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Abstract

Federated learning is a promising privacy-preserving distributed learning paradigm
but suffers from high communication cost when training large-scale machine
learning models. Sign-based methods, such as SignSGD [Bernstein et al.| [2018]],
have been proposed as a biased gradient compression technique for reducing
the communication cost. However, sign-based compression could diverge under
heterogeneous data, which motivate developments of advanced techniques, such
as the error-feedback method and stochastic sign-based compression, to fix this
issue. Nevertheless, these methods still suffer significantly slower convergence
rate than uncompressed algorithms. Besides, none of them allow local multiple
SGD updates like FedAvg [McMahan et al.l [2017]]. In this paper, we propose a
novel noisy perturbation scheme with a general symmetric noise distribution for
sign-based compression, which not only allows one to flexibly control the tradeoff
between gradient bias and convergence performance, but also provides a unified
viewpoint to existing sign-based methods. More importantly, we propose the very
first sign-based FedAvg algorithm (z-SignFedAvg). Theoretically, we show that
z-SignFedAvg achieves a faster convergence rate than existing sign-based methods
and, under the uniformly distribtued noise, can even enjoy the same convergence
rate as its uncompressed counterpart. Extensive experiments are conducted to
demonstrate that our proposed z-SignFedAvg can achieve competitive empirical
performance on real datasets.

1 Introduction

In this paper, we consider the Federated Learning (FL) network with one parameter server and n
clients [McMabhan et al.,[2017} ILi et al., 2020a]], with the focus on solving the following distributed
learning problem

1 n
i = - 7 ; 1
min f(z) n;f(x) M
where f;(-) is the local objective function for the i-th client, for ¢ = 1,...,n. Throughout this

work, we assume that each f; is smooth and possibly non-convex. The local objective functions are
generated from the local dataset owned by each client. When designing distributed algorithms to solve
(1), a crucial aspect is the communication efficiency since each client needs to transmit their local
gradients to the server frequently [Li et al.| 2020al]. As one of the most popular FL algorithms, the
federated averaging (FedAvg) algorithm [McMahan et al.,[2017, |Konecny et al., 2016]] considers local
multiple SGD updates with periodic communications to reduce the communication cost. Another
way is to compress the local gradients before sending them to the server [Li et al.,2020a, |Alistarh
et al.,[2017 Reisizadeh et al.;|[2020]. Among the existing compression methods, a simple yet elegant
technqiue is to take the sign of each coordinate of the local gradients, which requires only one bit for
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transmitting each coordinate. For any = € R, we define the sign operator as: Sign(z) = 1ifz > 0
and —1 otherwise.

Recently, optimization algorithms with sign-based compression have attracted much attention as they
enjoy a great communication efficiency while still achieving comparable empirical performance as
uncompressed algorithms [Bernstein et al., 2018, [Karimireddy et al.,[2019} Safaryan and Richtarik,
2021]]. However, for distributed learning, especially the scenarios with heterogeneous data, i.e.,
fi # f; forevery i # j, a naive application of the sign-based algorithm cannot guarantee convergence
[Karimireddy et al. 2019, |Chen et al.| [2020a} |[Safaryan and Richtarik, 2021]]. There are mainly two
approaches to fix this issue in the existing literature. The first one is the stochastic sign-based method,
which intoduces stochasticity into the sign operation [Jin et al.||2020| [Safaryan and Richtarik} 2021}
Chen et al., |2020a], and the second one is the Error-Feedback (EF) method [Karimireddy et al., 2019,
Vogels et al., 2019, Tang et al., 2019]]. However, these works are still unstastifactory. Specifically, first,
the theoretical convergence rates of these algorithms are still worse than uncompressed algorithms
like [[Ghadimi and Lan, 2013, [Yu et al., [2019]]. Second, none of them allows the clients to have
multiple local SGD updates within one communication round like the FedAvg. This work aims at
addresing these issues and closing the gaps for sign-based methods. A detailed review for related
works is given in Appendix [A]

Main contributions. Our contributions are summarized as follows.

(1) A unified family of stochastic sign operators. We show an intriguing fact: The bias brought
by the sign-based compression can be flexibly controlled by injecting a proper amount of
random noise before the sign operation. In particular, our analysis is based on a novel noisy
perturbation scheme with a general symmetric noise distribution, and therefore provides a
unified viewpoint and incorporates existing stochastic sign-based methods, including [Jin!
et al.,[2020, Safaryan and Richtarik|, |[2021}, |(Chen et al., [2020al], as special instances.

(2) The first sign-based federated averaging algorithm. In contrast to the existing sign-based
shcemes which do not allow local multiple SGD updates within one communication round,
based on the proposed stochastic sign-based compression, we design a novel family of
sign-based federated averaging algorithms (z-SignFedAvg) that can achieve the best of both
worlds: communication efficiency and convergence performance.

(3) New theoretical convergence rate analyses. By a clever use of the asymptotic unbiased-
ness property of the stochastic sign-based compression, we derive a series of theoretical
results which exhibit better convergence rate than the existing sign-based methods. More-
over, we show that by injecting a suffciently large uniform noise, our proposed algorithm
can have a matching convergence rate with the uncompressed algorithms.

Organization of this paper. In Section 2| the proposed general noisy perturbation scheme for the
sign-based compression and its key propoerty about asymptotic unbiasedness are presented. Inspired
by this result, the main algorithms are developed in Section [3|together with their convergence analyses
under different noise distribution parameters. We evaluate our proposed algorithms on real datasets
and benchmark with existing FL methods in Section[d] Finally, conclusions are drawn in Section 3}

Notations. For any € RY, we denote x(j) as the j-th element of the vector z. We define
the ¢, norm for any p > 1 as ||z||, = (Z?zl |1(])|p)% We denote that || - || = || - |

|z]lc =max;jeqi,... ay [(j)]. For any function f(z), we denote f®)(z) as its k-th derivative, and
for a vector z = [z(1),...,z(d)] T € R%, we define Sign(x) = [Sign(x(1)), ..., Sign(x(d))] ".

9, and

2 Sign operator with symmetric and zero-mean noise is asymptotically
unbiased.

In this section, we introduce a general noisy perturbation scheme for the sign-based compression and

analyze its asymptotic unbiasedness. The result serves as the foundation of the proposed algorithm

designs in subsequent sections. Specifically, let us consider the following family of noise distribution
parameterized by a postive interger z € Z.

Definition 1 (z-distribution). A random variable &, follows z-distribution if its p.d.f is
1 +22

pz<t) = 277 e 7, (2)
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where n, = 22T (1 + &) and T(z) = f0+°o t*~Le~tdt is the Gamma function.

It can be verified that (2) is a valid p.d.f. When z = 1, it corresponds to the standard Gaussian
distribution. In addition, one can also show that (2)) converges to the uniform distribution when
z — 400 (Lemma 2] in Appendices). This family of distribution has a nice property that can be
leveraged to bound the bias caused by the sign compression, as stated in the following lemma.

Lemma 1. Forany x € R% and o > 0,

E ISj 2 o ||T/H?éi§ 3
|n.0E [Sign(x + 0&,)] — z||” < 122 ¢ 1)20® 3)
where (1), ..., £.(d) follow the i.i.d. z-distribution.

Remark 1. One can see that the RHS of (B) involves the term (||z||4212/0)"*. Therefore, as long as
0 > ||#||co, the LHS of @) converges to zero when z — +oo. Since Lemmal\?_]implies that { is a
vector whose elements follow i.i.d uniform distribution at [—1, 1], we obtain oE [Sign(x + 0 )] = x
as long as o > ||x|| . It is interesting to remark that the stochastic sign operators proposed in [Jin
et al.| |2020| \Safaryan and Richtdrikl [2021|] is exactly the sign operator injected with a sufficient
amount of uniform noise.

3 Stochastic sign-based federated averaging with z-distribution.

In this section, based on the anaysis in Section 2] we propose the following sign-based federated
averaging algorithm, termed as z-SignFedAvg. The algorithm details are stated in Algortihm[I] Note
that in practice, we only implement z-SignFedAvg with z = 1 and z = 400 which correspond to
the Gaussian distribution and uniform distribution, respectively. This is because, to the best of our
knowledge, there is currently no efficient way to sampling from the distribution p, (¢) with other
choices of z. Nevertheless, we are interested in the convergence properteis of z-SignFedAvg for a
general positive interger z since it provides better insights on how z impacts the convergence rate.

Algorithm 1 z-SignFedAvg (or 2-SignSGD when E' = 1)

Require: Total communication rounds 7', Number of local steps F, Number of clients n, Clients
stepsize -y, Server stepsize 7, Noise coefficient o, parameter of noise distribution z.
1: Initialize xg and fori =1, ..., n.
2: fort =1toT do
3:  On Clients:

4. for ¢ = 1 ton in parallel do

5: Ti_1,0 = Tt—1

6: for s =1to E do

7: 9i-1,s = 9i(T{_1 s_1), Where g;(-) is the minibatch gradient oracle of the i-th client.
8: -1',15,175 = ‘%ﬂifl}sfl - 792’7175'

9: end for ,

10: Al | = Sign (W + agz), where £,(1), ..., &,(d) ~ p.(t) i.id.

11: Send A!_; to the server.

12:  end for

13:  On Server: _

14 mp=m -y YL AL
15:  Send x; to the clients.

16: end for

17: return xr.

We first state the following standard assumptions.

Assumption 1. We assume that each f;(x) has the following properties:

A.l The minibatch gradient is unbiased and has bounded variance, i.e., Elg;(z)] =

Vfi(@), Elllgi(x) = Vi(@)[3] < ¢

A.2 Each f; is smooth, i.e., for any x,y € R?, there exists some non-negative constans L1, ..., Lq

d () —m ()2
such that f(y) — f(z) < (Vf(z),y —x) + =1 Lg(y2(J) 20
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A.3 There exists some constant f* such that f(x) > f*, Vo € RY
A.4 There exists a constant G > 0 such that ||V fi(z)|| < G, Vi =1,...,n, and v € RY.
For the convergence rate analysis, we consider two cases, namely, the case with z < 400 and the

case of z = oo.

3.1 Casel: z < 400

As we can see from Lemmal(T] there always exists some gradient bias when z < +oc. In order to
bound it, we further assume that a higher order moment of the minibatch gradient noise is bounded.

Assumption 2. There exists a constant Q, > 0 such that for any x € R?, we have
Elllgi(z) — V£i(@)lI3E13] < Q-. @

Theorem 1. Suppose that Assumption |I| and @ hold. Denote T, = L3 | 2}, and Ly =
max; L;. Then, forn = n,0 and v < =, we have

T B
1 . 2| _ 2E[f(z0) = f*] | ¥ Limax | (E—1)(2E —1)7°L,,G?
<
E TE ;:1 SEZI IVf(@e—1,s-0)]7| < TE~ T T 3

(a). Standard terms in FedAvg

(52)
N 92z p2z \/WG N ’724zE4Z+1(Qz + G4z+2)LmaX
(22 + 1)o?? 2(2z 4+ 1)%20%*
(b). Bias terms
(5b)
4n’yo? ¢ L,
el > =1L ' 50)
En
—_—

(c). Variance term

When is the bound non-trivial? Since we assume that the £2-norm of gradient is bounded by G, all
the terms in the RHS of (3] should be no larger than G2. For example, one can check that to have the

1
fisrt term in (5B) less than G, one requires o to be greater than 2E (Q + G**)* /(22 + 1) 2,

Bias-variance trade-off. An interesting observation from Theorem 1 is that there exists a trade-off
between the bias and variance terms. One can see that the terms in @2@ is caused by the gradient bias
of the sign operation (see (I)) and is an infinitesimal of o with O (0'_ z), while the term in is due
to the injected noise and is in the order of O (702). Specifically, the first term in (b) only depends on
the noise scale o and mostly affects the final learning performance. In the meanwhile, the variance
term mainly affects the convergence speed because a smaller stepsize is required for it to diminish.

Theoretically, we can choose an iteration-dependent noise scale o so as to making the algorithm
converge. In the following results, we denote 7 = T'E as the total number of gradient queries to the
local objective function.

Corollary 1 (Informal). Let y = min{nz+1 7_%, L Y and o = (717')T1+2 in Theorem and

3 +2 anax
3z 242
let E <n~ %#+272=12, We have

T E
1 P

E |- Vi@ 1. 1)|?| =0 T2 6

T;;II f@1s)ll ((n7) ) (©)

Achieveing linear speedup. From Corollary|l} we can see that the z-SignFedAvg needs (n7) i

communication rounds to achieve a linear speedup convergence rate. Particularly, when z = 1, the

corresponding convergence speed is O((n7)~3) and the required communication rounds is (n7)2.

3.2 Case2: z=+4o0

In this case, the injected noise in z-SignFedAvg is uniformly distributed at [—1, 1]. From Remark
we have learned that the bias term in @I) will either blow up when o is lower than some threshold, or
vanish on the other hand. To quantify this threshold, we need the limit form of Assumption
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Assumption 3. There exists a constant Q. > 0 such that, with probability 1 we have

lgi(2) = Vi) e < Qoo ¥ € RY. ™
Theorem 2 (Informal). Suppose that Assumptionand hold. For~ = min{n%T_%, ﬁ} n=o,
E<niri ando > E(G + Q), we have

1~
E |~ IVF@-1e-0)IP

t=1 s=1

-0 ((m)*%). ®)

We can see that (8] implies co-SignFedAvg recovers the convergence rate of uncompressed algorithms
[Yu et al.,2019].

Remark 2. It is worthwhile to point out that the condition of sufficeintly large noise scale o >
E(G + Q) is necessary and cannot be spared. By intuition, this is because when o0 < E(G + Qo)
in Theorem|[2} the injected uniform noise cannot change the sign of gradients in the worst case. For
example, if & follows uniform distribution on [—1,1], and now o < A for some A > 0, we have
Sign(z + 0€+) = Sign(x) for any x > A.

Remark 3. By comparing the required thresholds for o in Theorem 1 and Theorem 2, we can see
that when there is no minibatch gradient noise (i.e., ( = 0), Case 2 demands less noise injection
and may perform better than Case 1. On the contrary, when the minibatch gradient noise has a long
tail such as Q. < Q*?, Case 1 may be better. Despite of the distinction in theory, as we will see in
Section{d] Case 1 and Case 2 have almost the same behavior on real datasets.

More detailed theoretical results and comparsion with existing methods are relegated to Appendix [B]

4 Experiments

In this section, we present the experiment results on real datasets. All the figures are obtained by 10
independent runs and are visualized in the form of mean+-std. We also conduct an experiment on
synthetic data where there is no minibatch gradient noise, and the results is relegated to Appendix D}

Noise scale as a hyperparameter. Although we explicitly characterize how the performance of
Algorithm [T depends on the noise scale o in previous section, we treat o as a tunable hyperparameter
in practice. Because, on one hand, it usually impossible to compute the moment and support of
the gradient noise in reality. One the other hand, since the theoretical results above only provide a
worst-case guarantee, for some real problems, the optimal noise scales selected from grid search can
be much smaller than the choice suggested by theory.

4.1 An extremely non-i.i.d setting

In this section, we consider an extremely non-i.i.d setting with the well-known dataset MNIST [Dengl
2012] which is a hand-written digits recogonition dataset. Specifically, we split the dataset into 10
parts based on the labels and each client only have the data of one digit. In such a highly heterogeneous
setting, there is no benefit from local computation with periodic commnunication. Therefore,
we compare with the listed algorithms: SGDwM [Ghadimi and Lan| 2013]], EF-SignSGDwM
[Karimireddy et al.l 2019, [Vogels et al., [2019]], Sto-SignSGDwM [Safaryan and Richtarik} [2021].
Some baseline algorithms have an additional hyperparameter for the momentum of gradient. For all
the algorithms, we select the their own optimal hyperparameters like stepsize, momentum coefficient,
noise scale via grid search. For more details like hyperparameters for all the tested algorthms and the
performance of 1-SignSGD and co-SignSGD under different noise scales, we refer the readers to

Appendix

Results. From Figure we can observe that 1-SignSGD and oco-SignSGD have roughly the
same performance which outperform other sign-based algorithms and is slightly inferior to the
uncompressed algorithm. Our theory is verified by comparing the performance of noiseless SignSGD
and our proposed algortihms. If we compare the performance with respect to the total number of
transmitted bits, our algorithms achieve the state-of-the-art performance on this task as we can see in

Figure

4.2 Federated Learning on EMNIST

In this section, we verify the performance of our proposed Algorithm [I]on EMNIST[Cohen et al.,
2017]. We mainly compare the performance of three algorithms: FedAvg without any compression
[McMahan et al., 2017, [Yu et al., 2019]] and our proposed Algorithm [T|with z = 1 and z = oo.
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Figure 1: Performance of various algorithms on non-i.i.d MNIST

Settings. We follow a similar setting to [Reddi et al.,2020]. We also consider the scenario with
partial participation. Specifically, for the EMNIST dataset, there are 3579 clients in total and we
sample 100 clients uniformly to upload their local gradients at each communication round.

Results. The hyperparameters for the algorithms are tuned via grid search and details are in Appendix
[E2} Specifically, we use o = 0.01 for both 1-SignFedAvg and co-SignFedAvg on EMNIST dataset.
We can see from Figure [2] that all the algorithms can benefit from multiple local steps, and more
surprisingly, both 1-SignFedAvg and co-SignFedAvg can outperform the umcompressed algorithm
FedAvg. This is probably because the EMNIST dataset is less non-i.i.d as the dataset we use in
Section[d.I] The performance of 1-SignFedAvg and co-SignFedAvg under various choices of noise
scale are relegated to the Figure[6]and[7]in Appendix [E.2] which also matches our theoretical results.
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-~ FedAvg (E=5)
1-SignFedavg (E = 5)
FedAvg (E=10)
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B
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log(Communication rounds + 1) log(Communication rounds + 1) log(Transmitted Bits per client + 1)
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«-SignFedAvg (€ =2)
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Figure 2: Performance of FedAvg, 1-SignFedAvg and co-SignFedAvg on EMNIST dataset.

5 Conclusion

In this work, we have proposed the z-SignFedAvg: a FedAvg-type algorithm with a novel family of
sign-based stochastic compression. Throughout extensive theoretical analysis and empirical evalu-
ation, we have shown that z-SignFedAvg can perform comparably, sometimes even better, as the
uncompressed FedAvg algorithm with a significantly reduced number of bits transmitted from the
clients to the server. However, a vital issue in z-SignFedAvg is that it involves a new hyperparameter,
i.e., the noise scale o, which needs to be carefully chosen for achieving a good convergence perfor-
mance. An interesting observation from the experiments is that the less heterogeneous the local data
are, the smaller the optimal noise scale is, which is consisten with the theoretical insights. In the
future, we will futher study the relationship between the client’s heterogeneity and the optimal noise
scale. As a final remark, we note that the stochastic sign-based compression proposed in this work is
of independent interest and can be directly combined with other adaptive FL algorithms like those in
Karimireddy et al.|[2020], Redd1 et al.| [2020)].
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Appendices

A Dicussion on related works

Sign-based optimization algorithms such as the SignSGD in [Bernstein et al., [2018]] have gained
much popularity recently because of their simple compression rule and comparable performance to
uncompressed algorithms. In this work, we focus on the scenario with heterogeneous data, and as
we have discussed in Section [T} a naive application of sign-based compression in this scenario is
problematic. Besides, we consider using sign-based compression only for the uplink communication
in this work, while it is worth mentioning that [Tang et al.} 2019} Jin et al.,[2020, |Chen et al., 2020a]
also compress for the downlink communication. In the following paragraphs, we review a few related
works on similar topics.

Stochastic sign-based method. The setting considered by [Safaryan and Richtarik} 2021] is the
closest to ours because [Jin et al.| [2020} |Chen et al.| |2020a]] also compresses the server-to-client
communication with majority vote. Aside from the difference in setting, the algorithms in them

achieve the same convergence rate O (7~ %) w.r.t different convergence metrics, where 7 is the number
of gradient queries to the objective function. As will be discussed in Appendix |A] these rates are
usually inferior to that of uncompressed algorithms. Our proposed algorithm also belongs to this
category. Compared to existing works, we require a slightly stronger assumption on the gradient

noise, and the convergence speed of our algorithm is either O(7~ %) or O(7~2) with the commonly
used squared /5 norm of gradients as the convergence metric. Moreover, we also show that our
proposed sign-based algorithm can achieve a linear speedup when the number of clients increases,
and such a result is not known in previous works.

Error Feedback method. The error feedback (EF) method is first proposed by [Seide et al., 2014]]
and then theoretically justified by [Karimireddy et all 2019]. Then [Vogels et al., 2019, [Tang
et al.,[2019, [2021b] further extend this EF framework into distributed non-i.i.d setting and adaptive
gradient method. The key idea is to show that the sign operator multiplying with one norm is a
contractive compressor, and the error induced by the contractive compressor can be fixed by the
error-compensated gradient method. However, unlike the pure sign-based gradient method, it must
transmit one extra real number for the one norm. Besides, the convergence rate for the EF algorithms

is O(T’% + 771/8?), where § is the parameter of contractive compressor. In the worst case, the
sign operator multiplying with one norm is a contractive compressor with 6 = 1/d, where d is

the dimension of the gradient. Therefore, the convergence rate of it becomes (’)(7_% + d27_1),
which could become very bad especially for high-dimension optimization problem. Besides, to our
knowledge, no one has extended the error feedback method to the scenario with periodic aggregation.

It is often tricky to compare the convergence results of sign-based methods because some works
like [[Chen et al.,|2020a, [Safaryan and Richtarik, [2021]] do not use the standard convergence metric.
To better compare existing results and ours, in Appendix [A] we provide a detailed discussion on
the existing convergence metrics and summarize the representative algorithms and their theoretical
results in Table[T]

Table[I] gives a brief summary for a few representative works related to this work. In this table, we
review the algorithms in these works on the convergence rate along with the used convergence metrics,
communication complexity, assumptions required, and also whether they can deal with periodic
aggregation. Particularly, [Chen et al., 2020a, Safaryan and Richtarik, 2021]] adopt convergence
metrics other than the commonly used average squared ¢, norm of gradients. Due to the additional
step of server-to-client compression, [Chen et al.,2020al] use a convergence metric mixed with £
norm and ¢; norm, while [[Safaryan and Richtarik, [2021]] use /5 norm instead of squared ¢ norm. For
communication complexity, we only compare the unlink communication, and to compute the used
bits per communication, we assume that all the algorithms need 32 bits to represent a float number as
this is the most common setting in Tensorflow [[Abadi et al.,|[2016b] and Pytorch [Paszke et al., 2017].

Among the works in Table[T} the setting considered by [Safaryan and Richtarik},[2021] is the closest to

ours. [Safaryan and Richtdrik, 2021] propose an algorithm that can achieve convergence rate O(7~ %)
with average /5 norm of gradients as the metric. We remark that this is inferior to the convergence

rate O(7~ %) with squared /5 norm as the metric. To illustrate this point, we denote a serie of vector
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453

454

456

457

458

464

465

466

Algorithm Convergence Used bits per Extra Can achieve C;:lfi“(;:v
& metric / rate communication Assumptions? linear speedup? local s tgps"’
_1
{Ghadimi and Lan|[2013] o(r 2) 32d No v X
squared £o
_1
[Yu et al.}2019] o(r 2) 32d « Bounded gradient v v
squared £o
-1 2_—1
[Karimireddy et al.}[2019] O(r 2 +d°777) d+ 32 * Bounded gradient X X
Y g
squared £o
_1
[Safaryan and Richtarik] 2021] o (Te 1) d No x x
2
_1 .
{Fin ot al] 2020) o(r™ 1) d * Bounded gradient X X
| squared £ * nis an odd number
_1 .
{Chen et al.| 20204 o(r~1) d + Bounded gradient X X
] mixed ¢ nis an odd number
i _1 * Bounded gradient
1-Slgn¥;(:;\;/vg()i/l?LG,E} Oo(r 3) d  Bounded 6th moment v v
squared £o of gradient noise
. _1 « Bounded gradient
M'Slgf;iﬁfrf]“& o(r 2) d « Bounded support v v
squared £o of gradient noise
Table 1: Summary for related works.
{a1, ..., ar,...} with o; € R?. If now
r
1 1
=3 il = 0 ), ©
i=1

in the worst case, we can only guarantee that

2
1« ) 1« 1
- 2 <7| = ] =0 10
P 2l <7 | 23l (r%) (10)

for squared ¢5 norm. As a simple example, the equality in (T0) holds when there is only one non-zero
term in {ay, ..., ;- }.

On the contrary, if
1< ) 1
=D leil> =0(2), (11)
=

we have

1 T
=3l <
i=1

Ly 2 = -1
;;Ilazn =0(r" ). (12)

Consider the scenario ¥ = 1, the algorithm in [[Safaryan and Richtarikl 2021]] is equivalent to our
Algorithm|1|with o chosen to be ||g; _; .||. On one hand, this choice of noise scale o make it unable
to be extended to the federated averaging algorithm, because each client use a different noise scale.
On the other hand, this choice is linearly increaseing w.r.t problem dimension and hence is too
conservative. From Figure [3] and [T) we can see that this input-dependent noise scale result in an
extremely slow convergence for high-dimension problems.

B Theoretical results

In this section, we state the formal version of Corollary |I{and Theorem
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467 Corollary 2 (Formal version of Corollary ' If we choose vy = min{n=ir 2;«11 ——} and

468 0= (nT)T=T2 =7 in Theoreml we have

T E 2z
1 2E(f(zo) — f* 2 Linax E—-1)(2F — 1)n= L2  G*
,ZZHVf Ty 1)” < [f( OLf]_i_ ¢ max. +( )( 2z)+2
Ti=1s=m1 (nT)2= (nT)2=7T 3r2ati
(13a)
222E22 /Q _|_G4z+2G 242E4z+1(Qz+G4z+2)Lmax
(22 4 1)(n7) = 2(2z+1)2nﬁ7%
(13b)
a2 L
mz 21 Ly (13c)

E(nr)=F
. _ 3z =42 . =z
469 Furthermore, if E < n~ %+2 73:%2, the upper bound above will converge as O ((m’) 2241 )

470 Relationship to [[Chen et al., 2020a]. [Chen et al.,2020a]| also studies the sign-based optimization
471 algorithm with symmetric and zero-mean noise and prove that the convergence rate is 0(77%) using
472 a similar iteration-dependent noise scale like us. However, there are two difference between their
473 result and our Theorem|[I] First, since they also consider the downlink compression, the convergence
474 metric they used is no longer /5 norm and hard to interpret. Second, unlike [[Chen et al., 2020al]
475 whose result is rooted in median-based algorithm, our analysis directly exploits the property of sign
476  operation and hence can provide a better and more interpretable result.

477 Theorem 3 (Formal version of Theorem [2). Given that Assumption[I|and[3| hold, and we choose

a8 n=o0,ify< 1 tfcr>E(G+Qoo) we have
T E
1 2 < 2E[f (w0) — f7] 7<2Lmax (E-1)2E-1)y 2L12naxG2
ElTE 22 WVF@Ere-)l s ——pp=—+ =7+ 3
standard terms in federated averaging
(14a)
4o Zj_l L;
A 14b
+ on (14b)
—_—
variance term
479 otherwise, if 0 < E(G 4 Qo ), there exists a problem where the algorithm cannot converge.
a0 If we further choose v = min{nz7-2, ﬁ}, we have
T E
1 2E[f(zo) — f* 2Lmax . (E—1)(2E —1)nL2, G*
,ZZHfot Loe 1)”2 [f( O); f]_,’_C 2 +( )( ; )
Ti=s=1 (n7)2 (nT)2 T
(15)
402
+ A (16)
E(m’)

481 Furthermore, if E < n’%T%, the upper bound above will converge as O ((m')*%), which recovers
482 the convergence result of uncompressed algorithm [Yu et al.| 2019)].

453 Remark 4. Wheno < E(G+ Q) in Theorem the injected uniform noise cannot change the sign
84 of gradients in the worst case. For example, if . follows uniform distribution on [—1, 1], and now
a5 o < A forsome A > 0, we have Sign(x + 0€~) = Sign(x) for any x > A.

485 Relationship to [Jin et al., [2020, Safaryan and Richtarik, [2021]. We remark that both the
487 stochastic sign operators proposed in [Jin et al.| 2020} Safaryan and Richtarik, [2021]] are equivalent
488 to the sign operator with uniform noise considered in Case 2. In particular, [Jin et al., 2020] also
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489

490
491

492
493
494
495

497

499

500

501

502

503

504

505

consider downlink compression and hence its convergence results are not directly comparable to the
Case 2. [Safaryan and Richtarik} |[2021]] adopts an input-dependent noise scale and proves (9(7'_%)
convergence rate with {5 norm of gradient as the metric. We remark that this rate is usually worse
than the rate O (7~ 2) with squared £5 norm as the metric. Such input-dependent noise scale make
it possible to prove convergence without the bounded support of gradient noise assumed in this
work. But there are two disadvantages for their choice of noise scale. First, it can not be extended
to federated averaging algorithm. Second, it often leads to slow convergence in practice when the
problem dimension is very high. More discussions on Safaryan and Richtarik! [2021]] are provided in

Appendix [A]
C Missing proofs

Lemma 2. z-distribution weakly converges to uniform distribution at [—1, 1] when z — +o0.

Proof of Lemma[2] Now we denote the p.d.f of uniform distribution as

Loz <1
olz) =42 =5 17
pele)={2 1157 an

Without loss of generality, for any x > 1 and z € Z, we have

1 122 x r 1 2%
e‘?dt—/ P tdt’z/( e 2 —p
’/—oo 21, —o00 OO( ) 0 21, >
1 2
</ .
“Jo

l (18a)

z

1
7 —ldt
:

e~Tdt.  (18b)

(t))dt
+/1lc L -4

2n, € 2n,

For any 0 < € < min{1,z — 1}, we have

1 1—c 1
1 22 1 1 t2% 1 t22 1
e_T—fdt:/ e 2 —’dt—&—/ 6_2—‘dt (19a)
/0 21, 2‘ 0 2n. 2 1—e |21 2
1 a-9% 1
< R —— . 19b
< ’27726 2’ +e€ (19b)
)22
Since lim,_, . % =lim, ,oo —2%— = % and lim,_,.ce™ == _ 1, there exists an interger
M= 22zT(4)
Z1 > O such thatif z > Z;, we have
‘ 1 _a-o? 1‘
e 2 ——-| <e
2 -
Similarly, we have
T 1 22 I+e 1 122 L | 22
/ e 2 dt:/ e 2 dtJr/ e 2 dt (20a)
1 21 1 20, 14e 272
1 )2z
<et e @1 (20b)
21
14+¢€)2%
Since lim,_, e_( 5= 0, there exists an interger Zs > 0 such that if z > Zs, we have
T 22
/ e 2 dt <e. 21
1 21
In all, for any 0 < € < 1, if 2 is sufficiently large, we have
xr 1 tQZ xr
’/ 5 e 2 dt—/ poo(t)dt‘ < de. (22)
—o0 41z —00

14



s06 Take e — 0 and z — 0o, we have

lim ‘ / St — / poo(t)dt‘ =0. (23)

zZ—00 7’]2 —0

507 O

s08  Proof of Lemmal[l} We first state a useful inequality on the c.d.f of z distribution:

s09 Lemma 3. Foranyx € R

|| — S < |, (x)] < |z|, where U, (z) def. /f e~ dt (24)
2(2z41) — =R B ’
510 Then, we have
d 2(j) 2
.0 [Sign(x + 0¢,)] — z||* = Ha: — oW H Z ( —ow, (B )) (25a)
= o
d NAz+2 4242
< Z z(j) = H$||4z+22 - (25b)
= 4224+ 1)20%*  4(2z + 1)%20%
511 O

stz Proof of Lemma([3] Without loss of generality, we prove it for > 0.

513 First,
xr t2z x
/ ez dt < / 1dt < x. (26)
0 0
st Now we define F(z) NG e dt — (2Z+1) Note that F(0) =
515 Then, we can prove that F'(z) > 0 by
122 2z

F'(z)=e 2 -zt 5 20 (27)

st (27) is due to the inequality e=* — 1 + 2 > 0 for any = > 0. O

517 Proof of Theorem[l] Here we define the virtual aggregated update:

_ 1~
Tt = ;xt (28)
Tt =Tt—1,E- (29)

518 We now state the two useful lemmas:

Lemma 4.

222E2z+1 WG 72242E4Z+Q(Qz + G4Z+2)Lmax

E[f(z:) — ()] < 2@ 1 D)o 1% 1 12T (30a)
m2~2525¢
il nZFl (30b)
Lemma 5.
E
BEy*CLiax | B(E —1)(2E — 1)7°L2,,,G?
B{f (@) = fe)] € =3 DIV Eeran) I+ P e | BB DLy |
_ 3D
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519 With this two lemma, we have

Elf(z¢) — f(@e-1)] = ]E[f(wt) — f@)] + Elf (@) — f(2e-1)] (32a)

EV*?Lyax ~ E(E—1)2E — 1)¥3L2 . G?
S_*Zva Ty Lo 1)H2 ,Yén + ( )( . )

(32b)

’}/222E22+1 \/WG 2242E4z+2 (Qz + G4z+2)LmaX (32 )

+ 2022 + 1)022 4(22 + 1)20%% ¢

2
. 2220 anzl (324)

520 Rearranging the terms, we have

E
1 _ o _ 2E[f(zi-1) = f(@)] | 7¢PLmax | (B -1)2FE - 1)¥°L}, G?
— <
E ; ||Vf<xt71,571)|| — E’Y + n + 3
(33a)
L PEEVQ R GERG 2 B Q 4 G ) Ly
(22 4+ 1)0?? 2(2z + 1)20%*
An2yo® S L
+ 7 E%j_l J ) (330)
521 Form the telescopic sum
T E
1 2E[f(z0) = f*] | 7CLmax | (E—1)(2E —1)v*L3,,,G?
ﬁZZHVf Ty 1,s— 1)H2 TE’)’ + n 2 + 3 4
t=1 s=1
(34a)
N 92z 22 WG N ’724ZE42+1(QZ + G4Z+2)Lmax
(22 4+ 1)02* 2(2z 4+ 1)204#
(34b)
Ay Y0 L
+ 27 EXTL:_]fl J (34C)
522 O
523 Proof of Lemmal] Therefore, from smoothness we have,
d . = (2
. Li(x —T
o) = £(@1) < (VF(@0.a1 — ay) + 2o O 22D 3

2

s24 The following equation and inequality can be checked, where the expectation is taken over the noise
525 vector &,

n E E
m—d= 1Y (nzaslgn (Z Gis T a£z> - Zm) , (36)
s=1 s=1

i=1
N & 1K Lo
E[{th - ft} = - O—\I/z - gz,s - gil&,s . (37)
n =1 o s=1 s=1
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s26 Forany j = 1,...,d, we have

2 n E . 2
E[(z:(j) - 2:())°) < 15 ( (o ( ng ) - Zg%(j))) (382)
=1 s=1
o2 n E 1 E 2
+ E]E (Z <T;ZUS1gn (Z gz 7))+ 0&) — oV, <a Z%s(ﬁ) ))
i=1 s=1 s=1
(38b)
2 & 1 E B 2
= > (o\Ifz (a Zgé,s(j)> - Z%AJ‘)) (38¢)
i=1 —1 —1
’72 n 1 E ) 2
+ 50 E (nzaslgn (Z 9t,s(7) + 0§z> —0¥; (G Zgi,s(j)»
i=1 s=1 s=1
(38d)
2o 1 E E_ 2
< > (o\lfz <U Zgi,s(j)> - Zgé’,s(j)> (38¢)
i=1 —1 =1
2 2 n 2
+—5 E <nz081gn (Z 9:.s(J) + U§Z>> (38f)
=1 s=1

292 & 1<, ’
+ ﬁ — (U\I}z (0’ Zlg;S(]))) (38g)

72 = 1 E 2 47727202
S > (0% (O Z%,AJ’)) - Zgé,s(j)> — (38h)

=1 s=1 s=1
(381)
527 Therefore, from Lemma [T} we have
d 2o 1 E 2
. N2 i i
E[Y_ Lj (@:(f) =27 < =D L <0‘I’z (U Z%,AJ)) - Z%(])) (39a)
j=1 i=1 j=1 s=1 s=1
An2~202 d, I
Ure Z] 145 (39b)
n
n E E 2 2
v Lmax (1 i i z’y g Z] 1
< Z O'\Ijz - Z gt s) - Gt,s
n i=1 g s=1 s=1 n
(39¢)
n E 4z+42 2 9 o d
< ’72Lmax Z Zgl + 4"7,2’7 g Zj:l Lj ) (39d)
~ 42z +1)20%n i=1 ||s=1 " 4242 "
528  Now we need to bound
E 4242
E 1Y g : (40)
s=1 4242
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529 where the expectation is taken over gradient noise.

4242

B E
E |3 di. <E|E“S gt (41a)
s=1 442 =
B E
=E BN |lgi, — Viilel ) + Vi, )l (41b)
L s=1
B E
<E|2E) 4z+1z|>gm Vil )|+ ( 2E>4z+lz\|wi<x;',s_1>||j§1§]
L s=1 s=1
(41c)
E
(QE)4z+1EQ +(2E 42+1Z||Vf1 ﬂfts 1 H4Z+2 24z+1E4z+2(QZ+G4z+2).
1
. (41d)

530 In the derivation above, we use a classical result on the monotonicity of £, norm: For any x € RY
s31 and 1 < r < p, we have

1_1
Izllp < llzll, < d7=7 |, (42)

ss2  Therefore, by taking expectation over both &, and Gradient noise, we have

d

E[> Lj () — 2(5))%) <

J=1

7224z+1E4z+2 (Qz + G4z+2)Lmax N 4773/‘)/20'2 Z?:l Lj

4(2z + 1)20% n (“43)

533 Hence, we have

n E ) E . G,lile l't._ft.z
E[f(w) — f(2)] < <Vf<a-:t>, Iy (w (j, Zgz,s> - Zgz,s>> + Zum b @0) ~ #G)

i=1 s=1 s=1
(44a)
n E E d . _ o2
_ ; ; iy Ly (x(5) — Z4(5))
< Vs | 2> (m (th,s> - th,3> + S
=1 s=1 s=1
(44b)
- ,7222E22+1\/WG 72247 B4 H2(Q, + G +2) Loy N 212202 ZJ L
- 2(2z+1)o?? 4(2z + 1)2042 n
(44c)
534 O
Proof of Lemma[3}
E
F@) = fle) = f@1m) = F@10) = D f@16) = [(@o1,5-1) (45a)
s=1
< Z ~(Vf(Tt-1,5-1)Tt-1,5-1 — Te—1,5) + Lmax”ft_l Ty 1|
>~ — ,S ) ,S ,8 2 ,8 ,8
(45b)
2Lmax 1 = i
Z( (Vf(@t-1,5-1) th 1) 9 Hﬁ th—l,s|2> - (450
s=1 i=1
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535 Taking expectation over gradient noise, we have

RN 1« ; ¢?
Efll~ th_l,SIIQ] <l vai(xt—l,s—l)HQ +o (46a)
E[—(Vf(Zt-1,5-1) th 1)) = =V (@i-1,5-1), vazl”tu 1) (46b)
=—*||Vf Tt—1,5-1 HQ—*II*Zsz Tio1s-1)[* (460)

1 )
+ 5V @) =~ ZVfi(mi,Ls,l)H?. (46d)
=1

536 Notice that from smoothness, we have for arbitrary z,y € R4,

Lmax
Fy) < (Vf(@),y —2) + =3y — 2, (47)
537 which is equivalent to
IVf() = VW < Lmaxlly — |- (48)
s3s8  Now for every s, we have
_ 1 ;
IVF@etsm0) = ;Vfi(xt_l,s_l)llg (492)
1 & _ 1 — )
ZHEZVfi(xt-l,s-l) - gzvfi(wtfl,sfl)ﬂ (49b)
Zth 1,s—1 = xt 1,s— 1|| (49¢)
2
n s—1 n .
S 1 I th 1y~ T (49d)
i=1 ||q=1 j=1
. 2
(8_1 max o 1 - 7 i
S Z Z n th—l,q T Yi-1,4 (49%)
i=1 g=1 =1
<2(s —1)*y2L2, . .G (491)
539 In all, we have
= V2L
E[f(2) — f(2e-1)] < Z ( V@) - Zsz Tt [P+
sS=
(50a)
v — 1 - 7 2 '7 Lmax
+ §||Vf(xt,17571) T vai(xtfl,sfl)” vaz mt 1,5—1 ||
i=1
(50b)
E f}/ 72€2Lmax
< ; (2|Vf(fft—1,s—1)”2 +s (s —1)%y SLfnaxcﬂ) (50c)
E 22 372 2
Y EV C Lm X E(E B 1)(2E — 1) mexG
= = IV @)+ T - .
s=1
(50d)
540 OJ
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541

542

544

545

546

547
548
549

550

551

552

553

554

Proof of Theorem 5] We need a similar lemma like Lemma 4}

Lemma 6. Ifo > E(G + Q), then

d
27202 Z]:l L]

E[f(z:) — f(z4)] < - (51
Following similar idea in the proof of Theorem|[I] we have
Elf (@) = f(ze-1)] = E[f (z:) = f(@0)] + E[f(Z1) = f(2e-1)] (52a)
E 2,2 372 2 2,2y
7 . s BV CLyax  E(E—1)2E —1)43L2,.G* 27°0° Y5, L;
5 ; IVF@rsn)I? + =2+ . +
(52b)
Rearranging the terms, we have
E
1 . 2~ 2B[f(@em1) = fl@)] | 1P Lmax | (B - 1)(Q2E - 1)y°LF,,G?
— 15— <
i3 Sz:;HVf(ﬂCt 1s-1)]|7 < B + ” + 3
(53a)
4?30 L
+ Y 2]71 J (53b)
En
Form the telescopic sum
T E
1 2 < 2E[f (z0) — f*] Y¢? Linax (E-1)(2E 1)y QL?nasz
ElTE leg;”vf Tt € ——pp = e 3
(54a)
4yo2 4 L
A o S 2y=1 by (54b)

En

Here we provide a simple example where 0 < E(G + Q) and the algorithm cannot converge.
Consider ¥ = 1, Qoo = 0 and the problem
min(z — A)? + (z + A)2,

z€R

where A > 0 is some postive number. If we choose the initial to be zg = g. As we can, the gradient
at x for the two parts of the objective function are —A and 3 A respectively. We denote that £, as
the random noise following uniform distribution at [—1, 1]. If now o < A, we have

Sign(—A + o€ ) + Sign(34 4 0é) = 0, (55)
i.e., this algorithm never update the variable. O

Proof of Lemma @ We first note that, when z = +00, we have

x ze€[-1,1],
Uo(z) =<1 x<-1, (56)
1 z>1

Now, from L-smoothness we have,

S Ly ((j) — w)ﬁ

(@) = f(@e) <AVF(Ze), 20 — T4) + 5 (57a)

The following equation and inequality can be checked, where the expectation is taken over £,

n E E
E[z; — Z] = E lZL > (USign (Z gis+ a§w> — ;gtg)] =0, (58)

i=1 s=1

because from the condition of o we can see that o > || 25:1 9+ ¢|loo almost surely. O
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555

556

557

558
559
560

561
562
563

564

565

566

567

568

569
570
571
572
573
574
575
576
577
578

579

580

581

583
584

585
586
587

Forany j =1, ...,d, we have

. N2 2 = . C . . 1A .
E[(24(7) — (7)) < 5E oSign | > gi(7) + 0€eo(d) | —0Weo |~ 01.(0)

= =
(59)
< 47;”2. (60)

Hence, we have
Bl ) - S(a0) < + 2= 1 OO H O )
< lim b %j‘l =3 (62)

D A simple simulated experiment.

In this section, we verify our theorical results in Section [3]on a simple simulated experiment without
any gradient noise. Specifically, we consider the following distributed optimization problem with 10
clients,

1 10
min 5>l = uill* (63)
=1

Here we generate 4, ..., y10 € R? using i.i.d standard Gaussian distribution, where d is the problem
dimension. We compare the performance of the following algorithms. For all the algorithms, we use
the same stepsize 0.01 and all-zero initialization. We denote the tested algorithms as:

* GD: Distributed gradient descent without any compression.

* Sto-SignSGD: The algorithm proposed by [Safaryan and Richtarik} 2021]].
* SignSGD: (Algorithm[[|with z =1, E = 1 and o = 0.).

1-SignSGD (Algorithm[I|with z = 1 and E = 1.)

* 00-SignSGD (Algorithm [[|with z = 400 and E = 1.)

Results. As we can see from Figure [3] all the stochastic sign-based algorithms can converge to
the optimal solution, while the SignSGD without any noise fail to converge to the optimal solution.
Besides, 1-SignSGD and co-SignSGD have roughly the same convergence speed which is slightly
slower than the uncompressed gradient descent. It is also verified that the input-dependent noise
scale adopted by [Safaryan and Richtarik| [2021]] could lead to slow convergence when the problem
dimension is high, as we have discussed in Section[3.2] The optimal noise scales of 1-SignSGD and
00-SignSGD are selected based on Figure ] We can see that there is a clear bias-variance trade-off
in E] which corroborates our prediction in Section E} Moreover, it worth to mention that in this
experiment, the optimal o for co-SignSGD is much smaller than the conservative choice suggested
by theory.

E Experiment details
E.1 Details for the experiment in Section [4.1|

In Table 2] we provide the tuned hyperparameters for all the tested algorithms on non-i.i.d
MNIST. Generally, we tune the hyperparameters via grid search: [0.1,0.05,0.01, 0.005] for stepsize,
[0,0.3,0.5,0.7,0.9] for momentum coefficient, [0, 0.02, 0.05, 0.01, 0.03, 0.05,0.1, 0.3, 0.5] for noise
scale.

In Figure [5} we visualize the performance of 1-SignSGD and co-SignSGD under different noise
scales. As we can see, the results for 1-SignSGD and oco-SignSGD are almost the same, except that
the 0o-SignSGD is slighly better than 1-SignSGD when the noise scale is large.
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Figure 4: Algorithm under different noise scales

E.2 Details for the experiment in Section 4.2]

For the experiment on EMNIST, we fix the client stepsize as 0.05.
the server stepsize, noise scales via grid search:

Then we tune

[1,0.5,0.1,0.05,0.01,0.005] for stepsize,

[0, 0.005, 0.02,0.05,0.01,0.03,0.05, 0.1, 0.2] for noise scale. The used hyperparameter in the Figure
[2Jare summarized in Table[3] We also visualize the performance of 1-SignFedAvg and co-SignFedAvg
under various noise scales and local steps in Figure[f] [7] where we use SignFedAvg to represent

Algorithm[T]with o = 0.

Algorithm Stepsize | Momentum coefficient | Noise scale
SGDwM 0.05 0.9
EF-SignSGDwM 0.05 0.9
Sto-SignSGDwM 0.01 0.9
SignSGD 0.01 0 0
1-SignSGD 0.01 0 0.05
00-SignSGD 0.01 0 0.05

Table 2: Hyperparameters for tested Algorithms on non-i.i.d MNIST.
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Algorithm Server stepsize | Noise scale
1-SignFedAvg 0.03 0.01
oo-SignFedAvg 0.03 0.01
Table 3: Hyperparameters for tested Algorithms on EMNIST.
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