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Abstract

Offline preference learning from pairwise feed-
back is an important problem in applications such
as AI alignment and recommendations. Due to the
static nature of offline data, most prior methods in
this area suffer from poor coverage of the feature
(i.e., context-action) distribution induced by the
optimal policy for taking actions that a user most
prefers. To address the sample restrictions and
poor coverage challenges of offline preference
learning, this work considers two complementary
solutions. First, we exploit data from multiple
users within a pure offline setting by learning user
similarities. We design Off-C2PL, which aggre-
gates offline data from users with similar prefer-
ences to broaden the sample size. Our theoretical
results show that this approach improves cover-
age and reduces policy suboptimality. Second, we
consider a hybrid setting in which we can actively
collect a small number of samples to augment the
offline data. In this setting, we propose ADA-Off-
C2PL, which targets the least-covered directions
of the offline data to alleviate poor coverage. The-
oretical results demonstrate that this approach is
particularly effective under highly imbalanced of-
fline data, where the offline data provide good
coverage for most feature dimensions but poor
coverage for a few. Empirical results on synthetic
and real-world datasets show that our methods
outperform baselines by at least 57.5%.

1. Introduction
Learning human preferences is a fundamental component
of modern AI systems, including aligning large language
models (LLMs) with human values (Ouyang et al., 2022;
Bai et al., 2022), recommendation systems (Yan et al.,
2022; Aramayo et al., 2023), and personalized digital assis-
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tants (Musto et al., 2021; Stucke & Ezrachi, 2017). In these
applications, systems must infer not only available actions
but also which ones users prefer. Unlike supervised learning
with explicit labels (Verma et al., 2021; Jiang et al., 2020),
preference learning must handle subjective and heteroge-
neous human choices, and failures in capturing preferences
can lead to misaligned outputs or poor user experience. A
practical and widely adopted approach to eliciting prefer-
ences is pairwise feedback, where users indicate which of
two options they prefer instead of providing absolute scores.
Such comparisons are natural and reliable in practice (e.g.,
annotators can easily compare two LLM responses). This
paradigm has been widely studied under the dueling bandits
framework, which leverages sequences of pairwise compar-
isons to learn preference structures (Yue et al., 2012; Dudı́k
et al., 2015; Saha, 2021; Saha & Krishnamurthy, 2022).

Prior work on preference learning has primarily relied on
static offline datasets to learn user preferences (Zhu et al.,
2023; Zhan et al., 2023a; Li et al., 2025b). While appeal-
ing for their safety and practicality, purely offline methods
suffer from fundamental limitations in applications. In par-
ticular, these approaches analyze data from different users
separately. This restriction significantly limits the effective
sample size and often leads to poor coverage of the feature
distribution induced by the optimal policy, degrading algo-
rithm performance. Here, a feature refers to a mapping of a
context–action pair (e.g., prompt–response pairs in RLHF).
Poor coverage means the offline data contain sparse infor-
mation along certain feature dimensions, with algorithm per-
formance constrained by the least-covered dimension which
causes high uncertainty. For example, effective alignment
of LLMs can be difficult when feedback reflecting specific
regional or cultural preferences is sparse. A natural way to
address the poor coverage problem is to use online or active
data collection, which can be directed towards collecting
more “useful” (i.e., informative) data samples (Xiong et al.,
2023; Das et al., 2024). However, fully online methods can
be expensive or even infeasible in safety-critical domains
such as medical treatments, where collecting online data
may incur high costs or ethical concerns. Motivated by these
challenges, this work centers on the following question:

How to leverage the structure of offline data or a small
amount of actively selected data to improve feature coverage
and algorithm performance in offline preference learning?
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Figure 1. Illustration of how our methods address the coverage
problem, where algorithm performance is limited by the least-
covered dimension. The x-axis denotes feature dimensions and
the y-axis denotes information extent (i.e., eigenvalue) for each
feature dimension in the utilized data. Blue bars represent test
user’s data, light-green bars represent aggregated data from other
users, and green bars represent active augmented data.

To answer this question, we study two complementary set-
tings. In the first, we consider a pure offline setting in which
offline data are from multiple users organized into latent
clusters, where users within the same cluster share the same
preferences while preferences differ across clusters. The
goal is to aggregate offline data from users with similar
preferences in a principled manner to reduce bias, increase
sample size, and improve coverage, thereby enhancing al-
gorithm performance. Unlike prior work on clustering of
bandits (Gentile et al., 2014; Wang et al., 2025; Li et al.,
2025b) relying on sufficient information and strong cover-
age assumptions, the data in our setting are fixed and provide
only poor coverage, making the cluster structure more diffi-
cult to learn. Appendix B introduces the specialization of
our results to the classical clustering of bandits setting by
imposing the coverage assumptions used in prior work.

In the second setting, we further consider a hybrid model
that allows a small number of actively selected data points
(e.g., querying for users’ feedback in RLHF) on top of the
aggregated offline data. Here, the goal is to select data that
targets underrepresented directions in the offline dataset of
the test user to further improve feature coverage compared
to the pure offline setting. Unlike prior pure offline or fully
active settings (Zhu et al., 2023; Das et al., 2024; Li et al.,
2025a), our hybrid setting requires actively selecting sam-
ples to augment the offline data and mitigate poor coverage,
making it necessary to select data conditioned on the of-
fline dataset to make use of benefits from both data types.
Appendix A provides detailed discussions of related work.

Contributions. (i) To the best of our knowledge, this work
is the first to address poor coverage of optimal policy’s
feature distribution in offline preference learning from pair-
wise feedback, using hindsight from clustering and active
data-augmentation. The intuition behind how both methods
address the coverage problem is illustrated in Figure 1, while
comparisons of the theoretical results are in Table 1. For the
first pure offline setting, the main challenge is to identify

users with similar preferences from limited and poorly
covered data so as to avoid large bias, and we propose Off-
C2PL in Section 3 to address this. The algorithm constructs
confidence intervals for estimated preferences based on the
minimum eigenvalue of the information matrix for each
user u, which characterizes the coverage bottleneck of u’s
offline dataset. Using these intervals, Off-C2PL identifies
users with similar preferences to the test user and aggregates
their data to improve the sample size and coverage. Theo-
retical results show that aggregation improves coverage by
supplementing the test user’s dataset with information from
other users across multiple preference dimensions, while our
theoretical upper bounds on algorithm performance are de-
termined by the information in the least-covered dimension.
Hence, the performance is substantially improved when the
aggregated users’ data are rich in the feature dimensions
where the test user’s data are sparse (e.g., different RLHF
datasets emphasize different perspectives on human values).

(ii) For the second hybrid setting, the main challenge is how
to actively select samples based on poorly covered offline
data so that they are informative and can mitigate cover-
age deficiencies. Accordingly, we design ADA-Off-C2PL
in Section 4 to allocate the samples by targeting the least-
covered dimensions of the aggregated offline information
matrix. We analyze the theoretical benefits of this policy
from two perspectives. First, unlike pure offline results that
depend on the less transparent eigenvalue of the informa-
tion matrix, the information gain from actively selected data
depends directly on the number of samples, which is more
straightforward and pronounced. Second, because the algo-
rithm targets the least-covered dimensions, it is particularly
effective when the offline dataset is highly imbalanced (i.e.,
poor coverage in a few dimensions but rich in others). In
such cases, the actively selected samples directly correct
the imbalance, leading to substantially improved coverage.
Notably, each actively selected sample can be as informative
as up to d offline samples under such scenarios, where d is
the dimension of the preference vectors.

(iii) We evaluate our methods on both synthetic benchmarks
and the Reddit TL;DR dataset in Section 5. Empirically, our
algorithms outperform strong baselines by at least 57.5%,
demonstrating their effectiveness in practical settings.

2. Setting
Notations. In this paper, we use [s] = {1, 2, . . . , s} to
denote the set of integers from 1 to s. For any matrix M ∈
Rd×d, λmin(M) = λ1(M) denotes its smallest eigenvalue,
and λi(M) denotes its i-th smallest eigenvalue. For vector
norms, ∥·∥2 denotes the Euclidean norm, and ∥·∥M denotes
the Mahalanobis norm induced by matrix M .

We consider a set of U users denoted by U = [U ], where
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each user u ∈ U is associated with a preference vector θu ∈
Θ, with Θ := {θ ∈ Rd | ∥θ∥2 ≤ 1}. To model preference
heterogeneity, the users are partitioned into J clusters (J ≤
U ). Specifically, let U(j) denote the set of users in cluster
j, so that U =

⋃J
j=1 U(j) and U(j) ∩ U(j′) = ∅ for any

j ̸= j′. By construction, users in each cluster j share the
same preference vector θj , 1 i.e., θu = θu′ = θj if and only
if there exists a cluster j such that u, u′ ∈ U(j). We further
denote by ju the cluster index to which user u belongs. Note
that both the true clustering and the number of clusters are
unknown to the learner. For a given user u, we refer to
users in the same cluster as homogeneous users and those
in different clusters as heterogeneous users.

In the offline preference learning, each user u ∈ U is pro-
vided with an offline dataset Du = {(xi

u,a
i
u,a

′i
u, y

i
u)}

Nu
i=1

where Nu denotes the number of samples for each user. We
define NS =

∑
u∈S Nu as the total number of samples from

users in a set S . Within each datasetDu, xi
u ∈ X represents

a context for selecting actions (e.g., prompts in RLHF or
user features in recommendation systems) drawn from the
context set X , and ai

u,a
′i
u ∈ A represent a pair of actions

(e.g., responses in RLHF or items in recommendation sys-
tems) drawn from the action set A. The binary feedback
yiu indicates user u’s preference: yiu = 1 implies that user
u prefers action ai

u over a′i
u given context xi

u, whereas
yiu = 0 implies the opposite. Preferences yiu are assumed to
follow the Bradley–Terry–Luce (BTL) model (Bradley &
Terry, 1952; Debreu, 1960; Zhu et al., 2023):

P
[
yiu = 1 | u, i

]
=

1

1 + exp (−(ru(xi
u,a

i
u)− ru(xi

u,a
′i
u)))

= σ
(
θ⊤
u

(
ϕ(xi

u,a
i
u)− ϕ(xi

u,a
′i
u)
))

,

where ru(x,a) = θ⊤
u ϕ(x,a) is a linear reward function

parameterized by an unknown vector θu and a known fea-
ture mapping ϕ : X ×A → Rd with ∥ϕ(x,a)∥2 ≤ 1 for all
(x,a) ∈ X × A, and σ(x) = 1

1+e−x denotes the sigmoid
function. The interpretations of these concepts in applica-
tions are discussed in detail in Remark 2.1. Additionally, we
define the feature difference zi

u = ϕ(xi
u,a

i
u)− ϕ(xi

u,a
′i
u).

A policy π : X → A is a mapping from contexts to ac-
tions. Given an arbitrary test user ut ∈ U , we define the
suboptimality gap of a policy πut

as:

SubOptut
(πut

) := Jut

(
π∗
ut

)
− Jut

(πut
)

= Ex∼ρp

[
θ⊤
ut
ϕ(x, π∗

ut
(x))− θ⊤

ut
ϕ(x, πut(x))

]
,

(1)

where Ju(π) = Ex∼ρp [ru(x, π(x))] denotes the expected
reward for user u under policy π, π∗

u = argmaxπ Ju(π) is

1Our algorithms remain robust in more general settings where
users in a cluster have not exactly same preferences (e.g., people
from similar backgrounds have minor differences), as discussed in
Appendix C and verified in Section 5. For clarity and consistency
with prior work (Gentile et al., 2014; Liu et al., 2025; Wang et al.,
2025), we assume same preferences in each cluster in main text.

the optimal policy, and ρp denotes the context distribution.
We consider two settings based on dataset availability:

Pure Offline Model: In this setting, the policy πut
for

the test user ut is derived from fixed, pre-collected offline
datasets D =

⋃
u∈U Du. The objective is to minimize the

suboptimality gap in Equation (1) using solely offline data.

Active Data-Augmented Model: In addition to fixed of-
fline datasetD, the learner actively selects N additional data
points specifically for the test user ut. The learner chooses
a data tuple (x̊n

ut
, ån

ut
, å′n

ut
) ∈ X × A × A and obtains

preference feedback ẙnut
at each selection round n ∈ [N ].

We use D̊ =
{(

x̊n
ut
, ån

ut
, å′n

ut
, ẙnut

)}N
n=1

to denote the ac-
tively selected dataset after N rounds. The objective is to
minimize Equation (1) by leveraging both datasets D ∪ D̊.
Remark 2.1 (Representative applications). Our framework
is closely related to RLHF (Zhu et al., 2023; Das et al., 2024;
Li et al., 2025a) and recommendations (Li et al., 2010; Ara-
mayo et al., 2023). In RLHF, xi

u represents a prompt to
labeler u, (ai

u,a
′i
u) are two candidate responses, and yiu

indicates the u’s preference over them. The reward ru(x,a)
reflects the u’s underlying evaluation, while ϕ(xi

u,a
i
u) can

be interpreted as the output of all but the final layer of a
pre-trained language model and θu as the weights in its final
layer (Zhu et al., 2023; Park et al., 2024; Li et al., 2025a). In
this view, the pure offline setting aims to aggregate offline
pairwise data from multiple labelers to align the base model
for the test labeler, whereas the active data-augmented set-
ting focuses on the test labeler by selecting prompt–response
pairs based on the offline data. For instance, the learner may
target prompts where the model’s responses are more un-
certain, and pair them with contrasting responses, so that
the feedback provides additional information for refining
the preference estimate. In recommendations, u denotes a
user, xi

u captures contextual feature (e.g., time, category, or
interface variant), (ai

u,a
′i
u) are two candidate items (e.g.,

movies or products), and yiu indicates the preferred one.
The pure offline case models cold-start recommendation,
estimating ut’s preferences from historical interactions of
similar users. The active data-augmented case extends this
by querying the user with designed contextual features and
item pairs, collecting feedback to estimate preference better.
Remark 2.2 (Poor coverage in the single-user setting). Prior
work in offline preference learning primarily relies on the
offline dataset of a single user (Zhu et al., 2023; Zhan et al.,
2023a; Li et al., 2025b). However, their results suffer from
a fundamental poor coverage issue. Specifically, when only
the offline data of the test user ut are available, the best result
achieved by existing algorithms (denoted by πp) satisfies

SubOptut
(πp)

≤Õ
(√

d
∥∥ϕ(π∗

ut
)− ω

∥∥
M−1

ut

)
≤Õ

(√
d

λmin(Mut
)

)
,

(2)
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where ϕ(π) = Ex∼ρp
[ϕ(x, π(x))] denotes the feature ex-

pectation of π, ω is an input reference vector, and Mut =

λI +
∑Nut

i=1 zi
ut
(zi

ut
)⊤ is the regularized information ma-

trix. Equation (2) shows that when the offline data of ut fail
to provide a good coverage of the optimal policy’s feature
expectation, the term

∥∥ϕ(π∗
ut
) − ω

∥∥
M−1

ut

becomes large,
resulting in high suboptimality. In the worst (most general)
case, performance is limited by the minimum eigenvalue
of Mut

that captures the least-covered (bottleneck) dimen-
sion of data. Since the offline dataset is fixed, resolving
this limitation requires utilizing other data. This motivates
our approaches that improve coverage by either aggregating
offline data from other users, or actively selecting a small
amount of data to augment the offline data.

3. Algorithm with Pure Offline Data
In this section, we address the poor coverage challenge
in Remark 2.2 using offline data collected across multi-
ple, potentially heterogeneous users. We introduce Offline
Connection-based Clustering of Preference Learning (Off-
C2PL) in Section 3.1, which leverages offline data to identify
users with similar preferences and aggregates their data to
broaden sample size and improve coverage. We then present
theoretical guarantees in Section 3.2, demonstrating how
this policy improves coverage under our framework.

3.1. Algorithm Design: Off-C2PL

We present Off-C2PL in Algorithm 1. The key idea is to
identify similar users by accounting for both preference simi-
larity and estimation uncertainty under limited and unevenly
covered offline data. Since raw sample counts may be mis-
leading when coverage is poor, Off-C2PL constructs confi-
dence intervals using the minimum eigenvalue of each user’s
information (Gramian) matrix, which reliably captures un-
certainty under poor data coverage. The algorithm initializes
a null graph and connects users only when their preferences
are confidently similar, enabling conservative and safe data
aggregation. To handle binary pairwise feedback under a
logistic model, Off-C2PL estimates preferences via regular-
ized maximum likelihood estimation (MLE).

Input and Initialization. The inputs (line 1) include test
user ut, dataset D, parameters (α, λ, δ, κ, γ̂) explained later,
and a reference vector w ∈ Rd used for theoretical simpli-
fication (Zhu et al., 2023; Li et al., 2025a). The algorithm
initializes a null graph G, with each user in U represented
as an isolated node (line 2). It then initializes key statistics:
ℓiu(θ) denotes the log-likelihood, Mu is the regularized
Gramian matrix, θ̂u estimates user preferences, and CIu is
a confidence interval based on the minimum eigenvalue of
Mu to characterize the coverage of u’s offline data.

Offline Cluster Learning. Unlike classical online cluster-

Algorithm 1 Off-C2PL

1: Input test user ut ∈ U ; offline dataset D =
⋃

u∈U Du;
parameters α ≥ 1, λ > 0, δ > 0, κ > 0, γ̂ ≥ 0; and
reference vector w.

2: Initialize a null graph G = (V, ∅) where V =
U ; for each user u ∈ V , compute: ℓiu(θ) =
yiu log σ(θ

⊤zi
u) + (1 − yiu) log σ(−θ⊤zi

u), Mu =
λ
κI+

∑Nu

i=1 z
i
u(z

i
u)

⊤, θ̂u = argminθ
[
−
∑Nu

i=1 ℓ
i
u(θ)+

λ
2 ∥θ∥

2
2

]
, CIu =

√
λκ+2

√
d log

(
1+ 4κNu

λd

)
+2 log

(
2U
δ

)
κ
√

λmin(Mu)
.

3: // Offline Cluster Learning
4: for each pair of users u1, u2 ∈ V do
5: Connect (u1, u2) if Equation (3) holds.
6: end for
7: Let Gγ̂ = (V, Eγ̂) denote the updated graph.
8: // Data Aggregation
9: For each u ∈ V , aggregate data and update statis-

tics: Vγ̂(u) = {v | (u, v) ∈ Eγ̂} ∪ {u}, M̃u =∑
v∈Vγ̂(u)

Mv, Ñu =
∑

v∈Vγ̂(u)
Nv, θ̃u =

argminθ
[
−
∑

v∈Vγ̂(u)

∑Nv

i=1 ℓ
i
v(θ) +

λ|Vγ̂(u)|
2 ∥θ∥22

]
.

10: // Policy Output
11: Calculate pessimistic value estimate J̃ut

(π) for policy
π as Equation (4), and output πut

= argmaxπ J̃ut
(π).

ing of bandits algorithms (Gentile et al., 2014; Li & Zhang,
2018; Wang et al., 2025), which start from a complete user
graph and iteratively delete edges with online feedback, our
method starts with a null graph G and incrementally con-
nects users whose preferences are sufficiently similar. This
connection-based strategy is more robust under offline data,
where data sparsity and poor coverage makes edge deletion
unreliable and biased (Liu et al., 2025). User similarity is
estimated by the threshold γ̂, which controls the clustering
condition. Specifically, u1 and u2 are connected (line 5) if∥∥∥θ̂u1 − θ̂u2

∥∥∥
2
< γ̂ − α (CIu1 + CIu2) , (3)

where α controls clustering conservativeness. This criterion
ensures only users with sufficiently similar preferences are
connected (see Section 3.2), building a graph that accurately
captures the underlying cluster structure from offline data.

Data Aggregation. Let Gγ̂ denote the graph obtained after
learning the cluster. Based on Gγ̂ , the algorithm aggregates
data from users identified to have similar preferences (line 9).
Specifically, we define Vγ̂(u) as the set containing u and
its one-shot neighbors, indicating users estimated to share
similar preferences with u. Accordingly, the algorithm con-
structs the aggregated Gramian matrix M̃u by combining
samples from users in Vγ̂(u). The preference estimate of u
is then refined by applying MLE, yielding θ̃u.

Policy Output. Finally, the algorithm computes a pes-

4



220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274

Offline Preference Learning with Clustering and Active Data-Augmentation

simistic value estimate (Jin et al., 2021; Rashidinejad et al.,
2021; Li et al., 2022) for ut and policy π that down-weights
underrepresented dimensions to avoid overestimation:

J̃ut
(π) =(Ex∼ρp

[ϕ(x, π(x))]−w)⊤θ̃ut

− β̃ut
∥Ex∼ρp

[ϕ(x, π(x))]−w∥M̃−1
ut

,
(4)

where β̃u =
(
2
√
d log

(
1 + 4Ñuκ

λ|Vγ̂(u)|d
)
+ 2 log

(
2U
δ

)
+√

λ|Vγ̂(u)|κ
)/

κ+
(
γ̂
√

dNWγ̂(u)

)
/2 is a confidence term

capturing estimation uncertainty (line 11). The algorithm
outputs policy πut that maximizes J̃ut

(π).

3.2. Theoretical Results for Algorithm 1

We present the theoretical results for Algorithm 1 with
proofs in Appendix E. Note the estimator θ̃u is obtained
by aggregating data from users in the neighborhood Vγ̂(u),
which may include homogeneous and heterogeneous ones.
We formally distinguish two types of neighbors as follows:

Rγ̂(u) := {v | v ∈ Vγ̂(u), θv = θu},
Wγ̂(u) := {v | v ∈ Vγ̂(u), θv ̸= θu}.

(5)

Here, setRγ̂(u) contains u and its homogeneous neighbors
that share the same preference vector, whose data can be
safely aggregated without bias. In contrast,Wγ̂(u) denotes
the set of heterogeneous neighbors with different preference
vectors, whose data aggregation may induce bias and must
be controlled. Therefore, characterizing the cardinalities of
both sets is crucial for analysis. This is shown in Lemma 3.2.

Definition 3.1 (Heterogeneity gap). For any two users u
and v from different clusters (i.e. ju ̸= jv), there exists γ s.t.
the gap between their preferences satisfy ∥θu − θv∥2 ≥ γ.

Lemma 3.2 (Cardinality of Rγ̂(u) andWγ̂(u)). For any
user u, let inputs in Algorithm 1 satisfy α ≥ 1, κ = 1/(2 +
e2 + e−2), λ and δ satisfy λ ≤ 2 log (2U/δ) + d log

(
1 +

4κ minv{Nv}
dλ

)
, δ ≤ dλ

4κ minv{Nv}+dλ . Then there exist some
αr ∈

(
κ

3(α+1)
√

2max{2,d} log(2U/δ)
, κ

2(α−1)
√

2 log(2U/δ)

)
,

αw ∈
(
0, κ

2(α−1)
√

2 log(2U/δ)

)
such thatRγ̂(u) andWγ̂(u)

can be characterized with probability at least 1− δ as:

Rγ̂(u)={u} ∪
{
v
∣∣∣θu = θv and

1√
λmin(Mu)

+
1√

λmin(Mv)
<αrγ̂

}
,

(6)

Wγ̂(u)=
{
v
∣∣∣ γ ≤ ∥θu − θv∥2 < γ̂ and

1√
λmin(Mu)

+
1√

λmin(Mv)
<αw(γ̂ − γ)

}
.

(7)

In Lemma 3.2, λmin(Mu) captures the information along
the least-covered dimension of the information matrix Mu.

The first condition in Equation (6) guarantees the homogene-
ity of users inRγ̂(u), while the second condition shows the
least-covered dimension as the bottleneck for connecting
homogeneous users. Notably, the right-hand side of the
second condition scales with γ̂, implying that increasing the
clustering threshold γ̂ relaxes the coverage requirement and
includes more homogeneous neighbors. In contrast,Wγ̂(u)
represents heterogeneous neighbors that may introduce bias.
The first condition in Equation (7) ensures that only users
with preference differences below γ̂ can be connected, while
the second condition mirrors that in Equation (6), indicat-
ing that γ̂ also controls the number of heterogeneous users
included. Leveraging Lemma 3.2, we establish an upper
bound on the suboptimality of Off-C2PL in Theorem 3.3.

Theorem 3.3. Under the same conditions as in Lemma 3.2,
the suboptimality of Algorithm 1 for ut can be bounded with
probability at least 1− δ as:

SubOptut
(πut)

≤Õ
(√

d
(
1 + γ̂

√
NWγ̂(ut)

)∥∥ϕ(π∗
ut
)−w

∥∥
M̃−1

ut

)
(8)

≤Õ

(√
d
(
1 + γ̂

√
NWγ̂(ut)

)√
λmin(M̃ut

)

)
, (9)

where ϕ(π) = Ex∼ρp [ϕ(x, π(x))] denotes the feature ex-
pectation of policy π, and M̃ut

=
∑

v∈Vγ̂(ut)
Mv denotes

the information matrix constructed from the aggregated data
of users in Vγ̂(ut). Furthermore, when the threshold satis-
fies γ̂ ≤ γ, the heterogeneous set becomes empty according
to Lemma 3.2, i.e.,Wγ̂(ut) = ∅, and the bound simplifies to

SubOptut
(πut

)

≤Õ
(√

d
∥∥ϕ(π∗

ut
)−w

∥∥
M̃−1

ut

)
≤Õ

(√
d

λmin(M̃ut)

)
.

(10)

The suboptimality gap in Equation (8) is the product of two
interpretable terms. The first term,

√
d
(
1 + γ̂

√
NWγ̂(ut)

)
,

decomposes into a statistical sampling noise component√
d (up to logarithmic factors), which grows with the pref-

erence dimension, and a bias component that increases
with γ̂ and the number of samples from heterogeneous
neighbors NWγ̂(ut). The second term in Equation (8),∥∥ϕ(π∗

ut
) − w

∥∥
M̃−1

ut

, is the concentratability coefficient,
a standard concept in offline learning and policy evalua-
tion (Jin et al., 2021; Zhu et al., 2023; Li et al., 2025a). It
quantifies the mismatch between the optimal-policy feature
distribution and that supported by the aggregated offline
data from Vγ̂(ut); smaller values indicate better coverage.
Choosing the reference vector w as a representative feature
(e.g., the most frequent feature vector in data) aligns this
term with the data-supported subspace and yields a tighter
bound (as discussed in Remark 3.5 of Zhu et al. (2023)).
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Remark 3.4 (How offline clustering improves coverage).
As discussed in Remark 2.2, prior work on single-user of-
fline preference learning derives suboptimality with concen-
tratability coefficients depending solely on ut’s information
matrix Mut

. Since this matrix is constructed from limited
single-user data, it exhibits poorer coverage than the ag-
gregated information matrix M̃ut

in our approach, which
enriches information across dimensions. In the worst case,
their bound scales as Õ

(√
d/λmin(Mut)

)
(corresponding

to setting γ̂ = 0 in Off-C2PL, where only ut’s offline data
are used). By contrast, Theorem 3.3 features a larger de-

nominator
√
λmin(M̃ut

) by aggregating offline data from
neighbors in Vγ̂(ut) instead of using only ut’s data. This
aggregation directly mitigates the poor coverage inherent in
single-user data. Concretely, by Weyl’s inequality,

λmin(M̃ut
)− λmin(Mut

)

∈
[ ∑
v∈Vγ̂(ut)\{ut}

λmin(Mv),
∑

v∈Vγ̂(ut)\{ut}

λmax(Mv)
]
. (11)

This implies that aggregating neighbors’ data increases the
minimum eigenvalue of the information matrix by at least
the sum of neighbors’ minimum eigenvalues. In the most
favorable scenario, the increase can be as large as the sum of
neighbors’ maximum eigenvalues. Such offline data aggre-
gation is particularly effective when neighbors possess rich
information along ut’s less-covered dimensions, thereby
improving coverage situation in the information matrix. The
tradeoff is that aggregating data from heterogeneous neigh-
bors may introduce an additional bias term in Theorem 3.3.
This effect can be controlled by choosing a γ̂ smaller than
γ (defined in Definition 3.1) when a positive lower bound
on γ is available as shown in Equation (10), or by adopting
conservative, data-driven selection strategies as analyzed in
prior work (Liu et al., 2025). We defer additional discus-
sions on parameter selection and properties to Appendix D.

4. Algorithm with Active Data-Augmentation
In Section 3, we aggregate offline data from multiple users
to improve the coverage. However, because offline data are
fixed and static, it is still possible that all users exhibit poor
coverage along certain feature dimensions. In such cases,
the bound in Equation (11) may achieve its lower limit,
and the aggregated information matrix M̃ut

can remain
poorly covered along some dimensions. This limitation is
difficult to fully resolve with purely offline data. However,
in many applications it is feasible to actively collect a limited
amount of data to complement offline data. By targeting the
least-covered dimensions, such samples can more effectively
mitigate coverage issues. Motivated by this, we extend the
offline framework to the active data-augmented model as
Section 2 and propose the Active Data-Augmented Offline
Connection-based Clustering of Preference Learning (ADA-

Algorithm 2 ADA-Off-C2PL

1: Input test user ut ∈ U ; offline dataset D =
⋃

u∈U Du;
online rounds N ; graph Gγ̂ ; neighbor set Vγ̂(ut); ag-
gregated Gramian matrix M̃ut

; and initial preference
estimate θ̃ut

from Algorithm 1.
2: Initialize M̃1

ut
← M̃ut

and θ̃1
ut
← θ̃ut

.
3: // Active-data Augmentation
4: for n = 1, . . . , N do
5: Select

(
x̊n
ut
, ån

ut
, å′n

ut

)
according to Equation (12).

6: Receive feedback ẙnut
, compute z̊n

ut
= ϕ(x̊n

ut
, ån

ut
)−

ϕ(x̊n
ut
, å′n

ut
) and ℓ̊nut

(θ) = ẙnut
log σ

(
θ⊤z̊n

ut

)
+(1−

ẙnut
) log σ

(
−θ⊤z̊n

ut

)
. Then update M̃n+1

ut
= M̃n

ut
+

z̊n
ut

(̊
zn
ut

)⊤
and θ̃n+1

ut
as in Equation (13).

7: end for
8: // Policy Output
9: Construct θut

as Equation (14).
10: Output: πut

(x) = argmaxa∈A ϕ(x,a)⊤θut
.

Off-C2PL) in Section 4.1, with analysis in Section 4.2.

4.1. Algorithm Design: ADA-Off-C2PL

Recall from Section 2 that under the active data-augmented
model, the learner is allowed to actively select N informa-
tive samples for the test user ut to complement the offline
data by improving coverage of the feature space, thereby
mitigating the poor coverage of the offline datasets (e.g.,
via additional dialogue rounds in conversational recommen-
dation systems). Since the clustering structure is learned
offline, the active data-augmentation is based on the aggre-
gated Gramian matrix M̃ut

, which summarizes information
from the neighborhood of ut. As shown in Remark 2.2 and
Theorem 3.3, the suboptimality is governed by the minimum
eigenvalue of M̃ut

. Therefore, the goal of this phase is to
actively collect new data that increase the minimum eigen-
value, ensuring sufficient coverage across all dimensions.
The detailed procedure is presented in Algorithm 2.

Input and Initialization. The inputs and initialization use
the results from Off-C2PL. Specifically, the algorithm takes
test user ut, dataset D, learned user graph Gγ̂ , neighbor set
Vγ̂(ut), Gramian matrix M̃ut

and preference estimate θ̃ut

as inputs (line 1) and initializes core parameters in line 2.

Active Data-Augmentation. The key component of Al-
gorithm 2 is the active data-augmentation. In each round
n, the algorithm selects the context and action pair on the
least-covered dimensions to broaden the information matrix:

(x̊n
ut
, ån

ut
, å′n

ut
)

= argmax
(x,a,a′)∈X×A×A

{∥∥ϕ(x,a)− ϕ(x,a′)
∥∥
(M̃n−1

ut )−1

}
. (12)

After observing the feedback ẙnut
, the feature difference z̊n

ut

6
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and log-likelihood ℓ̊nut
(θ) are computed. Then the Gramian

matrix is updated and the preference estimate is refined by
solving a MLE problem combining the aggregated offline
data and actively selected data up to round n:

θ̃n+1
ut

=argmin
θ

[
−

∑
v∈Vγ̂(ut)

Nv∑
i=1

ℓiv(θ)

−
n∑

i=1

ℓ̊iut
(θ) +

λ|Vγ̂(ut)|
2

∥∥θ∥∥2
2

]
. (13)

Policy Output. Finally, the algorithm constructs the final
preference estimate θut

by taking a weighted average of all
historical estimates θ̃n

ut
for n = 1, · · · , N :

θut =
dλmin

(
M̃N

ut

)
θ̃N
ut

+
∑N

n=1 θ̃
n
ut

dλmin

(
M̃N

ut

)
+N

. (14)

This weighting places more emphasis on the final estimate,
extending prior approach in Das et al. (2024) which only
uses a simple average for the pure active setting. The policy
then selects the action that maximizes the expected reward.

4.2. Theoretical Results for Algorithm 2

We analyze the theoretical guarantees for ADA-Off-C2PL
and its effectiveness in improving the data coverage. Firstly,
Theorem 4.1 gives its theoretical upper bound.

Theorem 4.1. Under the same assumptions as in Lemma 3.2
and Theorem 3.3, the suboptimality of Algorithm 2 for ut

can be bounded with probability at least 1− δ as:

SubOptut
(πut

) ≤ Õ

(√
d
(
1 + γ̂

√
NWγ̂(ut)

)√
λmin

(
M̃N

ut

)
+N/d

)
,

where M̃N
ut

= λ
κ |Vγ̂(ut)|I +

∑
v∈Vγ̂(ut)

∑Nv

i=1 z
i
v(z

i
v)

⊤ +∑N
i=1 z̊

i
u(̊z

i
u)

⊤ denotes the final Gramian matrix combining
the aggregated offline data and the actively collected data,
we will show its relationship with M̃ut

and N in Lemma 4.3.

In Theorem 4.1, the numerator has the same form as in
Theorem 3.3, capturing both sample noise and the bias from
heterogeneous neighbors. The key difference lies in the de-
nominator: the quantity inside the square root is increased
by N/d +

(
λmin(M̃

N
ut
) − λmin(M̃ut

)
)

compared to The-
orem 3.3. First, the term N/d captures the information
gain from the actively selected samples, yielding a direct
improvement that depends on the sample count N rather
than indirectly on eigenvalues as in pure offline settings.
In the special case of a single user with no offline data
(γ̂ = 0 and D = ∅), Theorem 4.1 recovers the result of
pure active setting in Das et al. (2024). Second, the term
λmin(M̃

N
ut
)− λmin(M̃ut) captures the additional benefit of

augmenting offline data with actively selected data. Since
the minimum eigenvalue determines the learning bottle-
neck in the pure offline setting, the selected samples can
directly alleviate this limitation by increasing λmin(M̃ut

).
To formalize this effect, we introduce Definition 4.2 and
Lemma 4.3 to show the improvement.

Definition 4.2 ((d∗, N)-dimension imbalanced Gramian
matrix). A Gramian matrix M is called (d∗, N)-dimension
imbalanced if d∗ is the smallest value in {1, · · · , d} such
that λd∗+1 (M) − λmin (M) ≥ ⌈N/d∗⌉. By convention,
any matrix is at least (d,N)-dimension imbalanced, since
there are only d dimensions and we treat λd+1(M) as +∞.

Lemma 4.3 (Minimum eigenvalue improvement). Assume
that the feature difference vector z = ϕ(x,a) − ϕ(x,a′)
can span the entire Euclidean unit ball {z ∈ Rd : ∥z∥2 ≤
1} for all (x,a,a′) ∈ X × A × A, and M̃ut is (d∗, N)-
dimension imbalanced. Then, under Algorithm 2 with N
rounds, it holds that λmin

(
M̃N

ut

)
− λmin

(
M̃ut

)
≥ ⌊N/d∗⌋.

Definition 4.2 indicates a large gap in sample sufficiency
between the least-covered dimension and the (d∗ + 1)-th
dimension under N samples. Lemma 4.3 further shows that
Algorithm 2 can effectively increase the minimum eigen-
value by selectively targeting these d∗ underrepresented
dimensions. By combining Theorem 4.1 with Lemma 4.3,
we obtain Corollary 4.4, which characterizes suboptimality
improvements under dimension-imbalanced data.

Corollary 4.4. With same assumptions as Lemma 4.3, The-
orem 4.1 can be rewritten as:

SubOptut
(πut

) ≤ Õ

(√
d
(
1 + γ̂

√
NWγ̂(ut)

)√
λmin

(
M̃ut

)
+N/d∗

)
.

For γ̂ ≤ γ, it can be simplified to Õ
(√

d
λmin(M̃ut )+N/d∗

)
.

Compared to Theorem 4.1, the square-root term in the de-
nominator depends directly on the minimum eigenvalue of
the pure offline matrix M̃ut

instead of the hybrid informa-
tion matrix M̃N

ut
, and further improves the N/d term to

N/d∗. This refinement more clearly quantifies the bene-
fit of active data-augmentation under ADA-Off-C2PL by
introducing an additional N/d∗ term in the denominator’s
square root compared to the pure offline result in Theo-
rem 3.3. Intuitively, the actively selected samples only need
to be allocated across d∗ dimensions, rather than all d di-
mensions (with d∗ ≤ d). Hence, for a (d∗, N)-dimension
imbalanced matrix M̃ut

, a single actively selected sample
can be as effective as d/d∗ samples, leading to a strictly
improved suboptimality bound, which is also illustrated by
Figure 1. Overall, this result highlights how active data-
augmentation can effectively improve the coverage situation
of data by reinforcing the less-covered feature dimensions.
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(a) Offline: Synthetic (b) Offline: Reddit (c) Hybrid: Synthetic (d) Hybrid: Reddit

(e) d: Synthetic (f) d: Reddit (g) γ̂: Synthetic (h) γ̂: Reddit

Figure 2. Figures 2a and 2b correspond to performance in offline setting, Figures 2c and 2d correspond to performance in hybrid setting,
Figures 2e and 2f correspond to the impact of dimension d, and Figures 2g and 2h correspond to the impact of clustering-threshold γ̂.

5. Experiments
In this section, we evaluate the performance of Off-C2PL
and ADA-Off-C2PL using real-world and synthetic data.
All experiments are averaged over 20 independent rounds.
More details on baselines and datasets are in Appendix G.

Experiment 1: Performance under pure offline model. We
compare Off-C2PL to several baselines. On synthetic data
(Figure 2a), Off-C2PL attains the smallest suboptimality
throughout, improving by 88.1% over KMeans, 89.1% over
Off-DBSCAN, and 95.1%, 89.2%, 3.39% over Pessimistic
MLE (pooled), (neighbor), and (per-user). The per-user
MLE becomes competitive only after ≳ 80% of the samples
and remains clearly worse in low-sample regimes. On Red-
dit (Figure 2b), no baseline matches Off-C2PL: with ≈ 400
pairs per user it reaches near-zero suboptimality, improving
by at least 61.5% over the rest baselines.

Experiment 2: Performance under active data-augmented
model. We compare ADA-Off-C2PL to APO and to an
Off-C2PL-initialized variant that replaces our active aug-
mentation with random pair selection. We use 20% of the
data offline, then run 500 active rounds. On Reddit, ADA-
Off-C2PL improves by 87.6% over APO and 57.5% over
random selection; on synthetic, the gains are 58.7% and
18.0%. Figures 2c and 2d show why: APO starts with a
large gap (no offline warm start) and remains worse even
after active rounds, while random selection shares ADA-
Off-C2PL’s initial gap but makes little progress. In contrast,
ADA-Off-C2PL steadily reduces the gap throughout the
active phase and achieves the best performance.

Experiment 3: The impact of dimension d. We vary d from

100 to 800 on synthetic data and from 100 to 768 on Reddit;
for Reddit we use PCA to obtain lower-dimensional features.
On synthetic (Figure 2e), the suboptimality increases with
d, reflecting higher estimation complexity, while Off-C2PL
degrades the slowest. On Reddit (Figure 2f), performance
shows no clear dependence on d, consistent with PCA re-
taining the dominant variance directions and discarding low-
variance components that contribute little to performance.

Experiment 4: The impact of clustering-threshold γ̂. Sweep-
ing the clustering-threshold γ̂ reveals a bias–variance trade-
off: overly small values merge unrelated users, while overly
large values prevent pooling users in true clusters (Fig-
ures 2g and 2h). With a well-calibrated γ̂, Off-C2PL re-
covers the correct cluster structure and substantially reduces
the suboptimality gap, demonstrating that accurate control
of cluster connectivity is crucial when data is scarce.

6. Conclusion
This paper addresses the poor coverage problem in offline
preference learning, where fixed and limited data may in-
adequately cover different feature dimensions. We propose
two complementary approaches. The first aggregates offline
data across users with similar preferences via clustering,
improving data sufficiency and coverage across dimensions,
with performance driven by gains in the least-covered di-
mension. The second augments offline data with a small
amount of actively selected data, directly addressing cover-
age bottlenecks and further improving performance. Future
work includes extending beyond the BTL feedback model
and considering nonstationary preference dynamics.

8
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Impact Statement
This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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Zhang, C., Agarwal, A., Daumé III, H., Langford, J., and
Negahban, S. N. Warm-starting contextual bandits: Ro-
bustly combining supervised and bandit feedback. arXiv
preprint arXiv:1901.00301, 2019.

Zhang, C.-H. and Zhang, S. S. Confidence intervals for
low dimensional parameters in high dimensional linear
models. Journal of the Royal Statistical Society Series B:
Statistical Methodology, 76(1):217–242, 2014.

Zhong, H., Deng, Z., Su, W. J., Wu, Z. S., and Zhang, L.
Provable multi-party reinforcement learning with diverse
human feedback. arXiv preprint arXiv:2403.05006, 2024.

Zhu, B., Jordan, M., and Jiao, J. Principled reinforcement
learning with human feedback from pairwise or k-wise
comparisons. In International Conference on Machine
Learning, pp. 43037–43067. PMLR, 2023.

12



660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701
702
703
704
705
706
707
708
709
710
711
712
713
714

Offline Preference Learning with Clustering and Active Data-Augmentation

Appendix
The appendix is organized as follows. Appendix A reviews related work and comparisons of main results. Appendix B
bridges our results with the clustering of bandits literature by specializing to the item regularity assumption, which enforces
minimum coverage and is commonly adopted in prior work (Gentile et al., 2014; Li & Zhang, 2018; Li et al., 2019; Liu
et al., 2025; Wang et al., 2025; Li et al., 2025b). Appendix C discusses the robustness of our algorithms when users within
the same cluster are not identical and may exhibit small preference gaps. Appendix D provides additional discussion of our
results. Detailed proofs of the theoretical guarantees are given in Appendix E, with technical lemmas collected in Appendix
F. Finally, Appendix G contains omitted experimental details from Section 5.

A. Related Works and Comparisons of Main Results
Offline RL and Bandit. Offline statistical learning (Zhang & Zhang, 2014; Cai & Guo, 2017) primarily focuses on
parameter estimation, while offline reinforcement learning (batch RL) extends the scope to sequential decision-making
problems using fixed offline datasets (Lange et al., 2012; Levine et al., 2020; Jin et al., 2021; Rashidinejad et al., 2021;
Xiao et al., 2021; Xie et al., 2021) and has found wide applications in diverse domains such as dialogue generation (Jaques
et al., 2019), autonomous driving (Yurtsever et al., 2020), educational technologies (Singla et al., 2021) and personal
recommendations (Li et al., 2010; Bottou et al., 2013). Within this landscape, offline bandits—a special case of offline
RL—extend the multi-armed bandit framework to learning solely from pre-collected data (Shivaswamy & Joachims, 2012).
Prior studies have considered settings where the offline distributions align with the online reward distributions (Bu et al.,
2020; Banerjee et al., 2022) or where distribution shift arises between them (Zhang et al., 2019; Cheung & Lyu, 2024).
Among them, studies on offline contextual linear bandits (Li et al., 2022; Wang et al., 2024) are most closely related
to our setting. However, beyond the standard contextual linear bandits formulation, our work studies pairwise feedback
modeled by a logistic function. Moreover, we explicitly leverage the clustering structure and a hybrid setting with active
data augmentation of offline user preference data to address coverage limitations existing in prior algorithms and improve
learning efficiency, yielding a more general and realistic setting than prior work.

Preference Learning from Pairwise Feedback. Theoretical studies of preference learning from pairwise feedback trace
back to the dueling bandit problem (Yue et al., 2012; Saha, 2021; Bengs et al., 2021) and its extension, the contextual dueling
bandit problem (Dudı́k et al., 2015). These ideas extend naturally to preference-based reinforcement learning (Xu et al., 2020;
Chen et al., 2022; Wang et al., 2023a; Zhan et al., 2023b). Recent work has emphasized offline preference-based RL, often
motivated by reinforcement learning with human feedback (RLHF). Approaches include pessimism-driven methods (Zhu
et al., 2023; Zhan et al., 2023a; Li et al., 2023) and KL-regularized formulations (Tiapkin et al., 2023; Xiong et al., 2023; Xiao
et al., 2024). For instance, Xiong et al. (2023) study active context selection under strong coverage assumptions, deriving
sample-dependent bounds. Beyond RLHF, researchers have explored general preference structures (Rosset et al., 2024; Gui
et al., 2024; Ye et al., 2024), pure active preference learning without offline datasets (Das et al., 2024), safety-constrained
alignment (Wachi et al., 2024), and sample-efficient learning under limited data (Kim et al., 2025). Our work departs from
these above mentioned works by explicitly incorporating offline clustering into pairwise preference learning and combining
it with active data augmentation to deal with the coverage issue existing in prior works. This introduces two new challenges:
(1) reliably inferring clusters from noisy offline comparisons, and (2) selecting informative queries when both contexts and
actions matter. Importantly, learning from pairwise feedback provides weaker supervision than full-reward feedback, making
these challenges sharper. We address these challenges through algorithm design and theoretical analysis that reveal the
benefits of improving coverage via offline clustering and active-data augmentation in both pure offline and hybrid settings.

Heterogeneous Preference Learning. Heterogeneous preference learning has been widely studied under the clustering of
bandits (Gentile et al., 2014; Li & Zhang, 2018; Li et al., 2019) and multi-task learning (Duan & Wang, 2023), where data
from users with distinct preference vectors could be used to accelerate learning. Later works investigate privacy (Liu et al.,
2022), model misspecification (Wang et al., 2023b), and robustness to corrupted users (Wang et al., 2023c). More recent
studies by Liu et al. (2025) provide offline algorithms for clustering of contextual bandits, and Wang et al. (2025) considers
online setting of preference learning from pairwise feedback. With growing interest in RLHF, recent efforts have addressed
scenarios involving users with diverse preferences, which are often referred to as personalized RLHF (Kirk et al., 2023;
Li et al., 2024; Conitzer et al., 2024; Jang et al., 2023; Poddar et al., 2024; Ramesh et al., 2024). Theoretically, Liu et al.
(2024) study heterogeneous user rationality, Zhong et al. (2024) focus on meta-learning and social welfare aggregation, and
Park et al. (2024) analyze representation-based aggregation under assumptions on uniqueness, diversity, and concentrability.
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Table 1. Summary of main and additional theoretical results.

Comparisons of Algorithms for Pure Offline Model

Algorithm Setting Condition Suboptimality

Previous P-MLE (Zhu et al., 2023)
PDC (Li et al., 2025a)

Pure Offline
Single User — Õ

(√
d
λ1

)
Main Result 1
(Theorem 3.3)

Off-C2PL
(Algorithm 1)

Pure Offline
Multiple Users — Õ

(√
d
(
1+γ̂

√
N1

)
√
λ2

)
Additional Result 1

(Equation (10))
Off-C2PL

(Algorithm 1)
Pure Offline

Multiple Users
Lower Threshold γ̂ ≤ γ

(Definition 3.1) Õ

(√
d
λ2

)
Comparisons of Algorithms for Active Data-Augmented Model

Algorithm Setting Condition Suboptimality

Previous APO (Das et al., 2024)
Pure Active
Single User — Õ

(√
d

N/d

)
Main Result 2
(Theorem 4.1)

ADA-Off-C2PL
(Algorithm 2)

Hybrid (Offline + Active)
Multiple Users — Õ

(√
d
(
1+γ̂

√
N1

)
√

λ3+N/d

)
Additional Result 2

(Corollary 4.4)
ADA-Off-C2PL
(Algorithm 2)

Hybrid (Offline + Active)
Multiple Users

Lower Threshold γ̂ ≤ γ (Definition 3.1)
+ Imbalanced Dataset (Definition 4.2) Õ

(√
d

λ2+N/d∗

)
Here, d denotes the dimension of each user’s preference vector, and d∗ ≤ d denotes the number of sparsely informed dimensions, as
defined in Definition 4.2. N1 denotes the number of heterogeneous offline samples included. λ1, λ2, and λ3 represent the minimum
eigenvalue of the (regularized) information matrix constructed from (i) the test user’s offline data only, (ii) the test user’s offline data
combined with aggregated data from clustered neighbors, and (iii) case (ii) further augmented with N actively selected samples for the
test user, respectively.

Compared to prior work, our contributions differ in three key aspects. First, we extend prior online settings and study offline
clustering of bandits under pairwise feedback, which more naturally captures applications in recommendation systems and
RLHF. Second, we remove the dependence of strong coverage assumptions (e.g., Assumption B.1 in Appendix B, commonly
adopted in prior work (Gentile et al., 2014; 2017; Li et al., 2019; Wang et al., 2025; Li et al., 2025b; Liu et al., 2025)) and
instead explicitly handle poor coverage through the minimum eigenvalue of the information matrix. Third, while existing
works focus on either purely online or purely offline settings, we consider both offline aggregation and a hybrid offline with
active augmentation framework.

B. Bridging to Classical Clustering of Bandits under Coverage Assumptions
In this appendix, we introduce the item regularity assumption, which is widely adopted in prior work on online and offline
clustering of bandits (Gentile et al., 2014; 2017; Li et al., 2019; Wang et al., 2025; Li et al., 2025b; Liu et al., 2025). This
assumption enforces a minimum level of coverage in the offline data Du for each user u. We then specialize our theoretical
results under this assumption to connect our analysis with existing clustering of bandits literature and to illustrate how our
guarantees simplify when such coverage conditions are imposed. Detailed proofs of the results in this appendix are provided
in Section E. We begin by formally stating the item regularity in Assumption B.1.

Assumption B.1 (Item Regularity). Let ρ be a distribution over {(x,a,a′) ∈ X ×A×A : ∥ϕ(x,a)∥2 ≤ 1, ∥ϕ(x,a′)∥2 ≤
1} where coveriance matrix E(x,a,a′)∼ρa

[
(ϕ(x,a)− ϕ(x,a′))(ϕ(x,a)− ϕ(x,a′))⊤

]
is full rank with minimum eigen-

value λa > 0. For any fixed unit vector θ ∈ Rd, the random variable
(
θ⊤(ϕ(x,a)− ϕ(x,a′))

)2
, with (x,a,a′) ∼ ρ, has

sub-Gaussian tails with variance upper bounded by σ2. Each context-action pair (xi
u,a

i
u,a

′i
u) in Du is selected from a finite

candidate set Siu with size |Siu| ≤ S for any i ∈ [Nu], where the actions in Siu are independently drawn from ρ. Moreover,

we assume the smoothed regularity parameter λ̃a =
∫ λa

0

(
1− e−

(λa−x)2

2σ2

)S
dx is known to the algorithm.

Assumption B.1 ensures that the data distribution is sufficiently rich to provide informative samples in all directions of the
preference vector θu, thereby offering a good coverage of the optimal policy. This assumption is especially relevant when
offline data are collected from finite action spaces with bounded size, such as datasets generated by logging policies in
online bandits (Dudı́k et al., 2015; Wang et al., 2025). Under this condition, preference estimates become accurate once
enough data are observed, since the minimum eigenvalue of the information matrix grows directly with the number of
samples. Consequently, our confidence bounds decrease directly with the amount of offline data rather than depending solely
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on the minimum eigenvalue itself. We then discuss the corresponding theoretical results under Assumption B.1 for the pure
offline setting.

B.1. Results and Comparisons for Pure Offline Setting under Assumption B.1

First, Lemma B.2 summarizes the modified clustering conditions and resulting characterizations.

Lemma B.2 (Extension of Lemma 3.2). Under Assumption B.1, replace the confidence interval by CIu =
(√

λκ +

2
√

d log
(
1 + 4κNu

λd

)
+ 2 log

(
2U
δ

))/(
κ
√
λ̃aNu/2

)
, and adjust the condition in Equation (3) to:∥∥θ̂u1

− θ̂u2

∥∥
2
< γ̂ − α(CIu1

+ CIu2
) and min{Nu1

, Nu2
} ≥ Nmin,

where Nmin = 16
λ̃2
a

log
(

8Ud
λ̃2
aδ

)
. All other conditions remain as in Lemma 3.2. Then there exist some α′

r ∈(
κ
√

λ̃a

3(α+1)
√

max{2,d} log(2U/δ)
, κ

√
λ̃a

2(α−1)
√

2 log(2U/δ)

)
and α′

w ∈
(
0, κ

√
λ̃a

2(α−1)
√

log(2U/δ)

)
such that the cardinalities ofRγ̂(u)

andWγ̂(u) are given by:

Rγ̂(u) =

{{
v
∣∣∣θu = θv,

1√
Nu

+ 1√
Nv

< α′
rγ̂, Nv ≥ Nmin

}
∪ {u}, Nu ≥ Nmin

{u}, otherwise
, (15)

Wγ̂(u) =

{{
v
∣∣∣ γ ≤ ∥θu − θv∥2 < γ̂, 1√

Nu
+ 1√

Nv
< α′

wε
}
, Nu ≥ Nmin

∅, otherwise
. (16)

The expressions above show that, under Assumption B.1, the ability to correctly identify homogeneous and heterogeneous
neighbors depends explicitly on the sample size rather than the conditioning of the Gramian matrix. This aligns with the
results in standard offline clustering of bandits frameworks (Liu et al., 2025). Below we present Corollary B.3, which
characterizes the suboptimality of our algorithm under Assumption B.1.

Corollary B.3. Under the same conditions as in Lemma B.2, the suboptimality of the algorithm is bounded with probability
at least 1− δ as:

SubOptut
(πut

) ≤ Õ

(√
d

λ̃a

(√
1

NVγ̂(ut)
+ γ̂
√
ηWγ̂(ut)

))
,

where ηWγ̂(ut) =
NWγ̂ (ut)

NVγ̂ (ut)
denotes the fraction of samples from heterogeneous neighbors among all samples aggregated for

ut in the graph Gγ̂ .

Corollary B.3 takes a form similar to the suboptimality bounds in classical offline clustering of bandits (Liu et al., 2025).
Specifically, the term

√
1/NVγ̂(ut) captures the noise, arising from the inherent variance in estimating the preference vector.

This term decreases as the number of aggregated samples NVγ̂(ut) increases, implying that a larger γ̂, which connects
more users, reduces the noise. In contrast, the term γ̂

√
ηWγ̂(ut) captures the bias, introduced by aggregating data from

neighbors whose preferences differ from ut. This bias grows linearly with γ̂ and depends on the fraction of heterogeneous
samples included. Thus, while increasing γ̂ reduces noise, it also risks introducing greater bias. This tradeoff underscores
the importance of carefully tuning γ̂ to balance sample efficiency with robustness against heterogeneity, as discussed in

Section D.1. Finally, the scaling factor
√
d
/
λ̃a arises from Assumption B.1, reflecting that each offline sample contributes

only partial information across dimensions. As a result, the overall suboptimality must be scaled by
√

d/λ̃a to capture
performance across all preference dimensions.

B.2. Results and Comparisons for Active-data Augmented Setting under Assumption B.1

Next, we present special-case results for those with the active-data augmented model under the item regularity assumption
(Assumption B.1) and the condition that M̃ut is (d∗, N)-dimension imbalanced, which illustrates the benefit of active-data
augmentation even in a traditional clustering of bandits context:
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Corollary B.4. Suppose Assumption B.1 holds and that M̃ut
is (d∗, N)-dimension imbalanced. Following the proof of

Corollary B.3, it holds that

SubOptut
(πut) ≤ Õ

√ d

λ̃a

 1√
NVγ̂(ut) +N/(d∗λ̃a)

+
γ̂
√

NWγ̂(ut)√
NVγ̂(ut) +N/(d∗λ̃a)

 .

Corollary B.4 can be interpreted in terms of noise (the first term) and bias (the second term). Importantly, under Assump-
tion B.1, each actively selected sample is equivalent to at least 1/(d∗λ̃a) offline samples (which is strictly greater than one,
since λ̃a ≤ 1/d ≤ 1/d∗ holds by Wang et al. (2023b)). This advantage arises because active samples offer better coverage
through the active selection rule than the coverage offered by Assumption B.1 for offline samples. Consequently, this result
strengthens Corollary B.3, yielding a strictly better suboptimality bound by reducing both noise and bias.

C. Robustness of Algorithms for Non-identical Within-cluster Users
Sometimes the assumption that users within the same cluster have exactly identical preferences can be restrictive in realistic
scenarios, since small discrepancies may still arise even among users with similar backgrounds. For example, annotators
or users from similar backgrounds may still exhibit slight differences in their preferences because of individual values or
experiences. In this section, we show that our proposed algorithms (Algorithm 1 and 2) remain robust under a weaker setting
that allows such small within-cluster gaps, requiring only minor modifications to the theoretical guarantees and no changes
to the algorithms themselves. We formalize this setting as follows:

Non-identical Within-cluster Users. Still consider U users indexed by U = [U ], partitioned into J clusters. Let V(ju)
denote the cluster containing user u. For each cluster j, let θj denote its common preference vector, which represents the
center of the user preferences in that cluster, and let θu denote the user preference vector of user u which represents its own
preference. We assume that the common preference vectors of different clusters are separated by at least γ (Definition 3.1),
that is, ∥θj1 − θj2∥2 ≥ γ for all j1 ̸= j2. In addition, for each user u, the deviation between the user preference vector and
the corresponding cluster center is at most ζ (where ζ ≪ γ), namely ∥θu − θju∥2 < ζ.

Compared with the identical within-cluster user setting considered in the main body, the present setting allows a small
within-cluster gap ζ among users in the same cluster. When ζ = 0, it reduces to the setting studied in the main body. To
state the corresponding results for the non-identical clustering setting, we first modify the set definitions in Equation (5) as
follows:

Rγ̂(u) := {v | v ∈ Vγ̂(u) ∩ V(ju)}, Wγ̂(u) := {v | v ∈ Vγ̂(u)\Rγ̂(u)}. (17)

These two sets retain the similar interpretation as in the main setting: they distinguish between users connected to u in
Algorithm 1 who belong to the same cluster and those who belong to different clusters. However, their formal definitions
must be adjusted to account for the within-cluster gap ζ. We next characterize the cardinalities of both sets, similar to those
in Lemma 3.2.

Lemma C.1 (Cardinality of Rγ̂(u) andWγ̂(u) under Non-identical Setting). For any user u, let inputs in Algorithm 1
satisfy α ≥ 1, κ = 1/(2 + e2 + e−2), λ and δ satisfy λ ≤ 2 log (2U/δ) + d log

(
1 + 4κ minv{Nv}

dλ

)
, δ ≤ dλ

4κ minv{Nv}+dλ .
Then there exist some α′′

r and α′′
w both in

(
0, κ

2(α−1)
√

2 log(2U/δ)

)
such thatRγ̂(u) andWγ̂(u) can be characterized with

probability at least 1− δ as:

Rγ̂(u)= {u} ∪
{
v
∣∣∣ ∥θu − θv∥2 < min{γ̂, ζ} and

1√
λmin(Mu)

+
1√

λmin(Mv)
<α′′

r γ̂
}
, (18)

Wγ̂(u)=
{
v
∣∣∣ γ ≤ ∥θu − θv∥2 < γ̂ and

1√
λmin(Mu)

+
1√

λmin(Mv)
<α′′

w(γ̂ − γ)
}
. (19)

Lemma C.1 also has the similar form as Lemma 3.2, except for the first condition in the definition of Rγ̂(u), which is
modified to account for non-identical within-cluster users. This change is important because users inRγ̂(u) are no longer
perfectly homogeneous. As a result, the small within-cluster gap ζ appears explicitly in the theoretical guarantees below,
quantifying the additional error introduced by within-cluster heterogeneity.
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Theorem C.2. Under the same conditions as in Lemma C.1, the suboptimality of Algorithm 1 in the non-identical setting
can be bounded with probability at least 1− δ as follows:

SubOptut
(πut) ≤ Õ

(√
d
(
1 + ζ

√
NRγ̂(ut) + γ̂

√
NWγ̂(ut)

)∥∥ϕ(π∗
ut
)−w

∥∥
M̃−1

ut

)
≤ Õ

(√
d
(
1 + ζ

√
NRγ̂(ut) + γ̂

√
NWγ̂(ut)

)√
λmin(M̃ut

)

)
.

Similarly, Theorem 4.1 and Corollary 4.4 can be extended to the non-identical setting by replacing 1 + γ̂
√
NWγ̂(ut) with

1 + ζ
√
NRγ̂(ut) + γ̂

√
NWγ̂(ut) in their numerators.

Lemma C.1 and Theorem C.2 together show that the algorithms proposed in the main body extend naturally to the non-
identical within-cluster users setting, without requiring any modification to the algorithms themselves. At the theoretical
level, the resulting guarantees differ only through an additional term involving the within-cluster gap ζ in the numerator.
In practice, ζ is expected to be much smaller than the inter-cluster gap γ (resulting ζ ≪ γ as discussed before), so this
extra term should have only a limited effect on the suboptimality bound. This observation highlights the robustness of our
approach to mild within-cluster heterogeneity, which is likely to arise in realistic applications.

Small within-cluster preference gaps have also been studied in some prior work on online clustering of bandits (Wang
et al., 2023b; Dai et al., 2024), where the authors adapt edge-deletion strategies (Gentile et al., 2014; Li & Zhang, 2018) to
handle such heterogeneity. A key difference is that those approaches require an a prior knowledge of the upper bound on the
within-cluster gap and must explicitly incorporate that quantity into the algorithm design. By contrast, our connection-based
approach does not require prior knowledge of ζ and remains effective under this more general setting. This distinction
highlights an additional practical advantage of our method in non-identical settings, especially in applications where the
degree of within-cluster heterogeneity is unknown in advance.

In the main body, we adopt the simplifying assumption that users within the same cluster share identical preference vectors,
rather than the more general formulation with a small within-cluster gap ζ. This choice helps keep the presentation and
the main theoretical results clear and streamlined, while also maintaining consistency with the primary prior literature on
clustering of bandits (Gentile et al., 2014; Li & Zhang, 2018; Liu et al., 2025; Wang et al., 2025). Furthermore, the extension
developed in this appendix shows that this simplification does not limit the applicability of our methods to more general
settings that allow a nonzero within-cluster gap.

Finally, our synthetic experiments in Section 5 already introduce mild gaps for users within the same cluster, where each
user is generated as θu = θju + ϵu (as detailed in Appendix G.2). The real-world Reddit dataset in Section 5 also inherently
reflects the preferences of real users and therefore does not satisfy a perfectly identical within-cluster user model. The fact
that our methods still achieve strong improvements in both settings provides empirical support that they remain effective
even under the more general non-identical within-cluster users setting.

D. Additional Discussions
D.1. Selection of γ̂

This appendix elaborates practical policies for choosing the clustering threshold γ̂. Our treatment closely follows the
guidance in Liu et al. (2025); we include their ideas here for completeness and refer readers there for additional discussion.
As shown in Lemma 3.2, the cardinalities of both Rγ̂(u) and Wγ̂(u) depend critically on the choice of γ̂. Increasing
γ̂ generally enlarges both sets: a larger Rγ̂(u) provides more homogeneous samples that can improve the accuracy of
estimating θu, whereas a largerWγ̂(u) may introduce greater bias due to the inclusion of heterogeneous neighbors (as
analyzed in Theorem 3.3). Therefore, careful selection of γ̂ is crucial. Notably, Equation (10) shows that choosing γ̂ ≤ γ
simplifies the suboptimality bound to a bias-free form. This provides a practical strategy to avoid large bias when a lower
bound of γ is available, but at the cost of reducingRγ̂(ut) and thus increasing the noise due to fewer aggregated samples.
Below we discuss two cases for selecting γ̂ under known or unknown γ.

Case 1: Known γ. When the minimum heterogeneity gap γ (defined in Definition 3.1) is known, a natural choice is
γ̂ = γ, which exactly separates users across clusters.
Remark D.1 (Discussions on γ Known Cases). Setting γ̂ = γ eliminates bias from heterogeneous neighbors because the
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graph connects only users with the same preference vectors, implyingWγ̂(ut) = ∅. The bound thus reflects only sampling
noise from the homogeneous neighborhood Vγ̂(ut). Lemma 3.2 and Equation (10) together show that setting γ̂ = γ allows
Algorithm 1 to maximize Rγ̂(ut) while still ensuring zero bias, making this choice practical. Notably, choosing γ̂ < γ
would also makeWγ̂(ut) = ∅, but at the cost of potentially shrinkingRγ̂(ut) and losing valuable homogeneous samples
which leads to smaller Vγ̂(ut) and thus increases the noise.

Case 2: Unknown γ. When γ is unknown, the threshold γ̂ must be estimated from the offline data. We define

Γ(u, v) = ∥θ̂u − θ̂v∥2 − α(CIu + CIv), M(u) = {v ∈ U \ {u} : Γ(u, v) > 0}, (20)

where CIu is given in line 2 of Algorithm 1. For α ≥ 1, Γ(u, v) ≤ ∥θu − θv∥2 is a lower bound on the true preference gap,
and M(u) collects users deemed heterogeneous relative to u. We consider two complementary policies.

Definition D.2 (Underestimation Policy). The underestimation policy is defined as:

γ̂ = I{M(ut) ̸= ∅} · min
v∈M(ut)

Γ(ut, v). (21)

Theorem D.3 (Effect of the Underestimation Policy). With γ̂ chosen by Equation (21) and α′
w =

κ

3(α+1)
√

2max{2,d} log(2U/δ)
, any user v in the heterogeneous neighbor setWγ̂(ut) of Lemma 3.2 also satisfies

1√
λmin(Mut

)
+

1√
λmin(Mv)

≥ α′
w ∥θut

− θv∥2.

Remark D.4 (When an Underestimation Policy is Preferable). This conservative choice keepsWγ̂(ut) small—only users
with limited information enter—thereby controlling bias. The tradeoff is fewer homogeneous neighbors (Rγ̂(ut) and Vγ̂(ut)
may shrink), which can increase noise. It is therefore preferable when bias is the primary concern—for example, in RLHF
with annotators from diverse regions where mis-clustering can inject systematic preference bias or in fairness-sensitive
applications (e.g., healthcare or education) where even small cross-group bias is more harmful than the extra noise from
using fewer neighbors.

Definition D.5 (Overestimation Policy). The overestimation policy is defined as:

γ̂ = I{M(ut) ̸= ∅} · min
v∈M(ut)

Γ̃(ut, v), (22)

where Γ̃(ut, v) = ∥θ̂ut
− θ̂v∥2 + α(CIut

+ CIv) is an upper bound on the gap between users ut and v.

Theorem D.6 (Effect of the overestimation policy). Under the policy in Definition D.5, if M(ut) ̸= ∅ then γ̂ ≥ γ.

Remark D.7 (When an Overestimation Policy is Preferable). Ensuring γ̂ ≥ γ expands both the homogeneous neighbor set
Rγ̂(ut) and the heterogeneous neighbor setWγ̂(ut). This typically reduces noise but may also increase bias through more
heterogeneous neighbors. This policy is therefore well-suited to noise-dominated regimes, such as recommendation cohorts
with sparse but relatively homogeneous histories; or high-dimension scenarios where the number of dimensions d is large.

Both policies introduced here have their advantages and disadvantages. Underestimation reduces bias at the expense of
higher noise; while overestimation does the opposite. In practice, the preferred policy depends on whether bias or noise is
the main bottleneck. For additional discussion and complementary proofs of Lemmas D.3 and D.6, see Liu et al. (2025).

D.2. Discussions on Parameter κ

The input parameter κ in Algorithm 1 serves as a non-linearity coefficient, lower bounding the minimum slope of the
sigmoid function, i.e.,

min
(x,a,a′)∈X×A×A, θ∈Θ

∇σ
(
ϕ(x,a)⊤θ − ϕ(x,a′)⊤θ

)
≥ κ > 0. (23)

In our setting, κ can be safely fixed to the constant 1/(2 + e2 + e−2), which guarantees the validity of our theoretical results
(e.g., Theorem 3.3). This is because we assume ∥θu∥2 ≤ 1 and ∥ϕ(x,a)∥2 ≤ 1, following prior works on contextual
logistic bandits (Chen et al., 2020; Oh & Iyengar, 2019; Lee & Oh, 2024) and clustering of bandits literature (Gentile et al.,
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2014; Wang et al., 2023b; 2025; Liu et al., 2025). In more general scenarios where the ℓ2-norm of either θu or ϕ(x,a) is not
bounded by a constant, the margin can become arbitrarily large, and 1/κ may grow exponentially. In such cases, as shown
in Lemma F.2 and Section E.2 (proof of Theorem 3.3), our suboptimality bound scales linearly with 1/κ. By contrast, prior
work in the single-user setting exploits mirror-descent techniques to improve this dependence to 1/

√
κ (Li et al., 2025a),

which is argued to be tight (Das et al., 2024; Li et al., 2025a). Extending the dependence on
√
κ to our heterogeneous

multi-user setting with clustering remains an interesting open problem.

E. Detailed Proofs
E.1. Proof of Lemma 3.2

Proof. In order to prove Lemma 3.2, it suffices to show the following statement: under the same conditions as in Lemma 3.2,
both sets can be characterized as

Rγ̂(u) =
{
v
∣∣∣θu = θv and

1√
λmin(Mu)

+
1√

λmin(Mv)
< αrγ̂

}
∪ {u},

Wγ̂(u) =
{
v
∣∣∣ γ ≤ ∥θu − θv∥2 < γ̂ and

1√
λmin(Mu)

+
1√

λmin(Mv)
< αw(γ̂ − γ)

}

for some αr ∈
(

κ

3(α+1)
√

2max{2,d} log(2U/δ)
, κ

2(α−1)
√

2 log(2U/δ)

)
and αw ∈

(
0, κ

2(α−1)
√

2 log(2U/δ)

)
with probability at

least 1− δ.

First, by applying Lemma F.1 and a union bound, we have that the event

E :=
⋂
u∈U

{
∥θ̂u − θu∥2 ≤ CIu

}
holds with probability at least 1− δ/2.

Recall that the connection condition in Algorithm 1 is given by∥∥∥θ̂u1 − θ̂u2

∥∥∥
2
< γ̂ − α (CIu1 + CIu2) ,

which implies

γ̂ >
∥∥∥θ̂u1

− θ̂u2

∥∥∥
2
+ α (CIu1

+ CIu2
)

≥
∥∥∥θ̂u1

− θ̂u2

∥∥∥
2
+ CIu1

+ CIu2

(a)

≥
∥∥∥θ̂u1

− θ̂u2

∥∥∥
2
+
∥∥∥θ̂u1

− θu1

∥∥∥
2
+
∥∥∥θ̂u2

− θu2

∥∥∥
2

(b)

≥ ∥θu1
− θu2

∥2 ,

where (a) follows from the event E and (b) follows by the triangle inequality. Therefore, any pair of connected users must
have preference vectors whose difference is no greater than γ̂.

Next, we calculate the cardinality ofRγ̂(u). Note that for any user v ∈ Rγ̂(u), it holds that θu = θv. To prove the claim
forRγ̂(u) in Lemma 3.2, it suffices to show the following two conditions under event E :

(i) If 1√
λmin(Mu)

+ 1√
λmin(Mv)

< κγ̂

3(α+1)
√

2max{2,d} log(2U/δ)
then v must be included inRγ̂(u).

(ii) If 1√
λmin(Mu)

+ 1√
λmin(Mv)

≥ κγ̂

2(α−1)
√

2 log(2U/δ)
then v must not be included inRγ̂(u).
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For (i). Given
1√

λmin(Mu)
+

1√
λmin(Mv)

<
κγ̂

3(α+ 1)
√
2max{2, d} log(2U/δ)

,

we have

(α+ 1) (CIu + CIv) (24)

≤
3(α+ 1)

√
2 log(2U/δ) + d log(1 + 4Nuκ/(dλ))

κ
√
λmin(Mu)

+
3(α+ 1)

√
2 log(2U/δ) + d log(1 + 4Nvκ/(dλ))

κ
√
λmin(Mv)

≤
3(α+ 1)

√
2max{2, d} log(2U/δ)

κ

(
1√

λmin(Mu)
+

1√
λmin(Mv)

)
< γ̂, (25)

where the second last inequality holds if λ and δ satisfy λκ ≤ 2 log(2U/δ)+d log(1+4Nsκ/(dλ)) and δ ≤ dλ/(4Nsκ+dλ)
for all s ∈ U .

Therefore, under event E , we obtain∥∥∥θ̂u − θ̂v

∥∥∥
2
≤ ∥θu − θv∥2 + CIu + CIv

(a)
= CIu + CIv

(b)

≤ γ̂ − α(CIu + CIv),

where (a) uses θu = θv, and (b) follows from (24). Hence the connection condition in Equation (3) holds, which implies
that v will be connected to u with probability at least 1− δ.

For (ii). If
1√

λmin(Mu)
+

1√
λmin(Mv)

≥ κγ̂

2(α− 1)
√
2 log(2U/δ)

,

then we have

(α− 1) (CIu + CIv) ≥
2(α− 1)

κ

√
2 log(2U/δ)

λmin(Mu)
+

2(α− 1)

κ

√
2 log(2U/δ)

λmin(Mv)

≥ γ̂. (26)

Therefore, it follows that

γ̂ − α(CIu + CIv) ≤ −(CIu + CIv) = ∥θu − θv∥2 − (CIu + CIv) ≤ ∥θ̂u − θ̂v∥2.

Hence, the connection condition in Equation (3) does not hold under event E . This verifies that any v satisfying this bound
cannot be included inRγ̂(u), implying

αr ∈

(
κ

3(α+ 1)
√

2max{2, d} log(2U/δ)
,

κ

2(α− 1)
√
2 log(2U/δ)

]
.

For the cardinality of Wγ̂(u), note that since both λmin(Mu) and λmin(Mv) are positive, we trivially have αw > 0. It
remains to show that any heterogeneous user v with

1√
λmin(Mu)

+
1√

λmin(Mv)
≥ κγ̂

2(α− 1)
√
2 log(2U/δ)

cannot be included inWγ̂(u) under event E . By the same argument as in (26), we have (α − 1)(CIu + CIv) ≥ (γ̂ − γ).
This yields

(γ̂ − γ)− α(CIu + CIv) ≤ −(CIu + CIv) ≤ ∥θu − θv∥2 − (CIu + CIv)− γ ≤ ∥θ̂u − θ̂v∥2 − γ,

which implies
γ̂ − α(CIu + CIv) ≤ ∥θ̂u − θ̂v∥2.

Thus, the connection condition in Equation (3) does not hold for such v, confirming that it cannot be included inWγ̂(u).
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E.2. Proof of Theorem 3.3

Proof. By Lemmas F.1 and F.2, we have ∥∥∥θu − θ̃u

∥∥∥
M̃u

≤ β̃u (27)

for all u ∈ U with probability at least 1− δ.

For simplicity, let u = ut denote the test user. Define J ′
u(π) = Ju(π)−⟨θu,w⟩. Then, the suboptimality gap can be written

as:

SubOptu(πu) = Ju(π
∗
u)− Ju(πu) = J ′

u(π
∗
u)− J ′

u(πu)

=
(
J ′
u(π

∗
u)− J̃u(π

∗
u)
)
+
(
J̃u(π

∗
u)− J̃u(πu)

)
+
(
J̃u(πu)− J ′

u(πu)
)
.

For the second term, since πu = argmaxπ J̃u(π), we have J̃u(π
∗
u)− J̃u(πu) ≤ 0.

For the third term, according to Appendix D.2 of Zhu et al. (2023), it holds that J̃u(πu)− J ′
u(πu) ≤ 0.

Finally, for the first term:

J ′
u(π

∗
u)− J̃u(π

∗
u) =

(
θu − θ̃u

)⊤ (
Ex∼ρp

[ϕ(x, π∗
u(x))]−w

)
+ β̃u

∥∥∥Ex∼ρp
[ϕ(x, π∗

u(x))]−w
∥∥∥
M̃−1

u

≤
(∥∥∥θu − θ̃u

∥∥∥
M̃u

+ β̃u

)∥∥∥Ex∼ρp
[ϕ(x, π∗

u(x))]−w
∥∥∥
M̃−1

u

≤ 2β̃u

∥∥∥Ex∼ρp
[ϕ(x, π∗

u(x))]−w
∥∥∥
M̃−1

u

.

Putting everything together, we obtain:

SubOptu(πu) ≤ 2β̃u

∥∥∥Ex∼ρp
[ϕ(x, π∗

u(x))]−w
∥∥∥
M̃−1

u

= Õ

(√
d
(
1 + γ̂

√
NWγ̂(u)

) ∥∥∥Ex∼ρp
[ϕ(x, π∗

u(x))]−w
∥∥∥
M̃−1

u

)
,

which concludes the proof of Theorem 3.3.

E.3. Proof of Theorem 4.1

Proof. To simplify the notation, we write u = ut. We define

SubOptu(πu,x) := θ⊤
u (ϕ(x, π∗

u(x))− ϕ(x, πu(x))) ,

β
n

u :=

2

√
d log

(
1 + 4κ(Ñu+n)

λd

)
+ 2 log(2U/δ) +

√
λκ

κ
.

First, note that by Lemma F.2 and Lemma F.3, since the cardinality of the heterogeneous neighbor setWγ̂(u) remains
unchanged during the online phase, we have∥∥∥θu − θ̃n

u

∥∥∥
M̃n

u

≤ β
n

u +
γ̂

2

√
dNWγ̂(u) for each n ∈ [N ], (28)

with probability at least 1− δ
2N . By applying a union bound over all n ∈ [N ], this bound holds uniformly for all rounds

with probability at least 1− δ.

We now bound SubOptu(πu,x). It holds that

SubOptu(πu,x) (29)
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= θ⊤
u (ϕ(x, π∗

u(x))− ϕ(x, πu(x)))

≤ θ⊤
u (ϕ(x, π∗

u(x))− ϕ(x, πu(x))) + θ
⊤
u (ϕ(x, πu(x))− ϕ(x, π∗

u(x)))

=
(
θu − θu

)⊤
(ϕ(x, π∗

u(x))− ϕ(x, πu(x)))

=

θu −
1

d λmin

(
M̃N

u

)
+N

(
d λmin

(
M̃N

u

)
θ̃N
u +

N∑
n=1

θ̃n
u

)⊤

(ϕ(x, π∗
u(x))− ϕ(x, πu(x)))

=
1

d λmin

(
M̃N

u

)
+N

(
d λmin

(
M̃N

u

)(
θu − θ̃N

u

)⊤
+

N∑
n=1

(
θu − θ̃n

u

)⊤)
(ϕ(x, π∗

u(x))− ϕ(x, πu(x))) . (30)

Next, for the first term in (30), we have:(
θu − θ̃N

u

)⊤
(ϕ(x, π∗

u(x))− ϕ(x, πu(x)))

(a)

≤
∥∥θu − θ̃N

u

∥∥
2

∥∥ϕ(x, π∗
u(x))− ϕ(x, πu(x))

∥∥
2

(b)

≤ 2

∥∥θu − θ̃N
u

∥∥
M̃N

u√
λmin

(
M̃N

u

)
(c)

≤
2β

N

u + γ̂
√

dNWγ̂(u)√
λmin

(
M̃N

u

) . (31)

Here, (a) follows from the Cauchy–Schwarz inequality; (b) uses the fact that feature vectors are bounded by 1 in norm and
the definition of the minimum eigenvalue; (c) follows from (28).

For the summation term in (30), we have:

N∑
n=1

(
θu − θ̃n

u

)⊤
(ϕ(x, π∗

u(x))− ϕ(x, πu(x)))

≤
N∑

n=1

∥∥θu − θ̃n
u

∥∥
M̃n

u

∥∥ϕ(x, π∗
u(x))− ϕ(x, πu(x))

∥∥
(M̃n

u )−1

(a)

≤
N∑

n=1

∥∥θu − θ̃n
u

∥∥
M̃n

u

∥∥ϕ(x̊n
u, å

n
u)− ϕ(x̊n

u, å
′n
u)
∥∥
(M̃n

u )−1

(b)

≤
N∑

n=1

(
2β

n

u + γ̂
√

dNWγ̂(u)

)∥∥ϕ(x̊n
u, å

n
u)− ϕ(x̊n

u, å
′n
u)
∥∥
(M̃n

u )−1

(c)

≤
(
2β

N

u + γ̂
√

dNWγ̂(u)

) N∑
n=1

∥∥ϕ(x̊n
u, å

n
u)− ϕ(x̊n

u, å
′n
u)
∥∥
(M̃n

u )−1

(d)

≤
(
2β

N

u + γ̂
√

dNWγ̂(u)

)√
N

√√√√ N∑
n=1

∥∥ϕ(x̊n
u, å

n
u)− ϕ(x̊n

u, å
′n
u)
∥∥2
(M̃n

u )−1

(e)

≤
(
2β

N

u + γ̂
√

dNWγ̂(u)

)√
2dN log

(
1 +

4κN

λd

)
. (32)

Here, (a) holds by the active data augmentation rule in line 4 of Algorithm 2; (b) uses the ellipsoid bound (28); (c) holds
because β

n

u is non-decreasing in n; (d) applies the Cauchy–Schwarz inequality; and (e) follows from the elliptical potential
lemma (Lemma F.4).
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Combining Equation (30), Equation (31), and Equation (32) yields:

SubOptu(πu,x)

≤

 1

d λmin

(
M̃N

u

)
+N

(2βN

u + γ̂
√

dNWγ̂(u)

)(
d

√
λmin

(
M̃N

u

)
+
√

2dN log
(
1 + 4κN

λd

))

≤

 1

d λmin

(
M̃N

u

)
+N

(2βN

u

√
d+ γ̂ d

√
NWγ̂(u)

)√
2
(
d λmin

(
M̃N

u

)
+ 2N log

(
1 + 4κN

λd

))

=Õ

 d
(
1 + γ̂

√
NWγ̂(u)

)√
d λmin

(
M̃N

u

)
+N

 .

Since SubOptu(πu) = Ex∼ρp
[ SubOptu(πu,x)], it follows that

SubOptu(πu) ≤ Õ

 d
(
1 + γ̂

√
NWγ̂(u)

)√
d λmin

(
M̃N

u

)
+N

 ,

which completes the proof of Theorem 4.1.

E.4. Proof of Lemma 4.3

Proof. According to Lemma F.7, under the active data augmentation rule in Equation (12), it can be shown that in each block
of d∗ rounds, the minimum eigenvalue of the Gramian matrix increases by at least 1, that is, for any i ∈

{
1, · · · , ⌊Nd∗ ⌋

}
,

λmin

(
M̃ d∗i

ut

)
− λmin

(
M̃ d∗(i−1)

ut

)
≥ 1.

Therefore, we have:

λmin

(
M̃N

ut

)
− λmin

(
M̃ut

)
≥ λmin

(
M̃

d∗⌊ N
d∗ ⌋

ut

)
− λmin

(
M̃ut

)
≥

⌊ N
d∗ ⌋−1∑
i=0

(
λmin

(
M̃ d∗(i+1)

ut

)
− λmin

(
M̃ d∗i

ut

))
≥
⌊N
d∗

⌋
,

where we define λmin

(
M̃0

ut

)
= λmin

(
M̃ut

)
to be the minimum eigenvalue of the Gramian matrix constructed from the

aggregated offline data. This completes the proof of Lemma 4.3.

E.5. Proof of Corollary 4.4

Combining Theorem 4.1 and Lemma 4.3, and noting that d∗ ≤ d, we obtain Corollary 4.4.

E.6. Proof of Lemma B.2

Proof. In this proof, we define

CIu =

√
λκ+ 2

√
d log

(
1 + 4κNu

λd

)
+ 2 log

(
2U
δ

)
κ
√

λ̃aNu/2
.
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By Lemma F.1, Lemma J.1 in Wang et al. (2023b) and Lemma 7 in (Li & Zhang, 2018), it holds that λmin(Mu) ≥ λ̃aNu/2
for all users connected to user u with probability at least 1− δ/2. Therefore, we have

∥∥∥θ̂u − θu

∥∥∥
2
≤

√
λκ+ 2

√
2 log

(
2U
δ

)
+ d log

(
1 + 4Nuκ

dλ

)
κ
√
λmin(Mu)

≤ CIu

with probability at least 1− δ.

Finally, by following the same argument used in the proof of Lemma 3.2, but replacing λmin(Mu) with the explicit bound
on Nu under Assumption B.1, we obtain the desired result in Lemma B.2.

E.7. Proof of Corollary B.3

Proof. We denote ηWγ̂(u) := NWγ̂(u)/NVγ̂(u) for clarity, then it follows that

SubOptu(πu) ≤ Õ

√d (1 + γ̂
√

NWγ̂(ut)

)√
λmin(M̃ut

)


≤ Õ

(√
d
λ̃a

(√
1

NVγ̂ (u)
+

γ̂
√
NWγ̂(u)√
NVγ̂(u)

))

≤ Õ

(√
d
λ̃a

(√
1

NVγ̂ (u)
+ γ̂
√
ηWγ̂(u)

))
.

Here the first inequality follows directly from Theorem 3.3, while the second inequality applies Lemma J.1 in Wang et al.
(2023b) and Lemma 7 in Li & Zhang (2018). This completes the proof of Corollary B.3.

E.8. Proof of Lemma C.1

Proof. The proof forWγ̂(u) in Lemma C.1 is identical to that of Lemma 3.2. Likewise, the bound on the size ofRγ̂(u) can
be treated as a special case of the proof forWγ̂(u) in Lemma C.1 by setting γ = 0.

E.9. Proof of Theorem C.2

Proof. We first prove an adjusted version of Lemma F.2 for the non-identical setting, showing that∥∥∥θ̃u − θu

∥∥∥
M̃u

≤ Õ

(√
d

(
1

κ
+ ζ
√
NRγ̂(u) + γ̂

√
NWγ̂(u)

))
. (33)

The first part of the proof closely follows that of Lemma F.2, except that we replace Equation (45) with

1

κ2

∥∥∥G̃u(θ̃u)
∥∥∥
M̃−1

u

≤

 1

κ

∥∥∥∑
v

∑
i

εivz
i
v

∥∥∥
M̃−1

u

+
1

κ

∥∥∥ ∑
v∈Vγ̂(u)

∑
i

(
σ(θ⊤

v z
i
v)− σ(θ⊤

u z
i
v)
)
zi
v

∥∥∥
M̃−1

u

2

, (34)

where we have∥∥∥ ∑
v∈Vγ̂(u)

∑
i

(
σ(θ⊤

v z
i
v)− σ(θ⊤

u z
i
v)
)
zi
v

∥∥∥
M̃−1

u

≤
∥∥∥ ∑

v∈Rγ̂(u)

∑
i

(
σ(θ⊤

v z
i
v)− σ(θ⊤

u z
i
v)
)
zi
v

∥∥∥
M̃−1

u

+
∥∥∥ ∑

v∈Wγ̂(u)

∑
i

(
σ(θ⊤

v z
i
v)− σ(θ⊤

u z
i
v)
)
zi
v

∥∥∥
M̃−1

u

≤ζ

2

√
dNRγ̂(u) +

γ̂

2

√
dNWγ̂(u). (35)
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Therefore, by following the same procedure as in Lemma F.2, we establish Equation (33). Furthermore, by following the
same procedure as in Appendix E.2, Theorem C.2 can be proved.

F. Technical Lemmas
Lemma F.1 (Confidence Ellipsoid of θ̂u). For any user u, under the initialization in line 2 of Algorithm 1 with κ =
1/(2 + e2 + e−2), it holds with probability at least 1− δ that

∥∥∥θ̂u − θu

∥∥∥
2
≤

√
λκ+ 2

√
2 log

(
1
δ

)
+ d log

(
1 + 4Nuκ

dλ

)
κ
√

λmin(Mu)
.

Proof. First, for any θs ∈ Rd, define

Gu(θs) :=

Nu∑
i=1

(
σ
(
θ⊤
s z

i
u

)
− σ

(
θ⊤
u z

i
u

))
zi
u + λθs.

By the mean value theorem, for any two parameter vectors θs1 and θs2 , we have

Gu(θs1)−Gu(θs2) =

(
Nu∑
i=1

∇σ
(
θ⊤
s z

i
u

)
zi
u(z

i
u)

⊤ + λI

)
(θs1 − θs2) = Wu(θs1 − θs2),

where we define

Wu :=

Nu∑
i=1

∇σ
(
θ⊤
s z

i
u

)
zi
u(z

i
u)

⊤ + λI and θs = ξθs1 + (1− ξ)θs2 , ξ ∈ [0, 1].

In particular, for each user u ∈ U , the mean value theorem implies that there exists ξu ∈ [0, 1] such that the intermediate
point is given by θu = ξuθu + (1− ξu)θ̂u.

Furthermore, we define

Wu :=

Nu∑
i=1

∇σ
(
θ⊤
u z

i
u

)
zi
u(z

i
u)

⊤ + λI.

Recall that

Mu =

Nu∑
i=1

zi
u(z

i
u)

⊤ +
λ

κ
I.

By Equation (23), we have Wu ⪰ κMu and M−1
u ⪰ κW−1

u since ∇σ(θ⊤
u z

i
u) ≥ κ. Here, for two symmetric matrices A1

and A2, the notation A1 ⪰ A2 means that A1 −A2 is positive semi-definite.

Using these properties, we can show that∥∥∥Gu(θ̂u)− λθu

∥∥∥2
M−1

u

=
∥∥∥Gu(θ̂u)−Gu(θu)

∥∥∥2
M−1

u

=
∥∥∥Wu(θu − θ̂u)

∥∥∥2
M−1

u

= (θu − θ̂u)
⊤WuM

−1
u Wu(θu − θ̂u)

(a)

≥ κ (θu − θ̂u)
⊤Wu(θu − θ̂u)

(b)

≥ κ2 (θu − θ̂u)
⊤Mu(θu − θ̂u) = κ2

∥∥∥θu − θ̂u

∥∥∥2
Mu

, (36)

where (a) follows from M−1
u ⪰ κW−1

u and (b) from Wu ⪰ κMu.

Moreover, observe that

∥λθu∥M−1
u

= λ

√
θ⊤
u M

−1
u θu ≤

√
λκ∥θu∥2 ≤

√
λκ, (37)
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where the first inequality uses Mu ⪰ λ
κI and the second follows from ∥θu∥2 ≤ 1.

Combining these results, we have ∥∥∥θu − θ̂u

∥∥∥
Mu

(a)

≤ 1

κ

∥∥∥Gu(θ̂u)− λθu

∥∥∥
M−1

u

(b)

≤ 1

κ

∥∥∥Gu(θ̂u)
∥∥∥
M−1

u

+
1

κ
∥λθu∥M−1

u

(c)

≤ 1

κ

∥∥∥Gu(θ̂u)
∥∥∥
M−1

u

+

√
λ

κ
, (38)

where (a) follows from (36), (b) uses the triangle inequality, and (c) applies (37).

We then bound the term
∥∥∥Gu(θ̂u)

∥∥∥
M−1

u

as follows:

∥∥∥Gu(θ̂u)
∥∥∥
M−1

u

=

∥∥∥∥∥
Nu∑
i=1

(
σ(θ̂⊤

u z
i
u)− σ(θ⊤

u z
i
u)
)
zi
u + λθ̂u

∥∥∥∥∥
M−1

u

=

∥∥∥∥∥
Nu∑
i=1

(
σ(θ̂⊤

u z
i
u)− (yiu − εiu)

)
zi
u +

Nu∑
i=1

εiuz
i
u + λθ̂u

∥∥∥∥∥
M−1

u

(a)

≤

∥∥∥∥∥
Nu∑
i=1

εiuz
i
u

∥∥∥∥∥
M−1

u

, (39)

where inequality (a) follows from the fact that θ̂u is chosen to minimize the regularized log-likelihood:

θ̂u = argmin
θ

[
−

Nu∑
i=1

(
yiu log σ(θ

⊤zi
u) + (1− yiu) log σ(−θ⊤zi

u)
)
+

λ

2
∥θ∥22

]
, (40)

and thus its gradient satisfies
Nu∑
i=1

(
σ(θ̂⊤

u z
i
u)− yiu

)
zi
u + λθ̂u = 0.

Therefore, it follows from (39) that

1

κ

∥∥∥Gu(θ̂u)
∥∥∥
M−1

u

≤ 1

κ

∥∥∥∥∥
Nu∑
i=1

εiuz
i
u

∥∥∥∥∥
M−1

u

.

Next, let V = λ
κI . Since εiu is 2-subgaussian, we apply Theorem 1 in Abbasi-Yadkori et al. (2011) to obtain∥∥∥∥∥

Nu∑
i=1

εiuz
i
u

∥∥∥∥∥
2

M−1
u

≤ 8 log

(
det(Mu)

1/2

δ det(V )1/2

)
(41)

with probability at least 1− δ. Since ∥zi
u∥2 ≤ 2, we have

det(Mu) ≤
(
λ

κ
+

4Nu

d

)d

, det(V ) =

(
λ

κ

)d

, and thus

√
det(Mu)

det(V )
≤
(
1 +

4Nuκ

dλ

)d/2

.

Therefore, ∥∥∥∥∥
Nu∑
i=1

εiuz
i
u

∥∥∥∥∥
2

M−1
u

≤ 8 log
(
1
δ

)
+ 4d log

(
1 + 4Nuκ

dλ

)
with probability at least 1− δ.
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Putting everything together, we conclude that∥∥∥θu − θ̂u

∥∥∥
Mu

≤
√
λκ+ 2

√
2 log(1/δ) + d log(1 + 4Nuκ/(dλ))

κ
with probability at least 1− δ,

which follows from combining (36), (38), (39), and (41).

Lemma F.2 (Confidence Ellipsoid of θ̃u). For any user u, under the data aggregation step of Algorithm 1 and the same
conditions as in Lemma 3.2, it holds with probability at least 1− δ that

∥∥∥θ̃u − θu

∥∥∥
M̃u

≤

√
λ|Vγ̂(u)|κ+ 2

√
2 log

(
2U
δ

)
+ d log

(
1 +

4κNVγ̂ (u)

d|Vγ̂(u)|λ

)
κ

+
γ̂
√

dNWγ̂(u)

2
.

Proof. First, we define

G̃u(θs) =
∑

v∈Vγ̂(u)

Nv∑
i=1

(
σ
(
θ⊤
s z

i
v

)
− σ

(
θ⊤
u z

i
v

))
zi
v + λ|Vγ̂(u)|θs, ∀θs ∈ Rd.

By the mean value theorem, for any θs1 and θs2 , we have

G̃u(θs1)− G̃u(θs2) =

 ∑
v∈Vγ̂(u)

Nv∑
i=1

∇σ
(
θ⊤
s z

i
v

)
zi
vz

i⊤
v + λ|Vγ̂(u)|I

 (θs1 − θs2) ,

for some intermediate point θs = ξθs1 + (1− ξ)θs2 with ξ ∈ [0, 1]. In particular, for each u ∈ U , we let ξu ∈ [0, 1] and
define the corresponding intermediate point θu = ξuθu + (1− ξu)θ̃u.

We further define

W̃u =
∑

v∈Vγ̂(u)

Nv∑
i=1

∇σ
(
θ⊤
u z

i
v

)
zi
vz

i⊤
v + λ|Vγ̂(u)|I and M̃u =

∑
v∈Vγ̂(u)

Nv∑
i=1

zi
vz

i⊤
v +

λ

κ
|Vγ̂(u)|I.

By construction, it holds that W̃u ⪰ κM̃u and thus M̃−1
u ⪰ κW̃−1

u for all u ∈ U .

Then, we have ∥∥G̃u(θ̃u)− λ|Vγ̂(u)|θu
∥∥2
M̃−1

u
=
∥∥G̃u(θ̃u)− G̃u(θu)

∥∥2
M̃−1

u
=
∥∥W̃u(θu − θ̃u)

∥∥2
M̃−1

u

= (θu − θ̃u)
⊤W̃uM̃

−1
u W̃u(θu − θ̃u)

(a)

≥ κ (θu − θ̃u)
⊤W̃u(θu − θ̃u)

(b)

≥ κ2 (θu − θ̃u)
⊤M̃u(θu − θ̃u) = κ2

∥∥θu − θ̃u
∥∥2
M̃u

, (42)

where (a) follows from M̃−1
u ⪰ κW̃−1

u and (b) follows from W̃u ⪰ κM̃u.

Moreover, since M̃u ⪰ λ
κ |Vγ̂(u)|I , we have

∥∥λ|Vγ̂(u)|θu∥∥M̃−1
u

= λ|Vγ̂(u)|
√
θ⊤
u M̃

−1
u θu ≤ λ|Vγ̂(u)|

√
θ⊤
u

(
κ

λ|Vγ̂(u)|
I

)
θu

=
√
λ|Vγ̂(u)|κ

∥∥θu∥∥2 ≤√λ|Vγ̂(u)|κ.

(43)

Hence, we obtain ∥∥θu − θ̃u
∥∥
M̃u

(a)

≤ 1

κ

∥∥G̃u(θ̃u)− λ|Vγ̂(u)|θu
∥∥
M̃−1

u
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(b)

≤ 1

κ

∥∥G̃u(θ̃u)
∥∥
M̃−1

u
+

1

κ

∥∥λ|Vγ̂(u)|θu∥∥M̃−1
u

(c)

≤ 1

κ

∥∥G̃u(θ̃u)
∥∥
M̃−1

u
+

√
λ|Vγ̂(u)|

κ
, (44)

where (a) follows from Equation (42), (b) applies the triangle inequality, and (c) uses the bound in Equation (43).

Furthermore, we can bound G̃u(θ̃u) as follows:

1

κ2

∥∥∥G̃u(θ̃u)
∥∥∥2
M̃−1

u

(a)
=

1

κ2

∥∥∥ ∑
v∈Vγ̂(u)

Nv∑
i=1

(
σ(θ̃⊤

u z
i
v)− σ(θ⊤

u z
i
v)
)
zi
v + λ|Vγ̂(u)|θ̃u

∥∥∥2
M̃−1

u

=
1

κ2

∥∥∥∑
v

∑
i

(
σ(θ̃⊤

u z
i
v)− yiv + yiv − σ(θ⊤

u z
i
v)
)
zi
v + λ|Vγ̂(u)|θ̃u

∥∥∥2
M̃−1

u

=
1

κ2

∥∥∥∑
v

∑
i

(
σ(θ̃⊤

u z
i
v)− yiv

)
zi
v + λ|Vγ̂(u)|θ̃u +

∑
v

∑
i

(
yiv − σ(θ⊤

u z
i
v)
)
zi
v

∥∥∥2
M̃−1

u

(b)
=

1

κ2

∥∥∥∑
v

∑
i

(
yiv − σ(θ⊤

v z
i
v) + σ(θ⊤

v z
i
v)− σ(θ⊤

u z
i
v)
)
zi
v

∥∥∥2
M̃−1

u

=
1

κ2

∥∥∥∑
v

∑
i

εivz
i
v︸ ︷︷ ︸

noise

+
∑
v

∑
i

(
σ(θ⊤

v z
i
v)− σ(θ⊤

u z
i
v)
)
zi
v︸ ︷︷ ︸

bias

∥∥∥2
M̃−1

u

(c)

≤

(
1

κ

∥∥∥∑
v

∑
i

εivz
i
v

∥∥∥
M̃−1

u

+
1

κ

∥∥∥∑
v

∑
i

(
σ(θ⊤

v z
i
v)− σ(θ⊤

u z
i
v)
)
zi
v

∥∥∥
M̃−1

u

)2

(d)
=

 1

κ

∥∥∥∑
v

∑
i

εivz
i
v

∥∥∥
M̃−1

u

+
1

κ

∥∥∥ ∑
v∈Wγ̂(u)

∑
i

(
σ(θ⊤

v z
i
v)− σ(θ⊤

u z
i
v)
)
zi
v

∥∥∥
M̃−1

u

2

. (45)

Here, (a) follows from the definition of G̃u(θ̃u); (b) holds since θ̃u minimizes the negative log-likelihood regularized by λ,
implying ∑

v

∑
i

(
σ(θ̃⊤

u z
i
v)− yiv

)
zi
v + λ|Vγ̂(u)|θ̃u = 0;

(c) uses the triangle inequality; and (d) uses the fact that for any homogeneous neighbor v ∈ Rγ̂(u), we have θu = θv, so
only the heterogeneous neighbors contribute to the bias term.

Next, we bound the term ∥∥∥ ∑
v∈Wγ̂(u)

Nv∑
i=1

(
σ(θ⊤

v z
i
v)− σ(θ⊤

u z
i
v)
)
zi
v

∥∥∥
M̃−1

u

.

By the triangle inequality, we have

∥∥∥ ∑
v∈Wγ̂(u)

Nv∑
i=1

(
σ(θ⊤

v z
i
v)− σ(θ⊤

u z
i
v)
)
zi
v

∥∥∥
M̃−1

u

≤
∑

v∈Wγ̂(u)

Nv∑
i=1

∣∣∣σ(θ⊤
v z

i
v)− σ(θ⊤

u z
i
v)
∣∣∣∥∥zi

v

∥∥
M̃−1

u

(a)

≤
∑
v

∑
i

1

4

∣∣θ⊤
v z

i
v − θ⊤

u z
i
v

∣∣∥∥zi
v

∥∥
M̃−1

u
≤ γ̂

4

∑
v

∑
i

∥zi
v∥2∥zi

v∥M̃−1
u
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(b)

≤ γ̂

2

∑
v∈Wγ̂(u)

Nv∑
i=1

∥∥zi
v

∥∥
M̃−1

u
, (46)

where (a) follows from the Lipschitz continuity of the sigmoid function with constant Lσ = 1
4 , and (b) uses ∥zi

v∥2 ≤ 2.

Furthermore, observe that

∑
v∈Wγ̂(u)

Nv∑
i=1

∥∥zi
v

∥∥2
M̃−1

u
= tr

(
M̃−1

u

(
M̃u −

λ|Wγ̂(u)|
κ

I

))
≤ d.

By applying Cauchy–Schwarz inequality, we get

∑
v

∑
i

∥∥zi
v

∥∥
M̃−1

u
≤

√√√√(∑
v

Nv

)(∑
v

∑
i

∥∥zi
v

∥∥2
M̃−1

u

)
≤
√
d ·NWγ̂(u). (47)

Combining the above, the bias term due to heterogeneous neighbors is bounded accordingly.

Therefore, by applying Equation (46) and (47), we obtain

∥∥∥ ∑
v∈Wγ̂(u)

Nv∑
i=1

(
σ(θ⊤

v z
i
v)− σ(θ⊤

u z
i
v)
)
zi
v

∥∥∥
M̃−1

u

≤ γ̂

2

√
dNWγ̂(u), (48)

where NWγ̂(u) =
∑

v∈Wγ̂(u)
Nv .

Furthermore, for the noise term in Equation (45), by applying Theorem 1 in Abbasi-Yadkori et al. (2011) with V = λ
κI , we

have

∥∥∥ ∑
v∈Vγ̂(u)

Nv∑
i=1

εivz
i
v

∥∥∥
M̃−1

u

≤ 2

√√√√2 log

(
det(M̃u)1/2

δ det(V )1/2

)
≤ 2

√
2 log

(
1

δ

)
+ d log

(
1 +

4NVγ̂(u)κ

dλ|Vγ̂(u)|

)
(49)

with probability at least 1− δ, where NVγ̂(u) =
∑

v∈Vγ̂(u)
Nv .

Combining Equation (44), Equation (45), Equation (48), and (49), we finally have

∥∥∥θu − θ̃u

∥∥∥
M̃u

≤

√
λ|Vγ̂(u)|κ+ 2

√
2 log

(
2U
δ

)
+ d log

(
1 +

4NVγ̂ (u)κ

dλ|Vγ̂(u)|

)
κ

+
γ̂

2

√
dNWγ̂(u),

which holds for all u ∈ U with probability at least 1− δ. This completes the proof of Lemma F.2.

Lemma F.3 (Confidence Ellipsoid). Let {Ft}∞t=0 be a filtration. Let {εt}∞t=1 be a real-valued stochastic process such
that εt is Ft-measurable and εt is conditionally R-subgaussian for some R > 0. Moreover, let {Xt}∞t=1 be an Rd-valued
stochastic process such that Xt is Ft−1-measurable. Assume that V = λI for λ > 0 is a d× d positive definite matrix. For
any t ≥ 0, define

V t = V +

n∑
s=1

XsX
⊤
s , St =

n∑
s=1

εsXs.

Let Yt = ⟨Xt,θ
∗⟩+ εt and assume that ∥θ∗∥2 ≤ S. Then for any δ > 0, with probability at least 1− δ, for all t ≥ 0, θ∗

lies in the set

Ct =

θ ∈ Rd :
∥∥∥θ̂t − θ

∥∥∥
V t

≤ R

√√√√2 log

(
det
(
V t

)1/2
det (λI)

−1/2

δ

)
+ λ1/2S


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where θ̂t =
(
X⊤

1:tX1:t + λI
)−1

X⊤
1:tY1:t is the least squares estimate of θ∗, for X1:t being the matrix whose rows are

X⊤
1 , · · · , X⊤

t and Y1:t = (Y1, · · · , Yt)
⊤. Furthermore, if for all t ≥ 1, ∥Xt∥2 ≤ L then with probability at least 1− δ, for

all t ≥ 0, θ∗ lies in the set

C ′
t =

{
θ ∈ Rd :

∥∥∥θ̂t − θ
∥∥∥
V t

≤ R

√
d log

(
1 + tL2/λ

δ

)
+ λ1/2S

}
.

Proof. Lemma F.3 comes from Theorem 2 in Abbasi-Yadkori et al. (2011).

Lemma F.4 (Elliptic Potential Lemma). Let {zs}ns=1 be a sequence of vectors in Rd such that ∥zs∥ ≤ L for any s ∈ [t].
Let Vt =

∑t−1
s=1 zsz

⊤
s + λI . Then,

n∑
s=1

∥zs∥2V −1
s
≤ 2d log

(
1 +

tL2

λd

)
.

Proof. Lemma F.4 comes from Lemma C.2 in Das et al. (2024).

Lemma F.5 (Lower Bound on the Minimum Eigenvalue). Let as, n ≥ 1 be generated sequentially from a random
distribution such that ||a||2 ≤ 1 and E[aa⊤] is full rank with minimal eigenvalue λa > 0. Let Mn =

∑n
s=1 asa

⊤
s . Then

event

λmin(Mn) ≥
(
nλa −

1

3

√
18nA(δ) +A(δ)2 − 1

3
A(δ)

)
holds with probability at least 1− δ for n ≥ 0 where A(n, δ) = log

(
(n+1)(n+3)d

δ

)
. Furthermore,

λmin(Mn) ≥
1

2
λan, ∀n ≥

16

λ2
a

log

(
8d

λ2
aδ

)
holds with probability at least 1− δ.

Proof. Lemma F.5 comes from Lemma 7 in Li & Zhang (2018) and Lemma B.2 in Wang et al. (2025).

Lemma F.6 (One-step Update on the Euclidean Unit Ball). Let M ∈ Rd×d be symmetric positive semidefinite with
eigenvalues λ1(M) ≤ λ2(M) ≤ · · · ≤ λd(M), and corresponding orthonormal eigenvectors q1, . . . , qd. Let

z∗ := arg max
∥z∥2≤1

z⊤M−1z, (50)

and define the rank-one update M+ = M + z∗(z∗)⊤. Then the increase in the smallest eigenvalue satisfies

λmin(M
+)− λmin(M) = min

{
1, λ2(M)− λ1(M)

}
.

Moreover, the original eigenvector q1 remains an eigenvector of M+, now with eigenvalue

M+q1 = (λ1(M) + 1) q1.

Proof. Write the spectral decomposition

M = Qdiag(λ1, λ2, . . . , λd)Q
⊤,

with Q = [q1, . . . , qd] where Q−1 = QT due to its semi-definite property. For any z with ∥z∥ ≤ 1, let y = Q⊤z, so
∥y∥ ≤ 1 and

z⊤M−1z = y⊤diag(1/λ1, . . . , 1/λd) y =

d∑
i=1

y2i
λi

.
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Since 1/λ1 ≥ 1/λ2 ≥ · · ·, this quadratic form is maximized by concentrating all mass on the first coordinate:

y∗ = ±e1, =⇒ z∗ = Qy∗ = ±q1,

and without loss of generality z∗ = q1. Moreover, because we chose an orthonormal eigenbasis, ∥q1∥ = 1, so ∥z∗∥ = 1.

Now consider M+ = M + q1q
⊤
1 . Observe:

M+q1 = λ1q1 + q1 = (λ1 + 1)q1, M+qi = λiqi (i ≥ 2),

since q⊤i q1 = 0. Therefore the eigenvalues of M+ are λ1 + 1, λ2, . . . , λd, and so

λmin(M
+) = min{λ1 + 1, λ2}.

Subtracting λmin(M) = λ1 gives

λmin(M
+)− λ1 = min{λ1 + 1, λ2} − λ1 = min{1, λ2 − λ1},

as claimed.

Lemma F.7 (Multi-step Update on the Euclidean Unit Ball). Let M ∈d×d be symmetric positive semidefinite with eigenvalues

λ1(M) ≤ λ2(M) ≤ · · · ≤ λd(M).

Suppose that there exists an integer s ∈ {1, 2, · · · , d− 1} such that

λs+1(M) ≥ λ1(M) + 1.

Perform s greedy rank-one updates

M (0) = M, zt = arg max
∥z∥≤1

z⊤
(
M (t−1)

)−1
z, M (t) = M (t−1) + ztz

⊤
t , t = 1, . . . , s.

Then
λ1

(
M (s)

)
≥ λ1(M) + 1.

Proof. Let k be the largest index such that
λk(M) < λ1(M) + 1,

so that 1 ≤ k ≤ s, and by definition, λk+1(M) ≥ λ1(M)+1. By Lemma F.6, each rank-one update increases the eigenvalue
of the currently smallest dimension by 1; in particular, the smallest eigenvalue itself increases by 1 if the second-smallest
eigenvalue is at least 1 larger. In our case, since λk+1(M) ≥ λ1(M) + 1, the condition of the lemma is satisfied. Thus,
after applying the first k updates (each to a direction aligned with the corresponding eigenvector), we have

λ1

(
M (k)

)
≥ λ1(M) + 1.

For any i > k, the original eigenvalue λi(M) already satisfies λi(M) ≥ λk+1(M) ≥ λ1(M) + 1, and rank-one updates
can only increase or leave unchanged the eigenvalues. Therefore, the remaining s − k updates (if any) cannot decrease
λ1

(
M (k)

)
. It follows that

λ1

(
M (s)

)
≥ λ1

(
M (k)

)
≥ λ1(M) + 1,

as claimed.

G. Experiments
G.1. Baselines

We compare Off-C2PL with both enhanced versions of traditional clustering algorithms and prior methods for contextual
logistic bandits. Specifically, we adapt classical clustering algorithms such as KMeans (McQueen, 1967) (with

√
# of users

as cluster number) and DBSCAN (Schubert et al., 2017) to our setting by incorporating the same policy output phase as in
Algorithm 1 with their clustering procedures. We also include variants of Pessimistic MLE (Zhu et al., 2023) for contextual
logistic bandits: Pessimistic MLE (per-user) uses only the test user’s data, Pessimistic MLE (pooled) aggregates data from
all users, and Pessimistic MLE (neighbor) leverages data from the test user’s neighbors identified by a KNN algorithm using
cosine similarity on θ. For evaluating ADA-Off-C2PL, we compare against the pure offline algorithm Off-C2PL trained on
randomly generated offline samples and the pure active learning algorithm Active Preference Optimization (APO) from Das
et al. (2024) that operates without any offline data.
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G.2. Datasets

Synthetic Dataset. We construct a synthetic pairwise–preference dataset with U = 40 users partitioned into J = 8 clusters
uniformly at random. Each cluster j has a ground-truth vector θj ∈ Rd with d = 768, matching the dimensionality of the
real-world embeddings used in our experiments. For a user u in cluster c, we set θu = θj + ϵu, where ϵu ∼ N (0, s2Id).
This adds mild within-cluster heterogeneity so users are similar but not identical, better reflecting real data. We then generate
1000 pairwise comparisons per user under a Bradley–Terry–Luce model: for a pair-difference feature z ∼ N (0, Id), the
preferred item is sampled with probability σ (β θu · z), where σ(x) = (1 + e−x)−1 and β controls noise (larger β implies
cleaner preferences).

Real-World Dataset. We use the Reddit TL;DR summarization (Völske et al., 2017) alongside human preferences collected
by Stiennon et al. (2020). Each sample in our dataset consists of a forum post from Reddit, paired with two distinct
summaries generated by the GPT-2 language model. Human annotators then indicate their preference for one of the
summaries. This dataset contains preference annotations from 76 users, with individual contributions ranging from as few as
2 to more than 18,000 prompts. For evaluation, we focus on 42 annotators who each provide more than 1,000 annotations,
and from each of these, we uniformly sample 1,000 preferences for testing. In order to calculate the suboptimality gap, it is
necessary to have access to an optimal policy. However, the true optimal policy is unknown when working with real-world
data. Therefore, we must rely on the available dataset to approximate the most optimal policy. Thus, we leverage maximum
likelihood estimation (MLE) regression through a gradient descent on the full dataset, to ensure that the derived optimal
policy is optimal relative to the given dataset.
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