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Abstract

Decompositions of proper scores into mea-
sures of miscalibration (reliability), discrim-
ination (resolution), and uncertainty have a
long history in weather forecasting. In ma-
chine learning (ML), related calibration error
metrics are now seeing a surge of interest.
In this note, I review the close connection
between these concepts and present a small
case study on image classifiers from the lit-
erature. The study exemplifies that an ex-
clusive focus on calibration error may lead to
questionable conclusions when improvements
in calibration come at the expense of a dras-
tic decline in overall predictive performance.
I critically examine histogram binning and
show that isotonic regression produces better
overall recalibration results. A simple linear
interpolation of the isotonic fit is shown to
further improve predictive performance with-
out loss of calibration.

1 BACKGROUND & MOTIVATION

By now, the need for reliable uncertainty quantifica-
tion is widely recognized in the ML literature (e.g.,
Hullermeier and Waegeman, 2021). Probabilistic clas-
sifiers address this need by predicting class distribu-
tions. Calibration—the statistical compatibility be-
tween predictive distributions and true classes—is cru-
cial for decision-making and trustworthy AI systems
(e.g., [Vaicenavicius et al.; [2019). The predictive per-
formance of such classifiers is typically assessed us-
ing proper scoring rules (Gneiting and Rafteryl, [2007)),
which can be decomposed into miscalibration (reliabil-
ity), discrimination (resolution), and uncertainty com-
ponents (e.g., Brocker|, 2009; [Pohle, 2020]), building
on the seminal work of Sanders| (1963) and Murphy
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(1973)). In contrast, many authors in ML advocate
the use of calibration error metrics (e.g., Naeini et al.,
2015 |Guo et al.| [2017; |Kumar et al.||2019; |[Nixon et al.|
2019; |Gupta and Ramdas), [2022; |Blasiok et al.l 2023;
Rossellini et al.| [2025), often treating them as primary
evaluation criteria.

This note highlights the importance of considering cal-
ibration in the context of overall predictive perfor-
mance, critically examining a finding by |Gupta and
Ramdagd (2022)). The study aligns with recent research
that appreciates score decompositions and addresses
the interplay and tensions between calibration and
overall predictive ability (Gruber and Buettner, [2022;
Silva Filho et al.| 2023} [Machado et al.l |2024; Popor-
danoska et all, 2024 Berta et al. |2025; (Chidambaram
and Gd, 2025)). A recent strand of statistical literature
suggests the use of non-parametric isotonic regression
as a robust alternative to traditional binning-based es-
timators of score components. Here, I adapt this ap-
proach to (probabilistic) multi-class classifiers, lever-
aging work on binary classifiers (Dimitriadis et al.|
2021)), and point and distributional forecasts for real-
valued outcomes (Gneiting and Resinl 2023; |Arnold
et al],[2024). The decomposition is used to study class-
wise recalibration approaches based on histogram bin-
ning and isotonic regression. The study shows that
a simple smoothing of isotonic fits preserves discrimi-
nation effectively resulting in the best overall perfor-
mance.

2 SETTING & METHODS

This section briefly introduces the problem setup and
key tools for quantitative out-of-sample verification.

2.1 Basic Setting

Classification aims to predict the class label Y €
{1,...,k} of an instance characterized by a feature
vector X € R?. A probabilistic classifier c¢: R* —
Ap ={p = (p)h_, € [0,1]F | >_;jp;j = 1} maps the
features X to a probability distribution given by a vec-
tor of class probabilities from the probability simplex
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Aj. The variables X and Y are assumed to follow
a joint distribution P on a probability space €2, where
Py |¢(x) denotes the conditional distribution of Y given
the prediction ¢(X), and Py denotes the marginal dis-
tribution of Y. Ideally, the classifier ¢ should be cali-
brated (Vaicenavicius et al. [2019) in the sense that

Pyex) = ¢(X), (1)

while also effectively discriminating between the differ-
ent classes. Together, calibration and discrimination
are the key properties that drive the overall predictive
performance of a classifier.

2.2 Recalibration Methods

To improve calibration, classifiers are often recali-
brated using various methods (see |[Silva Filho et al.|
2023)). The common class-wise approach recalibrates
each class probability individually using a binary cali-
brator and then normalizes the resulting probabilities
(Zadrozny and Elkanl [2002). However, (Gupta and
Ramdas (2022) have recently suggested to omit the
normalization step. The proposal raises significant
conceptual and practical concerns: How can binary
class probabilities that do not sum to one be meaning-
fully interpreted or used for effective decision-making?
Rather than pursue these issues further, I reexamine
the findings by |Gupta and Ramdas| (2022)) empirically
in this note.

The subsequent case study focuses on the class-wise
approach, contrasting the use of histogram binning as
used by |Gupta and Ramdas| (2022) and isotonic re-
gression. Histogram binning partitions the unit in-
terval into a fixed number of bins, recalibrating pre-
dictions in each bin to match the conditional event
frequency of the bin. This method requires some tun-
ing of the type of binning (equal-width or equal mass)
and number of bins. In contrast, isotonic regression
(Barlow et all [1972) is a non-parametric, tuning-free
method that finds (in-sample) optimal predictions un-
der a natural monotonicity constraint via the pool-
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Figure 1: Isotonic fit (black) and smoothing via linear
interpolation anchored at bin medians (blue).

adjacent-violators algorithm. The isotonic fit is char-
acterized by its piecewise constant segments, which
give rise to a data-driven binning. The case study
also includes a simple smoothing of the isotonic fit
that linearly interpolates between bin medians, as de-
scribed in Appendix [B| and illustrated in Figure |1} to
avoid discretizing recalibrated probabilities and pre-
serve discrimination more effectively. This approach
is closely related to the method by |Jiang et al.| (2011)),
who propose a piecewise cubic Hermite spline interpo-
lation that produces a more refined smoothing.

2.3 Proper Scoring Rules

Scoring rules quantify overall predictive performance
by assigning numeric scores to prediction-observation
pairs (p,y) € A x {1,...,k}. A scoring rule S is
strictly proper if the expected score is always mini-
mized by the true class distribution, i.e.,

EypS(p,Y) <Ey.,S(¢q,Y) for all p,q € Ag,p # gq.

Here, I use the Brier score—a popular strictly proper
scoring rule dating back to [Brier| (1950)—given by

k
BS(p,y) = > (1{y = j} —p;)’ (2)

j=1

with indicator 1{y = j} equal to 1 if y = j and 0
otherwise. The Brier score is a sum of binary Brier
scores (pj, l{y = j}) — (1{y = j} — p;)? for each
class j.

2.4 Score Decompositions

The expected score S = ES(¢(X),Y) under a proper
scoring rule can be decomposed as

S = MCB - DSC + UNC, (3)

where MCB = S — ES(Py|c(x),Y) quantifies miscal-
ibration, DSC = ES(Py,Y) — ES(Py|.(x),Y) quan-
tifies discrimination, and UNC = ES(Py,Y’) (uncer-
tainty) is a reference score attained by the marginal
distribution (which is calibrated but does not discrim-
inate at all).

2.5 Calibration Error

Calibration error is typically defined as the expected
distance between predicted and true conditional dis-
tribution under a distance d: A% — [0, 00), i.e.,

CE = Ed(c(X), Py|e(x))-

When d(g,p) = Ey~p[S(¢,Y)—S(p, Y)] is the Bregman
divergence associated with a proper scoring rule S (see
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Gneiting and Raftery, 2007)), a simple calculation con-
firms that CE = MCB. In what follows, I focus on
the Brier score decomposition with its miscalibration
component as calibration error.

2.6 Estimation of Score Components

In practice, the decomposition (3) is estimated
on a test set of m prediction-observation pairs
(p1,Y1)s -+ (Pn, Yn), requiring estimates py,..., D, of
the conditional distribution Py |c(x)=p, given predic-
tion 4 = 1,...,n. Using the empirical class fre-
quencies Pg to estimate the marginal distribution, an
empirical decomposition of the average score S =

LS S(pi,yi) is obtained as
S = MCB — DSC + UNC, (4)
where ﬁC\B = § — % ZZ S(Pi, i),
DSC = 1 5, S(po, y:) — S(Bi, i), and
UNC = 2 57 S (5o, ).

Similar to the Brier score based decomposition of the
CRPS in |Arnold et al| (2024), the structure of the
Brier score in admits directly applying the decom-
position by Dimitriadis et al.| (2021) to the binary sum-
mands. This approach yields a class-wise decomposi-
tion and is equivalent to fitting an isotonic regression
separately for each class, without normalizing the re-
calibrated class probabilities. Unlike standard binning
estimators, the isotonic approach is independent of im-
plementation choices while being based on a consis-
tent estimator (Dimitriadis et al., [2021]). However, the
class-wise decomposition quantifies deviations from a
weaker form of calibration, namely, class-wise calibra-
tion (Gupta and Ramdas| [2022)) given by

P(Y =3 |pj) =p; je{l,... k}.

Appendix[A] contains additional results for an alterna-
tive mormalized decomposition that uses isotonic re-
gression with a normalization step to estimate the
conditional class probabilities p; to be plugged into
(). The normalized decomposition quantifies devia-
tions from the stronger form of calibration in ().

for all

3 CASE STUDY

The case study builds upon an experiment from |Gupta
and Ramdasg (2022)), who compared several recalibra-
tion methods for common image classifiers using a cus-
tom calibration error metric (CW-ECE) on CIFAR-10
and CIFAR-100 (Krizhevsky, 2009). In their study,
they do not use other metrics such as proper scoring
rules or classification accuracy. They propose omit-
ting the standard normalization step in class-wise re-
calibration with binary histogram binning (CW-HB),

contrasting it with the usual normalized approach (N-
HB).|Gupta and Ramdas| (2022, p. 9, bold in original)
report the following finding:

“For CW-ECE, CW-HB is the best perform-
ing method across the two datasets and all
four architectures. The N-HB method which
has been used in many CW-ECE baseline ex-
periments performs terribly. In other words,
skipping the normalization step leads to a
large improvement in CW-ECE. This obser-
vation is one of our most striking find-
ings.”

Here, I reexamine this finding via the class-wise Brier
score decomposition. The case study uses calibration
and test sets of raw model predictions from the sup-
plementary material for |Gupta and Ramdas| (2022).
The datasets include predictions from seven base mod-
els (Zagoruyko and Komodakis| [2016} Huang et al.|
2017, [Mukhoti et al.l [2020): ResNet-50, ResNet-110,
WideResNet (each trained with either Brier score or
focal loss), and DenseNet-121 (trained with focal loss).
The present study features the following recalibration
methods: histogram binning with normalization (N-
HB) and without normalization (CW-HB) as used by
Gupta and Ramdas| (2022), isotonic regression with
and without normalization (N-IR and CW-IR, respec-
tively), and the smoothed version of isotonic regression
(N-SIR and CW-SIR) introduced in Section

Table |1| presents the score decompositions along with
classification accuracy, i.e., the frequency with which
the predicted (most likely) class matches the true class,
averaged across all base models for each recalibration
method and the two datasets. The MCB-DSC plots in
Figure [2| provide a visualization of the individual per-
formance for each model and recalibration method by
plotting discrimination, DSC, against miscalibration,
MCB. The isolines on these plots represent decompo-
sitions with equal overall predictive performance, illus-
trating trade-offs between miscalibration and discrim-
ination. Similar plots have appeared in|Gneiting et al.
(2023)); |Arnold et al.| (2024); Dimitriadis et al.| (2024).
Analogous tables and plots showing a normalized ver-
sion of the Brier score decomposition are presented in

Appendix [A]

In line with the CW-ECE results reported by |Gupta
and Ramdas (2022)), the class-wise decomposition
yields a low calibration error, MCB, for CW-HB. How-
ever, this improvement comes at the cost of a dras-
tic decline in discrimination, DSC, resulting in a dou-
bled Brier score and twice as many misclassifications
(1 - Acc). While the normalization step in N-HB par-
tially recovers discrimination ability, predictive perfor-
mance remains substantially reduced. In contrast, the
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Table 1: Class-wise Brier score decomposition (x100) and classification accuracy (Acc) averaged across seven
base models for both datasets (CIFAR-10 and CIFAR-100) and each recalibration method. The best average
values per metric are highlighted in bold. Values in red indicate a drastic decline in predictive performance.

CIFAR-10 CIFAR-100

Method BS MCB DSC UNC Acc Method BS MCB DSC UNC Acc
base 0.781 0.063 8.282 9 0.951 base 0.327 0.039 0.702 099 0.775
CW-HB 1.832  0.009 7.177 9 0.890 CW-HB 0.865 0.003 0.128 0.99 0.483
N-HB 1.237  0.070 7.833 9 0.890 N-HB 0.532 0.036  0.494 0.99 0.483
CW-IR 0.779  0.027 8.248 9 0.950 CW-IR 0.333 0.021 0.677 0.99 0.770
N-IR 0.770 0.047 8.277 9 0.950 N-IR 0.324 0.034 0.699 0.99 0.770
CW-SIR 0.769 0.051 8.282 9 0.950 CW-SIR 0.323 0.035 0.702 0.99 0.773
N-SIR 0.764 0.047 8.283 9 0.950 N-SIR 0.320 0.033 0.703 0.99 0.773
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Figure 2: MCB-DSC plots for CIFAR-10 (left) and CIFAR-100 (right) showing class-wise Brier score decomposi-
tions (x100). The plots show results for seven base models that differ in architecture (ResNet-50, ResNet-110,
WideResNet, and DenseNet-121) and training loss (focal loss or Brier score). The gray isolines correspond to

MCB-DSC pairs that yield the same overall Brier score.

normalized score decomposition (presented in the ap-
pendix) attributes most of the score difference between
CW-HB and N-HB to a large miscalibration compo-
nent for CW-HB, because this decomposition quanti-
fies deviations from the stronger notion of calibration
in . Apart from this exception, the normalized de-
composition shows fairly similar results with a slight
increase in MCB for the class-wise (CW-X) approaches
and a slight decrease in MCB for the normalized (N-
X) versions. While CW-IR exhibits lower miscalibra-
tion than the other methods based on isotonic regres-
sion, this improvement comes at the cost of a moderate
loss of discrimination, resulting in overall performance
similar to the base classifier. Notably, the smoothed
version CW-SIR does not show this trade-off, which
may thus be due to CW-IR discretizing the recali-
brated class probabilities. Ultimately, smoothed iso-
tonic regression with normalization (N-SIR) achieves
the best overall performance, reducing miscalibration
while fully preserving discrimination ability.

4 CONCLUSIONS

In this note, I have illustrated the benefits of score
decompositions for a balanced assessment of calibra-
tion and predictive performance of probabilistic multi-
class classifiers. The results show a substantial de-
cline in predictive performance with recalibration via
histogram binning, while isotonic regression produced
much better overall results. The smoothed version
of isotonic regression with normalization (N-SIR) is
found to be particularly effective at improving overall
performance, preserving discrimination ability of the
base classifiers perfectly while improving calibration
in the case study.

In future research, I plan to study the statistical prop-
erties of the proposed isotonic estimators including
possible biases (cf. |[Ferro and Fricker} [2012; |Roelofs
et all, 12022), and extend the study to additional clas-
sification tasks and recalibration methods.
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Appendix

A RESULTS WITH NORMALIZED SCORE DECOMPOSITION

Table[2 and Figure [3] present results analogously to Section [3| for an alternative normalized Brier score decompo-
sition obtained by separately recalibrating each class probability using isotonic regression and then normalizing

the recalibrated class probabilities to obtain estimates of the conditional distributions py, ..

., Pn used in . As

alluded to in the main text, conclusions are similar with the exception of the results for CW-HB, where much of
the drop in overall score is attributed to miscalibration, because this decomposition quantifies deviations from
the stronger notion of calibration in instead of class-wise calibration.

Table 2: Normalized Brier score decomposition (x100) and classification accuracy (Acc) averaged across seven
base models for both datasets (CIFAR-10 and CIFAR-100) and each recalibration method. The best average
values per metric are highlighted in bold. Values in red indicate a drastic decline in predictive performance.

CIFAR-10 CIFAR-100
Method BS MCB DSC UNC Acc Method BS MCB DSC UNC Acc
base 0.781 0.059  8.279 9 0.951 base 0.327 0.032 0.696 099 0.775
CW-HB 1.832 0.604 7.772 9 0.890 CW-HB 0.865  0.331 0.457 0.99 0.483
N-HB 1.237  0.080  7.842 9 0.890 N-HB 0.532  0.038  0.497 0.99 0.483
CW-IR 0.779 0.030 8.251 9 0.950 CW-IR 0.333 0.024 0.680 0.99 0.770
N-IR 0.770 0.045 8.275 9 0.950 N-IR 0.324 0.029 0.694 0.99 0.770
CW-SIR  0.769 0.048 8.279 9 0.950 CW-SIR  0.323 0.029 0.696 0.99 0.773
N-SIR 0.764 0.044 8.280 9 0.950 N-SIR 0.320 0.028 0.699 0.99 0.773
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Figure 3: MCB-DSC plots for CIFAR-10 (left) and CIFAR-100 (right) showing normalized Brier score decompo-
sitions (x100). The plots show results for seven base models that differ in architecture (ResNet-50, ResNet-110,
WideResNet, and DenseNet-121) and training loss (focal loss or Brier score). The gray isolines correspond to

MCB-DSC pairs that yield the same overall Brier score.




Calibration in Context: A Case Study with Score Decompositions

B SMOOTHING OF ISOTONIC REGRESSION FITS

This section provides a brief description of the employed smoothing. Let (p1,y1),-..,(Pn,yn) be a sample
of binary class probabilities and corresponding binary outcomes encoded as 0 or 1, where p; is the predicted
probability of the outcome y; = 1, and assume w.l.o.g. that the sample is ordered by the the predictions, i.e.,
p1 < po < -+ < p,. Isotonic regression via the pool-adjacent violators algorithm returns a partition of the
sample point indices into consecutive pools Bi,..., B, C {1,...,n} with separating indices 1 = i1 < iy <
e gy, < 1 =n+1 such that Bj = {ij,ij +1,... ,ij+1 — 1} For pool Bj, let Y = ﬁ Eiij y; be the
respective fitted value and m; be a median of the predictions in the pool, i.e., any value such that |{p; € B; |
pi <m;}/|B;| <& < |{pi € B; | pi < m;}|/|B;|. Additionally, set Jjo = mo = 0 and Fp11 = M1 = 1. Then
the smoothed isotonic regression fit at p € [m;, m;j41] is given by

Yj+1 — s _
flp)=———(p—-my)+y;
)= B () 1
which is simply the piecewise linear interpolator of the points (mg,Jo),- - -, (Mm+1, Ym+1). In contrast, [Jiang

et al] (2011}, Algorithm 1) “sample” the anchor points m; from the intervals [min;cp, p;, max;ec g, p;] and apply
piecewise cubic Hermite interpolation to obtain a smoothed fit. The resulting function is differentiable, while the
simple piecewise linear interpolation only makes the regression function strictly increasing on [p1,p,] to avoid
mapping distinct predictions to a single recalibrated value.
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