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ABSTRACT

Learning generative models of 3D point clouds is one of the fundamental prob-
lems in 3D generative learning. One of the key properties of point clouds is their
permutation invariance, i.e., changing the order of points in a point cloud does not
change the shape they represent. In this paper, we analyze the recently proposed
equivariant OT flows that learn permutation invariant generative models for point-
based molecular data and we show that these models scale poorly on large point
clouds. Also, we observe learning (equivariant) OT flows is generally challeng-
ing since straightening flow trajectories makes the learned flow model complex
at the beginning of the trajectory. To remedy these, we propose not-so-optimal
transport flow models that obtain an approximate OT by an offline OT precompu-
tation, enabling an efficient construction of OT pairs for training. During training,
we can additionally construct a hybrid coupling by combining our approximate
OT and independent coupling to make the target flow models easier to learn. In
an extensive empirical study, we show that our proposed model outperforms prior
diffusion- and flow-based approaches on a wide range of unconditional generation
and shape completion on the ShapeNet benchmark.

1 INTRODUCTION

Generating 3D point clouds is one of the fundamental problems in 3D modeling with applications
in shape generation, 3D reconstruction, 3D design, and perception for robotics and autonomous
systems. Recently, diffusion models (Sohl-Dickstein et al., 2015; Ho et al., 2020) and flow match-
ing (Lipman et al., 2022) have become the de facto frameworks for learning generative models for
3D point clouds. These frameworks often overlook 3D point cloud permutation invariance, implying
the rearrangement of points does not change the shape that they represent.

In closely related areas, equivariant optimal transport (OT) flows (Klein et al., 2024; Song et al.,
2024) have been recently developed for 3D molecules that can be considered as sets of 3D atom
coordinates. These frameworks learn permutation invariant generative models, i.e., all permutations
of the set have the same likelihood under the learned generative distribution. They are trained using
optimal transport between data and noise samples, yielding several key advantages including low
sampling trajectory curvatures, low-variance training objectives, and fast sample generation (Poola-
dian et al., 2023). Albeit these theoretical advantages, our examination of these techniques for 3D
point cloud generation reveals that they scale poorly for point cloud generation. This is mainly due
to the fact that point clouds in practice consist of thousands of points whereas molecules are as-
sumed to have tens of atoms in previous studies. Solving the sample-level OT mapping between a
batch of training point clouds and noise samples is computationally expensive. Conversely, ignoring
permutation invariance when solving batch-level OT (Pooladian et al., 2023; Tong et al., 2023) fails
to produce high-quality OT due to the excessive possible permutations of point clouds.

In this paper, we propose a simple and scalable generative model for 3D point cloud generation
using flow matching, coined as not-so-optimal transport flow matching, as shown in Fig 1. We
first propose an efficient way to obtain an approximate OT between point cloud and noise samples.
Instead of searching for an optimal permutation between point cloud and noise samples online during
training, which is computationally expensive, we show that we can precompute an OT between a
dense point superset and a dense noise superset offline. Since subsampling a superset preserves the
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(a) Independent Coupling (b) Minibatch OT (c) Equivariant OT (d) Ours

Figure 1: Different coupling types between Gaussian noise (left) and point clouds (right), where
coupled noise and surface points share the same color: (a) Independent Coupling randomly maps
noises to point clouds. (b) Minibatch OT computes OT map in batches of noises and point clouds.
(c) Equivariant OT follows the similar minibatch OT but aligns points via permutation. (d) Our
approach precomputes dense OT on data and noise supersets, then subsamples it to couple point
clouds with slightly perturbed noise. Note that only (c) and (d) can produce high-quality OT.

underlying shape, we can simply subsample the point superset and obtain corresponding noise from
the precomputed OT to construct a batch of noise-data pairs for training the flow models.

We demonstrate that our approximate OT reduces the pairwise

distance between data and noise significantly and benefits from

the advantages of OT flows, e.g., straightness of trajectories

and fast sampling. However, a careful examination shows that

learning (equivariant) OT flows is generally challenging since “‘m<

straightening flow trajectories makes the learned flows com- (

plex at the beginning of the trajectory. Intuitively, in the OT
coupling, the flow model should be able to switch between

different target point clouds (i.e., different modes in the data () »p1(21)
distribution) with small variations in their input, making the P(@)
flow model have high Lipchitz (see Fig 2). Figure 2: In the OT flow model,

the vector field V¢(Xg) admits a
large change in its output with a
small perturbation of Xg at t=0.

To remedy this, we propose a simple approach to construct
a less “optimal” hybrid coupling by blending our approxi-
mate OT and independent coupling used in the flow matching
model. In particular, we suggest perturbing the noise samples
obtained from our approximate OT with small Gaussian noise. While this remedy makes our map-
ping less optimal from the OT perspective, we show that it empirically shows two main advantages:
First, the target flow model is less complex and the generated points clouds have high sample quality.
Second, when reducing the number of inference steps, the generation quality still degrades slower
than other competing techniques, indicating smoother trajectories.

In summary, this paper makes the following contributions: (i) We show that existing OT approxi-
mations either scale poorly or produce low-quality OT for real-world point cloud generation. (ii)
We show that albeit the nice theoretical advantages, equivariant OT flows have to learn a complex
function with high Lipchitz at the beginning of the generation process. (iii) To tackle these issues,
we propose a not-so-optimal transport flow matching approach that involves an offline superset OT
precomputation and online random subsampling to obtain an approximate OT, and adds a small per-
turbation to the obtained noise during training. (iv) We empirically compare our method against
diffusion models, flows, and OT flows on unconditional point cloud generation and shape comple-
tion on the ShapeNet benchmark. We show that our proposed model outperforms these frameworks
for different sampling budgets over various competing baselines on the unconditional generative
task. In addition, we show that we can obtain reasonable generation quality on the shape completion
task in less than five steps, which is challenging for other approaches.

2 RELATED WORKS

Score-based Generative Models. Recently, diffusion models (Sohl-Dickstein et al., 2015; Ho et al.,
2020; Song & Ermon, 2019) have gained popularity in generating data of various formats, especially
images (Rombach et al., 2022; Ramesh et al., 2022) and videos (Blattmann et al., 2023; Brooks et al.,
2024). These generative models employ an iterative process to transform a known distribution,
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typically a Gaussian, into a desired data distribution. Song et al. (2020) demonstrate that these
models can be generalized to a continuous time setting, solving an SDE with an ODE that shares
the same marginal. Lipman et al. (2022) train a vector eld to trace a linear interpolation between
training pairs from data and noise distribution (further details in Section 3.1). We also focus on the
ow matching models and aim to employ them effectively for 3D point cloud generation.

Relation of Flow Matching with Optimal Transport (OT). Flow matching is closely related to the
Optimal Transport (OT) problem, which aims to nd a map with minimal transport cost between two
distributions. As for ow matching, the trajectory ows can be taken to de ne the map that solves
the OT problem. However, when the ow models are trained with random pairs, the trajectories are
usually curved, so using pairs from the OT map can lead to straighter trajectories that improve the
ef ciency, as Pooladian et al. (2023); Tong et al. (2023) show. Since the OT map is usually unavail-
able, various methods are introduced to obtain better training pairs as we discuss in Section 3.1.
Another approach to obtain better pairs is to iteratively straighten the trajectory from a ow match-
ing model. Recti ed Flow (Liu et al., 2022) obtains training pairs by simulating ODE trajectories of
pre-trained models. However, this involves an expensive ODE simulation and introduces errors in
the straightening process. In this work, we mainly study the limitations of existing OT solutions on
the rst approach and derive a new solution that is speci ¢ for point cloud generation.

3D Point Cloud Generation. Point cloud generation has been studied extensively using various
generative models including VAEs (Kim et al., 2021), Energy-based models (Xie et al., 2021),
GANSs (Achlioptas et al., 2018; Shu et al., 2019; Li et al., 2021), and ow-based models (Yang
etal., 2019; Kim et al., 2020). Recently, diffusion models (Zeng et al., 2022; Zhou et al., 2021; Luo
& Hu, 2021; Peng et al., 2024; Zhao et al., 2025) have achieved great success in producing high-
guality generation results. However, these methods often ignore point clouds' permutation-invariant
nature in training by treating them as high-dimensional at vectors. PSF (Wu et al., 2023) uses
Rectied ow (Liu et al., 2022) to generate point clouds, addressing permutation issues implicitly
through ow straightening. This approach is computationally expensive due to multiple sample in-
ferences needed for constructing training pairs. In this work, we focus on constructing an ef cient,
high-quality OT approximation for permutation-invariant point cloud generation based on the ow
matching models.

3 METHOD

In Section 3.1, we begin by covering preliminaries of training a continuous normalizing ow and
recent OT ows. Section 3.2 explores the challenges of applying existing OT approximation meth-
ods to 3D point clouds. To tackle these challenges, we introduce our approximate OT approach in
Section 3.3 that precomputes OT maps in an of ine fashion, and in Section 3.4, we explore a simple
hybrid and less optimal coupling approach that makes target ows easier to learn.

3.1 PRELIMINARIES

Continuous Normalizing Flow (CNF) (Chen et al., 2018) morph a base Gaussian distribwgion
into a data distributiomy using a time-variant vector el# ; :[0;1] RY! RY, parameterized
by a neural network. The mapping is obtained from an ordinary differential equation (ODE):

d

—Xt = V¢ (Xy): 1
%= Ve (k) (1)
Conceptually, the ODE transports an initial sample @, wherexy 2 RY with p; denoting
the distribution of samples at ste@ndpo(x) = q(x). Usually, the vector eldv  is trained to
maximize the likelihoogb; assigned to training data sampilasfrom distributiong; . This procedure
is computationally expensive due to extensive ODE simulation for each parameter update.

Flow Matching (Lipman et al., 2022) avoid the computationally expensive simulation process for
training CNFs. In particular, we de ne a conditional vector ald( jx;) and pathp;( jx1) that
transformgp into a Dirac delta ax, att = 1. Lipman et al. (2022) show that.; can be learned via

a simple conditional ow matching (CFM) objective:

Lerm = Ergy(xa)igoxo)liV it (Xt) Ut(thX1)1j23 2

A common choice for the conditional vector eld is (Xxjx1) := X1 X, which can be easily
simulated by linearly interpolating the data and Gaussian samples vgl t) Xo + tX;.
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Figure 3: Comparison of OT Approximation Methodseft: Average OT distance across batch
sizes. Minibatch OT (blue) fails to reduce distances much compared to independent coupling (red
dash). Equivariant OT (orange) signi cantly reduces distance values. Our OT approximation is on
par with Equivariant OTRight: Computational time for OT across batch sizes. Minibatch OT (blue)
maintains a reasonable computational timé (second) with batch siZ2 = 256. Equivariant OT
(orange) grows quadratically starting from 2.2 seconds ®ith 1.

Optimal Transport (OT) Map. Inthe CFM objective in Eq. 2, the training pdito; X1) is sampled

from an independent couplingi(Xo; X1) = G(Xo)h(X1). However, Tong et al. (2023); Poola-
dian et al. (2023) show that we can sample thgtraining pair from any coupling that satis es the
marginal constraint: ¢(Xo;X1)dX1 = OgfXo) and d(Xo;x1)dXo = h(X1). They show an opti-

mal transport (OT) map that minimizes jjxo X1jj? (Xo;X1)dXo0dx1 is a good choice for data
coupling, leading to a straighter trajectory. Yet, obtaining the optimal transport map is often dif cult
for complex distributions. Next, we review two main directions for approximating the OT map:

(i) Minibatch OT: Tong et al. (2023); Pooladian et al. (2023) approximate the actual OT by com-
puting it at the batch level. Speci cally, they sample a batch of Gaussian rfoiges ;x5g9 @

and data samplefixi;  ;x%g g1, whereB is the batch size. They solve a discrete optimal
transport problem, assigning noises to data samples while minimizing a cost fuGgtgnx ).

The cost function is typically the squared-Euclidean distaneg,C(xo;X1) = jjXo X1jj%, and

the assignment problem is often solved using the Hungarian algorithm (Kuhn, 1955). After comput-
ing the assignment, we can use the assigned pairs to train the vector eld network via Eq. 2. As the
batch sizeB approaches in nity, this procedure converges to sampling from the true OT map.

(i) Equivariant OT Flow Matching: Song et al. (2024); Klein et al. (2024) also approximate

the OT at the batch level, but they focus on generating elements invariant to certain@roup
such as permutations, rotations, and translations. Speci cally, they propose replacing the afore-
mentioned cost functio (x; X1) with one that accounts for these group elemef6xg; x1) =

Mingz ¢ jjXo (9)x1jj2, where (g) is the matrix representation of the group elemgntThis
approach signi cantly reduces the OT distance even with a small batch size, demonstrating success
in generating molecular data. Intuitively, using the cost function de ned above allows us to align
data and noise together (in our case via permutation) when computing the minibatch OT.

So far, we consider generic unconditional generative learning. It is worth noting that mini-batch OT
does not easily extend to conditional generation probléms)earningp(xjy) for a generic input
conditioningy, when there is only one training samplefor each input conditioning . This is
because the OT assumes access to a batch of training samples fgr each

3.2 EXISTING OT APPROXIMATION FORPOINT CLOUD GENERATION

We focus on generating 3D shapes represented as point clouds. A poinkgl@R N 3 is a set of
points sampled from the surface of a sh&yavhereN is the number of points. Unlike 2D images,
point clouds have unique properties that pose challenges for existing OT methods:

(i) Permutation Invariance. A point cloud, while arranged in a matrix form, is inherently a set.
Shufing points inx; should represent the same shape. Mathematically, given a permutation matrix
(9), the sampling probability remains unchangeel, cu ( (g)x1) = qu(x1).

(il) Dense Point Set. Point clouds are nite samples on surfaces. However, similar to low-resolution
images, sparse point sets may miss ne geometric structures and details. Thus, most works use dense
point sets (sajN 2048 to accurately capture 3D shapes.

Existing approach to estimating OT maps face these challenges on point clouds:
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Figure 4: Analysis of trajectory straightness using different couplings to obtain training pairs. Left:

We plot the square norm of the difference between successive vector eld§ivi:e.1 (Xt+1)

V. (X¢)]j, as a measure of trajectory curvature. Right (a-c): Trajectory samples obtained by models

trained with (a) independent coupling, (b) our OT approximation, and (c) our hybrid coupling with
= 0:2. Note that we subsample the point cloud to 30 points for a better trajectory visualization.

Ineffectiveness of Minibatch OT. Minibatch OT, effective in low-dimensional and image domains,
fails for point clouds due to property (i). There aié equivalent representations of the same point
cloud, implyingN! equivalent training pair§xo;x1). An OT-sampled pair should minimize the
cost: C(Xo;X1) = min g2 C(Xo; (g)X1). However, in Minibatch OT's with no permutation, the
assignments grow quadratically with batch size, while the number of permutations grows exponen-
tially. As shown in Figure 3 (left), Minibatch OT achieves only ab6#%ireduction in the cost even

with batch size 256, indicating limited effectiveness of this approach in point cloud generation.

Inef cient OT Maps in Equivariant OT. Equivariant OT produces high-quality maps, but is com-
putationally expensive for point cloud generation. Figure 3 (left) sho#& %6 reduction even with

a batch size 1, showing the importance of aligning points and noise via permutation. However, un-
like molecular data, which has limited sizd €55 in (Klein et al., 2024)), representing 3D shapes
needs a largeN , following property (ii). Solving the optimal transport cost takes@{B °N ?)
computational complexity because of the quadratic number of noise and point cloud pairs in a batch
of B examples, an@®(N ®) for the the Hungarian algorithm (Kuhn, 1955). Figure 3 (right) shows
how this grows rapidly even for a typical point cloud sid& € 2048). It takes around 2.2 seconds

for the OT computation even f@ = 1, leading to a signi cant bottleneck in the training process
that is more than 40x slower than independent coupling.

3.3 OUROT APPROXIMATION

A simple approach to generate training point clouds is to re-sample the points from the object surface
in each training iteration. However, most point cloud generation methods avoid this tedious online
sampling by pre-sampling a dense point supexse2 RM 2 with M >> N . During training,
random subsets of ; are selected as training targets. This procedure converges to the true sam-
pling distribution, following a straightforward extension of the law of large numbers (see Appendix
proposition 1 for details). In a similar spirit, we compute an of ine OT map between a dense point
superseX; 2 RM 32 and a dense randomly-sampled Gaussian noise supegs2tR M 3, and

during training, subsample data-noise pairs from the supersets based on the of ine OT map.

Superset OT Precomputation.Given supersets o andX 1, we compute a bijective map between
them,i,e, : Xp $ Xi. WhenM is small, following (Song et al., 2024; Klein et al., 2024), we
compute the bijective map using the Hungarian algorithm (Kuhn, 1955). However, this algorithm
scales poorly for large point cloudss., M > 10K . For such large point clouds, we use Wasserstein
gradient ow to transfornX g into X 1 by minimizing their Wasserstein distance iteratively. Using an
ef cient GPU implementation (Feydy et al., 2019), the OT precomputation takes ddlyseconds

for 100K points, showing its high scalability. See Appendix C for the details in procedure.

Online Random Subsampling. Given precomputed coupling Xo; X 1), we randomly sample
data-noise paifxg;X1) ( Xo;X1) and we train the ow matching model according to Equa-
tion 2. As we show in Figure 3 (left), this signi cantly reduces the transport cost, while introducing
negligible training overhead. In Appendix A.1.2, we show that the sampled training pair converges
to correct marginals iM is suf ciently large.

In practice, using these pairs for training results in straighter sampling trajectories, measured by the
curvature of the sampling trajectory, as shown in Figure 4 (left). The model trained with our OT
approximation (orange curve) exhibits a much lower maximum curvature compared to the one with
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