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Abstract. Motivated by the popularity of stochastic rounding in the context of machine learning
and the training of large-scale deep neural network models, we consider stochastic nearness rounding
of real matrices A with many more rows than columns. We provide novel theoretical evidence,
supported by extensive experimental evaluation, that with high probability, the smallest singular
value of a stochastically rounded matrix is well bounded away from zero---regardless of how close
A is to being rank-deficient and even if A is rank-deficient. In other words, stochastic rounding
implicitly regularizes tall-and-thin matrices A so that the rounded version has full column rank.
Our proofs leverage powerful results in random matrix theory, and the idea that stochastic rounding
errors do not concentrate in low-dimensional column spaces.
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1. Introduction. Stochastic rounding (SR), proposed over 70 years ago, is a
probabilistic approach to rounding. According to [12], the earliest proposal for SR
appeared in a one-paragraph abstract of a communication presented by Forsythe [19]
in 1950 at the 52nd meeting of the American Mathematical Society, in the context of
reducing the accumulation of round-off errors in solving systems of ordinary differen-
tial equations. Relatedly, the idea of modeling rounding errors as random variables
to handle imprecise data in exact arithmetic goes back to 1949 and the work of von
Neumann and Goldstine [37].

Despite its illustrious beginnings, SR has been largely overlooked by the numerical
analysis community. Over the past few years, SR has enjoyed a resurgence in popu-
larity, mainly due to the increasing interest for low-precision floating point arithmetic
in the context of machine learning applications and the training of large-scale deep
neural network models. Currently, major chip designers own numerous SR-related
patents, which seems to indicate that we might soon reach an inflection point for a
wider adoption of SR in hardware and software. A nonexhaustive list includes Graph-
Core IPUs that support SR in binary32 and binary16 [1]; the Loihi chip [14]; AMD
[31]; NVDIA [3]; IBM [8, 9]; VIA Technologies [23]; DensBits Technologies [29]; and
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342 DEXTER, BOUTSIKAS, MA, IPSEN, AND DRINEAS

GSI Technology [30]. A detailed discussion of the history of SR and probabilistic error
analysis as well as devices and patents for SR can be found in [12].

Recall that, given a number x \in \BbbR and a finite set of numbers \scrF \subset \BbbR , rounding
refers to the process of matching x to a number \~x\in \scrF . This can be done deterministi-
cally or stochastically: a common modality for SR is to round with a probability that
depends on the distance of x from the two points that enclose it in \scrF . For example,
if \scrF = \{ 0,1\} , the value x = 0.7 is rounded to \~x = 1 with probability .7 and to \~x = 0
with probability .3.

This version of SR is sometimes called SR-nearness or mode-1 SR and is an
unbiased estimator. Of particular interest is the case where \scrF is the set of normalized
floating point numbers.

1.1. Our results. Let A \in \BbbR n\times d be a tall-and-thin matrix with n \gg d. We
present novel theoretical evidence, supported by extensive experimental evaluation,
that guarantees with high probability that, after SR, the smallest singular value of
the rounded matrix is bounded away from zero. This holds regardless of how close to
rank-deficient A might be, or even if A is rank-deficient, assuming that the rounding
process has access to enough randomness (see (1.1) for a precise definition). If the
stochastically rounded A were to be used in a downstream regression or classification
problem, this is akin to saying that SR implicitly regularizes A. Such regularization
effects are often beneficial in downstream machine learning algorithms and, in par-
ticular, in training deep neural network models and large language models [21, 38].
Thus, SR could serve as an implicit regularizer in modern machine learning appli-
cations and might bypass the need for explicit regularization. The references in [12,
section 8.2] point to a long list of machine learning applications that could benefit
from properties of SR.

To give a taste of our results, let \scrF be the set of normalized floating point numbers.
Applying SR entrywise to A \in \BbbR n\times d gives the stochastically rounded version \widetilde A \in 
\scrF n\times d.

Our main result, Theorem 4.1, combined with (4.7) proves a lower bound for the
smallest singular value of \widetilde A. Formally, let \sigma d(\cdot ) denote the smallest singular value of
an n\times d matrix where n\geq d; let \beta be the basis and p be the working precision of the
floating point representation; and assume for simplicity of exposition that all entries
of A are in the interval [ - 1,1]. (See section 4.2 for the general case where the entries
of A are arbitrary.) We prove that SR guarantees, with high probability, the following
absolute bound for the smallest singular value of the stochastically rounded A:

\sigma d(\widetilde A)\geq \beta 1 - p
\surd 
n
\bigl( \surd 

\nu  - \varepsilon n,d
\bigr) 
.(1.1)

Here 0\leq \nu \leq 1 is the minimum normalized variance of the SR process over all columns
of A (defined in section 4.2), and \epsilon n,d captures lower-order terms that depend only
on the dimensions n and d of A.

We discuss the parameters to interpret the above bound.
1. As the ``tall"" dimension n of the matricesA and \widetilde A grows, the smallest singular

value of the rounded matrix \widetilde A increases. This is because the columns of \widetilde A
have more opportunity to be linearly independent, as they become longer.

2. The parameter \nu , formally defined in section 4.2, captures the stochasticity
affecting the rounding of the entries of A.
To intuitively understand the importance of \nu , consider the special case when
A consists of two identical columns whose entries are elements of \scrF . Any
rounding process, including SR, keeps the matrix intact, so that \widetilde A=A has
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SR IMPLICITLY REGULARIZES TALL-AND-THIN MATRICES 343

two identical columns. Therefore, the smallest singular values of A and \widetilde A
are equal to zero, since both matrices are rank-deficient. In that case, \nu = 0,
since there is no flexibility in the rounding process.
Indeed, SR is most powerful when the two points in \scrF that enclose the entry
to be rounded have meaningful probabilities associated with them.

3. The parameter \epsilon n,d captures lower-order terms that depend only on the di-
mensions n and d of the input matrix. Corollary 4.2 states that if A\in \BbbR n\times d

is sufficiently tall and thin, that is, d= \scrO ((n/logn)
1/4

), then

lim
n\rightarrow \infty 

\varepsilon n,d = 0.

Thus, we can drop \varepsilon n,d from the bound (1.1), which gives

\sigma d(\widetilde A)\gtrsim \beta 1 - p
\surd 
n\nu .(1.2)

This estimate is strongly supported by our empirical evaluations in section 5
and essentially matches our lower bound in section 4.6. We conjecture that
(1.2) characterizes the true behavior of SR on essentially all tall-and-thin
matrices.

An interesting aspect of (1.1) and (1.2) is that they do not depend on the closeness
of A to rank-deficiency. Thus, SR guarantees that the stochastically rounded matrix\widetilde A invariably has its smallest singular value bounded away from zero and thus has full
column rank.

Our proof techniques build upon results from random matrix theory (RMT). Of
particular importance is Theorem 4.3, which first appeared in [16] and bounds the
smallest singular value of matrices whose entries are independent but not identically
distributed random variables. Our proof first decomposes the matrix of rounding er-
rors into two components, and then bounds the smallest singular value of the first
component via RMT, and the norm of the second component with a scalar concentra-
tion inequality. The idea is that there is no concentration of error in low-dimensional
subspaces.

The paper is organized as follows. Section 2 presents notation and basic back-
ground, including SR; section 3 discusses prior work; section 4 presents and discusses
our bounds; section 5 presents our experimental evaluations; section 6 discusses fu-
ture research directions; and Appendix B presents a singular value bound for Gaussian
perturbations.

2. Background. We define notation in section 2.1, review SR in section 2.2,
bound the deviation of a sum random variables from its expectation in section 2.4,
and recall the union bound for probabilities in section 2.5.

2.1. Notation. We use bold uppercase letters to denote matrices and bold low-
ercase letters to denote vectors. The singular values of a matrix A\in \BbbR n\times d with n\geq d
are denoted by \sigma 1(A) \geq \cdot \cdot \cdot \geq \sigma d(A) \geq 0. We use standard notation for matrix and
vector norms and denote the natural logarithm of n by logn.

The expectation of a random variable X is denoted by \BbbE [X] and its variance by
Var[X]. The probability of an event \scrE is 0 \leq Pr[\scrE ] \leq 1. The overbar in \=\scrE represents
the complement of the event \scrE . Recall that Pr[\scrE ]\leq p is equivalent to Pr[ \=\scrE ]\geq 1 - p.

The statement f(n) = \scrO (g(n)) means

lim
n\rightarrow \infty 

f(n)/g(n)= 0.
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344 DEXTER, BOUTSIKAS, MA, IPSEN, AND DRINEAS

2.2. Stochastic rounding and its properties. We review the SR model in [4].
Let \scrF \subset \BbbR be a fixed, finite set of numbers. For a number real x\in [min\scrF ,max\scrF ],

we represent the enclosing numbers in \scrF by

\lceil \lceil x\rceil \rceil =min\{ y \in \scrF : y\geq x\} and \lfloor \lfloor x\rfloor \rfloor =max\{ y \in \scrF : y\leq x\} .(2.1)

For \lceil \lceil x\rceil \rceil \not = \lfloor \lfloor x\rfloor \rfloor , SR-nearness of x\in \BbbR is defined as

StochasticRound(x) =

\Biggl\{ 
\lceil \lceil x\rceil \rceil with probability x - \lfloor \lfloor x\rfloor \rfloor 

\lceil \lceil x\rceil \rceil  - \lfloor \lfloor x\rfloor \rfloor ,

\lfloor \lfloor x\rfloor \rfloor otherwise.

If \lfloor \lfloor x\rfloor \rfloor = \lceil \lceil x\rceil \rceil , then StochasticRound(x) = x. SR-nearness produces an unbiased
estimator of x, namely

\BbbE [StochasticRound(x)] = x.(2.2)

The generalization of SR-nearness to matrices is immediate. If A \in \BbbR n\times d, then SR-
nearness produces the random matrix \widetilde A\in \BbbR n\times d with elements\widetilde Aij = StochasticRound(Aij), 1\leq i\leq n, 1\leq j \leq d.(2.3)

The random matrix of absolute SR rounding errors is

E\equiv \widetilde A - A.(2.4)

The entries of E are independent random variables, and the matrix-valued expectation
equals \BbbE [E] = 0.

2.3. Normalized floating point numbers. In the context of a basis \beta and
working precision p, a normalized floating point number x can be uniquely represented
as [2]

x= s \cdot m \cdot \beta e - p,

where s=\pm 1 is the sign, e is the exponent, and the significand m is an integer in the
interval

\beta p - 1 \leq m<\beta p.

With \scrF representing the set of normalized floating point numbers, the rounding
model in section 2.2 is exactly the SR-nearness model from [4], and as in [4], we ignore
numerical overflow and underflow.

Suppose the real number x \in [min\scrF ,max\scrF ] is not an element of \scrF . According
to (2.1), x is enclosed by the successive floating point numbers \lfloor \lfloor x\rfloor \rfloor and \lceil \lceil x\rceil \rceil . As in
deterministic floating point arithmetic, the SR floating point version is either \lfloor \lfloor x\rfloor \rfloor or
\lceil \lceil x\rceil \rceil , with an error of1

max\{ | x - \lfloor \lfloor x\rfloor \rfloor | , | x - \lceil \lceil x\rceil \rceil | \} \leq \beta 1 - p| x| .(2.5)

The absolute distance between the two enclosing floating numbers equals [4, section
II.A, Figure 1]

\lceil \lceil x\rceil \rceil  - \lfloor \lfloor x\rfloor \rfloor = \beta e - p.(2.6)

1Compared to SR-nearness, the bound for the IEEE-754 RN mode (round-to-nearest, ties to
even) is tighter by a factor of 1/2.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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SR IMPLICITLY REGULARIZES TALL-AND-THIN MATRICES 345

2.4. Bounding the sum of random variables. The following well-known
inequality by Hoeffding bounds the deviation of a sum of n independent random
variables from its expectation. The slight restatement below is adapted to our context.

Theorem 2.1 (Theorem 2 in [25]). Let X1, . . . ,Xn be independent random vari-
ables with mi \leq Xi \leq Mi, 1\leq i\leq n. Then, for any t > 0,

\BbbP 

\Biggl( \bigm| \bigm| \bigm| \bigm| \bigm| 
n\sum 

i=1

(Xi  - \BbbE [Xi])

\bigm| \bigm| \bigm| \bigm| \bigm| \geq t

\Biggr) 
\leq 2exp

\biggl( 
 - 2t2\sum n

i=1(Mi  - mi)2

\biggr) 
.

2.5. The union bound. The following union bound states that the probability
of the union of k events \scrE i, 1\leq i\leq k, is bounded above by the sum of the individual
probabilities, i.e.,

Pr[\scrE 1 \cup \cdot \cdot \cdot \cup \scrE k]\leq 
k\sum 

i=1

Pr[\scrE i].

3. Prior work. There exists a large body of prior work discussing the implemen-
tation and error analysis of SR in the context of floating point arithmetic. In the 1950s,
Forsythe [20] modeled round-off errors as random variables. A few years later, Hull
and Swenson [27] presented probabilistic models for round-off errors and concluded
that such models are, in general, very good in theory and in practice. The focus of our
work is the SR-nearness mode, which first appeared in [32], while the SR-up-or-down
mode was analyzed in [36]. Other work analyzed SR for the heat equation [13], proved
that SR prevents stagnation [11], analyzed SR for floating point summation [22], and
proposed alternative frameworks to characterize SR errors for sequential summation
and Horner's method for evaluating polynomials based on the computation of the
variance and Chebyshev's inequality instead of martingales [5]. Software emulators
of SR include Verificarlo [15], Verrou [18], and Cadna [28]. Finally, [12] presents a
survey of error analysis and applications of SR including a more general analysis of
SR errors that are not necessarily independent, but only weakly independent.

Our contribution is to demonstrate that SR rounding tends to increase the small-
est singular value of tall-and-thin matrices, thus performing implicit regularization
when these matrices are used in downstream machine learning and data analysis ap-
plications. Our work was partially motivated by [34], where Gaussian elimination
without pivoting is analyzed in the smoothed complexity model, and the smallest sin-
gular value of A+E is bounded from below, for a matrix E whose entries are indepen-
dent, identically distributed Gaussian random variables. While the proof techniques
of [34] are not directly portable to our setting, the motivation is somewhat similar.

Finally, our own prior work [7] demonstrates both theoretically and experimen-
tally that perturbing a real matrix A of full column rank can potentially increase
the smallest singular values under certain assumptions involving singular value gaps,
thus establishing a qualitative model for the increase in small singular values after a
matrix has been downcast to a lower arithmetic precision. However, the bounds in
[7] have a different flavor and are not directly comparable to the bounds here.

4. Bounding the smallest singular value of the perturbed matrix. We
present a simple example for the effect of SR-nearness on the smallest singular value
in section 4.1, derive a singular value bound in section 4.2 for general random errors
and in section 4.3 for SR-nearness errors, review the RMT result for our proof in
section 4.4, and finally present the proof of Theorem 4.1 in section 4.5 and its tightness
in section 4.6.
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346 DEXTER, BOUTSIKAS, MA, IPSEN, AND DRINEAS

The goal is to quantify how SR-nearness applied to a tall and skinny matrix
A \in \BbbR n\times d with n \gg d increases its smallest singular value. This is in contrast to
deterministic rounding, which can drive the smallest singular value to zero.

A first approach for bounding the smallest singular value \sigma d(A + E) of the
rounded matrix A+E might rely on Weyl's inequality,

\sigma d(A+E)\geq \sigma d(A) - \| E\| 2.(4.1)

However, (4.1) is not informative if \sigma d(A) = 0. More generally, (4.1) produces positive
bounds only if the smallest singular value of A is larger than \| E\| 2.

This is the reason why we are exploring lower bounds that do not depend on
the smallest singular value of A. We argue that, under appropriate assumptions, the
smallest singular value of the rounded matrix A+E cannot be too small, and that
its value does not depend on the singular values of the original matrix A.

To this end, we employ RMT to derive bounds that only depend on the distribution
of the entries of E. Our lower bounds for \sigma d(A+E) can be positive even if \sigma d(A) = 0.
Therefore, SR-nearness can increase the smallest singular value even in the extreme
case of rank-deficient matrices

4.1. A simple example. We illustrate the effect of SR on the smallest singular
value of A, in the special case where A \in \BbbR n\times 2 is a rank-one matrix, all of whose
entries are equal to 1/2. Suppose we want to round A so as to represent each entry in
terms of a single bit, i.e., \scrF = \{ 0,1\} .

A deterministic model that rounds 1/2 to one produces a rounded matrix that
is rank-deficient as well. In contrast, SR-nearness sets each entry of \widetilde A to zero or
one with equal probability. Hence rank(\widetilde A) = 1 only if the two columns of \widetilde A are
identical---an event whose probability becomes exponentially small as n increases.
Here is an example of what SR-nearness may look like for an 8\times 2 matrix:

A=

\left[            

1/2 1/2
1/2 1/2
1/2 1/2
1/2 1/2
1/2 1/2
1/2 1/2
1/2 1/2
1/2 1/2

\right]            
, \widetilde A=

\left[            

1 0
1 0
0 1
1 0
1 1
1 1
0 0
1 0

\right]            
.

In Appendix A we prove that the smallest singular value of the n\times 2 matrix \widetilde A satisfies
the following lower bound, with probability at least 0.997:

\sigma 2
2(
\widetilde A)\geq 0.25 \cdot n - 8

\surd 
n=\Omega (n)\Rightarrow \sigma 2(\widetilde A)\geq \Omega (

\surd 
n).(4.2)

This illustrates that SR-nearness is highly likely to produce a significant increase in
the smallest singular value.

4.2. General random perturbation. Our main result in Theorem 4.1 bounds
the smallest singular value of the rounded matrix \widetilde A = A + E \in \BbbR n\times d away from
zero, provided (i) there is enough randomness in the perturbation E, and (ii) A is
sufficiently tall and thin.

We define the minimum normalized columnwise variance \nu of E as follows:

\nu \equiv 1

n\scrR 2
min

1\leq j\leq d

n\sum 
i=1

Var (Eij) with max
i,j

| Eij | \leq \scrR .(4.3)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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SR IMPLICITLY REGULARIZES TALL-AND-THIN MATRICES 347

Clearly, Var(Eij) =Var(\widetilde Aij), which implies that Var (Eij)\leq \scrR 2. Therefore,

0\leq \nu \leq 1.

Intuitively, \nu characterizes the amount of randomness in SR-nearness. Our main
theorem below depends on the minimal columnwise variance of the perturbation E.

Theorem 4.1. Let A and \widetilde A = A+E be real n\times d matrices with n \gg d. Here
E models random perturbations with minimal normalized column variance \nu and \scrR 
from (4.3).

If n\geq 836, then with probability at least 1 - 1
nc  - 2d2

n2 ,

\sigma d(\widetilde A)\geq \scrR 
\surd 
n(
\surd 
\nu  - \varepsilon n,d),

where

\varepsilon n,d \equiv 
\sqrt{} 

d

n
+ 2d2

\sqrt{} 
logn

n
+

C(logn)2/3

n1/30
\cdot 
\biggl( 
d

n

\biggr) 1/54

,(4.4)

and c and C are absolute constants.2

The comments below provide intuition for Theorem 4.1.
1. The lower bound for \sigma d(\widetilde A) is very general; it holds for any random ma-

trix E, regardless of whether it models SR-nearness errors or not. However,
Theorem 4.1 requires that E merely change entries of A by a small amount,
quantified by \scrR . In other words, a small value of \scrR prevents large changes
in individual entries of A, thereby preventing them from exerting dispropor-
tionate influence on the smallest singular value of \widetilde A.

2. For the bound to be positive, we need \epsilon n,d \leq 
\surd 
\nu \leq 1. If

d= \scrO ((n/logn)
1/4),(4.5)

then the first two terms of \varepsilon n,d must approach 0 as n\rightarrow \infty . This is because

d= \scrO ((n/logn)
1/4

) is equivalent to limn\rightarrow \infty 
d4 logn

n = 0, which in turn implies

lim
n\rightarrow \infty 

2d2
\sqrt{} 

logn

n
= 0 and lim

n\rightarrow \infty 

\sqrt{} 
d

n
= 0.

The third term also approaches 0 as n\rightarrow \infty , because

(logn)2/3 = \scrO (n1/30) \Leftarrow \Rightarrow lim
n\rightarrow \infty 

(logn)2/3/n1/30 = 0.

The ratio (logn)2/3/n1/30 goes to zero slowly as n grows. For example, n needs
to be larger than 1050 for this ratio to drop to 1/2. An important question for
future research is the strengthening of Theorem 4.1 to reduce \varepsilon n,d.
In the appendix, we prove Theorem B.1 for the special case where the ele-
ments Eij are independent, identically distributed Gaussian normal random

variables and show that the smallest singular value of \widetilde A is again bounded
away from zero with high probability.
However, Theorem B.1 is much sharper than Theorem 4.1. For example, even
if n = 900 and d = 25, the bound \sigma d(\widetilde A) \geq 1 holds with probability at least

2These constants are unspecified in [16, Theorem 2.10 and Remark 2.11].
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348 DEXTER, BOUTSIKAS, MA, IPSEN, AND DRINEAS

0.98 and does not need a bound on maxi,j | Eij | ; it suffices that the variance
of Eij is bounded. Hence it might be possible to significantly reduce \epsilon n,d in
Theorem 4.1 or even eliminate it, via RMT work on non-Gaussian, noniden-
tically distributed perturbations. The experiments in section 5 illustrate that
\varepsilon n,d is an artifact of our analysis and not a real concern in practice.

3. The success probability 1 - 1
nc  - 2d2

n2 approaches 1 as n\rightarrow \infty , in spite of the
unspecified absolute constant c. This is because the assumption (4.5) on d
implies

lim
n\rightarrow \infty 

1/nc = 0 and lim
n\rightarrow \infty 

2d2/n2 = 0.

The above discussion implies the following bound for sufficiently tall and skinny
matrices.

Corollary 4.2. Under the assumptions of Theorem 4.1 if also

d= \scrO ((n/logn)
1/4

),

then with probability approaching one,

\sigma d(\widetilde A)\gtrsim \scrR 
\surd 
n \cdot \nu .(4.6)

4.3. Perturbations from SR-nearness. Applying Theorem 4.1 to SR-nearness
with normalized floating point numbers \scrF is straightforward.

First, we focus on the case where Aij round to normalized numbers in [ - 1,1]
closest to zero, 1\leq i\leq n, 1\leq j \leq d. From (2.5) follows that the error in the elements
of \widetilde A\in \scrF n\times d is at most \beta 1 - p. Thus

max
i,j

| Aij  - \widetilde Aij | =max
i,j

| Eij | \leq \scrR \equiv \beta 1 - p| Aij | .(4.7)

Theorem 4.1 and Corollary 4.2 apply immediately with \scrR from (4.7).
Now assume that A\in \BbbR n\times d is a general matrix. From (2.6) follows that the error

in \widetilde Aij is at most \beta eij - p, where eij is the exponent for Aij , 1\leq i\leq n, 1\leq j \leq d. Thus

max
i,j

| Aij  - \widetilde Aij | =max
i,j

| Eij | \leq max
i,j

\beta eij - p \leq \scrR \equiv \beta e\mathrm{m}\mathrm{a}\mathrm{x} - p,(4.8)

where emax =maxi,j\{ eij\} . Theorem 4.1 and Corollary 4.2 immediately apply with \scrR 
from (4.8).

4.4. A random matrix theory bound. We present the basis for our proof,
which is a lower bound on the minimum singular value from [16, Theorem 2.10 and
Remark 2.11] for matrices whose elements are independent zero-mean random num-
bers that are not necessarily identically distributed. This latter fact is crucial, since
the elements of E= \widetilde A - A are independent but not identically distributed.3

Theorem 4.3 (Theorem 2.10 and Remark 2.11 in [16]). Let X\in \BbbR n\times d with n\geq d
have independent zero-mean entries, so that \BbbE [X] = 0. Suppose there are q > 0, \kappa \geq 1,
and 0<\gamma \leq 1 such that

3To be precise, we adapt results from the arXiv version [16], specifically in the regime where
\gamma \rightarrow 0, as the published version [17] provides results only for the case when \gamma = O(1). See also [10]
for an overview and results on matrix concentration inequalities that have a similar flavor to the
bounds used in our paper.
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max
1\leq i\leq n,1\leq j\leq d

| Xij | \leq 1/q,(4.9)

max
1\leq i\leq n,1\leq j\leq d

\BbbE | Xij | 2 \leq \kappa /n,(4.10)

max
1\leq j\leq d

n\sum 
i=1

\BbbE | Xij | 2 \leq 1,(4.11)

max
1\leq i\leq n

d\sum 
j=1

\BbbE | Xij | 2 \leq \gamma ,(4.12)

min
1\leq j\leq d

n\sum 
i=1

\BbbE | Xij | 2 \geq \~\rho min \geq 
\surd 
\gamma .(4.13)

If also \sqrt{} 
logn\leq q\leq n

1
10\kappa  - 1

9 \gamma  - 1
18 ,(4.14)

then, with probability at least 1 - n - c,

\sigma d(X)\geq 
\sqrt{} 

\~\rho min  - 
\surd 
\gamma  - Cq - 1/3(logn)2/3,

where c and C are absolute constants.

Assumptions (4.9)--(4.13) in Theorem 4.3 require the following quantities associ-
ated with X to be sufficiently small: the elements, the variances of the elements, the
maximal variance of the columns, and the maximal variance of the rows. However, to
guarantee enough randomness, the minimal variance of the columns is not allowed to
be too small.

Assumption (4.14) implies q\geq 
\surd 
logn\geq 3, so that in (4.9) all elements in X must

be bounded by one in magnitude,

max
1\leq i\leq n,1\leq j\leq d

| Xij | \leq 1/q \leq 1.

The following example supplies intuition for Theorem 4.3 and previews its proof in
section 4.5. It illustrates that for sufficiently tall and skinny matrices, the lower bound
for the smallest singular value is meaningful and holds with a success probability close
to one.

Example 1. Consider Theorem 4.3 in the special case when all elements of X
have the same variance. We show that this variance equals 1/n, thus decreases with
increasing row dimension. Since \gamma = d/n, the lower bound holds with probability close
to 1 for sufficiently tall and skinny matrices.

Suppose that in assumption (4.10)

\BbbE | Xij | 2 = \kappa /n, 1\leq i\leq n, 1\leq j \leq d,

for some \kappa \geq 1. Inserting this into the column variances (4.11) gives

\kappa = max
1\leq j\leq d

n\sum 
i=1

\BbbE | Xij | 2 \leq 1.

This, together with \kappa \geq 1, implies \kappa = 1, so that all elements have variance

\BbbE | Xij | 2 = 1/n, 1\leq i\leq n, 1\leq j \leq d.
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350 DEXTER, BOUTSIKAS, MA, IPSEN, AND DRINEAS

Thus, the variance decreases with increasing row dimension number. Inserting \BbbE | Xij | 2
= 1/n into the row variances (4.12) gives

d

n
= max

1\leq i\leq n

d\sum 
j=1

\BbbE | Xij | 2 \leq \gamma .

This together with the assumption n \geq d implies \gamma = d/n \leq 1, as required. Inserting
\BbbE | Xij | 2 = 1/n into the minimal column variances (4.13) gives

1 = max
1\leq j\leq d

d\sum 
i=1

\BbbE | Xij | 2 = \~\rho min

so that 1 = \~\rho min \geq \surd 
\gamma =

\sqrt{} 
d/n in (4.13) is automatically fulfilled. The lower bound

for \sigma d(X) becomes

\sigma d(X)\geq 1 - 
\sqrt{} 

d/n - Cq - 1/3(logn)2/3.

Thus, the smallest singular value approaches 1 with increasing probability as X be-
comes taller and skinnier.

An open problem for future work is a better understanding for which assumptions
(4.9)--(4.14) are truly necessary for Theorem 4.3 to hold. We conjecture that many
can be relaxed or even eliminated. Indeed, any improvement of Theorem 4.3 could
result in significant improvements for and generalizations of our Theorem 4.1.

4.5. Proof of Theorem 4.1. First we present a brief outline of the proof, and
then the proof proper.

Outline of proof. The proof consists of four main steps.
1. We introduce the orthogonal projector P\bfA onto the column space of A. This

allows us to focus on P\bfA E. Weyl's inequality yields a lower bound on the
smallest singular value of (I - P\bfA )E by lower bounding the smallest singular
value of E and upper bounding the largest singular value of P\bfA E.

2. Application of Theorem 4.3 shows that the smallest singular value of E is
sufficiently large.

3. The largest singular value of the projectionP\bfA E is small, becauseP\bfA projects
E on the low-dimensional subspace of dimension d, and application of
Hoeffding's inequality shows that E does not concentrate well in any low-
dimensional subspace.

4. At last, we combine the bounds for the smallest singular value of E and the
largest singular value of P\bfA E via a union bound on their probabilities.

Proof. We follow the four steps outlined above.
1. We decompose the task of lower bounding \sigma d(A + E) into two parts with

the help of an orthogonal projector P \in \BbbR n\times n. The effect of the orthogonal
projector can be quantified by the singular value product inequalities [26,
Theorem 3.3.16], which together with \| P\| 2 = 1 imply

\sigma d(P(A+E))\leq \sigma d(A+E)\| P\| 2 \leq \sigma d(A+E).(4.15)

Let P\bfA \in \BbbR n\times n be the orthogonal projector on the column space of A and
P\bfA ,\bot \equiv In  - P\bfA be the orthogonal projector onto the left nullspace of A.
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From (4.15) follows

\sigma d(A+E)\geq \sigma d(P\bfA ,\bot (A+E)) = \sigma d(P\bfA ,\bot A+P\bfA ,\bot E)

= \sigma d(P\bfA ,\bot E).(4.16)

Weyl's inequality [6, Theorem III.2.1] implies

\sigma d(P\bfA ,\bot E) = \sigma d(E - P\bfA E)\geq \sigma d(E) - \| P\bfA E\| 2.(4.17)

We have now broken our task into two parts. First, we must make sure that
the smallest singular value of the random matrix E is large enough. Second,
the projection of E onto the d-dimensional column space of A must be small,
that is, E should not concentrate in any d-dimensional space.

2. To bound \sigma d(E) from below, set X = 1
\scrR \cdot 

\surd 
n
E, where \BbbE [X] = 0. We show

that X satisfies the assumptions of Theorem 4.3 by setting \kappa = 1, \gamma = d/n,
\~\rho min = \nu , and q= n

1/10 \cdot \gamma  - 1/18,
From maxi,j | Eij | \leq \scrR and q= n

1/10 \cdot \gamma  - 1/18 follows (4.9),

max
1\leq i\leq n,1\leq j\leq d

| Xij | \leq 
1\surd 
n
\leq 1

q
.

This implies (4.10),

max
1\leq i\leq n,1\leq j\leq d

\BbbE | Xij | 2 \leq 
1

n
=

\kappa 

n
,

which in turn implies (4.11),

max
1\leq j\leq d

n\sum 
i=1

\BbbE | Xij | 2 \leq 
n\sum 

i=1

1

n
= 1,

as well as (4.12),

max
1\leq i\leq n

d\sum 
j=1

\BbbE | Xij | 2 \leq 
d\sum 

j=1

1

n
=

d

n
= \gamma .

From

\BbbE [X2
ij ] =\BbbE [Xij ]

2 +Var

\biggl[ 
1

\scrR \cdot 
\surd 
n
Eij

\biggr] 
=

1

n \cdot \scrR 2
Var[Eij ]

and (4.3) follows (4.13)

min
1\leq j\leq d

n\sum 
i=1

\BbbE | Xij | 2 = min
1\leq j\leq d

n\sum 
i=1

1

\scrR 2 \cdot n
\cdot Var[Eij ] = \nu = \~\rho min.

We now focus on the assumption (4.14),
\surd 
logn \leq q \leq n

1
10\kappa  - 1

9 \gamma  - 1
18 . The

second inequality is immediately satisfied, because \kappa = 1 and q= n
1/10 \cdot \gamma  - 1/18.

The first inequality is equivalent to

logn\leq n
14/45 \cdot d - 1/9,
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352 DEXTER, BOUTSIKAS, MA, IPSEN, AND DRINEAS

hence

d\leq n
14/5

(logn)9
.(4.18)

Let the assumption n\geq 836 hold, and suppose d4 \geq n. Then 2d2
\sqrt{} 

logn/n> 2
and Theorem 4.1 vacuously holds, since the right-hand side of the bound is
negative.
Now suppose that d4 <n. Then for n\geq 836 (4.18) holds,

d< n
1/4 \leq n

14/5/(logn)9.

Thus, X satisfies the assumptions of Theorem 4.3, so that with probability
at least 1 - n - c,

\sigma d(X)\geq 
\surd 
\nu  - 

\sqrt{} 
d

n
 - C(logn)2/3

n1/30
\cdot 
\biggl( 
d

n

\biggr) 1/54

,

where c and C are absolute constants. Recall the definition of X and multiply
both sides by \scrR \cdot 

\surd 
n,

\sigma d(E)\geq \scrR 
\surd 
\nu \cdot n - \scrR 

\surd 
d - C \cdot \scrR \cdot (logn)2/3

n1/30
\cdot 
\biggl( 
d

n

\biggr) 1/54

\cdot 
\surd 
n.(4.19)

3. To bound \| P\bfA E\| 2 from above, first consider the case where P\bfA projects onto
a one-dimensional space, so that P\bfA = uuT for some unit vector u\in \BbbR n, and

\| P\bfA E\| 2 = \| uuTE\| 2 = \| ETu\| 2.

We now bound each entry of ETu via Theorem 2.1. First check the assump-
tions. From maxi,j | Eij | \leq \scrR follows | Eijui| \leq | ui| \cdot \scrR for a fixed unit vector
u\in \BbbR n.
Hence, the values of the random variable Eijui are in the interval [mij ,Mij ],
with (Mij  - mij)

2 \leq 4u2
i\scrR 2. From \| u\| 2 = 1 follows

n\sum 
i=1

(Mij  - mij)
2 \leq 4\scrR 2.

Applying Theorem 2.1 gives

\BbbP 

\Biggl[ \bigm| \bigm| \bigm| \bigm| \bigm| 
n\sum 

i=1

Eijui

\bigm| \bigm| \bigm| \bigm| \bigm| \geq t

\Biggr] 
\leq 2exp

\biggl( 
 - 2t2\sum n

i=1(Mij  - mij)2

\biggr) 
, 1\leq j \leq d,

\leq 2exp

\biggl( 
 - t2

2\scrR 2

\biggr) 
.

The vector norm relations

\| ETu\| 2 \leq \| ETu\| 1 =
d\sum 

j=1

\bigm| \bigm| \bigm| \bigm| \bigm| 
n\sum 

i=1

Eijui

\bigm| \bigm| \bigm| \bigm| \bigm| 
followed by application of the above inequality with t= 2\scrR 

\surd 
logn and appli-

cation of the union bound from section 2.5 over all j = 1 . . . d gives

\BbbP 
\Bigl( 
\| ETu\| 2 \geq 2d \cdot \scrR 

\sqrt{} 
logn

\Bigr) 
\leq d \cdot 2exp

\biggl( 
 - 4 \cdot \scrR 2 logn

2\scrR 2

\biggr) 
=

2d

n2
.(4.20)
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We extend this to the case where P\bfA projects on a d-dimensional subspace,
so that P\bfA =

\sum d
j=1uju

T
j for orthonormal vectors uj \in \BbbR n. The triangle

inequality implies

\| P\bfA E\| 2 =

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
d\sum 

j=1

uju
T
j E

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
2

\leq 
d\sum 

j=1

\| uju
T
j E\| 2.

Application of (4.20) and application of the union bound from section 2.5
over all d vectors uj gives

\BbbP 
\Bigl[ 
\| P\bfA E\| 2 \geq 2d2 \cdot \scrR 

\sqrt{} 
logn

\Bigr] 
\leq 2d2

n2
.(4.21)

4. Finally, use \widetilde A=A+E and combine (4.16), (4.17), (4.19), and (4.21) to get

\sigma d(\widetilde A)\geq \scrR 
\surd 
\nu \cdot n - \scrR 

\surd 
d - C \cdot \scrR \cdot log2/3(n)

n1/30
\cdot 
\biggl( 
d

n

\biggr) 1/54

\cdot 
\surd 
n

 - 2d2 \cdot \scrR 
\sqrt{} 

logn.

Application of a union bound shows that the above holds with probability at
least 1 - 1/nc - 2d2/n2. At last, factor out \scrR 

\surd 
n and use the abbreviation \varepsilon n,d.

4.6. Theorem 4.1 is tight. To show that Theorem 4.1 is asymptotically tight,
we exhibit n\times d matrices A whose stochastically rounded version \widetilde A has a smallest
singular value no larger than \scrR 

\surd 
n\nu times a small constant, slightly larger than one,

with \nu from (4.3).

Theorem 4.4. For every n\geq d and 1\leq \ell \leq n, there exists a matrix A\in \BbbR n\times d with
normalized minimum column variance \nu = \ell /n, whose stochastically rounded version\widetilde A has a smallest singular value

\sigma d(\widetilde A)\leq 
\Bigl( 
1 +

\sqrt{} 
1/(d - 1)

\Bigr) 
\scrR 
\surd 
\nu n.

Proof. Let \scrF = \{ 0,1\} and set \widetilde A=A+E. Fix \nu \in (0,1) such that \nu n= \ell for some
integer 1 \leq \ell \leq d. Then, \nu = \ell /n. Let the entries in the first \ell rows of A be equal to
1/2 and let the remaining n - \ell rows be zero.

Then, Var(Eij) = 1/4 for 1 \leq i \leq \ell , 1 \leq j \leq d; Var(Eij) = 0 for \ell + 1 \leq i \leq n,
1\leq j \leq d; \scrR =maxi,j | Eij | = 1/2; and

1

n\scrR 2

n\sum 
i=1

Var(Eij) =
4

n

\ell \sum 
i=1

1

4
=

\ell 

n
= \nu , 1\leq j \leq d.

By construction, A has a single nonzero singular value, and \sigma j(A) = 0, 2 \leq j \leq d.
Weyl's inequality [6, Theorem III.2.1] implies

\sigma d(\widetilde A) = \sigma d(A+E)\leq \sigma 2(A) + \sigma d - 1(E) = \sigma d - 1(E).(4.22)

Since Eij = \pm 1/2 for 1 \leq i \leq \ell , 1 \leq j \leq d and zero otherwise, we have \| E\| 2F = \ell d/4.
Inserting this into the Frobenius norm

\| E\| 2F =

d\sum 
i=1

\sigma 2
i (E)\geq 

d - 1\sum 
i=1

\sigma 2
i (E)\geq (d - 1)\sigma 2

d - 1(E)
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gives

\sigma 2
d - 1(E)\leq 1

d - 1
\| E\| 2F =

d

d - 1
\cdot 1
4
\ell =

d

4(d - 1)
n\nu .

At last, take square roots, combine with (4.22), and abbreviate \scrR = 1/2.

5. Experiments. The numerical experiments illustrate the behavior of the small-
est singular value under SR-nearness rounding and support our results from section 4.
The experiments are designed so that the effects of fine-grained changes in precision
can be easily discerned. The scripts for reproducing the numerical experiment are
available in our git repository.4

Design of experiments. We investigate the dependence of \sigma d(\widetilde A) on various fac-
tors, such as the aspect ratio n/d, the smallest singular value \sigma d(A), and the minimal
column variance \nu . To provide statistical significance, for each A, we generate 100
stochastically rounded matrices \widetilde A and compute their singular values \sigma d(\widetilde A).

Furthermore, we examine both fixed-point arithmetic with base \beta = 10 and
floating point arithmetic, where we demote the matrix in lower precision using SR-
nearness. Experiments in fixed-point arithmetic are presented for rank-deficient ma-
trices (section 5.1.1) and full-rank matrices (section 5.1.2), and in floating point
arithmetic for rank-deficient matrices (section 5.2.1) and matrices with controlled \nu 
(section 5.2.2).

Matrices. The matrices have n = 104 rows and d = 10, 100, and 1000 columns.
Their elements are drawn from different distributions, including skewed and nonsym-
metric ones. We start with matrices A\in \BbbR n\times d whose elements are independent, iden-
tically distributed random variables from the standard normal distribution \scrN (0,1) or
the Lognormal(0,3) distribution. Subsequently, we adjust the smallest singular value
to fit the desired setting, e.g., for singular A we force \sigma d(A) = 0. In the experiments
where we control \nu , we modify the elements of A directly and force singularity by
setting two columns equal to each other.

We present our main experimental findings in Tables 5.1--5.6 and provide addi-
tional plots in Appendix C.

5.1. Experiments with fixed-point arithmetic. SR-nearness rounds the el-
ements of A to elements of the set \scrF \{ p\} , 1\leq p\leq 3, where

\scrF \{ p\} =

\left\{   \pm m/10p for all integers m= 0,1,2, . . . ,10p  - 1\underbrace{}  \underbrace{}  
\leq p digits

\right\}   \cup \{ \pm 1\} .(5.1)

This is equivalent to rounding to a signed base-10 fixed-point precision with at most
p digits in the fractional part.

5.1.1. Tables 5.1, 5.2 and Figures C.1, C.2: Rank-deficient matrices.
The rank-deficient matrices A have a smallest singular value \sigma d(A) = 0. The goal
is to understand how the aspect ratio n/d affects the behavior of \sigma d( \~A) on matrices
drawn from different distributions.

Remark 5.1. We again emphasize that our bound predicts the behavior of the
smallest singular value of the stochastically rounded matrix asymptotically. Modifying
our bound by just a small constant to be 0.9 \cdot \scrR 

\surd 
n\nu instead of \scrR 

\surd 
n\nu results in zero

4https://github.com/cboutsikas/stoch rounding iplicit reg.
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Table 5.1
The percentage of matrices (recall that we perform 100 stochastic roundings for each parameter

setting; see also Figure C.1) violating the estimate of (1.2). The elements of A are in \scrN (0,1), while

the elements \~Aij belong to \scrF \{ p\} , thus \lceil \lceil Aij\rceil \rceil  - \lfloor \lfloor Aij\rfloor \rfloor \leq 10 - p, for p= 1, . . . ,3. Notice that when
the number of columns is d= 10 or 100, the bound \scrR 

\surd 
n\nu is violated in approximately 25\% to 50\%

of the test cases; the bound is always violated for d = 1,000 (squarish matrix). However, a very
mild relaxation of the bound from \scrR 

\surd 
n\nu to 0.9 \cdot \scrR 

\surd 
n\nu immediately fixes this issue, resulting in zero

violations in all settings. Additionally, the relative error between the estimate provided by our bound
and the minimum observed increase in the smallest singular value of the rounded matrix remains
consistently below 6\%. More precisely, we compute smin =min\{ \sigma min(\widetilde A)\} over all 100 roundings for
a specific parameter setting and report the relative error 1 - s\mathrm{m}\mathrm{i}\mathrm{n}/\scrR 

\surd 
n\nu . In light of the small relative

error, it is clear that our bound provides a useful estimate for the magnitude of regularization, even
for very modest aspect ratios (see Remark 5.1).

d \%(\sigma min(\widetilde A)< c \cdot \scrR 
\surd 
n\nu ) 1 - s\mathrm{m}\mathrm{i}\mathrm{n}/\scrR 

\surd 
n\nu 

p= 1 p= 2 p= 3 p= 1 p= 2 p= 3

c= 1 c= .9 c= 1 c= .9 c= 1 c= .9

10 26\% 0\% 46\% 0\% 30\% 0\% .01 .01 .01

100 48\% 0\% 37\% 0\% 51\% 0\% .02 .01 .02

1,000 100\% 0\% 100\% 0\% 100\% 0\% .06 .06 .06

Table 5.2
The percentage of matrices (recall that we perform 100 stochastic roundings for each parameter

setting; see also Figure C.2) violating the estimate of (1.2). The elements ofA are in Lognormal(0,3),

while the elements \~Aij belong to \scrF \{ p\} , thus \lceil \lceil Aij\rceil \rceil  - \lfloor \lfloor Aij\rfloor \rfloor \leq 10 - p, for p= 1, . . . ,3. Notice that
when the number of columns is d= 10 or 100, the bound \scrR 

\surd 
n\nu is violated in approximately 0\% to

35\% of the test cases; the bound is always violated for d= 1,000 (squarish matrix). However, a very
mild relaxation of the bound from \scrR 

\surd 
n\nu to 0.9 \cdot \scrR 

\surd 
n\nu immediately fixes this issue, resulting in zero

violations in all settings. Additionally, the relative error between the estimate provided by our bound
and the minimum observed increase in the smallest singular value of the rounded matrix remains
consistently below 6\%. More precisely, we compute smin =min\{ \sigma min(\widetilde A)\} over all 100 roundings for
a specific parameter setting and report the relative error 1 - s\mathrm{m}\mathrm{i}\mathrm{n}/\scrR 

\surd 
n\nu . If smin >\scrR 

\surd 
n\nu , we mark

the respective entry as N/A.

d \%(\sigma min(\widetilde A)< c \cdot \scrR 
\surd 
n\nu ) 1 - s\mathrm{m}\mathrm{i}\mathrm{n}/\scrR 

\surd 
n\nu 

p= 1 p= 2 p= 3 p= 1 p= 2 p= 3

c= 1 c= .9 c= 1 c= .9 c= 1 c= .9

10 0\% 0\% 36\% 0\% 22\% 0\% N/A .01 .01

100 0\% 0\% 15\% 0\% 34\% 0\% N/A .01 .01

1,000 100\% 0\% 100\% 0\% 100\% 0\% .04 .05 .06

violations. In this case, the relative error on the right-hand side of the table is not
relevant, since even the smallest observed singular value smin of the rounded matrices
would exceed the estimate 0.9 \cdot \scrR 

\surd 
n\nu . This highlights that our estimate is very

accurate as a lower bound for the regularization even for almost square matrices.

5.1.2. Tables 5.3, 5.4 and Figures C.3, C.4: Full rank. The full-rank
matrices A have the smallest singular value \sigma d(A) = 10 - 2. The goal is to understand
how the aspect ratio n/d affects the behavior of \sigma d( \~A).

5.2. Experiments with floating point numbers. Given a matrixA in double
precision, we form \widetilde A by demoting A to single precision using SR-nearness. To achieve
this, we emulate the computations with the chop library [24].

5.2.1. Table 5.5 and Figure C.5: Rank-deficient matrices. The rank-
deficient matrices A have a smallest singular value \sigma d(A) = 0. The goal is to

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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Table 5.3
The percentage of matrices (recall that we perform 100 stochastic roundings for each parameter

setting; see also Figure C.3) violating the estimate of . (1.2). The elements of A are in \scrN (0,1), while

the elements \~Aij belong to \scrF \{ p\} , thus \lceil \lceil Aij\rceil \rceil  - \lfloor \lfloor Aij\rfloor \rfloor \leq 10 - p, for p= 1, . . . ,3. Notice that when
the number of columns is d= 10 or 100, the bound \scrR 

\surd 
n\nu is violated in approximately 0\% to 40\% of

the test cases; the bound is almost always violated for d= 1,000 (squarish matrix). However, a very
mild relaxation of the bound from \scrR 

\surd 
n\nu to 0.9 \cdot \scrR 

\surd 
n\nu immediately fixes this issue, resulting in zero

violations in all settings. Additionally, the relative error between the estimate provided by our bound
and the minimum observed increase in the smallest singular value of the rounded matrix remains
consistently below 6\%. More precisely, we compute smin =min\{ \sigma min(\widetilde A)\} over all 100 roundings for
a specific parameter setting and report the relative error 1 - s\mathrm{m}\mathrm{i}\mathrm{n}/\scrR 

\surd 
n\nu . If smin >\scrR 

\surd 
n\nu , we mark

the respective entry as N/A.

d \%(\sigma min(\widetilde A)< c \cdot \scrR 
\surd 
n\nu ) 1 - s\mathrm{m}\mathrm{i}\mathrm{n}/\scrR 

\surd 
n\nu 

p= 1 p= 2 p= 3 p= 1 p= 2 p= 3
c= 1 c= .9 c= 1 c= .9 c= 1 c= .9

10 37\% 0\% 29\% 0\% 0\% 0\% .02 .02 N/A

100 39\% 0\% 36\% 0\% 0\% 0\% .01 .02 N/A

1,000 100\% 0\% 100\% 0\% 96\% 0\% .06 .06 .03

Table 5.4
The percentage of matrices (recall that we perform 100 stochastic roundings for each parameter

setting; see also Figure C.4) violating the estimate of (1.2). The elements ofA are in Lognormal(0,3),

while the elements \~Aij belong to \scrF \{ p\} , thus \lceil \lceil Aij\rceil \rceil  - \lfloor \lfloor Aij\rfloor \rfloor \leq 10 - p, for p= 1, . . . ,3. Notice that
when the number of columns is d= 10 or 100, the bound \scrR 

\surd 
n\nu is violated in approximately 0\% to

30\% of the test cases; the bound is almost always violated for d= 1,000 (squarish matrix). However,
a very mild relaxation of the bound from \scrR 

\surd 
n\nu to 0.9 \cdot \scrR 

\surd 
n\nu immediately fixes this issue, resulting

in zero violations in all settings. Additionally, the relative error between the estimate provided
by our bound and the minimum observed increase in the smallest singular value of the rounded
matrix remains consistently below 6\%. More precisely, we compute smin = min\{ \sigma min(\widetilde A)\} over
all 100 roundings for a specific parameter setting and report the relative error 1  - s\mathrm{m}\mathrm{i}\mathrm{n}/\scrR 

\surd 
n\nu . If

smin >\scrR 
\surd 
n\nu , we mark the respective entry as N/A.

d \%(\sigma min(\widetilde A)< c \cdot \scrR 
\surd 
n\nu ) 1 - s\mathrm{m}\mathrm{i}\mathrm{n}/\scrR 

\surd 
n\nu 

p= 1 p= 2 p= 3 p= 1 p= 2 p= 3

c= 1 c= .9 c= 1 c= .9 c= 1 c= .9

10 0\% 0\% 8\% 0\% 0\% 0\% N/A .01 N/A

100 2\% 0\% 27\% 0\% 0\% 0\% .001 .01 N/A

1,000 100\% 0\% 100\% 0\% 95\% 0\% .05 .06 .03

understand how the aspect ratio n/d affects the behavior of \sigma d( \~A) on matrices drawn
from different distributions when A is being demoted to a lower precision via SR-
nearness.

5.2.2. Table 5.6 and Figure C.6: Matrices with controlled \bfitnu . We start
with a 104\times d matrix whose elements are independent, identically distributed random
variables \scrN (0,1), and enforce rank-deficiency by setting two columns equal to each
other. For each column dimension d, we create two matrices: Ah with a ``high"" value
of \nu and Al with a ``low"" value of \nu such as \nu (\bfA h)/\nu (\bfA l) \approx 100. The goal is to also
understand how \nu might affect the behavior of \sigma d(\widetilde A).

Conclusions from our experimental evaluations. We want to emphasize that the
theoretical bound used in our experiments is not identical to the one presented in
Theorem 4.1, but rather our conjecture on what the true lower bound should be (see
discussion after (1.2)). The rationale behind this choice is that the precise bound
is overly pessimistic for modest values of the aspect ratio n/d. This is probably due

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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Table 5.5
The percentage of matrices (recall that we perform 100 stochastic roundings for each parameter

setting; see also Figure C.5) violating the estimate of (1.2). The elements of A are drawn from
either \scrN (0,1) or Lognormal(0,3), while the elements of \~Aij are obtained by stochastically rounding
the corresponding elements Aij to single precision. We present results for both tested distributions.
Notice that when the number of columns is d = 10 or 100, the bound \scrR 

\surd 
n\nu is violated in approxi-

mately 0\% to 30\% of the test cases; the bound is always violated for d= 1,000 (squarish matrix) when
elements drawn from \scrN (0,1), whereas there are no violations when the elements are drawn from
Lognormal(0,3). Still, a very mild relaxation of the bound from \scrR 

\surd 
n\nu to 0.8 \cdot \scrR 

\surd 
n\nu effectively elim-

inates almost every violation across all settings. Furthermore, we compute smin = min\{ \sigma min(\widetilde A)\} 
over all 100 roundings for a specific parameter setting and report the relative error 1 - s\mathrm{m}\mathrm{i}\mathrm{n}/\scrR 

\surd 
n\nu .

If smin >\scrR 
\surd 
n\nu , we mark the respective entry as N/A.

d \%(\sigma min(\widetilde A))<\scrR 
\surd 
n\nu ) 1 - s\mathrm{m}\mathrm{i}\mathrm{n}/\scrR 

\surd 
n\nu 

\scrN (0,1) Lognormal(0,3) \scrN (0,1) Lognormal(0,3)
c= 1 c= .8 c= 1 c= .8

10 0\% 0\% 2\% 0\% N/A .07

100 3\% 0\% 28\% 3\% .001 .2

1,000 100\% 0\% 0\% 0\% .04 N/A

Table 5.6
The percentage of matrices (recall that we perform 100 stochastic roundings for each parameter

setting; see also Figure C.6) violating the estimate of (1.2). The elements of A are drawn from
\scrN (0,1) and subsequently we construct two matrices Ah, Al corresponding to a ``high"" and a ``low""
value of \nu , respectively, meaning that \nu (\bfA h)/\nu (\bfA l)\approx 100. Notice that when the number of columns is
d= 10 or 100, the bound \scrR 

\surd 
n\nu is violated in approximately 0\% to 55\% of the test cases; the bound

is almost always violated for d= 1,000 (squarish matrix). As indicated by our theory, matrices with
higher value of \nu lead to fewer violations (excluding the ill-advised case of d= 1,000). Again, a very
mild relaxation of the bound from \scrR 

\surd 
n\nu to 0.8 \cdot \scrR 

\surd 
n\nu effectively eliminates almost every violation

across all settings. Furthermore, we compute smin = min\{ \sigma min(\widetilde A)\} over all 100 roundings for a
specific parameter setting and report the relative error 1 - s\mathrm{m}\mathrm{i}\mathrm{n}/\scrR 

\surd 
n\nu . If smin > \scrR 

\surd 
n\nu , we mark

the respective entry as N/A.

d \%(\sigma min(\widetilde A))<\scrR 
\surd 
n\nu ) 1 - s\mathrm{m}\mathrm{i}\mathrm{n}/\scrR 

\surd 
n\nu \widetilde A\bfh \widetilde A\bfl \widetilde A\bfh \widetilde A\bfl 

c= 1 c= .8 c= 1 c= .8

10 46\% 0\% 54\% 0\% .02 .1

100 0\% 0\% 35\% 0\% N/A .1

1,000 100\% 0\% 75\% 2\% .05 .2

to state-of-the-art RMT bounds, which typically require much larger and impractical
values of n. We show that, in practice, modifying the bound by a small constant
(i.e., reducing \scrR 

\surd 
n\nu to c \cdot \scrR 

\surd 
n\nu , with c\geq .8) results in excellent behavior in all our

experimental settings.

6. Future work. First, we need to relax the assumptions for the singular value
bound in Theorem 4.1, so they resemble the assumptions of Theorem B.1, where the
perturbations are Gaussian. While we don't expect the gap between bounds for SR-
nearness and Gaussian perturbations to be completely bridged, we need to understand
how the former bounds can be improved. This will require novel and more powerful
RMT results along the lines of Theorem 4.3.

Second, we conjecture that for all sufficiently tall-and-thin matrices A, SR-
nearness produces a matrix whose smallest singular value is bounded away from zero
as in (1.2). Although removal of \epsilon n,d from (1.2) seems infeasible with state-of-the-art
RMT bounds, our numerical experiments strongly support this conjecture.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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Appendix A. Proof for section 4.1. Distinguish the columns of the rounded
matrix,

\widetilde A=
\Bigl[ \widetilde A1

\widetilde A2

\Bigr] 
.

Since, in expectation, half of the entries of \widetilde A are equal to one and the other half are
equal to zero, the columns of \widetilde A have expected squared norms equal to

\BbbE \| \widetilde Aj\| 22 =
n

2
, j = 1,2.(A.1)

In the inner product between the two columns,

\widetilde AT
1
\widetilde A2 =

n\sum 
i=1

\widetilde Ai1
\widetilde Ai2,

the ith summand \widetilde Ai1
\widetilde Ai2 = 1 only if Ai,1 = Ai,2 = 1, which occurs with probability

1/4. Hence the expected inner product between the two columns equals

\BbbE (AT
1 A2) =

n

4
.(A.2)

The 2\times 2 Gram matrix \widetilde AT \widetilde A has expectation

\BbbE [\widetilde AT \widetilde A] =

\biggl[ 
n
2

n
4

n
4

n
2

\biggr] 
=

n

4

\biggl[ 
2 1
1 2

\biggr] 
,

which immediately implies that \sigma 2(\BbbE [\widetilde AT \widetilde A]) = n/4.
Denote by B = \widetilde AT \widetilde A - \BbbE [\widetilde AT \widetilde A] the deviation of the Gram matrix from its ex-

pectation. Weyl's inequality and the bound \| B\| 2 \leq \| B\| F give

\sigma 2(\widetilde A)2 = \sigma 2(\widetilde AT \widetilde A) = \sigma 2(\BbbE [\widetilde AT \widetilde A] - (\BbbE [\widetilde AT \widetilde A] - \widetilde AT \widetilde A))

\geq \sigma 2(\BbbE [\widetilde AT \widetilde A]) - \| B\| 2
\geq \sigma 2(\BbbE [\widetilde AT \widetilde A]) - \| B\| F
=

n

4
 - \| B\| F .(A.3)

It remains to bound \| B\| F . Since (\widetilde AT \widetilde A)ij =
\sum n

k=1
\widetilde Aki

\widetilde Akj is the sum of n random
variables that are either zero or one, we can invoke Theorem 2.1,

\BbbP [| Bij | \geq t]) = \BbbP 
\Bigl[ 
| (\widetilde AT \widetilde A)ij  - \BbbE [(\widetilde AT \widetilde A)ij ]\geq t

\Bigr] 
\leq 2exp

\biggl( 
 - 2t2

n

\biggr) 
.

Applying a union bound over the four events that represent the entries of B being
less than t gives the failure probability

\BbbP 

\left[  2\sum 
i,j=1

| Bij | \geq 4t

\right]  \leq 8exp

\biggl( 
 - 2t2

n

\biggr) 
and the success probability of the complementary event,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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\BbbP 

\left[  2\sum 
i,j=1

| Bij | \leq 4t

\right]  \geq 1 - 8exp

\biggl( 
 - 2t2

n

\biggr) 
.

Vector p-norm relations imply

\| B\| F = \| vec(B)\| 2 \leq \| vec(B)\| 1 =
2\sum 

i,j=1

| Bij | .

Insert this into the success probability,

\BbbP (\| B\| F \leq 4t)\geq 1 - 8exp

\biggl( 
 - 2t2

n

\biggr) 
,

and combine with (A.3) to obtain a lower bound for \sigma 2
2(
\widetilde A),

\BbbP 
\Bigl( 
\sigma 2
2(
\widetilde A)\geq n

4
 - 4t

\Bigr) 
\geq 1 - 8exp

\biggl( 
 - 2t2

n

\biggr) 
.

Setting t= 2
\surd 
n gives

\sigma 2
2(
\widetilde A)\geq 0.25 \cdot n - 8

\surd 
n(A.4)

with probability at least 0.997.

Appendix B. Gaussian perturbations. We consider perturbations \widetilde A=A+
E, where5 Ei,j =\scrN (0,1), and show that the smallest singular value of \widetilde A is bounded
away from zero with high probability. While this perturbation model is not relevant for
SR, we do note that Theorem B.1 is much sharper than Theorem 4.1 and Corollary 4.2.

For example, if n = 900 and d = 25, then Theorem B.1 with t = 4 shows that
\sigma d(\widetilde A) \geq 1 with probability at least 0.98, without any additional assumptions. This
provides evidence that the assumptions of Theorem 4.1 and Corollary 4.2 could be
significantly relaxed for non-Gaussian, nonidentically distributed perturbations. The
sharper bounds in this section are derived from the strong concentration properties of
Gaussian distributions, which allow the use of more powerful measure concentration
inequalities. Additionally, the invariance of Gaussian distributions under the unitary
transformations further simplifies the analysis.

The proof follows the same high-level proof structure as in section 4.5. We start
by stating our main result.

Theorem B.1. Let A \in \BbbR n\times d, and let E \in \BbbR n\times d be a random matrix with inde-
pendent, identically distributed Gaussian entries, i.e., Eij = \scrN (0,1). Then, for any
t > 0,

\BbbP 
\Bigl( 
\sigma d(A+E)\geq 

\surd 
n - (1 + t)

\surd 
d - t

\Bigr) 
\geq 1 - (2d+ 1)e - t2/2.

Proof. As in section 4.5, we decompose the task of lower bounding \sigma d(A + E)
into two parts. Again, for any orthogonal projector P,

\sigma d(A+E)\geq \sigma d(P(A+E)).

5By rescaling the bound by \sigma > 0, we can extend the bound to any E with Eij =\scrN (0, \sigma ).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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Let P\bfA \in \BbbR n\times n be the orthogonal projector onto the d dimensional column space of
A, and let P\bfA ,\bot = I - P\bfA be the orthogonal projector onto the n - d dimensional left
null space of A. Then

\sigma d(A+E)\geq \sigma d(P\bfA ,\bot (A+E)) = \sigma d(P\bfA ,\bot E).

Weyl's inequality implies

\sigma d(P\bfA ,\bot E) = \sigma d(E - (I - P\bfA ,\bot )E)\geq \sigma d(E) - \| P\bfA E\| 2.(B.1)

We have now broken our task into two conceptual components. First, we must make
sure that the random matrix E has a large minimum singular value. Second, the
projection of E must be small. In other words, the matrix E should not concentrate
in any d-dimensional space.

We start by lower bounding \sigma d(E). From [33, expression below (1.11)] follows
that for any t > 0,

\BbbP 
\bigl( 
\sigma d(E)\leq 

\surd 
n - 

\surd 
d - t

\bigr) 
\leq e - t2/2.(B.2)

Next, we bound \| P\bfA E\| 2 by first leveraging the unitary invariance of the Gaussian
distribution. If g \in \BbbR n is a vector with independent, identically distributed standard
normal entries, then the distribution of Ug is the same as the distribution of g for
any orthogonal matrix U \in \BbbR n\times n. Since the columns of E are independent, we can
apply this result columnwise to conclude that the distribution of E is equal to the
distribution of UE for any orthogonal matrix U. Let

P\bfA =U

\biggl[ 
Id 0d\times (n - d)

0(n - d)\times d 0(n - d)\times (n - d)

\biggr] 
UT(B.3)

be an eigenvalue decomposition where U \in \BbbR n\times n is an orthogonal matrix. From the
rotational invariance of the Gaussian distribution follows that the entries of UTE \in 
\BbbR n\times d are also independent, identically distributed Gaussian normal random variables.
The unitary invariance of the two-norm implies

\| P\bfA E\| 2 = \| G\| 2 where G\equiv 
\bigl[ 
Id 0d\times (n - d)

\bigr] 
UTE\in \BbbR d\times d(B.4)

is the matrix that contains the leading d rows of UTE.
From Lemma B.3 and (B.4) follows

\BbbP 
\bigl( 
\| P\bfA E\| 2 = \BbbP 

\bigl( 
\| G\| 2 \geq t

\surd 
d
\bigr) 
\leq 2de - t2/2

for all t > 0. Combining this with (B.2) and applying a union bound to control the
two failure probabilities gives

\BbbP 
\Bigl( 
\sigma d(E) - \| P\bfA E\| 2 \leq 

\surd 
n - (1 + t)

\surd 
d - t

\Bigr) 
\leq (2d+ 1)e - t2/2

for all t > 0. The complement of the above event, for all t > 0, is

\BbbP 
\Bigl( 
\sigma d(E) - \| P\bfA E\| 2 \geq 

\surd 
n - (1 + t)

\surd 
d - t

\Bigr) 
\geq 1 - (2d+ 1)e - t2/2.

At last, combine the above with (B.1).
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In order to bound the largest singular value of a Gaussian matrix, we will use the
following concentration inequality from prior work.

Theorem B.2 (Theorem 4.1.1 in [35]). Consider a finite sequence of \{ Bk\} of
fixed real-valued matrices with dimension d1 \times d2, and let \{ \gamma k\} be a finite sequence of
independent standard normal variables. Introduce the Gaussian series:

Z=
\sum 
k

\gamma kBk.

Let \scrV (Z) be the matrix variance statistic of the sum:

\scrV (Z) =max\{ \BbbE \| ZZT \| 2,\BbbE \| ZTZ\| 2\} 

=max

\Biggl\{ 
\BbbE 
\bigm\| \bigm\| \sum 

k

BkB
T
k

\bigm\| \bigm\| 
2
,\BbbE 
\bigm\| \bigm\| \sum 

k

BT
kBk

\bigm\| \bigm\| 
2

\Biggr\} 
.

Then,

\BbbE \| Z\| 2 \leq 
\sqrt{} 
2 \cdot \scrV (Z) log(d1 + d2).

Furthermore, for all t\geq 0,

\BbbP (\| Z\| 2 \geq t)\leq (d1 + d2) exp

\biggl( 
 - t2

2 \cdot \scrV (Z)

\biggr) 
.

The following lemma bounds the largest singular value of Gaussian matrices,
whose entries are independent, identically distributed \scrN (0,1) random variables.

Lemma B.3. Let G \in \BbbR d\times d be a random matrix with independent, identically
distributed standard normal entries. Then, for all t\geq 0,

\BbbP 
\bigl( 
\| G\| 2 \geq t

\surd 
d
\bigr) 
\leq 2de - t2/2.

Proof. We will apply Theorem B.2. First write G as a sum of outer products

G=

d\sum 
i,j=1

gijeie
T
j ,

where gij are independent, identically distributed standard normal variables and ei \in 
\BbbR d, 1\leq i= 1\leq d, are the columns of the identity matrix I \in \BbbR d\times d. In order to apply
the aforementioned theorem we need to bound\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 

d\sum 
i,j=1

eie
T
j (eie

T
j )

T

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
2

=

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
d\sum 

i,j=1

eie
T
i

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
2

= \| d \cdot Id\| 2 = d.

Similarly, \| 
\sum d

i,j=1(eie
T
j )

Teie
T
j \| 2 = d. Hence in Theorem B.2 the parameter \scrV (G) is

equal to d, and so

\BbbP 
\bigl[ 
\| G\| 2 \geq t

\bigr] 
\leq 2de - t2/2d.

Rescaling the parameter t by a
\surd 
d factor concludes the proof.
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Appendix C. Additional plots.

(a) p = 1, d = 10 (b) p = 1, d = 1000

(c) p = 2, d = 10 (d) p = 2, d = 1000

(e) p = 3, d = 10 (f) p = 3, d = 1000

Fig. C.1. The elements ofA are random variables in\scrN (0,1) with \sigma d(A) = 0. The stochastically

rounded \widetilde A has elements in \scrF p for p = 1,2,3. The horizontal axis represents the values of \sigma d(\widetilde A)

over 100 runs, grouped into at most 10 bins. The vertical axis represents the number of \sigma d(\widetilde A)

in each bin. The orange dashed vertical line represents the average value of \sigma d(\widetilde A), while the red
dashed vertical line represents the lower bound estimate (1.2). Each panel corresponds to a different
combination of p and d. In each row, the precision p is fixed, while the column dimension d varies.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

05
/0

5/
26

 to
 1

28
.2

10
.1

06
.5

8 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



SR IMPLICITLY REGULARIZES TALL-AND-THIN MATRICES 363

(a) p = 1, d = 10 (b) p = 1, d = 1000

(c) p = 2, d = 10 (d) p = 2, d = 1000

(e) p = 3, d = 10 (f) p = 3, d = 1000

Fig. C.2. The matrices are initially drawn from a log-normal distribution with the smallest
singular value set to 0, and stochastically rounded to \scrF p, for p = 1, . . . ,3. The horizontal axis
represents the distribution of \sigma d(\widetilde A) over 100 repetitions, grouped into up to 10 bins. The vertical

axis shows the frequency with which each \sigma d(\widetilde A) appears in each bin. The orange dashed vertical

line represents the average value of \sigma d(\widetilde A), while the red dashed vertical line represents the lower
bound estimate (1.2). Each panel corresponds to a different combination of p and d. In each row,
the precision p is fixed, while the column dimension d varies.
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(a) p = 1, d = 10 (b) p = 1, d = 1000

(c) p = 2, d = 10 (d) p = 2, d = 1000

(e) p = 3, d = 10 (f) p = 3, d = 1000

Fig. C.3. The matrices are initially drawn from a standard normal distribution with the small-
est singular value set to 10 - 2, and stochastically rounded to \scrF p, for p= 1, . . . ,3. The horizontal axis
represents the distribution of \sigma d(\widetilde A) over 100 repetitions, grouped into up to 10 bins. The vertical

axis shows the frequency with which each \sigma d(\widetilde A) appears in each bin. The orange dashed vertical

line represents the average value of \sigma d(\widetilde A), while the red dashed vertical line represents the lower
bound estimate (1.2). Each panel corresponds to a different combination of p and d. In each row,
the precision p is fixed, while the column dimension d varies.
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(a) p = 1, d = 10 (b) p = 1, d = 1000

(c) p = 2, d = 10 (d) p = 2, d = 1000

(e) p = 3, d = 10 (f) p = 3, d = 1000

Fig. C.4. The matrices are initially drawn from a log-normal distribution with the smallest
singular value set to 10 - 2, and stochastically rounded to \scrF p, for p = 1, . . . ,3. The horizontal axis
represents the distribution of \sigma d(\widetilde A) over 100 repetitions, grouped into up to 10 bins. The vertical

axis shows the frequency with which each \sigma d(\widetilde A) appears in each bin. The orange dashed vertical

line represents the average value of \sigma d(\widetilde A), while the red dashed vertical line represents the lower
bound estimate (1.2). Each panel corresponds to a different combination of p and d. In each row,
the precision p is fixed, while the column dimension d varies.
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(a) d = 10 (b) d = 10

(c) d = 100 (d) d = 100

(e) d = 1000 (f) d = 1000

Fig. C.5. The matrices are initially drawn from both a standard normal and a log-norm dis-
tribution with the smallest singular value set to 0, and stochastically rounded to single precision.
The horizontal axis represents the distribution of \sigma d(\widetilde A) over 100 repetitions, grouped into up to

10 bins. The vertical axis shows the frequency with which each \sigma d(\widetilde A) appears in each bin. The

orange dashed vertical line represents the average value of \sigma d(\widetilde A), while the red dashed vertical line
represents the lower bound estimate (1.2). Each panel corresponds to a different combination of the
initial distribution and d. In each row, column dimension d is fixed, while the distribution varies.
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(a) Ah, d = 10 (b) Al, d = 10

(c) Ah, d = 100 (d) Al, d = 100

(e) Ah, d = 1000 (f) Al, d = 1000

Fig. C.6. The matrices are initially drawn from a standard normal distribution with the small-
est singular value equal to 0, and stochastically rounded to single precision. The horizontal axis
represents the distribution of \sigma d(\widetilde A) over 100 repetitions, grouped into up to 10 bins. The vertical

axis shows the frequency with which each \sigma d(\widetilde A) appears in each bin. The orange dashed vertical

line represents the average value of \sigma d(\widetilde A), while the red dashed vertical line represents the lower
bound estimate (1.2). Each panel corresponds to a different combination of ``high"" or ``low"" \nu and
d. In each row, the column dimension d is fixed, while the value of \nu varies.
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Reproducibility of computational results. This paper has been awarded the
``SIAM Reproducibility Badge: Code and data available"" as a recognition that the
authors have followed reproducibility principles valued by SIMAX and the scientific
computing community. Code and data that allow readers to reproduce the results in
this paper are available at https://github.com/cboutsikas/stoch rounding iplicit reg.
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