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ABSTRACT

We study regularized deep neural networks (DNNs) and introduce a convex ana-
lytic framework to characterize the structure of the hidden layers. We show that a
set of optimal hidden layer weights for a norm regularized DNN training problem
can be explicitly found as the extreme points of a convex set. For the special case
of deep linear networks with K outputs, we prove that each optimal weight ma-
trix is rank-K and aligns with the previous layers via duality. More importantly,
we apply the same characterization to deep ReLLU networks with whitened data
and prove the same weight alignment holds. As a corollary, we prove that norm
regularized deep ReLU networks yield spline interpolation for one-dimensional
datasets which was previously known only for two-layer networks. Furthermore,
we provide closed-form solutions for the optimal layer weights when data is rank-
one or whitened. We then verify our theory via numerical experiments.

1 INTRODUCTION

Deep neural networks (DNNs) have become extremely popular due to their success in machine
learning applications. Even though DNNs are highly over-parameterized and non-convex, simple
first-order algorithms, e.g., Stochastic Gradient Descent (SGD), can be used to successfully train
them. Moreover, recent work has shown that highly over-parameterized networks trained with SGD
obtain simple solutions that generalize well (Savarese et al, [2019; |Parhi & Nowak, 2019; |[Ergen &
Pilancil |2020azb)), where two-layer ReLU networks with the minimum Euclidean norm solution and
zero training error are proven to fit a linear spline model in 1D regression. Therefore, regularizing the
solution towards smaller norm weights might be the key to understand the generalization properties
of DNNs. However, analyzing DNNS is still theoretically elusive even in the absence of nonlinear
activations. Therefore, we study norm regularized DNNs and develop a framework based on convex
duality such that a set of optimal solutions to the training problem can be analytically characterized.

Deep linear networks have been the subject of extensive theoretical analysis due to their tractability.
A line of research (Saxe et al., 2013} |Arora et al.| [2018a; [Laurent & Brecht, 2018 |Du & Hu, 2019;
Shamir, 2018)) focused on GD training dynamics, however, they lack the analysis of generalization
properties of deep networks. Another line of research (Gunasekar et al., 2017; |Arora et al., 2019;
Bhojanapalli et al., [2016) studied the generalization properties via matrix factorization and showed
that linear networks trained with GD converge to minimum nuclear norm solutions. Later on, |Arora
et al.| (2018b)); Du et al.| (2018) showed that gradient flow enforces the layer weights to align. Ji &
Telgarsky| (2019) further proved that each layer weight matrix is asymptotically rank-one. These
results provide insights to characterize the structure of the optimal layer weights, however, they re-
quire multiple strong assumptions, e.g., linearly separable training data and strictly decreasing loss
function, which makes the results impractical. Furthermore,|Zhang et al.|(2019) provided some char-
acterizations for nonstandard networks, which are valid for hinge loss and specific regularizations
where the data matrix is included. Unlike these studies, we introduce a complete characterization
for the regularized deep network training problem without requiring such assumptions.

Our contributions: 1) We introduce a convex analytic framework that characterizes a set of optimal
solutions to regularized training problems as the extreme points of a convex set, which is valid
for vector outputs and popular loss functions including squared, cross entropy and hinge los 2)
For deep linear networks with K outputs, we prove that each optimal layer weight matrix aligns

"Extensions to other loss functions, e.g., cross entropy and hinge loss, are presented Appendix
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\
ﬁ'f Width (m) | Depth (L) | Vector outputs (K)
8, | [Savarese et al.[(2019) 00 2 X(K=1)
T | [Parhi & Nowak|(2019) 00 2 X(K=1)
: | [Ergen & Pilanci|(2020alb) finite 2 X(K=1)
ot 27 oen 7 Our work finite L>2 J(K>T1)

Figure 1 & Table 1: One dimensional interpolation using L-layer ReLU networks with 20 neurons in each
hidden layer. As predicted by Corollary the optimal solution is given by piecewise linear splines for any
L > 2. Additionally, we provide a comparison with previous studies about this characterization.

with the previous layers and becomes rank-K via convex duality; 3) For deep ReLU networks, we
obtain the same weight alignment result for whitened or rank-one data matrices. As a corollary, we
achieve closed-form solutions for the optimal hidden layer weights when data is whitened or
rank-one (see Theorem 4.1 and 4.3). As another corollary, we prove that the optimal networks
are linear spline interpolators for one-dimensional, i.e., rank-one, data which generalizes the
two-layer results for one-dimensional data in Savarese et al./ (2019); |Parhi & Nowak| (2019);
Ergen & Pilanci| (2020a3b) to arbitrary depth. We note that the analysis of ReLU networks for
the one dimensional data considered in these works is non-trivial, which is a special case of our
rank-one/whitened data assumption.

Notation: We denote matrices/vectors as uppercase/lowercase bold letters. We use 0y, (or 1) and
I to denote a vector of zeros (or ones) and the identity matrix of size k, respectively. We denote
the set of integers from 1 to n as [n]. To denote Frobenius, operator, and nuclear norms, we use
|- 1l7 || - |l2> and || - ||+, respectively. Furthermore, 0,44 (+) and 0., (+) represent the maximum
and minimum singular values, respectively and By is defined as B := {u € R¢ | |lul]z < 1}.

1.1 OVERVIEW OF OUR RESULTS

We consider an L-layer network with layer weights W; € R™-1*™ V] ¢ [L], where mo =
d and my, = 1, respectively. Then, given a data matrix X € R"*%, the output is fy (X) =
Ap_awr, A = g(A;-1 W) VI € [L — 1], where Ay = X and g(-) is the activation function.
Given a label vector y € R", training problem can be formulated as follows

min ‘C(f&L(X)a y) + 5R(0) ; (D
{9,}{‘:1
where L(-,-) is an arbitrary loss function, R(¢) is regularization for the layer weights, 5 > 0
is a regularization parameter, §; = {W;,m;}, and 0 := {6,}£,. In the paper, for the sake of

presentation simplicity, we illustrate the conventional training setup with squared loss and ¢5-norm

regularization, i.e., £(fo..(X),y) = || fo..(X) — y||3 and R(0) = Zlel W ||%. However, our
analysis is valid for arbitrary loss functions and different regularization terms as proven in Appendix.
Thus, we consider the following optimization problem

L
Pt = min L(fp.L(X),y)+ 83 Wil @)
Hi=1 =1
Next, we show that the minimum ¢3 norm is equivalent to minimum ¢; norm after a rescaling.
Lemma 1.1. The following problems are equivalent :

L , min  L(fo,0(X),y) + 28(wrl +B(L - 2)t2
min L(fp,r(X),y) + 52 (W2 = (e |
{0}, =1 s.t.wp_1,; € B, |[Wi|lp <t Vie|L-2]

where Wi _1 ; denotes the 3™ column of Wy,_1.

Using Lemma [1.1P] we first take the dual with respect to the output layer weights w;, and then
change the order of min-max to achieve the following dual deep network training problem, which
provides a lower bound[Y]
P* >D* = min max min —L*(N) + B(L —2)t* s.t. |AT_ Ao < 28.
t A WLflijBQ,Vj
Willr<t, Vi€[L—2]

The proof is presented in Appendix
3For the definitions and details see Appendix
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To the best of our knowledge, the above dual deep network characterization is novel. Using this
result, we first characterize a set of weights that minimize the objective via the optimality conditions
and active constraints in the dual objective. We then prove the optimality of these weights by proving
strong duality, i.e., P* = D, for deep networks. We then show that, for deep linear networks with
K outputs, optimal weight matrices are rank-K and align with the previous layers.

More importantly, the same analysis and conclusions also apply to deep ReLU networks with K
outputs when the input is whitened and/or rank-one. To the best of our knowledge, this is the first
work providing a complete characterization for deep ReLU networks via convex duality. Based on
this analysis, we even obtain closed-form solutions for the optimal layer weights. As a corollary, we
show that deep ReLU networks fit a linear spline interpolation when the input is a one-dimensional
dataset. We also provide an experiment in Figure |I| to verify this claim. We emphasize that this
result was previously known only for two-layer networks (Savarese et al., 2019; [Parhi & Nowakl
2019; |[Ergen & Pilanci, [2020azb) and here we extend it to arbitrary depth L (see TableE] for details).

2  WARMUP: TWO-LAYER LINEAR NETWORKS
To illustrate an application of the convex dual D*, we consider the simple case of two-layer lin-

ear networks with the output fy2(X) = XW;wy and define the parameter space as § € © =
{(Wy1,wa,m)| Wy € R™>*™ wy € R™ m € Z, }. Motivated by recent results (Neyshabur et al.|
2014} Chizat & Bachl 2018 Savarese et al., 2019; [Parhi & Nowakl 2019; |[Ergen & Pilanci, 2020azb)),
we first focus on a minimum nornﬂ variant of equationwhen L(fo..(X),y) = |fo..(X) —yl3
and then extend it to equation [T} The minimum norm primal training problem can be written as

min [|W [[7 + [[wall3 st fo.2(X) =y 3)

Using Lemma|A. 1Pl we equivalently have
Pr = Iﬂpgg [wall1 s.t. fo2(X) =y, wi; € B2,V “)

which has the following dual form.
Theorem 2.1. The dual of the problem in equation{|is given by

P* > D* = max ATy sr. max |)\TXW1| <1. (5)
A€R” w1 EBs

For finite width networks, there exists a finite m such that strong duality holds, i.e., P* = D*, and an
optimal W1 for equationsatisﬁes |(XW)TA*||oo = 1, where X* is the dual optimal parameter.

Using Theorem [2.1] we now characterize the optimal neurons as the extreme points of a convex set.

Corollary 2.1. Theorem [2.1] implies that the optimal neurons are extreme points which solve the
following problem arg maxy, cp, IA*TXw,y |
Definition 1. We call the maximizers of the constraint in Corollary 2.1] extreme points.

From Theorem 2.1 we have the following dual problem
max ATy s.t. max [ATXw,| < 1. (6)
A w1 EB2
Let X = UIZQEVZ be the singular value decomposition (SVD) of Xﬂ If we assume that there
exists w* such that Xw* = y due to Proposition[2.1] then equation[6]is equivalent to
max AT, w* st [|[ZTX[, <1, (7)
by
where A = UZX and w* = VI'w*. Notice that in equation [7, we use an alternative formulation

for the constraint, i.e., || X? A||2 < 1 instead of [ATXw| < 1, Vw; € By since the extreme point
is achieved when wy = X7\ /|| XT A||2. Given rank(X) = r < min{n, d}, we have

Y ~ % Y I 0 - ~ % Y ~ % ~
Srm = X0w, o [ < A < 9 ®

*
wo

“This corresponds to weak regularization, i.e.,  — 0 in equation|l|(see e.g. [Wei et al.|(2018).).
5 All the equivalence lemmas and proofs are presented in Appendix
®1n this paper, we use full SVD unless otherwise stated.
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which shows that the maximum objective value is achieved when 255\ = c;wy. Thus, we have
V.ETX VW Pxr(w?)

VST Wl 1P (W)l

where Pxr () projects its input onto the range of X”. In the following results, we show that one
can consider a planted model without loss of generality and prove strong duality for equation 4}
Proposition 2.1. [Du & Hu|(2019)] Given w* = arg min,, | Xw —y

*
Wy

2, we have

arg min | XW;wy — Xw*||2 = arg min || XWws — y||2.

Wi,wo 1,W2

Theorem 2.2. Let {X,y} be feasible for equation W} then strong duality holds for finite width
networks.

2.1 REGULARIZED TRAINING PROBLEM
In this section, we define the regularized version of equation 4] as
1 )
min = 1f02(X) — ¥II3 + Bllwally st wa; € B, 9)
which has the following dual form
1 2 1 2 T
——|A = = .t X < 8.
max —5[|A —yllz + 5llyl2 st max |A"Xwq| <8

Then, an optimal neuron needs to satisfy the condition

. XTPxs(y)
W, = T~T D T\
[XTPx 5(y)ll2

where Px () projects its argument to {u € R" | || XT'u||s < 8}. We now prove strong duality for
equation 9}
Theorem 2.3. Strong duality holds for equation[9with finite width networks.

2.2 TRAINING PROBLEM WITH VECTOR OUTPUTS

Here, the model is fy 2(X) = XW; Wy toestimate Y € R™* X which can be optimized as follows

min [|W1 |7 + [Wa[7 st foo(X) =Y. (10)
Using Lemma[A.2] we reformulate equation[I0]as
reréig; [waill2 st fo2(X) =Y, wy; € Ba,Vj. (11)
which has the following dual with respect to W
mjz&xtrace(ATY) s.t. [ATX w2 < 1, Vw; € Bo. (12)
Since we can assume Y = XW* due to Proposition where W* € R4*K  we have
trace(ATY) = trace(ATXW*) = trace(AU,Z, W) < 01naz(ATU,X,) ’v”v: < W2
(13)

where 0,4, (ATX) < 1 due to equationand W: = |:OdIT. 02”(1; } VI'W*. Given the
—TrXr —rXa—r

SVD of VV:, ie.,U,X,VT choosing

w?

ATUsz = Vw Irw O'r‘w XA UZ
OK—Tw X T OK—rw X d—1q,

achieves the upper-bound above, where r,, = rank(VV;’j). Thus, optimal neurons are a subset of the
first r, right singular vectors of AX. Moreover, the next result shows that strong duality holds.

Theorem 2.4. Let {X,Y} be feasible for equation then strong duality holds for finite width
networks.
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2.2.1 REGULARIZED CASE

Here, we define the regularized version of equation [I1]as follows

1 ) “ ‘
min 5| fo2(X) = Y + ﬂ; [wa,jll2 s.t. wij € B2, Vj.

which has the following dual with respect to W
1 1
max — A — Y% + §||Y|\2F s.t. Opman (ATX) < B.

Then, the optimal neurons are a subset of the maximal right singular vectors of Px 5(Y)?X, where
Px 5(-) projects its input to the set {U € R"*¥ | 5,,,,,(UTX) < s}.

Remark 2.1. Note that the optimal neurons are the right singular vectors of Px,g(Y)TX that
achieve the upper-bound of the set, i.e., |Px g(Y)TXwi|2 = B, where ||wi|l2 = 1. This implies
that the optimal neurons satisfy |[YTXwi |2 > B. Therefore, the number of optimal neurons and
the rank of the optimal weight matrix, i.e., W7, are determined by .

Remark 2.2. There might exist optimal solutions other than the right singular vectors of
Px (Y)TX. As an example, consider u, and sy as the optimal right singular vectors. Then,
any u = ayu; + aoUy with o + a2 = 1 also achieves the upper-bound, therefore, optimal.

3 DEEP LINEAR NETWORKSU
We now consider an L-layer linear network with fp ,(X) = XW; ... wy, and the training problem

L
P* = min Y W% st for(X)=y. (14)
iz

Proposition 3.1. First L — 2 hidden layer weight matrices in equation|l4| have the same operator
and Frobenius norms, i.e., t1 =ta = ... =tr,_o, where t; = ||W||r = [|[W]2, VI € [L —2].

Theorem 3.1. Optimal layer weights for equation[I4]satisfy the following relation
Wi =S t'p1p] ifl<I<L-2 ,
pr—2 ifl=L—-1
where ||pi|2 = 1, VI € [L — 2] and W} follows the definition in equation|8|

This result clearly shows that the intra-layer weights need to satisfy an aligment condition. The next
theorem shows that strong duality holds in this case.

Theorem 3.2. Let {X,y} be feasible for equation then strong duality holds for finite width
networks.

Corollary 3.1. Theorem [3.1| implies that deep linear networks can obtain a scaled version of y
using only the first layer, i.e., XW1p1 = cy, where ¢ > 0. Therefore, the remaining layers do not
contribute to the expressive power.

3.1 TRAINING PROBLEM WITH VECTOR OUTPUTS

Here, we consider vector output, i.e., my = K, deep networks with the output fy (X) =
XW; ... W_. In this case, we have the following training problem
L
Jin STIWIE st foL(X) =Y. (15)
Hi=t =1

With the same approach, the optimal layer weights for equation[I5]can be characterized as follows.

"Since the derivations are similar, we present the details in Appendixand
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Theorem 3.3. Optimal layer weight for equation|[I5]can be formulated as follows
* K ~ .
t Z]‘:1 Vw,jple- ifl=1
* K )
Wi=1qt ijlpz—upfj fl<i<L-2 |,
Zjl'(:l pr—2; ifl=L—1

where v, ; is the 3™ maximal right singular vector of ATX and we may pick a set of unit norm
vectors {py j }1=,2 such that plijl’k =0, V) #Ek

The next theorem formally proves that strong duality holds for the primal problem in equation[T5]

Theorem 3.4. Let {X,y} be feasible for equation then strong duality holds for finite width
networks.

4 DEEP RELU NETWORKS

Here, we consider an L-layer ReLU network with fp (X)) = Ap_iwp, where A; =
(Ai-iW)) 4, VI € [L—1], Ay = X, and (z)+ = max{0,z}. Below, we first state the train-
ing problem and then present our results

L
min Y [[Wi[|% st fo0(X) =y, (16)
{0, 1

Theorem 4.1. Let X be a rank-one data matrix such that X = caOT, where ¢ € R} and ag € R4,
then strong duality holds and the optimal weights for each layer can be formulated as follows

_ b br—2
-1l ldr—2ll2’

where ¢ = ag and {¢;}1=,° is a set of vectors such that ¢; € R and || ¢y||2 = t*, VI € [L — 2].

W, o, Vie[L -2, wp_1 =

Our derivations can also be extended to cases with bias term. Below, we first examine a two-layer
ReLU network training problem with bias term and then extend this result to a multi-layer network.

Theorem 4.2. Let X be a data matrix such that X = cag, where ¢ € R™ and ag € R®. Then, a set
of optimal solutions to equation satisﬁes {(w;, b;) Y™, where w; = si”;ﬁ, b; = —sic;i||lagl|2
with s; = £1,Vi € [m].

Corollary 4.1. As a result of Theorem when we have one dimensional data, i.e., x € R", an
optimal solution to equation |16| can be formulated as {(w;,b;)}1, where w; = s;, b; = —s;2;
with s; = £1,Vi € [m]. Therefore, the optimal network output has kinks only at the input data
points, i.e., the output function is in the following form: fg2(%) = Y, (2 — sci)Jr. Therefore, the
network output becomes linear spline interpolation for one dimensional datasets.

We now extend the results in Theorem[4.2] and Corollary &.1] for multi-layer ReLU networks.

Proposition 4.1. Theorem[.1]still holds when we add a bias term to the last hidden layer, i.e., the
output becomes (A, _osWp_1 + 1an)+wL =y, where Ay = (A;_1W;),, Vi€ [L-2].

Corollary 4.2. As a result of Theorem and Proposition when we have one dimensional
data, i.e., x € R", the optimal network output has kinks only at the input data points, i.e., the output
function is in the following form: fo (%) =), (:i' — xl) 4 Therefore, the network output becomes

linear spline interpolation for one dimensional datasets.

Remark 4.1. Note that in Corollary and we prove that the optimal output function for
multi-layer networks are linear spline interpolators for rank-one data, which generalizes the two-
layer results for one-dimensional data in|Savarese et al.| (2019); |Parhi & Nowak| (2019), |[Ergen &
Pilanci|(2020a,b) to arbitrary depth. We also remark that the analysis of ReLU networks for the one
dimensional data considered in these works is non-trivial, which is a special case of our rank-one
data assumption.
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The analysis in Theorem [4.1] also holds for vector output multi-layer ReLU networks as shown in
the next result.

Proposition 4.2. Strong duality also holds for deep ReLU networks with vector outputs and the
optimal layer weights can be formulated as in Theorem{d.1]

Now, we extend our characterization to arbitrary rank whitened data matrices and fully characterize
the optimal layer weights of a deep ReLLU network with K outputs.

Theorem 4.3. Let {X, Y} be a dataset such that XXT = I andY has orthogonal columns, then
the optimal weight matrices for each layer can be formulated as follows

1 1
¢l 1, T = [L _ 2], W, | = [ PrL-2.1 PrL_22K } 7

2K
1
W, = ,
/QK; H¢l—1,r”2 i, /2K lér—2,1l=2 lpr—22Kl2

where (¢o 251, Po,25) = (XT (yj)+,XT( - yj)+), Vj € (K] and {¢ .} is a set of vectors
such that ¢, € R, ||| = t*, and ¢ljji¢l7j =0, Vi # j.

Remark 4.2. In one hot encoded labeling, which is the conventional labeling for classification
tasks, the label matrix Y € R" ¥ has nonoverlapping, therefore orthogonal, columns. Hence,
classification tasks with one hot encoded labels directly satisfy the assumption in Theorem .3

Remark 4.3. We note that the whitening assumption XXT = 1,, necessitates that n < d, which
might appear to be restrictive. However, this case is common in few-shot classification problems
with limited labels (Chen et al.| |2018). Moreover, it is challenging to obtain reliable labels in prob-
lems involving high dimensional data such as in medical imaging (Hyun et al.| 2020) and genetics
(Singh & Yamada, |2020), where n < d is typical. More importantly, SGD employed in deep learn-
ing frameworks, e.g., PyTorch and Tensorflow, operate in minibatches rather than the full dataset.
Therefore, even when n. > d, each gradient descent update can only be evaluated on small batches,
where the batch size ny, satisfies n, < d. Hence, the n < d case implicitly occur during the training
phase.

We note that these results also hold for regularized ReLU networks as in the previous sections and
we can obtain closed-form solutions for all the layers weights as proven in the next result.

Theorem 4.4. Let {X, Y} be a dataset such that XTX = 1,, and Y has orthogonal columns, then
a set of optimal layer weight matrices for the following regularized training problem

L
1 B
min = X)-Y|Z2 + 5 W, |2 1
min - | fo,..(X) ||F+2§l_1j|| 1k (17)

can be formulated as follows

2K i .
N Doy - LA flsisl-1
- 2K ~ . )
Yoti (ldorlz = B) di-rrel  ifl=1L
where &1 = & = e;, Vj € [K], e; is the j*" ordinary basis vector, and the other definitions
follows from Theorem[.3| except t* = 1.

Remark 4.4. Theorem 4.4\ proves that when the data matrix is whitened and the label matrix sat-
isfies certain conditions, all the layer weights can be obtained as closed-form analytical formulas.
We further note the conditions in this theorem are common in some generic regression/classification
frameworks. As an example, for image classification tasks, it has been shown that whitening sig-
nificantly improves the classification accuracy of the state-of-the-art architectures, e.g., ResNets, on
benchmark datasets such as CIFAR-100 and ImageNet (Huang et al.| |2018)). Furthermore, since the
label matrix is one hot encoded in image classification tasks, it directly satisfies the condition in the
theorem. Therefore, in such cases, there is no need to train a deep ReLU network in an end-to-end
manner. Instead one can directly use the closed-form formulas in Theorem4.4)

8This can be achieved by applying batch whitening, which often improves accuracy (Huang et al.| 2018).
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Figure 2: Verification of Remark (a) Rank of the hidden layer weight matrix as a function of 5 and (b)
rank of the hidden laver weights for different regularization parameters. i.e.. 51 < 8> < B2 < Ba.
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Figure 3: Verification of Proposition and (a) Evolution of the operator and Frobenius norms for the
layer weights of a linear network and (b) Rank of the layer weights of a ReLU network with K = 1.

5 NUMERICAL EXPERIMENTS

Here, we present numerical results to verify our theoretical analysis. We first use synthetic datasets
generated from a random data matrix with zero mean and identity covariance and the corresponding
output vector is obtained via a randomly initialized teacher networkﬂ We first consider a two-layer
linear network with W, € R?9%50 and W, € R%%5. To prove our claim in Remark [2.1] we train
the network using GD with different 3. In Figure 2a] we plot the rank of W as a function of 3, as
well as the location of the singular values of W*Esz using vertical red lines. This shows that the
rank of the layer changes when [ is equal to one of the singular values, which verifies Remark

We also consider a four-layer linear network with W; € R3*%0, W, ¢ R?0x30 W, ¢ R30X30,
and W, € R40%5 We then select different regularization parameters as 5 < 2 < 3 < Sa.
As illustrated in Figure 2b] 3 determines the rank of each weight matrix and the rank is same for
all the layers, which matches with our results. Moreover, to verify Proposition [3.1] we choose /3
such that the weights are rank-two. In Figure 3a] we numerically show that all the hidden layer
weight matrices have the same operator and Frobenius norms. We also perform an experiment for a
five-layer ReLU network with W € R10X50 W, ¢ R%0x40 W, ¢ R40x30 W, ¢ R30%20 and
ws € R20%1 Here, we use data such that X = cag, where ¢ € R”} and ag € R<. In Figure [3b| we
plot the rank of each weight matrix, which converges to one as claimed Proposition 4.1}

We also verify our theory on two real benchmark datasets, i.e., MNIST (LeCun) and CIFARI10
(Krizhevsky et al., [2014). We first randomly undersample and whitened these datasets. Further-
more, we convert the labels into one hot encoded form. Then, we consider ten class classifica-
tion/regression task using three multi-layer ReLU network architecture with L = 3,4, 5. For each
architecture, we use SGD with momentum for training and compare the training/test performance
with the corresponding network constructed via the closed-form solutions (without any sort of train-
ing) in Theorem 3] i.e., denoted as “Theory”. In Figure @ we observe that Theory achieves the
optimal training objective, which also yields smaller error and higher accuracy in the test phase.
Hence, these experiments numerically verify our claims in Theorem [4.3]

6 CONCLUDING REMARKS

We studied regularized DNN training problems and developed an analytic framework to characterize
a set of optimal solutions. We showed that optimal layer weights can be explicitly formulated
as the extreme points of a convex set via the dual problem. We then proved that strong duality

° Additional numerical results can be found in Appendix



Under review as a conference paper at ICLR 2021

0.98

0.96
10" 0.94
0.92
0.9 0.2
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Epoch Epoch Epoch
(a) MNIST-Training objective (b) MNIST-Test error (c) MNIST-Test accuracy
0.99
0.18 - —
0.985
107
0.98 0.16 SGD-L=3
= SGD-L=4
0.975 -8-SGD-L=5
0.14 Theory-L=3
0.97 —Theory-L=4
—Theory-L=5
0.965 0.12
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Epoch Epoch Epoch
(d) CIFAR10-Training objective (e) CIFAR10-Test error (f) CIFAR10-Test accuracy

Figure 4: Training and test performance on whitened and sampled datasets, where (n, d) = (60, 90), K = 10,
L = 3,4, 5 with 50 neurons per layer and we use squared loss with one hot encoding. For Theory, we use the
layer weights in Theorem [#-3} which achieves the optimal performance as guaranteed by Theorem 4.3}

holds for both deep linear and ReLU networks and provided a set of optimal solutions. We also
extended our derivations to the vector outputs and many other loss functions. More importantly, our
analysis shows that when the input data is whitened or rank-one, instead of training an L-layer deep
ReLU network in an end-to-end manner, one can directly use the closed-form solutions provided in
Theorem .1 A.3] and[#-4] As another corollary, we proved that the kinks of ReLU activations occur
exactly at the input data points so that the optimized network outputs linear spline interpolations
for one-dimensional datasets, which was previously known only for two-layer networks (Savarese
et al., 2019; Parh1 & Nowakl [2019; Ergen & Pilancil [2020ajb). We conjecture that our extreme
points characterization can also be extended to reveal the structure behind cases with arbitrary data.
Therefore, one can explain the extraordinary generalization properties of DNNs.
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A APPENDIX

Here, we present additional materials and proofs of the main results that are not included in the
main paper due to the page limit. We also restate each result before the corresponding proof for the
convenience of the reader.

A.1 GENERAL LOSS FUNCTIONS

In this section, we show that our extreme point characterization holds for arbitrary convex loss
functions including cross entropy and hinge loss.

lgleigﬁ(fe,z(x),)’) + Bllwa|l1 s.t. wy ; € Ba, V5, (18)

where £(-,y) is a convex loss function.
Theorem A.1. The dual of equation[I8]is given by

max —L*(A) st [ XTA||2 < 8,

where L™ is the Fenchel conjugate function defined as

L*(A) =maxzT A — L(z,y).

Theorem [A-]] proves that our extreme point characterization in Corollary [2:1] applies to arbitrary
loss function. Therefore, optimal parameters for equation [3]and equation [9]are a subset of the same
extreme point set, i.e., determined by the input data matrix X, independent of loss function.

Remark A.1. Since our characterization is generic in the sense that it holds for vector output, deep
linear and deep ReLU networks (see the main paper for details), Theorem[A1|is valid for all of our
derivations.

A.2 ADDITIONAL NUMERICAL RESULTS

Here, we present numerical results that are not included in the main paper due to the page limit.
In Figure [5a we perform an experiment to check whether the hidden neurons of a two-layer linear
network align with the proposed right singular vectors. For this experiment, we select a certain (3
such that W; becomes rank-two. After training, we first normalize each neuron to have unit norm,
ie., |wi ]2 = 1,Vy, and then compute the sum of the projections of each neuron onto each right
singular vector, i.e., denoted as v;. Since we choose  such that W is a rank-two matrix, most of
the neurons align with the first two right singular vectors as expected. Therefore, this experiment
verifies our analysis and claims in Remark 2.1} Furthermore, as an alternative to Figure 2a] we plot
the singular values of W1 with respect to the regularization parameter 3 in Figure [5b]
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Figure 5: (a) Projection of the hidden neurons to the right singular vectors claimed in Remark and (b)
singular values of W with respect to 3.

A.3 EQUIVALENCE (RESCALING) LEMMAS FOR THE NON-CONVEX OBJECTIVES

In this section, we present all the equivalence (scaling transformation) lemmas we used in the main
paper and the the proofs are presented in Appendix [A.3] [A-6] and [A77] two-layer, deep linear, and
deep ReLU networks, respectively.

Lemma 1.1. The following problems are equivalent :

L min  L(fo,r(X),y) + 26|lwe 1 + B(L - 2)t?
min £(fp1(X),y)+ B3 [Wil2 = 0} |
{01}, =1 S.LWp_15 € Bs, ||Wl||F <t,Vle [L — 2]

where wi,_1 ; denotes the 3™ column of Wp_j.

ProofofLemma For any 6§ € O, we can rescale the parameters as Wr_1 ; = a;Wp_1 ; and
wr,j = wr,j/o;, for any a; > 0. Then, the network output becomes

f@,L(X) = ((XW1)+ . ..V_VL,1)+V_VL = ((XW1)+ . ..WL,1)+WL,
which proves fy .(X) = fg 1,(X). In addition to this, we have the following basic inequality

L L—2 m
DS AWE =D IWillE+2) fwel lwe-1,
=1 =1 Jj=1

‘27

1
”Iwéj‘) ? is used. Since the scaling
wr—1,5l2

operation does not change the right-hand side of the inequality, we can set |[wr_1 ;|2 = 1, V.
Therefore, the right-hand side becomes ||wy ||;.

where the equality is achieved with the scaling choice a; = (

Now, let us consider a modified version of the problem, where the unit norm equality constraint is
relaxed as ||[wz_; j[l2 < 1. Let us also assume that for a certain index j, we obtain ||[wr_1 ;|2 <
1 with wg ; # 0 as an optimal solution. This shows that the unit norm inequality constraint is
not active for wy_; ;, and hence removing the constraint for wz_; ; will not change the optimal
solution. However, when we remove the constraint, |[wy_1 ;|| — oo reduces the objective value
since it yields wy, ; = 0. Therefore, we have a contradiction, which proves that all the constraints
that correspond to a nonzero wy, ; must be active for an optimal solution. This also shows that
replacing |[wz_1 j||2 = 1 with |[w_1 j|l2 < 1 does not change the solution to the problem.

Then, we use the epigraph form for the norm of the first L — 2 to achieve the equivalence. O

Lemma A.1. [[Neyshabur et al.| (2014); |Savarese et al.|(2019); |[Ergen & Pilanci| (2020aib)] The
following two problems are equivalent:

min [ W[5+ [[wal 13 _ min [[we || |
s.1. fgg(X) =y S.L. f9,2(X) =y, wi; € B

13



Under review as a conference paper at ICLR 2021

Lemma A.2. The following problems are equivalent:

m

. 2 2 .
gggHWﬂler W= _ %%182”‘7‘72,3'”2
J:
S.1. fg’z(X) =Y

s.t. fo2(X) =Y, wy; € By, Vj

Lemma A.3. The following problems are equivalent:

L L-2
Wl e B
st for(X)=y st fo.(X) =y, wr_1,; € Bo, |[Wi||p <, VI € [L — 2]
Lemma A.4. The following problems are equivalent:
. L . mp_1 L-2 ,
(i l:Zl (2 s ; w2 + ; ti
st for(X)=Y st for(X) =Y, wr_1,; € Ba, |[Wy|lp <y, VI € [L - 2]

A.4 REGULARIZED EXTENSIONS

In this section, we present the regularized versions of the training problems presented in the main
paper and the proofs are presented in Appendix [A.5] and[A.7] two-layer, deep linear, and deep
ReLU networks, respectively.

A.4.1 REGULARIZED TRAINING PROBLEM FOR DEEP LINEAR NETWORKS WITH SCALAR
OUTPUTS

Using Lemma [A.3] and Proposition we have the following dual for the regularized version of
equation [T4]

1
m}z\xx—§||)\ —ylFst [(XWi... Wi_2)TAl| <8, V6, € ©1_1, VL.

Then, the weight matrices that maximize the value of the constraint can be described as
« XTPxs(y) T ic7_
N R s e
Wi =qtp1pl ifl<I<L-2
pr—o ifl=L—-1
where Px g(+) projects its input to {u € R™ | [ X ul]; < 8771},

Corollary A.1. The analysis above and Theorem [3.2] also show that strong duality holds for the
regularized deep linear network training problem.

A.4.2 REGULARIZED TRAINING PROBLEM FOR DEEP LINEAR NETWORKS WITH VECTOR
OUTPUT

Using Lemma and Proposition [3.1] we have the following dual for the regularized version of
equation 13|
1
mjz\mxfiﬂA — Y% s.t. Opmax(ATXW, ... W _5) <3, VO, € Op_1,

where we define O, 1 = {01,...,001l[[wr—1ll2 < L,Vj € [mp], [Willr < t*, VI €

[L — 2]}. Then, as in equation [32] a set of optimal layer weights is
i K .
i V:c,jP1T,j ifl=1
* * K .
Wi =S o pl, i1 <1< L2 (19)
S pLay ifl=L—1

where v, ; is a maximal right singular vector of Px 5(Y)TX and Px s(-) projects its input to the
set {U € R™* | 5,,,,,(UTX) < By~1}. Additionally, p; ;’s is an orthonormal set. Therefore, the
rank of each hidden layer is determined by 3 as in Remark [2.1]

14
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A.5 PROOFS FOR THE TWO-LAYER NETWORKS

Lemma A.1. [Neyshabur et al|(2014); Savarese et al.| (2019); |[Ergen & Pilanci| (2020ab)] The
following two problems are equivalent:

min W[ + w3 _ min [[w | _
st foo(X) =y s.t. fo2(X) =y, wi; € B

Proof of Lemma For any 0 € ©, we can rescale the parameters as Wy ; = a;w ; and Wy ; =
wa,j /e, for any a; > 0. Then, the network output becomes

m
o
fo2(X E w2, X W1, :E ~ Xwi ;=Y wy; Xwyj,
J -
j=1

j=1

which proves fg 2(X) = fg 2(X). In addition to this, we have the following basic inequality

m

1 m
5 Z ws ; + [[wl3) Z wa,;

j=1

[w1,5l2)

l\D

|wa,;
ing operation does not change the right-hand side of the inequality, we can set ||w1 ;|2 = 1,Vj.
Therefore, the right-hand side becomes ||wa|1.

1
where the equality is achieved with the scaling choice a; = ( )2 is used. Since the scal-

Now, let us consider a modified version of the problem, where the unit norm equality constraint is
relaxed as ||wy j|l2 < 1. Let us also assume that for a certain index j, we obtain ||wq |2 < 1
with wy ; # 0 as an optimal solution. This shows that the unit norm inequality constraint is not
active for wy ;, and hence removing the constraint for wy ; will not change the optimal solution.
However, when we remove the constraint, |[w ;|2 — oo reduces the objective value since it yields
wa ; = 0. Therefore, we have a contradiction, which proves that all the constraints that correspond
to a nonzero ws ; must be active for an optimal solution. This also shows that replacing ||[w1 ;|2 =1
with ||w1 ;|2 < 1 does not change the solution to the problem.

Theorem 2.1. The dual of the problem in equation[d|is given by
pP* > D* —maX)\yst max ‘)\ Xw1‘<1 5)
AR

w1 €B2

For finite width networks, there exists a finite m such that strong duality holds, i.e., P* = D*, and an
optimal W1 for equanonlsansﬁes (XWX ||oo = 1, where X* is the dual optimal parameter

Corollary 2.1. Theorem implies that the optimal neurons are extreme points which solve the
following problem arg max, ., INTXwy |.

Proof of Theorem 2.1land Corollary 2.1, We first note that the dual of equation [4 with respect to
W 1S

i My st [[(XWD)T A < 1, e < 1,V5.
pediin | maxATy [(XW1)3 Ao <1, [lwjll2 <1,V

Then, we can reformulate the problem as follows

P = i Ay + Z(|(XW1D) T Ao < 1), sit. e < 1,V5.
pe | max Y+ Z([[(XW1)I Ao £ 1), st [[waj]l2 < 1,V

where Z(||(XW1)TA||s < 1) is the characteristic function of the set ||(XW1)TA||o < 1, which
is defined as

. T <
—oo otherwise

1) is the sum of a linear function and an upper-semicontinuous indicator function and therefore
upper-semicontinuous. The constraint on W is convex and compact. We use P* to denote the

Since the set ||(XW1)TA||s < 1is closed, the function ®(A\, W1) = ATy + Z([|(XW1)T Al o <

15
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value of the above min-max program. Exchanging the order of min-max we obtain the dual problem
given in equation 5] which establishes a lower bound D* for the above problem:

P* > D* = in ATy +Z(|(XW)T Al < 1), sit. e < 1,V
> max _min Y +Z([(XW1)" Ao £ 1), s.t. [[wyjll2 < 1,5,

= m}z\mx)\Ty, st [[(XW1) T A [loo < 1VwWy w2 < 1,9,
= m)z‘ix)\Ty, st [[(XW1) T Ao € 1VWy 2 |lwi2 < 1,

We now show that strong duality holds for infinite size NNs. The dual of the semi-infinite program
in equation [3]is given by (see Section 2.2 of (Goberna & Lépez-Cerdd| (1998) and also Bach| (2017))

min [ gef| 7y
s.t./ Xwidu(wi) =y,
w1€EB2

where TV is the total variation norm of the Radon measure p. This expression coincides with the
infinite-size NN as given in [Bach| (2017), and therefore strong duality holds. We also note that
although the above formulation involves an infinite dimensional integral form, by Caratheodory’s
theorem, the integral can be represented as a finite summation of at most n + 1 Dirac delta functions
(Rosset et al.| [2007). Next we invoke the semi-infinite optimality conditions for the dual problem in
equation [3] in particular we apply Theorem 7.2 of [Goberna & Lépez-Cerdd) (1998). We first define

the set
K:cone{< lewl ),W1 € By, s € {—1,—|—1};( 271 )} )

Note that K is the union of finitely many convex closed sets, since the function Xw; can be ex-
pressed as the union of finitely many convex closed sets. Therefore the set K is closed. By Theorem
5.3 |Goberna & Lopez-Cerdal (1998)), this implies that the set of constraints in equation |5| forms a
Farkas-Minkowski system. By Theorem 8.4 of (Goberna & Lopez-Cerdal (1998)), primal and dual
values are equal, given that the system is consistent. Moreover, the system is discretizable, i.e., there
exists a sequence of problems with finitely many constraints whose optimal values approach to the
optimal value of equation [5} The optimality conditions in Theorem 7.2 [Goberna & Lépez-Cerdd
(1998) implies that y = XW7{w3 for some vector w3. Since the primal and dual values are equal,
we have A*Ty = A*TXW*w3 = ||w3||1, which shows that the primal-dual pair ({w3, W}, A*)
is optimal. Thus, the optimal neuron weights W7 satisfy ||(XW3)TA* || = 1. O

Proposition 2.1. [Du & Hu (2019)] Given w* = argmin,, | Xw — y||2, we have

w |
arg min | XW;wy — Xw* |2 = arg min || XWw, — y||2.
Wi, wa 1,Wa
Proof of Proposition Let us first define a variable w* that minimizes the following problem
w* = min [Xw - y[3.
Thus, the following relation holds
XT(Xw* —y) = 04.
Then, for any w € R4, we have
f(w) = [ Xw — Xw* + Xw" —y|3
= [ Xw — Xw* |3 + 2(w — w*)T XT(Xw" —y) +[|Xw* |3
—0,
= [Xw — Xw* |3 + [ Xw* — y|3.

Notice that || Xw* —y||2 does not depend on w, thus, the relation above proves that minimizing f(w)
is equivalent to minimizing || Xw — Xw*||3, where w* is the planted model parameter. Therefore,
the planted model assumption does not change solution to the linear network training problem in
equation 4] O
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Theorem 2.2. Let {X,y} be feasible for equation 4} then strong duality holds for finite width
networks.

Proof of Theorem2.2] Since there exists a single extreme point, we can construct a weight vector
w, € R? that is the extreme point. Then, the dual of equationwith Wi =w,is

D = max Ay st [[(Xwe)TA oo < 1. (20)
Then, we have
P*= min maxAly > max min My
0eO\{wa} A A 0ee\{wz}
SLIIXW1) oo <1, [lwijll2 < 1,¥j St [(XW1) Ao <1, [[wrll2 < 1,V5

_ T
= m}z‘xx)\ y
st [|(Xwe) T Ao <1
= D};=D" (21)

where the first inequality follows from changing order of min-max to obtain a lower bound and the
equality in the second line follows from Corollary [2.1]

From the fact that an infinite width NN can always find a solution with the objective value lower
than or equal to the objective value of a finite width NN, we have

* > P* mi 22
e |ws| > i [wall1 (22)

= min
6€O\{W1,m}
s.t. Xwowg =y s.t. XWiwo =y, [[wyj]l2 <1,V

where P* is the optimal value of the original problem with infinitely many neurons. Now, notice
that the optimization problem on the left hand side of equation [22]is convex since it is an ¢;-norm
minimization problem with linear equality constraints. Therefore, strong duality holds for this prob-
lem, i.e., P} = D}. Using this result along with equation 21} we prove that strong duality holds for
a finite width NN, i.e., P = P* = D* = D}.

O

Theorem 2.3. Strong duality holds for equation|[9 with finite width networks.

Proof of Theorem Since there exists a single extreme point, we can construct a weight vector
w, € R< that is the extreme point. Then, the dual of equation@]with W, =w,

. 1 1
D; =max—Z A=y} + Syl st AT Xw,| < 6.
Then the rest of the proof directly follows Proof of Theorem 2.2} O

Theorem A.1. The dual of equation[I8]is given by
max —L*\) s.t. | XTIl <8,

where L* is the Fenchel conjugate function defined as
L*(A) = maxzT A — L(z,y) .

Proof of Theorem The proof follows from classical Fenchel duality (Boyd & Vandenberghe,
2004). We first describe equation [I8]in an equivalent form as follows

ZHGHEI(IB E(z,y) + ﬂ”Wg”l s.t. z=XW;iwy, ||W1’j||2 <1,Vj.

Then the dual function is
g(A) = zygie% L(z,y) — Az + ATXWiwy + B||wal|1 s.t. [[wi ;]2 < 1,V

Therefore, using the classical Fenchel duality (Boyd & Vandenberghe,2004) yields the claimed dual
form. O
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Lemma A.2. The following problems are equivalent:

m
i W 112 W, |2 : Z .
min [|[ W[z + W& Iergg'l||wz,]||2
=

1. X)=Y
st foa(X) st fo2(X) =Y, wy; € Ba,Vj
Proof of Lemma The proof directly follows from Proof of Lemma[A.1] O

Theorem 2.4. Let {X, Y} be feasible for equation then strong duality holds for finite width
networks.

Proof of Theorem2.4] Since there exist r,, possible extreme points, we can construct a weight
matrix W, € R4¥" that consists of all the possible extreme points. Then, the dual of equation
with W; = W,

D: :mﬁxtrace(ATY) st [[ATXw, jll2 < 1,V) € [ry)].

Then the rest of the proof directly follows Proof of Theorem [2.2] O

A.6 PROOFS FOR THE DEEP LINEAR NETWORKS

Lemma A.3. The following problems are equivalent:

L L—2
min W% min lwrlli+ )t
{el}lel ; = {el}f:lf{tl}l[‘:if ZZ:;
st for(X) =y st for(X) =y, wr_1,; € Ba, |[Wi|lp <t;, VI € [L — 2]

Proof of LemmaA.3] Applying the scaling trick in Lemmal[A.T]to the last two layers of the L-layer
network in equation14] gives

L—-2
min L lwrllx + Z W%
{el}lL=17{tl}z=1 =1

st [[wr—1ll2 <1,Vj € [mp_1]
XW1 . WL_1WL =Yy

Then, we use the epigraph form for the norm of the first L — 2 to achieve the equivalence. O

Proposition 3.1. First L — 2 hidden layer weight matrices in equation|l4| have the same operator
and Frobenius norms, i.e., t1 =ta = ... =tr_o, where t; = ||W||r = [|[W]2, VI € [L —2].

Proof of Proposition Let us first denote the sum of the norms for the first L — 2 layer as ¢, i.e.,
t= ZIL:ZQ t;, where t; = ||[W||2 = ||W;||# since the upper-bound is achieved when the matrices
are rank-one (seeequation [28). Then, to find the extreme points, we need to solve the following
problem

max Wi _allz... [[Will2][Vawyl
{91}114:712 .

We can equivalently rewrite this problem using the variables {tl}le_12 as follows

L—2 L-3 L—-3
max_ H t max (t - Z tl> H #
=1 j=1

18 e U e
L—2 B L-3
stt=Y t, >0 st > <t >0
=1 =1

18



Under review as a conference paper at ICLR 2021

If we take the derivative of the objective function of the latter problem, i.e., denoted as

f(t1, ..., tr—3), with respect to t;, we obtain the following
0 t1, . 3
f(— thl—QHtl—ZtlHtl.
= Zk i

Then, equating the derivative to zero yields the following relation
L—3
th=t—>Y #
1=1

where ¢} denotes the optimal operator norm for the k™ layer’s weight matrix. We also note that

these solutions satisfy the constraints in the optimization problem above. Since by definition ¢ —

lL13tl—tL g Wwehavet] =t5 =... =t} _,. O

Theorem 3.1. Optimal layer weights for equation[I4]satisfy the following relation

t*ﬁ’wfﬁ Pl ifl=1

Wi = tpiapl ifl<l<L-2 ,
pLo ifl="L—-1

where ||pi|2 = 1, VI € [L — 2] and W} follows the definition in equation|8|

Proof of Theorem Using LemmalA.3]and Proposition 3.1} we have the following dual problem
for equation [T4]

P*= min mfoTer (L—2)st. [XWy...wr_1,)"A <1, wp_1; € By (23)
{el}l 1 )
[Willr <t, VI €[L-2].

Now, let us assume that the optimal Frobenius norm for each layer [ is t* Then, if we define
@L—l = {917. .. ,HL_1|||WL_1)]‘||2 < 1,Vj S [mL_l], ||Wl||F < t*, Vi € [L — 2}}, equation
reduces to the following problem

P*>D* = m)z‘ix)\Ty sL|(XWy...wrp1)TA| <1, V0, € O, VI, (24)

where we change the order of min-max to obtain a lower bound for equation 23] The dual of the
semi-infinite problem in equation [24]is given by

min || ||y s.t./ XW;...wp_1du(0y,...,0_1) =y, (25)
{03 reor 1

where p is a signed Radon measure and || - ||y is the total variation norm. We emphasize that
equation [25[ has infinite width in each layer, however, an application of Caratheodory’s theorem
shows that the measure p in the integral can be represented by finitely many (at most n 4 1) Dirac
delta functions (Rosset et al., 2007). Such selection of p yields the following problem

mrL—1
P = {én}iy [lwrll1 s.t. Z XWi...wi_jwp;=y, 0 €0p_1, Vi (26)
=1 j=1

We first note that since the model in equation [26] has multiple weight matrices for each layer, it
has more expressive power than a regular network. Thus, we have P* > P~ . Since the dual of
equation [I4] and equation [26] are the same, we also have D}, = D*, where D;, is the optimal dual
value for equation [26]

We now apply the variable change in equation [7]to equation [24] as follows
max AT wist [WE .. WIV,STA|, <1, V6, € O, VI (27)

'With this assumption, (L — 2)* becomes constant so we ignore this term for the rest of our derivations.
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which shows that the maximum objective value is achieved when 255\ = c;w,.. Thus, the optimal

layer weights can be found as the maximizers of the constraint when 255\ = cqw,. To find the
formulations explicitly, we first find an upper-bound for the constraint in equation|27|as follows

IWT 5  WIVLEIA 2 =1 [W] .. WIVLwi|2 <t [Woialz. .. [[VaWil2 < c1v|[ Ve W |2,

where the last inequality follows from the constraint on each layer weight’s norm and v = A

This upper-bound can be achieved when the layer weights are

t e ol if 1 =1
Wi =S tp_1pl ifl<I<L-2 (28)

pr_s ifl=L—1

where ||p;]|2 = 1, VI € [L — 2]. This shows that the weight matrices are rank-one and align with

each other. Therefore, an arbitrary set of unit norm vectors, i.e., { pl}lL:_12 can be chosen to achieve
the maximum dual objective.

We note that the layer weights in equation [28| are optimal for the relaxed problem in equation
However, since there exists a single possible choice for the left singular vector of W3 and we can

select an arbitrary set for { pl}L:zz, we achieve D = D* using the same layer weights. Therefore,
the set of weights in equation [28|are also optimal for equation O

Theorem 3.3. Optimal layer weight for equation[I5|can be formulated as follows
e .
£ Vel il =1
Wi =4t Zj:l pl—l,jplq:j fl<i<L-2 ,
Y Pr2y fl=L—1

where v, ; is the 3™ maximal right singular vector of ATX and we may pick a set of unit norm
vectors {py j }1—;> such that plijlJC =0, Vj #k.

Proof of Theorem[3.3] Using Proposition[3.TJand Lemma[A.4] we obtain the following dual problem
mﬁxtrace(ATY) s.t. Omazs(ATXW .. Wiy ) <1, V9, €O . (29)

It is straightforward to show that the optimal layer weights are the extreme points of the constraint
in equation [29] which achieves the following upper-bound

max Omaz(ATXW1 ... W _3) < 0pmae(ATX)n.
{0} Peor 1

This upper-bound is achieved when the first L — 2 layer weights are rank-one with the singular value
t* by Proposition Additionally, the left singular vector of W needs to align with one of the
maximum right singular vectors of AT X. Since the upper-bound for the objective is achievable for
any A, we can maximize the objective value, as in equation[I3] by choosing a matrix A such that

T 7_117" 07‘, xXd—r T
ATU,S, =V, v exd=r | gl
Ok —riyxry  Ok—ryxd—r,

where W = U,, 2, VT Thus, a set of optimal layer weights can be formulated as follows
_ Vo jp1; ifl=1
Wi =St pia pl; if1<I<L-2 (30)
PL-2,5 ifl=L—-1

where V., ; is the 5™ maximal right singular vector of A7 X. However, notice that the layer weights
in equation [30|are the optimal weights for the relaxed problem, i.e.,

mr—1 mr—1
{gl}iil Z Wi jll2 s.t. Z XW?. ..WJL_1W€7J» =Y, V0 € Op_1. (31)
=1 =1 j=1
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Using the optimal layer weights in equation[30} we have the following network output for the relaxed
model

mrp—1 mrp—1

J J T _ T
E XW1~~WL71WL,J'—VE Qu,j WL -
Jj=1

Jj=1

Since we know that the objective value for equation [31]is a lower bound for equation [T3} the layer
weights that achieve the output above for the original problem in equation [I3]is optimal. Thus, a set
of optimal solutions to equation [I5|can be formulated as follows

t* Z;-”:Lfl ow,jp{j ifl=1

Wi =" pyypl, ifl <1< L—2 32)
ZT:Lfl PL-2,j ifil=L-1

where we select a set of unit norm vectors {p; ;}/,” such that p] ; p; , = 0, Vj # k. O

Theorem 3.2. Let {X,y} be feasible for equation then strong duality holds for finite width

networks.

Proof of Theorem We first select a set of unit norm vectors, i.e., {pl}L -2

.\, to construct weight
matrices {Wf}le_ll that satisfies equation Then, the dual of equationcan be written as
D = max Ay
st |(XWS...we_ )T <1

Then, we have

P = min max )\Ty >  max )\Ty (33)
{03 reor 1 A
st |(XWy...wr_1)TAI <1 st [((XWy...wr 1)TA| <1, V0, €01,
_ T
= m}z\xx)\ y

st |(XWE...ws_)TA <1

m

where the first inequality follows from changing the order of min-max to obtain a lower bound and
the first equality follows from the fact that {Wf}le_ll maximizes the dual problem. Furthermore,
we have the following relation between the primal problems

P =min||wg|; > pP* = min lwrll (34)
wr, {61}, €001
S.t. WT...Wiile =y st Wi.. W 1wy =y,

where the inequality follows from the fact that the original problem has infinite width in each layer.
Now, notice that the optimization problem on the left hand side of equation [34]is convex since it is
an ¢1-norm minimization problem with linear equality constraints. Therefore, strong duality holds
for this problem, i.e., P = D} and we have P} > P* > Py > D} = D* = D}, . Using this result
along with equation [33] we prove that strong duality holds, i.e., P = P* = P} = D} = D* =
Dy,.

O

Corollary 3.1. Theorem [3.1| implies that deep linear networks can obtain a scaled version of y
using only the first layer, i.e., XW1p1 = cy, where ¢ > 0. Therefore, the remaining layers do not
contribute to the expressive power.

Proof of Corollary The proof directly follows from equation 28] O

Corollary A.1. The analysis above and Theorem also show that strong duality holds for the
regularized deep linear network training problem.
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Proof of Corollary[A.1] The proof directly follows from the analysis in this section and Theorem
B2 O

Lemma A.4. The following problems are equivalent:

L mrp—1 L-2
min W2 min lwr il + t?
o}, ; " = {oy{u)s? ; ’ gzzl
S.t. f97L(X) =Y s.t. f97L(X) = Y, Wr-1,5 € 82, HWl”F <ty Vi e [L — 2]

Proof of Lemma Applying the scaling trick in Lemma[A.T]to the last two layer of the L-layer
network in equation 15| gives

mr—1

L—2
min D Iwegllz + Y Wil
=1

(o, Anh S 53
st [wroijll2 < 1,Vj € [mp 4]
XW;.. W _ W, =Y

Then, we use the epigraph form for the norm of the first L — 2 to achieve the equivalence. O

Theorem 3.4. Let {X,y} be feasible for equation then strong duality holds for finite width
networks.

matrices {Wf] } lL:_ll that satisfies equation Then, the dual of equation|l5|can be written as

Proof of Theorem We first select a set of unit norm vectors, i.e., {p;_; }L:_Q, to construct weight
D: = max trace(ATY)
St Opmar(ATXWST L WS ) <1, V)

Then, we have

pP* = min max trace(ATY) >  maxtrace(ATY) (35)
{0} reor 1 A
St Opmaz(ATXW, ... Wy 5) <1 St Omaz(ATXW ... W o) <1, V0, € O
= max trace(ATY)

St Omar(ATXWST L WS ) <1, V)
= D!=D*=D},

where the first inequality follows from changing the order of min-max to obtain a lower bound and

the first equality follows from the fact that {Wl” }f;ll maximizes the dual problem. Furthermore,
we have the following relation between the primal problems

mir—1 mr—1
Pr=min > |wr ;> > Pr= min Y lwrll (36
5] = sJ
WL j:1 {9[}f=1€@L,1 j:1
mp—1
st. > WYL W wl =Y StWi...W,_ W, =Y,
j=1

where the inequality follows from the fact that the original problem has infinite width in each layer.
Now, notice that the optimization problem on the left hand side of equation [36]is convex since it is
an {s-norm minimization problem with linear equality constraints. Therefore, strong duality holds
for this problem, i.e., P} = D} and we have P} > P* > P} > D} = D* = D}, . Using this result
along with equation [35] we prove that strong duality holds, i.e., P = P* = P} = D} = D* =

O
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A.7 PROOFS FOR THE DEEP RELU NETWORKS

Theorem 4.1. Let X be a rank-one data matrix such that X = caOT, where ¢ € R’_f_ and ay € R,
then strong duality holds and the optimal weights for each layer can be formulated as follows

W, = Pi1 ¢ VielL—2], wp_q = @,
lpr—2ll2

a2
where ¢ = ag and {¢;}|_,” is a set of vectors such that ¢, € R’ and || y||> = t*, VI € [L —2].

Proposition 1. First L — 2 hidden layer weight matrices in equation[I6|have the same operator and
Frobenius norms.

Proof of Proposition|l| Let us first denote the sum of the norms for the first L — 2 layer as ¢, i.e.,
t = Zf;lz t;, where t; = ||[Wy|l2 = ||W/]|| since the upper-bound is achieved when the matrices
are rank-one. Then, to find the extreme points (see the details in Proof of Theorem , we need to
solve the following problem

T T
argmax A" cl[lap—oll2 = argmax |A* c|[[(ap_sWr_2)+[
{0357 {0} 20 4
where we use al_, = (a]_;Wp_3),. Since [Wp_sllp = tp_o =t — lL:_13, the objective

value above becomes |X"Tc| (ar—sl|2 (t - ZlL;lg) Applying this step to all the remaining layer
weights gives the following problem

- L—-3\ L-3 L-3
argmax  |A* c| a2 (t— Z) [[ustst > <t >0
=1

{1} °€0r =1/ j=1

Then, the proof directly follows from Proof of Proposition 3.1} O

Proof of Theorem[d.1) Using Lemma and Proposition [T} this problem can be equivalently
stated as
min ||WLH1 st. A = (Al_1WZ)+, Vi e [L — 1}
{01} €001 , 37

Apawp =y
which also has the following dual form
pPr = min max ATy
{0}/ €0r A . (38)
st [AT Al <1
Notice that we remove the recursive constraint in equation [38[ for notational simplicity, however,

A _, is still a function of all the layer weights except wy. Changing the order of min-max in
equation [38] gives

P*>D* :m)?X/\Ty st [[AT X <1, V0, €04, Vi€ [L—1]. (39)
The dual of the semi-infinite problem in equation[39]is given by
min || gl v
40
S.t./ (AL72WL71)+dN(917-~-,9L,1) =y, (40)
{0} €01
where g is a signed Radon measure and || - |7y is the total variation norm. We emphasize that

equation 40| has infinite width in each layer, however, an application of Caratheodory’s theorem
shows that the measure p in the integral can be represented by finitely many (at most n + 1) Dirac
delta functions (Rosset et al., 2007). Thus, we choose

mr—1

H = Z 6(W1 - W{) ey WL — Wi_l)wL,ja
j=1
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where J(-) is the Dirac delta function and the superscript indicates a particular choice for the corre-
sponding layer weight. This selection of p yields the following problem
P = min [jwgl;
{Gl}lL:l
mr-i , , . 41)
sty (AL oWl ) wr =y, 6] €0, 4, Vie[L-1]
j=1

Here, we first note that even though the model in equation [#1] has the same layer widths with regular
deep ReLU networks, it has more expressive power since it allows us to choose multiple weight
matrices for each layer. Based on this observation, we have P* > P .

As a consequence of equation [39] we can characterize the optimal layer weights for equation [41] as
the extreme points that solve

T
argmax A" (Ap_owWp_1)4] (42)
{0} €01
where A* is the optimal dual parameter. Since we assume that X = cal with ¢ € R"., we have
Ap_ o =caj]_,, wherea] = (a] ;W;);,a; € R and V] € [L — 1]. Based on this observation,
we have wy,_1 = aj,_o/||ar—_2||2, which reduces equationto the following

*T
argmax |A* cl||lap—2]|2 43)
{0} 5,7€0r
We then apply the same approach to all the remaining layer weights. However, notice that each
neuron for the first L — 2 layers must have bounded Frobenius norms due to the norm constraint. If
we denote the optimal £ norms vector for the neuron in the [ layer as ¢; € R, then we have the
following formulation for the layer weights that solve equation 2]
bi-1 7 Pr—2
W, =—"—¢;,Vle|L-2], wp_1 = 77—
EETACR 612l

where ¢ = ag, {¢}};% is a set of nonnegative vectors satisfying ||¢||2 = t*, VI € [L — 2].

(44)

We note that the layer weights in equation [44] are optimal for the relaxed problem in equation
However, since there exists a single possible choice for the left singular vector of W; and we can
select an arbitrary set for {gbl}lL:*f, the dual problems coincide for equationand equation @ ie.,
we achieve Dy, = D™ using the same layer weights, where D, is the optimal dual objective value
for equation {1} Therefore, the set of weights in equation [#4] are also optimal for equation[I6] ~ [J

Theorem 4.2. Let X be a data matrix such that X = caOT, where ¢ € R™ and ay € RY. Then, a set
of optimal solutions to equation satisﬁes {(wi, b))}, where w; = Sil\:ﬁ’ b; = —sici|lag]|2
with s; = £1,Vi € [m).

Proof of Theorem Given X = ca{, all possible extreme points can be characterized as follows
argmax |AT (Xw + b1)+ | = argmax |A”(calw +b1)

N
bowiflwll2=1 bowif[wlla=1

n

= argmax ‘ Z i (ciagw + b)+ ‘
bwilwll2=1","7

which can be equivalently stated as

arg max Z /\iciaOTw + Z Aibs.t.

{ calw+b>0,VieS
bowillwll2=13cs i€S

cjalw+b<0,Vj eS8’

which shows that w must be either positively or negatively aligned with ag, i.e., w = s i where

ap
lao(l2"
s = £1. Thus, b must be in the range of [max;cs(—sc¢;||ao||2), minjese(—sc;j||ag||2)] Using these
observations, extreme points can be formulated as follows

s = H:OOH; if Y icsici >0 and by — minjese (—sacjllaollz) if D ,cqAi >0
Tadf; otherwise max;es(—sa¢illagll2)  otherwise ’

where s\ = sign(}_;c s Nici). O
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Proposition 4.1. Theorem[{.1|still holds when we add a bias term to the last hidden layer, i.e., the
output becomes (AL_2WL_1 +1,b )+WL =y, where A; = (A;_1 W)y, Vi € [L —2].

Proof of Proposition Here, we add biases to the neurons in the last hidden layer of equation
For this case, all the equations in equation[37}equation [39]hold except notational changes due to the
bias term. Thus, equation [42]changes as

arg max \)\*T (Ap_owp_1 +b1,)4| = argmax |A* (caL oWr—1+ b1 ) |
{0}/ €0r1.b {0} eor1b
n
= argmax ‘ Z A (cal_ywi—1 + b)Jr ‘
{0} Peor_1b ' =1
(45)
which can also be written as

aj L +b>0YieS
argmax Z)\ CzaL oWL_1+ Z/\ bsit. { Czalf_QWL 1+0=>0, z' o
{91}1 L €OL_1,bies ies cjay_oWp_1+ b<0,Vj e S

where S and S¢ are the indices for which ReLU is active and inactive, respectively. This shows that
wy,_1 must be wy_; = illI;LL:;H'z and b € [max;es(—c¢illar—2||2), minjese(—cjllar—2||2)]-
Then, we obtain the following
ar—2 . * . .
) flap—2]l2 if ZiES Aici 20 * minjese(—sx-cjllap—all2) if Zies A7 >0
Wi_q = and b* =

oo, otherwise max;es(—sa-cillap—2ll2)  otherwise

)

(46)

where sy« = sign(} ;.5

Afc;). This result reduces equation to the following problem
argmax  [C(A%, ) [[ap—22,
{6.}F2%cor_y
where C'(A*, c) is constant scalar independent of {W;};",>. Hence, this problem and its solutions
are the same with equation[d3]and equation 44} respectively.

O

Corollary 4.1. As a result of Theorem when we have one dimensional data, i.e., x € R", an
optimal solution to equation (16| can be formulated as {(w;,b;)}",, where w; = s;, b; = —s;x;
with s; = £1,Vi € [m]. Therefore, the optimal network output has kinks only at the input data
points, i.e., the output function is in the following form: fg2(2) = >, (& — xi)Jr. Therefore, the
network output becomes linear spline interpolation for one dimensional datasets.

Corollary 4.2. As a result of Theorem and Proposition when we have one dimensional
data, i.e., x € R", the optimal network output has kinks only at the input data points, i.e., the output
function is in the following form: fo (%) =", (i: — xi) + Therefore, the network output becomes
linear spline interpolation for one dimensional datasets.

Proof of Corollary d.1)and Let us particularly consider the input sample ag. Then, the activa-
tions of the network defined by equation 4] and equation [46]are

ap
af = (@l W), = (af 001 ) | = llaolleaf

ay
af = (@f Wa). = (al [ -0 ) | = llaoll2l o7 0

ar—3
af o= (af W)y = (al o -0ha) = laolllof e 67 ol

ap—1 = (aj_owr 1 +b)y = (Jar 2|2 — [laL—all2)+ = 0.
Thus, if we feed ¢;ag to the network, we get ar,—1 = (¢;||ar—2||2 — cillar—2|l2)+ = 0, where we
use the fact that optimal biases are in the form of b = —¢;||ay_2||2 as proved in equation This
analysis proves that the kink of each ReL.U activation occurs exactly at one of the data points. [
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Proposition 4.2. Strong duality also holds for deep ReLU networks with vector outputs and the
optimal layer weights can be formulated as in Theorem 4.1

Proof of Proposition For vector outputs, we have the following training problem

L

min Y [W[F st fo.o(X) =Y.
oz 1

After a suitable rescaling as in the previous case, the above problem has the following dual

P* > D* :m);‘ixtrace(ATY) st [AT(Apowp 1) [l <1, V0 € O, VI € [L—1]. (47)
Using equation[47] we can characterize the optimal layer weights as the extreme points that solve

T
argmax ||A* (Ap_awr_1)4|l2, (48)
{0} e0r 1

where A* is the optimal dual parameter. Since we assume that X = cal with ¢ € R, we have
A 5 =cal_, whereal = (a] W,);,a, € R}" and VI € [L — 1]. Based on this observation,
we have wy,_1 = ar_s/|las_2||2, which reduces equation 4§|to the following

T
argmax ||A* c||2 ||ap—2||2-
{0} 2€0 1
Then, the rest of steps directly follow Theorem [4.1] yielding the following weight matrices

¢l—1 ¢L—2
W, = 2L _Pr-2
" il lpr—2ll2

where ¢g = ag, {¢}; is a set of nonnegative vectors satisfying ||¢;|2 = t*, VI € [L — 2].
Moreover, as a direct consequence of Theorem |3.4} strong duality holds for deep ReLLU networks.
O

Theorem 4.3. Let {X,Y} be a dataset such that XX = L|'"land Y has orthogonal columns,
then the optimal weight matrices for each layer can be formulated as follows

o,V e[L—-2], wp1=

2K

_ 1 bi—1.r T _ 1 br—2,1 PrL_2.2K
Wi 7ok gl O € Won = e [l - i)

where (¢o25-1, Po,25) = (XT (yj)+,XT( — yj)+), Vj € [K] and {qblm}lL:_lQ is a set of vectors
such that ¢, € R, |||l = t*, and ¢17:i¢l,j =0, Vi # j.

Proof of Theorem For vector outputs, we have the following training problem
L
min Y [|Wi[|% st fo0(X) =Y.
{0, 1
After a suitable rescaling as in the previous case, the above problem has the following dual
P* > D* :m}z\mxtrace(ATY) s.t. ||AT(AL_2wL_1)+||2 <1, V0, € ©p 1, Vie[L—1]. (49)
Using equation [49] we can characterize the optimal layer weights as the extreme points that solve

arg max HA*T(AL_QWL—1)+||2, (0)
{0} €01

where A* is the optimal dual parameter. We first note that since X is whitened such that XX7 =1,,,
equation [50| implies 00, (A*) < #*"7*. Then, the objective is trivially maximized by A* =

!""This can be achieved by applying batch whitening, which often improves accuracy (Huang et al., 2018).
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Yy /Omaz(Y), which is also a feasible solution. Therefore, equation can be equivalently
written as

T
argmax ||[Y (Ap_awr_1)4]2. (51

{0} €0r
We now note that since Y has orthogonal columns, equation [51| can be decomposed into k£ maxi-

mization problems each of which can be maximized independently to find a set of extreme points.
In particular, the ¢ problem can be formulated as follows

argmax [y (Az—awp1)+| < max {[1(y;) 2. | (=y,) ll2} -
{0} reor 1

Then, noting the whitened data assumption, the rest of steps directly follow Theorem [.1] yielding
the following weight matrices

¢l 1,r T . 1 br_2.1 br—22
W, = \/» Z b1 rH2¢l°T’ Vie[L-2], Wy, = ﬁ [\|¢L72,1H2 ‘|¢L7212”2} )

where ¢, = XT( + yj)+ and {¢,,}-, is a set of nonnegative vectors satisfying ||¢; .|l =

t* and ¢17:1 ¢1.2 = 0, Vi. Thus, combining the extreme points for each j yields

2K
. 1 d)lfl,r T . 1 br_2.1 drL 22K
Wi U5 2 e M€ 2 Wen = e [ - ]

where (o 2j—1, Po2j) = (XT(yj)+7XT( = 2) ) Vj € [K] and {¢;,}}7;? is a set of nonneg-
ative vectors satisfying ¢y |2 = t* and @] ,;;; = 0 Vi # j. Moreover, as a direct consequence
of Theorem [3.4] strong duality holds for deep ReLU networks. O

Theorem 4.4. Let {X,Y} be a dataset such that XTX = 1,, and Y has orthogonal columns, then

a set of optimal layer weight matrices for the following regularized training problem

L
i 000 = Y1 + 5 3 Wil a7)

can be formulated as follows
2K ¢i—1,r .
L= Z’r 1H¢117H2¢lr’ U“].SISL*]_
oL (lorllz = B) vl ifl =

where €gj_1 = &y, = €;, Vj € [K], e, is the jt" ordinary basis vector, and the other definitions
follows from Theorem{.3| except t* = 1.

)

Proof of Theorem From Section and the proof of Theorem the dual problem has a
closed-form solution as follows

if 8 < |ly;
Aj = s A=Wl -y ¢ i, (52)
Y otherwise

and the corresponding extreme points of the constraint in
2K - .
Wl:{zr kel if1<I<L-1, (53)
where the definitions follows from Theorem [4.3]

We now note that given the hidden layer weight in equation[53] the primal problem in equation[T7]is
convex and differentiable with respect to the output layer weight W . Thus, we can find the optimal
output layer weights by simply taking derivative and equating it to zero. Applying these steps yields
the following output layer weights

2K
WL = Z (||¢0,7”H2 - ,8) ¢L_17rézw,
r=1
where &2;_1 = &; = e;, Vj € [K] and e; is the j'" ordinary basis vector. 0
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