
Logical-SAGE: A Logical Socratic Architecture for Guided Evolution in
Neuro-Symbolic Reasoning

Jinlong Tian1*, Jiang Yu1*, Kewei Cheng2, Yue He3, Yunfei Wang4

Huibin Tan1, Haotian Wang1, Wenjing Yang1, Shixuan Liu1†

1College of Computer Science and Technology, National University of Defense Technology
2Amazon

3Renmin University of China
4National Key Laboratory of Information Systems Engineering, National University of Defense Technology

szftandy@hotmail.com

Abstract

While Large Language Models (LLMs) excel at semantic un-
derstanding, they fundamentally lack the rigorous deductive
reliability required for complex reasoning, often succumb-
ing to hallucinations. Neuro-Symbolic (NeSy) approaches
attempt to bridge this gap by offloading reasoning to for-
mal solvers, yet they suffer from a critical “Translation
Fragility” bottleneck: a single syntactic error in the generated
logic program causes catastrophic execution failure. Exist-
ing paradigms typically adopt a Generate-and-Hope strategy,
treating the solver as a binary judge and discarding imper-
fect code. In this paper, we introduce Logical-SAGE (Logic-
informed Socratic Agent for Guided Evolution), a novel
Dual-Process architecture that shifts the paradigm to Guided
Evolution. Synergizing a System 1 neural reasoner with a Sys-
tem 2 symbolic validator, our framework features a Socratic
Error Correction mechanism. Instead of rejecting failed pro-
grams, Logical-SAGE treats solver error messages as peda-
gogical feedback, engaging in a dialectic loop to iteratively
repair and evolve logic programs towards executability. We
further introduce an Adaptive Fusion mechanism to balance
rigorous proofs with robust neural intuition. Extensive exper-
iments on five benchmarks (FOLIO, ProofWriter, ProntoQA,
LogicalDeduction, AR-LSAT) demonstrate a breakthrough
result: Logical-SAGE, powered by a parameter-efficient 8B
model (Qwen-3-8B), achieves a new state-of-the-art average
accuracy of 90.42%, significantly outperforming baselines re-
lying on the massive GPT-4. This establishes that architec-
tural innovation can supersede model scale in achieving faith-
ful and grounded reasoning.

Introduction
The pursuit of rigorous logical reasoning in Artificial Intel-
ligence faces a fundamental dichotomy. On one hand, Large
Language Models (LLMs) have achieved mastery over lin-
guistic fluency and semantic intuition, exhibiting emergent
capabilities akin to Kahneman’s System 1 fast thinking (Wei
et al. 2023; Kahneman 2011). However, they fundamen-
tally rely on probabilistic correlation rather than axiomatic
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derivation, rendering them prone to hallucinations and log-
ical inconsistencies, especially in multi-step deduction (Ji
et al. 2023; Wei et al. 2022). On the other hand, symbolic
systems (e.g., Theorem Provers, SAT Solvers) offer the pre-
cision and explainability of System 2 slow thinking but lack
the flexibility to parse the ambiguity of natural language.

To bridge this gap, Neuro-Symbolic (NeSy) AI has
emerged as a promising paradigm, typically employing
LLMs as semantic parsers to translate natural language into
formal logic programs (e.g., FOL, Python) for determin-
istic execution (Olausson et al. 2023; Cheng et al. 2023;
Liu et al. 2024). While theoretically sound, existing NeSy
pipelines suffer from a critical bottleneck we term “Transla-
tion Fragility”. Symbolic solvers are notoriously intolerant;
a single syntactic mismatch or undefined predicate triggers a
catastrophic execution failure. Current approaches predom-
inantly adopt a “Generate-and-Hope” strategy: they gener-
ate logic programs and discard those that fail to compile,
or rely on computationally expensive over-generation (Pan
et al. 2023; Wang et al. 2022). Crucially, these methods treat
the solver as a binary “judge” (Success/Fail) rather than an
informative “guide”, wasting the rich diagnostic signals hid-
den in execution error logs.

In this paper, we propose a paradigm shift from
“Generate-and-Hope” to “Guided Evolution”, as illustrated
in Figure 1. Current frameworks (Figure 1a) fundamentally
treat the symbolic solver as a binary judge—accepting per-
fect code while rejecting anything with minor syntax errors,
leading to the “Translation Fragility” bottleneck. In con-
trast, Logical-SAGE (Figure 1b) redefines this interaction
by treating the solver as a teacher. We introduce a novel ar-
chitecture that mimics the human cognitive process of de-
bugging. Just as a programmer learns from compiler errors,
Logical-SAGE views solver failures not as terminal dead-
ends but as pedagogical feedback.

Our framework introduces a Socratic Error Correction
mechanism that establishes a dialectic loop between the
LLM (the student) and the Symbolic Solver (the teacher). By
recursively feeding error messages (e.g., SyntaxError,
NameError) back into the context, the model iteratively
refines its logic program until it aligns with the strict syntax
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Figure 1: The Paradigm Shift in Neuro-Symbolic Reasoning. (a) Existing approaches suffer from Translation Fragility,
employing a “Generate-and-Hope” strategy where solver errors lead to terminal failure. (b) Logical-SAGE introduces “Guided
Evolution” via a Dual-Process architecture. It features a Socratic Error Correction loop that iteratively repairs logic programs
based on solver feedback, synergizing with a neural reasoner for robust execution.

of the solver. To ensure this alignment is also semantically
faithful to the original premises, we further incorporate a
Back-Translation Verification protocol. Furthermore, recog-
nizing that formalization is not always tractable (e.g., due to
ambiguity), we design an Adaptive Fusion mechanism that
synergizes this rigorous symbolic loop with a robust Neu-
ral Chain-of-Thought (CoT) fallback, ensuring the system is
both logically sound and practically resilient.

The contributions of this work are three-fold:

1. A Reflexive Neuro-Symbolic Architecture: We pro-
pose Logical-SAGE, which integrates a dynamic So-
cratic debugging loop into the NeSy pipeline. This
mechanism effectively resolves the inherent “Translation
Fragility” bottleneck, thereby transforming execution er-
rors into constructive supervision signals.

2. Small Model, Giant Leap: We demonstrate that archi-
tectural innovation can effectively supersede raw model
scale. Logical-SAGE, powered by a parameter-efficient
8B model (Qwen-3-8B), achieves state-of-the-art perfor-
mance, significantly outperforming baselines relying on
the massive, closed-source GPT-4.

3. Comprehensive Evaluation: Extensive experiments on
four diverse benchmarks (FOLIO, ProofWriter, Pron-
toQA, LogicalDeduction, AR-LSAT) show that Logical-
SAGE achieves an average accuracy of 90.42%, setting a
new benchmark for faithfulness and executability in log-
ical reasoning tasks.

Related Work
In this section, we review recent advancements in logical
reasoning with Large Language Models (LLMs), categoriz-
ing them into prompt-based strategies, neuro-symbolic ar-
chitectures, and instruction-tuning approaches. We then po-
sition our work, Logical-SAGE, within this landscape, high-

lighting how it addresses the critical limitations of existing
frameworks regarding robustness and error correction.

Prompting Strategies for Logical Reasoning
The emergence of Chain-of-Thought (CoT) prompting (Wei
et al. 2022) marked a significant milestone, enabling LLMs
to perform multi-step deduction by generating intermedi-
ate reasoning traces. Several extensions have since been
proposed to enhance logical consistency. Logic-of-Thought
(LoT) (Liu et al. 2025) injects propositional logic derived
from context into prompts to ground the reasoning process.
Similarly, Tree of Thoughts (ToT) (Yao et al. 2023) and
Graph of Thoughts (Besta et al. 2024) explore non-linear
reasoning paths. However, despite these structural enhance-
ments, purely prompt-based methods remain fundamentally
bound by the probabilistic nature of LLMs (System 1). They
lack a rigorous verification mechanism, leaving them prone
to “hallucinations” and unfaithful reasoning, particularly in
complex proofs where a single false step invalidates the en-
tire chain (Maynez et al. 2020).

Neuro-Symbolic Reasoning Frameworks
To overcome the unreliability of pure LLMs, Neuro-
Symbolic (NeSy) AI delegates the reasoning burden to
deterministic solvers. Pipeline Approaches. A dominant
paradigm involves using LLMs as semantic parsers to
translate Natural Language (NL) into formal specifications
(e.g., FOL, Python), which are then executed by external
solvers. LINC Olausson et al. (2023) and NL2FOL (Lal-
wani et al. 2024) demonstrate that offloading deduction to
theorem provers (e.g., Prover9) significantly boosts perfor-
mance on benchmarks like FOLIO and ProofWriter. Logic-
LM (Pan et al. 2023) further refines this by integrating a self-
correction mechanism based on solver error messages. More
recently, Logic-LM++ (Kirtania, Gupta, and Radhakrishna



2024) extends this with multi-step refinement and paired
comparisons, while LTRAG (Hu et al. 2025) enhances the
process via retrieval-augmented generation of similar logical
templates. VERUS-LM (Callewaert, Vandevelde, and Ven-
nekens 2025) and Aristotle (Xu et al. 2025) propose mod-
ular architectures that decompose complex problems into
sub-tasks solved by specialized symbolic engines. Neverthe-
less, while these systems achieve high precision when suc-
cessful, they frequently encounter the critical “Translation
Fragility” bottleneck. Most existing refinement mechanisms
(e.g., in Logic-LM) focus primarily on syntactic validity. If
the semantic parsing is syntactically correct but logically
misaligned with the premises, the solver yields a wrong an-
swer without warning. Furthermore, systems like LINC lack
a robust fallback: if the symbolic branch fails after refine-
ment, the system returns no answer, leading to poor recall in
real-world scenarios.

Logic-Enhanced Fine-Tuning and Optimization
Instead of relying solely on in-context learning, recent works
explore fine-tuning LLMs to better understand logic. Log-
icLlama (Yang et al. 2024) and Symbol-LLM (Xu et al.
2024a) employ Supervised Fine-Tuning (SFT) on large-
scale NL-FOL pairs to improve translation accuracy. LOG-
ICPO (Viswanadha, Ghosal, and Aditya 2025) utilizes Di-
rect Preference Optimization (DPO) to align LLMs with
valid logical forms, reducing syntax errors. ProverGen (Qi
et al. 2025) and Logic-Thinker (Wen et al. 2025) construct
synthetic datasets with solver-verified reasoning chains to
teach LLMs to “think” like a prover. Although fine-tuning
significantly bolsters the base model’s capabilities, it does
not fully eliminate the inherent stochasticity of generation.
Even with alignment techniques, fine-tuned models can still
hallucinate under distribution shift if they lack a runtime ver-
ification loop (System 2) and a robust fusion strategy to val-
idate their outputs.

Our proposed framework, Logical-SAGE, distinguishes
itself from the aforementioned works in three key aspects:
1. Guided Evolution via Socratic Agent: Unlike Logic-LM’s
simple error feedback, our Socratic module engages in a
deeper, pedagogical dialogue with the solver, treating er-
ror correction as an iterative learning process rather than
just bug fixing. 2. Dual-Process Robustness: Unlike LINC
or Logic-LM++ which rely heavily on the success of the
symbolic path, Logical-SAGE maintains a parallel System 1
(Neural CoT) branch. This ensures the system remains func-
tional even when formalization is intractable (e.g., due to
ambiguity), offering a “best of both worlds” solution. 3. Se-
mantic Alignment: We introduce a Back-Translation Verifi-
cation step (absent in most pipeline approaches), actively de-
tecting semantic divergence before execution, thus address-
ing the “silent failure” mode of neuro-symbolic systems.

Method
In this section, we present Logical-SAGE, a unified neuro-
symbolic framework designed to effectively bridge the gap
between the linguistic flexibility of Large Language Mod-
els (LLMs) and the logical rigor of formal solvers. Drawing

inspiration from the Dual-Process Theory in cognitive sci-
ence (Evans, 2003), our architecture synergizes a System 1
intuitive reasoner (neural branch) with a System 2 analytical
engine (symbolic branch), dynamically mediated by a novel
Socratic Error Correction mechanism.

Problem Formulation
We consider a logical reasoning task defined by a dataset
D = {(Ci, Qi, yi)}Ni=1, where C denotes the natural lan-
guage context (premises), Q denotes the query, and y is the
ground truth label. Our goal is to learn a mapping function
F : (C,Q) → ŷ that maximizes the accuracy while main-
taining interpretability. We introduce an intermediate sym-
bolic representation Z (e.g., First-Order Logic formulas),
decomposing the problem into semantic parsing P (Z|C,Q)
and symbolic execution P (y|Z).

The Logical-SAGE Architecture
The overall framework, as illustrated in Figure 2, follows
a comprehensive five-stage pipeline (Input, Parse, Reason,
Fuse, Output). It consists of three core components: (1) A
Neural Semantic Parser that translates ambiguous natural
language into executable domain-specific logic programs;
(2) A Dual-Branch Inference Engine comprising a rigorous
Symbolic Validator (incorporating a multi-step Socratic Re-
finement loop) and a robust Neural Reasoner; (3) An Adap-
tive Fusion Mechanism that dynamically integrates results
based on execution states and semantic consistency.

Neural Semantic Parsing with Back-Translation Verifi-
cation. The first module serves as the interface between
natural language and formal logic.

Logic Program Generation. We employ a fine-tuned LLM
(specifically, a parameter-efficient variant of Qwen-3-8B) as
the generator Gθ. Given input (C,Q), the model generates a
logic program Φ:

Φ = Gθ(C,Q, Tschema) (1)

where Tschema represents the domain-specific schema.
As depicted in the PARSE module of Figure 1, our sys-
tem adaptively maps different reasoning types to optimal
formalisms: Deductive Reasoning is mapped to Logic Pro-
gramming (LP), First-Order Logic tasks to FOL, Constraint
Satisfaction problems to CSP, and Analytical Reasoning
tasks to SAT solvers.

Semantic Alignment via Back-Translation. To mitigate
the “Translation Gap” where generated formulas are syn-
tactically correct but semantically divergent, we introduce
a verification step. We employ a separate LLM instance to
back-translate Φ into natural language C ′

rec and compute a
semantic consistency score Ssem:

Ssem = Sim(C,C ′
rec) (2)

If Ssem < τ (a predefined threshold), the generation is
flagged for regeneration, ensuring the logic program faith-
fully represents the original premises.
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Figure 2: Overview of the Logical-SAGE Framework. The pipeline consists of five stages: 1⃝ Input encoding; 2⃝ Neural
Semantic Parsing, which translates natural language (C,Q) into logic programs (Φ); 3⃝ Dual-Process Reasoning, featuring
a System 1 Neural Chain-of-Thought branch and a System 2 Symbolic Validator. The symbolic branch incorporates a Socratic
Error Correction loop that utilizes solver feedback (e.g., error ϵ) to iteratively diagnose and fix semantic misalignments (e.g.,
resolving the entity mismatch between Nail and Nails); 4⃝ Adaptive Fusion, which selects the final prediction ŷ by prioritizing
valid symbolic execution (rsym) or falling back to high-confidence neural reasoning (rneur); and 5⃝ Final Output generation.

System 1: Neural Reasoning Chain (The Robust Intu-
ition) Representing the “fast thinking” component of our
dual-process architecture, this module serves as a robust en-
gine for scenarios where strict formalization is incomplete
or intractable (e.g., questions requiring external common-
sense). Here, we utilize the LLM to perform Symbolic-
Augmented Chain-of-Thought (CoT).

ŷneur,Expl = LLMCoT (C,Q,Φ) (3)

Unlike standard CoT, we explicitly inject the generated logic
program Φ back into the prompt as a structured context. This
forces the neural reasoner to ground its intuitive deductions
in the formal skeleton it previously generated, thereby re-
ducing hallucinations while leveraging its inherent flexibil-
ity to interpret ambiguous predicates that might otherwise
crash a deterministic solver.

System 2: Symbolic Validator with Socratic Error Cor-
rection Parallel to the neural pathway, this module embod-
ies the deliberative “slow thinking” analytical process, aim-
ing to derive undeniably correct conclusions by strictly exe-
cuting Φ via a deterministic solver E (e.g., Prover9 for FOL,
Z3 for SMT). However, traditional symbolic systems suf-
fer from inherent “fragility”—a single syntactic mismatch
or undefined predicate causes catastrophic execution failure
(⊥). To effectively address this, we implement a Socratic
Error Correction (SEC) mechanism.

Instead of treating solver failures as terminal states, the
SEC mechanism reinterprets the solver’s error message ϵ
as pedagogical feedback, thereby establishing a robust it-
erative refinement loop. The process begins with an ex-
ecution attempt E(Φ); If this yields a runtime error, the

system dynamically constructs a comprehensive diagnos-
tic prompt Prefine = (Φ, ϵ, Ihistory), which encapsulates
the original logic program, the specific error signal, and a
history of prior failed attempts to prevent redundant mis-
takes. Guided by this context, the LLM adopts the persona
of a “Socratic Student”, engaging in reflexive self-correction
to generate a refined program Φt+1. This cycle continues
recursively—mimicking a human programmer’s debugging
workflow—until the solver returns a valid result or the max-
imum iteration limit Tmax is reached. This approach ensures
that the system strictly adheres to logical axioms while pos-
sessing the resilience to iteratively correct syntactic and se-
mantic misalignments based on compiler feedback.

Adaptive Result Fusion The final decision ŷ is derived
via a hierarchical gating mechanism designed to balance the
provable soundness of System 2 with the probabilistic cov-
erage of System 1. Let rsym denote the deterministic result
from the Symbolic Validator and rneur denote the proba-
bilistic prediction from the Neural Reasoning Chain.

To synthesize these distinct modalities, we formulate the
fusion strategy as a cascade decision process. The primary
gate is the execution status of the logic program Φ. While
System 2 is prioritized for its rigorous derivation, System
1 serves as a critical fallback when formalization is in-
tractable. The fusion function is defined as:

ŷ =


rsym, if S(Φ) = Success ∧ rsym = rneur;

Vverify(rsym, rneur), if S(Φ) = Success ∧ rsym ̸= rneur;

rneur, if S(Φ) = Fail ∧ Conf(rneur) > δ;

Unknown, otherwise.
(4)



where S(·) represents the solver’s execution status, and
Conf(·) computes the confidence score of the neural gener-
ation based on average token log-probabilities.

A critical vulnerability in neuro-symbolic systems is the
Silent Failure mode, where a logic program is syntactically
valid (executable) but semantically unfaithful to the natural
language premises. To mitigate this, we introduce a verifica-
tion protocol for critical instances. When System 2 executes
successfully but yields a contradiction with System 1’s high-
confidence prediction (i.e., rsym ̸= rneur), the system trig-
gers a Re-verification step. Crucially, we re-engage the So-
cratic Error Correction module to resolve this conflict. Func-
tioning as a semantic arbiter rather than just a code debugger,
the Socratic Correction Module is prompted to determine
whether the discordance stems from a subtle formalization
error in Φ or a hallucination in the neural chain, ensuring
that the rigorous output is not only valid but also grounded.

This hybrid architecture ensures that Logical-SAGE ben-
efits from the “best of both worlds”: the provable correctness
of symbolic logic and the semantic robustness of large lan-
guage models.

Experiments
In this section, we provide a comprehensive empirical eval-
uation of Logical-SAGE. We aim to answer the following
research questions:

• RQ1 (Performance): How does Logical-SAGE com-
pare against state-of-the-art LLMs and existing neuro-
symbolic frameworks across diverse reasoning tasks?

• RQ2 (Socratic Mechanism): How does the Socratic Er-
ror Correction module mitigate “Translation Fragility”
and impact the executability of logic programs?

• RQ3 (Dual-Process Necessity): Is the Dual-Process Fu-
sion mechanism essential? How does the synergy be-
tween System 1 (Neural) and System 2 (Symbolic) com-
pare to relying on either modality alone?

Experimental Setup
Datasets We evaluate our framework on four standard
logical reasoning benchmarks, comprehensively covering a
broad spectrum of reasoning types:

• ProntoQA (Saparov and He 2022): A synthetic dataset
focusing on multi-hop deduction with purely fictional
predicates devoid of prior knowledge.

• ProofWriter (Tafjord, Mishra, and Clark 2021): Requires
generating explicit natural language proofs over N-hop
rules, testing strict deductive capabilities.

• FOLIO (Han et al. 2024): A challenging dataset with
expert-written First-Order Logic problems containing
complex linguistic nuances and real-world knowledge.

• LogicalDeduction (Srivastava et al. 2023): A task from
BigBench comprising Constraint Satisfaction Problems
(CSP) that require deducing the order of objects from a
minimal set of conditions.

• AR-LSAT (Zhong et al. 2022): Analytical Reasoning
questions from the Law School Admission Test, repre-
senting highly complex real-world constraint satisfaction
problems (CSP) in out-of-distribution scenarios.

Baselines To rigorously evaluate the effectiveness of
Logical-SAGE, we compare it against a comprehensive set
of baselines, categorized into two paradigms based on their
reasoning methodology:

1. Pure Neural Prompting Baselines: These methods rely
primarily on the internal reasoning capabilities of Large
Language Models via advanced prompting strategies.

• GPT-4 (Standard) and GPT-4-CoT: We report the
performance of GPT-4 using both direct answering
and Chain-of-Thought (CoT) prompting (Wei et al.
2022) to represent the upper bound of pure neural rea-
soning.

• SymbCOT (Xu et al. 2024b): A strong baseline that
augments the standard Chain-of-Thought with sym-
bolic execution traces to guide the generation process,
representing the state-of-the-art in prompt-based logi-
cal enhancement.

2. Neuro-Symbolic Frameworks: These methods, like
ours, explicitly integrate LLMs with external solvers but
differ in their architecture and refinement strategies.

• Logic-LM (Pan et al. 2023): The foundational base-
line that employs a standard generate-then-verify loop
based on error feedback using GPT-4.

• Logic-LM++ (Kirtania, Gupta, and Radhakrishna
2024): An enhanced version of Logic-LM that in-
corporates multi-step refinement and paired candidate
comparisons to improve translation accuracy.

• LTRAG (Hu et al. 2025): A Retrieval-Augmented
Generation (RAG) framework that retrieves similar
logical templates to serve as demonstrations to assist
the solver, particularly effective for tasks requiring ex-
ternal knowledge (e.g., AR-LSAT).

• VERUS (Callewaert, Vandevelde, and Vennekens
2025): A recent state-of-the-art modular neuro-
symbolic solver that uses a specialized ensemble ap-
proach decomposing problems into sub-tasks for high-
precision deduction.

Implementation Details To demonstrate the efficiency
and democratized potential of our framework, we restrict
the neural backbone to Qwen-3-8B 1, a parameter-efficient
open-source LLM. Specifically, the Neural Semantic Parser,
the Socratic Error Correction Agent, and the Neural Rea-
soning Chain (System 1) are all instantiated using the same
Qwen-3-8B model, fine-tuned via LoRA on the training
splits of the respective datasets. This unified setup ensures
that our performance gains stem from architectural inno-
vation rather than raw model scale. For symbolic execu-
tion, we align specific deterministic solvers with the logi-
cal topology of each benchmark: deductive reasoning tasks

1https://huggingface.co/Qwen/Qwen3-8B



Table 1: Accuracy (%) comparison on five logical reasoning benchmarks. Logical-SAGE (SFT), despite using a small
Qwen-3-8B backbone, achieves new state-of-the-art results across all datasets, significantly outperforming GPT-4 based base-
lines. Best results are bolded; best baseline results are underlined.

Method PrOntoQA ProofWriter FOLIO LogicalDed. AR-LSAT Avg.
Pure Neural Prompting Baselines

GPT-4† (Standard) 77.40 52.67 69.11 71.33 33.33 60.77
GPT-4-CoT† 98.79 68.11 70.58 75.25 35.06 69.56
SymbCOT* 99.60 82.50 83.33 93.00 43.91 80.47

Neuro-Symbolic Baselines
Logic-LM (GPT-4)* 83.20 78.80 68.55 87.63 23.40 68.32
LOGIC-LM++ (GPT-4)* — 79.66 84.80 — 46.32 —
LTRAG* — — 78.57 — 68.40 —
VERUS* 95.80 93.83 78.43 88.67 68.36 85.02

Ours
Logical-SAGE (Qwen3-8B) 91.60 81.30 73.20 91.80 53.60 78.30
Logical-SAGE (SFT Qwen3-8B) 100.00 95.83 86.12 99.00 71.15 90.42

Note: “—” denotes results not reported. † indicates results from (Xu et al. 2024b). * indicates results from original paper.

Table 2: Comparison of Execution Rate (Er, %) and Execution Accuracy (Ea, %) against SOTA baselines. Logical-SAGE
(SFT) achieves near-perfect execution rates across most tasks, virtually eliminating the “Translation Fragility” issue that plagues
GPT-4 based methods like Logic-LM (e.g., 39.8% Er on AR-LSAT).

Model PrOntoQA ProofWriter FOLIO LogicalDed. AR-LSAT
Er Ea Er Ea Er Ea Er Ea Er Ea

Logic-LM (GPT-4) 100.0 83.2 99.0 79.6 85.8 79.9 100.0 87.6 39.8 58.8
LOGIC-LM++ 99.0 79.6 — — 86.7 85.8 — — 32.0 66.2
VERUS 98.2 97.6 99.0 94.8 100.0 78.4 99.3 89.3 98.7 69.3

Logical-SAGE (Qwen3-8B) 95.3 96.1 97.0 83.8 93.0 78.7 97.0 94.6 75.3 71.0
Logical-SAGE (SFT Qwen3-8B) 100.0 100.0 100.0 95.8 100.0 86.1 100.0 99.0 95.6 74.4

Note: Er: Execution Rate; Ea: Exact Match Accuracy of executed programs. “—” indicates data not reported.

(PrOntoQA and ProofWriter) utilize the Pyke logic pro-
gramming engine; First-Order Logic problems (FOLIO)
are offloaded to the Prover9 automated theorem prover;
Constraint satisfaction tasks (LogicalDeduction) employ the
python-constraint library; and complex analytical
reasoning tasks (AR-LSAT) are solved using the Z3 SMT
solver. The Socratic Agent operates with a maximum refine-
ment depth of Tmax = 3. All experiments were conducted
on a server with a single NVIDIA H100 (80GB) GPU.

Main Results
Overall Accuracy Table 1 presents the comprehensive
comparison results across five logical reasoning bench-
marks. The most striking finding is that Logical-SAGE
(SFT) establishes a new state-of-the-art, achieving a remark-
able average accuracy of 90.42%. This significantly sur-
passes the strongest baseline, VERUS (85.02%), by a mar-
gin of 5.40%. Crucially, this performance is achieved us-
ing a parameter-efficient Qwen-3-8B backbone, whereas
top-tier baselines like SymbCOT and Logic-LM++ rely on
the massive, closed-source GPT-4. This empirically vali-
dates our hypothesis that for rigorous logical tasks, archi-
tectural soundness—specifically the integration of a special-
ized System 2 parser with Socratic error correction—is more
deterministic than raw model scale. We demonstrate that a

compact, well-tuned neuro-symbolic system can effectively
“punch above its weight,” outperforming general-purpose
giant models by substantial margins.

The performance dominance is particularly evident in
complex, linguistically nuanced scenarios. On the FO-
LIO benchmark, which involves intricate First-Order Logic
translation, Logical-SAGE (SFT) achieves 86.12%, sur-
passing the previous best of 84.80% set by Logic-LM++.
Similarly, on the notoriously difficult AR-LSAT, our model
outperforms even retrieval-augmented methods like LTRAG
(71.15% vs. 68.40%), suggesting effective internalization of
logical constraints without external retrieval. Furthermore,
the comparison between the base Logical-SAGE (78.30%)
and the SFT variant (90.42%) highlights the pivotal role of
supervised fine-tuning. The substantial 12% improvement
indicates that SFT transforms the 8B model from a capa-
ble generalist into a precision engine, aligning its outputs
strictly with the syntactic requirements of symbolic solvers
and enabling near-perfect execution rates on deductive tasks
like PrOntoQA and LogicalDeduction.

Executability and Reliability Analysis To deeply investi-
gate how Logical-SAGE resolves the “Translation Fragility”
bottleneck, we compare the Execution Rate (Er)—the per-
centage of generated programs that compile without syn-



Table 3: Analysis of the Socratic Error Correction (SEC) effectiveness. We report the Execution Rate (Er) and Exact Match
Accuracy (Ea) before and after applying the Socratic loop.

Configuration PrOntoQA ProofWriter FOLIO LogicalDed. AR-LSAT
Er Ea Er Ea Er Ea Er Ea Er Ea

w/o SEC 78.5 91.2 72.4 79.5 58.6 70.1 84.2 89.5 31.5 55.8
w/ SEC (Ours) 100.0 100.0 100.0 95.8 100.0 86.1 100.0 99.0 95.6 74.4
Improvement (∆) +21.5 +8.8 +27.6 +16.3 +41.4 +16.0 +15.8 +9.5 +64.1 +18.6

Note: Er: Execution Rate (%), measures the percentage of problems that produce syntactically valid programs; Ea: Exact Match Accuracy
(%), measures the percentage of problems solved correctly. Improvements are calculated as (w/ SEC) - (w/o SEC).

Table 4: Ablation study on the necessity of the Dual-Process architecture. We report Accuracy (%) for System 1 alone, System
2 alone, and the full Logical-SAGE framework. Performance drops relative to the full model are shown in red. The results
confirm that while System 2 drives the majority of performance gains, System 1 acts as a critical safety net, particularly for tasks
with high linguistic ambiguity.

Configuration PrOntoQA ProofWriter FOLIO LogicalDed. AR-LSAT Avg.
System 1 Only (Neural CoT) 88.50 (↓11.5%) 86.20 (↓10.0%) 79.40 (↓7.8%) 86.3 (↓12.8%) 60.50 (↓15.0%) 80.18 (↓11.3%)

System 2 Only (Symbolic) 98.64 (↓1.4%) 87.50 (↓8.7%) 81.20 (↓5.7%) 91.30 (↓7.8%) 61.80 (↓13.14%) 84.09 (↓7.0%)

Full Model (Logical-SAGE) 100.00 95.83 86.12 99.00 71.15 90.42

Note: Percentages in red with ↓ arrows indicate performance degradation compared to the full Logical-SAGE model. System 1 refers to the
neural chain-of-thought module; System 2 refers to the symbolic reasoning engine.

tax errors—and the Execution Accuracy (Ea)—the correct-
ness of those executed programs—against leading neuro-
symbolic baselines. The results are summarized in Table 2.

The most critical insight derived from Table 2 is that
Logical-SAGE (SFT) effectively solves the crash-proneness
inherent in symbolic generation. This capability is most
strikingly illustrated on the complex AR-LSAT benchmark,
where GPT-4 based baselines suffer from catastrophic fail-
ure rates (Er < 40%). In contrast, our SFT model achieves
an impressive Er of 95.6%.

Crucially, Logical-SAGE demonstrates superior reliabil-
ity across different logic types. On four out of five bench-
marks (PrOntoQA, ProofWriter, LogicalDeduction, and FO-
LIO), the model achieves a perfect 100% Execution Rate.
This establishes that the Socratic Error Correction mecha-
nism successfully eliminates syntax errors even in complex
First-Order Logic tasks. Furthermore, on the challenging
FOLIO dataset, Logical-SAGE (SFT) demonstrates supe-
rior semantic fidelity compared to the state-of-the-art mod-
ular solver VERUS. While both models achieve 100% ex-
ecutability, our model significantly outperforms VERUS in
Execution Accuracy (86.1% vs. 78.4%). This distinction
validates that Logical-SAGE generates not merely compil-
able code, but logically correct proofs that faithfully capture
the problem semantics.

Sensitivity Analysis: The Efficiency-Performance
Trade-off
To determine the optimal configuration for real-world de-
ployment, we analyze the critical trade-off between reason-
ing rigor and computational cost by plotting the Average
Accuracy against Inference Latency across varying refine-
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Figure 3: Efficiency-Performance Trade-off. The dual-axis
plot compares Average Accuracy (line) against Inference
Latency (bars).

ment depths (Tmax). As visualized in Figure 3, the sys-
tem exhibits a steep performance ascent from 78.3% at the
baseline (T = 0) to a peak of 92.36% at T = 3, reflect-
ing the Socratic Agent’s ability to effectively resolve fa-
tal syntax errors and semantic ambiguities through itera-
tive feedback. However, this accuracy gain eventually sat-
urates, with T = 4 yielding negligible marginal improve-
ments (< 0.2%). Conversely, the computational cost follows
a strict linear growth trajectory, adding approximately 15-20
seconds of latency per iteration due to the combined over-
head of symbolic execution and LLM re-generation. With



the total latency exceeding 80 seconds at T = 4, we identify
Tmax = 3 as the operational “sweet spot”, striking the ideal
balance that maximizes logical faithfulness within a practi-
cal time budget (∼65s), thus validating the efficiency of our
Guided Evolution paradigm.

Ablation Study
Effectiveness of Socratic Error Correction To rigor-
ously quantify the contribution of the Socratic Error Cor-
rection (SEC) module, we evaluate the quality of gener-
ated logic programs using two key metrics: Execution Rate
(Er) and Execution Accuracy (Ea). As shown in Table 3,
the baseline configuration without SEC exposes a severe
“Translation Fragility” inherent to the compact Qwen-3-8B
backbone. While the model maintains decent executabil-
ity (∼80%) on straightforward deductive tasks like PrOn-
toQA, it falters significantly on complex benchmarks. Most
notably, on AR-LSAT, which demands intricate Python Z3
constraint formulations, the execution rate plummets to a
catastrophic 31.5%. This indicates that in a single-pass gen-
eration setting, the small model is prone to hallucinations,
frequently generating undefined variables or violating rigid
syntactic structures that render the symbolic solver useless.

Integrating the Socratic Error Correction loop fundamen-
tally reverses this trend, transforming the system’s reliabil-
ity. We observe a dramatic surge in Execution Rate across all
datasets. Notably, on PrOntoQA, ProofWriter, FOLIO, and
LogicalDeduction, the SEC mechanism achieves a perfect
100% Execution Rate, completely eliminating compilation
failures. The impact is most profound on the complex AR-
LSAT benchmark, where executability leaps from 31.5% to
95.6% (a massive +64.1 point improvement). This confirms
that the Socratic agent effectively interprets solver error logs
(e.g., NameError, SyntaxError) to iteratively “debug”
the code. More critically, the benefits extend beyond mere
compilation; the Exact Match Accuracy (Ea) also sees sub-
stantial gains (e.g., +18.6% on AR-LSAT). This suggests
that the SEC process transcends surface-level syntax repair.
By forcing the model to reflect on execution feedback, it
rectifies deeper semantic misalignments—such as correcting
boundary conditions (e.g., swapping > with ≥) or fixing en-
tity mappings—thereby ensuring the final symbolic proofs
are not only executable but also logically sound.

Necessity of the Dual-Process Architecture To validate
the architectural premise of Logical-SAGE—that combin-
ing neural intuition (System 1) with symbolic rigor (System
2) is superior to relying on either modality alone—we con-
duct an ablation study focusing on the final accuracy across
all benchmarks. As detailed in Table 4, we compare the
full framework against two decoupled variants: “System 1
Only”, which relies solely on the fine-tuned Neural Reasoner
via Chain-of-Thought, and “System 2 Only”, which utilizes
the Symbolic Validator (with SEC enabled) but treats execu-
tion failures as incorrect answers without neural backoff.

The empirical results strongly advocate for the synergis-
tic design. Relying solely on System 1 yields an average
accuracy of 80.18%. While this represents a strong neural
baseline, it still lags behind the Full Model by over 10%,

indicating that pure probabilistic reasoning lacks the preci-
sion required for rigorous tasks. Conversely, System 2 alone
achieves a baseline of 84.09%, proving that symbolic execu-
tion is a primary driver of our state-of-the-art performance
but still insufficient on its own. However, a critical observa-
tion is that on FOLIO, System 2 alone (81.20%) underper-
forms the Full Model (86.12%), revealing that the symbolic
validator is not infallible. System 2 is inherently bounded
by the “Translation Fragility” bottleneck; similarly, on AR-
LSAT, the accuracy caps at 61.80%. The Full Model ef-
fectively bridges these gaps, lifting the AR-LSAT perfor-
mance to 71.15% and the overall average to 90.42%. This
demonstrates that the Adaptive Fusion mechanism success-
fully leverages System 1 as a robust semantic backoff, sal-
vaging cases where the strict symbolic parser fails (both in
FOLIO and AR-LSAT) while maintaining the rigorous guar-
antees of the solver whenever possible.

Conclusion
In this paper, we addressed the “Translation Fragility” bot-
tleneck inherent in neuro-symbolic reasoning, where the in-
tolerance of formal solvers to minor errors often cripples
the potential of Large Language Models (LLMs). We intro-
duced Logical-SAGE, a dual-process architecture that har-
monizes the linguistic intuition of neural networks with the
axiomatic rigor of symbolic logic. By modeling the reason-
ing process not as a linear translation but as a reflexive di-
alogue, our framework employs a novel Socratic Error Cor-
rection mechanism. This approach fundamentally shifts the
paradigm from a generate-and-hope strategy to a generate-
and-correct loop, where solver feedback acts as a pedagogi-
cal signal to guide the LLM toward valid execution. Empiri-
cal evaluations across multiple benchmarks demonstrate that
Logical-SAGE not only establishes a new state-of-the-art in
accuracy but, more importantly, achieves high faithfulness
by ensuring that answers are grounded in verifiable logical
proofs rather than probabilistic hallucinations.

Our findings suggest that the path to reliable General
Artificial Intelligence lies in systems that can introspect
and self-correct. Logical-SAGE serves as a proof-of-concept
for Grounded AI, reducing the “Black Box” opacity of
deep learning by providing transparent, executable reason-
ing chains for high-stakes applications. However, we ac-
knowledge that our current reliance on standard First-Order
Logic (FOL) imposes limits on expressivity, particularly
when dealing with the probabilistic, temporal, or fuzzy
concepts common in human communication. Consequently,
several promising avenues for future research emerge. First,
we plan to extend the Socratic Agent to support more di-
verse formalisms, such as Probabilistic Soft Logic or Tem-
poral Logic, to capture the nuances of dynamic real-world
environments. Second, to mitigate the inference latency in-
troduced by iterative refinement, we envision integrating Re-
inforcement Learning (RL) to fine-tune the semantic parser
end-to-end, internalizing the socratic feedback directly into
the model’s weights. Finally, we aim to generalize this
guided evolution paradigm beyond logic puzzles to broader
code generation and algorithmic reasoning tasks, striving for
a universally robust neuro-symbolic interface.
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