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Abstract

We study reinforcement learning (RL) in the agnostic policy learning setting,
where the goal is to find a policy whose performance is competitive with the
best policy in a given class of interest [I—crucially, without assuming that IT
contains the optimal policy. We propose a general policy learning framework
that reduces this problem to first-order optimization in a non-Euclidean space,
leading to new algorithms as well as shedding light on the convergence properties
of existing ones. Specifically, under the assumption that II is convex and satisfies
a variational gradient dominance (VGD) condition—an assumption known to be
strictly weaker than more standard completeness and coverability conditions—we
obtain sample complexity upper bounds for three policy learning algorithms: (i)
Steepest Descent Policy Optimization, derived from a constrained steepest descent
method for non-convex optimization; (ii) the classical Conservative Policy Iteration
algorithm [Kakade and Langford, 2002] reinterpreted through the lens of the Frank-
Wolfe method, which leads to improved convergence results; and (iii) an on-policy
instantiation of the well-studied Policy Mirror Descent algorithm. Finally, we
empirically evaluate the VGD condition across several standard environments,
demonstrating the practical relevance of our key assumption.

1 Introduction

Policy Optimization (PO) algorithms are a class of methods in Reinforcement Learning (RL; |Sutton
and Barto} 2018, Mannor et al.,2022) in which an agent’s policy is iteratively updated to minimize
long-term cost, as defined by the environment’s value functions. Modern applications of PO methods
[e.g., Lillicrap, 2015} |Schulman et al.| 2015} |Akkaya et al., 2019, |Ouyang et al.||2022] often involve
large-scale environments that lack well-defined structure, and by that require function approximation
techniques in order to learn efficiently. Typically, PO algorithms represent the agent’s policy using
neural network models—commonly referred to as actor networks. Notably, these setups are inherently
agnostic: the learner searches for an assignment of network parameters that is competitive with the
best achievable under the model, without any guarantee that the optimal policy is expressible by the
actor architecture.

Motivated by this, we consider the problem of agnostic policy learning in the general function approx-
imation setup [Kakade, [2003| [Krishnamurthy et al.,[2025]], where the learner is given optimization
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oracle access to a policy class II and is required to find a policy that performs nearly as well as
the best in-class policy. It is well known that II-completeness and coverage conditions allow for
sample efficient policy learning [|[Agarwal et al., 2019, 2021}, |Bhandari and Russo, 2024]mhowever,
completeness implies realizability, and both conditions are generally deemed too strong to hold in
practice. Furthermore, the extent to which they hold or not is hard to measure empirically.

In this work, we adopt instead the assumption that

II satisfies a variational gradient dominance condi- .

tion [Agarwal et al.l 2021] Xiao| 2022| |Bhandari and Realizable RL
Russo, [2024]], which is known to be strictly weaker
than completeness and coverage, and in particular,
may accommodate non-realizable setups [Bhandari
and Russo, 2024} Sherman et al., [2025]] (see Fig. E],
and Appendix [A| for further details). Furthermore,
the VGD parameters are to a degree measurable in
practice, and appear better suited to characterize con- VGD

vergence of first-order policy learning algorithms.

Indeed, the empirically observed parameters are rea- Figure 1: [l Completeness + coverage allows for
sonable compared to the theoretical, hard to measure ~sample efficient policy learning [[Kakade and Lang;
ones associated completeness and coverage; and the [ford,2002]. These conditions imply in particular,
VGD assumption pinpoints the precise properties re- realizability. VGD allows for sample efficient

quired in convergence analysis under completeness €4Ming, and in particular accommodates agnostic
and coverage (non-realizable) setups.

Agnostic RL

Completeness Coverage

1.1 Our contributions

In this work, we make the following contributions.

Policy learning framework. We introduce a natural policy learning framework that reduces Agnos-
tic RL to first order optimization in a constrained non-convex non-Euclidean setup. Consequently, we
obtain practical, sample efﬁcien policy learning algorithms, and along the way also improvements
in state-of-the-art iteration complexity upper bounds. Importantly, our framework and reduction are
completely independent of the choice of policy class parametrization. In the function approximation
policy learning setup, the primary way by which policies are produced is by constructing an objective
function @y : [T — R, and invoking an optimization oracle to compute an approximate minimizer:

7 — argmin, .y @ (7). (1)
Roughly speaking, our reduction makes use of the policy gradient theorem [Sutton et al.| |1999] in the
direct parametrization case, along with an on-policy estimation scheme and a standard concentration
argument to yield that with a suitable choice of ®, Eq. (I) produces a gradient step w.r.t. the value
function in policy (i.e., state-action, functional) space. This, combined with the local-smoothness
property of the value function [Sherman et al,|2025], implies the algorithm may be cast as a first-order
method taking gradient steps on a smooth objective. Crucially, unlike Euclidean smoothness used in
prior work [e.g.,|Agarwal et al.,[2021], this leads to rates that are independent of the size of the state
space. Furthermore, it is substantially different than operating in the parameter space of the policy
parametrization [e.g., [Mei et al., [2020, |Yuan et al., 2022, |Bhandari and Russol, [2024]].

Non-Euclidean smooth constrained optimization. We highlight smooth constrained non-convex
optimization in a non-Euclidean space as the principal setting to which agnostic RL reduces to. In
this context, we provide novel analyses that, to our knowledge, have not appeared in the literature
previously, including (i) a steepest descent method for smooth non-convex constrained optimization,
and (ii) an analysis for an approximate Frank-Wolfe that holds for VGD objectives (a weaker condition
compared to convexity). The constrained steepest descent method which we analyze here is a natural
generalization of gradient descent to objectives smooth w.r.t. a non-Euclidean norm. |[Kelner et al.

IRoughly speaking, IT-completeness is defined as closure to policy improvement steps, and coverage as
a constant upper bound on the worst case ratio between the initial state distribution and the optimal policy
occupancy measure.

2By sample efficient, we refer to methods with convergence bounds that scale with the log-covering number
of the policy class, but not with the cardinality of the state space.
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Table 1: Comparison of different policy optimization algorithms. Rate: Gives the suboptimality after K
iterations, as a function of error terms. & denotes the value fitting error under the relevant sampling distribution,
and D the distribution mismatch coefficient. {S(H), Eapprox spmdc} all measure some form of “completeness
error”’; refer to Appendix [A|for further details. GP: Whether the method applies for general parameterizations
of IT; Ag: Whether it gives meaningful guarantees in an agnostic setting under the VGD assumption (replace
v — D« to compare with non-agnostic bounds, error floors are similar); NC: Whether it applies for Non-Convex
I1; AOE: Whether it is actor-oracle efficient. [a, b, ¢, d, e]: [a] The dependence on the completeness error
is given in [Scherrer and Geist, 2014]. [b] « relates to an eigenvalue condition of the state-action features
covariance under the learning distribution. [b+c] Both works also provide bounds in terms of a bias error which
we do not include here. [c+d] These rates require geometrically increasing step sizes, for constant step sizes
sub-linear rates exist. [e] Our version of CPI makes a different choice of step sizes.

[2014]] appear to be the first to analyze the method for convex functions in the unconstrained setting,
while [Xiao| [[2022]] provides an analysis for VGD objectives in the constrained Euclidean setup.
Our work is the first to further extend the method to the constrained, non-Euclidean setup, using
a non-standard notion of steepest descent direction w.r.t. a constrained set of potential gradient
mappings. The optimization setup and our analyses naturally accommodate also local smoothness of
the objective function, which is crucial for the interesting cases of the reduction mentioned in the
preceding paragraph.

Iteration and sample complexity for policy learning algorithms. Combining the elements above,
and assuming the policy class satisfies a VGD condition and is convex, we obtain upper bounds
on the sample complexity of several algorithms within our proposed framework. In particular, we
propose a sample efficient Steepest Descent Policy Optimization (SDPO) method, based on a
constrained steepest descent method for non-convex, non-Euclidean optimization which we analyze
in this work for the first time. We then revisit the classic Conservative Policy Iteration (CPI;
Kakade and Langford, 2002) algorithm, and cast it as an instance of the well-known Frank-Wolfe
[Frank and Wolfe, [1956] algorithm, leading to (i) improved iteration complexity, and (ii) a variant
of CPI—Doubly Approximate CPI (DA-CPI)—which is sample efficient and more practical, as we
explain shortly in the discussion that follows. Finally, we establish polynomial sample complexity for
the well studied Policy Mirror Descent [Tomar et al., 2020, |Xiao|, 2022} |Lan| [2023|] algorithm. To
the best of our knowledge, our work is the first to obtain sample complexity upper bounds for PMD
that are independent of the policy class parametrization.

Table|l|gives a detailed comparison between several algorithms of interest. In particular, our SDPO
bound provides a substantial improvement over PMD in the agnostic setting [Sherman et al.|,[2025]], by
obtaining /& error dependence rather than £!/4. When converting the result to a sample complexity
upper bound this becomes significant. Furthermore, SDPO obtains better dependence on the action
set cardinality A when applied with the L' action norm, thereby lifting one of the two barriers left in



Sherman et al.|[2025] to obtain rates for large action spaces (rates that scale at most logarithmically
with A). The same is true for DA-CPI, which also improves upon the guarantee of PMD in the
agnostic setting in a similar fashion.

While our new bound for CPI provides an even sharper improvement, it is important to note that CPI
in its original form is not as practical as the other algorithms we consider, in the following sense. Let
us call a policy obtained by an invocation to the optimization oracle, such as 7%*! in Eq. , an actor.
We say a policy learning algorithm is actor-oracle efficient (AOE) if the following two conditions
hold. (i) The objective functions @ given to the optimization oracle can be evaluated in time that is
independent of the size of the state space, and polynomial in other problem parametersﬂ (>i1) The
actor space complexity—i.e., the maximal number of actors the algorithm requires to maintain in
memory at any given time—is O(1). Actor-oracle inefficient algorithms are generally not feasible (at
least at the present time) for practical applications; for example, actor-memory linear in the number
of iterations requires maintaining a prohibitively large amount of separate neural network models in
memory. As we discuss further in Section@ CPI requires linear actor memory, while PMD, SDPO,
and DA-CPI are all actor efficient, requiring at most two actor models at any given time.

1.2 Related work

There is a rich line of work that studies the PMD algorithm [Agarwal et al) 2021, Xiaol 2022,
Lan, [2023] |Alfano et al., [2023] Ju and Lan, |2022]], however these, including |Sherman et al.|[2025]],
either focus only on the optimization setup, or consider sample complexity subject to specific
parametrization choices. The CPI algorithm was originally introduced by [Kakade and Langford,
2002], and its guarantees in terms of a completeness error was derived in [Scherrer and Geist, [2014]]
(see also|Agarwal et al.,[2019). Our work is directly inspired by Sherman et al.|[2025]], where the
connection of PMD to a constrained non-Euclidean optimization setup was recently established. Here,
we take a more problem-centric view of agnostic RL and establish a broader connection between
policy learning and optimization. Due to space constraints, we defer additional discussion of related
work to Appendix

2 Preliminaries

Discounted MDPs. A discounted MDP M is defined by a tuple M = (S, A, P, r,v, po), where S
denotes the state-space, A the action set, P: S x A — A(S) the transition dynamics, 7: S X A —
[0, 1] the regret (i.e., cost) function, 0 < y < 1 the discount factor, and pg € A(S) the initial
state distribution. We assume the action set is finite with A := |A|, and identify R4 with R%. We
additionally assume, for clarity of exposition and in favor of simplified technical arguments, that the
state space is finite with S := | S|, and identify RS with RS. We further denote the effective horizon
by H = ﬁ We emphasize that all our arguments may be extended to the infinite state-space
setting with additional technical work. An agent interacting with the MDP is modeled by a policy
7S — A(A), for which we let 7, € A(A) c R denote the action probability vector at s and
7s.a € [0, 1] denote the probability of taking action a at s. We denote the value and Q-function by:

V(n) =E Zytr(s,,a,) | so ~ po, 7 Zytr(s,,a,) | so =s,ap=a,n|.
t=0 t=0

We further denote the discounted state-occupancy measure of 7 by u”:

i Of.=E

()= (1=9) ) ¥ Prlsi = 5 | 50 ~ po. 7).
t=0

It is easily verified that u”™ € A(S) is indeed a state probability measure.

Learning objective. 'We consider the problem of learning an approximately optimal policy within
a given policy class IT ¢ A(A)S:
arg min V (7). 2)

nell

3The intention is that for any fixed m, a)k(n) is computable in poly time (that is independent of the state
space cardinality).



To avoid ambiguity, we denote the optimal value attainable by an in-class policy (a solution to Eq. (2)))
by V*(II), and the optimal value attainable by any policy by V*:

V*(II) == argminV(n*); V*:= argmin V(x%). 3)
m*ell 7*eA(A)S

Throughout this paper, we let 7* = argmin .y V (), and p* = u™" . The policy class IT will always
be clear from context. When we are in need to refer to the optimal policy / occupancy measure w.r.t.
[y = A(A)S, we will say so explicitly.

2.1 Problem setup

We consider agnostic policy learning in the standard offline optimization oracle model. Given an
objective function ¢: I — R an approximate minimizer may be produced by invoking the oracle.
We will use the following notation for approximate minimization. For any set X and objective
¢: X — R, we denote the set of e-approximate minimizers by:

argmin_ {¢(x)} = {x eX | opx) < n)lci’nfﬁ(x’) + e} . “)

When the agent decides to initiate a rollout episode in the environment, she starts at an initial
state s9 ~ po, then for r = 0, ..., chooses action a, given s;, incurs r(s;, a;), and transitions to
st+1 ~ P(¢|s¢, a;), until she decides to terminate the episode. The sample complexity of a learning
algorithm is the number of interaction time steps required to reach an e-approximate optimal policy,
i.e., a policy # such that V(%) — V*(IT) < €. As mentioned in the introduction, our key assumption is
that IT satisfies the following variational gradient dominance condition.

Definition 1 (Variational Gradient Dominance). We say that II satisfies a (v, &ygq)-variational

gradient dominance (VGD) condition w.r.t. a value function V: A(A)S — R, if there exist constants
Vv, &ygd > 0, such that for any policy r € II:

V() — min V(7*) < vmax (VV(7), 7 — 7) + Eyga- (5)
n*ell rell

We conclude this section by repeating notations used throughout.

k nk 1
Wh=p Q=0T S=ISL A=IAL H=1—

3 Policy learning via Non-Euclidean smooth constrained optimization

In this section, we present our policy learning framework, and explain the reduction to first order
optimization in a constrained, smooth non-Euclidean optimization setup. The reduction consists of
the following three ingredients;

(i) Agnostic policy learning is cast as a first-order optimization problem over the policy (sometimes
referred to as “functional”) space II that, crucially—is constrained and exhibits non-Euclidean
geometry.

(i1) Smoothness of the value function function is established w.r.t. a (non-Euclidean) norm that
measures distance between policies in a manner that is independent of the size of the state
space. The choice of norm can be global (e.g., ||-||«,1), or a local norm induced by the on-policy
occupancy measure.

(iii) By the policy gradient theorem and a standard uniform concentration argument, we have that a
gradient step on the value function may be approximated through on-policy sampling.

In more detail, consider that a standard template for first order optimization in policy space may be
framed as iterating through minimization problems of the form:

1
7 — argmin (VV(7%), 1) + = Dp (n, 7, (6)
nell n

where 7! € II is a given initialization and 7 > 0 a learning rate. When IT is a convex set and
D is a distance-like function that is compatible with the geometry of the objective function V —



e.g., informally, when V is smooth w.r.t. D1 — some form of convergence may be established. In
what follows, by a direct application of the policy gradient theorem [Sutton et al.l |[1999]] and the
recently established local smoothness property [[Sherman et al., 2025]], we will demonstrate how
policy learning may be reduced to first order optimization in the form of Eq. @ Let 7% is the agent’s
policy on iteration k, and let u*, Q¥ be it’s occupancy measure and action-value function. By the
policy gradient theorem [Sutton et al,[1999], we have that for any policy x:

k k
By pr [H (Qs,ns>] = <VV(7T ),7T>.

Thus, using a proper sampling mechanism while interacting with the environment, we may obtain
a dataset D isting of ~ pk o= i ion- i Ok, Thi

x consisting of states s ~ u* = u”™ , and unbiased action-value estimates Q5. This
gives an empirical version of the linearization % 2seDy < §, 7rs> that concentrates about the true
gradient as N grows. Conveniently, given a distance-like function D: R® x R®" — R over the
action space, taking an expectation w.r.t. the on-policy distribution gives a policy distance-like
function Dy (7, ') = E,. D (75, 7}) w.rt. which the value function is smooth [Sherman et al.,

2025]). Importantly, in order to enjoy this smoothness, we must incorporate .x-greedy exploration.
To that end, we define the exploratory verion of IT as follows:

I1%= = {(1 —Eex)T+exu |m el ug,=1/A Vs,a} )]

With this in mind, we consider on-policy algorithms, all of which hinge on optimizing empirical
surrogates to the full gradient objective function. Concretely, the update step in each algorithm is of
the form:

—~ H ~ 1
7! arg min {@k(n) = ~ Z <Q§,ﬂs> + ;@(ns,ﬂf)} . (8)

£ex
nell seDy

The preceding discussion implies that, when N is sufficiently large, Eq. (8)) is an approximate version
of Eq. (6) with a distance measure Dy that is adapted to local-smoothness of the objective, and as
such Eq. (8) is an instance of smooth non-convex optimization in a non-Euclidean space. Primarily,
the algorithms we consider in Section 4] differ in the choice of D. For the formal definition of the
optimization setup our reduction leads to, we refer the reader to Appendix [C| Finally, we note that
while our algorithms SDPO, DA-CPI, and PMD operate over the e.c-exploratory version of II, their
output policies may be transformed back into IT with negligible loss of the objective, hence they are
in fact proper agnostic learning algorithms.

4 Policy learning algorithms

In this section, we present our policy learning algorithms in their idealized form. Given the discussion
from Section |3} sample complexity of each algorithm follows through the same algorithmic template
and argument; we provide the full details in Appendix [E]

4.1 Steepest Descent Policy Optimization

In this section, we present our first algorithm, which we derive from a generalization of gradient
descent to non-Euclidean norms. Given a differentiable objective f: R4 — R, an unconstrained,
Euclidean gradient descent step can be written as:

¥ = x =gV £(x) = argmin (V£ (x),3) + 5 lly = xB.
yeRd n

When the objective f is smooth w.r.t. ||-||, and the step size is chosen appropriately, it is guaranteed

that the step decreases the objective value, which can by harnessed to obtain convergence to a

stationary point in a non-convex setting. A natural generalization of the gradient descent step to

accommodate non-Euclidean geometries consists of simply replacing the proximity term ||y — x||§

with any other norm ||-||:

. 1
X" = argmin (V£ (), 3) + 5 lly =11
yEIRd n



Algorithm 1 Steepest Descent Policy Optimization (SDPO)

Input: K > 1,7 > 0,& > 0,8 > 0,11 € A(A)S, and action norm ||-|, : R — R.
Initialize 7! € T1%
for k =1to K do

k+1 & k 1 k|2
Update 7" « argminy, pae By ik [H <QS, 7rs> + 5 HJTS -7y ||o]
end for
return 7 = 7K*!
As in the Euclidean case, when f is smooth w.r.t. ||-|| and the step size is chosen appropriately,

the step decreases the objective value, which leads to convergence when applied iteratively over K
steps. A relatively straightforward argument can be employed to establish O(1/VK) convergence
to an approximate stationary point. The work of [Kelner et al.| [2014] appears to be the first to prove
convergence of O(1/K) assuming convexity of f, at least in this general form, as noted by the
authors. In this work, we analyze for the first time the constrained version of the steepest descent
method, which requires some care and extra machinery to cope simultaneously with constraints and
the non-Euclidean nature of the updates. We obtain a O (1/K) upper bound for VGD functions (a
condition weaker than convexity) and O(1/ VK) for general non-convex functions. To the best of
our knowledge, this method was not considered by any prior work in the constrained setting, for any
class of objective functions.

The iteration complexity given by Theorem [I] below, follows by our reduction explained in Section 3]
(excluding the probabilistic part). The & parameter passed to Algorithm[I|should be understood as the
sum of the generalization error, originating in the noisy estimates of the objective, and optimization
error, originating from the error of the optimization oracle.

Theorem 1. Let I1 be a convex policy class that satisfies (v, &vea)-VGD w.r.t. M. Suppose that SDPO

(Algorithm is executed with the L' action norm ||-||;. Then, after K iterations, with appropriately
tuned n and e, the output of SDPO satisfies:

2

H4
IE + vH3\/ZK1/6\/E+ Evgd | -

V(#)-V*(II) =0
As mentioned in the introduction, SDPO improves upon the previous guarantees of PMD [Sherman
et al., 2025] in two regards; (i) dependence on the error el/* = /2 and (i) dependence on A.
Further, for the case of Euclidean action geometry, the SDPO analysis can be seen as a tighter analysis
for PMD with Euclidean action-regularization case (note that the space the algorithms operate in is
still non-Euclidean, only the action space is).

4.2 Conservative Policy Iteration

In this section, we present our results relating to the CPI algorithm (Kakade and Langford, 2002}
see also[Agarwal et al.,2019). We first consider CPI in its original form, presented in Algorithm 2]
Kakade and Langford| [2002] established, that when the step sizes i are chosen “greedily” so as to
maximize the observed advantage gain, an O(1/&?) iteration complexity follows, as long as the policy
class is complete and the distribution mismatch is bounded (see our introduction and Appendix [A).

Algorithm 2 Conservative Policy Iteration (CPI; Kakade and Langford, 2002)
1

input: Initial policy 7' € II, Error tolerance & > 0

fork=1,2,...,do
Update #*! — argmin? _ E,_« (HQ¥, ng — k)
Set 7K1 = (1 — i)k + k!

end for

However, as it turns out, this is not the optimal step size choice. The following two observations imply
that CPI is (an approximate version of) the Frank-Wolfe [Frank and Wolfe| 1956] algorithm applied in
state-action space, with policies as the optimization variables and the value function as the objective.



Indeed, we have that (i) E,_« (Q%, 7y — 7¥) = & (VV(x*),n — n*), and further that (i) the value
function is (2H?)-smooth w.r.t. the ||'/|co,; nOrm — a property which we prove in Appendix
Given (i) and (ii), it follows that convergence of CPI may be established through a standard FW
analysis, where indeed, greedily choosing the step sizes gives O (1/&?) iteration complexity, while

the choice of 1y =~ % gives O(1/¢) iteration complexity.
Theorem 2. Let I1 be a policy class that satisfies (v, &yga)-VGD w.rt. M. Suppose that CPI

(Algorithm|2)) is executed with the step size choices ny = % fork =1,...,K. Then, we have the
guarantee that:

8(2v* + 1)H?

V(K —v*1) < e

+2vE + Eyyq

As mentioned, completeness and coverage imply VGD (see Appendix |A|for the full details), hence
Theorem [2]is a strict improvement over the classically known O(1/VK) guarantees established in
Kakade and Langford| [2002]]. Also in Appendix[Al we show our bounds subject to VGD subsume
those with the completeness error &(IT) [[Scherrer and Geist, 2014]. Finally, we note that in this
version of the algorithm, convexity of I1 is not required (see [Scherrer and Geist, 2014 for additional
discussion), nor does our analysis require it.

Doubly Approximate CPI: An actor-oracle efficient algorithm. In the function approximation
setup, the convex combination step cannot be computed as is, and therefore CPI turns out as
actor-oracle inefficient. Indeed, the algorihtm requires keeping all policies !, . .., 7K throughout
execution. A possible remedy for this issue is to approximate the convex combination step with
a second oracle invocation, thereby allowing to dispose of actors computed in previous rounds.
However, a-priori, extending the analysis is far from immediate, as the convex combination step needs
to be approximated through samples and it is unclear how to control the propagation of errors in the
analysis. Fortunately, the local-smoothness framework together with a local-norm based analysis of
FW (which in itself is straightforward) allows to control on-policy estimation errors and arrive at a
convergence rate upper bound.

Algorithm 3 Doubly-Approximate CPI (DA-CPI)

input: n;,...,nx > 0; & > 0, g > 0, action norm ||-|,.
fork=1,...,Kdo
Update #%*! « argmin? _pj.., Bk (HQ¥, ny — nk)

&£

Update gkl arg min?, yyz, IESN”I( ||7rs -((1- nk)nf +nkﬁ§+l)||§
end for

return # = 7K+

Theorem 3. Let I1 be a convex policy class that satisfies (v, yea)-VGD w.r.t. M. Suppose that

DA-CPI (Algorithm is executed with the L' action norm ||-||,. Then, for an appropriate setting of
M1, ...,k and &, we have that the DA-CPI output satisfies:

1
V(#)-V*(II) =0 (VZAHS (W +e'P+ 32/31<2/3)) .

4.3 Policy Mirror Descent

Convergence of PMD in the optimization setting similar to the one we consider here was recently
established inSherman et al.|[2025]]. With moderate additional work, we obtain the following iteration
complexity upper bound that may be directly translated to a sample complexity guarantee. Since
there are no changes in the algorithm, we defer its presentation to Appendix [D.4]

Theorem 4. Let I1 be a convex policy class that satisfies (v, &yea)-VGD w.r.t. M. Suppose that

PMD (see Algorithm@ in Appendix is executed with the L? action regularizer. Then, with an
appropriate tuning of , Eex, we have that the output of PMD satisfies:

VA3 3

V(#) - V*(I1) = 0 ( o

+ (v+H2AK1/6) 81/4) .



Theorem @ above, along with our reduction (see Section [3|and Appendix [E)), to our best knowledge
lead to the first sample complexity upper bounds for PMD in the agnostic setting, which are completely
independent of the policy class parametrization.

S Experimental evaluation of the VGD condition

In this section, we present proof-of-concept experiments (Fig. [2), demonstrating the empirically
observed parameters of L>-SDPO (equivalently, L2-PMD) executed in four environments: Cartpole-
vl and Acrobot-v1 [Brockman et al.l [2016]], and Spacelnvaders-MinAtar and Breakout-MinAtar
[Young and Tianl [2019]]. Code was written on top of the Gymnax framework [Lange, 2022, and
parts of it were based off purejaxrl [Lu et al.| 2022].

Cartpole Acrobot Spacelnvaders Breakout
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Figure 2: Training plots for all environments. In each experiment, a single set of minimally tuned hyper-
parameters was run with 10 difference seeds. Error bars indicate maximum and minimum values. VGD Ratio
(v): An estimate of the v parameter observed at each iteration k € [K] of the algorithm. Grad VGD: An
estimate of max z ey <VV(7rk), k- ﬁ'). Sub Optimality: Sub optimality of iteration k& w.r.t. the minimum
value the algorithm converged to. This should be interpreted as V(%) — (V*(IT) + Eygd)-

As can be seen in Fig.[2] the estimates of the v-VGD parameter coefficient remain moderate throughout
execution, and in fact decrease to around 1 or below as the algorithm approaches convergence.

We maintain two neural network models in the algorithm implementation, one for the original SDPO
actor model, the other (a “VGD actor”) we use to estimate the VGD parameter. In each iteration, we
compute the SDPO step to obtain 7%*!, and in addition optimize the advantage function with the
VGD actor in order to estimate max zcyy <VV(7rk ), ok — ﬁ). Since the algorithm may converge to a
local optimal (which the gy¢q parameter accounts for) we take the minimum value of each execution
as the error floor V*(IT) + &yeq, and define the sub optimality as V(nk) - (V*(IT) + &vgqa). We then
report an estimate of v by computing:

V(rk) = (V*(IT) + £yga)
max zefr <VV(7Tk), mk — ﬁ)
In practice, for Cartpole and Acrobot the algorithm always converged to the global minimum; local
optima only plays a role in the two more challenging environments. Given we believe the error floor,

our reported v, are overestimates of the true parameter at 7%, as we find an actual policy 7 that
gives an upper bound on the LHS of Eq. (9). We provide further details on the experimental setup in

Appendix [

= V. &)
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A Comparison with prior art

In this section, we provide additional details regarding related work and relation between different
assumptions mentioned in the introduction. We begin with formal definitions for II-completeness and
coverage. Completeness is also sometimes referred to as closure [Bhandari and Russo, 2024} Sherman
et al.|2025], and coverage is a general term we use here to refer to bounded distribution-mismatch
coefficient [Agarwal et al.,2019].

Definition 2 (Completness). We say a policy class II is complete if for any 7 € II, there exists a
policy n* € Il such that for all s € S, ¥ = e, where a € arg max, ¢ g Qs”’a. In words, IT contains a
policy r* that acts greedily w.r.t. the Q-function of 7.

Definition 3 (Coverage / counded distribution-mismatch coefficient). We say the environment
satisfies coverage if

*

e
PO

= max m < 00, (10)

Do =
seS po(s)

where y* = u” and 7* = arg mincaz)s V(7).

We note that while it makes sense to consider coverage subject to the best-in-class policy, it is usually
considered in conjunction with completeness and therefore in the realizable setting. The following is
a notion of approximate completeness that has appeared in e.g., Scherrer and Geist|[2014]], Bhandari
and Russo| [2024].

Definition 4 (Approximate completeness / approximate closure). The completeness error of a policy
class I1 is defined by:

1 = ma{_moy Eve (0 m - a1) -y Ere (QFm AN (D

We note that as long as we consider strictly stochastic policies with occupancy measures that have
full support, &E(IT) = 0 implies IT is complete. We have the following relation between (approximate)
completeness, coverage, and the VGD condition. For proof see|Sherman et al.|[2025]], which in itself
is based on [[Agarwal et al.|[2021}, Bhandari and Russol 2024].

Lemma 1. Let I1 be a policy class and suppose coverage holds, i.e., Do < o0. Then I1 satisfies
(v, &vgd)-VGD with v = HD o, and gyeq = E(I)H?D.. In particular, if I1 is complete it satisfies
(HD,0)-VGD.

We note that the VGD error floor in the above lemma is identical to the error floor in the convergence

guarantees of CPI subject to approximate completeness (Scherrer and Geist, [2014, see also |Agarwal
et al.}|2019). (Recall that H := ﬁ denotes the effective horizon.)
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Comparison with algorithms of interest. In what follows, we discuss some features of the
algorithms listed in Table

* CPI [Kakade and Langford, [2002]]. As discussed in the introduction and Section CPI
is not actor-oracle efficient. The bound with the completeness-error error floor does not
capture non-realizable setups where best-in-class convergence is possible, subject to the
VGD condition (see|Sherman et al.l 2025|for a simple example).

* Log-linear NPG [Agarwal et al., 2021]. In the log-linear NPG setup the policy class
is parametrized by softmax-over-linear functions, where linear is w.r.t. given state-action
features. When the linear function class can represent all action-value functions with zero-
error, the policy class is essentially complete (formally, it is approximately complete with
any desired non-zero error.). Eapprox Stands for a bound on the least-squares error of the
approximation. The relative condition number « is defined in Assumption 6.2. Theorem
20 in their work gives a sample complexity upper bound for Q-NPG, which is a version of
PMD with linear function approximation suited for the approximately-complete II learning
setup.

* Log-linear NPG [Yuan et al., 2022]. &appr0x is as in the work of |Agarwal et al.| [2021]],
C, is a concentrability coefficient that is generally stronger than D, and relates to how
well are occupancy measures of policies chosen by the algorithm supported on the optimal
policy. Their sample complexity for Q-NPG requires an additional relative condition number
assumption similar to « that is not present in the iteration complexity upper bound.

* PMD [Alfano and Rebeschini, 2022]. Here, the policy class is composed from a general
parametrization of the PMD dual variables, and an exact mirror-and-project function. &pmgc
quantifies the least-square error in approximating the dual variables of policies chosen by
the exact PMD step. Roughly speaking, this is a generalization of the gyppr0x 0f |/Agarwal
et al.| [2019] to the more general parametrization setup they consider. A sample complexity
result is given for the specific case of a shallow neural network parametrization.

e PMD [Sherman et al., [2025]]. Here, the policy class parametrization is completely general.
Sample complexity follows by arguments we present in Appendix [E] The analysis of
Sherman et al.| [2025]] applies for non-convex policy classes, but only subject to PMD
completeness (i.e., with dependence on gppgc)-

A.1 Additional Related work

Policy learning in the tabular or function approximation setups. Prototypical policy optimiza-
tion methods in the tabular setup include variants of the PMD algorithm [[Tomar et al., [2020} Xiaol
2022, [Lanl [2023]], most commonly negative-entropy regularized PMD which is also known to be
equivalent to the Natural Policy Gradient (NPG;|Kakade, 2001). Additional works that study PMD in
the tabular setup include |Geist et al.|[2019], |[Lan! [2023]], Johnson et al.|[2023]], /Zhan et al.|[2023]].
The modern analyses of PMD build on the early work of [Even-Dar et al.|[2009] and online mirror
descent [Beck and Teboulle} 2003, Nemirovskij and Yudin, |1983| and as such require some form of
completeness of the policy class. An exception is the recent work of Sherman et al.| [2025]] where
PMD is instead cast as a Bregman proximal point method, thus relaxing completeness conditions by
relying instead on the VGD assumption.

The majority of recent works into policy optimization with function approximation focus on PMD
variants [e.g., Ju and Lan, 2022} |Grudzien et al., 2022, |Alfano et al.| |2023| [Yuan et al., |2023|] or
policy gradients in parameter space [e.g., |[Zhang et al.l 2020l Mei et al., 2020, 2021} [Yuan et al.,
2022, |[Mu and Klabjan| 2024f]. The influential works of |Bhandari and Russo| [[2024],|/Agarwal et al.
[2021] set the stage for modern research works both into PMD and policy gradients. The notion of
variational gradient dominance (or variants thereof) has appeared in several works in the context of
policy learning, mostly in relation to policy gradient methods in parameter space or in the tabular
setup [Mei et al., [2020} |/Agarwal et al.| 2021} |Xiao, [2022}, Bhandari and Russol 2024).

The recent works of Jia et al.| [2023]], Krishnamurthy et al.| [2025] study the boundaries of PAC learn-
ability of policy learning, focusing on forms of environment access, refined policy class conditions,
and / or specific structural environment models such as the Block MDP [Krishnamurthy et al., 2016].
Notably, works on agnostic policy learning are comparatively scarce, and mostly focus on specific
environment structures [Sekhari et al.l [2021]]. More generally, there exist a myriad of works that
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study RL with function approximation (some of which may be classified as studies of policy learning)
subject to particular environment structure, which we briefly review below.

Approximate policy iteration methods. Another class of prototypical policy learning algorithms
directly to related our work are approximate policy iteration methods, which in particular include CPI
[Kakade and Langford,2002], as well as, for example, API [Bertsekas and Tsitsiklis,|1996] and PSDP
[Bagnell et al.,2003]). |Scherrer and Geist [2014]] provide performance bounds for CPI subject to the
completeness error (see also|Agarwal et al.l2019). To our knowledge, all results for approximate
policy iteration methods require completeness of the policy class either directly or indirectly (by
quantifying the error w.r.t. to completeness). In particular, this is true for the algorithms presented
in the work of |Scherrer| [2014]], which provides a thorough comparison of different approximate
policy iteration schemes, as well as additional convergence bounds. These include an infinite horizon
version of PSDP, and a faster rate for a variant of CPI based on line search and / or subject to stronger
concentrability assumptions. A bounded distribution mismatch coefficient D, is the weakest among
forms of concentrability [Munos| 2003}, 2005, |Chen and Jiang},2019], and it too, as mentioned priorly,
is deemed too strong to hold in large scale problems. Notably, the infinite horizon version of PSDP
requires non-stationary policies and therefore does not fit into the policy learning model we consider
here. In addition, the improved rates obtained for CPI require stronger concentrability assumptions
and are therefore in applicable in the setting we consider here.

RL with function approximation more generally. There is a rich literature on RL with function
approximation that focuses on setups where the environment exhibits some form of inherent structure
[Jiang et al.| 2017} |Dong et al.l 2020, [Jin et al., {2020} 2021} |Du et al., 2021]]. One popular variant
for which statistical and computational efficient policy learning is possible is the Linear MDP [Yang
and Wang|[2019,[2020], Jin et al.|[2020]], and more generally the low-rank MDP [Jiang et al., 2017}
Agarwal et al.| [2020] where the state-action feature are not given to the learner. Our line of inquiry in
this work aims at having no explicit structural assumptions on the environment. We adopt instead an
optimization flavored assumption on the relation of the policy class to the landscape of the objective
function, which turns out to be weaker than the standard completeness and coverage. As such, our
work is better understood as extending the lines of work mentioned in the two preceding paragraphs.

B Additional preliminaries

Discounted MDPs. A discounted Markov Decision Process (MDP; Puterman|[[1994]) M is defined
by a tuple M = (S, A, P,r,y, po). For notational convenience, for s,a € S x A we let P , == P(- |
s, a) € A(S) denote the next state probability measure. We denote the value of m when starting from
astate s € S by V(7):

Vs(m) =E

Zytr(sl9al) | S0 :S’ﬂ-l ’

t=0

and more generally for any p € A(S), V,(r) = E;,V, (). When the subscript is omitted, V()
denotes value of 7 when starting from the initial state distribution py:

V(n) =V () =E

(o]
> ¥ r(sean) | so ~ po, 7.
t=0

For any state action pair s,a € S X A, the action-value function of x, or Q-function, measures the
value of © when starting from s, taking action a, and then following r for the reset of the interaction:

r.=E

s,a

o0
2717(51,01) | so =s,a9 = a,ﬂl

t=0

We further denote the discounted state-occupancy measure of 7 induced by any start state distribution
p €A(S) by uj:

up(s)=(1=9) ) ¥ Prlsi =5 | 50~ p.).
t=0
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It is easily verified that u™ € A(S) is indeed a state probability measure. In the sake of brevity, we
take the MDP true start state distribution pg as the default in case one is not specified:

S (12)

Problem setup. We consider an infinite horizon environment interaction model (see Protocol
similar to that of, e.g.,|{Agarwal et al.|[2021].

Protocol 1 Infinite horizon environment rollout

Environment resets so ~ pg

fort=0,...:do
Agent observes s;, chooses ay, incurs r(s;, a,)
Environment transitions s;; ~ P(-|s;, a;)
Agent decides whether to terminate episode

end for

Additional notation. For a given set X, we let N(¢, X, ||-]|) denote the e-covering number of X
w.r.t. the norm ||-||. The convex closure of X is denoted by conv(X). We recall our definition for an
£ex-greedy exploratory version of a policy class IT (see Eq. (7)):

I1%= = {(1 —Eex)T+Eextt | M€, ug,=1/A Vs,a}

We conclude by recalling the following notations used throughout:

nk xk 1
/Jk =, Qk = Q s S = |S|’ A= |‘ﬂ|’ H = m

C First Order Methods for non-Euclidean Optimization

In this section, we consider the smooth non-convex optimization problem:

xmei(r\} f(x), (13)

where f: X — R and X ¢ R is a compact convex set. Our reduction detailed in Sectionleads
to the optimization setup described next. All algorithms presented in Section ] are instances of the
algorithms we analyze in this section. Before introducing the problem setup, we give the following
definitions.

Definition 5 (Variational Gradient Dominance). We say f: X — R satisfies the variational gradient
dominance condition with parameters (v, &ygq), Or that f is (v, £y04)-VGD, if here exist constants
v, &vgd > 0, such that for any x € X, it holds that:

f(x) —argmin f(x*) < v max (Vf(x),x — %) + &ygq.
x*eX x€

Definition 6 (Local Norm). We define a local norm over a set X € R¢ by a mapping x > ||-||, such
that [|-|[, is a norm for all x € X. We may denote a local norm by ||-[[(.) or by x — ||-||.

Definition 7 (Local Smoothness). We say f: X — R is B-locally smooth w.r.t. a local norm
x> |||l if forall x,y € X:

) = £ = (VF @,y =)l < v =2l

Definition 8 (Local Lipschitz continuity). We say f: X — R is M-locally Lipschitz w.r.t. a local
norm x — ||-||, if for all x € X:

VSl < M.
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Problem Setup. We consider the problem of computing an approximate global minimum of the
objective Eq. (13), under the following conditions.

Assumption 1. The local norm x + ||-||,, decision set X, and objective f satisfy:
* fis B-locally smooth and M-locally Lipschitz w.r.t. x — ||-]|, for M > 1,
e fis (v, &yea)-VGD over X with v > 1,
* f is bounded from below; f* = min, f(x) > —oo,
* X has a bounded diameter w.r.t. x = ||-|[; D > max{l, maxy y zex ||z — ¥l }.

The assumption that D, M, v > 1 is solely for simplicity of presentation; if for example the objective
fis M-Lipschitz for M < 1, our results still hold with M — max{1, M}.

C.1 Constrained steepest descent method

In this section, we consider the constrained steepest descent method; given an initialization x; € X,
step size n > 0, and step error € > 0:

. s 1
Vk=1,...,K, xpq1 € argmini_, {(Vf(xk),x) + % [|x —xk||ik} . (14)

For this method, we prove the following theorem.

Theorem 5. Under Assumption|l] the constrained steepest descent method Eq. (14) guarantees, as
longasn < 1/B:

8 (vMD)*> 4vMD
+ VE + Eved
nk NG ®

To prove Theorem 5] we will first establish an analysis framework that connects the algorithm with a
notion of constrained steepest descent magnitude. As a general note, the fact that the norm used in
Eq. to compute the steepest descent direction is local makes only a syntactic difference in the
analysis. Wherever it is convenient we make a claim about a general norm (which may be local and
depend on some point), like in Lemma 2] below.

flxge) - f* <

Let n > 0 be a fixed step size. Given x € X, we define the set of potential gradient mappings from x
by:

1
6= {Le-n 1y e, 15)
and the steepest descent magnitude by:
1
dx = max {(Vf(X),g> -5 Ilglli} ~ (16)
8€Gx 2
Lemma 2. For any norm |||, It holds that

. 1
x* € argmin]_ y {(Vf(x),y) + o [lx — y||2}
— 1()c—er) cargmax'?" {(Vf(x), g) - ! llgll*
n g 8€Gx '8 2 8 ’
Proof. Observe:

. 1 . 1
argmin{_ {(Vf(x),w * o, [l — yllz} = argmin{_ {(Vf(X), y—x)+ Z lly - xllz}

= arg min{ 7'y’ {(Vf(x), Lo} ro-0

|
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Further, for any y € X, letting g = Il](x —y), we have

(772 =)+ 3 [0 = 900+ g el
n n

Hence, the gradient mapping y +— ll](x — y) is a bijection between X and G, that gives the same
value for the LHS and RHS objectives in the above display. Thus,

. 1
x* € argminj_ y {(Vf(x),y) +—lx - y||2}

= L) cargminZ2 {90 -0) + 3 lelP )

Finally,

1 .
argmin®_ g {<Vf(x>, 8+ 5 ||g||2} = argmax (%" {<Vf<x> g)— > ||g|| }

which completes the proof. O

Lemma 3. Forallx € X,n > 0, we have:

max (Vf(x),x —y) < 2max {D, 1} max {5)(,\/5;(} .
yeX

Proof. Lety € X, and note that

(VF()x—y) =1 <Vf<x>, %(x _ y)>,
hence
max (V£ ().x - ) = 7 max (V£(x), g) am
yeX g€Gx

In what follows, we consider the set of gradient mappings restricted to direction u and the correspond-
ing descent quantity in direction u:

1
Gre(u) =GN {au: @ 20} 6,(u) = max (Vf(x),8) -5l
8€Gx(u) 2

By Lemmal4] we have:
{ax(m = 1(Vf(x),u)? (Vf(x),u)u € Gy,
6x(u) = s maxgeg () (Vf(x).8) (Vf(x),u)u ¢ Gx.
Now, since

0y = max {(Vf(x) 8 -5 ||g||2} = max 6x(u),
2<G. Jully=1

it follows that:

max (Vf(x),g)= max max (Vf(x
gegx< f(x),g) = ulluHX—lgegx(u)< f(x), 8

< max max {2(5 (u), \/2(5 (u)}
u:flull =1 n
D
= max {Zéx, —\/26x;
n
2
< —max{D, 1} max {(5x, \/6X} .
n
Combining the above with Eq. (I7), the result follows. m|
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Lemmad. Letx € X, u € R, ||u||, = 1, and define:

1
Ge(u) =Gy N{au:a>0}; 6.(u):= max (Vf(x),g) - = llgl>.
2€Gx () 2
Then,

{6x(u) = 3 (Vf (@), u)? (Vf(x),uyu € Gy,
Sx(u) 2 ymaxgeg, o) (VS (x).8) (VS (x).u)u ¢ Gx.

Proof. We have, by definition of §, (u):

ot = max {9700 = § ol ).

a>0:queGy

and we note that without constraining au € Gy, we have

2
argr:z)ax {(Vf(x),au) - % ||au||i} = argr:})ax {a (Vf(x),u) - %} =(Vf(x),u).

Now, set A == {a : au € G,}, and ¢ = sup{a : au € Gy}. Observe that since G, is closed and
convex, we have ¢p = 0 = A = [0,0), and ¢y < 0 = A = [0, ap]. Proceeding, we now
consider the two cases from the lemma statement.

Assume first that (Vf(x),u)u € Gy. Then oy > (Vf(x),u), and by since @ = (Vf(x),u) € A
minimizes the unconstrained problem, it also minimizes the constrained one, hence

belu) = 3 (VF (),

as required.

Assume now that (Vf(x),u)u ¢ G,. Then @y < (Vf(x),u), and since

1 a?
@ {<Vf<x>,au> = 5 loully = a (v f(x),u) - 7}
is monotonically increasing for a € [0, (V f(x), au)], we obtain

640) = (V£ (x), o) = 5 ol = v (V). ) ~ 2

> ao (s - FLG-1)

1

(Vf(x), aou)

o nax, (Vf(x), au)

pdnax (Vf(x). 8.

N = =N

This completes the proof. O
We are now ready for the proof of our main theorem.

Proof of Theorem[3] For ease of presentation, we prove for the case that £y, = 0; the general
case follows immediately by replacing f* with the error floor f* + &y,4 everywhere in the proof.
Throughout the proof we denote Gi = Gy, and 0 = 6,,. We recall these are the set of potential
gradient mappings and steepest descent magnitude Eqs. (I5) and (I6). For convenience:

G = {l(xk -y lye X}; Jx = max {(Vf(Xk),g> -2 ||8||§k}~
n 8€G: 2
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By Lemma we have that for all k, g, = ;l;(xk — X41) satisfies

1
o cargman(22) (97 - 3 gl .
Hence, by smoothness of f:

F k) € FO0) + V7000, Trmtat =56 + 5 Ik =l

2
= £ = (V0020 + L Nl

< fCn) = (V80 + 3 llsall, (1< 1/p)

= £ =1 (P00 ~ 5 Dl

< fxk) =n (k= €/n),
which implies
N6k < f(xx) = f (xar1) + & (18)
Further, by the VGD assumption and Lemma 3}

L () = %) < max (V7 () xi — y) < 2D max o, Vo)
14 yeX

hence, with E; = f(xx) — f* the above implies
1

2 2
WE]( < max {6k’6k}' (19)

In addition, we have

1
Sk = max {(Vf(xk),g> ) ||g||ik}

< max {<Vf(xk>,g> -3 ||g||ik} = max (Vf ()0 = (197 Gl,)* < M

u |xk
= max {67, 0k} < max {M?6x, ¢} = M6y (M >1)
Combining with Eq. (I9) we obtain

1 2 2 -2 2
WEI{ <M 6k ] (ZMVD) Ek < 6k.

Further combining the above display with Eq. (I8)), we obtain:
a)oE,E <ok < fxk) = f(xke1) +E=Ex —Epy1 + &

= wy (E]% —8/(4)()) < Ex— Ep41.

for wo = 17 (2vMD)~2. We now consider two cases. In the first, the algorithm converges to the error
floor determined by &, in the second, Ei > 2¢/wy for all k.

Case 1 (Convergence to error floor). Suppose that E,zm < 2¢/wyq for some ko € [K]. By our
previous display, it holds that for all &,

Epy1 < Ep —wo (E;% - S/wo) ,

which implies that whenever E? > 2¢/wy, Ex+1 < Eg. Further, since E; > 0, we also have that in
any case, Exy1 < Ex + &. Now suppose by contradiction that Ex,; > /2&/wq + &. This implies that

the last iteration was a descent iteration, hence Ex > +/2¢/wy + €. Proceeding with this argument
inductively contradicts our assumption that £ ,%0 < 2&/wy. Thus, we obtain

4vMD
Ex+1 £ V2e/wg+e < v\/_ +e.
n
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Case 2 (Descent throughout). Suppose that “Case 1” does not occur, then E,% > 2¢e/wy for all k,
which implies ndx — € > ndx /2, and for w = wp/2:

WE? < E; — Epy.
Now, divide both sides of the previous display by ExEr41 and use that Ex > Eyy,
< wE; < 1 1

T Exs  Ern Ep

and sum over k, telescoping the RHS to obtain

1
— = wK(E E)<E -F
Exn L wK(Ek+1Ey) 1 — Exsi

= Eg41 £ E1 —w(EgnEK.

wK <

Finally,
0 < Egs1 <E; (1 - wEgaK),
and dividing by E| (if E; = 0, there is nothing to prove), we obtain

1 2(2vMD)?
0<1-wEgnK = EK+IS_:L,
wK nkK

and which completes the proof. O

Next, we additionally provide a proof for convergence to an approximate stationary point without the
VGD assumption. Here we prove for the error free case

Theorem 6. Assume that f: X — R is f-smooth w.r.t. a norm ||| over X and attains a minimum
f* =minyex f(x). Then the constrained steepest descent method Eq. (14) with step sizen < 1/8
guarantees that after K > 1 iterations, we have that for some k € [K], xi is an approximate

Stationary point:
) E, E,
\Y ,y — > -2D — +e/nA—+ ,
;Ig}( J (X1, y = xi) maX{nK &/n ‘/UK 8/77}

where E1 = f(x1) — f*.

Proof. Similar to the proof of Theorem[5] we obtain for all &:

0k < f(xx) = f(xpe1) +&. (20)

Summing over k and rearranging,
51 flx) - funo

which implies that for some &,

S =) e
nk n
By Lemma 3] we have

E E
max (Vf(xg),xx —y) < 2D max {6k,\/(_5k} < 2D max {—1 +&/n, 4 /—1 +s/n},
yeX nkK nkK

which proves our claim. m}
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Algorithm 4 Approximate Frank-Wolfe

input: 7y, ..., ng; error tolerance € > 0.
fork=1,...,Kdo
Compute %141 € argming_, (x, Vf(xx))
Setxge1 = (1 = ni)xk + NiXpsr.
end for

C.2 Frank-Wolfe method

We first present the guarantee of the standard FW [Frank and Wolfel |1956] method subject to the
VGD condition, without local norms and without a second approximation step. The analysis is fairly
standard, but uses the VGD condition where convexity is normally used.

Theorem 7. Let ||-|| be a norm, and X c R? be a set of bounded diameter D > maxy yex [|[x — y|. As-
sume that f: X — R is B-smooth w.r.t. ||-|| over conv(X) and attains a minimum f* = minye x f(x).
Assume further that X, f satisfy a (v, &ygq)-VGD condition. Then the FW method (Algorithm E])
guarantees for all k:

NI*—‘

Frea) = f* < ]_[<1 —ns/v) (fx1) =

k k
Z 1—1 - [V) (nfﬁDz + 277Se) + Evgd-
=1 s'=s

Furthermore, with ny = %, we obtain after K iterations:
f(X1) f* +2v*BD?
f(xK+1) _f +2V€+8vgd~

K+2

Proof. For ease of presentation, we prove for the case that eysq = 0; the general case follows
immediately by replacing f* with the error floor f* + &,,4 everywhere in the proof. Observe,

Fxtar) = £ ) < VG0 (et =000 + 5 s =P (B-smoothness)
7]2
=iV f(xk) T (Re1 — Xk) + Tk IFrer =Xl Goer — Xk = 7k (Frs1 — X1))
n; BD?

<V T (Rrer — x0) + 5
Further by definition of the algorithm,

MV f (i) T (Ree1 — x) < 1k f{lg(l Vf(xi) T (X — xi) + €enp
= %y min Vf(xe) (%= xx) + eng
v xeX

< T (f* = S w) + e,

where the last inequality follows by the VGD assumption. Combining this with our previous display
now yields,

f e = Fe) < (£ = F(x0) + e + B D2,
hence, letting Ey := f(xx) — f* we have,
Ere < (1 - '77") Ey +n2BD%/2 + .

Now, apply the above inequality recursively to obtain

Eio < ﬂ(l ~ s V)E1+ 3 Z ]‘[ (1= ny/v) (n26D?)

s=1 s'=s+1

+Z ﬂ (1=ny /v)nse,

s=1 s'=s+1
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which proves the first part. For the second part note that choosing 7, = t2+—V2 gives

s 1
n(l_'“/v) 1_[ s+2  (k+D(k+2)

and,
k

_(s+D(s+2) 2v 2v
[ @=neimme= G5 ey < 12

s'=s+1

) (s+D)(s+2) 4v? 4v?
[]a=nermmi= Gkt D(k+2) 5+22 = ke D(k+2)’

s/=s+1
Plugging this back into our bound on Ey4 = f(xg4+1) — f *, we obtain:
f( )= f* 1 Z 4v?BD? K ove
k+1)(k+2) 2 (k+l)(k+2) k+l
fe) = > g0
T (k+1)(k+2) k+2
f(X1) f*+2v?*BD?

k+2
as claimed. O

fxra) = f(x*) < G+ D)k +2)

+2ve

+2ve,

Next, we present the guarantee for the doubly approximate version of FW with local norms.

Algorithm 5 Doubly Approximate Frank-Wolfe

input: 7y, ..., nk; error tolerances €, € > 0.
fork=1,...,Kdo

Compute %r41 € argming_, (x, Vf(xx))

Compute x4 € argmin®_y {[lx — (1 = m)xk + mcean)) I3, }-
end for

Theorem 8. Under Assumption|l| the Doubly Approximate FW Algorithm|5|guarantees, for all k:

k
Fe) = > <[ [ =ne/v) (Fe) = %)

s=1

kK k
% Z l_[ (1 =ny/v) (nfﬁDz + 215 (e +,B\/E) +€EéRM +,B)) + Eygd-

Furthermore, with ni = 15, we obtaln after K iterations:
(2v* + 1)BD?

X2 +2v(e+,8\/§)+€(M+ﬂ)K+svgd.

flxga) = f* <

Proof. For ease of presentation, we prove for the case that £y5q = 0; the general case follows
immediately by replacing f* with the error floor f* + £,54 everywhere in the proof. For all &, let

XZH = (1 = nu)xp +1meXee1
‘We have,

Sl =5ty =5 Ity =+ G =2,

B
< 5 lheter =il + Blhetas = el e =<l + 5 leeen =70,

ﬁn

= T %1 = xkllZ, + Bk Fksr = Xiclly, et _x2+l||xk + g [ _x2+1||)2ck

2
< '%DZ + B Ve + ga
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Hence,
Frtan) = £ ) < VG0 ot = 00) + 5 s =,
< V()T =30 + €M+ 5 e — el
=V (x) " (Frar — x) + €M + § ket — xkll3,
< MV ()T (Fat = x1) + EM + B D* 2 + By Vé + Bé)2
Now, note that by definition of the algorithm,
MV f () T (Raar — %) < M min V(o) T (= xk) + en
=Tk min VF(xp) T (% = xx) + enx
vV XeX
Mk [ x
< B (7%~ flw) +en.

where the last inequality follows by the VGD assumption. Combining this with our previous display
now yields,

fOoren) = fx) < = (f — [(xx)) + i€+ EM + B D* |2 + By NE + Bé /2
= L5 = f@0) + D 24 i [+ pVE) + E (M 4 B/2).
hence, letting E; = f(xx) — f* we have,
Epo < (1 - '77") E +72BD/2 + 11 (e +ﬁ«/§) +E(M+B/)2).

Now, apply the above inequality recursively to obtain

k k
1
Epq1 < l_[(l —ns/V)E1 + 5 Z
s=1

s=

:|»

(1 =y /v) (m26D?)

’

—

s'=s+1

II
©

:»

* D,

)

k
) ﬂ (1=ny /v)EM +B/2),
s=1

s'=s5+1

(1=ng v, (€+VE)

’

k

s'=s+1

which proves the first part. For the second part, note that choosing 5, = t2+—"2 gives

k k Ky 1
]S;[(I—T]s/v)zl_[s_l_z - (k+1)(k+2)’

s=1
and,
k
_(s+D(s+2)
[[a=-nm=tatasa

s'=s+1

k
[T =neivms=

s'=s+1

(s+1)(s+2) 2v < 2v
(k+1D)(k+2) (s+2) ~ k+1

2y (s+D(s+2) 4y? 4y?
n(l_"‘/) S D(k+2) 5122 S ke D(k+2)’

s'=s+1
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Plugging this back into our bound on Ex4 = f (xg+1) — f*, we obtain, for any x* € arg min,.. y f(x),

fxre) = f(x*) <

_ * k 2012 k 2v(e+BVE
fo) = f&7) f(x)+%;(k4vﬁD + ( )+€(M+,3)k

(k+1)(k+2) +1)(k +2) g k+1
_fG) - fat) 2v2BD?
T (k+1)(k+2) k+2

_ Bl —x*I5.  2pD?
T2k+)(k+2)  k+2

+2v(e+ﬁ\/2)+g(M+ﬂ)k

+2v(e+,8\/5) +EM+p)k
(Vf(x*),x1 = xx) 2 0)
- (2v* + 1)BD?
k+2
as claimed. O

+2v(e+ﬂ\/§)+€(M+,8)k,

C.3 Bregman proximal point method

We first recall the algorithm as presented in|Sherman et al.| [2025]]. Given any convex regularizer
h: RY — R, we define the set of e-approximate Bregman proximal point update solutions with
step-size n > 0 by:

T, (x;h) = {x+ eX|VzeX: <Vf(x) + %VBh(x+,x),z—x+> > —6}. 21

The approximate Bregman proximal point update of Sherman et al.|[2025] is defined by:
k=1,...,K: Xps ET]E(xk;ka). (22)

Theorem 9 (Sherman et al.| [2025]]). Consider Assumption |l} and suppose further that the local
regularizer Ry is 1-strongly convex and has an L-Lipschitz gradient w.r.t. ||-|| . for all x € X. Then,
for the Bregman proximal point update Eq. we have following guarantee, forn < 1/(28):

szzc%

f(xK+1)_f*=0

_1
+ve+ciLy 2\/E+svgd)

where ¢1 = D +nM.

We now consider the Bregman proximal point algorithm that operates with iterates that are approxi-
mate minimizers in terms of function values:

1
k=1,....,K: xpy1 < argminf_ {(Vf(xk),x) + EBR)% (x,xk)} (23)

We will use the following lemma to translate objective sub-optimality to approximate optimality
conditions.

Lemma 5. Let ||-|| be a norm, and suppose D > max {l,maxx,yex [|x - y||}. Let ¢: X — R be
1-strongly convex and L-smooth w.r.t.||-||. Then, for any € < 1 if ¥ € argmin§_, ¢(x), we have:

(¢(%).y - £) = ~2LDV2e.
Proof. Let x* = argmin,.c y #(x). By 1-strong convexity and our assumption,
% It -x*| < 6(®) - 6(x*) s € = [t —x*] < V2e.
Hence, for any y € X, by L-smoothness:

(), 2 —y) = (p(x*), 2 = y) + ($(%) — p(x™), £ - y)
<(p(x*), £ —y)+ LDV2e

25



Further by our assumption and optimality conditions at x*,

($(x*), % = y) = (B(x*),x* = y) + (p(x*), & — x*)
<{PF).x* = y) +6(%) - p(x¥)
<(p(x™),x*  —y)+e
< +e.

Hence, we have for all y € X:

(p(%),% - y) < LDV2e + € < 2LDV2e,

which completes the proof. O

We are now in position to tprove the following.

Theorem 10. In the same setting of Theorem[9] we have that the Bregman proximal method Eq.
with € < 1 guarantees, forn < 1/(2p):
2722
L7c VIL3D
Ly vLD+e + Cl—el/4 + Evgd
K Vi

fxga)—f* =0

where c1 = D +nM.

Proof. By Lemma|5|applied with the norm |[|-||,, and ¢(x) = (Vf(xx),x) + %Bka (x,xx), we have
that xi; from Eq. (23) satisfies:

1
VzeX: <Vf(xk) + EVBRXk (Xk41-XK), 2 —xk+1> > —2LDV2e.

This implies that xg4; € 7:f (xk; Ry, ) for é =2LD V2e. This proves the claimed result be substituting
€ — 2LDV2e in the bound of Theorem@ m]

D Proofs for Section 4

In this section, we provide the proofs of convergence for our algorithms in their idealized versions.
All proofs build on casting our algorithms as instances of those presented in the pure optimization
setup, in Appendix [C| We note that we did not make particular effort in optimizing dependence on
problem parameters other than K, and in some cases intentionally opted for slightly worse dependence
in favor of cleaner bounds.

D.1 Analysis preliminaries

Given a state probability measure u € A(S), and an action space norm ||-||, : R4 — R, we define
the induced state-action weighted L” norm [|-||z» () o : R34 — R:

1
el Lo (.0 = (Esmpe s 1) 17 (24)

For any norm ||-||, we let ||-||* denote its dual. When discussing a generic norm and there is no risk of
confusion, we may use |-|, to refer to its dual. In addition, for 4 € RS, Q € RS54, we define the state
to state-action element-wise product y o Q € R54:

(/1 o Q)s,a = ﬂ(S)Qs,a- (25)
Below, we collect a number of results that will be used repeatedly in the analyses.
Lemma 6 (Value difference; Kakade and Langford, 2002). For any p € A(S),

_ 1 -
Vp (7) = Vp (7)) = E[Esw; (OF &ty —my).
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Lemma 7 (Policy gradient theorem; Sutton et al.| [1999). For any p € A(S),
1
(Vo (m) .0 = 7545 Qs
1

_y[Esw,’f <Q§r’ﬁs - ”S) .

<VVp(7r),7? —7r> =1c

Lemma 8 (Sherman et al.,[2025). Let 7: S — A(A) be any policy such that eex = ming 4 {754} > 0.
Then, for any @ € S — A(A), we have:

V(R) -V VV(n),# <'H3~2 AR R
[V(7) = V(7) = (VV(n), % — m)| < min ﬁIIIT—HIILZ(,‘”),],fllﬂ—ﬂllm(,ﬂ),2 .

Lemma 9 (Sherman et al., 2025). Assume I1is (v, £ygq)-VGD w.r.t. M, and consider the gex-greedy
exploratory version of I, I1%® = {(1 — eex)m + €exut | m € I1}, where us 4, = 1/A. Then I1% is
(V. &vgd)-VGD With &ygq = Eyed + 12vH? Aex.

The next lemmas follow from standard arguments, for proofs refer to|Sherman et al.| [2025]].

Lemma 10. For any strictly positive measure u € R%,, the dual norm of ||- 22,0 is given by

||Z||*Lz([1),0 = \// /~‘(5)_1 (”Zv”:)z ds (26)

For any W € RS54, we

Lemma 11. Let u € A(S), and consider the state-action norm ||-|| 2

(1).0°
have
* %\ 2
0 Wil 2 = \Eseu (IW512)
Lemma 12. For any policy n € A(A)S and action norm ||-||, : R — R, if maxses ||Qf||z <G,
then it holds that: ||VV(7r)||*L2(#,,) ., < HG.

Proof. Observe, by Lemma

* B %\ 2
19V ey o = H 1 0 5o, . = HJEsur (I0FI)° < HG.

D.2 SDPO

Theorem (Restatement of Theorem . Let IT be a convex policy class that satisfies (v, £yg4)-VGD

w.r.t. M. Suppose that SDPO (Algorithm is executed with the L' action norm ||-||,. Then, after K
iterations, with appropriately tuned 1 and ¢, the output of SDPO satisfies:

2

H4
+ VH3\/ZK1/6\/E+ Evgd | -

V(%) - V*(II) =0 rek

Proof of Theorem[I] By the policy gradient theorem (Lemma 7)), the update step in Algorithm [I|may
be equivalently written as:

e 1 2
& e arg min’ _jjee (VV(nk),n> + m Hn - 71'k“L2 27

(u%),1

We now verify a number of conditions that place us in the setup of Assumption

* Local smoothness. By Lemma E] and the definition of IT®x, the value function is
(2VAH? //g&) locally smooth w.r.t. the local norm 7 — -l 22y -

* VGD condition for I1°=. By LemmaE], we have that IT% satisfies (v, &ygq) With &ygq =
Evgd + 12vH? Agey.
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* Local Lipschitz property. By Lemma the value function is H>-local Lipschitz w.r.t. the
local norm 7t = |||l 2 ) -

¢ Diameter bound. We have that ||7" — 7| 12¢,x) 1 < max, geaca) lp — qll; < 2, for all
€ A(ﬂ)s.

The above imply we are in the setting of Theoremwith B= 2\/ZH3/\/66X, M = H?, D = 2. Thus,
setting n = \ex/ (2H> \/Z), ensures that after K iterations of Eq. , it is guaranteed that:

(vH?)®  vH?

+ —Ve+ &y
nkK i h
< VINAHT  vHOAY4

< +
VgexK 8ex1/4

. . 2
where < hides only universal constant factors. Now set gex = % then

V(]TK+1) _ V*(l—[) <

Ve + vAH goy + Eveds

vEAH® vHS A4

V(7K v ) < + c+e
(A1) = VA 5 S+ T
2 A g6
AH
< VKVT-}-VHS\/ZK]M\/E-FSng,
as required. O

D.3 CPI and DA-CPI

In this section, we provide the analysis for CPI and DA-CPI. For CPI, we can make an argument
using a non-local norm owed to the usage of the exact convex combination policy obtained in the
second step if each iteration in Algorithm[2] Our first lemma below establishes smoothnes of the
value function w.r.t. the global ||-||, ; norm.

Lemma 13. The value function is (2H?)-smooth w.r.t. the I|co,1 mOTmM; for any m, @ € S — A(A),
we have:

3 3 2HY
V(#@) = V() = (VV(m). 7 —m)| < —— 17 —7llo s -
Proof. We have by value difference Lemmal6|and the policy gradient theorem Lemma 7}
V() = V(r) —(VV(r), 7 —m)| = |H[Es~/1” <Q§7 s — 7TS> - H[Es~/4" <Q;T7 s — 7rs>|
= |H[Es~/1” <Q§ - 0f, s — 7Ts>|
< HEpn [[(QF - 0F. 7 — )]
< HEou [[|OF - Q7| 17 = 7ol ] - (28)
Further, again by value difference Lemmal[6] for any s,a € S X A:
074 = 0fa =vEvp,, Ve (7) = Vi (n)]
= yHE, p,, [ES"~#;‘, (0F,. 7ty — ns”)]
=yH Z P(s’|s,a) Z us(s”) <Q§,,, Ry — M)

= yHZ Z P(s'|s, a)ul (s”) <Q§,,, Ry — 1)
s s

= yH Z /‘l[]gs’a (S”) <Q§”v ﬁs” - 7Ts”>
s

= ‘yH[ES”Nllﬁs . <Q;r,,, g — 7'[Su> .
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This implies that for any s,

o7 - 07l = yHmax [Eypz  (0F. 7w = 7))
2 ~
<vyH m{?X [ES'”#[S&Q 175 — 7ol
< YH? |7 = 7lloo,
Plugging the above back into Eq. (28), we obtain

VE— VT (VW 7 = )| < yH? |7 = 7tll oot Egeper 175 = 75l
2

oo,

30~
<yH |7 - x|

which completes the proof up to a trivial computation. O

We are now ready to prove the guarantee for CPI (Algorithm [2), by means of reducing it to a
non-Euclidean instance of FW Algorithm 4]

Theorem (Restatement of Theorem . Let IT be a policy class that satisfies (v, £yga)-VGD w.r.t. M.

Suppose that CPI (Algorithm [2)) is executed with the step size choices 1, = % fork=1,...,K.
Then, we have the guarantee that:

8(2v? + 1)H?

V(&) —v*1) < I

+2ve + &y

Proof of Theorem[2] By the policy gradient theorem (Lemma([7)), the update step in CPI (Algorithm2)
may be equivalently written as:

okl e argmin® <VV(7rk), - 7rk> .

We now verify conditions that place us in the setting of Theorem|[7]

* Global smoothness. By Lemma the value function is (2H>)-smooth w.r.t. the |- lloo.1
norm.

* VGD condition. By assumption, IT satisfies (v, &ygq) -VGD.
* Diameter bound. We have that |7 — 7|, ; < max, geaca) llp —qll; < 2forall n,7 €

A(A)S.

The above imply we are in the setting of Theoremwith B =2H? and D = 2. Thus, our step size
choice ensures that after K iterations, it is guaranteed that:

H+ 16v*H? (16v* + HH?
—x +2ve + Eygq < —x +2ve + Eyed,

as required. O

V(@& —v*I) <

Next, we provide the proof for the guarantees of DA-CPI, which relies on the use of local norms and
is actor-oracle efficient.

Theorem (Restatement of Theorem . Let IT be a convex policy class that satisfies (v, £yg4)-VGD

w.r.t. M. Suppose that DA-CPI (Algorithm is executed with the L' action norm ||-||;. Then, for an
appropriate setting of 77, . . ., 7 and g, we have that the DA-CPI output satisfies:

1
V(#)-V*(IT) =0 (vaH3 (_K2/3 +e'+ 82/3K2/3)) :

Proof of Theorem 3] By the policy gradient theorem (Lemma[7)), the first update step in Algorithm [3]
may be equivalently written as:

" e argming e (VV(75), 1 — 7¥).

We now verify a number of conditions that place us in the setup of Assumption
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Algorithm 6 Policy Mirror Descent (PMD)

Input: K > 1,7 > 0,& > 0,8 > 0,11 € A(A)S, and action regularizer R: R — R.
Initialize 7! € 1%
for k =1to K do
Update 7%*! « argmin® .., By pt [H (0%, 7)) + %BR (7rss ﬂf)]
end for

return # = 7K+

* Local smoothness. By Lemma [8| and the definition of [T%x, the value function is
(2VAH? /\Jeex) locally smooth w.r.t. the local norm 7w = ||| 27y 1-

* VGD condition for I1%*. By Lemma@, we have that TT® satisfies (v, &ygq) With &ygq =
Eved + 12vH? Agey.

* Local Lipschitz property. By Lemma the value function is H>-local Lipschitz w.r.t. the
local norm 7t = |||l z2() -

* Diameter bound. We have that ||7” — 7| 2(y=),1 < max, geaca) lp — qll; < 2, for all
', € A(ﬂ)s.

The above imply we are in the setting of Theoremwith B =2VAH?/\[éex, M = H®,D =2, and
€ = € = £. Thus, with step sizes set according to the statement of Theorem|[8] we have that after K
iterations:

VANAH?  vWAH? +\/ZH3

V(xK+H — v 1) < + Ve eK + VAH €0y + &ygq
V(":exK VEex VEex o ‘e
2 3
AH> (1
< L (— + \/§+8K) +VAH? ey + Eyed
Eex K

2/3
where < hides only universal constant factors. Now, set €¢x = (% ++/e+ekK ) , and use the fact

that (a + b)*? < a3 + b*/3 to immediately obtain the stated bound. o

D4 PMD

The PMD method [[Tomar et al., 2020} |Xiao, 2022, [Lan, 2023]] make use of an action regularizer, and
more specifically the Bregman divergence w.r.t. the chosen regularizer, which we define below.

Definition 9 (Bregman divergence). Given a convex differentiable regularizer R: R¥ — R, the
Bregman divergence w.r.t. R is:

Br(u,v) = R(u) — R(v) —(VR(v),u —v).

We will make use of the following elementary lemma, which follows from standard arguments; for
proof seeSherman et al.| [2025].

Lemma 14. Assume h: R4 — R is 1-strongly convex and has L-Lipschitz gradient w.r.t. ||-||. Let
1 € A(S), and define R, (r) = Eg~y[h(7s)]. Then

1. BR,, (m,7) = [Es~,uBR(7rs’ Rs).

2. Ry is 1-strongly convex and has an L-Lipschitz gradient w.r.t. ||| 12, o-

Below we restate and prove the guarantee for the PMD method detailed in Algorithm [6]
Theorem (Restatement of Theorem . Let IT be a convex policy class that satisfies (v, £ygq)-VGD

w.r.t. M. Suppose that PMD (see Algorithm@) is executed with the L? action regularizer. Then, with
an appropriate tuning of 1, €x, we have that the output of PMD satisfies:

VA3 3

R _ 24 2 1/6\ 174
V(#) V(H)—O( 7 +(V+HAK )s )
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Algorithm 7 Action-value estimation

Input: 7

Begin rollout at s¢g ~ pg

continue  w.p. y

accepts; wp.l—vy

After accepting s,, sample a, ~ Unif(A) and continue the rollout, terminating at each step
w.p.1—7.

Assume the rollout terminated at iteration 7. Define Q 5 € RA by

For each timestept =0, .. ., act a; ~ 7y, and {

T
Ya e A : an =0{a= at}AZr(s,f,at/).

t'=t

return s;, Qg

Proof of Theorem ] We now verify a number of conditions that place us in the setup of Assumption|[T}

* Local smoothness. By Lemma E] and the definition of IT%x, the value function is
(2A312H3 [\[£<) locally smooth w.r.t. the local norm 7+ |||/ z2(,x) 2.

* VGD condition for I1%~. By Lemma@], we have that IT1% satisfies (v, &ygq) With &ygq =
Evgd + 12vH? Agey.

* Local Lipschitz property. By Lemmaand the fact that ||Q§f“2 < VAH for all «, s, the
value function is (VAH?)-local Lipschitz w.r.t. the local norm 7 — ||-|| L2(u7) 2

* Diameter bound. We have that ||7” — 7| 2(y=) o < max, geaca) lp — qll, < 2, for all
€ A(?{)S.

* Regularizer smoothness. The euclidean action norm R(p) = % I| pllg is 1-smooth.

The above imply we are in the setting of Theorem |10\ with 8 = 2A32H3 /\[eex, M = VAH?, D =
2,L = 1. Thus, setting = \/ex/(2H>A%/?), we have ¢; = D + M = O(1), and the guarantee that
(< suppresses constant numerical factors):

81/4

Vi
2 43/2 43 3 A3/2
A’*H H°A
vﬁ+V\/E+ —1/481/4+VAH286x+8vgd
Eex Eex
VASPHR ), ( H?A
S ———+& /" v+

VgexK 5ex1/4

Choosing & = K~2/3, we immediately obtain the stated bound. O

2
V(K —vr) < —VK +VVE+ S + £y
n

A

) + vAsteX + Evgd-

E Sample complexity upper bounds

In this section, we demonstrate how our iteration complexity upper bounds may be translated to
sample complexity upper bounds. The sampling scheme Algorithm [7] we employ to estimate the full
gradient step is based on importance sampling and in itself is fairly standard. A similar algorithm can
be found in e.g.,/Agarwal et al.|[2021]]. Throughout this section we adopt the assumption thaty < 1/2
in sake of simplified presentation. In terms of the effective horizon this implies H > 2, which is the
interesting regime. The first lemma given below, provides the connection between optimizing the
empirical and population objectives.

Lemma 15. Let I1 be a policy class and suppose y < 1/2. Assume D: R* x R — R, isa
non-negative function that satisfies:
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Algorithm 8 SDPO in the learning letup

Input: K > I,N > 1,7 > 0, ex > 0, €erm > 0,11 € A(A)S, and action norm ||-|, : R? — R.
Initialize 7! € T1%
for k =1to K do

N
Rollout 7% for N episodes via Algorithm obtain Dy = {slk , ka} .
i)i=1
k

11 Cerm N . 1 2~ 1
Update 7+« argminm {(I)k(ﬂ') = % Dseny <HQ’S‘,7TS> + 5 |5 — nk

§
end for

return 7 = 7K*!

* Boundedness: D > ®(p, q) forall p,q € A(A).
* Lipschitz continuity w.r.t. the 1-norm: |D(p, po) — D(q, po)| < L|lp —qll, forall p,q, po €

A(A).
Let ' €11, suppose Tk € I satisfy for all k € [K], for a given learning rate 0 < n < 1,
- 1 ~ 1
k+1 : 0 Eerm — k _ k
n™" € argmin T {(I)k(ﬂ') = z@: <HQS,71'S> + ’]:D (ﬂ's,ﬂs)} , (29)
seDy

where Dy, are a (state, action-value) datasets of size N obtained by invoking Algorithm[]] Then, for
any 6 > 0, w.p. > 1 =6, it holds that for all k € [K],

1
k+1 : . k k
e argmmfrEﬁ =<I>k(7r) = By [<HQS,7TS> + ECD (ﬂ's,ﬂ's) , 30)
Coar?D . 1og KNN(enet-IL 1 loo, 1)
where &€ = Eerm+Egen, Egen = o 7 Né , Co > 0is an absolute numerical constant,

CoAH*D . .
>
and &pet > VN AH log QKN 3)3L)" Furthermore, the number of time steps of each episode rolled out

by Algorithm[7]is < 2H log (2KN/6).

We defer the proof of Lemma [I5]|to Appendix [E.3] We now turn to apply the lemma in conjunction
with the iteration complexity guarantee of SDPO (Theorem |I)) to obtain a sample complexity upper
bound for SDPO in the learning setup (Algorithm [§). Afterwards, we present sample complexity
upper bounds for the other algorithms in Appendices|E.T|and [E.2] We note that there are a number of
places where we expect the analysis can be tightened subject to future work; primarily, the greedy
exploration required by the current local-smoothness analysis. Hence, the actual rate obtained is not
the primary focus of our work. Furthermore, we did not make a notable effort in obtaining optimal
dependence on all problem parameters, and expect these can be easily tightened by a more careful
choice analysis and choice of algorithm input-parameters.

Theorem 11. Let I1 be a convex policy class that satisfies (v, &yga)-VGD w.r.t. M, and assume
y < 1/2. Then for any n > 1, there exists a choice of parameters K, N, 1, eex such that Algorithm|[8]
executed with the L' action norm guarantees for any § > 0, that w.p. > 1 = & the total number of
environment time steps < n, and the output policy satisfies

24217 ncl)
veAH'\[log —=5—

V(#)-V*(II) =0 + VH3\/XI’11/3O\/Serm +Evad |

n2/15
where C(IT) = N (&net, I, ||||co,1) is the &ner-covering number of Il and gner = Q (m) .

Proof. Note that for any p, g € A(A), % llp - qll% <2, and

1 1 1

3 lp = poll} - 3 llg = poll} = 3 (lp = polly +1lg = polly) (lp = polly = llg = polly)
<2(llp = poll; = llg = polly)
<2lp-qll.
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Thus, when executing Algorithm 8]over K iterations, we are in the setting of Lemma T3 with D =
2, L = 2. Suppose we run the algorithm for K iterations with 7 = \Eey/(2H>VA), ex = H>/K?/3,
and N (and K) to be chosen later on. For any 6 > 0, we have by Lemma|[I3|that w.p. > 1 — 6, for all
k € [K] it holds that:

. 1 2
ke arg ming, e, {(Dk(ﬂ') =By [(HQ?,HQ + Z ||7Ts - ﬂf”l]} , (3D
with & = germ + Egen, Where
AH2 log %(H)
n N

Egen = O

C(I1) = N(&net, I, [|*lco,1)» and &per = Q (mﬁ) . Now, Eq. implies Algorithmis an
instance of the idealized SDPO Algorithm [I| with the error ¢ defined above. Hence, by Theorem|[I}
we have that

2

) e o [VAH?
V(7)) -V (H)—O( el

+ VH3\/ZK1/6\/§ + evgd)

2AH4
) (V +VH3«/ZK‘/°@+vH3\/ZK‘/6x/serm+8vgd)- (32)

K2/3
We focus on the first two terms to choose K, N as a function of n. Observe:
v:AH! 3AK /6 VZA 316 VAH log't S —
W +VvH \/ZK VEgen ¥ vH \/_K \/ﬁ N1/4

1/2AH4 N vAH*K/,
K2/3 \/ﬁN1/4
with ¢ := log'/* %C(H). Further, by our choice of 7, eex, n = H/(2H>VAK'/3), hence

v?AH*  vAH'K'Sc v2AH* vAH*KVOVH3VAK /3

+ = +
K2/3 \/ﬁNlM K2/3 \/ENIM
VAR VAL
- K2/3 N1/4

Choosing N = K* gives
VZAH®  vA?HS. K3 v2A?HS,
K2/3 + N1/4 ~ K2/3
withn < KNH = K3H with H = Hlog(2KN/6) by Lemma Hence K > n'/5/H'/3, and
VEAZHOL  VEAZHOH'S,
K23 n2/15
Now substitute H2/'5 < H'?log!/*(n/8), and ¢ = log!/* ENCID < 15g1/4 2C€UD 4 ghtain

V2 AZHS 2115, 3 v2A2H7\/10gL§H)

n2/15 ~ n2/1s

)

Finally, using that and plugging our upper bound back into Eq. and using that K < n'/>:

VA H log 2E1_
V(#) - V*(II) = O T + VH3VAK Y \Eerm + £vga
242147 nC(l)
v2A2H | [log 20
=0 T + vH3 VAR P \eom + Eved |»
; - 1 )= 1 )= 1
with e = Q2 (mg(KN/a)«/ﬁ) =Q (log(n/é)\W) =0 (log("/ﬁ)nZ/s) ' -
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E.1 CPI and DA-CPI

In this section we present the learning versions of CPI (Algorithm [0) and DA-CPI (Algorithm [I0)
and their sample complexity guarantees. We first state two lemmas which play the same role of
Lemma|T5] The proofs follow from identical arguments as those of Lemma[I5] and are thus omitted.

Algorithm 9 CPI in the learning setup

input: Initial policy rlell, {nk}f:l N >1,80m >0
fork=1,2,...,Kdo

N
Rollout 7% for N episodes via Algorithm obtain Dy = {sl" , ka}
i )izt

Update #*! « arg minieé"r‘l {E)k(n) = ﬁ Ysen, <H§’§,7rs - 7T§>}
k+1

Set 7K1 = (1 — pi) 7k + mie it
end for

return 7 = 7X+!

Algorithm 10 DA-CPI in the learning setup

input: n;,...,nx > 0; N > 1,&ex > 0, gty > 0, action norm |||,
fork=1,...,Kdo

N
Rollout 7% for N episodes via Algorithm obtain Dy = {S,{(, éfk}

i=1
Update 75! « arg min {(Bk(ﬂ) = # 2seD, <Q§,ﬂs>}
Rollout 7% for another N episodes via Algorithm 7, obtain Dy.

114 Eerm - . ~ 2
Update 7%*! « arg min_ 7. {l,bk(ﬂ) = ﬁ Zsef)k ||7rs —-((1- 77k)7T§ + nkﬂf+l)||o)}

end for

return 7 = 7K+!

Lemma 16. Fory < 1/2, upon execution of Algorithm[9 for any 6 > 0, w.p. > 1 =6, it holds that
forall k € [K],

! € argmin® By [(HOX, 7y — n5)],

log KNN(enet:ILIIllco,1)
where & = Eerm + Egen, Egen = CoAH?D +, Co > 0 is an absolute numerical
Co . .
constant, and &pet > VN (og 2KN/3)" Furthermore, the number of time steps of each episode rolled
out by Algorithm[7]is < 2H log (2KN/6).

Lemma 17. Fory < 1/2, upon execution of Algorithm[I0} for any 6 > 0, w.p. > 1 — 6, it holds that
forall k € [K],

7! € arg ming oo Egopk [(HQL‘,HS - nf)]

k+1 P k “k+14 |2
n € arg MIN ¢ ryeex IEs~;4k “ﬂS - ((1 - T]k)ﬂs + N7 )”1 >
log KNN(#net:IL |- lloo, 1)
where € = Eerm + Egens Egen = COAHZD +, Co > 0 is an absolute numerical
Co

constant, and &pet > VN (og 2KN/3)" Furthermore, the number of time steps of each episode rolled
out by Algorithm[7]is < 2H log (2KN/6).

We now give the sample complexity guarantees of CPI and DA-CPI; for simplicity, we present the
bounds assuming gery = 0.

Theorem 12. Let Il be a policy class that satisfies (v, €ved)-VGD w.r.t. M, and assume y < 1/2.
Then for any n > 1, there exists a choice of parameters K, N, {ni} such that Algorithm|[9| executed
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With erm = 0 and the L' action norm, guarantees for any § > 0, that w.p. > 1 = § the total number
of environment time steps < n, and the output policy satisfies

v2AH*log(nC(IT)/6) )
+ Evad | »
nl/3 g

V(#) - V*(II) =0
where C(I1) == N (&net, IL, ||||co,1) is the enei-covering number of I1 and &pey = (m) .

Proof. By Lemmal[I6] we have that w.p. > 1 — 6, for all k € [K] it holds that:
7 € argming _; { @i (n) = Eyepk [(HO%, ny — 78)|},

with & = germ + &gen, Where

log KNCD)
Egen = O | AH? gT‘S ,
C(IT) = N (&net, I1, [|l|,1)» and &ner = Q(m). Hence, Algorithm [9|is an instance of the
idealized CPI Algorithm 2] with the error & defined above. Now, by Theorem 2, we have that
2173
H
V(7) - V*(I) = O (V +ve+ avgd)
2113 , [1og KNC(IT)
=0 +vAH N + Evgd |-
Choosing N = K2, and noting that n < N32H log(n/8), we obtain
2 A 174
. v-AH"log(nC(I1)/9)
V(#) - V*(II) = O ( 51/3 + Eved | 5
which completes the proof. O

Theorem 13. Let I be a policy class that satisfies (v, evga)-VGD w.r.t. M, and assume y < 1/2.
Then for any n > 1, there exists a choice of parameters K, N, gex, {nx} such that Algorithm
executed with with germ = 0 and the L' action norm, guarantees for any 6 > 0, that w.p. > 1 — & the
total number of environment time steps < n, and the output policy satisfies

v2A2H5\log(nC(I1) /) . )
ved | »

V(#) - V*(I) =0

n2/15

where C(IT) = N (&net, I, ||||co,1) is the &ner-covering number of I1 and gner = Q (m) .

Proof. By Lemmal[T7] we have that w.p. > 1 — 6, sub-optimality & holds for all k € [K] and for both
update steps with & = germ + Egen, Where

log KN C(II)
poon = 0| A2t .
\/ﬁ)' Hence, Algorithm|10|is an instance of the

C(IT) := N (&net, I1, ||/l co,1)» and ener = Q(m
idealized DA-CPI Algorithm 2] with the error ¢ defined above. Now, by Theorem 2] we have that

1
V(%) -V*II) =0 (VZAH3 (W +e'lPy 52/31(2/3) + svgd) .

35



We focus on the first two terms; when balancing them, the third will be of the same order. Let

t = +/log(KNC(IT)/6), and we have:

1 23\1/3
ELENRVERS 1 (AH"1)
K2/3 K2/3 N1/6
(AHZL)1/3
S TR ¥ =K%
AH?
< nTl; (n < K5H1og(KN/5))
This implies
24215
R v A H" L
V(#)-V*(II) =0 (—n2/15 + svgd) ,
which completes the proof. O
E2 PMD

PMD in the learning setup is given in Algorithm Since L?>-PMD and L?-SDPO coincide (they
are the exact same algorithm), the sample complexity of PMD with the Euclidean action regularizer
follows form arguments identical to those given for SDPO in the proof of Theorem|[T1] but with the
L?-action norm instead of the L'-norm. This leads to slightly worse dependence on the action set
cardinality A, but otherwise to the same guarantee.

Theorem 14. Let I1 be a convex policy class that satisfies (v, yea)-VGD w.r.t. M, and assume
y < 1/2. Then for any n > 1, there exists a choice of parameters K, N,n, gex such that Algorithm11]
executed with e = 0 and the L? action regularizer guarantees for any 6 > 0, that w.p. > 1 — 6 the
total number of environment time steps < n, and the output policy satisfies

v?A3SH \Jlog —"Cén)

n2/15

V(ﬁ') - V*(H) =0 + Evgd |»

where C(IT) = N (&net, I1, |||lco,1) is the &ner-covering number of I1 and &qe = Q (m) .
Notably, the analysis of L2-PMD through the SDPO perspective gives better sample complexity
than we would have obtained through the Bregman-proximal method analysis Theorem [0} roughly
speaking this is the case because analysis based on the Bregman divergence hinges on approximate
optimality conditions rather than sub-optimality in function values. This leads to dependence of
sgenl/ 4 rather than \/€gen> Which further leads to inferior sample complexity. For action regularizers
other than L?, sample complexity of PMD may be derived again using similar arguments to those
of Theorem [Tl but now combined with Theorem A little more care is needed in the choice of
parameters, as smoothness of the action regularizer (needed both in Theorem [I0]and in Lemma([T3) is
commonly inversely related to £.x. As a result, with the currently known techniques for the iteration
complexity upper bound, the sample complexity upper bounds for essentially any action regularizer
other than L2, will be worse than those of the L? case w.r.t. dependence on both n and A.

E.3 Proof of Lemma/[I3|

Lemma 18. Algorithmﬂretums St, Q\A’ft that satisfy (i) s; ~ u™; (ii) [E[Ag | s,] = QF . Furthermore,
forany &6 > 0, wp. > 1 — 6, the algorithm terminates after no more than ﬁ log % time steps and it

holds that |QF .| < HAlog(2/6).

Proof of Lemmal[I8] First, note that (i) follows directly from the definition of the discounted occu-
pancy measure Eq. (I2). Indeed, by definition of Algorithm[7} for any s € S:

Pr(s is accepted by Algorithm[7jon step #) = y'(1 = y) Pr(s, = s | 7, 50 ~ po)

= Pr(s is accepted by Algorithm([7) = (1 - ) Z Y Pr(s; = s | m, 50 ~ po) = u™ ().
=0

36



Algorithm 11 PMD in the learning setup

Input: K > 1,N > 1,7 > 0, 8¢ > 0, germ > 0,11 € A(A)°, and action regularizer R: R? — R.

Initialize 7! € 1%
for k =1to K do

N
Rollout 7* for N episodes via Algorithm obtain Dy = {sl’?, Qkk} .
*i )izt
Update 7%+ « arg min % {(I)k(n) = % Ysen, <HQ‘I§,7TS> + %BRHS, nf}
end for

return # = 7K+

Further, let alg denote Algorithm[7} and then

[Ealg [Q;:,a, | Sty at] = A[Ea]g

T
Zr(st’,at’) | St’atl

t'=t

=A Zyt_t/[En [r(sy,am) | 8¢, a:]

t'=t
(o)

=A Z)’H Ex [r(xn, un) | Xo = s¢,u0 = a;],
t'=t

where in the last expression, expectation is w.r.t. xp41 ~ P(-|xp, up) for b > 1, and up, ~ 7 (-|xy,) for
h > 2. Now,

o) o)

_4 h
Z)’t "Ex [r(xp,up) | x0 = s¢,u0 = a;] = Z)’ Ex [r(xn,un) | xo = s¢,u0 = a;]
= h=0
(o)
=E, thr(xh, up) | xo = sy, up = ay
h=0
= Q;l;,ut9

hence for all a € A,

Fug |0F o | 5| = Pr(a, = g [0F 4, | 51,0, = a| = Pr(a; = )AQE , = O

which proves (ii).

For the second part, observe that the acceptance event occurs w.p.1 — y at each time step, therefore
the probability for acceptance to not occur in the first ¢ times steps is y’, and hence probability of
acceptance by time 7 is 1 —y*. We have y* < e~ ("% < § fort > ﬁ log %, hence, w.p. > 1 —§/2

acceptance occurs before time step 75 = ﬁ log %. Same goes for the termination event, hence, the
episode terminates after 275 time steps w.p. > 1 — ¢.

Finally, the bound on |Q§ a | follows from the termination event and definition of Q I . in the
Sttt -4t

algorithm. O

Our proof makes use of the notion of sub-exponential norm [Vershynin, 2018|] of a random variable
X:

IXl,, = inf {& > 0: EeXV <2} (33)

Lemma 19. Assume T is a geometric random variable, T ~ Geom(p), i.e., Pr(T =t) = (1 -p)'~!p
for 1 <t € N. Then, for g = max{p,1 — p}:

TNy, < 1/in 1+ 52).
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Proof. We have:

EeTle = Z(l —p) " lpetl®

_pel/az(l )t—le(t—l)/(x

(o)

- pel/az ((1 —p)el/a)t

t=0

Let g :==max{p,1 - p}, andseta—l/ln(1+ T ) then,

Now,

1—
(1-ple’*=1-p+(1- qsl—p+

hence
- t 1 4
((-petie) « — L%
[z:(; 1-(1-p+%) 3p
Combining with our previous derivation, we obtain

4 4 1-q\ 4 1\ 5
Eelle < pelle 2t _ 4, <Zl1+-]=2<2
e < pe 3p 3 + =3 + 3=

]

Lemma 20. Assume X is a random variable that satisfies ||X||,, < R. Then for N independent
samples of X1, ..., Xn, we have for any € < R:

N
1
Pr( —
N

i=1

*CNEZ
>e| <2 " RT,

ZTi—[ET

where ¢ > 0 is an absolute numerical constant.

Centering only costs an absolute constant factor [Vershynin, |2018]], thus [[X — Ex]||,, < R for

R = coR. Now, the Bernstein inequality for sums of independent sub-exponential random variables
(Theorem 2.8.1 of [Vershynin, [2018) yields:

( ZX —-EX|>€] <2exp [—clmm(N2 2,]\1];)]
= [—clem( GN)]
"R
= [ (c1/co) 5 }

where we use the assumption that e < R < R.
Lemma 21 (Empirical objective concentration). For a given fixed k and a given fixed policy nt, we

have that for any 6’ > 0, w.p. > 1 — &’ it holds that:
CAH?*D |log 2
N 9

Dy () - &)k(ﬂ)’ <

where C > 0 is a universal numerical constant and ®, ®y are defined in Egs. and of
Lemmall8
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Proof. Denote:
N ~ 1
() = H(Q’S‘,ns> + T—}@ (ﬂs,nf) ,
and note that by Lemma|[I8] we have
_ Pl .
Dy (7) = [E(S,Ai?)~sampler(7rk) [f (ﬂ’s)] >

where “sampler” denotes Algorithm Now, for (s, Q’f) ~ sampler(7%), we consider the RV

X = <Q’;,ns> + %E(ﬂs,ﬂf)-

y < D/n follows immediately.
1

Further, the RV %Q?,a for the action a accepted in Algorithm [7)is dominated by a geometric RV
T ~ Geom(p = 1 — ), therefore HHQf a < HA|TI,- By Lemmaand our assumption that
>y

The divergence term is bounded by D/n, hence H%i)(:rs,nf)

y<1/2,
1 1 8
||T||¢,1S—17SES1_ =8H.
In (1 + 4—)/7) T Y
Now, again using that ||-||,;, is a norm, we obtain:
~ 1
H<Q§,7rs> + —@(ﬂs,nf) <D/n+ SHZA.
n Y1

Now, by Lemma [20] we have

~ _el N2 _or N
Pr (|(Dk(7r) - cpk(n)) > e) < 2¢ C FEDTE < 20 Win? |

_ o Nt
for an appropriate universal constant ¢’. Letting § = 2e”“ 42u707 , the result follows. O

We are now ready for the proof of Lemma|[T3]

Proof of Lemma[I3] Consider the “good event” described next. Let § > 0 and denote
H = Hlog(2KN/6),
_ CAH’D
" VN(AHH + L/n)
where C is specified by Lemma Further, let Net(&pey, ﬁ) = Net(&pet, I, II|co,1) bE an epe-cover
of IT w.r.t. ||-]|,1 Of size N (&net, IT) = N (&net, I1, ||| ,1). Consider the following events:

Enet -

1. Forall k € [K],i € [N]: ka S HA, and the corresponding episode length < H

2. Forall k € [K]:

2K N N (&pei, 1)
CAH?’D _[log =——5"=

Vr € Net(ener, 1) 1 @ () = Py ()| < N
By Lemma and the union bound, event (1) holds w.p. > 1 — §/2, and by Lemma and the union
bound, event (2) holds w.p. > 1 — /2. Hence, the good event holds w.p. > 1 — ¢. Proceeding, we
assume the good event holds. We have that for any =, 7/,

|¢um—®Aﬂn=EﬁmkPﬂgim—nw+%(®mbﬂv—bm;ﬁﬁﬂ

< |12 =

= (2 + L/n) I = 7l .1
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By a similar argument, using the good event (1):

Dy (7) — D (')

< (AHH + Lin) 7 = 7'l oty -
Further,

7 =7l iy g S =7l 1 s
hence, we have that for any 7 € I, there exists 7’ € Net(&gen, ﬁ) such that:

Pp(m) = By ()| < 104 (1) = DR ()] + |0k (1) = By ()

+[®(r) - Bu(m)

CAH?D ~ CAH?*D
< ——+ )<Dk(7r') - Oy ()| + ——=—
VN VN
3CAH?D [log XMLl
< =: Egen/2.
n N

~Ak+1 _ ; & k+1 _ ; _ .
Now, let 75" = argmin__i @ () and 75" = argmin__g ®y (), then we have:

O (7)< Dp(x*) + £gen/2
< EI\)k(ﬁ'ﬁﬂ) + 3gen/2 + Eerm
< &)k(ﬂiH) + ‘9gen/2 + Eerm

k+1
< q)k(”* )+ Egen t Cerm

= min @ (7) + Egen + Eerm-
nell

This completes the proof. O

F Experiments implementation details

In this section, we provide further details on the experimental setup where we evaluate the VGD
condition parameters. The pseudocode used for the experiments is give in Algorithm The
environments we tested on consider rewards and not cost functions, therefore the code and discussion
below should be understood as having the negative reward as the cost function (we opt to maintain
the cost formulation here to better align with our original setup). Additionally, the environments
considered are finite-horizon and the objective is undiscounted.

Evaluating “Sub Optimality” at iteration k. For each (seed, environment) combination, after
the execution was concluded, we take the maximum value attained by the actor iterates, V* =

mingeg \7(7rk), where \7(7rk) is estimated using rollouts during experiment execution. We made sure
to run the experiments for long enough (i.e., for large enough K) so that the algorithm converges. Sub

optimality of iteration k is then given by V(k) - V*.
Evaluating “VGD Ratio” at iteration k; vi. Given the sub-optimality evaluated as described in
the previous paragraph, we report v by computing the following:
V(rk) - v*
<§V(7Tk), nk — ﬁk+1>

Vi =

Local optima. As mentioned in Section [5} local optima was only an issue (i.e., the case that
A% (Myetor)) in the MinAtar environments. We note that our analysis holds just the same under
the assumption the VGD condition is satisfied for (v,0) w.r.t. a given target value V* which is
not necessarily the in-class optimal one. This may be interpreted as an execution specific value of
Evgd = Vr - V*(ITaetor). Thus, while the environments in question may not satisfy VGD globally,
it seems convergence behavior may nonetheless be governed by the effective VGD parameters
encountered during execution.

40



Algorithm 12 Pseudocode for VGD parameter evaluation

Initialize two actor neural networks Il;cor, [ygd

Initialize 7' € Mygior
for k =1to K do
/I Gradient estimation phase:
. . N
Rollout 7% to collect N environment timesteps D* = {sf }i= 1
for s € D*,a € A do
Rollout 7y, episodes of ik starting from s, a.

Set Qf’ « < average of returns from the previous step.
end for
// (Note: we treat each state as if it were an independent sample from %, even though it is not.)

// Update actor:
Train 7%*! for Tepochs €pochs, with s mini-batches in each epoch:

1 5 !
7rk+1 ~ arg min — Z <Q§77rs_”§>+5“7r5_”§“§

melly
actor SGDk

// Evaluate VGD:
Initialize 7! — 7 .
for n'%¢ _epochs, with nvmgbS mini-batches in each epoch:

epochs
~k+1 1 Nk _k
AT ~ argmax — E § g — T

KEH\ygd se Dk

k+1

Estimate H* the average episode length of 7%
Report GradVGD* = £ 3 ./« <ﬁk§’§,n§ - 7~r§”> = <§V(7rk),7rk - ﬁk+l>
end for

return # = 7K+

Hyperparameters. For the VGD actor, we used the AdamW optimizer with stepsize Se — 4,
ved
epochs

executed in Nepys in parallel. For the actor optimizer we used the Adam optimizer with step size 7op

(this is the step size of the “inner” optimization).

d .
= 100, nrvfbs = 4 accross all experiments. Below, N = Nenys X Nyeps means Ngeps Where

* Cartpole: K =40, N =4 x 500, nepochs = 100, nyps = 4, firep = 5, 1opt = 2¢ — 4,17 = 0.01.

* Acrobot: K =100, N = 8 X 500, nepochs = 100, nmbs = 4, nirep = 20, nope = 4e —4 with linear
annealing, = 0.1.

* Spacelnvaders-MinAtar: K = 600, N = 16 X 1000, nepochs = 4, mbs = 8, rep = 5, Nopt =
S5e — 3 with linear annealing, n = 0.1.

* Breakout-MinAtar: K = 200, N = 16 X 1000, nepochs = 100, nmbs = 8, rep = 5, 1opt =
Se — 3 with linear annealing, = 0.1.

Additional comments.
* The architecture of both actor models is identical to that of the purejaxrl implementation
[Lu et al., [2022].

* For Breakout-MinAtar and Spacelnvaders-MinAtar, execution took approximately 90-120
minutes per seed, on an NVIDIA-RTX-A5000 GPU. The experiments for Cartpole and
Acrobot were run on similar hardware and took under 20 minutes for all 10 seeds.
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