vig1(8) = V() + ayn,)pn(8)0n(s)I{s € Y3}, Vs €S, (C.1)
R,i1 =R, +1, Z Qy(n,s)Pn(8)0n(s)I{s € Yy}, (C.2)
Zi,n+1 = Zi,n + Nz; Zau(n,s)pn(s)ﬁzn(s)-[{s S Yn}7 sz € Zu (C3)

where,
on(s) = Rn s, An(s)) — R, + Vn(S;z(stn(s))) — Va(s) (C.4)

= f(Rn(S; An(s)); Zl,na Z2,na ety Zk,n) - Rn + Vn(S;l(stn(S))) - Vn(S), '
and,

ﬁi,n(s) = Qszi.,n - Zi,na VZZ S Z (CS)

Here, p,,(s) = m(An(s) | s) / B(A,(s) | s) denotes the importance sampling ratio (with behavior
policy, B), R,, denotes the estimate of the average-reward (see Equation 2), §,,(s) denotes the TD
error, 7, and 7, are positive scalars, ¢, , denotes the inverse of the TD error (i.e., Equation C.4)
with respect to subtask estimate Z; ,, given all other inputs when d,,(s) = 0, and Qi (n,s) denotes the
step size at time step n for state s. In this case, the step size depends on the sequence {c, }, as well
as the number of visitations to state s, which is denoted by v(n, s).
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We now show that the RED TD-learning algorithm is a special case of the General RED TD algo-
rithm. Consider a sequence of experience from our MDP M: Sy, A¢(St), Ryy1, St41,-.. . Now
recall the set-valued process {Y;, }. If we let n = time step ¢, we have:

Yi(s) = {1’525“

0, otherwise,
as well as S;(St, At(St)) = St+1, Rn(St7 At) = Rt+1, Rn(St, At(St)) = fzt+1.

Hence, update rules C.1, C.2, C.3, C.4, and C.5 become:

Vig1(St) = Vi(St) + aue,5,)pt(S¢)d¢ , and Vi1 (s) = Vi(s), Vs # Sy, (C.6)
Riy1 = Ry + mrcu, (1,8, 0t (S1) 0, (C.7)
Zigy1 = Zig +12,00,5,)0t(Se) B, Vzi € 2, (C.8)
8t = Rys1 — Ry + Vi(Sps1) — Vt(St)i .9

= f(Riy1, 214, Zog, - - Zit) — Ry + Vi(Seg1) — Vi(Sy),
Bit = Gzt — Zit, Vzi € Z, (C.10)

which are RED TD-learning’s update rules with v, (; s,) denoting the step size at time ¢.

We now specify the assumptions on General RED TD that are needed to ensure convergence. Please
refer to Wan et al. (2021) for an in-depth discussion on Assumptions C.1 — C.5:

Assumption C.1 (Unichain Assumption). The Markov chain induced by the target policy is
unichain.

Assumption C.2 (Coverage Assumption). B(a | s) > 0ifw(a|s) > 0foralls € S, a € A

oo 2
0 Oy < 0O

Assumption C.3 (Step Size Assumption). c, >0, Y 07 (@, =00, Y

Assumption C.4 (Asynchronous Step Size Assumption 1). Let [-] denote the integer part of (-). For
xz € (0,1),

i @y
and
lyil
szo J =1
uniformly iny € [z, 1].

Assumption C.5 (Asynchronous step size Assumption 2). There exists A > O such that
lim inf v(n, )

a.s., forall s € S. Furthermore, for all x > 0, and

N(n,x):min{mzn: Z aizx},

i=n—+1

= A,

the limit
v(N(n,x),s
1i Zziu((n,s)) )ai
s SN @)

i=v(n,s’) g

exists a.s. for all s, s'.
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Assumptions C.3, C.4, and C.5, which originate from Borkar (1998), outline the step size require-
ments needed to show the convergence of stochastic approximation algorithms. Assumptions C.3
and C.4 can be satisfied with step size sequences that decrease to 0 appropriately, including 1/n,
1/(nlogn), and logn/n (Abounadi et al., 2001). Assumption C.5 first requires that the limiting
ratio of visits to any given state, compared to the total number of visits to all states, is greater than or
equal to some fixed positive value. The assumption then requires that the relative update frequency
between any two states is finite. For instance, Assumption C.5 can be satisfied with c,, = 1/n (see
page 403 of Bertsekas and Tsitsiklis (1996) for more information).

Assumption C.6 (Subtask Function Assumption). The subtask function, f, is 1) linear or piecewise
linear, and 2) is invertible with respect to each input given all other inputs.

Assumption C.7 (Subtask Independence Assumption). Each subtask z; € Z in f is indepen-
dent of the states and actions, and hence independent of the observed reward, R, (s,a), such that
E[f(Rn(s,a), Z1n, Zons - Zim)] = FE[RW(8,a)], Z1m, Z2ms - - -y Zion), where E denotes any
expectation taken with respect to the states and actions.

Assumptions C.6 and C.7 outline the subtask-related requirements. Assumption C.6 ensures that
we can explicitly write out the update C.3, and Assumption C.7 ensures that we do not break the
Markov property in the process (i.e., we preserve the Markov property by ensuring that the subtasks
are independent of the states and actions, and thereby also independent of the observed reward).

We next point out that it is easy to verify that under Assumption C.1, the following system of
equations:

vr(s) = Zﬂ'(a | S)Zp(s’,f | 5,a)(F — Tr + vr(s")), forall s € S,
‘ 11
= Zw(a | S)Zp(s/,r | s,a)(f(ry 21,22, 2) — Tr + 0 (8")),

and,

= Ro=1 (D e =D W), (€12)
im — Zio =i (Z v = VO) forall z; € Z, (C.13)
has a unique solution of v,, where 7, denotes the average-reward induced by following a given

policy, 7, and z; . denotes the corresponding subtask value for subtask z; € Z. Denote this unique
solution of v, as V.

We are now ready to state the convergence theorem:

Theorem C.1.1 (Convergence of General RED TD). If Assumptions C.1 — C.7 hold, then General
RED TD (Equations C.1 — C.5) converges a.s., Ry, to T, Z; n 10 2 » V2; € Z, and Vy, 10 V.

We prove this theorem in the following section. To do so, we first show that General RED TD is
of the same form as General Differential TD from Wan et al. (2021), which consequently allows us
to apply their convergence results for the value function and average-reward estimates of General
Differential TD to General RED TD. We then build upon these results, using similar techniques as
Wan et al. (2021), to show that the subtask estimates converge as well.

C.1.1 PROOF OF THEOREM C.1.1

Convergence of the average-reward and state-value function estimates:

Consider the increment to R,, at each step. We can see from Equation C.2 that the increment is 7,
times the increment to V,,. As such, as was done in Wan et al. (2021), we can write the cumulative
increment as follows:
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n—1
R, — Ry=n, Z Z . (,s)Pi(5)05(s)I{s € Y;}
j=0 s
=Tr (ZVn _ZVO)
:>Rn:anVn_anVO+R0:nTZVn_C; (C]4)
where ¢ =, > Vo — Ry. (C.15)

We can then substitute R,, in C.1 with C.14 Vs € S, which yields:
Vn+1(8) = Vn(s) +...
)P (5) (R, An(5) + Va(Sh(5, An(s)) = Va() =03 Vi +¢) I{s € Ya}

Va1 (s) = Vn(s)
0uria(3) (5, A0(9) + Va8 (5, An())) = Vals) =0 3 V) Is € Vo

+

(C.16)
where R, (s, An(5)) = Ry (s, An(s)) + ¢ = F(Ru(5, An(5))s Zin, Zomy - -+ > Zim) + €.

Equation C.16 is now in the same form as Equation (B.37) (i.e., General Differential TD) from Wan
et al. (2021), who showed that the equation converges a.s. V;, to v, as n — oo. Moreover, from
this result, Wan et al. (2021) showed that R,, converges a.s. to 7, as n — co. Given that General
RED TD adheres to all the assumptions listed for General Differential TD in Wan et al. (2021),
these convergence results apply to General RED TD.

Convergence of the subtask estimates:

Consider the increment to Z; ,, (for an arbitrary subtask z; € Z) at each step. Given Equation 14, we
can write the increment in Equation C.3 as some constant, subtask-specific fraction of the increment
to V,,. Consequently, we can write the cumulative increment as follows:

n—1
Zi,n - Zi,O = Tz Z Z au(j,s)pj (S)ﬂi,j(s)l{s € }/}}

j=0 s
n—1

=Mz Z Z()‘V(j,S)pj (s)bid;(s)I{s € Y;}

=0 s

=1 (ZVn_ZVO)

— Zi,n:mZVn*mZVo+Zi,o:TliZVn*C, (C.17)

where,
c=n» Vo— Zio, and (C.18)
M = 1z bi. (C.19)

Now, let f(Z; ,,) be shorthand for the subtask function (i.e., R, (s, A,(s))). We can substitute Z; ,,
in C.1 with C.17 Vs € § as follows:
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Vn+1(3) = Vn(s) + ...
()P0 (5) (Bnls, An(s) = R+ V(S0 (s, An(s)) = Vals) ) I{s € Yo}

= Voy1(s) = Vi(s) + .
Qy(n,s)Pn (8 s) (f(Z - R+ Vi (S5, (s, An(s))) — Vn(s)) I{s €Yy}

==V, n+1 S) + .

———

Q)5 ( S Vi —6) = Rt V(Sh(5. An()) = Vals) | I{s € Vi)
Z’Ln

= Vi1 (s) = Vi(s) + ...
nisypa(s) (F(Zin) = R4 Va(S, (5, An(s)) = Va(s)) I{s € Y2}

(C.20)

where, R, = f(Zin) = f(Zin+c¢) = h(R,). Here, h(R,,) corresponds to the change in R,, due to
shifting subtask Z; ,, by c. Denote the inverse of h(R,,) (which exists given Assumption C.6) as b~

Now consider an MDP, M, which has rewards, R, corresponding to rewards modified by / from the
MDP M, has the same state and action spaces as M, and has the transition probabilities defined as:

P 1() | s,a) = p(s',7 | 5,a), (C.21)

such that M = (S, A, R, p). It is easy to check that the unichain assumption holds for the trans-
formed MDP M. As such, and given Assumptions C.6 and C.7, the average-reward induced by
following policy 7 for the MDP M, 7, can be written as follows:

e = h(re). €22)

Now, because

vm(s):z (a]s) Zps 7l s,a)(F +voo(s') — ) (from C.11)
_Z (a]s) Zps 7| 8,a)(F+ v (s)) — R (7)) (from C.22)
:Zﬂ'a|32ps,r|s,a h(F) + Voo (s') — 7x)  (by linearity of h)
= Zajﬂ(a | 5) Y B(s',7 | 5,0)(F + veo(s') = ) (from C.21),

we can see that v, is a solution of not just the state-value Bellman equation for the MDP M, but
also the state-value Bellman equation for the transformed MDP M.

Next, we can write the subtask value induced by following policy 7 for the MDP M, % > as follows:
Zig = 2z +cC (C.23)
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We can then combine Equations C.13, C.18, and C.23, which yields:
Zin =T Y Voo (C.24)

Next, we can combine Equation C.17 with the result from Wan et al. (2021) which shows that
V.. = v, which yields:

Zi =1 Y Voo — C. (C.25)

Moreover, because Z; . = 7; > Voo (Equation C.24), we have:

Zi,n — 731"71. —C. (C.26)

Finally, because 2; . = z; » + ¢ (Equation C.23), we have:

Zin = Zix A8.85 N — 00. (C.27)
This completes the proof of Theorem C.1.1.

C.2 CONVERGENCE PROOF FOR THE TABULAR RED Q-LEARNING ALGORITHM

In this section, we present the proof for the convergence of the value function, average-reward,
and subtask estimates of the RED Q-learning algorithm. Similar to what was done in Wan et al.
(2021), we will begin by considering a general algorithm, called General RED Q. We will first define
General RED Q, then show how the RED Q-learning algorithm is a special case of this algorithm.
We will then provide necessary assumptions, state the convergence theorem of General RED Q,
and then provide a proof for the theorem, where we show that the value function, average-reward,
and subtask estimates converge, thereby showing that the RED Q-learning algorithm converges. We
begin by introducing the General RED Q algorithm:

First consider an MDP M = (S, A, R,p). Given a state s € S, action a € A, and discrete step
n > 0, let R,(s,a) € R denote a sample of the resulting reward, and let S} (s,a) ~ p(-,- | s,a)
denote a sample of the resulting state. Let {Y},} be a set-valued process taking values in the set of
nonempty subsets of S x A, such that: Y;, = {(s,a) : (s, a) component of the |S x .A|-sized table of
state-action value estimates, @, that was updated at step n}. Let v(n, s,a) = >°7_( I{(s, a) € Y;},
where I is the indicator function, such that v(n, s, a) represents the number of times the (s, a)
component of () was updated up to step n.

Now, let f be a valid subtask function (see Definition 5.1), such that Rn(s, a) =
f(Run(s,a),Z1 ny Zom, .-, Zny) for k subtasks € Z, where ]:En(s, a) is the extended reward, £
is the set of subtasks, and Z; ,, denotes the estimate of subtask z; € Z at step n. Consider an MDP
with the extended reward: M = (S, A, R, p), such that Rn(s, a) € R. The update rules of General
RED Q for this MDP are as follows:

Qny1(5,a) = Qn(s,0) + ay(n,s,0)0n(s,a)I{(s,a) €Y, }, VseS,acA, (C.28)
Rn,i1 =R, +n, Z Ay (n,s,a)0n (8, a)I{(s,a) € Yy}, (C.29)

s,a
Ziq,n-i-l = Zim + Nz; Z au(n,s,a)ﬁim(sa a)l{<5a a) S Yn}7 VZZ €z (C3O)

where,
6n(s,a) = Ry(s,a) — R, + max Qn(S;,(s,a),a") — Qn(s,a)

_ C.31
= f(Rn(57 CL), Zl,na Z2,n7 ey Zk,n) - Rn + ma/‘X Qn(S;L(Sa Cl), a/) - Qn(57 a)a ( )

and,

5i,n(57a) = (bzi,n - Zi;ru VZ’L S Z. (C32)
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Here, R,, denotes the estimate of the average-reward (see Equation 2), d,,(s, a) denotes the TD error,
7 and 7)., are positive scalars, ¢, ,, denotes the inverse of the TD error (i.e., Equation C.31) with
respect to subtask estimate Z; ,, given all other inputs when 6,,(s,a) = 0, and Qy(n,s,a) denotes
the step size at time step n for state-action pair (s, a). In this case, the step size depends on the
sequence {ay, }, as well as the number of visitations to the state-action pair (s, a), which is denoted
by v(n, s, a).

We now show that the RED Q-learning algorithm is a special case of the General RED Q algorithm.
Consider a sequence of experience from our MDP M: Sy, A;, Ryy1, St41,... . Now recall the
set-valued process {Y,, }. If we let n = time step ¢, we have:

_ Jl,s=Sanda = Ay,
Yi(s,a) = {()7 otherwise,
as well as S}, (Sy, Ar) = Sit1. R (S, Ap) = Rypr. and Ry, (Sp, Ay) = Ryqr.

Hence, update rules C.28, C.29, C.30, C.31, and C.32 become:

Qi41(St, Ar) = Qi(St, Ar) + s, 4,)0t (C.33)
Qi11(8,a) = Qi(s,a),Vs # St,a # Ay, (C.34)
Riy1 = Ry + mran,s,,4,)01 (C.35)
Zit+1 = Zit + Nz Q18,40 Bits  Vzi € Z, (C.36)

0p = Rt+1 - R+ max Q+(St41,a") — Qu(St, Ap),
= f(Riy1, 21ty Zots - -+ Zt) — Re + H}gXQt(St-H, a') — Q¢(S, Ay), (€37
Bit = ¢zt — Zit, Yz € Z, (C.38)

which are RED Q-learning’s update rules with v, s, 4,) denoting the step size at time ¢.

We now specify the assumptions on General RED Q that are needed to ensure convergence. Please
refer to Wan et al. (2021) for an in-depth discussion on these assumptions:

Assumption C.8 (Communicating Assumption). The MDP has a single communicating class. That
is, each state in the MDP is accessible from every other state under some deterministic stationary
policy.

Assumption C.9 (Action-Value Function Uniqueness). There exists a unique solution of q only up
to a constant in the Bellman equation 4.

Assumption C.10 (Asynchronous Step Size Assumption 3). There exists A > 0 such that

v(n,s,a) N

- )

lim inf

as., forall s € S,a € A.

Furthermore, for all x > 0, and

N(n,x) :min{m>n: Z o >:c},

i=n—+1
the limit
v(N(n,z),s,a)
lim Zi:u(n,s,a) @
n—o00 v(N(n,x),s’,a’) .
Zi:V(TL,S/,a/) @

exists a.s. forall s,s',a,ad’.
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We next point out that it is easy to verify that under Assumption C.8, the following system of
equations:

g (s,a) = Zp(s',f | s,a)(F — Tr + max gq(s,a)), Vs€ S,a€ A,
o (C.39)
= Zp(s’,r | 5,a)(f(r, 21,29, .., 2k) — Tr + max gz (s, a)),
a

and,

~Ro=n (Y ar =D Q). (C40)
s = Zio=m (Y =Y Q) Vu€E, (C41)

has a unique solution for ¢,, where 7, denotes the optimal average-reward, and z;, denotes the
corresponding optimal subtask value for subtask z; € Z. Denote this unique solution for g, as g..

We are now ready to state the convergence theorem:

Theorem C.2.1 (Convergence of General RED Q). If Assumptions C.3, C.4, C.6, C.7, C.8, C.9, and
C.10 hold, then the General RED Q algorithm (Equations C.28-C.32) converges a.s. Ry, to T, Z; y,
to z;, Yz € Z, Qp 10 qy, Tr, 10 Ty, and z; , t0 z;, Vz; € Z, where T, is any greedy policy with
respect to 0, and z; », denotes the subtask value induced by following policy .

We prove this theorem in the following section. To do so, we first show that General RED Q is
of the same form as General Differential Q from Wan et al. (2021), which consequently allows us
to apply their convergence results for the value function and average-reward estimates of General
Differential Q to General RED Q. We then build upon these results, using similar techniques as Wan
et al. (2021), to show that the subtask estimates converge as well.

C.2.1 PROOF OF THEOREM C.2.1

Convergence of the average-reward and state-action value function estimates:

Consider the increment to R,, at each step. We can see from Equation C.29 that the increment is 7,
times the increment to (Q,,. As such, as was done in Wan et al. (2021), we can write the cumulative
increment as follows:

n—1
R, —Ro—anZa,,Jsa (s,a)I{(s,a) € Y;}
7=0 s,a
= (3 Q=Y. Q)
- Rn:anQn_nTZQO+RO:anQn_Q (C42)
where ¢ =, Y~ Qo — Ro. (C.43)

We can then substitute 2, in C.28 with C.42 Vs € S,a € A, which yields:
Qn-‘rl(sva') = QTL(S,O’) +
Qy(n,s,a) (Rn(s,a) + max Q, (S}, (s,a),a") — Qu(s,a) —n, ZQ" + c) I{(s,a) €Y, }

Qn+1(57a) = Qﬂ(sva) +
sy (Bu(5,0) +max Qu(S4(5,0),0') = Quls, @) =1, 3 Qu) H(s,0) € Yo},

(C.44)
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where, ]:2”(8, a) = Rn(s, a)+c= f(Rn(s,a),Z1n, Zan, - Zin) + C

Equation C.44 is now in the same form as Equation (B.14) (i.e., General Differential Q) from Wan
etal. (2021), who showed that the equation converges a.s. @, to g, as n — co. Moreover, from this
result, Wan et al. (2021) showed that R,, converges a.s. to 7, as n — 00, and that 7, converges a.s.
to 7., where 7; is a greedy policy with respect to ;. Given that General RED Q adheres to all the
assumptions listed for General Differential Q in Wan et al. (2021), these convergence results apply
to General RED Q.

Convergence of the subtask estimates:

Consider the increment to Z;,, (for an arbitrary subtask z; € Z) at each step. Given Equation
14, we can write the increment in Equation C.30 as some constant, subtask-specific fraction of the
increment to (Q,,. Consequently, we can write the cumulative increment as follows:

n—1
Zim — Zi0 =Nz, Z Zau(j,s,a)ﬂi,j(&a)]{(& a) € Y;}
=0 s,a
-
=N, Z Zay(jys’a)biéj(s,a)l{(s, a) €Y;}
7=0 s,a
=i (D Qn > Q)
— Zin=0i Y Qn—1iY Qo+ Zio=mY Qn—c (C.45)
where,
c=nY Qo Zig, and (C.46)
i = 12, b;. (C47)

Now, let f(Z; ) be shorthand for the subtask function (i.e., Rn(s, a)). We can substitute Z; ,, in
C.28 with C.45Vs € S, a € A as follows:

Qnyi1(s,a) =Qn(s,a)+ ...
Ay (n,s,a) (Rn(57a) — R + ma/XQn(S;l(S, CL),CL/) — Qn(s,a)> I{(s,a) c }/’n}

= Qnt1(s,a) = Qn(s,a) + ...
Y (n,s,a) (f(ZZv”) - R+ H}f?‘x QH(S;L(Sa a)v al) - Qn(& a)) I{(S, (L) € Yn}

= Qnt1(s,a) = Qn(s,a) + ...

Ay (n,s,a) f(nz ZQn _C) - R + HE}X Qn(S;z(& a),a’) - Qn(saa) I{(S, a) € Yn}
———

Zin

= Qnt1(s,a) = Qn(s,a)+ ...
Ay (n,s,a) (f(Zz,n) —R+ H’}IE/%X Qn(S;L(S, CL), (ll) — an(s7 a)) I{(57 a) c Yn}
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- Qn,+1(57a) = QTL(Sv Cl) +
Xy (n,s,a) (Rn -R + max Qn(s’:b(‘S? a)a a/) - Qn(sv CL)) I{(S’ Cl) € Yn}?
(C.48)

where, R, = f(Zin) = f(Zin+c) = h(R,). Here, h(Ry,) corresponds to the change in R,, due to
shifting subtask Z; ,, by c. Denote the inverse of h(R,,) (which exists given Assumption C.6) as h .

Now consider an MDP, M, which has rewards, R, corresponding to rewards modified by / from the
MDP M, has the same state and action spaces as M, and has the transition probabilities defined as:

p(s',h(F) | s,a) =p(s',7 | s,a), (C.49)

such that M = (S, A, R, p). It is easy to check that the communicating assumption holds for the
transformed MDP M. As such, and given Assumptions C.6 and C.7, the optimal average-reward
for the MDP M, 7., can be written as follows:

7. = h(7). (C.50)
Now, because
G« (s,a) = Zp(s’, 7| s,a)(7 + maxg.(s’,a’) —7,) (from C.39)

s’ T

= Zp (s',7 | s a)(r—i—maxq*(s a') —h~Y(#,)) (from C.50)
= Zp s',7 | s,a)(h(F) + max g.(s’,a’) —7.) (by linearity of h)

= Zﬁ s',7 | 5,a) (7 + maxq.(s',a’) —7.) (from C.49),

s’ 7
we can see that g, is a solution of not just the state-action value Bellman equation for the MDP M,
but also the state-action value Bellman equation for the transformed MDP M.

Next, we can write the optimal subtask value for the MDP M, Z;. , as follows:
=2z, +ec (C.51)

Ziy

We can then combine Equations C.41, C.46, and C.51, which yields:
B =) G (C.52)

Next, we can combine Equation C.45 with the result from Wan et al. (2021) which shows that
Qn — qs, which yields:

Zim =M Y 0 —c. (C.53)

Moreover, because 7; Y q. = 2;, (Equation C.52), we have:

Finally, because z;, = z;, + ¢ (Equation C.51), we have:
Zin —> %, a.8.as 1 — 00. (C.55)

We conclude by considering z; », Vz; € Z, where m; is a greedy policy with respect to Q;. Given
Definition 5.1, and that 7, — 7, a.s., it directly follows that z; ., — 2z;, Vz; € Z a.s.

This completes the proof of Theorem C.2.1.
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D LEVERAGING THE RED RL FRAMEWORK FOR CVAR OPTIMIZATION

This appendix contains details regarding the adaptation of the RED RL framework for CVaR opti-
mization. We first derive an appropriate subtask function, then use it to adapt the RED RL algorithms
(see Appendix B) for CVaR optimization. In doing so, we arrive at the RED CVaR algorithms, which
are presented in full at the end of this appendix. These RED CVaR algorithms allow us to optimize
CVaR (and VaR) without the use of an augmented state-space or an explicit bi-level optimization.
We also provide a convergence proof for the tabular RED CVaR Q-learning algorithm, which shows
that the VaR and CVaR estimates converge to the optimal long-run VaR and CVaR, respectively.

D.1 A SUBTASK-DRIVEN APPROACH FOR CVAR OPTIMIZATION

In this section, we use the RED RL framework to derive a subtask-driven approach for CVaR op-
timization that does not require an augmented state-space or an explicit bi-level optimization. To
begin, let us consider Equation 7, which is displayed below as Equation D.1 for convenience:

CVaR,(R;) =supE[b — 1(b — R)™] (D.1a)
beR T
= E[VaR,(R;) — %(VaRT(Rt) ~ R, (D.1b)

where the CVaR parameter, 7 € (0, 1), represents the left 7-quantile of the random variable, R;,
which corresponds to the observed per-step reward from the MDP.

We can see from Equation D.1 that CVaR can be interpreted as an expectation (or average) of sorts,
which suggests that it may be possible to leverage the average-reward MDP to optimize this expec-
tation, by treating the reward CVaR as the 7, that we want to optimize. However, this requires that
we know the optimal value of the scalar b, because the expectation in Equation D.1b only holds for
this optimal value (which corresponds to the per-step reward VaR). Unfortunately, this optimal value
is typically not known beforehand, so in order to optimize CVaR, we also need to optimize b.

Importantly, we can utilize RED RL framework to turn the optimization of b into a subtask, such
that CVaR is the primary control objective (i.e., the 7, that we want to optimize), and VaR (b in
Equation D.1), is the (single) subtask. This is in contrast to existing MDP-based methods, which
typically leverage Equation D.1 when optimizing for CVaR by augmenting the state-space with an
estimate of VaR,(R) (in this case, b), and solving the bi-level optimization shown in Equation 8,
thereby increasing computational costs.

First, we need to derive a valid subtask function for CVaR that satisfies the requirements of Definition
5.1. As a starting point, let us consider Equation D.1. We can see that if we treat the expression
inside the expectation in Equation D.1 as our subtask function, f (see Definition 5.1), then we have
a piecewise linear subtask function that is invertible with respect to each input given all other inputs,
where the subtask, VaR, is independent of the observed per-step reward. Now, if we directly used
this expression as the subtask function and applied the RED RL framework, then we would have an
estimate of VaR, in this case b, that we would try to optimize in the hopes that we eventually find
our desired solution, such that b = VaR. However, there is nothing in this tentative subtask function
that incentivizes our algorithm to seek out an estimate of b that is close to the actual VaR value. This
means that, hypothetically, our algorithm could find some optimal solution such that b # VaR.

Hence, we need to modify Equation D.1 in such a way that incentivizes our algorithm to seek out
an estimate of b that is close to the actual VaR value. It turns out that we can make the appropriate
modification to Equation D.1 by leveraging a concept from quantile regression (Koenker, 2005).
Quantile regression refers to the process of estimating a predetermined quantile of a probability
distribution from samples. More specifically, let 7 € (0, 1) be the 7th quantile (or percentile) that
we are trying to estimate from probability distribution w. Hence, the value that we are interested in
estimating is 1(7'). Quantile regression maintains an estimate, ¢, of this value, and updates the
estimate based on samples drawn from w (i.e., y ~ w) as follows:

0«0+ 779(7' — ]l{y<9}), D.2)

where 79 is the step size for the update. The estimate for # will continue to adjust until the equilib-
rium point, #*, which corresponds to F, 1 (7), is reached. In other words, we have:
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0=E[(1T — Tiy<py)] (D.3a)
=7 —E[l{y<p-y)] (D.3b)
=7—Ply <0 (D.3c)
= 0" = F, (7). (D.3d)
Equivalently, we also have:
0=E[((1—-7)— Ly>p-})] (D.4a)
=1 —7)—E[lyy>y)] (D.4b)
=(1-7)-Py=>6) (D.4c)
— 0" =F, (7). (D.4d)

In our case, we are not interested in performing quantile regression as described in Equation D.2 (as
we will show later in this section, the RED RL framework allows us to use the TD error to update
our estimate of the desired quantile, VaR). However, we can augment Equation D.1 with Equations
D.3 and D.4 as follows:

CVaR,(R;) =supE[b — l(b — Ri)*] (D.5a)
beR T
= sup {E[b— 1(b—Rt)Jr] —0—0} (D.5b)
beER T
= sup {E[b — l(b —R)T] =10 - 020} (D.5c)
beR T
1
—sup {BD~ L0~ RO~ xSl - L] - aBI((1 - ) ~ L)
(D.5d)
1
—sup{E 0= 20- R)T - et~ Lna) — a1 - 1) - L)
beR T
(D.5e)
1
= E[VaRT(Rt) - ;(VaRT(Rt) - Rt)+ —C1 (’T - ]l{Rt<VaRT(Rt)}) e (DSf)

— e ((1=7) = L(r,>var, (B)})]»

where, ¢ and c; are positive scalars. Here, we have essentially added a ‘penalty’ into the expectation
for having a VaR estimate that does not equal the actual VaR value. With this, we have narrowed
the set of possible solutions that maximize the expectation, to those that have an acceptable VaR
estimate. Consequently, we can now adapt Equation D.5 as our subtask function, as follows:

. 1
R; = VaR — ;(VaR —R)Y =1 (7= 1gp,cvry) — 2 (1 = 7) — LR, >var}) 5 (D.6)

where, R; is the observed per-step reward, R, is the extended per-step reward, VaR is the value-at-
risk of the observed per-step reward, 7 is the CVaR parameter, and c; and co are positive scalars.
Empirically, we found that setting ¢; = 1.0 and ¢ = (1 — 7) yielded good results. Importantly,
this is a valid subtask function with the following properties: the average (or expected value) of the
extended reward corresponds to the CVaR of the observed reward, and the optimal average of the
extended reward corresponds to the optimal CVaR of the observed reward. This is formalized as
Corollaries D.1 - D.4 below:
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Corollary D.1. The function presented in Equation D.6 is a valid subtask function.

Proof. The function presented in Equation D.6 is clearly a piecewise linear function that is invertible
with respect to each input given all other inputs. Moreover, the subtask, VaR, is independent of the
observed per-step reward. Hence, this function satisfies Definition 5.1 for the subtask, VaR. O

Corollary D.2. If the subtask, VaR (from Equation D.6) is estimated, and such an estimate is equal
to the long-run VaR of the observed reward, then the average (or expected value) of the extended
reward, Ry, from Equation D.6 is equal to the long-run CVaR of the observed reward.

Proof. This follows directly from Equation D.5f. O

Corollary D.3. If the subtask, VaR (from Equation D.6) is estimated, and the resulting average of
the extended reward from Equation D.6 is equal to the long-run CVaR of the observed reward, then
the VaR estimate is equal to the long-run VaR of the observed reward.

Proof. This follows directly from Equation D.5f. O

Corollary D.4. A policy that yields an optimal long-run average of the extended reward, Ry, from
Equation D.6 is a CVaR-optimal policy. In other words, the optimal long-run average of the extended
reward corresponds to the optimal long-run CVaR of the observed reward.

Proof. For a given policy, we know from Equation D.5e that, across a range of VaR estimates, the
best possible long-run average of the extended reward for that policy corresponds to the long-run
CVaR of the observed reward for that same policy. Hence, the best possible long-run average of the
extended reward that can be achieved across various policies and VaR estimates, corresponds to the
optimal long-run CVaR of the observed reward. O

As such, we now have a valid subtask function with a subtask, VaR, and an extended reward average
that when optimized, corresponds to the optimal CVaR of the observed reward. We are now ready
to apply the RED RL framework. First, we derive the learning update for our subtask, VaR, using
the methods shown in Theorem 5.1. In particular, we provide a theorem, which is a CVaR-specific
version of Theorem 5.1, which shows that we can optimize our subtask, VaR, using the TD error.

Theorem D.1.1. Given the subtask function presented in Equation D.6, an average-reward MDP
can optimize the VaR estimate using the TD error.

Proof. From Corollary D.1, we know that R, = VaR — %(VaR —Ry)" — 1 (T — Lyp,<var}) —
Cy ((1 —7) =1y RQVaR}) is a valid subtask function (as per Definition 5.1), where R; is the ob-

served per-step reward, R; is the extended per-step reward whose long-run average, 7, is the pri-
mary prediction or control objective, 7 is the CVaR parameter, and c; and cp are positive scalars.

‘We can write the TD error for the control case as follows:
6t =R, — R, + max Qi(Siy1,a") — Qu(Sy, Ay) (D.7a)

1
= VaRt — ;(VaRt — Rt)+ — C1 (7' — ]1{R1<VaRt}) e

_ (D.7b)
—c2 ((1=7) = Lr,>var,}) — Re + max Q+(St41,a") — Qu(St, As).

where Q; : S x A — R denotes a table of state-action value function estimates, R; denotes an
estimate of the average-reward, 7, and VaR; is the VaR estimate at time ¢.
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Similarly, we can incorporate the subtask function into the Bellman equation 4 and solve for VaR as
follows:

4n(s,0) = Ex[Ry — T + max ¢r (St11,a’) | Sp = s, Ay = ] (D.8a)

1
= E,,[VaR - ;(VaR - Rt)+ —C1 (T - ]l{Rt<VaR}) PN

—C ((1 -7)— ]I{RtEVaR}) — T+ Hf}XQw(StH,a/) | S¢ =5, Ay = a

(D.8b)
— VaR = E[py,, | 5 = s, A, = al, (D.8c¢)
where,
—(—e17 4 coT — Tr + maxy ¢r(Sty1,0’) — ¢r(s,a)), Ry > VaR
Dur, =

(7%)(2R; — c1(m — 1) — c2(1 = 7) — 7 + maxy ¢r(Sit1,a’) — ¢x(s,a)), Ry < VaR.
(D.8d)

Here, we use ¢, , to denote the (piecewise) expression inside the expectation in Equation D.8c.
Thus, as in Theorem 5.1, we can utilize the common RL update rule to learn VaR from experience,
which yields the update:

VaRt+1 = VaRt + naog [¢VaR,t — VaRt], (D9)
where, VaR; is the VaR estimate at time ¢, and no; is the step size. With some algebra, the above
expression can be re-written in terms of the TD error (see Equation D.7), as follows:

VaRt - 7]0[t5t, Rt 2 VaRt
VaR;;1 = D.10
Ao+ {VaRt + nat(ﬁ)ét, Rt < VaRt ’ ( )
where, R; is the observed reward at time ¢, d; is the TD error, 1o is the step size, and 7 is the CVaR
parameter. Importantly, this implies that minimizing the TD error is equivalent to optimizing the
VaR estimate. This completes the proof of Theorem D.1.1. O

Hence, we now have an update rule that allows us to optimize VaR using the TD error. Importantly,
this means that we now have all the components needed to utilize the RED algorithms in Appendix
B to optimize CVaR (where CVaR corresponds to the 7, that we want to optimize). We call these
CVaR-specific algorithms, the RED CVaR algorithms. The full algorithms are included at the end of
this appendix. We now present the tabular RED CVaR Q-learning algorithm, along with a conver-
gence proof which shows that the VaR and CVaR estimates converge to the optimal long-run VaR
and CVaR of the observed reward, respectively.

RED CVaR Q-learning algorithm (tabular): We update a table of estimates, @Q; : S x A — R

as follows:

~ 1

Rt = VaRt - ;(VaRt - Rt)+ —C1 (T — ]l{Rg<VaRt}) — C2 ((1 - 7') - ]l{RtEVaRt}) (Dlla)

6 = Ry11 — CVaR, + max Qt(Sit1,a) — Qi(St, Ay) (D.11b)

Qt+1(st,At) = Qt(StaAt) +Oét(st (DllC)

Qit1(s,a) = Qu(s,a), Vs,a# Sy, Ay (D.11d)

CVaRt_,_l = CVaRt + Tevar atptcst (Dl le)

VaRt - atét, Rt > VaRt

VaR;;1 = ViR D.11

aRe+1 {VaRt + nVaRat(i)ét, Rt < VaRt ’ ( f)

where, R; is the observed reward, VaR; is the VaR estimate, o is the step size, J; is the TD error,
CVaR; is the CVaR estimate, and 7., , 7., are positive scalars.
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We now provide a theorem for our tabular RED CVaR Q-learning algorithm, which shows that
CVaR; converges to the optimal long-run CVaR of the observed reward, CVaR*, VaR; converges
to the optimal long-run VaR of the observed reward, VaR*, and ), converges to a solution of ¢ in
Equation 4, all up to an additive constant:

Theorem D.1.2. The RED CVaR Q-learning algorithm D.11 converges, almost surely, CVaR; to
CVaR*, VaR; to VaR*, CVaR,, to CVaR*, VaR,, to VaR", and Q; to a solution of q in the Bellman
Equation 4, up to an additive constant, c, where T is any greedy policy with respect to Qy, if the
following assumptions hold: 1) the MDP is communicating, 2) the solution of q in 4 is unique up to
a constant, 3) the step sizes are decreased appropriately, 4) all the state—action pairs are updated
an infinite number of times, 5) the ratio of the update frequency of the most-updated state—action
pair to the least-updated state—action pair is finite, and 6) the subtask function is in accordance with
Definition 5.1.

Proof. By definition, the RED CVaR Q-learning algorithm D.11 is of the form of the generic RED
Q-learning algorithm 16, where CVaR; corresponds to R; and VaR; corresponds to Z; ; for a single
subtask. We also know from Corollary D.1 that the subtask function used is valid. Hence, Theorem
5.3 applies, such that:

i) CVaR; and CVaR,, converge a.s. to the optimal long-run average, 7+, of the extended reward
from the subtask function (i.e., the optimal long-run average of R;),

ii) VaR; and VaR, converge a.s. to the corresponding optimal subtask value, z*, and
iii) (Q; converges to a solution of ¢ in the Bellman Equation 4,

all up to an additive constant, c.

Hence, to complete the proof, we need to show that 7 = CVaR* and 2% = VaR*:

From Corollary D.4 we know that the optimal long-run average of the extended reward corresponds
to the optimal long-run CVaR of the observed reward, hence we can conclude that 7+ = CVaR".
Finally, from Corollary D.3 we can deduce that since CVaR; converges a.s. to CVaR*, then z* must
correspond to VaR*. This completes the proof. O

As such, with the RED CVaR Q-learning algorithm, we now have a way to optimize the long-run
CVaR (and VaR) of the observed reward without the use of an augmented state-space, or an explicit
bi-level optimization.

A natural question to ask would be whether we can extend these convergence results to the prediction
case. In other words, can we show that a tabular RED CVaR TD-learning algorithm will converge to
the long-run VaR and CVaR of the observed reward induced by following a given policy? It turns out
that, because we are not optimizing the expectation in Equation D.5e when doing prediction (we are
only learning it), we cannot guarantee that we will eventually find the optimal VaR estimate, which
implies that we may not recover the CVaR value (since Equation D.5f only holds to the optimal VaR
value). However, this is not to say that a RED CVaR TD-learning algorithm has no use. In fact, we
do use such an algorithm as part of an actor-critic architecture for optimizing CVaR in the inverted
pendulum experiment (see Appendix E). Empirically, as discussed in Appendix E, we find that this
actor-critic approach is able to find the optimal CVaR policy.

We end this section by briefly noting that in the risk measure literature, risk measures are typically
classified into two categories: static or dynamic. This classification is based on the time consistency
of the risk measure that one aims to optimize (Boda and Filar, 2006). Curiously, in our case the CVaR
that we aim to optimize does not fit into either category perfectly. One could make the argument
that the CVaR that we aim to optimize most closely matches the static category, given that there is
some time inconsistency before ¢ — co. Conversely, one could make a different argument that the
CVaR that we aim to optimize most closely resembles the dynamic category since the sum over ¢ for
the average-reward is outside of the CVaR operator (see Theorem 1 of Xia et al. (2023)), such that
an optimal deterministic stationary policy exists (unlike the static case; see Béuerle and Ott (2011)).
This does not affect the significance of our results, but rather suggests that a third category of risk
measures may be needed to capture such nuances that occur in the average-reward setting.
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D.2 RED CVAR ALGORITHMS

Below is the pseudocode for the RED CVaR algorithms. Empirically, we found that setting ¢; = 1.0
and co = (1 — 7) yielded good results.

Algorithm 5 RED CVaR Q-Learning (Tabular)
Input: the policy 7 to be used (e.g., e-greedy)
Algorithm parameters: step size parameters v, 7., Myv.z» C VaR parameter 7, scalars ¢y, ca
Initialize Q(s, a) Vs, a (e.g. to zero)
Initialize CVaR arbitrarily (e.g. to zero)
Initialize VaR arbitrarily (e.g. to zero)
Obtain initial S
while still time to train do
A < action given by 7 for S
Take action A, observe R, S’
R =VaR — L max{VaR — R,0} — ¢1(7 — L{r<vary) — ¢2 (1 = 7) — L{r>var})
d = R — CVaR + max, Q(S5',a) — Q(S, 4)
if R > VaR then
VaR = VaR — ), aé
else
VaR = VaR + 7, a(775)0
end if
CVaR = CVaR + n ., ad
Q(S,A) = Q(S, A) + ad
/

end while
return )

Algorithm 6 RED CVaR Actor-Critic

Input: a differentiable state-value function parameterization 9(s, w); a differentiable policy pa-
rameterization 7(a | s, 8)
Algorithm parameters: step size parameters &, 1, My s C YaR parameter 7, scalars ¢y, ca
state-value weights w € R and policy weights 8 € R? (e.g. to 0)
Initialize CVaR arbitrarily (e.g. to zero)
Initialize VaR arbitrarily (e.g. to zero)
Obtain initial S
while still time to train do
A~m(-]5,0)
Take action A, observe R, S’
R =VaR — L max{VaR — R,0} — c1(7 — L{grevar}) — ¢2 ((1 = 7) — L{p>vir})
d =R —CVaR + 9(5,w) — 0(S, w)
if R > VaR then
VaR = VaR — . aé
else
VaR = VaR + 1, a(17)d
end if
CVaR = CVaR + 7, @
w=w + adVi(S,w)
0 =6+ n,adVinm(A | S,0)
Sl

end while
return w, 6
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E NUMERICAL EXPERIMENTS

This appendix contains details regarding the numerical experiments performed as part of this work.
We discuss the experiments performed in the red-pill blue-pill environment (see Appendix F for
more details on the red-pill blue-pill environment), as well as the experiments performed in the
inverted pendulum environment. The aim of the experiments was to contrast and compare the RED
RL algorithms (see Appendix D) with the Differential learning algorithms from Wan et al. (2021)
in the context of CVaR optimization. In particular, we aimed to show how the RED RL algorithms
could be utilized to optimize for CVaR (without the use of an augmented state-space or an explicit bi-
level optimization scheme), and contrast the results to those of the Differential learning algorithms,
which served as a sort of ‘baseline’ to illustrate how our risk-aware approach contrasts a risk-neutral
approach. In other words, we aimed to show whether our algorithms could successfully enable a
learning agent to act in a risk-aware manner instead of the usual risk-neutral manner.

In terms of the algorithms used, Algorithm 5 corresponds to the RED CVaR Q-learning algorithm
used in the red-pill blue-pill experiment, and Algorithm 6 corresponds to the RED CVaR Actor-
Critic algorithm used in the inverted pendulum experiment. In terms of the Differential learning
algorithms used for comparison (see Appendix E.5 for the full algorithms), Algorithm 7 corresponds
to the Differential Q-learning algorithm used in the red-pill blue-pill experiment, and Algorithm 8
corresponds to the Differential Actor-Critic algorithm used in the inverted pendulum experiment.
For all experiments, we set ¢; = 1.0 and ¢; = (1 — 7) in the RED CVaR algorithms.

E.1 RED-PILL BLUE-PILL EXPERIMENT

In the first experiment, we consider a two-state environment that we created for the purposes of
testing our algorithms. It is called the red-pill blue-pill environment (see Appendix E), where at
every time step an agent can take either a red pill, which takes them to the ‘red world’ state, or a
blue pill, which takes them to the ‘blue world’ state. Each state has its own characteristic reward
distribution, and in this case, the red world state has a reward distribution with a lower (worse) mean
but higher (better) CVaR compared to the blue world state. Hence, we would expect the regular
Differential Q-learning algorithm to learn a policy that prefers to stay in the blue world, and that the
RED CVaR Q-learning algorithm learns a policy that prefers to stay in the red world. This task is
illustrated in Fig. 1a).

For this experiment, we ran both algorithms using various combinations of step sizes for each algo-
rithm. We used an e-greedy policy with a fixed epsilon of 0.1, and a CVaR parameter, 7, of 0.25.
We set all initial guesses to zero. We ran the algorithms for 100k time steps.

For the Differential Q-learning algorithm, we tested every combination of the value function step
size, « € {2e-1, 2e-2,2e-3, 2e-4,1/n} (where 1/n refers to a step size sequence that decreases
the step size according to the time step, n), with the average-reward step size, no, where n €
{le-4, le-3, le-2, le-1, 1.0, 2.0}, for a total of 30 unique combinations. Each combination was run
25 times using different random seeds, and the results were averaged across the runs. The resulting
(averaged) average-reward over the last 1,000 time steps is displayed in Fig. E.l1. As shown in
the figure, a value function step size of 2e-4 and an average-reward 7 of 1.0 resulted in the highest
average-reward in the final 1,000 time steps in the red-pill blue-pill task. These are the parameters
used to generate the results displayed in Fig. 2a).

For the RED CVaR Q-learning algorithm, we tested every combination of the value function
step size, o € {2e-1, 2e-2,2e-3, 2e-4,1/n}, with the average-reward (in this case CVaR) n €
{le-4, le-3, le-2, le-1, 1.0, 2.0}, and the VaR 1 € {le-4, le-3, le-2, le-1, 1.0, 2.0}, for a total of
180 unique combinations. Each combination was run 25 times using different random seeds, and
the results were averaged across the runs. The resulting (averaged) reward CVaR over the last 1,000
time steps is displayed in Fig. E.2. As shown in the figure, combinations with larger step sizes con-
verged to the optimal policy within the 100k time steps, and combinations with smaller step sizes
did not (see Section E.3 for more discussion on this point). A value function step size of 2e-2, an
average-reward (CVaR) 7 of 1e-2, and a VaR 7 of le-2 were used to generate the results displayed
in Figs. 2a) and 3.
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Figure E.1: Step size tuning results for the red-pill blue-pill task when using the Differential Q-
learning algorithm. The average-reward in the final 1,000 steps is displayed for various combinations
of value function and average-reward step sizes.
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Figure E.2: Step size tuning results for the red-pill blue-pill task when using the RED CVaR Q-
learning algorithm. Each plot represents a different 7, used: a) 2e-4; b) 2e-3; c) 2e-2; d) 2e-1;
e) 1.0; ) 2.0. Within each plot, the reward CVaR in the final 1,000 steps is displayed for various
combinations of value function and average-reward (in this case CVaR) step sizes.
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Fig. E.3a) shows the VaR and CVaR estimates as learning progresses when using the RED CVaR
Q-learning algorithm with the same step sizes used in Figures 2a) and 3. We see that the resulting
VaR and CVaR estimates generally track with what one would expect (similar values, with the VaR
value being slightly larger than the CVaR value). We can see however that these estimates do not
correspond to the actual VaR and CVaR values induced by the policy (as shown in Fig. 2a)). This
is because, as previously mentioned, the solutions to the average-reward MDP Bellman equations
(Equations 3, 4), which in this case include the VaR and CVaR estimates, are only correct up to
a constant. For comparison, we hard-coded the true VaR value and re-ran the same experiment,
and found that the agent still converged to the correct policy, this time with a CVaR estimate that
matched the actual CVaR value. Fig. E.3b) shows the results of this hard-coded VaR run.

04 .
o 5 03 == CVaR Estimate

VaR Estimate

w
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Time Step Time Step

a) b)

Figure E.3: The VaR and CVaR estimates as learning progresses when using the RED CVaR Q-
learning algorithm: a) as per usual, and b) when hard-coding the VaR estimate to the true VaR.

Follow-up Experiment: Varying the CVaR Parameter

Given the results shown in Fig. 2a), we can see that, with proper hyperparameter tuning, the tab-
ular RED CVaR Q-learning algorithm is able to reliably find the optimal CVaR policy for a CVaR
parameter, 7, of 0.25. In the context of the red-pill blue-pill environment, this means that the agent
learns to stay in the red world state because the state has a characteristic reward distribution with
a better (higher) CVaR compared to the blue world state. By contrast, the risk-neutral differential
algorithm yields an average-reward optimal policy that dictates that the agent should stay in the blue
world state because the state has a better (higher) average reward compared to the red world state.

Now consider what would happen if we used the RED CVaR Q-learning algorithm with a 7 of 0.99.
By definition, a CVaR corresponding to a 7 ~ 1.0 is equivalent to the average reward. Hence, with
a 7 of 0.99, we would expect that the optimal CVaR policy corresponds to staying in the blue world
state (since it has the better average reward). This means that for some 7 between 0.25 and 0.99,
there is a critical point where the CVaR-optimal policy changes from staying in the red world (let us
call this the red policy) to staying in the blue world state (let us call this the blue policy).

We can estimate this critical point using simple Monte Carlo (MC). We are able to use MC in this
case because both policies effectively stay in a single state (the red or blue world state), such that
the CVaR of the policies can be estimated by sampling the characteristic reward distribution of each
state, while accounting for the exploration €. Fig. E.4 shows the MC estimate of the CVaR of the
red and blue policies for a range of CVaR parameters, assuming an exploration € of 0.1. Note that
we used the same distribution parameters listed in Appendix F for the red-pill blue-pill environment.
As shown in Fig. E.4, this critical point occurs somewhere around 7 ~ 0.8.

Hence, one way that we can further validate the tabular RED CVaR Q-learning algorithm, is by
re-running the red-pill blue-pill experiment for different CVaR parameters, and seeing if the optimal
CVaR policy indeed changes at a 7 ~ 0.8. Importantly, this allows us to empirically validate whether
the algorithm actually optimizes at the desired risk level. When running this experiment, we used
the same hyperparameters used to generate the results in Fig. 2a), with the exception of using a VaR
n of le-1, as this showed slightly better performance for a broader range of CVaR parameters. We
ran the experiment for 7 € {0.1, 0.25, 0.5, 0.75, 0.85, 0.9}. For each 7, we performed 10 runs using
different random seeds, and the results were averaged across the runs.
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Figure E.4: Monte Carlo estimates of the CVaR of the red and blue policies for a range of CVaR

parameters in the red-pill blue-pill environment.

Fig. E.5 shows the results of this experiment. In particular, the figure shows a rolling percent of time
used an exploration
€ of 0.1). From the figure, we can see that for 7 € {0.1, 0.25, 0.5, 0.75}, the agent learns to stay in
world state. This is
consistent with what we would expect, given that the critical point is 7 = 0.8. Hence, these results
further validate that our algorithm is able to optimize at the desired risk level. We end by noting that
for simplicity, we used the same step sizes across the various 7’s, however, with more robust and 7-
for the experiments

that the agent stays in the blue world state as learning progresses (note that we

the red world state, and for 7 € {0.85, 0.9}, the agent learns to stay in the blue

specific hyperparameter tuning, more stable results can be obtained, especially
corresponding to 7 € {0.85, 0.9}.
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E.2 INVERTED PENDULUM EXPERIMENT

In the second experiment, we consider the well-known inverted pendulum task, where an agent
learns how to optimally balance an inverted pendulum. We chose this task because it provides us
with opportunity to test our algorithm in an environment where: 1) we must use function approxima-
tion (given the large state and action spaces), and 2) where the policy for the optimal average-reward
and the policy for the optimal reward CVaR is the same policy (i.e., the policy that best balances the
pendulum will yield a limiting reward distribution with both the optimal average-reward and reward
CVaR). This hence allows us to directly compare the performance of our RED algorithms to the
regular Differential learning algorithms, as well as to gauge how function approximation affects the
performance of our algorithms. For this task, we utilized a simple actor-critic architecture (Barto
et al., 1983; Sutton and Barto, 2018) as this allowed us to compare the performance of the (non-
tabular) RED TD-learning algorithm with a (non-tabular) Differential TD-learning algorithm. This
task is illustrated in Fig. 1b).

For this experiment, we ran both algorithms using various combinations of step sizes for each algo-
rithm. We used a fixed CVaR parameter, 7, of 0.1. We set all initial guesses to zero. We ran the
algorithms for 100k time steps. For simplicity, we used tile coding (Sutton and Barto, 2018) for both
the value function and policy parameterizations, where we parameterized a softmax policy. For each
parameterization, we used 32 tilings, each with 8 X 8 tiles. By using a linear function approximator
(i.e., tile coding), the gradients for the value function and policy parameterizations can be simplified
as follows:

Vi(s,w) = x(s), (E.1)
Vinm(a | 5,0) = @n(s,a) — Y 7w(& | s,0)zn(s,E), (E.2)
feA

where s € S, a € A, x(s) is the state feature vector, and x, (s, a) is the softmax preference vector.

For the RED CVaR Actor-Critic algorithm, we tested every combination of the value function step
size, a € {2e-2, 2e-3, 2e-4,1/n} (where 1/n refers to a step size sequence that decreases the step
size according to the time step, n), with n’s for the average-reward, VaR, and policy step sizes, na,
where 1 € {le-3, le-2, le-1, 1.0, 2.0}, for a total of 500 unique combinations. Each combination
was run 10 times using different random seeds, and the results were averaged across the runs. The
resulting (averaged) reward CVaR over the last 1,000 time steps is displayed in Fig. E.6a) and
the resulting (averaged) average-reward over the last 1,000 time steps is displayed in Fig. E.6b).
As shown in the figure, most combinations allow the algorithm to converge to the optimal policy
that balances the pendulum (as indicated by a reward CVaR and average-reward of zero). A value
function step size of 2e-3, a policy n of 1.0, an average-reward (CVaR) 7 of le-2, and a VaR 7 of
le-2 were used to generate the results displayed in Fig. 2b).

For the Differential Actor-Critic algorithm, we tested every combination of the value function step
size, a € {2e-2, 2e-3, 2e-4,1/n}, with n’s for the average-reward and policy step sizes, 7, where
n € {le-3, le-2, le-1, 1.0, 2.0}, for a total of 100 unique combinations. Each combination was run
10 times using different random seeds, and the results were averaged across the runs. The resulting
(averaged) reward CVaR over the last 1,000 time steps is displayed in Fig. E.6¢c) and the resulting
(averaged) average-reward over the last 1,000 time steps is displayed in Fig. E.6d). As shown in the
figure, most combinations allow the algorithm to converge to the optimal policy that balances the
pendulum. A value function step size of 2e-3, a policy n of 1.0, and an average-reward 7 of le-3
were used to generate the results displayed in Fig. 2b).
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Figure E.6: Step size tuning results for the inverted pendulum task when using the RED CVaR TD-
learning and Differential TD-learning algorithms (through an actor-critic architecture). Each plot
shows a histogram of either the reward CVaR or average-reward in the last 1,000 steps. More specif-
ically, the histograms show: a) the reward CVaR when using the RED algorithm; b) the average-
reward when using the RED algorithm; c) the reward CVaR when using the Differential algorithm;
d) the average-reward when using the Differential algorithm.

Fig. E.7a) shows the VaR and CVaR estimates as learning progresses when using the RED CVaR
Actor-Critic algorithm with the same step sizes used in Fig. 2b). We see that the resulting VaR
and CVaR estimates generally track with what one would expect (similar values, with the VaR
value being slightly larger than the CVaR value). We can see however that these estimates do not
correspond to the actual VaR and CVaR values induced by the policy (as shown in Fig. 2b)). This
is because, as previously mentioned, the solutions to the average-reward MDP Bellman equations
(Equations 3, 4), which in this case include the VaR and CVaR estimates, are only correct up to a
constant. For comparison, we hard-coded the true VaR value and re-ran the same experiment, and
found that the agent still converged to the correct policy, this time with a CVaR estimate that more
closely matched the actual CVaR value (note that in the inverted pendulum environment, rewards
are capped at zero). Fig. E.7b) shows the results of this hard-coded VaR run.
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Figure E.7: The VaR and CVaR estimates as learning progresses when using the RED CVaR TD-
learning algorithm (through an actor-critic architecture): a) as per usual, and b) when hard-coding
the VaR estimate to the true VaR value. Note that in the inverted pendulum environment, rewards
are capped at zero.
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E.3 ADDITIONAL COMMENTARY ON EXPERIMENTAL RESULTS

Red-Pill Blue-Pill: In the red-pill blue-pill task, we can see from Fig. E.2 that for combinations with
large step sizes, the RED CVaR Q-learning algorithm was able to successfully learn a policy, within
the 100k time steps, that prioritizes maximizing the reward CVaR over the average-reward, thereby
achieving a sort of risk-awareness. However, for combinations with smaller step sizes, particularly
for low VaR 17’s, the algorithm did not converge in the allotted training period. We re-ran some of
the combinations with constant step sizes for longer training periods, and found that the algorithm
eventually converged to the risk-aware policy given enough training time. For combinations with
the 1/n step size, we found that if the other step sizes in the combination were sufficiently small, the
algorithm would not converge to the correct policy (even with more training time). This suggests
that a more slowly-decreasing step size sequence should be used instead so that the algorithm has
more time to find the correct policy before the step sizes in the sequence become too small.

Inverted Pendulum: In the inverted pendulum task, we can see from Fig. E.6 that both algorithms
achieved similar performance, as shown by the similar histograms for both the reward CVaR and
average-reward during the final 1,000 time steps. These results suggest that both algorithms con-
verged to the same set of (sometimes sub-optimal) policies, as expected.

Overall: In both experiments, we can see that with proper hyperparameter tuning, the RED CVaR
algorithms were able to consistently and reliably find the optimal CVaR policy. The VaR and CVaR
estimates generally tracked with what one would expect (similar values, with the VaR value being
slightly larger than the CVaR value). However, these estimates were not always the same as the
actual VaR and CVaR values induced by the policy because the solutions to the average-reward
MDP Bellman equations are only correct up to a constant. This is typically not a concern, given that
the relative ordering of the policies is usually what is of interest.

E.4 COMPUTE TIME AND RESOURCES

For the red-pill blue-pill hyperparameter tuning, each case (which encompassed a specific combina-
tion of step sizes) took roughly 1 minute (total) to compute all 25 random seed runs for the case on
a single CPU, for an approximate total of 4 CPU hours. For the inverted pendulum hyperparameter
tuning, each case took roughly 5 minutes (total) to compute all 10 random seed runs for the case on
a single CPU, for an approximate total of 50 CPU hours.
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E.5 RISK-NEUTRAL DIFFERENTIAL ALGORITHMS

Below is the pseudocode for the risk-neutral differential algorithms used for comparison in our
experiments.

Algorithm 7 Differential Q-Learning (Tabular)

Input: the policy 7 to be used (e.g., e-greedy)
Algorithm parameters: step size parameters «, 7
Initialize (s, a) Vs, a (e.g. to zero)
Initialize R arbitrarily (e.g. to zero)
Obtain initial .S
while still time to train do

A < action given by 7 for S

Take action A, observe R, S’

d =R — R+ max, Q(5,a) — Q(S, A)
R=R+nad
Q(S, 4) = Q(S, A) + as
S=9

end while
return ()

Algorithm 8 Differential Actor-Critic

Input: a differentiable state-value function parameterization 9(s, w); a differentiable policy pa-
rameterization 7(a | s, 0)
Algorithm parameters: step size parameters a, 7, 1),

state-value weights w € R? and policy weights 8 € R? (e.g. to 0)
Initialize R arbitrarily (e.g. to zero)
Obtain initial S
while still time to train do
A~w(-]5,0)
Take action A, observe R, S’
5,: R_ R+ @(S/a 'lU) - ’0(571‘0)
R=R+n,ad
w=w+ adVi(S,w)
0 =6+ nadVinm(A]S,0)
sS=5
end while
return w, @
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F RED-PILL BLUE-PILL ENVIRONMENT

This appendix contains the code for the red-pill blue-pill environment introduced in this work. The
environment consists of a two-state MDP, where at every time step an agent can take either a red
pill, which takes them to the ‘red world’ state, or a blue pill, which takes them to the ‘blue world’
state. Each state has its own characteristic reward distribution, and in this case, the red world state
has a reward distribution with a lower (worse) mean but higher (better) CVaR compared to the
blue world state. More specifically, the red world state reward distribution is characterized as a
gaussian distribution with a mean of —0.7 and a standard deviation of 0.05. The blue world state is
characterized by a mixture of two gaussian distributions with means of —1.0 and —0.2, and standard
deviations of 0.05. We assume all rewards are non-positive.

The Python code for the environment is provided below:

import pandas as pd
import numpy as np

class EnvironmentRedPillBluePill:
def __init__(self, dist_.2_mix_coefficient=0.5):
# set distribution parameters

self.dist_.1 = {"mean’: -0.7, ’stdev’: 0.05}
self.dist_.2a = {’mean’: -1.0, ’stdev’: 0.05}
self.dist.2b = {’mean’: -0.2, ’stdev’: 0.05}
self.dist_.2_mix_coefficient = dist_.2_mix_coefficient

# start state

self.start_state = np.random.choice(
[’redworld’ ,
blueworld ’ |

)

def env_start(self, start_state=None):
# return initial state
if pd.isnull(start_state ):
return self.start_state
else:
return start_state

def env_step(self, state, action, terminal=False):

if action == ’red_pill *:
next_state = ‘redworld’
elif action == ’blue_pill *:
next_state = ’blueworld’
if state == ’redworld’:

reward = np.random.normal (loc=self.dist_1[ mean’],
scale=self.dist_1][’stdev’])

elif state == ’blueworld’:
dist = np.random.choice ([ *dist2a’, ’dist2b’],
p=[self.dist_.2_mix_coefficient ,
1 — self.dist_2_mix_coefficient])
if dist == ’“dist2a’:

reward = np.random.normal(loc=self.dist_2a[ mean’],
scale=self.dist_2a[’stdev’])
elif dist == ’dist2b’:
reward = np.random.normal(loc=self.dist_2b[ mean’],
scale=self.dist_2b [’ stdev’])

return min(0, reward), next_state , terminal
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