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Abstract
In this paper, we propose a parameter-free algorithm for smooth and strongly convex objective
problems called NAG-free. To our knowledge, NAG-free is the first adaptive algorithm capable of
directly estimating the strong convexity parameter without priors or resorting to restart schemes.
We prove that NAG-free converges globally at least as fast gradient descent, and achieves acceler-
ated convergence locally around the minimum if the Hessian is locally smooth at the minimum and
other mild additional assumptions hold. We present real-world experiments in which NAG-free is
competitive with restart schemes and adapts to better local curvature conditions.

1. Introduction

Accelerated methods are special for achieving optimal convergence rates among first-order opti-
mization algorithms on key problem classes [18]. A notable example is F(L,m), the class of
Lipschitz-smooth, strongly convex functions characterized by the smoothness parameter L and the
strong convexity parameter m, which finds applications in signal processing [8], imaging [6] and
machine learning [23]. To apply accelerated methods effectively in this setting, both L and m must
be known; yet, as noted by Boyd and Vandenberghe [5, p.463], these parameters “are known only
in rare cases.” While L can be bounded via backtracking [3, 26], “estimating the strong convexity
parameter is much more challenging” O’Donoghue and Candès [20, p.3]. As Su et al. [24, p.21]
put it: “while it is relatively easy to bound the Lipschitz constant L by the use of backtracking,
estimating the strong convexity parameter m, if not impossible, is very challenging.” In this light,
restart schemes have emerged as the only viable approach to handling unknown m [10, Sec. 6].
These methods restart accelerated algorithms (e.g., Nesterov’s method) based on adaptive criteria,
which can be predetermined [1, 22] or checked at runtime [13, 15–17, 20, 21, 25].

Contributions

In this paper, we propose NAG-free, an adaptive method based on Nesterov’s accelerated gradient
method (NAG) that, to our knowledge, is the first that estimates Lipschitz-smoothness and strong
convexity parameters L and m without restarting. We prove that NAG-free converges globally at
least as fast as gradient descent (GD) for problems in F(L,m). A byproduct of this analysis, and
a secondary contribution, is that NAG converges globally at least as fast as GD even if it is param-
eterized with an overestimate of m in [m,L]. Also, we prove that NAG-free achieves acceleration
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around the minimum x⋆(f) if the Hessian is locally Hölder-smooth at x⋆(f) and some mild addi-
tional assumptions hold. We present real-world experiments in which NAG-free is competitive with
restart schemes and adapts to better local curvature conditions.

2. Preliminaries

Consider the task of finding x⋆(f), the unique minimum of the problem

min
x

f(x), (1)

where f ∈ F(L,m), the set of Lipschitz-smooth strongly convex functions, defined below.

Definition 1 (Lipschitz-Smooth and Strongly Convex Functions.) We say that a differentiable
function f : Rd → R belongs toF(L,m), the set of Lipschitz-smooth and strongly convex functions,
if there exist L > 0 and m > 0 such that for all x, y ∈ Rd

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ (L/2)∥y − x∥2 (2)

and

f(x) + ⟨∇f(x), y − x⟩(m/2)∥y − x∥2 ≤ f(y). (3)

The following will be useful for analyzing NAG-free locally.

Definition 2 (Locally Hölder-smooth Hessian) Let f ∈ F(L,m) be twice differentiable at x⋆ =
x∗(f). Then, ∇2f is called locally Hölder-smooth at x⋆ if there are δH , LH and αH such that

∥∇2f(x)−∇2f(x⋆)∥ ≤ LH∥x− x⋆∥αH , ∀∥x− x⋆∥ ≤ δH . (4)

3. The NAG-free Algorithm

If f ∈ F(L,m), then for all x ̸= y

m ≤ c(x, y) := ∥∇f(x)−∇f(y)∥/∥x− y∥ ≤ L, (5)

which follows from standard results on smooth and strongly convex functions [18, theorems 2.1.5
and 2.1.10]. The quantity c(x, y) captures a local notion of curvature between two points and lies in
the interval [m,L]. Given iterates xt and xt−1 produced by Nesterov’s accelerated gradient (NAG)
method and letting ct = c(xt, xt−1) and γ > 1, we propose to estimate m online via the following
update: if ct < mt−1, then mt = min(mt−1/γ, ct), otherwise mt = mt−1. This guarantees
substantial improvement from one estimate to the next. Moreover, since ct ≥ m, it follows that
mt can only take finitely many values, which is important for theoretical reasons that will become
clearer later. Then, mt parametrizes NAG to produce a new iterate, which in turn feeds ct+1, to
update mt+1. The resulting procedure is computationally lightweight: it reuses gradients already
computed by NAG and only requires storing one additional iterate and gradient. To initialize m0

in [m,L], we use a single evaluation of c(x0, y), where x0 is the initial point and y is sampled
uniformly from a small neighborhood around x0. Algorithm 1 summarizes the complete procedure,
which we call NAG-free. Although our focus is on estimating m, Algorithm 1 also estimates the
Lipschitz constant L through regular backtracking. As xt converges to the optimum, the descent
condition checked by the backtracking subroutine in Algorithm 1 can run into numerical issues.
Therefore, in practice we enforce that f(yt+1) ≤ (1 + 10−6)(f(xt)− (1/2Lt)∥∇f(xt)∥2).
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Algorithm 1: NAG-free, an algorithm that estimates the strong convexity parameter.
Data: T > 0, x0 = y0, L0 > 0, γ > 1, γL > 1
Result: xT , yT
y ∼ x0 + U [0, 10−6]d ; // initialization
m0 ← ∥∇f(x0)−∇f(y)∥/∥x0 − y∥
L0 ← max(L0,m0)
for t = 0, 1, . . . , T − 1 do

yt+1 ← xt − (1/Lt)∇f(xt) ; // NAG #1
while f(yt+1)− f(xt) > −(1/2Lt)∥∇f(xt)∥2 do ; // BLS

Lt ← γLLt

yt+1 ← xt − (1/Lt)∇f(xt) ;
Lt+1 ← Lt

xt+1 ← yt+1 +
√
Lt−

√
mt√

Lt+
√
mt

(yt+1 − yt); // NAG #2

ct+1 ← ∥∇f(xt+1)−∇f(xt)∥/∥xt+1 − xt∥; // estimate m
if ct+1 < mt then

mt+1 ← min(mt/γ, ct+1)
else

mt+1 ← mt

end
end

Convergence intuition

Two key features underlie the convergence of NAG-free:

1. Adaptive interpolation between GD and NAG. The update rule for xt+1 interpolates between
GD and NAG. If mt → L, then the momentum term becomes zero and the update becomes
equivalent to GD. Otherwise, if mt → m, then the update becomes equivalent to NAG. Back-
tracking preserves the convergence guarantees of both GD and NAG, up to a suboptimality factor
of γL. Thus, NAG-free converges globally at least as fast as gradient descent.

2. Power iteration-like behavior near the optimum. Near the optimum, the curvature estimate ct
evolves similarly to a power method applied to the Hessian, with some additional dynamics. As a
result, the iterate xt rapidly concentrates in the eigenspace corresponding to the least eigenvalue
of the Hessian, m, which translates into ct quickly approaching m, accelerating NAG-free.

4. Summary of Convergence Guarantees

In this section, we summarize the most important convergence results for NAG-free. The full deriva-
tion of global convergence and local acceleration can be found in Appendices A and B, respectively.
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4.1. Global Convergence

Theorem 3 Let f ∈ F(L,m) and suppose that κ = L/m ≥ 2. If yt are iterates generated by
Algorithm 1 with some L0 and γ = 2, then letting κ̄ = max(L0, 2L)/m, we have that

f(yt+1)− f(x⋆) ≤
(
1− 1

κ̄

)t
8max(L0, L)κ̄

3∥x⋆0∥2. (6)

The proof of Theorem 3 can be found in Appendix A. A byproduct of this proof is that even if
NAG uses an overestimate of m, it still converges at least as fast as GD.

Corollary 4 Let f ∈ F(L,m), m ∈ [m,L] and κ̄ = L/m. If yt are generated by NAG with m
replacing m, then

f(yt+1)− f(x⋆) ≤
(
1− 1

κ̄

)t
2Lκ̄2∥x0 − x⋆∥2. (7)

4.2. Local Acceleration

To prove that NAG-free achieves acceleration locally, we make the following assumptions.

Assumption 4.1 The Hessian of f is locally Hölder-smooth at x⋆: there are positive numbers δH ,
LH and αH such that if ∥x− x⋆∥ ≤ δH , then ∥∇2f(x)−∇2f(x⋆)∥ ≤ LH∥x− x⋆∥αH .

Assumption 4.2 Given f ∈ F(L,m), there is some L0 > L that can be used by Algorithm 1.

To present the remaining assumptions, we introduce the following notation.

Notation. Let (λi, vi) denote the d eigenvalues λi and associated eigenvectors vi of ∇2f(x⋆).
Under Assumption 4.1,∇2f(x⋆) is real symmetric, therefore vi can be chosen to form an orthonor-
mal basis for Rd. Hence, x0 − x⋆ uniquely decomposes into d unique coordinates xi,0 such that
x0 − x⋆ =

∑d
i=1 xi,0vi. Moreover, if f ∈ F(L,m), then λi ∈ [m,L]. In the following, without

loss of generality we assume λi ordered by their indices, as in m = λ1 ≤ λ2 ≤ . . . ≤ λd. Thus,
x1,0 denotes the m-coordinate of x0 − x⋆, where m is the least eigenvalue of∇2f(x⋆).

Assumption 4.3 There exists some δλ ∈ (0, 1) such that |mt−λi| > δλL for every λi > m, where
m = λ1 ≤ . . . ≤ λd ≤ L denote the eigenvalues of∇2f(x⋆).

Assumption 4.4 There exists some ω > 0 such that ωx21,0 ≥ ∥x0 − x⋆∥2.

Assumption 4.3 simplifies the analysis and is not strictly necessary. Assumption 4.4 prevents
pathological cases in which x1,0, the m-coordinate of x0−x⋆, is arbitrarily small compared with the
other coordinates. We shall see in Appendix C that violations of this assumption actually improve
the performance of NAG-free.

Theorem 5 Let f ∈ F(L,m), suppose that Assumptions 4.1 to 4.4 hold and κ̄ = L0/m > L/m ≥
4. There is ϵ > 0 such that if ∥x0 − x⋆∥ ≤ ϵ, then the iterates xt produced by NAG-free satisfy

∥xt+1 − x⋆∥ ≤ C

(
1− 1√

σκ̄

)t

∥x0 − x⋆∥,

where σ depends on γ, C depends on κ̄ and ω, with ω given by Assumption 4.4.

The proof of Theorem 5 and a discussion of C and σ can be found in Appendix B. For now, we
mention that the suboptimality factor σ is similar to those of restart schemes, where [10, page 167]
“the convergence rate is slowed down by roughly a factor four.”
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Figure 1: Suboptimality gap f(xt)−f(x⋆) for logistic regression on PHISHING dataset with x0 = 0.
For NAG-free variants, γ = 1.5 is used. The backtracking factor is 1.1 for NAG+RB and
NAG-free. The NAG-free+UB is initialized with L0 = L̄ ≥ L.

5. Numerical Experiments

We validate NAG-free on regularized logistic regression over several datasets from LIBSVM [7].
Letting L̄ denote an upper bound on L, we consider two initializations for NAG-free: L0 = L̄ and
L0 = L̄/100. Letting η ≤ m denote the regularization parameter, for comparison we also consider
the following methods: NAG with L = L̄ and m = η; triple momentum method [27, TM] with
L = L̄ and m = η; NAG+R, a restart scheme based on [20] with L = L̄; NAG+RB, a restart
scheme based on [20], where L is found via backtracking.

Appendix C presents several results. In general, NAG-free and restarting methods perform
similarly well and outperform TM when the estimates L̄ and η are loose, as is often the case, despite
TM having better theoretical convergence rates. Figure 1 shows results for the PHISHING dataset.
Backtracking only marginally improves performance, suggesting the gains come from better m, not
L, estimates. In Appendix C, we confirm this hunch, demonstrating that NAG-free can adapt to
better local conditioning and achieve faster convergence than methods with constant parameters.

6. Conclusion

In this paper, we propose NAG-free, a parameter-free algorithm for smooth and strongly convex
objective problems. To our knowledge, NAG-free is the first adaptive algorithm capable of directly
estimating the strong convexity parameter without priors or resorting to restart schemes. We prove
that NAG-free converges globally at least as fast gradient descent, and achieves accelerated con-
vergence locally around the minimum if the Hessian is locally smooth and other mild additional
assumptions hold. We present real-world experiments in which NAG-free performs comparably
well with restart schemes, demonstrating that it can adapt to better local curvature conditions.

Interesting avenues for future work include coupling parameter estimators with base methods
faster than Nesterov’s method, such as triple momentum, experimenting with different curvature
terms ct, and estimating L with a similar approach used to estimate m.
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Appendix A. Global Convergence

In this section, we prove Theorem 3, which establishes that Algorithm 1 converges globally at least
as fast as gradient descent (GD). To this end, we first analyze iterations in which mt ≥ m. Then, we
analyze iterations in which mt < m, and the transition from the first kind of iteration to the second.

A.1. Case 1: mt ≥ m

The iterations in which mt ≥ m can be expressed as a convex combination of appropriate GD and
NAG iterations. We exploit this property to prove that Algorithm 1 converges at least as fast as GD.
We use an argument based on a Lyapunov function that we denote by V GD

t . The superscript “GD”
indicates that V GD

t decreases at a gradient-descent type of rate along iterations in which mt ≥ m.
The Lyapunov function V GD

t is the sum of two functions Wt and Ut. First, we show Wt is a
common Lyapunov function for GD and NAG, then we analyze Ut and finally combine all results to
give Algorithm 1 the same type of convergence guarantees of GD. To analyze GD and NAG through
a common Lyapunov function, we add a trivial momentum step xGD

t+1 to GD, as in

yGD
t+1 = xGD

t − (1/Lt)∇f(xGD
t ), (8)

xGD
t+1 = yGD

t+1, (9)

conforming GD to the algorithmic structure of NAG:

yNAG
t+1 = xNAG

t − (1/Lt)∇f(xNAG
t ), (10)

xNAG
t+1 = yNAG

t+1 + θt(y
NAG
t+1 − yNAG

t ), (11)

where the coefficient θ defining the momentum step in (11) is given by

θt = (
√
pt − 1)/(

√
pt + 1), pt = (Lt/m). (12)

Similarly, the iterates of Algorithm 1 are given by

yt+1 = xt − (1/Lt)∇f(xt), (13)

xt+1 = yt+1 + βt(yt+1 − yt), (14)

where yt+1 and Lt are such that

f(yt+1)− f(xt) ≤ −(1/2Lt)∥∇f(xt)∥2, (15)

and βt is the affine coefficient given by

βt = (
√
qt − 1)/(

√
qt + 1), qt = (Lt/mt), (16)

Expressed in the common structure of (8) to (11), GD and NAG can be analyzed with a common
Lyapunov function very similar to the one used in [2, section 5.5], and given by

Wt(st) = f̃(yt) + (m/2)∥z⋆t ∥2, (17)

where st stacks the descent and momentum steps into a single pair, as in

st = (xt, yt), sGD
t = (xGD

t , yGD
t ), and sNAG

t = (xNAG
t , yNAG

t ), (18)

8
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f̃ denotes the objective function with minimum shifted to 0, meaning that

f̃ = f − f(x⋆), (19)

and z⋆s = z⋆s (xt, yt) is the pseudo-state defined as

z⋆s = zs − x⋆, zs = zs(xt, yt) =

{
x0 +

√
p0(x0 − y0), s = 0,

xt +
√
ps−1(xt − yt), s ≥ 1.

(20)

Remark 6 In the definition of Wt, we note that the subscript t determines the subscript of p0 or
pt−1 in zt independently of the subscript of xt and yt. So, for example, we have that

Wt+1(st) = f̃(yt) + (m/2)∥xt +
√
pt(xt − yt)∥2

̸= f̃(yt+1) + (m/2)∥xt+1 +
√
pt(xt+1 − yt+1)∥2 = Wt+1(st+1).

Remark 7 By assumption f ∈ F(L,m) is convex, thus so is f̃ . Moreover, the affine transformation
that defines z⋆t composed with the 2-norm yields a convex function. Thus, V GD

t is the sum of convex
functions and is therefore convex.

In the following, we often use gt = ∇f(xt). For brevity, we also define

x⋆t = xt − x⋆ and xyt = xt − yt. (21)

Remark 8 Superscripts carry over from (8) to (11) to the notation above in the natural way. For
example, by gNAG

t we mean∇f(xNAG
t ) and by xGD,⋆

t we mean xGD
t − x⋆.

Although Wt serves as a Lyapunov function for GD and NAG, we should expect Wt to decrease
at a faster rate along NAG iterations than along GD iterations. We now show that Wt decreases at
the expected rate for each of the two methods, namely (1 + δ(pt))

−1 for GD and (1 + δ(
√
pt))

−1

for NAG, where the rate increment δ is defined by

δ(p) = 1/(p− 1). (22)

The following rate increments will also be convenient:

δGD
t = δ(pt−1) = 1/(pt−1 − 1) and δACC

t = δ(
√
pt−1) = 1/(

√
pt−1 − 1). (23)

Lemma 9 Let f ∈ F(L,m) and yGD
t = xGD

t ∈ Rd. If yGD
t+1 given by (8) and Lt > 0 are such that

f(yGD
t+1)− f(xGD

t ) ≤ −(1/2Lt)∥gGD
t ∥2, (24)

and xGD
t+1 is given by (9), then

(1 + δGD
t+1)Wt+1(s

GD
t+1)−Wt(s

GD
t ) ≤ −(1/2Lt)∥gGD

t ∥2. (25)

9
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Proof Let f ∈ F(L,m) and L̄ ≥ L. Following the procedure described above, we start by
expressing (1 + δGD

t+1)f̃(y
GD
t+1)− f̃(yGD

t ) as the sum of two differences:

(1 + δGD
t+1)f̃(y

GD
t+1)− f̃(yGD

t ) = (1 + δGD
t+1)(f(y

GD
t+1)− f(yGD

t )) + δGD
t+1(f(y

GD
t )− f(x⋆)).

If yGD
t = xGD

t , yGD
t+1 is given by (8) and (24) holds, then the first difference is bounded as

(1 + δGD
t+1)(f(y

GD
t+1)− f(yGD

t )) ≤ −(1 + δGD
t+1)(1/2Lt)∥gGD

t ∥2. (26)

Applying (3) with x = yGD
t = xGD

t and y = x⋆, we bound the second difference as

δGD
t+1(f(y

GD
t )− f(x⋆)) ≤ δGD

t+1⟨gGD
t , xGD,⋆

t ⟩ − δGD
t+1(m/2)∥xGD,⋆

t ∥2. (27)

Also from xGD
t = yGD

t , it follows that zGD
t = xGD

t and, likewise, zGD
t+1 = yGD

t+1. Therefore

(1 + δGD
t+1)∥z

GD,⋆
t+1 ∥

2 − ∥zGD,⋆
t ∥2 = (1 + δGD

t+1)∥y
GD,⋆
t+1 ∥

2 − ∥xGD,⋆
t ∥2

= (1 + δGD
t+1)

(∥gGD
t ∥2

L2
t

− 2⟨gGD
t , xGD,⋆

t ⟩
Lt

)
+ δGD

t+1∥x
GD,⋆
t ∥2. (28)

To simplify the above and conclude the proof, we use the identities

(1 + δGD
t+1)

(
1− 1

pt

)
=

pt
pt − 1

pt − 1

pt
= 1 and

1 + δGD
t+1

pt
=

pt/(pt − 1)

pt
= δGD

t+1.

Multiplying (28) by m/2, summing the result with (26) and (27), then using the identities above,
we obtain

(1 + δGD
t )Wt+1(s

GD
t+1)−Wt(s

GD
t ) ≤− (1 + δGD

t+1)
(
1− 1

pt

) 1

2Lt
∥gGD

t ∥2

−
(
δGD
t+1 −

1 + δGD
t+1

pt

)
⟨gGD

t , xGD,⋆
t ⟩

≤ − (1/2Lt)∥gGD
t ∥2,

proving (25).

The analysis of Lyapunov functions like Wt is challenging because it varies with t, so we con-
sider two types of changes for Wt and subsequent Lyapunov functions: the decrease in a fixed Wt+1

from one iteration st to the next st+1 and the increase from Wt to Wt+1 for the same iteration st.
For GD, the steps yGD

t and xGD
t coincide, hence both also coincide with zGD

t . Therefore, Wt is
effectively the same for all t ≥ 0 when evaluated at sGD

t , that is

Wt(s
GD
t ) = f̃(yGD

t ) + (m/2)∥xGD,⋆
t ∥2 = Wt+1(s

GD
t ).

In contrast, the steps yNAG
t and xNAG

t need not coincide. Therefore, as
√
pt change with t, each

zNAG,⋆
t turns into a different affine combination of xNAG,⋆

t and yNAG,⋆
t . That is, for t ≥ 1

zNAG
t+1 (xt, yt) = xNAG

t +
√
pt(x

NAG
t − yNAG

t )

̸= xNAG
t +

√
pt−1(x

NAG
t − yNAG

t ) = zNAG
t (xt, yt)

due to mismatching
√
pt and

√
pt−1. To handle this mismatch, instead of analyzing the dif-

ference (1 + δACC
t+1 )Wt+1(s

NAG
t+1 ) − Wt(s

NAG
t ), in the next two results we analyze the difference

(1 + δACC
t+1 )Wt+1(s

NAG
t+1 )−Wt+1(s

NAG
t ), and then bound Wt+1(s

NAG
t+1 ) in terms of Wt(s

NAG
t ).

10
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Lemma 10 Let f ∈ F(L,m). If yNAG
t+1 given by (10) and Lt > 0 are such that

f(yNAG
t+1 )− f(xNAG

t ) ≤ −(1/2Lt)∥gNAG
t ∥2, (29)

and xNAG
t+1 is given by (11), then

(1 + δACC
t+1 )Wt+1(s

NAG
t+1 )−Wt+1(s

NAG
t ) ≤ 0. (30)

Proof To prove (30), we start by expressing (1 + δACC
t+1 )f̃(y

NAG
t+1 ) − f̃(yNAG

t ) as the sum of three
further differences:

(1 + δACC
t+1 )f̃(y

NAG
t+1 )− f̃(yNAG

t ) = (1 + δACC
t+1 )(f(y

NAG
t+1 )− f(xNAG

t ))

+ f(xNAG
t )− f(yNAG

t )

+ δACC
t+1 (f(x

NAG
t )− f(x⋆)).

If (29) holds, then we bound the first difference as

(1 + δACC
t+1 )(f(y

NAG
t+1 )− f(xNAG

t )) ≤ − (1 + δACC
t+1 )(1/2Lt)∥gNAG

t ∥2.

Using convexity and applying (3) with x = xNAG
t and y = x⋆, we bound the second and third

differences as

f(xNAG
t )− f(yNAG

t ) ≤ ⟨gNAG
t , xNAG,y

t ⟩,

f(xNAG
t )− f(x⋆) ≤ ⟨gNAG

t , xNAG,⋆
t ⟩ − (m/2)∥xNAG,⋆

t ∥2.

To address the rest of (1 + δACC
t+1 )Wt+1(s

NAG
t+1 ) −Wt+1(s

NAG
t ), we expand zNAG,⋆

t+1 , and then use the
definition of θt to simplify the resulting expression, as in

zNAG,⋆
t+1 = xNAG

t+1 +
√
pt(x

NAG
t+1 − yNAG

t+1 )− x⋆

= yNAG
t+1 + θt(y

NAG
t+1 − yNAG

t ) +
√
ptθt(y

NAG
t+1 − yNAG

t )− x⋆

= − (1/Lt)(1 + θt(1 +
√
pt))g

NAG
t + θt(1 +

√
pt)x

NAG,y
t + xNAG,⋆

t

= − (1/Lt)
√
ptg

NAG
t + (

√
pt − 1)xNAG,y

t + xNAG,⋆
t .

Next, we note that the 2-norm term that goes into Wt+1(s
NAG
t ) is (m/2)∥xNAG,⋆

t +
√
ptx

NAG,⋆
t ∥2,

aand then we write the 2-norm difference in (1 + δACC
t+1 )Wt+1(s

NAG
t+1 )−Wt+1(s

NAG
t ) as

(1 + δACC
t+1 )

m

2
∥zNAG,⋆

t+1 ∥
2 − m

2
∥xNAG,⋆

t +
√
ptx

NAG,⋆
t ∥2 =

1 + δACC
t+1

2Lt
∥gNAG

t ∥2

− ⟨gNAG
t , xNAG,y

t ⟩

− δACC
t+1 ⟨gNAG

t , xNAG,⋆
t ⟩

− m

2

√
pt∥xNAG,y

t ∥2

+ δACC
t+1

m

2
∥xNAG,⋆

t ∥2,

11
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where we used the following identities after colons to simplify the coefficients of the terms before
colons:

⟨gNAG
t , xNAG,y

t ⟩ : (1 + δACC
t+1 )
√
pt(
√
pt − 1)/pt = 1,

⟨gNAG
t , xNAG,⋆

t ⟩ : (1 + δACC
t+1 )
√
pt/pt = δACC

t+1 ,

∥xNAG,y
t ∥2 : (1 + δACC

t+1 )(
√
pt − 1)2 =

√
pt(
√
pt − 1),

⟨xNAG,y
t , xNAG,⋆

t ⟩ : (1 + δACC
t+1 )(

√
pt − 1) =

√
pt.

Finally, we put everything together and then cancel several terms to obtain

(1 + δACC
t+1 )Wt+1(s

NAG
t+1 )−Wt+1(s

NAG
t ) ≤ −(m/2)

√
pt∥xNAG,y

t ∥2 ≤ 0,

proving (30).

By pairing Wt+1(s
NAG
t+1 ) with Wt+1(s

NAG
t ), we deferred the problem of mismatching

√
pt and√

pt−1 to obtain (30). We now handle the mismatch problem by bounding Wt+1(s
NAG
t ) in terms

of Wt(s
NAG
t ). In contrast with (30), the inequality we prove next holds for arbitrary xt and yt, not

necessarily generated by NAG. We therefore drop the “NAG” superscript.

Lemma 11 Let f ∈ F(L,m), yt, xt ∈ Rd. If Lt ≥ Lt−1 ≥ m, then

Wt+1 ≤
p2t
p2t−1

Wt. (31)

Proof The key to prove (31) is to analyze the difference between the mismatching terms

∥x⋆t +
√
ptx

y
t ∥2 − ∥z⋆t ∥2 = 2(

√
pt −

√
pt−1)⟨x⋆t , x

y
t ⟩+ (pt − pt−1)∥xyt ∥2. (32)

We split the analysis in two cases, according to the sign of ⟨x⋆t , x
y
t ⟩. First, we consider the case

⟨x⋆t , x
y
t ⟩ ≥ 0. Assuming Lt ≥ Lt−1, then pt ≥ pt−1, which in turn implies

√
pt −

√
pt−1 ≤

pt√
pt
−√pt−1

√
pt−1√
pt

=
pt − pt−1√

pt
. (33)

Hence, adding (pt − pt−1)p
−1
t ∥x⋆t ∥2 ≥ 0 to (32) and then using (33), we obtain

∥x⋆t +
√
ptx

y
t ∥2 − ∥z⋆t ∥2 ≤ 2

pt − pt−1√
pt

⟨x⋆t , x
y
t ⟩+ (pt − pt−1)∥xyt ∥2 +

pt − pt−1

pt
∥x⋆t ∥2

=
pt − pt−1

pt
∥x⋆t +

√
ptx

y
t ∥2. (34)

In turn, multiplying right and left-hand side of (34) by m/2, it follows from the definition (17) that

Wt+1(st)−Wt(st) =
m

2
(∥x⋆t +

√
ptx

y
t ∥2 − ∥z⋆t ∥2) ≤

pt − pt−1

pt
Wt+1(st).

Moving terms around then multiplying both sides by pt/pt−1, we obtain

Wt+1(st) ≤
pt
pt−1

Wt(st) ≤
p2t
p2t−1

Wt(st),

12
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where the second inequality follows from the fact that pt ≥ pt−1.
Now, suppose ⟨x⋆t , x

y
t ⟩ < 0. Expressing (pt − pt−1)∥xyt ∥2 in (32) as

(pt − pt−1)∥xyt ∥2 = (
√
pt(
√
pt −

√
pt−1) +

√
pt−1(

√
pt −

√
pt−1))∥xyt ∥2

and then adding ±(√pt −
√
pt−1)∥x⋆t ∥2/

√
pt to (32) to complete a square, we obtain

∥x⋆t +
√
ptx

y
t ∥2 − ∥z⋆t ∥2 = 2

√
pt −

√
pt−1√

pt
⟨x⋆t ,
√
ptx

y
t ⟩+

√
pt(
√
pt −

√
pt−1)∥xyt ∥2

+
√
pt−1(

√
pt −

√
pt−1)∥xyt ∥2 ±

√
pt −

√
pt−1√

pt
∥x⋆t ∥2

=

√
pt −

√
pt−1√

pt
∥x⋆t +

√
ptx

y
t ∥2 +

√
pt−1(

√
pt −

√
pt−1)∥xyt ∥2

−
√
pt −

√
pt−1√

pt
∥x⋆t ∥2. (35)

Next, we bound the ∥xyt ∥2 term on (35) using ∥z⋆t ∥2 and ∥x⋆t ∥2 terms. To this end, we use an
elementary inequality for 2-norms. If a, b ∈ Rd and c ∈ R \ {0}, then

(1/c2)∥a∥2 + 2⟨a, b⟩+ c2∥b∥2 = ∥a/c+ bc∥2 ≥ 0,

so that −2⟨a, b⟩ ≤ (1/c2)∥a∥2 + c2∥b∥2, which implies

∥a− b∥2 = ∥a∥2 − 2⟨a, b⟩+ ∥b∥2 ≤ (1 + 1/c2)∥a∥2 + (1 + c2)∥b∥2. (36)

Applying (36) with a = z⋆t , b = x⋆t and some c ̸= 0, we obtain

∥xyt ∥2 = ∥x
y
t ± x⋆t /

√
pt−1∥2 =

1

pt−1
∥z⋆t − x⋆t ∥2 ≤

1 + 1/c2

pt−1
∥x⋆t ∥2 +

1 + c2

pt−1
∥z⋆t ∥2. (37)

We then choose c such that
√
pt −

√
pt−1√

pt−1
(1 + c2) =

pt − pt−1

pt−1
=

√
pt −

√
pt−1√

pt−1

√
pt +

√
pt−1√

pt−1
. (38)

Cancelling (
√
pt −

√
pt−1)/

√
pt−1 on both sides of (38) yields

c2 =

√
pt +

√
pt−1√

pt−1
− 1 =

√
pt√
pt−1

.

Having fixed c as above, it follows that the coefficient multiplying ∥x⋆t ∥2 in (37) is

1 + 1/c2

pt−1
=

1

pt−1

(
1 +

√
pt−1√
pt

)
=

√
pt +

√
pt−1

pt−1
√
pt

. (39)

Plugging (38) and (39) back into (37), we obtain

√
pt−1(

√
pt −

√
pt−1)∥xyt ∥2 ≤

pt − pt−1√
pt
√
pt−1
∥x⋆t ∥2 +

pt − pt−1

pt−1
∥z⋆t ∥2. (40)

13
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In turn, plugging (40) back into (35) yields

∥x⋆t +
√
ptx

y
t ∥2 − ∥z⋆t ∥2 ≤

√
pt −

√
pt−1√

pt
∥x⋆t +

√
ptx

y
t ∥2 +

pt − pt−1

pt−1
∥z⋆t ∥2

+

√
pt −

√
pt−1√

pt−1
∥x⋆t ∥2, (41)

where the coefficient multiplying ∥x⋆t ∥2 is the result of summing that in (35) and the one in (40)

pt − pt−1√
pt
√
pt−1

−
√
pt −

√
pt−1√

pt
=

√
pt −

√
pt−1√

pt

(√pt +√pt−1√
pt−1

− 1
)
=

√
pt −

√
pt−1√

pt−1
.

Multiplying both sides of (41) by m/2 and using the definition (17), we obtain

Wt+1(st)−Wt(st) ≤
√
pt −

√
pt−1√

pt
Wt+1(st) +

pt − pt−1

pt−1
Wt(st)

+

√
pt −

√
pt−1√

pt−1

m

2
∥x⋆t ∥2.

Moving all Wt+1(st) terms above to the left-hand side, all Wt(st) above to the right-hand side and
then multiplying both sides by

√
pt/
√
pt−1, we get

Wt+1(st) ≤
pt
pt−1

√
pt√
pt−1

Wt(st) +

√
pt√
pt−1

√
pt −

√
pt−1√

pt−1

m

2
∥x⋆t ∥2

≤ pt
pt−1

√
pt√
pt−1

Wt(st) +
pt
pt−1

√
pt −

√
pt−1√

pt−1

m

2
∥y⋆t ∥2, (42)

where the second inequality follows from
√
pt ≥

√
pt−1 and ⟨x⋆t , x

y
t ⟩ < 0, the assumption under-

pinning the case we are analyzing, which implies

∥y⋆t ∥2 = ∥y⋆t ± x⋆t ∥2 = ∥x⋆t − xyt ∥2 = ∥x⋆t ∥2 − 2⟨x⋆t , x
y
t ⟩+ ∥x

y
t ∥2 ≥ ∥x⋆t ∥2 + ∥x

y
t ∥2 ≥ ∥x⋆t ∥2.

Finally, bounding (m/2)∥y⋆t ∥2 by f̃(yt) on (42) using (3) with x = x⋆ and y = yt, then bounding
f̃(yt) by Wt directly from the definition of Wt, we obtain

Wt+1(st) ≤
pt
pt−1

( √pt√
pt−1

+

√
pt −

√
pt−1√

pt−1

)
Wt(st) ≤

p2t
p2t−1

Wt(st),

where the last inequality follows from
√
pt√
pt−1

+

√
pt −

√
pt−1√

pt−1
≤ pt

pt−1
,

which holds because
√
pt ≥

√
pt−1 implies

√
pt−1(

√
pt −

√
pt−1) ≤

√
pt(
√
pt −

√
pt−1).

14
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Therefore, both when ⟨x⋆t , x
y
t ⟩ ≥ 0 and when ⟨x⋆t , x

y
t ⟩ < 0, the inequality

Wt+1(st) ≤
p2t
p2t−1

Wt(st)

holds generically for all st, which proves (31).

Now that we have shown that Wt is a common Lyapunov function for GD and NAG, we intro-
duce the second piece of V GD

t , the function Ut defined by

Ut(st) =

f̃(y0) + (L0/2)∥y⋆0∥2, t = 0,

f̃(yt) + (Lt−1/2)∥y⋆t ∥2, t ≥ 1,
(43)

where f̃ = f − f(x⋆) and y⋆t is a pseudo-state defined by

y⋆t = yt − x⋆. (44)

Remark 12 The subscript t of Ut determines the subscript of L0 or Lt−1 independently of the
argument of Ut. So, for example, if t ≥ 1, then

Ut+1(st) = f̃(yt) + (Lt/2)∥y⋆t ∥2

̸= f̃(yt) + (Lt−1/2)∥y⋆t ∥2 = Ut(st).

Analogously to Wt+1(st+1) and Wt(st), Ut+1(st+1) and Ut(st) have a mismatch in the coeffi-
cients of their 2-norm terms, in this case (Lt/2)∥y⋆t+1∥2 and (Lt−1/2)∥y⋆t ∥2. Hence, as with Wt,
we pair Ut+1(st+1) with Ut+1(st) instead of Ut(st) to avoid the mismatch and then address the
mismatch problem immediately after. In contrast with the first piece, however, we analyze Ut along
NEST iterations explicitly.

Lemma 13 Let f ∈ F(L,m). If st+1 = (xt+1, yt+1) is given by (13) and (14), then

(1 + δGD
t+1)Ut+1(st+1)− Ut+1(st) ≤ Lt⟨xyt , x⋆t ⟩ − (Lt/2)∥xyt ∥2. (45)

Proof First, we address the difference (1 + δGD
t+1)f̃(yt+1) − f̃(yt). By definition, f(x⋆) ≤ f(yt),

thus −f̃(yt) ≤ 0. Hence, adding ±(1 + δGD
t+1)f(xt) to (1 + δGD

t+1)f̃(yt+1) − f̃(yt) and discarding
−f̃(yt), we get

(1 + δGD
t+1)f̃(yt+1)− f̃(yt) ≤ (1 + δGD

t+1)(f(yt+1)− f(xt)) + (1 + δGD
t+1)(f(xt)− f(x⋆)).

By assumption yt+1 is given by (13), with yt+1 and Lt such that (15) holds. Therefore

(1 + δGD
t+1)(f(yt+1)− f(xt)) ≤ −(1 + δGD

t+1)(1/2Lt)∥gt∥2.

To address the second difference above, we apply (3) with x = xt and y = x⋆, obtaining

(1 + δGD
t+1)(f(xt)− f(x⋆)) ≤ (1 + δGD

t+1)
(
⟨gt, x⋆t ⟩ − (m/2)∥x⋆t ∥2

)
.

15
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Then, we put the two bounds together to get

(1 + δGD
t+1)f̃(yt+1)− f̃(yt) ≤ −

1 + δGD
t+1

2Lt
∥gt∥2 + (1 + δGD

t+1)⟨gt, x⋆t ⟩ − δGD
t+1

Lt

2
∥x⋆t ∥2, (46)

where the coefficient multiplying ∥x⋆t ∥2 on the right-hand side above follows from the identity

(1 + δGD
t+1)

m

2
=

pt
pt − 1

m

2
= δGD

t+1

Lt

2
.

To address the 2-norm difference in (1+δGD
t+1)Ut+1(st+1)−Ut(st), we expand pseudo-states inside

2-norms as:

(1 + δGD
t+1)∥y⋆t+1∥2 = (1 + δGD

t+1)
( 1

L2
t

∥gt∥2 −
2

Lt
⟨gt, x⋆t ⟩+ ∥x⋆t ∥2

)
,

∥y⋆t ∥2 = ∥x
y
t ∥2 − 2⟨xyt , x⋆t ⟩+ ∥x⋆t ∥2.

Expanding ∥y⋆t+1∥2 and ∥y⋆t ∥2 as above, we get

Lt

2
((1 + δGD

t+1)∥y⋆t+1∥2 − ∥y⋆t ∥2) = (1 + δGD
t+1)

(∥gt∥2
2Lt

− ⟨gt, x⋆t ⟩
)

+
Lt

2
(−∥xyt ∥2 + 2⟨xyt , x⋆t ⟩+ δGD

t+1∥x⋆t ∥2). (47)

Finally, combining (46) and (47), several terms cancel each other and we are left with

(1 + δGD
t+1)Ut+1(st+1)− Ut(st) ≤ Lt⟨xyt , x⋆t ⟩ −

Lt

2
∥xyt ∥2,

proving (45).

Lemma 14 Let f ∈ F(L,m). If Lt ≥ Lt−1, then

Ut+1 ≤
pt
pt−1

Ut. (48)

Proof Expanding Ut+1(st)−Ut(st), multiplying the result by Lt−1/Lt−1, using that 1
2Lt−1∥y⋆t ∥2 ≤

Ut(st) and assuming Lt ≥ Lt−1, we obtain

Ut+1(st)− Ut(st) =
Lt − Lt−1

2
∥y⋆t ∥2 =

Lt − Lt−1

Lt−1

Lt−1

2
∥y⋆t ∥2 ≤

Lt − Lt−1

Lt−1
Ut(st).

Multiplying the right-hand side by m/m to substitute pt and pt−1 for Lt and Lt−1, and then moving
−Ut(st) to the right-hand side, we get

Ut+1(st) ≤
pt
pt−1

Ut(st).

Since st is arbitrary, (48) follows.

With Lemmas 9 to 11, 13 and 14, we can prove the main result for NEST iterations in which
mt > m, using the Lyapunov function V GD

t given by

V GD
t =

W0 + (ᾱ0/
√
p0)U0, t = 0,

Wt + (ᾱt−1/
√
pt−1)Ut, t ≥ 1,

with ᾱt = 1− αt and αt = βt/θt. (49)

16
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Remark 15 The subscript t on V GD
t determines the subscripts on W0 + (ᾱ0/

√
p0)U0 or Wt +

(ᾱt−1/
√
pt−1)Ut independently of the argument.

First, we show that V GD
t ≥ 0 for iterations in which mt > m. For future reference, we also

show that ᾱj is nonincreasing for all 0 ≤ j ≤ t.

Lemma 16 If mt ≥ m and, in addition, Lt and mt are respectively nondecreasing and nonin-
creasing, then V GD

j ≥ 0 and ᾱj is nonincreasing for all 0 ≤ j ≤ t.

Proof The assumptions that mt ≥ m and that mt is nonincreasing imply that mj ≥ m for all
0 ≤ j ≤ t. Moreover, mt ≥ m implies that qt = Lt/mt ≤ Lt/m = pt, therefore

βt =

√
qt − 1
√
qt + 1

≤
√
qt − 1
√
qt + 1

= θt.

Hence, βj ≤ θj for all 0 ≤ j ≤ t. Therefore, αj , ᾱj ∈ [0, 1] and, in turn, V GD
j ≥ 0 for all 0 ≤ j ≤ t.

Then, expanding βt and θt in αt, we obtain

βt
θt

=

√
qt − 1
√
qt + 1

√
pt + 1
√
pt − 1

=

√
Lt −

√
mt√

Lt +
√
mt

√
Lt +

√
m√

Lt −
√
m

=
Lt − (

√
mt −

√
m)
√
Lt −

√
mtm

Lt + (
√
mt −

√
m)
√
Lt −

√
mtm

.

(50)

Letting l = Lt, d = mt −m ≥ 0 and a =
√
mtm, then after simplifying several terms, we obtain

∂

∂l
(50) =

∂

∂l

l − d
√
l − a

l + d
√
l − a

=
(1− d/2

√
l)(l + d

√
l − a)− (1 + d/2

√
l)(l − d

√
l − a)

(l + d
√
l − a)2

=
d
√
l + ad/

√
l

(l + d
√
l − a)2

≥ 0.

That is, αt is nondecreasing in Lt while αt is decreasing in mt, because βt is decreasing in mt and θt
is not a function of mt. By assumption Lt and mt are respectively nondecreasing and nonincreasing,
therefore αj is nondecreasing, so that ᾱj is nonincreasing for all 0 ≤ j ≤ t.

Lemma 17 Let f ∈ F(L,m), Lt ≥ mt and let st+1 denote the iterate generated by Algorithm 1
from st. If mt ≥ m, then

(1 + δGD
t+1)V

GD
t+1(st+1) ≤ V GD

t+1(st). (51)

Proof To bound (1 + δGD
t+1)V

GD
t+1(st+1) in terms of V GD

t+1(st), we analyze their difference, which is
the sum of one difference involving Wt and another one involving Ut. We address the one involving
Wt first. To this end, we use the assumption that mt ≥ m to show that Algorithm 1 iterations can
be expressed as a convex combination of appropriate GD and NAG iterations and then we exploit
the fact that Wt is convex to bound the corresponding difference.

To show that Algorithm 1 iterations are a convex combination of GD and NAG iterations, we
consider fictitious “one-shot” GD and NAG iterations taking the value of T into account and ap-
propriately initialized at a given iteration of Algorithm 1. We let yGD

t = xGD
t = xNAG

t = xt and

17
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yNAG
t = yt. We initialize xGD

t and yGD
t “backwards” from xt to conform them to the GD itera-

tion constraint that yGD
t = xGD

t . On the other hand, since NAG works with arbitrary initial points,
we initialize NAG at the t-th NEST iteration exactly. With these initial points in mind, let yGD

t+1,
xGD
t+1, yNAG

t+1 and xNAG
t+1 be the GD and NAG iterations produced by (8) to (11). Then, GD, NAG and

Algorithm 1 produce the same descent step:

yGD
t+1 = xGD

t − (1/Lt)∇f(xGD
t ) = xt − (1/Lt)∇f(xt)︸ ︷︷ ︸

yt+1

= xNAG
t − (1/Lt)∇f(xNAG

t ) = yNAG
t+1 .

In turn, xNAG
t+1 reduces to an affine combination of the Algorithm 1 descent steps yt+1 and yt:

xNAG
t+1 = (1 + θt)y

NAG
t+1 − θty

NAG
t = (1 + θt)yt+1 − θtyt.

It follows that, for all t ≥ 0 such that mt ≥ m, xt+1 is a convex combination of xGD
t+1 = yGD

t+1 = yt+1

and xNAG
t+1 , as in

xt+1 = (1 + βt)yt+1 − βtyt =
(
1 + θt

βt
θt
± βt

θt

)
yt+1 − θt

βt
θt
yt

=
(
1− βt

θt

)
yt+1 +

βt
θt
((1 + θt)yt+1 − θtyt)

=
(
1− βt

θt

)
yGD
t+1 +

βt
θt
((1 + θt)y

NAG
t+1 − θty

NAG
t )

= ᾱtx
GD
t+1 + αtx

NAG
t+1 ,

where, as defined in (49), the coefficients defining the convex combination are given by

αt = βt/θt ∈ [0, 1], ᾱt = 1− αt ∈ []0, 1].

Likewise, yGD
t+1 = yNAG

t+1 = yt+1 implies yt+1 = ᾱty
GD
t+1 + αty

NAG
t+1 so, in fact, the entire iteration of

Algorithm 1 can be expressed as a convex combination of GD and NAG iterations, as in

st+1 = ᾱts
GD
t+1 + αts

NAG
t+1 ,

where st+1, sGD
t+1 and sNAG

t+1 comprise the iterations of Algorithm 1, GD and NAG:

st+1 = (xt+1, yt+1),

sGD
t+1 = (xGD

t+1, y
GD
t+1) = (yt+1, yt+1),

sNAG
t+1 = (xNAG

t+1 , y
NAG
t+1 ) = (xNAG

t+1 , yt+1).

Hence, since Wt is convex (see Theorem 7), we can bound Wt+1(st+1) in terms of GD and NAG
iterations, as in

Wt+1(st+1) ≤ ᾱtWt+1(s
GD
t+1) + αtWt+1(s

NAG
t+1 ).

Then, it follows from Wt+1(st) = ᾱtWt+1(st) + αtWt+1(st) that

(1 + δGD
t+1)Wt+1(st+1)−Wt+1(st) = ᾱt((1 + δGD

t+1)Wt+1(s
GD
t+1)−Wt+1(st))

+ αt

(
(1 + δACC

t+1 )Wt+1(s
NAG
t+1 )−Wt+1(st)

)
+ αt(δ

GD
t+1 − δACC

t+1 )Wt+1(s
NAG
t+1 ).

18
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Since yNAG
t+1 = yt+1 and xNAG

t = xt, then the fact that yt+1 and Lt satisfy (15) implies that

f(yNAG
t+1 )− f(xNAG

t ) = f(yt+1)− f(xt) ≤ −(1/2Lt)∥gt∥2 = −(1/2Lt)∥gNAG
t ∥2.

Moreover, Lt > 0 is nondecreasing and mt > 0 is nonincreasing. Therefore, Lemma 10 applies
because Lemma 10 imposes no restrictions on neither yNAG

t nor xNAG
t . So, letting

sNAG
t = (xNAG

t , yNAG
t ) = (xt, yt) = st,

then Lemma 10 combined with both the fact that δACC
t+1 ≥ δGD

t+1 and that αt > 0, imply

αt

(
(1 + δACC

t+1 )Wt+1(s
NAG
t+1 )−Wt+1(st) + (δGD

t+1 − δACC
t+1 )Wt+1(s

NAG
t+1 )

)
≤ 0. (52)

The natural next move would be to address (1 + δGD
t+1)Wt+1(s

GD
t+1) − Wt+1(st) in an analogous

way. The caveat, however, is that although Lemma 10 applies to NAG iterations with arbitrary
xNAG
t and yNAG

t , the same is not true of Lemma 9. That is, Lemma 9 applies to consecutive GD
iterations, requiring that yGD

t = xGD
t . Hence, to be able to apply Lemma 9, we add ∓Wt+1(s

GD
t )

to the difference involving Wt+1, using a GD iteration sGD
t such that yGD

t = xGD
t . That is, we

define a fictitious GD iteration sGD
t “backwards” from xt using the points that we already defined

as yGD
t = xGD

t , as in

sGD
t = (xGD

t , yGD
t ) = (xt, xt). (53)

Although sGD
t need not equal st, yGD

t+1 = yt+1 and xGD
t = xt, thus

f(yGD
t+1)− f(xGD

t ) = f(yt+1)− f(xt) ≤ −(1/2Lt)∥gt∥2 = −(1/2Lt)∥gGD
t ∥2.

Therefore, since Lt > 0, Lemma 9 applies with sGD
t given by (53), and implies that

(1 + δGD
t+1)Wt+1(s

GD
t+1)−Wt+1(s

GD
t ) ≤ −(1/2Lt)∥gGD

t ∥2 = −(1/2Lt)∥gt∥2. (54)

Moreover, yGD
t = xGD

t = xt implies that xGD,y
t = 0, thus

zGD,⋆
t = xGD,⋆

t +
√
pt−1x

GD,y
t = xGD,⋆

t = x⋆t and f(yGD
t ) = f(xt),

and it follows that

Wt+1(s
GD
t )−Wt+1(st) = f(xt)− f(yt) + (m/2)(∥x⋆t ∥2 − ∥x⋆t +

√
ptx

y
t ∥2). (55)

Applying (3) with x = xt and y = yt, then using the fact that 2⟨gt, xyt ⟩ ≤ (1/Lt)∥gt∥2 + Lt∥xyt ∥2,
we obtain

f(xt)− f(yt) ≤ ⟨gt, xyt ⟩ − (m/2)∥xyt ∥2 ≤ (1/2Lt)∥gt∥2 + ((Lt −m)/2)∥xyt ∥2.

Hence, expanding ∥x⋆t +
√
ptx

y
t ∥2 on (55) and then using the above inequality, we get

Wt+1(s
GD
t )−Wt+1(st) ≤

1

Lt
∥gt∥2 +

Lt −m

2
∥xyt ∥2 +

m

2
(−2√pt⟨xyt , x⋆t ⟩ − pt∥xyt ∥2)

=
1

2Lt
∥gt∥2 −

m

2
∥xyt ∥2 −

√
Ltm⟨xyt , x⋆t ⟩, (56)
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where m
√
pt =

√
Ltm follows directly (12). Then, combining (54) and (56) yields

(1 + δGD
t+1)Wt+1(s

GD
t+1)∓Wt+1(s

GD
t )−Wt+1(st) ≤ −

√
Ltm⟨xyt , x⋆t ⟩. (57)

Therefore, since δGD
t+1 ≤ δACC

t+1 , combining (52) and (57), we obtain

(1 + δGD
t+1)Wt+1(st+1)−Wt+1(st) ≤ ᾱt((1 + δGD

t+1)Wt+1(s
GD
t+1)∓Wt+1(s

GD
t )−Wt+1(st))

+ αt

(
(1 + δACC

t+1 )Wt+1(s
NAG
t+1 )−Wt+1(st)

)
+ αt(δ

GD
t+1 − δACC

t+1 )Wt+1(s
NAG
t+1 )

≤ − ᾱt

√
Ltm⟨xyt , x⋆t ⟩. (58)

Next, we address the difference on (1 + δGD
t+1)V

GD
t+1(st+1) − V GD

t+1(st) involving Ut. Lemma 13
implies that

(ᾱt/
√
pt)((1 + δGD

t+1)Ut+1(st+1)− Ut+1(st)) ≤ (ᾱt/
√
pt)Lt⟨xyt , x⋆t ⟩ = ᾱt

√
Ltm⟨xyt , x⋆t ⟩, (59)

since Lt/
√
pt =

√
Ltm. Then, combining (58) with (59) yields

(1 + δGD
t+1)V

GD
t+1(st+1) ≤ V GD

t+1(st),

proving (51).

Lemma 18 Let f ∈ F(,m). If Lt ≥ Lt−1 ≥ m and mt ≤ mt−1 ≤ L, then

V GD
t+1 ≤

p2t
p2t−1

V GD
t . (60)

Proof If Lt ≥ Lt−1 ≥ m and mt ≤ mt−1 ≤ L, then Lemma 11 and Lemma 14 apply. It also
follows that

√
pt ≥

√
pt−1 and, by Lemma 16, that ᾱt ≤ ᾱt−1 Thus, ᾱt/

√
pt ≤ ᾱt−1/

√
pt−1.

Hence, combining Lemma 11 and Lemma 14 and then using the definition of V GD
t , we obtain

V GD
t+1 = Wt+1 +

ᾱt√
p
t

Ut+1 ≤
p2t
p2t−1

Wt +
ᾱt−1√
p
t−1

pt
pt−1

Ut ≤
p2t
p2t−1

(
Wt +

ᾱt−1√
p
t−1

Ut

)
=

p2t
p2t−1

V GD
t ,

proving (60).

Theorem 19 Let f ∈ F(L,m) and let st denote the iterates generated by Algorithm 1. If mt ≥ m,
then

V GD
t+1(st+1) ≤ 2max(L,L0)

p2t
p20
∥x0 − x⋆∥2

t+1∏
i=1

(1 + δGD
i )−1. (61)

20



ADAPTIVE ACCELERATION WITHOUT STRONG CONVEXITY PRIORS OR RESTARTS

Proof Under the above assumptions, Theorem 17 and Theorem 18 hold. Hence, combining (51)
and (60), for all st+1 and st such that mt ≥ m we have that

V GD
t+1(st+1) ≤ (1 + δGD

t+1)
−1 p2t

p2t−1

V GD
t (st). (62)

We proceed with an inductive argument based on (62). To establish the base case, we apply (2)
with y = y0 and x = x⋆, obtaining f̃(y0) ≤ (L/2)∥y⋆0∥2. Then, since y0 = x0, it follows that
z⋆0 = x⋆0 = y⋆0 , and

W0(s0) = f̃(y0) + (m/2)∥x⋆0∥2 ≤ ((L+m)/2)∥x⋆0∥2 ≤ L∥x⋆0∥2,
U0(s0) = f̃(y0) + (L0/2)∥y⋆0∥2 ≤ max(L,L0)∥x⋆0∥2.

Since ᾱ0/
√
p0 ∈ [0, 1], the above inequalities imply

V GD
0 (s0) = W0(s0) + (ᾱ0/

√
p0)U0(s0) ≤ 2max(L,L0)∥x⋆0∥2. (63)

Moreover, W1 = W0 and U1 = U0, so that V GD
1 = V GD

0 . Hence, if m1 ≥ m, then combining (51)
with (63), we obtain

V GD
1 (s1) ≤ 2max(L,L0)∥x⋆0∥2(1 + δGD

1 )−1. (64)

Having established the base case (64), suppose that

V GD
j+1(sj+1) ≤ 2max(L,L0)

p2j
p20
∥x⋆0∥2

j+1∏
i=1

(1 + δGD
i )−1, (65)

holds for all 0 ≤ j ≤ t− 1 such that mj ≥ m. Then, suppose mt ≥ m. Since the m estimates are
nonincreasing, it follows that mj ≥ m for all 0 ≤ j ≤ t. Hence, plugging the induction hypothesis
(65) with j = t − 1 into (62), the p2t−1 term on the numerator of (65) and on the denominator of
(62) cancel each other and we obtain

V GD
t+1(st+1) ≤ 2max(L,L0)

p2t
p20
∥x⋆0∥2

t+1∏
i=1

(1 + δGD
i )−1.

Therefore, we conclude by induction that (65) holds for all j ≥ 0, proving (61).

The same arguments above directly imply Theorem 4.
Proof [Proof of Theorem 4] The proof of Theorem 3 does not use of the particular dynamics of mt

induced by NAG-free (Algorithm 1), and the initialization of m0 is also not important as long as
m0 ∈ [m,L]. Hence, the same arguments also apply to the analysis of NAG (10) and (11). In this
case, Lt ≡ L and mt ≡ m for all t. Therefore, denoting by st = (xt, yt) the iterates of NAG (10)
and (11) and using the definition of V GD

t , (49), it follows that

f(yt+1)− f(x⋆) ≤ V GD
t+1(st+1) ≤

(
1− 1

κ

)t
2Lκ2∥x⋆0∥2.
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A.2. Case 2: mt < m

In the previous section, we analyzed iterations in which mt ≥ m. Now, we analyze iterations
in which mt < m and also the iteration t in which mt ≥ m and mt+1 < m. Since mt are
nonincreasing, there is a most one such transition iteration.

In Theorem 19, we proved that if mt ≥ m, then Algorithm 1 converges at least as fast as GD.
Now, we prove that if mt ≥ m, then Algorithm 1 converges evvn faster. Specifically, if mt < m,
then Algorithm 1 achieves the accelerated rate (1 + δ(

√
κ̄t))

−1, where

δ̂ACC
t =

{
1/(
√
q0 − 1), t = 0,

1/(
√
qt−1 − 1), t ≥ 1.

(66)

The proof once again consists in an inductive argument based on descending and ascending
bounds on a Lyapunov function. The function we work with this time is V ACC

t , given by

V ACC
t (st) =

{
f̃(y0) + (m0/2)∥w⋆

0∥2, t = 0,

f̃(yt) + (mt−1/2)∥w⋆
t ∥2, t ≥ 1,

(67)

where the pseudo-state w⋆
t , analogous to z⋆t , is given by

w⋆
t = wt − x⋆, wt =

{
x0 +

√
q0(x0 − y0), t = 0,

xt +
√
qt−1(xt − yt), t ≥ 1.

(68)

We first prove the descending bound and then prove the ascending one.

Lemma 20 Let f ∈ F(L,m), and let st+1 be generated by Algorithm 1. If mt ≤ m, then

(1 + δ̂ACC
t+1 )V

ACC
t+1 (st+1)− V ACC

t+1 (st) ≤ 0. (69)

Proof The difference (1+ δ̂ACC
t+1 )V

ACC
t+1 (st+1)−V ACC

t+1 (st) is the sum of a difference involving f̃ and
another one involving 2-norms. We first analyze the difference involving f̃ , splitting it into three
further differences:

(1 + δ̂ACC
t+1 )f̃(yt+1)− f̃(yt) = (1 + δ̂ACC

t+1 )(f(yt+1)− f(xt))

+ δ̂ACC
t+1 (f(xt)− f(x⋆))

+ f(xt)− f(yt).

Since yt+1 produced by Algorithm 1 satisfies (15), we have that

(1 + δ̂ACC
t+1 )(f(yt+1)− f(xt)) ≤ − (1 + δ̂ACC

t+1 )(1/2Lt)∥gt∥2. (70)

Moreover, if mt ≤ m, then (3) implies that for all x and y

f(x) + ⟨∇f(x), y − x⟩+ (mt/2)∥x− y∥2 ≤ f(y). (71)

Hence, plugging x = xt and y = x⋆ in (71) and using the fact that f is convex, we obtain

δ̂ACC
t+1 (f(xt)− f(x⋆)) ≤ δ̂ACC

t+1 ⟨gt, x⋆t ⟩ − δ̂ACC
t+1 (mt/2)∥x⋆t ∥2, (72)

f(xt)− f(yt) ≤ ⟨gt, xyt ⟩ . (73)
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Next, we address the 2-norm difference in (1+ δ̂ACC
t+1 )V

ACC
t+1 (st+1)−V ACC

t+1 (st) by expanding the
pseudo-states inside 2-norms. One pseudo-state is w⋆

t+1 which, using (16) and (68), we express as

w⋆
t+1 = xt+1 +

√
qt(xt+1 − yt+1)− x⋆

= yt+1 + βt(yt+1 − yt) +
√
qtβt(yt+1 − yt)− x⋆

= − (1/Lt)(1 + βt(1 +
√
qt))gt + βt(1 +

√
qt)x

y
t + x⋆t

= − (1/Lt)
√
qtgt + (

√
qt − 1)xyt + x⋆t .

After expanding w⋆
t+1 inside the 2-norm, we use the following identities after colons to simplify the

coefficients of terms before colons:

∥gt∥2 : (qt/L
2
t )(mt/2) = 1/2Lt,

⟨gt, xyt ⟩ : mt(1 + δ̂ACC
t+1 )
√
qt(
√
qt − 1)/Lt = 1,

⟨gt, x⋆t ⟩ : mt(1 + δ̂ACC
t+1 )
√
qt/Lt = δACC

t ,

∥xyt ∥2 : (1 + δ̂ACC
t+1 )(

√
qt − 1)2 =

√
qt(
√
qt − 1),

⟨xyt , x⋆t ⟩ : (1 + δ̂ACC
t+1 )(

√
qt − 1) =

√
qt.

Thus, the 2-norm difference in (1 + δ̂ACC
t+1 )V

ACC
t+1 (st+1)− V ACC

t+1 (st) reduces to

(1 + δ̂ACC
t+1 )

mt

2
∥w⋆

t+1∥2 −
mt

2
∥x⋆t +

√
qtx

y
t ∥2

=
1 + δ̂ACC

t+1

2Lt
∥gt∥2 − ⟨gt, xyt ⟩ − δACC

t ⟨gt, x⋆t ⟩+
mt

2

√
qt(
√
qt − 1)∥xyt ∥2

+
mt

2
(2
√
qt⟨xyt , x⋆t ⟩+ (1 + δ̂ACC

t+1 )∥x⋆t ∥2)−
mt

2
(qt∥xyt ∥2 + 2

√
qt⟨xyt , x⋆t ⟩+ ∥x⋆t ∥2)

=
1 + δ̂ACC

t+1

2Lt
∥gt∥2 − ⟨gt, xyt ⟩ − δACC

t ⟨gt, x⋆t ⟩ −
mt

2

√
qt∥xyt ∥2 + δACC

t

mt

2
∥x⋆t ∥2. (74)

Finally, combining (70) and (72) to (74), cancelling terms and then using the assumption that mt >
0, we obtain

(1 + δ̂ACC
t+1 )V

ACC
t+1 (st+1)− V ACC

t+1 (st) ≤ −(mt/2)
√
qt∥xyt ∥2 ≤ 0.

Lemma 21 Let f ∈ F(L,m). If Lt ≥ Lt−1 ≥ mt−1 ≥ mt and mt ≤ m, then

V ACC
t+1 ≤

q2t
q2t−1

V ACC
t . (75)

Proof If mt ≤ mt−1, then

V ACC
t+1 (st)− V ACC

t (st) =
mt

2
∥x⋆t +

√
qtx

y
t ∥2 −

mt−1

2
∥w⋆

t ∥2

≤ mt

2
(∥x⋆t +

√
qtx

y
t ∥2 − ∥w⋆

t ∥2). (76)
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Hence, to prove (75), we express bounds on (76) in terms of V ACC
t+1 and V ACC

t . To this end, we first
note that the term in parenthesis on the right-hand side of (76) can be expressed as

∥x⋆t +
√
qtx

y
t ∥2 − ∥w⋆

t ∥2 = 2(
√
qt −
√
qt−1)⟨x⋆t , x

y
t ⟩+ (qt − qt−1)∥xyt ∥2. (77)

We consider two cases, each representing a possible sign of ⟨xyt , x⋆t ⟩.
First, suppose ⟨xyt , x⋆t ⟩ ≥ 0. If Lt ≥ Lt−1, then

√
qt−1/

√
qt ≤ 1, so that

√
qt −
√
qt−1 ≤ qt/

√
qt −
√
qt−1(

√
qt−1/

√
qt) = (qt − qt−1)/

√
qt. (78)

Plugging (84) into (77) and then adding a nonnegative ∥x⋆t ∥2 term, we get

∥x⋆t +
√
qtx

y
t ∥2 − ∥w⋆

t ∥2 ≤ 2
qt − qt−1√

qt
⟨x⋆t , x

y
t ⟩+ (qt − qt−1)∥xyt ∥2 +

qt − qt−1

qt
∥x⋆t ∥2

=
qt − qt−1

qt
∥x⋆t +

√
qtx

y
t ∥2. (79)

Then, plugging (79) back into (76) yields

V ACC
t+1 (st)− V ACC

t (st) ≤
qt − qt−1

qt

mt

2
∥x⋆t +

√
qtx

y
t ∥2 ≤

qt − qt−1

qt
V ACC
t+1 (st), (80)

where the last inequality follows from the definition of V ACC
t , (67), as f̃ ≥ 0 implies

V ACC
t+1 (st) = f̃(yt) +

mt

2
∥x⋆t +

√
qtx

y
t ∥2 ≥

mt

2
∥x⋆t +

√
qtx

y
t ∥2. (81)

Thus, rearranging terms in (80) and then multiplying both sides by qt/qt−1, we obtain

V ACC
t+1 (st) ≤

qt
qt−1

V ACC
t (st) ≤

q2t
q2t−1

V ACC
t (st),

where the second inequality holds because qt/qt−1 ≥ 1.
Now, suppose ⟨xyt , x⋆t ⟩ < 0. As in the previous case, we start by bounding the gap (77). But

given the negative sign of ⟨xyt , x⋆t ⟩ term, we bound the ∥xyt ∥2 term instead. To this end, we first use
the assumption that ⟨xyt , x⋆t ⟩ < 0 to establish that

∥y⋆t ∥2 = ∥y⋆t ∓ x⋆t ∥2 = ∥x⋆t − xyt ∥2 = ∥x⋆t ∥2 − 2⟨x⋆t , x
y
t ⟩+ ∥x

y
t ∥2 ≥ ∥x⋆t ∥2. (82)

To use the above inequality on (77), first we rewrite (77) as

∥x⋆t +
√
qtx

y
t ∥2 − ∥w⋆

t ∥2 = 2

√
qt −
√
qt−1√

qt
⟨x⋆t ,
√
qtx

y
t ⟩+

√
qt(
√
qt −
√
qt−1)∥xyt ∥2

+
√
qt−1(

√
qt −
√
qt−1)∥xyt ∥2 ±

√
qt −
√
qt−1√

qt
∥x⋆t ∥2

=

√
qt −
√
qt−1√

qt
∥x⋆t +

√
qtx

y
t ∥2 +

√
qt−1(

√
qt −
√
qt−1)∥xyt ∥2

−
√
qt −
√
qt−1√

qt
∥x⋆t ∥2. (83)
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Then, we apply (36) with a = w⋆
t , b = x⋆t and c2 =

√
qt−1/

√
qt to bound the ∥xyt ∥2 term on (83),

as in

√
qt−1(

√
qt −
√
qt−1)∥xyt ∥2 =

√
qt−1(

√
qt −
√
qt−1)∥xyt ± x⋆t /

√
qt−1∥2

=

√
qt −
√
qt−1√

qt−1
∥w⋆

t − x⋆t ∥2

≤
√
qt −
√
qt−1√

qt−1

(
1 +

√
qt√
qt−1

)
∥w⋆

t ∥2

+

√
qt −
√
qt−1√

qt−1

(
1 +

√
qt−1√
qt

)
∥x⋆t ∥2

=
qt − qt−1

qt−1
∥w⋆

t ∥2 +
√
qt −
√
qt−1√

qt

√
qt +
√
qt−1√

qt−1
∥x⋆t ∥2. (84)

Plugging (84) back into (83) and then using (82), we get

∥x⋆t +
√
qtx

y
t ∥2 − ∥w⋆

t ∥2 ≤
√
qt −
√
qt−1√

qt
∥x⋆t +

√
qtx

y
t ∥2 +

qt − qt−1

qt−1
∥w⋆

t ∥2

+

√
qt −
√
qt−1√

qt

(√qt +√qt−1√
qt−1

− 1
)
∥x⋆t ∥2

≤
√
qt −
√
qt−1√

qt
∥x⋆t +

√
qtx

y
t ∥2 +

qt − qt−1

qt−1
∥w⋆

t ∥2

+

√
qt −
√
qt−1√

qt−1
∥y⋆t ∥2. (85)

In turn, since mt−1 ≥ mt and mt ≤ m, plugging (85) back into (76) we obtain

V ACC
t+1 (st)− V ACC

t (st) ≤
mt

2

√
qt −
√
qt−1√

qt
∥x⋆t +

√
qtx

y
t ∥2 +

mt

2

qt − qt−1

qt−1
∥w⋆

t ∥2

+
mt

2

√
qt −
√
qt−1√

qt−1
∥y⋆t ∥2

≤
√
qt −
√
qt−1√

qt

mt

2
∥x⋆t +

√
qtx

y
t ∥2 +

qt − qt−1

qt−1

mt−1

2
∥w⋆

t ∥2

+

√
qt −
√
qt−1√

qt−1

m

2
∥y⋆t ∥2. (86)

Now, as in (81), applying f̃ ≥ 0 to the definition of V ACC
t , we get

V ACC
t (st) = f̃(yt) +

mt−1

2
∥w⋆

t ∥2 ≥
mt−1

2
∥w⋆

t ∥2. (87)

In the same vein, applying (3) with x = x⋆ and y = yt to the definition of V ACC
t , we obtain

V ACC
t (st) = f̃(yt) +

mt−1

2
∥w⋆

t ∥2 ≥
m

2
∥y⋆t ∥2. (88)
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Plugging in (81), (87) and (88) back into (86), and then moving all V acc
t+1(st) terms to the left-hand

side and all V ACC
t (st) to the right-hand side, we obtain

√
qt−1√
qt

V ACC
t+1 (st) ≤

( qt
qt−1

+

√
qt −
√
qt−1√

qt−1

)
V ACC
t (st) (89)

Multiplying both sides of (89) by
√
qt/
√
qt−1, and then using the fact that

√
qt ≥

√
qt−1 yields

V ACC
t+1 (st) ≤

√
q
t√

qt−1

( qt
qt−1

+

√
qt −
√
qt−1√

qt−1

)
V ACC
t (st) ≤

q2t
q2t−1

V ACC
t (st),

where the last inequality above is a consequence of the following equivalences:

qt
qt−1

+

√
qt −
√
qt−1√

qt−1
≤ q

3/2
t

q
3/2
t−1

⇐⇒ √
qt−1qt + qt−1(

√
qt −
√
qt−1) ≤ q

3/2
t ,

⇐⇒ qt−1(
√
qt −
√
qt−1) ≤ qt(

√
qt −
√
qt−1),

which hold since qt ≥ qt−1. Therefore, whether ⟨x⋆t , x
y
t ⟩ ≥ 0 or ⟨x⋆t , x

y
t ⟩ < 0, we have that

V ACC
t+1 (st) ≤

q2t
q2t−1

V ACC
t (st)

for all st, proving (75).

Theorem 22 Let f ∈ F(L,m) and let st+1 be generated by Algorithm 1. If mN ≤ m, then for all
t ≥ N we have that

f(yt+1)− f(x⋆) ≤ q2t
q2N

t+1∏
i=N

(1 + δ̂ACC
i )−1V ACC

N (sN ). (90)

Proof Since mt is nonincreasing, if mN ≤ m, then mt ≤ m for all t ≥ N . Therefore, if mN ≤ m,
then Lemmas 20 and 21 hold for all t ≥ N . So, plugging (75) into (69) and proceeding with a
simple inductive argument, it follows that

f(yt+1)− f(x⋆) ≤ V ACC
t+1 (st+1) ≤

q2t
q2N

t+1∏
i=N

(1 + δ̂ACC
i )−1V ACC

N (sN ),

where the first inequality follows directly from (67), the definition of V ACC
t , since

V ACC
t+1 (st+1) = f̃(yt+1) + (mt/2)∥w⋆

t+1∥2 ≥ f̃(yt+1).
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The transition iteration from mt ≥ m to mt < m

We now have analyzed iterations of Algorithm 1 in which mt ≥ m and iterations in which mt < m.
To prove Theorem 3, it remains to join the two analyses, considering the transition from the first
kind of iteration to the second kind. Since mt is nonincreasing, there can be at most one such
transition. We start by bounding V ACC

t in terms of V GD
t .

Lemma 23 If f ∈ F(L,m) and Lt−1 ≥ mt−1 ≥ m > 0, then

V ACC
t ≤ (mt−1/m)V GD

t . (91)

Proof To prove (91), we split the analysis according to the sign of ⟨x⋆t , x
y
t ⟩ in

V ACC
t (st)− V GD

t (st) =
mt−1

2
∥x⋆t +

√
qt−1x

y
t ∥2 −

m

2
∥x⋆t +

√
pt−1x

y
t ∥2

=
mt−1 −m

2
∥x⋆t ∥2 + 2

√
Lt−1(

√
mt−1 −

√
m)

2
⟨x⋆t , x

y
t ⟩ (92)

in terms of V GD
t or V ACC

t . We consider the case ⟨x⋆t , x
y
t ⟩ ≥ 0 first.

Multiplying the ⟨x⋆t , x
y
t ⟩ coefficient on (92) by (

√
mt−1 +

√
m)/
√
mt−1 ≥ 1, we obtain√

Lt−1(
√
mt−1 −

√
m) ≤ √qt−1(mt−1 −m). (93)

Hence, if ⟨x⋆t , x
y
t ⟩ ≥ 0, then plugging (93) into (92), adding a nonnegative ∥xyt ∥2 term, completing

a square to form a ∥w⋆
t ∥2 term and then applying (87), we get

V ACC
t (st)− V GD

t (st) ≤
mt−1 −m

mt−1

mt−1

2
(∥x⋆t ∥2 + 2

√
qt−1⟨x⋆t , x

y
t ⟩+ qt−1∥xyt ∥2)

≤ mt−1 −m

mt−1
V ACC
t (st).

Moving terms around and then multiplying both sides by mt−1/m > 0, we get

V ACC
t (st) ≤ (mt−1/m)V GD

t (st).

Now, suppose ⟨x⋆t , x
y
t ⟩ < 0. In this case, we cannot increase the ⟨x⋆t , x

y
t ⟩ coefficient to complete

a square as we did before. Instead, we complete a square with the given ⟨x⋆t , x
y
t ⟩ coefficient by

splitting the ∥x⋆t ∥2 term using the following identity:

mt−1 −m

m
=

√
mt−1 −

√
m

√
m

√
mt−1 +

√
m

√
m

=

√
mt−1 −

√
m

√
m

(
1 +

√
mt−1√
m

)
. (94)

To handle the ∥x⋆t ∥2 term that stays out of the square, we use the fact that

∥y⋆t ∥2 = ∥y⋆t ± x⋆t ∥2 = ∥x⋆t − xyt ∥2 = ∥x⋆t ∥2 − 2⟨x⋆t , x
y
t ⟩+ ∥x

y
t ∥2 ≥ ∥x⋆t ∥2, (95)

which follows since ⟨x⋆t , x
y
t ⟩ < 0. By the definition of ᾱt−1, the assumption that mt−1 ≥ m yields

ᾱt−1 ≥ 0, thus ᾱt−1/
√
pt−1 ≥ 0. Moreover, Ut ≥ 0 because of the assumption that Lt−1 > 0.

Since f̃ is also nonnegative, from (49) we obtain

V GD
t (st) ≥Wt(st) = f̃(yt) + (m/2)∥z⋆t ∥2 ≥ (m/2)max(∥z⋆t ∥2, ∥y⋆t ∥2), (96)
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where the right-hand side follows from applying (3) with x = x⋆ and y = yt.
Hence, splitting the coefficient of ∥x⋆t ∥2 on (92) according to (94), adding a positive ∥xyt ∥2 term

to form a ∥z⋆t ∥2 term, applying (95) and then using (96), we obtain

V ACC
t (st)− V GD

t (st) =

√
mt−1 −

√
m

√
m

m

2

((
1 +

√
mt−1√
m

)
∥x⋆t ∥2 + 2

√
pt−1⟨x⋆t , x

y
t ⟩
)

≤
√
mt−1 −

√
m

√
m

m

2
∥z⋆t ∥2 +

√
mt−1 −

√
m

√
m

√
mt−1√
m

m

2
∥y⋆t ∥2

≤ mt−1 −m

m
V GD
t (st).

Finally, moving terms around, we get

V ACC
t (st) ≤ (mt−1/m)V GD

t (st).

Therefore, both when ⟨x⋆t , x
y
t ⟩ ≥ 0 and when ⟨x⋆t , x

y
t ⟩ < 0, the inequality

V ACC
t (st) ≤ (mt−1/m)V GD

t (st)

holds generically for all st, and we recover (91).

Now, we are ready to prove Theorem 3, which combines Theorems 19 and 22 into a single result
that holds for all iterations. First, we note that by design m0 ∈ [m,L]. Hence, since ct ∈ [m,L], it
follows that mt ≥ m/γ for all t ≥ 0. If L0 ≥ L, then since (2) holds for all L̄ ≥ L, it follows that
Lt = L0 for all t. Otherwise, if L0 ∈ [m,L], then since Lt is adjusted by a factor of 2 every time
(2) is violated, and (2) holds for all L̄ ≥ L, it follows that Lt ≤ 2L for all t. With that in mind, let
L̄ = max(L0, 2L) and κ̄ = L̄/m. Then, we have that

pt = (Lt/m) ≤ κ̄ and qt = (Lt/mt) ≤ γκ̄. (97)

Plugging (97) into the definitions of δGD
t and δ̂ACC

t , we obtain

δGD
t+1 = 1/(pt − 1) ≥ 1/(κ̄− 1) = δ(κ̄), (98)

δ̂ACC
t+1 = 1/(

√
qt − 1) ≥ 1/(

√− 1) = δ(
√
γκ̄). (99)

Moreover, by design m0 ≥ L0 and mt is nonincreasing, therefore mt ≤ L0 for all t, and it follows
from (97) that

q2t
q2j

p2j
p20

= q2t
m2

j

L2
j

L2
j

L2
0

= q2t
m2

j

L2
0

≤ q2t ≤ γ2κ̄2. (100)

Proof [Proof of Theorem 3] By (98), we have that

(1 + δGD
t+1)

−1 ≤ (1 + δ(κ̄))−1 = (κ̄− 1)/κ̄

for all t such that mt ≥ m. Hence, by Theorem 19 and (97), it follows that

f(yt)− f(x⋆) ≤
(
1− 1

κ̄

)t
2max(L0, L)κ̄

2∥x⋆0∥2
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for all t such that mt ≥ m. If mt ≥ m for all t, then (6) holds for all t. Otherwise, let N be the first
iteration for which mN+1 ≤ m. By simple manipulations, we have that

(
√
γκ̄− 1)/

√
γκ̄ = (1 + δ(

√
γκ̄))−1 ≤ (1 + δ(κ̄))1 = (κ̄− 1)/κ̄

if and only if γ ≤ κ̄. Hence, since by assumption κ̄ ≥ κ ≥ 2 = γ, from (97) it follows that

(1 + δACC
t+1 )

−1 ≤ (1 + δ(
√
γκ̄))−1 ≤ (1 + δ(κ̄))−1

for all t ≥ N . Combining Lemma 23 with Theorem 22, then applying Theorem 19 and plugging in
(100) with γ = 2 and mN ≤ L into the result, it follows that for all t ≥ N ,

f(yt+1)− f(x⋆) ≤ q2t
q2N

(
1− 1

κ̄

)t−N mN

m
2max(L0, L)

p2N
p20

(
1− 1

κ̄

)N
∥x⋆0∥2

≤
(
1− 1

κ̄

)t
8max(L0, L)κ̄

3∥x⋆0∥2.

Therefore, (6) holds for all t ≥ 0.
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Appendix B. Local Acceleration

In this section, we prove Theorem 5, establishing that NAG-free (Algorithm 1) converges at an
accelerated rate to x⋆, the minimum of f ∈ F(L,m), when its iterates get sufficiently close to x⋆.

rNAG(z) =

√
z − 1√
z

. (101)

Remark 24 (Deriving most results assuming L0 = L.) To prove Theorem 5, we assume that some
L0 > L is known and can be used to initialize Algorithm 1. If L0 > L, then L0 also satisfies (2).
In turn, if Algorithm 1 is initialized with L0, then the descent lemma condition f(yt+1) − f(xt) ≤
−(1/2Lt)∥∇f(xt)∥2 is always satisfied, therefore Lt ≡ L0 for all t. However, we derive most of
the results in this section using L to avoid working with the cluttered notation L0, since essentially
all of the results below hold for any L0 ≥ L. Once we prove the local acceleration results, we plug
L0 > L back in.

To prove Theorem 5, we first consider the simplified case where f is quadratic, and then analyze
the general case as a perturbation of the quadratic case. To this end, we use the fact established by
Theorem 3 that the iterates of Algorithm 1 converge to x⋆ at a rate no worse than that of gradient
descent, regardless of the initial point x0. By that we mean

f(yt)− f(x⋆) ≤ rGD(κ̄)
t8max(L0, L)κ̄

3∥x⋆0∥2,

where κ̄ = max(L0, 2L)/m and rGD is defined over [1,+∞) as

rGD(z) =
z − 1

z
. (102)

B.1. Quadratic Case

First, we assume the objective function is given by f(x) = (1/2)(x − x⋆)TH(x − x⋆), with H ∈
Rd×d. Every quadratic function (1/2)xTHx+xTg+f(0) can be expressed1 in the form (1/2)(x−
x⋆)TH(x−x⋆)+f(x⋆), and minimizing the latter is equivalent to minimizing (1/2)(x−x⋆)TH(x−
x⋆). Thus, ∇f(x) = H(x − x⋆). Moreover, since f ∈ F(L,m), H must be positive definite with
all d eigenvalues λi inside [m,L]. Hence, assuming λi ordered by their indices, we have that

m = λ1 ≤ · · · ≤ λd = L.

Since ∇2f is locally smooth at x⋆, it is also continuous at x⋆. Hence, H = ∇2f(x⋆) is real
symmetric in general, not only in the case where f is quadratic. Therefore, by the spectral theorem
[9] we can pick eigenvectors vi associated with λi such that {vi}di=1 form an orthonormal basis for
Rd. Then, xt − x⋆ and yt+1 − x⋆ can be uniquely decomposed in this eigenbasis as

xt − x⋆ =

d∑
i=1

xi,tvi, (103)

yt+1 − x⋆ = xt −
1

L
∇f(xt)− x⋆ =

d∑
i=1

(
1− λi

L

)
xi,tvi. (104)

1. Since H is strongly convex, H is invertible and the first-order condition Hx⋆ + g = 0 admits a unique solution x⋆.
Plugging x = x⋆ back into f(x), and solving for f(0), we get that f(0) = − 1

2
x⋆,THx⋆. Then, plugging f(0) back

into f(x) and replacing the inner-product gTx with gTx = −x⋆,THx = − 1
2
x⋆,THx− 1

2
xTHx⋆ yields the desired

form of f(x).
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Substituting (104) for the descent steps yields

d∑
i=1

xi,t+1vi = xt+1 − x⋆

= (1 + βt)yt+1 − βtyt − x⋆ ∓ βtx
⋆

= (1 + βt)(yt+1 − x⋆)− βt(yt − x⋆)

=
d∑

i=1

[
(1 + βt)

(
1− λi

L

)
xi,t − βt

(
1− λi

L

)
xi,t−1

]
vi, (105)

where βt = β(mt) is a particular value taken by the function β : (0, L]→ [0, 1) defined by

β(mt) =

√
L−√mt√
L+
√
mt

. (106)

That is, each component xi,t of xt − x⋆ behaves as an LTV system [12]. But if γ > 1, then
by design mt decreases by a factor of at least γ every time it is updated, which implies mt only
changes finitely many times. Hence, each xi,t behaves as a sequence of linear time-invariant (LTI)
systems described by

Xi,t+1 = Gi(mt)Xi,t, (107)

where Xi,t denote the vectors of current and past coordinates stacked together as in

Xi,t =

[xi,0 xi,0]
T , t = 0,

[xi,t−1 xi,t]
T , t > 0,

(108)

and Gi : (0, L]→ R2×2 map estimates mt to system matrices given by

Gi(mt) =

[
0 1

−β(mt)
(
1− λi

L

)
(1 + β(mt))

(
1− λi

L

)] . (109)

Hence, the dynamics of (107) is determined by the eigenvalues of Gi(mt), which are given by

λ(Gi(mt)) =
1 + β(mt)

2

(
1− λi

L

)
±
√

(1 + β(mt))
2

4

(
1− λi

L

)2
− β(mt)

(
1− λi

L

)
. (110)

The greatest between the two eigenvalues given by (110) defines the so-called spectral radius [11]
of Gi, captured by the function ρ : (0, L]× R≥0 → R≥0 defined by

ρ(s, ℓ) = max

∣∣∣∣∣1 + β(mt)

2

(
1− ℓ

L

)
±
√

(1 + β(mt))
2

4

(
1− ℓ

L

)2
− β(mt)

(
1− ℓ

L

)∣∣∣∣∣ . (111)

We also define a function ϱ : (0, L]× R≥0 → R≥0 for the least of the two eigenvalues:

ϱ(s, ℓ) = min

∣∣∣∣∣1 + β(mt)

2

(
1− ℓ

L

)
±
√

(1 + β(mt))
2

4

(
1− ℓ

L

)2
− β(mt)

(
1− ℓ

L

)∣∣∣∣∣ . (112)

Note that ρ and ϱ take an argument “ℓ” that need not be an actual eigenvalue λi of H , which will be
convenient later on. Next, we derive several auxiliary results on ρ and ϱ that will be useful later on.
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Properties of the Spectral Radius ρ

Lemma 25 Let s, ℓ ∈ (0, L]. The two numbers

1 + β(s)

2

(
1− ℓ

L

)
±
√

(1 + β(s))2

4

(
1− ℓ

L

)2
− β(s)

(
1− ℓ

L

)
(113)

have nonzero imaginary part if and only if s < ℓ < L. If (113) have zero imaginary part, then

ρ(s, ℓ) =
1 + β(s)

2

(
1− ℓ

L

)
+

√
(1 + β(s))2

4

(
1− ℓ

L

)2
− β(s)

(
1− ℓ

L

)
, (114)

otherwise, if (113) have nonzero imaginary part, then

ρ(s, ℓ) =

√
β(s)

(
1− ℓ

L

)
. (115)

Proof Let r+ be defined by

r+ =
1 + β(s)

2

(
1− ℓ

L

)
+

√
(1 + β(s))2

4

(
1− ℓ

L

)2
− β(s)

(
1− ℓ

L

)
,

and let r− be defined by

r− =
1 + β(s)

2

(
1− ℓ

L

)
−
√

(1 + β(s))2

4

(
1− ℓ

L

)2
− β(s)

(
1− ℓ

L

)
.

Also, let ∆ be defined by

∆(s, ℓ) =
(1 + β(s))2

4

(
1− ℓ

L

)2
− β(s)

(
1− ℓ

L

)
. (116)

If ℓ = 0, then ℓ ≤ s since s ≥ 0, because s ∈ (0, L]. Moreover, plugging ℓ = 0 into (116), we
obtain

∆(s, ℓ) =
(1 + β(s))2

4
− β(s) < 0 ⇐⇒ (1− β(s))2 = (1 + β(s))2 − 4β(s) < 0.

Hence, ∆(s, ℓ) ≥ 0 because (1− β)2 ≥ 0. Furthermore, 1− ℓ/L = 1 and ρ(s, ℓ) trivially reduces
to form (114).

Now, suppose ℓ > 0. If ℓ = L, then 1 − ℓ/L = 0 and ρ(s, ℓ) = 0 trivially has zero imaginary
part and takes the form (114). Otherwise, if ℓ < L, then 1− ℓ/L > 0 and ∆ < 0 if and only if

(1 + β)2
(
1− ℓ

L

)
− 4β < 0 ⇐⇒ (1− β)2L < (1 + β)2ℓ ⇐⇒ L

ℓ
<

(
1 + β

1− β

)2

, (117)

where L/ℓ is well-defined since ℓ > 0, by assumption, while (1 − β)−1 is well-defined because
0 ≤ β(s) < 1 for all s ∈ (0, L]. Plugging (106) into β, the squared factor on the right-hand side of
(117) turns into

1 + β

1− β
=

2
√
L/(
√
L+
√
s)

2
√
s/(
√
L+
√
s)

=
√
L/s. (118)
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Thus, by (117), ∆(s, ℓ) is negative if and only if s < ℓ. Hence, if s ≥ ℓ, then ∆ ≥ 0, which
combined with the the assumption that L > ℓ implies

1− ℓ

L
=

∣∣∣∣1− ℓ

L

∣∣∣∣ > 0,

so that

1 + β

2

(
1− ℓ

L

)
≥
√

(1 + β)2

4

(
1− ℓ

L

)2
− β

(
1− ℓ

L

)
=
√
∆.

Plugging the above inequality back into r+ and r−, we obtain

|r+| = r+

=
1 + β

2

(
1− ℓ

L

)
+
√
∆

≥ 1 + β

2

(
1− ℓ

L

)
−
√
∆

=

∣∣∣∣1 + β

2

(
1− ℓ

L

)
−
√
∆

∣∣∣∣
= |r−|.

That is, ρ(s, ℓ) takes the form (114).
Finally, if s < ℓ, then ∆(s, ℓ) is negative, so r+ and r− are complex conjugates with the same

norm given by

|r+| =
√

1 + β(s)2

4

(
1− ℓ

L

)2
+ β(s)

(
1− ℓ

L

)
− (1 + β(s))2

4

(
1− ℓ

L

)2
=

√
β(s)

(
1− ℓ

L

)
.

Therefore, ρ(s, ℓ) takes the form (115).

Corollary 26 If mt ∈ (0, L], then the eigenvalues of Gi(mt) have nonzero imaginary part if and
only if mt < λi < L. Moreover, if λi < L, then the eigenvalues of Gi(mt) coincide if and only if
mt = λi. Furthermore, if λi < mt, then the eigenvalues of Gi(mt) are positive and distinct.

Proof Plugging s = mt and ℓ = λi into (113), we recover the two eigenvalues of Gi(mt) which,
by Theorem 25, have nonzero imaginary part if and only if mt < λi < L.

Moreover, the eigenvalues of Gi(mt) coincide if and only if the discriminant (116) is zero for
ℓ = λi and s = mt. In turn, by (117) and (118), the discriminant (116) is zero for ℓ = λi and
s = mt if and only if mt = λi.

Furthermore, if λi < mt, then for all λi ∈ (0, L], we have that

1 + β

2

(
1− λi

L

)
≥
√
∆(mt, λi) > 0.

Therefore, the eigenvalues of Gi(mt) are positive and distinct.
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Lemma 27 Given a and b such that 0 ≤ a < b ≤ L, then ρ(s, b) < ρ(s, a) for all s ∈ (0, L]. In
particular, if b ∈ (m,L], then ρ(s, b) < ρ(s,m) for all s ∈ (0, L].

Proof Consider the following two cases:
case 1 (b ≤ s). By assumption, s ∈ (0, L], hence s ≤ L and if b ≤ s, then 1 − b/L ≥ 0.

Moreover, a < b ≤ s, so Theorem 25 implies ρ(s, a) and ρ(s, b) both take form (114). If, in
addition s = L, then β = 0, which when substituted back into (114) yields

ρ(s, b) = 1− b/L < 1− a/L = ρ(s, a).

Otherwise, if s < L, then β > 0. Moreover, a < b ≤ s, so that b− a > 0, therefore

∆(s, b) < ∆(s, a) ⇐⇒ (1 + β)2
b2 − a2

L
< 2((1 + β)2 − 2β)(b− a)

⇐⇒ (1 + β)2
b+ a

L
< 2(1 + β2)

⇐⇒ 4(L/s)

(
√
L/s+ 1)2

b+ a

L
< 2(1 + β2),

where the last equivalence follows at once from (106). Furthermore, a < b ≤ s < L, thus
√
L/s+

1 > 2 and

4L/s

(
√

L/s+ 1)2
b+ a

L
=

4

(
√

L/s+ 1)2
b+ a

s
≤ 8

(
√
L/s+ 1)2

< 2(1 + β2).

Thus, ∆(s, b) < ∆(s, a). Hence, since ρ(s, a) and ρ(s, b) are given by (114) and 1−b/L < 1−a/L,
it follows that

ρ(s, b) =
1 + β

2

(
1− b

L

)
+
√
∆(s, b) <

1 + β

2

(
1− a

L

)
+
√
∆(s, a) = ρ(s, a).

case 2 (s < b). By assumption b ≤ L, so a < b ≤ L and it follows that

(1 + β)2

4

(
1− a

L

)2
− β

(
1− b

L

)
>

(1 + β)2

4

(
1− a

L

)2
− β

(
1− a

L

)
≥ 0,

that is

0 ≤ β
(
1− b

L

)
<

(1 + β)2

4

(
1− a

L

)2
.

If, in addition b = L, then ρ(s, b) = 0 the above inequality implies ρ(s, b) < ρ(s, a). Otherwise,
it must be that s < b, in which case ρ(s, b) takes the form (115) by Theorem 25 and the above
inequality yields

ρ(s, b) =

√
β
(
1− b

L

)
<

1 + β

2

(
1− a

L

)
≤ ρ(s, a).
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Lemma 28 For every s ∈ (0, L] and every ℓ ∈ [m,L], ρ(s, ℓ) ≤ rGD(κ) < 1.

Proof Let s ∈ (0, L] and ℓ ∈ [m,L]. By Theorem 27, ρ(s, ℓ) ≤ ρ(s,m), so it suffices to show
ρ(s,m) ≤ rGD(κ). If m < mt, then by Theorem 25, the eigenvalues of G1(s) have zero imaginary
part and, omitting the argument s in β = β(s), ρ(s,m) is given by

ρ(s,m) =
1 + β

2

(
1− m

L

)
+

√
(1 + β)2

4

(
1− m

L

)2
− β

(
1− m

L

)
.

Hence, after simple manipulations, we obtain the equivalences

ρ(s,m) ≤ rGD(κ) ⇐⇒
√

(1 + β)2

4

(
1− 1

κ

)2
− β

(
1− 1

κ

)
≤ 1− β

2

κ− 1

κ

⇐⇒ (1 + β)2

4

(κ− 1

κ

)2
≤ (1− β)2

4

(κ− 1

κ

)2
+ β

κ− 1

κ
.

Since (1 + β)2 = (1− β)2 + 4β, β ≥ 0 and (κ− 1) < κ, it follows that

(1 + β)2

4

(κ− 1

κ

)2
=

(1− β)2 + 4β

4

(κ− 1

κ

)2
≤ (1− β)2

4

(κ− 1

κ

)2
+ β

κ− 1

κ
.

Therefore, ρ(s,m) ≤ rGD(κ). Otherwise, if s ≤ m, then by Theorem 25 the eigenvalues of G1(s)
are complex, so that

ρ(s,m) =

√
β
(
1− m

L

)
.

Hence, after simple manipulations, we obtain the equivalences

ρ(s,m) ≤ rGD(κ) ⇐⇒ β
κ− 1

κ
≤
(κ− 1

κ

)2
⇐⇒

√
κ− 1√
κ+ 1

≤
√
κ− 1√
κ

√
κ+ 1√
κ

.

Since the right-hand side inequality above holds, so does ρ(s,m) ≤ rGD(κ) and we are done.

Lemma 29 If Assumption 4.3 holds, then |ζi − ξi| ≥
√
δLδλ, where ζi = ζi(mt) and ξi = ξi(mt)

denote the eigenvalues of Gi(mt) and δL = (L0 − L)/L0.

Proof If Assumptions 4.2 and 4.3 hold, then there exists some δλ > 0 such that |mt − λi| ≥ δλ.
Moreover, since L0 > L, we have that δL = (L0 − L)/L0. Moreover, whether ζi = ζi(mt) and
ξi = ξi(mt) are complex or real, we have that

|ζi − ξi| = 2

∣∣∣∣(1 + β)2

4

(L0 − λi)
2

L2
0

− β
L0 − λi

L0

∣∣∣∣1/2 = 1 + β

L0
|(L0 − λi)(mt − λi)|1/2 ≥

√
δLδλ,

where in the last equality we have replaced L with L0 in the identity

4βL

(1 + β)2
= 4

√
L−
√
s√

L+
√
s

(
√
L+
√
s)2

4L
L = L− s. (119)
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Sufficiently Accurate mt Estimates

In this section, we determine how good the estimate mt must be for xt to converge to x⋆ at an
accelerated rate. From Theorem 27, it follows that ρ(mt,m) dominates the convergence of xt,
therefore our goal is to characterize σ = σ(mt) such that ρ(mt,m) ≤ rNAG(σκ), where σ represents
a suboptimality factor relative to the optimal convergence rate of rNAG(κ).

By Theorem 22, if mt < m, then the iterates converge at an accelerated rate. So, in this section,
we focus on mt ∈ [m, (1 + δm)m], where δm > 0 is a small number. We proceed in two steps.
First, we bound ρ(mt,m) for mt ∈ [m, (1 + δ)m] in terms of a rate rδ that depends on the relative
precision δ > 0 and the condition number κ. Second, given some σ > 0, we characterize δσ for
which rδ(κ) ≤ rNAG(σκ) holds for all δ ∈ (0, δσ] and κ ≥ 1 + δ. The rate rδ is parameterized by
δ ∈ (0, 1) and defined over z ≥ 1 + δ as

rδ(z) =
1 + βδ(z)

2

z − 1

z
+

√
(1 + βδ(z))

2

4

(z − 1

z

)2
− βδ(z)

z − 1

z
, (120)

where βδ is also defined over z ≥ 1 + δ as

βδ(z) =

√
z −
√
1 + δ

√
z +
√
1 + δ

. (121)

Lemma 30 If m ≤ s ≤ (1 + δ)m ≤ L, then ρ(s,m) ≤ rδ(κ) for all κ ≥ 1 + δ.

Proof Let m ≤ s ≤ (1 + δ)m ≤ L. Since m ≤ s ≤ L, then by Theorem 25

ρ(s,m) =
1 + β(L, s)

2

(
1− m

L

)
+

√
(1 + β(L, s))2

4

(
1− m

L

)2
− β(L, s)

(
1− m

L

)
.

Omitting the arguments in β = β(L, s) and using the identity (119), the discriminant above can be
expressed as

(1 + β)2

4

(
1− m

L

)2
− β

(
1− m

L

)
=

4L(L−m)(s−m)

4L2(
√
L+
√
s)2

=
(L−m)(s−m)

L(
√
L+
√
s)2

.

Plugging the above expression back into ρ(s,m), we obtain

ρ(s,m) =

√
L√

L+
√
s

L−m

L
+

√
L−m√

L

√
s−m√
L+
√
s
=

√
L−m√

L

√
L−m+

√
s−m√

L+
√
s

.

The right-hand side above is increasing in s ≥ m since Ls > (L−m)(s−m), which implies that

∂

∂s

√
L−m+

√
s−m√

L+
√
s

=
1

2
√
s−m

1√
L+
√
s
−
√
L−m+

√
s−m

2
√
s(
√
L+
√
s)2

=
m+

√
Ls−

√
(L−m)(s−m)

2
√
s
√
s−m(

√
L+
√
s)2

> 0.

36



ADAPTIVE ACCELERATION WITHOUT STRONG CONVEXITY PRIORS OR RESTARTS

Therefore, for all m ≤ s ≤ (1 + δ)m and κ ≥ 1 + δ, we have that

ρ(s,m) ≤ ρ((1 + δ)m,m) = rδ(κ).

Next, we bound rδ in terms of rNAG. We start with an identity involving βδ(κ), analogous to
(119):

4
βδ(κ)

(1 + βδ(κ))2
= 4

√
κ−
√
1 + δ

√
κ+
√
1 + δ

(
√
κ+
√
1 + δ)2

4κ
=

κ− (1 + δ)

κ
.

Plugging the above identity into the discriminant of rδ(κ) yields

(1 + βδ(κ))
2

4

(κ− 1

κ

)2
− βδ(κ)

κ− 1

κ
=

κ

(
√
κ+
√
1 + δ)2

κ− 1

κ

(κ− 1

κ
− κ− (1 + δ)

κ

)
=

κ− 1

(
√
κ+
√
1 + δ)2

δ

κ
.

In turn, plugging the above expression for the discriminant back into rδ(κ), we obtain an alternative
expression for rδ(κ):

rδ(κ) =

√
κ

√
κ+
√
1 + δ

κ− 1

κ
+

√
κ− 1

√
κ+
√
1 + δ

√
δ√
κ
=

√
κ− 1√
κ

√
κ− 1 +

√
δ

√
κ+
√
1 + δ

. (122)

Using this alternative expression, we obtain the following.

Lemma 31 Given σ > 1, then rδ(κ) ≤ rNAG(σ
′κ) for all δ ∈ (0, δσ], σ′ ≥ σ and κ ≥ 1 + δ,

where δσ = (σ − 1)2/4σ. Conversely, given δ > 0, then rδ′(κ) ≤ rNAG(σκ) for all δ′ ∈ (0, δ],
σ ≥ σδ and κ ≥ 1 + δ′, where σδ = 1 + 2δ + 2

√
δ(1 + δ).

Proof Let σ > 1. From (122) and (101), it follows that the condition that rδ(κ) ≤ rNAG(σκ) for
some δ > 0 and κ ≥ 1 + δ is equivalent to

√
κ− 1√
κ

√
κ− 1 +

√
δ

√
κ+
√
1 + δ

≤
√
σκ− 1√
σκ

. (123)

By successively manipulating (123), it follows that

rδ(κ) ≤ rNAG(σκ) ⇐⇒
√
κ− 1(

√
κ− 1 +

√
δ)
√
σ ≤ (

√
σκ− 1)(

√
κ+
√
1 + δ)

⇐⇒
√
κ+
√
1 + δ ≤ (1 +

√
(1 + δ)κ−

√
δ(κ− 1))

√
σ

⇐⇒
√
κ+
√
1 + δ

1 +
√
(1 + δ)κ−

√
δ(κ− 1)

≤
√
σ. (124)

Taking the derivative of the left-hand side of the (124) with respect to κ, we obtain

∂

∂κ

√
κ+
√
1 + δ

1 +
√
(1 + δ)κ−

√
δ(κ− 1)

=
δ
√
κ+ δκ

√
(1 + δ)− δ

√
δ(κ− 1)κ

2κ
√

δ(κ− 1)(1 +
√

(1 + δ)κ−
√
δ(κ− 1))2

=
δ

2
√

δκ(κ− 1)(1 +
√

(1 + δ)κ−
√
δ(κ− 1))

> 0.
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That is, the left-hand side of (124) is increasing in κ ≥ 1 + δ and it follows that
√
κ+
√
1 + δ

1 +
√
(1 + δ)κ−

√
δ(κ− 1)

≤ lim
k→+∞

√
κ+
√
1 + δ

1 +
√

(1 + δ)κ−
√

δ(κ− 1)
=

1
√
1 + δ −

√
δ
.

Moreover, 1/(
√
1 + δ −

√
δ) is increasing in δ > 0. Therefore, if δσ = (σ − 1)2/4σ, then for all

δ ∈ (0, δσ], κ ≥ 1 + δ and σ′ ≥ σ, we have that

√
κ+
√
1 + δ

1 +
√
(1 + δ)κ−

√
δ(κ− 1)

≤ 1
√
1 + δ −

√
δ

≤ 1√
1 + δσ −

√
δσ

=
2
√
σ√

(1 + σ)2 −
√
(σ − 1)2

=
√
σ

≤
√
σ′.

Conversely, given δ > 0, if δ′ ∈ (0, δ] and σ ≥ σδ, where σδ = 1 + 2δ + 2
√
δ(1 + δ), then

1
√
1 + δ′ −

√
δ′
≤ 1
√
1 + δ −

√
δ
=
√
σδ ≤

√
σ.

Therefore, rδ′(κ) ≤ rNAG(σκ) for all δ′ ≤ δ, κ ≥ 1 + δ′ and σ ≥ σδ.

Corollary 32 Given σ > 1, then ρ(s,m) ≤ rNAG(σ
′κ) for all s ∈ [m, (1 + δ)m], δ ∈ (0, δσ],

σ′ ≥ σ and κ ≥ 1+δ, where δσ = (σ−1)2/4σ. Conversely, given δ > 0, then ρ(s,m) ≤ rNAG(σκ)
for all s ∈ [m, (1 + δ)m], δ′ ∈ (0, δ], σ ≥ σδ and κ ≥ 1 + δ′, where σδ = 1 + 2δ + 2

√
δ(1 + δ).

Proof The corollary follows by combining Theorems 30 and 31.

Iterate Dynamics Between mt Updates

Through Gi(mt), the dynamics of Xi,t are determined by mt, which is updated by Algorithm 1 after
the t-th iterate is computed. Moreover, if γ > 1, then mt is updated at most logγ κ + 1 times. So,
suppose the estimates mt take M +1 ≤ logγ κ+1 values. Then, let tj denote the iteration in which
mt is adjusted to its j-th value µj , j = 0, . . . ,M . Since NAG-free computes the iterate xt and then
adjusts mt in iteration t, this means that tj + 1 is the first iteration in which the estimate µj takes
effect, and Algorithm 1 computes iterates for t ∈ (tj , tj+1] using mt = µj . For example, t0 = 0 and
mt = µ0 = m0 for all t < t1. Therefore, given t and t′ such that tj < t′ ≤ tj+1 ≤ tJ < t ≤ tJ+1,

Xi,t =
t−1∏
k=0

Gi(µk)Xi,0 = Gi(µJ)
t−tJ

(
J−1∏

k=j+1

Gi(µk)
tk+1−tk

)
Gi(µj)

tj+1−t′Xi,t′ . (125)
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Now, if mt > m, then under Assumption 4.3, Corollary 26 implies that the eigenvalues of Gi(mt)
are distinct. So, letting ζi = ζi(mt) and ξi = ξi(mt) denote the eigenvalues of Gi(mt), we define

Ti(mt) =

[
1 1
ζi ξi

]
. (126)

It can be checked that the columns of Ti(mt) are eigenvectors of Gi(mt), therefore Ti(mt) diago-
nalizes Gi(mt):

Gi(mt) = Ti(mt)Di(mt)Ti(mt)
−1. (127)

That is, Di(mt) is a diagonal matrix whose diagonal entries are the eigenvalues of Gi(mt):

Di(mt) =

[
ζi 0
0 ξi

]
. (128)

Combining (125), (127) and (128), then applying Theorem 27 it follows that for every tj < t ≤ tj+1

∥Xi,t∥2 ≤ Ciρ(µj , λi)
2(t−tj)

(j−1∏
k=0

ρ(µk, λi)
2(tk+1−tk)

)
x2i,0, (129)

where the constant Ci that is uniformly bounded, since

∥Xi,t∥2 =
∥∥∥∥Ti(µj)Di(µj)

t−tjTi(µj)
−1

(
j−1∏
k=0

Ti(µk)Di(µk)
tk+1−tkTi(µk)

−1

)
Xi,0

∥∥∥∥2

≤ ∥Ti(µj)Di(µj)
t−tjTi(µj)

−1∥2
(

j−1∏
k=0

∥Ti(µk)Di(µk)
tk+1−tkTi(µk)

−1∥2
)
x2i,0

≤

(
M∏
k=0

∥Ti(µk)∥2∥Ti(µk)
−1∥2

)
∥Di(µj)

t−tj∥2
(

j−1∏
k=0

∥Di(µk)
tk+1−tk∥2

)
2x2i,0

≤

(
2

logγ κ+1∏
k=0

∥Ti(µk)∥2∥Ti(µk)
−1∥2

)
ρ(µj , λi)

2(t−tj)

(
j−1∏
k=0

ρ(µk, λi)
2(tk+1−tk)

)
x2i.0

and, by applying Theorems 28 and 29 to (126), for all µk we obtain

∥Ti(µk)∥2 ≤ 4, ∥Ti(µk)
−1∥2 = 1

|ζi − ξi|2

∥∥∥∥[ ξi −1
−ζi 1

]∥∥∥∥2 ≤ 4√
δλδL

,
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where δL = (L0 − L)/L0 and δλ is given by Assumption 4.3. Furthermore, omitting the mt

arguments, for t ∈ (tj , tj+1], we have that

Xi,t = G
t−tj
i Xi,tj

= TiD
t−tj
i T−1

i Xi,tj

=

[
1 1
ζi ξi

] [
ζ
t−tj
i 0

0 ξ
t−tj
i

]
1

ξi − ζi

[
ξi −1
−ζi 1

] [
xi,tj−1

xi,tj

]

=
1

ξi − ζi

[
ζ
t−tj
i ξ

t−tj
i

ζ
t+1−tj
i ξ

t+1−tj
i

] [
ξi −1
−ζi 1

] [
xi,tj−1

xi,tj

]

=
1

ξi − ζi

[
ξiζ

t−tj
i − ζiξ

t−tj
i ξ

t−tj
i − ζ

t−tj
i

ξiζ
t+1−tj
i − ζiξ

t+1−tj
i ξ

t+1−tj
i − ζ

t+1−tj
i

] [
xi,tj−1

xi,tj

]

=
1

ξi − ζi

[
(ξixi,tj−1 − xi,tj )ζ

t−tj
i + (xi,tj − ζixi,tj−1)ξ

t−tj
i

(ξixi,tj−1 − xi,tj )ζ
t+1−tj
i + (xi,tj − ζixi,tj−1)ξ

t+1−tj
i

]
.

Therefore, Xi,t can be decomposed into two modes:

Xi,t = Ai,tjζ
t−tj
i +Bi,tjξ

t−tj , (130)

where Ai and Bi are two-dimensional vectors given by

Ai,tj =
xi,tj − ξixi,tj−1

ζi − ξi

[
1
ζi

]
and Bi,tj =

ζixi,tj−1 − xi,tj
ζi − ξi

[
1
ξi

]
, (131)

which are well-defined, by Theorem 29. In particular, for t0 < t ≤ t1, we have that

Xi,t =
(1− ξi)xi,0

ζi − ξi

[
1
ζi

]
ζti +

(ζi − 1)xi,0
ζi − ξi

[
1
ξi

]
ξti .

In turn, if without loss of generality we assume x1,0 > 0, then

x1,t − x1,t−1 =
(1− ξ1)(ζ1 − 1)ζt1x1,0 + (ζ1 − 1)(ξ1 − 1)ξt1x1,0

ζ1 − ξ1
≤ κ−1ζt−1

1 x1,0 < 0,

where in first inequality above we used the fact that 0 < ξ1 < ζ1 and the identity

(1− ζi)(1− ξi) =

(
1− 1 + β

2

(
1− λi

L

))2

− (1 + β)2

4

(
1− λi

L

)2
+ β

(
1− λi

L

)
=

λi

L
.

Moreover, for t0 < t ≤ t1 we also have that

x1,t − ξ1x1,t−1 =
(1− ξ1)(ζ1 − ξ1)ζ

t
1x1,0 + (ζ1 − 1)(ξ1 − ξ1)ξ

t
1x1,0

ζ1 − ξ1
= (1− ξ1)ζ

t
1x1,0 < 0,

ζ1x1,t−1 − x1,t =
(1− ξ1)(ζ1 − ζ1)ζ

t
1x1,0 + (ζ1 − 1)(ζ1 − ξ1)ξ

t
1x1,0

ζ1 − ξ1
= (ζ1 − 1)ξt1x1,0 > 0.
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It follows that, for t1 < t ≤ t2

x1,t − x1,t−1 =
(x1,tj − ξ1x1,t1−1)(ζ1 − 1)ζt−t1

1 + (ζ1x1,t1−1 − x1,t1)(ξ1 − 1)ξt−t1
1

ζ1 − ξ1

≤ ζt−t1
1

(x1,tj − ξ1x1,t1−1)(ζ1 − 1) + (ζ1x1,t1−1 − x1,t1)(ξ1 − 1)

ζ1 − ξ1

= ζt−t1
1 (x1,t1 − x1,t1−1)

≤ κ−1ζ1(µ1)
t−t1ζ1(µ0)

t1−1x1,0

< 0,

since 0 < ξ1(m1) < ζ1(m1), and moreover

x1,t − ξ1x1,t−1 = ζt−t1
1 (x1,t1 − ξ1x1,t1−1) = ζ1(µ1)

t−t1(1− ξ1(µ0))ζ1(µ0)
tx1,0 < 0,

ζ1x1,t−1 − x1,t = ξt−t1
1 (ζ1x1,t1−1 − x1,t1) = ξ1(µ1)

t−t1(ζ1(µ0)− 1)ξ1(µ0)
tx1,0 > 0.

Therefore, using the fact that ζ1(mt) = ρ(mt,m), it follows by induction that for tj < t ≤ tj+1

(x1,t+1 − x1,t)
2 ≥ C1ρ(µj ,m)2t−tj

(
j−1∏
k=0

ρ(µk,m)2(tk+1−tk)

)
x21,0 ≥ 0, (132)

for some C1 ≥ κ−2.

The Dynamics of ct
Theorem 31 bounds the suboptimality factor in the convergence rate of xt when mt ∈ [m, (1+δ)m],
for a given δ > 0. Now, we determine how long mt takes to reach the interval [m, (1 + δ)m]. Our
starting point is to determine the dynamics of ct+1. To this end, we plug (103) and (105) into (5),
obtaining2

c2t+1 =

∥∥∥∥∇f(xt+1)−∇f(xt)
xt+1 − xt

∥∥∥∥2 =
∥∥∥∥∥
∑d

i=1(xi,t+1 − xi,t)λivi∑d
i=1(xi,t+1 − xi,t)vi

∥∥∥∥∥
2

=

∑d
i=1(xi,t+1 − xi,t)

2λ2
i∑d

i=1(xi,t+1 − xi,t)2
.

(133)

The identity (133) reveals that c2t+1 can be expressed as an average of the squared eigenvalues
λ2
i weighted by (xi,t+1 − xi,t)

2. Since the weights are a static map of xi,t, the dynamics of xi,t
determine the dynamics of the estimated effective curvature ct+1. In particular, xi,t determine if one
weight can outweigh the others, in which case ct+1 tends to λi.

By Theorem 27, ρ(s, λi) < ρ(s,m) for all λi ∈ (m,L]. Hence, from (129) and (132), we
conclude that the weight associated with m eventually dominates the other weights, so that ct+1

converges to m. In the following, we show that this happens at an accelerated rate. To this end, we
define3 ϕ : D → [0, 1] as

ϕ(s, a, b) =

min

{
1,

ρ(s, a)

ρ(s, b)

}
, ρ(s, b) > 0,

1, ρ(s, b) = 0,
(134)

2. Note that xt+1 − xt = (xt+1 − x⋆)− (xt − x⋆) =
∑d

i=1(xi,t+1 − xi,t)vi.
3. Note that ρ < 0 cannot occur by the definition of ρ, (111).
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where the domain D is given by

D = (0, L]×
{
(a, b) ∈ R2

>0 : a ̸= b
}
, (135)

R>0 being the set of positive real numbers. With ϕ, we can bound how fast ct+1 takes to decrease
below (1 + δ)ℓ for a given ℓ ∈ [m,L], not necessarily an eigenvalue of H , where δ > 0 represents
some estimate precision relative to ℓ. To this end, we characterize ϕ((1 + δ)ℓ, ℓ,m)2, first showing
that it is decreasing in ℓ.

Lemma 33 If δ ∈ (0, 1] and κ ≥ 2, then ϕ((1 + δ)ℓ, ℓ,m) is decreasing in ℓ ≥ m > 0.

Proof Let L > m > 0. Given ℓ and δ > 0 such that m ≤ ℓ < (1 + δ)ℓ ≤ L, by (134) and
Theorem 25, we have that

ϕ((1 + δ)ℓ, ℓ,m) =
L− ℓ+

√
(L− ℓ)δℓ

L−m+
√
(L−m)((1 + δ)ℓ−m)

.

Letting ϕℓ the derivative of ϕ((1 + δ)ℓ, ℓ,m) with respect to ℓ, we obtain

ϕℓ =
−(L−m)δ2ℓ− (L−m)

√
(L− ℓ)δℓ(L+ ℓ+

√
(L−m)((1 + δ)ℓ−m)− 2m)

2
√
(L− ℓ)δℓ

√
(L−m)((1 + δ)ℓ−m)(L+

√
(L−m)((1 + δ)ℓ−m)−m)2

−
(L−m)δ(ℓ2 + ℓ(

√
(L− ℓ)δℓ+ 2

√
(L−m)((1 + δ)ℓ−m)− 2m))

2
√

(L− ℓ)δℓ
√
(L−m)((1 + δ)ℓ−m)(L+

√
(L−m)((1 + δ)ℓ−m)−m)2

−
(L−m)δL(

√
(L− ℓ)δℓ−

√
(L−m)((1 + δ)ℓ−m) +m)

2
√

(L− ℓ)δℓ
√
(L−m)((1 + δ)ℓ−m)(L+

√
(L−m)((1 + δ)ℓ−m)−m)2

≤−
(L−m)((L−m)

√
(L− ℓ)δℓ− δ(L− 2ℓ)

√
(L−m)((1 + δ)ℓ−m))

2
√

(L− ℓ)δℓ
√
(L−m)((1 + δ)ℓ−m)(L+

√
(L−m)((1 + δ)ℓ−m)−m)2

.

So, to show ϕ((1 + δ)ℓ, ℓ,m) is decreasing in ℓ, it suffices to show the numerator above is positive.
To this end, since L > m, it suffices to show that the second factor is positive:

(L−m)
√
(L− ℓ)δℓ+

√
(L− ℓ)δℓ

√
(L−m)((1 + δ)ℓ−m)

− δ(L− 2ℓ)
√
(L−m)((1 + δ)ℓ−m) > 0. (136)

The negative term on the left-hand side above is maximized at the critical point characterized by

∂

∂ℓ
(L− 2ℓ)

√
((1 + δ)ℓ−m) = −2

√
(1 + δ)ℓ−m+

(L− 2ℓ)(1 + δ)

2
√
(1 + δ)ℓ−m

=
(1 + δ)(L− 2ℓ)− 4((1 + δ)ℓ−m)

2
√

(1 + δ)ℓ−m

= 0.

Taking ℓ at this critical point, ℓ = 1
6L+ 2

3(1+δ)m, and using the assumptions that κ ≥ 2 and δ ≤ 1,
it follows that

(L− ℓ)ℓ ≥ 5L− 4m

6

(1 + δ)L+ 4m

6(1 + δ)
=

5(1 + δ)L2 + 4(5− (1 + δ))Lm− 16m2

36(1 + δ)
≥ 5

36
L2.
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Hence, plugging ℓ = 1
6L + 2

3(1+δ)m back into (136) and using the assumptions that δ ≤ 1 and
κ ≥ 2 yields

(δ(L− 2ℓ)−
√

(L− ℓ)δℓ)
√
(L−m)((1 + δ)ℓ−m)

≤ δ
(4−

√
5)L

6

√
(L−m)

1 + δ

6

(
L− 2m

1 + δ

)
≤ 2δ

√
1 + δ

6
√
6

L(L−m),

and, similarly

√
(L− ℓ)δℓ(L−m) ≥

√
δ
5L− 4m

6

L

6
(L−m) ≥

√
δ

3
√
2
L(L−m).

Hence, canceling the common factor
√
δL(L −m) above and then rearranging, we conclude that

(136) holds if
√
δ
√
1 + δ ≤

√
3,

which is true since
√
δ ≤ 1.

In fact, ϕ((1 + δ)ℓ, ℓ,m) is decreasing for any δ > 0, which can be seen in its graph, but the
case where δ ∈ (0, 1] suffices for the upcoming results. Namely, given δℓ > 0 and δu ∈ (0, 1], by
Theorem 33 we have that for every ℓ ∈ [(1 + δℓ)m,L]

ϕ((1 + δu)ℓ, ℓ,m) =
L− ℓ+

√
(L− ℓ)δuℓ

L−m+
√
(L−m)((1 + δu)ℓ−m)

≤
L− (1 + δℓ)m+

√
(L− (1 + δℓ)m)δu(1 + δℓ)m

L−m+
√

(L−m)((1 + δu)(1 + δℓ)m−m)

=
κ− (1 + δℓ) +

√
(κ− (1 + δℓ))δu(1 + δℓ)

κ− 1 +
√

(κ− 1)(δu + δℓ + δuδℓ)

=:rϕ(δu, δℓ, κ). (137)

Hence, to show ϕ((1 + δu)ℓ, ℓ,m)2 is an accelerated rate, suffices to show that rϕ(δu, δℓ, κ)2 is
an accelerated rate for appropriate κ, δu and δℓ, which we do in the next result. The function rϕ
is well-defined for δℓ > 0, δu > 0 and k ≥ 1 + δℓ and, by simple inspection, it follows that
rϕ(δu, δℓ, κ) ∈ (0, 1).

Lemma 34 Given δu > 0, δℓ > 0 and κ ≥ 1 + δℓ, there is a σϕ = σϕ(δu, δℓ, κ) such that

rϕ(δu, δℓ, κ)
2 ≤ rNAG(σϕκ).

Moreover, the function κ 7→ σϕ(δu, δℓ, κ) is bounded and satisfies

lim
κ→+∞

σϕ(δu, δℓ, κ) =
1

4(
√
δu + δℓ + δuδℓ −

√
δu(1 + δℓ))2

.
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Proof Let δu > 0, δℓ > 0 and κ ≥ 1 + δℓ. By direct algebraic manipulation, we obtain

rϕ(δu, δℓ, κ)
2 ≤ rNAG(σϕκ) =

√
σϕκ− 1
√
σϕκ

⇐⇒ 1

(1− rϕ(δu, δℓ, κ)2)2κ
≤ σϕ. (138)

For such δu, δℓ and κ, we have rϕ(δu, δℓ, κ) ∈ (0, 1), so that 1 − r2ϕ > 0. Therefore, the lower
bound of the inequality on the right-hand side of (138) is well-defined. So, let σϕ be defined such
that (138) holds with equality:

σϕ(δu, δℓ, κ) =
1

(1− rϕ(δu, δℓ, κ)2)2κ
.

For fixed δu > 0 and δℓ > 0, the map rϕ(δu, δℓ, κ) is continuous in κ > 1+ δℓ and right-continuous
at κ = 1 + δℓ, hence so is (1 − rϕ(δu, δℓ, κ)

2)
√
κ. Moreover, (1 − rϕ(δu, δℓ, κ)

2)
√
κ > 0 for

κ ≥ 1+ δℓ. Therefore, 1/((1− rϕ(δu, δℓ, κ)
2)2κ) is continuous in κ > 1+ δℓ and right-continuous

at κ = 1 + δℓ. Furthermore, limκ→+∞ 1 + rϕ(δu, δℓ, κ) = 2 and

lim
κ→+∞

(1− rϕ(δu, δℓ, κ))
√
κ = lim

κ→+∞

δℓ
√
κ+

√
κ(κ− 1)δs −

√
κ(κ− (1 + δℓ))δu(1 + δℓ)

κ− 1 +
√
(κ− 1)δs

=
√

δs −
√

δu(1 + δℓ),

where δs = δℓ + δu + δuδℓ. It follows that

lim
κ→+∞

σϕ(δu, δℓ, κ) = lim
κ→+∞

1

((1− rϕ(δu, δℓ, κ)2)2κ
=

1

4(
√
δs −

√
δu(1 + δℓ))2

.

Hence, κ 7→ σϕ(δu, δℓ, κ) attains a maximum on [1 + δℓ,∞) and is bounded.

Figure 2 shows a plot of the map κ 7→ 1/((1 − rϕ(κ)
2)2κ) for κ = 10, . . . , 109 and the

asymptotic value of σϕ,

lim
κ→+∞

σϕ(δu, δℓ, κ) =
1

4(
√
δs −

√
δu(1 + δℓ))2

≈ 2.31,

for δu = 0.01 and δℓ = 0.18. We see that the asymptotic value of σϕ is slightly less than the peak
value of σϕ, but the first still provides a good approximation to the second.

Building upon the two lemmas above, we now establish that ϕ((1 + δ)ℓ, ℓ,m) is actually much
faster than rNAG(σϕκ) for most values of ℓ.

Lemma 35 Given δu ∈ (0, 1], δℓ ∈ (0, 1] and κ ≥ 2, there exist σϕ = σϕ(δu, δℓ, κ) > 0 and
αϕ = αϕ(δu, δℓ,m) > 0 such that for all ℓ ∈ [(1 + δℓ)m,L/(1 + δu)]

ϕ((1 + δu)ℓ, ℓ,m)2 ≤ rNAG(σϕκ)
1+αϕ(ℓ−(1+δℓ)m), (139)

where the function κ 7→ σϕ(δu, δℓ, κ) is bounded and satisfies

lim
κ→+∞

σϕ(δu, δℓ, κ) =
1

4(
√
δu + δℓ + δuδℓ −

√
δu(1 + δℓ))2

.
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Figure 2: Numerical (black solid line) lower bound on and asymptotic value (dashed red line) of σϕ
such that r2ϕ ≤ rNAG(σϕκ) holds for all κ ≥ 1 + 1/δs, with δu = 0.01 and δℓ = 0.18.

Proof Combining Theorems 33 and 34, we have that

ϕ((1 + δu)ℓ, ℓ,m)2 ≤ rNAG(σϕκ)

for all ℓ ∈ [(1 + δℓ)m,L/(1 + δu)]. Moreover, ϕ((1 + δu)ℓ, ℓ,m) is decreasing and continuously
differentiable with respect to ℓ. So, consider the maximum slope of ϕ((1 + δuℓ, ℓ,m)) over the
interval [(1 + δℓ)m,L/(1 + δu)]:

s = max
ℓ∈[(1+δℓ)m,L/(1+δu)]

∂

∂ℓ
ϕ((1 + δu)ℓ, ℓ,m) < 0.

Then, it follows that for all [(1 + δℓ)m,L/(1 + δu)]

∂

∂ℓ
ϕ((1 + δuℓ, ℓ,m)) ≤ s ≤ a

√
rNAG(σϕ) ≤ aϕ((1 + δuℓ, ℓ,m)) < 0,

where a = s/rNAG(σϕκ) < 0. Hence, Grönwall’s inequality implies that

ϕ((1 + δuℓ, ℓ,m))2 ≤ exp(2a(ℓ− (1 + δℓ)m))rNAG(σϕκ) = rNAG(σϕκ)
1+αϕ(ℓ−(1+δℓ)m), (140)

where, since a < 0 and logrNAG(σϕκ)
e < 0, αϕ is a positive constant given by

αϕ = 2a logrNAG(σϕκ)
e > 0,

which proves the claim.
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Figure 3: Numerical illustration of Theorem 35 with L = 104,m = 1, δℓ = 0.01, σϕ = 5 and
αϕ = 0.09.

Figure 3 illustrates Theorem 35 numerically with L = 10,m = 1, δu = 1, σϕ = 4 and αϕ = 10.
We see that ϕ((1 + δu)ℓ, ℓ,m)2 becomes significantly smaller than rNAG(σϕκ) as ℓ approaches L.
In fact, ϕ(L,L,m) = 0, therefore the estimate adjustments take place extremely fast when the
estimate is large and gradually slow down as the estimate improves, but always at an accelerated
rate. As we now show, this implies drastic estimate convergence speed-up.

Lemma 36 Let f ∈ F(L,m) be a quadratic function, suppose that Assumption 4.2 holds for some
L0 > L and let κ = L0/m. Also, let δm and δu be positive numbers such that δm > δu > 0
and let r′ = r′(δu, δℓ, κ) be a function such that rNAG(σϕκ) ≤ r′ < 1 for all κ ≥ 1 + δℓ, where
δℓ = ((1 + δm)/(1 + δu)) − 1 > 0 and σϕ = σϕ(δu, δℓ, κ) is given by Theorem 34. Then, there
exists some ν ≥ 1 such that the estimates mt of Algorithm 1 reach [m/γ, (1+ δm)m] after no more
than τ iterations, where

τ = ν
− log(4κ2M1ω/δu)

log r′
(141)

and M1 = maxiCi/C1, with ω given by Assumption 4.4.

Proof Suppose that the last value of mt before reaching the interval [m/γ, (1+δm)m) is (1+δm)m.
Then, suppose that the value before last is γ(1+ δm)m, and so on, up to γK(1+ δm)m for some K
such that γK(1 + δm)m ≤ L < γK+1(1 + δm)m. Using this mt schedule, we bound the number
of iterations that mt takes to reach the interval [m/γ, (1 + δm)m], and then we argue that no other
mt schedule can lead to a worse bound.
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Let ℓj = γj(1 + δm)m/(1 + δu). Then, we have that ℓj ≥ (1 + δℓ)m for δℓ = ((1 + δm)/(1 +
δu)) − 1. Since δm > δu, then δℓ > 0, and Theorem 35 applies. Now, let Ij = min {i : λi ≥ ℓj}.
That is, λi ≥ ℓj if and only if i ≥ Ij . Then, using this fact and separating the terms indexed by
i < I0 from those indexed by i ≥ I0 in (133) into two sums yields

c2t+1 < ℓ20

∑I0−1
i=1 (xi,t+1 − xi,t)

2∑d
i=1(xi,t+1 − xi,t)2

+

∑d
i=I0

λ2
i (xi,t+1 − xi,t)

2∑d
i=1(xi,t+1 − xi,t)2

.

In turn, plugging the above inequality into the identity (ct+1+ ℓ0)(ct+1− ℓ0) = c2t+1− ℓ20, and then
using the fact that λi ≤ L and ℓ0 ≥ m, we obtain

ct+1 − ℓ0 =
c2t+1 − ℓ20
ct+1 + ℓ0

<

∑d
i=I0

(λ2
i − ℓ20)(xi,t+1 − xi,t)

2

ℓ0
∑d

i=1(xi,t+1 − xi,t)2
≤ ℓ0κ

2
d∑

i=I0

(xi,t+1 − xi,t)
2

(x1,t+1 − x1,t)2
. (142)

Moreover, using (129), we have that

(xi,t+1 − xi,t)
2 = (

[
−1 1

]
Xi,t+1)

2 ≤ 2∥Xi,t+1∥2 ≤ 2Ciρ(µ0, λi)
2tx2i,0. (143)

To address the terms in the sum in (142), we combine (143) and (132), assuming tK ≤ t < tK+1.
That is, we consider the last adjustment before mt reaches the interval [m/γ, (1+δm)m). Then, we
apply Theorem 27 twice, to get ρ(mk, λi) ≤ ρ(mk, ℓ0) and ρ(mk, ℓ0) < ρ(mk,m) for all i ≥ I0,
which gives

d∑
i=I0

(xi,t+1 − xi,t)
2

(x1,t+1 − x1,t)2
≤ 2M1

d∑
i=I0

x2i,0
x21,0

t∏
k=tK

ρ(mk, λi)
2

ρ(mk,m)2

τK∏
k=1

ρ(mk, λi)
2

ρ(mk,m)2

≤ 2M1ωϕ((1 + δu)ℓ0, ℓ0,m)2(t−tK+1). (144)

where M1 = 2maxiCi/C1. Next, we put (142) and (144) together, and since ℓ0 ≥ m, we get

ct+1 − ℓ0 < 2κ2M1ωϕ((1 + δm)m, ℓ0,m)2(t−tK+1)ℓ0 ≤ δuℓ0/2,

for all t ≥ tK +∆t0, where

∆t0 = −
log(4κ2M1ω/δu)

log rNAG(σϕκ)
.

Therefore, ct+1 < (1 + δu)ℓ0 = (1 + δm)m for t ≥ tK +∆t0 or, equivalently,

tK+1 − tK ≤ ∆t0.

Note that for every mt schedule, if µK denotes the last value of mt before reaching [m/γ, (1 +
δm)m], then µK ≥ (1 + δm)m, by definition. Hence, letting ℓ′0 = µK/(1 + δu) and I ′0 = {i : λi ≥
ℓ′0}, then I ′0 ≥ I0, and it follows that

d∑
i=I′0

(xi,t+1 − xi,t)
2

(x1,t+1 − x1,t)2
≤ 2M1

d∑
i=I′0

x2i,0
x21,0

t∏
k=tK

ρ(mk, λi)
2

ρ(mk,m)2

τK∏
k=1

ρ(mk, λi)
2

ρ(mk,m)2

≤ 2M1

d∑
i=I0

x2i,0
x21,0

t∏
k=tK

ρ(mk, λi)
2

ρ(mk,m)2

τK∏
k=1

ρ(mk, λi)
2

ρ(mk,m)2

≤ 2M1ωϕ((1 + δu)ℓ0, ℓ0,m)2(t−tK+1).
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Therefore, the last adjustment cannot take more than ∆t0 iterations for any mt schedule.
Then, let ∆tj be quantities analogous to ∆t0, defined for j = 0, . . . ,K as

∆tj =
− log(4κ2M1ω/δu)

log rNAG(σϕκ)

1

(1 + αϕ(ℓj − (1 + δℓ)m))
.

If γ > 1, then mt decreases by a factor of at least γ every time it is adjusted to a new value. Hence,
µK−1 ≥ γµK for every mt schedule, which implies that ℓ1 ≤ µK−1/(1+δu) for every mt schedule.
Hence, by the same rationale above, it cannot take more than ∆t1 for mt to be adjusted to its second
last value before reaching the interval [m/γ, (1 + δm)m]. It follows by induction that it cannot
take more than ∆tj for mt to be adjust to its K − j-th to last value before reaching the interval
[m/γ, (1+ δm)m]. Moreover, since by design mt ≤ L, it cannot more than K ≤ logγ(κ/(1+ δm))
adjustments before mt reaches the interval [m/γ, (1 + δm)m]. Therefore, letting

ν =

+∞∑
j=0

1

1 + αϕm(1 + δℓ)(γj − 1)
, (145)

we conclude that mt+1 ≤ (1 + δm)m for all t ≥ τ , where

τ = ν
− log(4κ2M1ω/δu)

log r′
≥ − log(4κ2M1ω/δu)

log rNAG(σϕκ)

K∑
j=0

1

1 + αϕm(1 + δℓ)(γj − 1)
,

because log is monotone and rNAG(σϕκ) ≤ r′ < 1, and 1 + αϕm(1 + δℓ)(γ
j − 1) > 0.

Main Result in the Quadratic Case

We now prove the main local convergence result for NAG-free when the objective function is
quadratic. There is no difference between local and global convergence in this case, but it will
be the foundation to derive the main local convergence in the general case later. To this end, we first
establish that for every Gi(mt), there is a quadratic Lyapunov function certifying convergence of
Xi,t at rate ρ(mt, λi) up to arbitrary precision, at the expense of worse condition numbers.

Lemma 37 Let mt ∈ [m/γ,L] for some γ > 1, and let ρ(Gi(mt)) denote the spectral radius
of Gi(mt). Then, given r ∈ [ρ(Gi(mt)), 1) and δ > 0 such that (1 + δ)r < 1, there is some
P = P (Gi(mt), r, δ) ∈ Rd×d such that Gi(mt)

TPGi(mt) ≺ (1 + δ)2r2P and P ⪰ I . Moreover,
letting λmin(P ) and λmax(P ) denote the least and the greatest eigenvalues of P , then

max
mt∈[m/γ,L]

∥P (Gi(mt), r, δ)∥ <
1 + (1 + δ)−2

1− (1 + δ)−2
+

2M2
2

(1 + δ)2r2
1 + (1 + δ)−2

(1− (1 + δ)−2)3
, (146)

where M2 is an appropriate constant that does not depend on neither δ nor r.

Proof By Theorem 28, ρ(mt, λi) < 1 for all mt ∈ (0, L] and i = 1, . . . , d. Thus, ρ(Gi(mt)) < 1,
where ρ(Gi(mt)) denotes the spectral radius of Gi(mt). Therefore, the interval [ρ(Gi(mt)), 1) is
nonempty. So, let r and δ be two positive numbers such that r ∈ [ρ(Gi(mt)), 1) and (1 + δ)r < 1.
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Then, take rδ = (1 + δ)r and P =
∑+∞

k=0(Gi(mt)
T/rδ)

k(Gi(mt)/rδ)
k. The matrix P is well-

defined because ρ(Gi(mt)/rδ) ≤ 1/(1+ δ) < 1, and P ⪰ I , by construction. Moreover, it satisfies

(Gi(mt))/rδ)
TP (Gi(mt)/rδ) =

+∞∑
k=1

(Gi(mt))
T/rδ)

k(Gi(mt))/rδ)
k = P − I.

Therefore, Gi(mt)
TPGi(mt) ≺ (1 + δ)2r2P , which proves the first claim.

To prove the second claim, we first express Gi(mt) in Schur form [11, section 7.1.3]. To this
end, we construct a two-by-two orthogonal matrix Qi(mt), whose first column is a unit eigenvector
qi,1 associated with ζi = ζi(mt), the top eigenvalue of Gi(mt), as in

qi,1 =
1√

1 + |ζi|2

[
1
ζi

]
.

To determine the second column of Qi(mt), we apply the Gram-Schmidt orthogonalization proce-
dure [11, section 5.2.7] to obtain from e1 a vector orthonormal to qi,1:

e1 −
⟨e1, qi,1⟩
⟨qi,1, qi,1⟩

qi,1 =

[
1
0

]
− 1

1 + |ζi|2

[
1
ζi

]
=

1

1 + |ζi|2

[
|ζi|2
−ζi

]
.

Normalizing the vector above, we obtain

qi,2 =
1√

1 + |ζi|2
1

|ζi|

[
|ζi|2
−ζi

]
.

So, letting Qi(mt) be the orthogonal matrix given by

Qi(mt) =
[
qi,1 qi,2

]
, (147)

and letting Ti(mt) be the matrix given by

Ti(mt) = Qi(mt)
HGi(mt)Qi(mt), (148)

where Qi(mt)
H denotes the conjugate-transpose of Qi(mt), it follows that

Ti(mt) =

[
qi,1(mt)

HGi(mt)qi,1(mt) qi,1(mt)
HGi(mt)qi,2(mt)

qi,2(mt)
HGi(mt)qi,1(mt) qi,2(mt)

HGi(mt)qi,2(mt)

]
=

[
ζi qi,1(mt)

HGi(mt)qi,2(mt)
ζiqi,2(mt)

Hqi,1(mt) qi,2(mt)
HGi(mt)qi,2(mt)

]
=

[
ζi qi,1(mt)

HGi(mt)qi,2(mt)
0 qi,2(mt)

HGi(mt)qi,2(mt)

]
because qi,1(mt) is a unit eigenvector of Gi(mt) associated with ζi, and is orthogonal to qi,2(mt).
Moreover, the product Qi(mt)

HGi(mt)Qi(mt) preserves the eigenvalues of Gi(mt) because
Qi(mt) is orthogonal, therefore

Ti(mt) =

[
ζi qi,1(mt)

HGi(mt)qi,2(mt)
0 ξi

]
, (149)
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where ξi denotes the other eigenvalue of Gi(mt). Now, Gi(mt) and, therefore, Qi(mt) are contin-
uous functions of mt, thus

M2 = max
mt∈[m/γ,L]

qi,1(mt)
HGi(mt)qi,2(mt) < +∞

is well-defined. Moreover, left-multiplying and right-multiplying (149) by Qi(mt) and Qi(mt)
H,

respectively, yields

Qi(mt)Ti(mt)Qi(mt)
H = Ti(mt).

Substituting the above for Gi(mt), using submultiplicativity of the Euclidean norm, the fact that
Qi(mt) are orthogonal, and the fact that ρ(mt, λi)/rδ ≤ 1/(1 + δ), where rδ = (1 + δ)r, we get

∥P∥ ≤
+∞∑
k=0

∥((Gi(mt)/rδ)
k)T(Gi(m

k
t )/rδ)∥

≤
+∞∑
k=0

∥Qi(mt)(Ti(mt)/rδ)
kQi(mt)

H∥2

≤ 1 +
+∞∑
k=0

∥Qi(mt)
H∥2∥Ti(mt)/rδ∥2k∥Qi(mt)∥2

≤ 1 +
+∞∑
k=0

r
−2(k+1)
δ

∥∥∥∥[ρ(mt, λi)
k+1 (k + 1)M2ρ(mt, λi)

k

0 ρ(mt, λi)
k+1

]∥∥∥∥2
≤ 1 +

+∞∑
k=0

r
−2(k+1)
δ

(
ρ(mt, λi)

k+1 + (k + 1)M2ρ(mt, λi)
k
)2

= 1 +
+∞∑
k=0

(
(1 + δ)−(k+1) +

M2

rδ
(k + 1)(1 + δ)−k

)2

.

Then, using the fact that (a+ b)2 ≤ 2a2 + 2b2 for any a and b, yields

∥P∥ ≤ 1 +

+∞∑
k=0

(
2(1 + δ)−2(k+1) +

2M2
2

r2δ
(k + 1)2(1 + δ)−2k

)
≤ 1 +

2(1 + δ)−2

1− (1 + δ)−2
+

2M2
2

r2δ

1 + (1 + δ)−2

(1− (1 + δ)−2)3

=
1 + (1 + δ)−2

1− (1 + δ)−2
+

2M2
2

r2δ

1 + (1 + δ)−2

(1− (1 + δ)−2)3
,

where the second inequality follows by noting that for any α such that 0 < α < 1, we have that

+∞∑
k=0

(k + 1)2αk =
1

α

+∞∑
k=1

k2αk =
1

α

α(1 + α)

(1− α)3
=

1 + α

(1− α)3
,

and then plugging (1 + δ)−2 into α.

50



ADAPTIVE ACCELERATION WITHOUT STRONG CONVEXITY PRIORS OR RESTARTS

Proposition 38 Let f ∈ F(L,m) be a quadratic function with κ = L/m ≥ 4, and let L0 > L.
Suppose that Assumption 4.4 holds for some ω > 0, and that Assumption 4.3 holds as well. Also,
let δm and δu be positive numbers such that δu < min{δm, 1/2} and δm ≤ γ − 1. If Algorithm 1 is
initialized with L0 as input, then its iterates xt satisfy

∥xt+1 − x⋆∥ ≤ Cκ̄7/2+2νrNAG(2σκ̄)
t∥x0 − x⋆∥, (150)

where κ̄ = L0/m > κ, σ = max{γ, σm, σϕ}, σm = 1+2δm+2
√

δm(1 + δm), σϕ = σϕ(δu, δℓ, κ̄)
is a function of δℓ = (1 + δm)/(1 + δu)− 1 and is bounded in κ̄ ≥ 1 + δℓ, such that

lim
κ̄→+∞

σϕ(δu, δℓ, κ̄) =
1

4(
√
δu(1 + δℓ) + δℓ −

√
δu(1 + δℓ))2

,

and C and ν are constants that depend on γ, δu, σ and ω.

Proof Let r′ = r′(δu, δℓ, κ) be a function such that rNAG(σϕκ) ≤ r′ < 1 for all κ ≥ 1 + δℓ, where
σϕ = σϕ(δu, δℓ, κ) is given by Theorem 34. Then, by Theorem 36 we have that mt ≤ (1 + δm)m
for all t ≥ τ , where

τ =
− log(4κ2M1ω/δu)

log r′

logγ(κ/(1+δm))∑
j=0

1

1 + αϕm(1 + δℓ)(γj − 1)
, (151)

M1 = maxiCi/C1.
By design, we have that mt ≥ m/γ. If mt < m, then by Theorem 25, and unsing the fact that

(
√

L/mt − 1)/(
√
L/mt + 1) is decreasing in mt and (κ− 1)/κ is increasing in κ, we get

ρ(mt,m) =

√√
L/mt − 1√
L/mt + 1

κ− 1

κ
≤

√√
γκ− 1
√
γκ+ 1

γκ− 1

γκ
= rNAG(γκ).

Otherwise, if mt ∈ [m, (1+ δm)m], then by Theorem 32, we have that ρ(mt,m) ≤ rNAG(σmκ) for
all κ ≥ 1+δm, where σm = σm(δm) = 1+2δm+2

√
δm(1 + δm). Hence, ρ(mt,m) ≤ rNAG(σ1κ)

for all t ≥ τ , where σ1 = max{γ, σm}.
Now, by Theorem 27, we have that ρ(mt, λi) ≤ rNAG(σ1κ) for all λi. Hence, given δσ such that

(1 + δσ)rNAG(σ1κ) < 1, by Theorem 37 there is a Pi(mt) = Pi(mt, δσ) ⪰ I for each λi such that
Gi(mt)

TPi(mt)Gi(mt) ⪯ (1 + δσ)
2rNAG(σ1κ)

2Pi(mt). Hence, if tj ≤ t < tj+1 and t ≥ τ , then

XT
i,t+1Pi(mt)Xi,t+1 = XT

i,tGi(µj)
TPi(µj)Gi(µj)Xi,t

≤ (1 + δσ)
2rNAG(σ1κ)

2XT
i,tPi(µj)Xi,t,

since mt = µj . Consecutively applying this inequality, we obtain

λmin(Pi(mt))∥Xi,t∥2 ≤ XT
i,tPi(mt)Xi,t ≤ ((1 + δσ)rNAG(σ1κ))

2(t−tj)XT
i,tjPi(µj)Xi,tj

≤ λmax(Pi(µj))((1 + δσ)rNAG(σ1κ))
2(t−tj)∥Xi,tj∥2.

Rearranging the above yields

∥Xi,t∥2 ≤
λmax(Pi(µj))

λmin(Pi(µj))
((1 + δσ)rNAG(σ1κ))

2(t−tj)∥Xi,tj∥2.
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Moreover, since by assumption 1 + δm < γ, mt is adjusted at most once if mt ≤ (1 + δm)m,
therefore denoting by µ−1 and µ−2 respectively the last and before last values taken by mt, for all
t ≥ τ we have that

∥Xi,t∥2 ≤
λmax(Pi(µ−1))

λmin(Pi(µ−1))

λmax(Pi(µ−2))

λmin(Pi(µ−2))
((1 + δσ)rNAG(σ1κ))

2(t−⌈τ⌉)∥Xi,⌈τ⌉∥2,

In turn, the above bound yields

∥Xt∥2 =
d∑

i=1

∥Xi,t∥2

≤
d∑

i=1

λmax(Pi(µ−1))

λmin(Pi(µ−1))

λmax(Pi(µ−2))

λmin(Pi(µ−2))
((1 + δσ)rNAG(σ1κ))

2(t−⌈τ⌉)∥Xi,⌈τ⌉∥2.

Since rNAG is monotone and
∑d

i=1 ∥Xi,t∥2 = ∥Xt∥2, defining σ = max{γ, σm, σϕ}, it follows that

∥Xt∥2 ≤M2
3 ((1 + δσ)rNAG(σκ))

2(t−⌈τ⌉)∥X⌈τ⌉∥2, (152)

where M2
3 is given by the product of the worst condition numbers of all Pi(µ−1) and Pi(µ−2):

M3 =

√
max

i=1,...,d

λmax(Pi(µ−1))

λmin(Pi(µ−1))
max

i=1,...,d

λmax(Pi(µ−2))

λmin(Pi(µ−2))
.

Plugging r′ = (1+ δσ)rNAG(σκ) in (151), it follows that mt ∈ [m/γ, (1+ δm)m] for all t ≥ τ ,
where

τ =
− log(4κ2M1ω/δu)

log(1 + δσ)rNAG(σκ)

logγ(κ/(1+δm))∑
j=0

1

1 + αϕm(1 + δℓ)(γj − 1)
.

By assumption, γ ≥ 2, which implies that γj − 1 ≥ γj−1 for all j ≥ 1, so that

τ ≤ − log(4κ2M1ω/δu)

log(1 + δσ)rNAG(σκ)

(
1 +

1

αϕm(1 + δℓ)

logγ(κ/(1+δm))∑
j=1

1

γj−1

)

≤ − log(4κ2M1ω/δu)

log(1 + δσ)rNAG(σκ)

(
1 +

1

αϕm

γ

γ − 1

)
Therefore, since rNAG(κ) ≥ 1/2, rNAG(κ) ≤ rNAG(σκ) ∈ (0, 1) and ⌈τ⌉ ≤ τ + 1, it follows that

((1 + δσ)rNAG(σκ))
−⌈τ⌉ ≤M4, (153)

for a constant M4 given by

M4 = (4κ2M1ω/δu)
ν , where ν = 1 + γ/(αϕm(γ − 1)).

Then, plugging (153) into (152), we obtain

∥xt∥ ≤ ∥Xt∥ ≤M3M4((1 + δσ)rNAG(σκ))
t∥X⌈τ⌉∥.
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To establish (150), it remains to bound ∥X⌈τ⌉∥. To this end, we plug x = x⋆ and y = yt+1 into (3),
and then use the global convergence bound from Theorem 3 to get

∥yt+1 − x⋆∥2 ≤ 2

m
(f(yt+1)− f(x⋆)) ≤ rGD(κ)

t16κ4∥x0 − x⋆∥2.

Then, substituting xt+1 with its definition from Algorithm 1, summing ±βtx⋆ = 0, using the above
bound and then the fact that βt ∈ [0, 1) and that rGD ∈ (0, 1), we obtain

∥xt+1 − x⋆∥2 = ∥(1 + βt)yt+1 − βtyt − x⋆ ± βtx
⋆∥2 = ∥(1 + βt)(yt+1 − x⋆)− βt(yt − x⋆)∥2

≤ (2∥yt+1 − x⋆∥+ ∥yt − x⋆∥)2

≤ rGD(κ)
t−1144κ4∥x0 − x⋆∥2, (154)

which implies that

∥X⌈τ⌉∥ ≤ ∥x⌈τ⌉∥+ ∥x⌈τ⌉−1∥ ≤ rGD(κ)
(⌈τ⌉−3)/224κ2∥x0 − x⋆∥ ≤ 24κ2∥x0 − x⋆∥.

If ⌈τ⌉ ≥ 3, then

∥X⌈τ⌉∥ ≤ 24κ2∥x0 − x⋆∥.

Otherwise, if ⌈τ⌉ < 3, then using the fact that rNAG(σκ) ≥ rNAG(κ) = 1/2, which follows from
the assumption that κ ≥ 4, and the assumption that γ ≥ 2, we obtain

((1 + δσ)rNAG(σκ))
−⌈τ⌉ ≤ rNAG(σκ)

−3 ≤ γ2

rNAG(σκ)
.

Moreover, since the following equivalences hold for κ ≥ 4

rGD(κ)
2 ≥ rNAG(κ) ⇐⇒

(κ− 1)2

κ2
≥
√
κ− 1√
κ

⇐⇒ κ2 − 2κ
√
κ+
√
κ ≥ 0,

we have that

rGD(κ)
−3/2 ≤ rNAG(κ)

−1 ≤ δ−1
u .

Combining the two bounds above yields

((1 + δσ)rNAG(σκ))
−⌈τ⌉rGD(κ)

−3/2 ≤M4.

Therefore, for all values of ⌈τ⌉, we have that

∥xt+1 − x⋆∥ ≤M3M4

√
κ((1 + δσ)rNAG(σκ))

t∥x0 − x⋆∥. (155)

Our next step is to express the rate (1 + δσ)rNAG(σκ) in terms of rNAG(σ2κ) for some σ2, as in

(1 + δσ)rNAG(σκ) = (1 + δσ)

√
σκ− 1√
σκ

=

√
σ2κ− 1
√
σ2κ

.
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Solving the above identity for σ2, we obtain

σ2 =
σ

(1 + δσ − δσ
√
σκ)2

≤ σ

(1− δσ
√
σκ)2

.

That is, σ2 = (1 + δ)σ, where

δ =
δσ
√
σκ(2− δσ

√
σκ)

(1− δσ
√
σκ)2

.

So, if δσ = 1/(4
√
σκ), then δ ≤ 7/9, which implies that 1 + δ ≤ 2 and

(1 + δσ)rNAG(σκ) ≤ rNAG(2σκ).

Moreover, since σ ≥ γ ≥ 2 and κ ≥ 4, it follows that δσ = 1/(4
√
σκ) ≤ 1/11 and

1

1− (1 + δσ)−2
=

(1 + δσ)
2

δσ(2 + δσ)
≤ (1 + 1/11)2

2

1

δσ
=

122

2 · 112
1

δσ
,

1− (1 + δσ)
−2 =

δσ(2 + δσ)

(1 + δσ)2
≤ δσ(2 + σδ) =

1

4
√
σκ

(2 + 1/(4
√
σκ)) ≤ 9

112
,

1 + (1 + δσ)
−2 =

2 + δσ(2 + δσ)

1 + δσ
≤ 2(1 + δσ).

In the same vein, using the fact that λmin(Pi(µ−1)) ≥ 1 and that λmax(Pi(µ−1)) ≤ ∥Pi(µ−1)∥,
plugging δσ = 1/(4

√
σκ) into (146) and using the fact that rNAG(σκ) ≥ rNAG(8) yields

max
i=1,...,d

λmax(Pi(µ−1))

λmin(Pi(µ−1))
≤ max

i=1,...,d
∥Pi(µ−1)∥

< 1 + 2
(1 + δσ)

−2

1− (1 + δσ)−2
+ 2

M2
2

(1 + δσ)2rNAG(σκ)2
1 + (1 + δσ)

−2

(1− (1 + δσ)−2)3

< 1 +
122

2 · 112
(1 + δσ)

−2

δσ
+ 4

M2
2

(1 + δσ)2rNAG(σκ)2
1 + δσ
δ3σ

<

(
1

113
+

122

2 · 114
+

4

rNAG(σκ)2

)
M2

2

δ3σ

< 7
M2

2

δ3σ
.

Using the above bound twice yields

M3 =

√
max

i=1,...,d

λmax(Pi(µ−1))

λmin(Pi(µ−1))
max

i=1,...,d

λmax(Pi(µ−2))

λmin(Pi(µ−2))
< 7

M2
2

δ3σ
= 7 · 43M2

2σ
3/2κ3/2. (156)

Finally, we prove (150) by plugging (156) into (155), and then replacing κ with κ̄, so that

∥xt+1 − x⋆∥ ≤ Cκ̄7/2+2νrNAG(2σκ̄)
t∥x0 − x⋆∥,

where the constant C is given by

C = 42 · 44M2(4M1ω/δu)
νσ3/2.
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B.2. General Case

We now build on the quadratic case to prove that the iterates xt of Algorithm 1 also converge to the
optimum x⋆ at an accelerated rate when the objective function f is not necessarily quadratic. Our
approach is to show that if xt is sufficiently close to x⋆, then xt − x⋆ consists of a perturbation of
the iterate when the objective is given by the local quadratic approximation of f at x⋆.

Iterate Dynamics in the General Case

Under Assumption 4.1, it follows that f is twice continuously differentiable at x⋆. Hence, by
Taylor’s theorem [19, theorem 2.1], the gradient at xt can be expressed as

∇f(xt) =∇f(x⋆) +
∫ 1

0
∇2f(x⋆ + s(xt − x⋆))(xt − x⋆)ds

=∇2f(x⋆)xt +

∫ 1

0
(∇2f(x⋆ + s(xt − x⋆))−∇2f(x⋆))(xt − x⋆)ds

=(H + H̃t)(xt − x⋆), (157)

where the Hessian error term H̃t = H̃t(xt) is given by

H̃t =

∫ 1

0
(∇2f(x⋆ + s(xt − x⋆))−∇2f(x⋆))ds. (158)

Moreover, by (154), we have that ∥xt+1 − x⋆∥ ≤
√

144κ̄4rGD(κ)t−1∥x0 − x⋆∥. Hence, since
rGD(κ) ∈ (0, 1), if ∥x0 − x⋆∥ ≤ ϵmax(1,1/αH)

√
rGD(κ)/144κ̄4 and ϵ ≤ δH , then for all t ≥ 0, we

have that ∥xt − x⋆∥ ≤ δH , and it follows from Assumption 4.1 that

∥H̃t∥ ≤
∫ 1

0
∥∇2f(x⋆ + s(xt − x⋆))−∇2f(x⋆))∥ds

≤ LH

∫ 1

0
s∥xt − x⋆∥ds

≤ ϵLHrGD(κ)
tαH/2. (159)

Since vj form an eigenbasis for Rd, H̃tvj can be expressed in vj-coordinates, h̃i,j,t, as

H̃tvj =
d∑

i=1

h̃i,j,tvi, j = 1, . . . , d. (160)

Then, using (160) and the decomposition xt − x⋆ =
∑d

j=1 xj,tvj yields

H̃t(xt − x⋆) = H̃t

d∑
j=1

xj,tvj =

d∑
j=1

xj,tH̃tvj =

d∑
j=1

xj,t

d∑
i=1

h̃i,j,tvi =

d∑
i=1

d∑
j=1

h̃i,j,txj,tvi. (161)

55



ADAPTIVE ACCELERATION WITHOUT STRONG CONVEXITY PRIORS OR RESTARTS

In turn, combining the decomposition xt − x⋆ =
∑d

j=1 xj,tvj with (157) and (161), we obtain

yt+1 − x⋆ = xt − (1/L)∇f(xt)− x⋆

= (I −H/L− H̃t/L)(xt − x⋆)

=

d∑
i=1

[
(1− λi/L)xi,t +

d∑
j=1

(h̃i,j,t/L)xj,t

]
vi,

from which it follows that

d∑
j=1

xj,t+1vj = xt+1 − x⋆

= (1 + βt)yt+1 − βtyt − x⋆ ∓ βtx
⋆

=

d∑
i=1

[
(1 + βt)

(
1− λi

L

)
xi,t − βt

(
1− λi

L

)
xi,t−1

+

d∑
j=1

(
(1 + βt)

h̃i,j,t
L

xj,t − βt
h̃i,j,t
L

xj,t−1

)]
vi.

Therefore, we have that

Xt+1 = (G(mt) + G̃t)Xt, (162)

where Xt is the vector with “stacked” Xi,t, as in

Xt =

X1,t
...

Xd,t

 , (163)

while G(mt) and G̃t are matrices given by

G(mt) = diag(G1(mt), . . . , Gd(mt)), (164)

G̃t =
1

L


0 0 . . . 0 0

−βth̃1,1,t−1 (1 + βt)h̃1,1,t . . . −βth̃1,d,t−1 (1 + βt)h̃1,d,t
...

...
. . .

...
...

0 0 . . . 0 0

−βth̃d,1,t−1 (1 + βt)h̃d,1,t . . . −βth̃d,d,t−1 (1 + βt)h̃d,d,t

 , (165)

where Gi(mt), defined by (109), are the system matrices governing the dynamics of each Xi,t in
the quadratic case where f(x) = (x − x⋆)THt(x − x⋆). Using the fact that h̃i,j,t = vTi H̃tvj , the
matrix G̃t given by (165) can be expressed as

G̃t =
1 + βt
L

WT
1 V

TH̃tVW1 −
βt
L
WT

1 V
TH̃tVW2, (166)
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where the matrices V ∈ Rd×d, W1,W2 ∈ Rd×2d are given by

V =

v
T
1
...
vTd


T

, W1 =


0 1 0 0 . . . 0 0
0 0 0 1 . . . 0 0
...

...
...

...
. . .

...
...

0 0 0 0 . . . 0 0
0 0 0 0 . . . 0 1

 , W2 =


1 0 0 0 . . . 0 0
0 0 1 0 . . . 0 0
...

...
...

...
. . .

...
...

0 0 0 0 . . . 0 0
0 0 0 0 . . . 1 0

 .

Since vi are orthonormal, so is V . Thus, V has unitary norm, as do W1 and W2. Therefore, applying
the triangle inequality and norm submultiplicativity to (166), then using the fact that βt ∈ [0, 1) and
lastly plugging in (159), we obtain

∥G̃t∥ ≤
2

L
∥WT

1 ∥∥V T∥∥H̃t∥∥V ∥∥W1∥+
1

L
∥WT

1 ∥∥V T∥∥H̃t∥∥V ∥∥W2∥

=
3

L
∥H̃t∥

≤ ϵ
LH

L
rGD(κ)

tαH/2. (167)

We continue by noting that if Assumption 4.3 holds for some δλ > 0, then it also holds for every
δ′λ < δλ. So, without loss of generality, suppose that Assumption 4.3 holds for some δλ ≤ δmm.
Then, while mt > (1 + δm)m, we have that |mt − λi| ≥ δλ for all i = 1, . . . , d. Hence, noting that
for all λi we have that λi < L0, then from Corollary 26, it follows that the two eigenvalues ζi(mt)
and ξi(mt) of each Gi(mt) are distinct. Therefore, because ζi(mt) and ξi(mt) are continuous in
mt, we have that

δT = min
mt∈S

min
i=1,...,d

|ζi(mt)− ξi(mt)| > 0, (168)

where S = S(δλ) is a compact set defined in terms

S = [(1 + δm)m,L] \ ∪di=1B(λi, δλ),

and B(λi, δλ) = {x : |x− λi| < δλ} is the open ball of radius δλ centered at λi. In the same vein,
since Ti defined by (126) are continuous in ζi and ξi, and ∥ · ∥ is continuous, it follows that

max
mt∈S

max
i=1,...,d

∥Ti(mt)∥ <∞.

Furthermore, explicitly computing the inverse of Ti for mt ∈ S yields

∥Ti(mt)
−1∥ = 1

|ζi − ξi|

∥∥∥∥[ ξi −1
−ζi 1

]∥∥∥∥ ≤ 1

δT

∥∥∥∥[ ξi −1
−ζi 1

]∥∥∥∥. (169)

Hence, since both sides of (169) are continuous in mt, it follows that

max
mt∈S

max
i=1,...,d

∥Ti(mt)
−1∥ <∞.

Therefore, we have that

MT = max
mt∈S

max
i=1,...,d

∥Ti(mt)∥∥Ti(mt)
−1∥ < +∞. (170)
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Then, let T denote the coordinate transformation given by

T (mt) = diag(T1(mt), . . . , Td(mt)). (171)

The block-diagonal structure of T combined with (170) implies that

max
mt∈S

∥T (mt)∥∥T (mt)
−1∥ ≤MT . (172)

Furthermore, T (mt) diagonalizes G(mt), as in

G(mt) = T (mt)D(mt)T (mt)
−1, (173)

where D(mt) is the block-diagonal matrix defined as D(mt) = diag(D1(mt), . . . , Dd(mt)) and
Di(mt) are the diagonal matrices given by (127). So, defining the state Zt = T−1(µ0)Xt for
t ∈ [t0, t1] and plugging Zt and (173) into (162), since mt ≡ µ0 for t ∈ [t0, t1), it follows that

Zt+1 = T−1(µ0)Xt+1

= T−1(µ0)(G(mt) + G̃t)Xt

= T−1(G(µ0) + G̃t)T (µ0)Zt

= (D(µ0) + D̃t)Zt, (174)

where D̃t is a perturbation matrix given by

D̃t = T−1(mt)G̃tT (mt). (175)

Using submultiplicativity and then combining (167) with (172), yields

∥D̃t∥ ≤ ∥T−1(mt)∥∥G̃t∥∥T (mt)∥ ≤ ϵMT
LH

L
rGD(κ)

tαH/2. (176)

Then, summing (176), we obtain

+∞∑
t=0

∥D̃t∥ ≤ ϵMT
LH

L

+∞∑
t=0

rGD(κ)
tαH/2 ≤ ϵMT

LH

L

1

1− rGD(κ)αH/2
. (177)

Moreover, since λi ≤ L < L0, it follows that G(mt) are nonsingular. This fact combined with
(177) allows us to use results from the theory of asymptotic integration of difference equations [4]
to establish that the solutions to (174) are perturbed solutions of the particular case when D̃t ≡ 0.
Namely, by [4, theorem 3.4], for t ∈ [t0, t1) we have that

Zt+1 = [I +O(ϵ)]D(µ0)
tZ0,

which implies that for t ∈ [t0, t1), we have that

Xt+1 = T (µ0)[I +O(ϵ)]D(µ0)
tZ0 = T (µ0)[I +O(ϵ)]D(µ0)

tT (µ0)
−1X0,

which can also be written as a perturbation of the solution of the quadratic case G(µ0)
tX0:

Xt+1 = G(µ0)
tX0 + T (µ0)D

t
0O(ϵ)T (µ0)

−1X0.
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By repeatedly following the above procedure, we conclude that

Xt+1 =T (µJ)[I +O(ϵ)]D(µJ)
t−tJT (µJ)

−1

(J−1∏
j=0

T (µj)[I +O(ϵ)]D(µj)
tj+1−tjT (µj)

−1

)
X0

=T (µJ)D(µJ)
t−tJT (µJ)

−1

(J−1∏
j=0

T (µj)D(µj)
tj+1−tjT (µj)

−1

)
X0

+ T (µJ)O(ϵ)D(µJ)
t−tJT (µJ)

−1

(J−1∏
j=0

T (µj)D(µj)
tj+1−tjT (µj)

−1

)
X0 + . . .

+ T (µJ)O(ϵ)D(µJ)
t−tJT (µJ)

−1

(J−1∏
j=0

T (µj)O(ϵ)D(µj)
tj+1−tjT (µj)

−1

)
X0, (178)

where t ∈ [tJ , tJ+1).

The Dynamics of ct in the General Case

Having established that the components Xi,t in the general case behave like perturbed components
of the quadratic case, we can also derive the dynamics of ct in the general case. To this end, we
establish bounds on the differences xi,t+1 − xi,t. First, we notice that

Xi,t+1 =
[
0 . . . 0 I 0 . . . 0

]
Xt+1,

where
[
0 . . . 0 I 0 . . . 0

]
∈ R2×2d is a matrix made of a row of two-by-two blocks, where

the i-th block is I ∈ R2×2 and all other blocks are 0 ∈ R2×2. Also, we have that

[
0 . . . 0 I 0 . . . 0

]
T (µJ)D(µJ)

t−tJT (µJ)
−1

(J−1∏
j=0

T (µj)D(µj)
tj+1−tjT (µj)

−1

)
X0

=
[
0 . . . 0 I 0 . . . 0

]
G(µJ)

t−tJ

J−1∏
j=0

G(µj)
tj+1−tjX0

=
[
0 . . . 0 Gt−tJ

i

∏J−1
j=0 Gi(µj)

tj+1−tj 0 . . . 0
]
X0

= Gt−tJ
i

J−1∏
j=0

Gi(µj)
tj+1−tjXi,0,

since Gi(µj) = Ti(µj)Di(µj)Ti(µj)
−1, by (127), and G,T and D are block-diagonal matrices

with blocks given by Gi, Ti and Di, respectively. Then, we notice that all but the first term in (178)
are O(ϵ), and ρ(µj , λi) ≤ ρ(µj ,m) for all the eigenvalues ρ(µj , λi) of D(µj), by Theorem 27.
Therefore, combining the above remarks with Assumption 4.4, it follows that for t ∈ [tj , tj+1)

∥Xi,t+1∥2 ≤ Ciρ(µj , λi)
2(t−tj)

(
j−1∏
k=0

ρ(µk, λi)
2(tk+1−tk)

)
x2i,0

+O(ϵ)ρ(µj ,m)2(t−tj)

(
j−1∏
k=0

ρ(µk,m)2(tk+1−tk)

)
x21,0,
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for some Ci. The above bound is analogous to (129), but with an additional O(ϵ) term accounting
for the perturbation of the quadratic solution. Thus, for t ∈ [tj , tj+1), we have that

(xi,t+1 − xi,t)
2 = (

[
−1 1

]
Xi,t+1)

2

≤ 2Ciρ(µj , λi)
2(t−tj)

(
j−1∏
k=0

ρ(µk, λi)
2(tk+1−tk)

)
x2i,0

+O(ϵ)ρ(µj ,m)2(t−tj)

(
j−1∏
k=0

ρ(µk,m)2(tk+1−tk)

)
x21,0. (179)

In the same vein, combining (178) with Theorem 27, we have that for t ∈ [tj , tj+1)

∥Xt+1∥2 ≤ 2(1 +O(ϵ))Cρ(µj ,m)2(t−tj)

(
j−1∏
k=0

ρ(µk,m)2(tk+1−tk)

)
∥x0∥2, (180)

where C = maxi=1,...,dCi. Similarly, combining the derivation of (132) with (178) and Assump-
tion 4.4, for t ∈ [tj , tj+1) we have that

(x1,t+1 − x1,t)
2 ≥ (1−O(ϵ))C1ρ(µj ,m)2(t−tj)

(
j−1∏
k=0

ρ(µk,m)2(tk+1−tk)

)
x21,0, (181)

for some C1.
Our next step is to also express∇f(xt+1)−∇f(xt) as a perturbation of the quadratic case. To

this end, we substitute (157) for∇f(xt+1) and ∇f(xt), and obtain

∇f(xt+1)−∇f(xt) = (H + H̃t+1)(xt+1 − x⋆)− (H + H̃t)(xt − x⋆)

= H(xt+1 − xt) + H̃t+1(xt+1 − x⋆)− H̃t(xt − x⋆).

Using xt − x⋆ =
∑d

j=1 xj,tvj , the terms of∇f(xt+1)−∇f(xt) above can be written as

H(xt+1 − xt) =

d∑
i=1

(xi,t+1 − xi,t)λivi,

H̃t+1(xt+1 − x⋆)− H̃t(xt − x⋆) =
d∑

i=1

(
d∑

j=1

(h̃i,j,t+1xj,t+1 − h̃i,j,txj,t)

)
vi.

In turn, using the above expressions, it follows that

∥∇f(xt+1)−∇f(xt)∥2 =
d∑

i=1

λ2
i (xi,t+1 − xi,t)

2

+ 2
d∑

i=1

λi(xi,t+1 − xi,t)

d∑
j=1

(h̃i,j,t+1xj,t+1 − h̃i,j,txj,t)

+

d∑
i=1

(
d∑

j=1

(h̃i,j,t+1xj,t+1 − h̃i,j,txj,t)

)2

.
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Our next step is to bound the third term above in ∥∇f(xt+1)−∇f(xt)∥2. Combining the identities
∥H̃t+1∥2F + ∥H̃t∥2F =

∑d
i=1

∑d
j=1(h̃

2
i,j,t+1 + h̃2i,j,t) and ∥Xt+1∥2 =

∑d
j=1(x

2
j,t+1 + x2j,t) with the

bound (159), it follows that

d∑
i=1

(
d∑

j=1

(h̃i,j,t+1xj,t+1 − h̃i,j,txj,t)

)2

≤
d∑

i=1

(
d∑

j=1

(|h̃i,j,t+1|+ |h̃i,j,t|)(|xj,t+1|+ |xj,t|)

)2

≤
d∑

i=1

(
d∑

j=1

(|h̃i,j,t+1|+ |h̃i,j,t|)2
)(

d∑
j=1

(|xj,t+1|+ |xj,t|)2
)

≤
d∑

i=1

(
2

d∑
j=1

(h̃2i,j,t+1 + h̃2i,j,t)

)(
2

d∑
j=1

(x2j,t+1 + x2j,t)

)
= 4(∥H̃t+1∥2F + ∥H̃t∥2F )∥Xt+1∥2

≤ 4d(∥H̃t+1∥2 + ∥H̃t∥2)∥Xt+1∥2

≤ 4ϵ2L2
Hd∥Xt+1∥2. (182)

In turn, we address the second term of ∥∇f(xt+1)−∇f(xt)∥2 using (182), which gives

d∑
i=1

(xi,t+1 − xi,t)

d∑
j=1

(h̃i,j,t+1xj,t+1 − h̃i,j,txj,t)

≤

√√√√ d∑
i=1

(xi,t+1 − xi,t)2

√√√√ d∑
i=1

(
d∑

j=1

(h̃i,j,t+1xj,t+1 − h̃i,j,txj,t)

)2

≤

√√√√2
d∑

i=1

(x2i,t+1 + x2i,t)
√

4ϵ2L2
Hd∥Xt+1∥2

≤ 2ϵLH

√
2d∥Xt+1∥2. (183)

Then, combining (180), (182) and (183) we obtain

∥∇f(xt+1)−∇f(xt)∥2 ≤
d∑

i=1

λ2
i (xi,t+1 − xi,t)

2

+O(ϵ)ρ(µj ,m)2(t−tj)

(
j−1∏
k=0

ρ(µk,m)2(tk+1−tk)

)
x21,0. (184)

In turn, plugging (184) into (5), and then using (181), it follows that

c2t+1 = c(xt+1, xt)
2 ≤

∑d
i=1 λ

2
i (xi,t+1 − xi,t)

2∑d
i=1(xi,t+1 − xi,t)2

+O(ϵ). (185)
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Lemma 39 Let f ∈ F(L,m), suppose that Assumptions 4.1 to 4.4 hold and let κ = L0/m. Also,
let δm and δu be positive numbers such that δm > δu > 0 and let r′ = r′(δu, δℓ, κ) be a function
such that rNAG(σϕκ) ≤ r′ < 1 for all κ ≥ 1 + δℓ, where δℓ = ((1 + δm)/(1 + δu)) − 1 > 0 and
σϕ = σϕ(δu, δℓ, κ) is given by Theorem 34. Then, there exist ν and ϵ > 0 such that if ∥x0−x⋆∥ ≤ ϵ,
then the estimates mt of Algorithm 1 reach [m/γ, (1+δm)m] after no more than τ iterations, where

τ = ν
− log(8κ2M1ω/δu)

log r′
(186)

M1 = maxiCi/C1, with ω given by Assumptions 4.1, 4.3 and 4.4.

Proof Suppose that the last value of mt before reaching the interval [m/γ, (1+δm)m) is (1+δm)m.
Then, suppose that the value before last is γ(1+ δm)m, and so on, up to γK(1+ δm)m for some K
such that γK(1 + δm)m ≤ L < γK+1(1 + δm)m. Using this mt schedule, we bound the number
of iterations that mt takes to reach the interval [m/γ, (1 + δm)m], and then we argue that no other
mt schedule can lead to a worse bound.

Let ℓj = γj(1 + δm)m/(1 + δu). Then, we have that ℓj ≥ (1 + δℓ)m for δℓ = ((1 + δm)/(1 +
δu)) − 1. Since δm > δu, then δℓ > 0, and Theorem 35 applies. Now, let Ij = min {i : λi ≥ ℓj}.
That is, λi ≥ ℓj if and only if i ≥ Ij . Then, using this fact and separating the terms indexed by
i < I0 from those indexed by i ≥ I0 in (185) into two sums yields

c2t+1 < ℓ20

∑I0−1
i=1 (xi,t+1 − xi,t)

2∑d
i=1(xi,t+1 − xi,t)2

+

∑d
i=I0

λ2
i (xi,t+1 − xi,t)

2∑d
i=1(xi,t+1 − xi,t)2

+O(ϵ).

In turn, plugging the above inequality into the identity (ct+1+ ℓ0)(ct+1− ℓ0) = c2t+1− ℓ20, and then
using the fact that λi ≤ L and ℓ0 ≥ m, we obtain

ct+1 − ℓ0 =
c2t+1 − ℓ20
ct+1 + ℓ0

<

∑d
i=I0

(λ2
i − ℓ20)(xi,t+1 − xi,t)

2

ℓ0
∑d

i=1(xi,t+1 − xi,t)2
+O(ϵ)

≤ ℓ0κ
2

d∑
i=I0

(xi,t+1 − xi,t)
2

(x1,t+1 − x1,t)2
+O(ϵ). (187)

To address the terms in the sum in (187), we combine (179) and (181), assuming tK ≤ t < tK+1.
That is, we consider the last adjustment before mt reaches the interval [m/γ, (1+δm)m). Then, we
apply Theorem 27 twice, to get ρ(mk, λi) ≤ ρ(mk, ℓ0) and ρ(mk, ℓ0) < ρ(mk,m) for all i ≥ I0,
which gives

d∑
i=I0

(xi,t+1 − xi,t)
2

(x1,t+1 − x1,t)2
≤ 2(1 +O(ϵ))M1

d∑
i=I0

x2i,0
x21,0

t∏
k=tK

ρ(mk, λi)
2

ρ(mk,m)2

τK∏
k=1

ρ(mk, λi)
2

ρ(mk,m)2
+O(ϵ)

≤ 2(1 +O(ϵ))M1ωϕ((1 + δu)ℓ0, ℓ0,m)2(t−tK+1) +O(ϵ). (188)

where M1 = 2maxiCi/C1. Next, we put (187) and (188) together, and since ℓ0 ≥ m, by choosing
ϵ sufficiently small, we get

ct+1 − ℓ0 ≤ 2(1 +O(ϵ))κ2M1ωϕ((1 + δm)m, ℓ0,m)2(t−tK+1)ℓ0 +O(ϵ) ≤ δuℓ0/2,
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for all t ≥ tK +∆t0, where

∆t0 = −
log(8κ2M1ω/δu)

log rNAG(σϕκ)
.

Therefore, ct+1 < (1 + δu)ℓ0 = (1 + δm)m for t ≥ tK +∆t0 or, equivalently,

tK+1 − tK ≤ ∆t0.

Note that for every mt schedule, if µK denotes the last value of mt before reaching [m/γ, (1 +
δm)m], then µK ≥ (1 + δm)m, by definition. Hence, letting ℓ′0 = µK/(1 + δu) and I ′0 = {i : λi ≥
ℓ′0}, then I ′0 ≥ I0, and by applying Theorem 27 before, it follows that

d∑
i=I′0

(xi,t+1 − xi,t)
2

(x1,t+1 − x1,t)2
≤ 2(1 +O(ϵ))M1

d∑
i=I′0

x2i,0
x21,0

t∏
k=tK

ρ(mk, λi)
2

ρ(mk,m)2

τK∏
k=1

ρ(mk, λi)
2

ρ(mk,m)2
+O(ϵ)

≤ 2(1 +O(ϵ))M1

d∑
i=I0

x2i,0
x21,0

t∏
k=tK

ρ(mk, λi)
2

ρ(mk,m)2

τK∏
k=1

ρ(mk, λi)
2

ρ(mk,m)2
+O(ϵ)

≤ 2(1 +O(ϵ))M1ωϕ((1 + δu)ℓ0, ℓ0,m)2(t−tK+1) +O(ϵ).

Therefore, the last adjustment cannot take more than ∆t0 iterations for any mt schedule.
Then, let ∆tj be quantities analogous to ∆t0, defined for j = 0, . . . ,K as

∆tj =
− log(8κ2M1ω/δu)

log rNAG(σϕκ)

1

1 + αϕ(ℓj − (1 + δℓ)m)
.

If γ > 1, then mt decreases by a factor of at least γ every time it is adjusted to a new value. Hence,
µK−1 ≥ γµK for every mt schedule, which implies that ℓ1 ≤ µK−1/(1+δu) for every mt schedule.
Hence, by the same rationale above, it cannot take more than ∆t1 for mt to be adjusted to its second
last value before reaching the interval [m/γ, (1 + δm)m]. It follows by induction that it cannot
take more than ∆tj for mt to be adjust to its K − j-th to last value before reaching the interval
[m/γ, (1+ δm)m]. Moreover, since by design mt ≤ L, it cannot more than K ≤ logγ(κ/(1+ δm))
adjustments before mt reaches the interval [m/γ, (1 + δm)m]. Therefore, letting ν be given by
(145), as

ν =
+∞∑
j=0

1

1 + αϕm(1 + δℓ)(γj − 1)
,

we conclude that mt+1 ≤ (1 + δm)m for all t ≥ τ , where

τ = ν
− log(8κ2M1ω/δu)

log r′
≥ − log(8κ2M1ω/δu)

log rNAG(σϕκ)

K∑
j=0

1

1 + αϕm(1 + δℓ)(γj − 1)
,

because log is monotone and rNAG(σϕκ) ≤ r′ < 1, and 1 + αϕm(1 + δℓ)(γ
j − 1) > 0.
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B.3. Main Result

At last, we are ready to prove Theorem 5, establishing that Algorithm 1 achieves acceleration around
the minimum.
Proof [Proof of Theorem 5] Let δm and δu be positive numbers such that δu < min{δm, 1/2} and
δm ≤ γ − 1. Then, define δℓ = (1+ δm)/(1 + δu)− 1, and let r′ = r′(δu, δℓ, κ) be a function such
that rNAG(σϕκ) ≤ r′ < 1 for all κ ≥ 1 + δℓ, where σϕ = σϕ(δu, δℓ, κ) is given by Theorem 34. By
Theorem 39, there is some ν such that mt ≤ (1 + δm)m for all t ≥ τ , where

τ = ν
− log(8κ2M1ω/δu)

log r′
(189)

M1 = maxiCi/C1. In turn, as in the proof of Theorem 38, Theorem 32 then implies that
ρ(mt,m) ≤ rNAG(σ1κ) for all t ≥ τ , where σ1 = max{γ, σm}, and σm = 1 + 2δm +
2
√

δm(1 + δm).
Now, by Theorem 27, we have that ρ(mt, λi) ≤ rNAG(σ1κ) for all λi. Hence, given δσ such

that (1 + δσ)rNAG(σ1κ) < 1, by Theorem 37 there is a Pi(mt) = Pi(mt, δσ) ⪰ I for each λi such
that Gi(mt)

TPi(mt)Gi(mt) ⪯ (1+ δσ)
2rNAG(σ1κ)

2Pi(mt). Using Pi(mt) as diagonal blocks, we
define the matrix P (mt) = P (mt, δσ) = diag(P1(mt), . . . , Pd(mt)). The block diagonal structure
of P and G implies that P (mt) ⪰ I , and that G(mt)

TP (mt)G(mt) ⪯ (1+δσ)
2rNAG(σ1κ)

2P (mt).
Hence, if tj ≤ t < tj+1 and t ≥ τ , then (162) yields

XT
t+1P (mt)Xt+1 = XT

t (G(µj) + G̃t)
TP (µj)(G(µj) + G̃t)Xt

≤ (1 + δσ)
2rNAG(σ1κ)

2XT
t P (µj)Xt +XT

t P̃tXt, (190)

since mt = µj , where

P̃t = G̃T
t P (mt)G(mt) +G(mt)

TP (mt)G̃t + G̃T
t P (mt)G̃t.

By Equation (109), we have that

∥Gi(mt)∥ ≤

∥∥∥∥∥
[

0 1

−β(mt)
(
1− λi

L

)
0

]∥∥∥∥∥+
∥∥∥∥∥
[
0 0

0 (1 + β(mt))
(
1− λi

L

)]∥∥∥∥∥
= max

{
1, β(mt)

(
1− λi

L

)}
+ (1 + β(mt))

(
1− λi

L

)
≤ 3. (191)

Furthermore, since δσ > 0 and rNAG(σ1κ) ≥ rNAG(4) = 1/2, because by assumption κ ≥ 4, the
block diagonal structure of P combined with (146) yields

∥P (mt)∥ ≤
2

1− (1 + δσ)−2
+

16M2
2

(1− (1 + δσ)−2)3
= Mδ. (192)

Therefore, combining (167), (191) and (192), and taking ϵ such that ϵLH/L < 1, we obtain

∥P̃t∥ ≤ (2∥G(mt)∥+ ∥G̃t∥)∥G̃t∥ ≤ 7ϵMδLH/L. (193)
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Then, since P (mt) ⪰ I , from (190) and (193) it follows that

XT
t+1PXt+1 ≤ ((1 + δ)2r2 + 7ϵMδLH/L)XT

t PXt = r̃2XT
t PXt, (194)

where we conveniently use a perturbed rate r̃, given by

r̃ =
√
(1 + δσ)2r2 + 7ϵMδLH/L. (195)

Consecutively applying (194) and reproducing the steps in the proof of Theorem 38, we get

∥xt+1 − x⋆∥ ≤ C ′κ̄7/2+2ν r̃t∥x0 − x⋆∥, (196)

where the constant C is given by

C ′ = 42 · 44M2(8M1ω/δu)
νσ

3/2
2 ,

with ν, σ2 = max{γ, σm, σϕ}, and δσ = 1/(4
√
σ2κ) is chosen such that

(1 + δσ)rNAG(σ2κ) < rNAG(2σ2κ).

Hence, choosing ϵ sufficiently small such that√
(1 + δσ)2r2 + 7ϵMδLH/L ≤ rNAG(2σ2κ),

and then plugging this choice of ϵ back into (196), we obtain

∥xt+1 − x⋆∥ ≤ CrNAG(σκ̄)
t∥x0 − x⋆∥,

where σ = 2σ2 and C = C ′κ̄7/2+2ν , which concludes the proof.

To conclude this section, we make a few remarks on C and σ in Theorem 5.
One of the factors of C involves a power ν, which is defined by (145) and implicitly involves

some quantities that are arbitrarily set in the local analysis such as δℓ. Figure 3 illustrates a numerical
example for a particular choice of these quantities, in which case ν ≈ 1.9. In reality, ν is an artifact
of a conservative analysis and does not play a role in practical performance. Indeed, in Theorems 36
and 39 we bound the number of iterates that mt takes to be updated to a new value disregarding that
the λi-coordinates for λi ≥ mt have already been reduced substantially relative to the others in the
previous update, which is reflected in the value of ct. In other words, we analyze the convergence
of mt as if it was starting from the same initial conditions every time for every update.

Now consider the suboptimality factor σ. In the proof of Theorem 5, we work with σ = 2σ2,
where σ2 = max{γ, σm, σϕ}, which is a function of σm = 1 + 2δm + 2

√
δm(1 + δm) and σϕ ≲

1/4(
√
δu + δℓ(1 + δu)−

√
δu(1 + δℓ))

2. The suboptimality factor σm is decreasing in δm, which
determines the gap in the upper bound of [m/γ, (1+δm)m], the interval that contains mt in the final
convergence regime of NAG-free around x⋆. Intuitively, the smaller δm is, the better the estimate
mt is in the final regime, therefore a smaller suboptimality rate. On the other hand, if δm is small,
then so is δℓ < δm, therefore σϕ increases. Intuitively, σϕ represents that the time that mt takes to
become sufficiently accurate. Thus, a smaller δm means that mt takes longer to reach the interval
[m/γ, (1 + δm)m]. More importantly, as mt approaches m, the rate at which mt converges to m
slows down. The factor 2 in σ = 2σ2 is a result of a compromise to obtain a reasonable condition
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number for the matrix P in the Lyapunov analysis of the final regime of NAG-free, when mt is
sufficiently accurate for accelerated convergence. In reality, this compromise is an artifact of any
Lyapunov analysis of linear systems, whose solutions are linear combinations of some tkrt terms,
rather than purely exponential solutions rt. Hence, this compromise is typically ignored, e.g. as in
[14], in which case the convergence rate is max{γ, σm, σϕ}. Then, for example, letting γ = 2, δm =
0.2, δu = 0.01 and δℓ = (1 + δm)/(1 + δu) − 1, we obtain max{γ, σm, σϕ} ≤ 2.4. Therefore,
the convergence rate in this case would not be worse than rNAG(2.4κ), which is competitive with
restart schemes, where “the convergence rate is slowed down by roughly a factor four” [10, page
167]. Notwithstanding, 2.4 is still conservative and, in the next section, we present experiments in
which we see that the suboptimality factor is much closer to 1.
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Appendix C. Numerical Experiments

In this section, we validate NAG-free (Algorithm 1) on a classical machine learning problem and
examine the practical implications of violating one of the technical assumptions made to prove local
acceleration.

We consider the regularized logistic regression objective, given by

f(x) = −(1/n)
n∑

i=1

log
(
1 + exp(−biAT

i x)
)
+ (η/2)∥x∥2, (197)

where η > 0 is a regularization parameter and (Ai, bi) ∈ Rd × {0, 1} are n observations from
a given dataset, which we take from the LIBSVM library [7] and whose details are summarized
on Table 1. Together with η, the datapoints determine the unknown parameters of f ∈ F(L,m),
bounded by L ≤ L̄ = (1/4n)λmax(A

TA) + η and m ≥ η, where A denotes the matrix with rows
AT

i and λmax(A
TA) denotes the top eigenvalue of ATA. Following the sources (github.com/

ymalitsky/adaptive_GD and github.com/konstmish/opt_methods from which
we borrowed the base code for this experiment, we set η = L̄/10n and x0 = 0.

Table 1: Details of datasets from LIBSVM [7] used in the logistic regression experiment.

dataset datapoints dimensions
gisette scale 6,000 5,000
madelon 2,000 500
mushrooms 8,124 112
phishing 11,055 68
svmguide1 3,089 4
w1a 2,477 300

We start with a sanity-check of the estimates of the strong convexity parameter produced by
NAG-free when γ = 1.5 and γL = 1.1. To this end, we compare m−1, the estimate mt held by
NAG-free after 10,000 iterations, with the regularization parameter η. We consider two variants of
NAG-free: one where L0 = L̄ and another where L0 = L̄/100. The variant initialized with L0 = L̄
satisfies the assumptions of Theorem 5, therefore we expect its estimate m−1 to be accurate and
that it achieve acceleration. In contrast, initializing Algorithm 1 with L0 = L̄/100 should activate
backtracking, violating the assumptions of Theorem 5. Table 2 presents the values of η, η/γ and
the final estimates of each NAG-free variant. We see that for most datasets, the final estimates m−1

fall within the interval given by [η/γ, η]. The exception is the PHISHING dataset, on which m−1

for the two NAG-free variants are roughly five and a half times greater than η. We investigate this
discrepancy in more detail below. Thus, for most datasets above, the strong convexity parameter m
reduces to the regularization parameter η. To interpret these results, we compare the performance
of the two NAG-free variants above with that of the following methods:

• NAG parameterized with L = L̄ and m = η;

• TM, the triple momentum method [27] parameterized with L = L̄ and m = η;

• NAG+R, the (function value) restart scheme [20] parameterized with L = L̄;
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Table 2: Regularization parameter η, η/γ and the estimates m−1 held by NAG-free variants with
γ = 1.5 after 10,000 iterations solving the logistic regression problem. For most datasets,
m−1 fall within the interval [η/γ, η], except for PHISHING, which is highlighted in gray..

Dataset η/γ m−1(L̄) m−1(L̄/100) η

gisette scale 9.37e-3 1.26e-2 1.07e-2 1.40e-2
madelon 9.93e2 1.39e3 1.20e3 1.49e3
mushrooms 2.12e-5 2.24e-5 2.62e-5 3.18e-5
phishing 9.80e-7 7.95e-6 8.35e-6 1.47e-6
svmguide1 1.90e-1 2.47e-1 2.01e-1 2.85e-1
w1a 1.67e-5 2.48e-5 2.13e-5 2.51e-5
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Figure 4: Suboptimality gap f(xt) − f(x⋆) for logistic regression on the A9A dataset. For NAG-
free variants, γ = 1.5 is used. The backtracking factor is 1.1 for NAG+RB and NAG-free.
The NAG-free+UB is initialized with L0 = L̄ ≥ L.

• NAG+RB, the (function value) restart scheme [20] where L is found via backtracking;

Figures 4 and 5 show the progression suboptimality gap on the A9A and MUSHROOMS datasets,
where NAG-free and NAG-free+UB denote the variants of NAG-free initialized with L0 = L̄/100
and L0 = L̄, respectively. We see that TM performs best on A9A, and NAG-free performs best on
MUSHROOMS. To explain these results, we compare L̄ with the estimate L−1 held by NAG-free at
the last iteration. On A9A, L̄ = 1.57 and L−1 = 1.39, which implies that L̄ is a good estimate of
the true value of L. Since η also seems to be a good estimate of m, we expect TM to outperform the
other methods, since it has the best theoretical convergence rates among the six methods above. On
the other hand, L̄ = 2.59 and L−1 = 0.80 on MUSHROOMS, suggesting that L̄ is a somewhat loose
estimate of the true value of L. Similarly, for NAG+RB, L−1 = 1.06, which is slightly worse than
the L estimate produced by NAG-free, even though both methods use the same geometric factor of
1.5 for backtracking.

Now, consider the results obtained from the PHISHING dataset, where the estimates m−1 were
considerably greater than the regularization parameter. As Figure 6 shows, the NAG-free and restart-
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Figure 5: Suboptimality gap f(xt)−f(x⋆) for logistic regression on the MUSHROOMS dataset. For
NAG-free variants, γ = 1.5 is used. The backtracking factor is 1.1 for NAG+RB and
NAG-free. The NAG-free+UB is initialized with L0 = L̄ ≥ L.
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Figure 6: Suboptimality gap f(xt)−f(x⋆) for logistic regression on PHISHING dataset with x0 = 0.
For NAG-free variants, γ = 1.5 is used. The backtracking factor is 1.1 for NAG+RB and
NAG-free. The NAG-free+UB is initialized with L0 = L̄ ≥ L.

ing methods outperform both NAG and TM. Crucially, backtracking only marginally improves the
performance of NAG-free and the restarting scheme. In other words, the NAG-free and restarting
methods better NAG and TM thanks to better estimates of the strong convexity parameter. Thus, to
assess whether η is a loose estimate of the true strong convexity parameter, we compute the least
eigenvalue of ∇2f(x⋆). We find that they approximately match, however. That is, η is actually a
good approximation of the true strong convexity parameter. At first, this seems to be at odds with
the theory presented above, as we expect that at least the NAG-free+UB to correctly estimate m. To
investigate this conundrum, we inspect the estimates produced by this NAG-free variant.
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Figure 7: Estimates of m for logistic regression on PHISHING dataset with x0 = 0. For NAG-free
variants, γ = 1.5 is used. The backtracking factor is 1.1 for NAG+RB and NAG-free.
The NAG-free+UB is initialized with L0 = L̄ ≥ L.

Figure 7 shows the NAG-free+UB estimates ct and mt, along with η. We see that in the first
half of the iterations, the estimates converge exponentially to the final value m−1, which would be
in accordance with theory, except m−1 ̸= m. In the second half, ct begins to jitter arbitrarily, and
we notice that at this point the suboptimality gap has essentially reached machine precision. Based
on these pattern, we hypothesize the following: the coordinates of xt on the eigenspace associated
with m are initially very small, and by the time they would become significant enough for mt to
converge to m, numerical errors corrupt the estimate mt. To test this hypothesis, we slightly perturb
the initial point, sampling x0 ∼ 10−6 × U [0, 1)d. Figure 8 shows the corresponding m estimates.
We see that, indeed, after reaching an initial plateau, ct and mt eventually reach the correct value of
m, just before ct starts to jitter. Figure 10 and Figure 11 show that NAG-free estimates of m behave
similarly to the NAG-free+UB estimates when x0 = 0 and x0 ∼ 10−6 × U [0, 1)d. Therefore,
we conclude that around the origin, the coordinates of x0 on the eigenspace associated with m are
really small. Effectively, this improves the condition number of the problem, which NAG-free and
restart methods take advantage of to achieve superior rates of convergence. In summary, NAG-free
and restart methods adapt to and benefit from better local conditioning, opposite to methods with
constant parametrization.

To further substantiate the local adaption phenomenon, we elaborate a stylized problem in-
tended to capture the essence of the phenomenon. Namely, we consider a simple three-dimensional
quadratic objective f(x) = (1/2)xTHx, where H = diag(1, 5, 104), and then fix x0 =
(1, 103, 1)T. The left-hand y-axis on Figure 9 shows the suboptimality gap obtained by NAG
and NAG-free+UB solving this quadratics problem, while the right-hand y-axis shows the NAG-
free+UB estimates mt. For reference, the dashed lines r1 and r5 represent the nominal performance
from methods respectively converging at rates rACC(L/m) and rACC(L/λ2), where m = 1, λ2 = 5
and L = 104. Likewise, the dashed horizontal black lines mark the values of λ2 and m. We see
that initially, NAG-free+UB converges roughly at the rate rACC(L/λ2), and then eventually settles
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Figure 8: NAG-free+UB estimates of m for logistic regression on PHISHING dataset, with x0 ∼
106 × U [0, 1)d.
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Figure 9: Suboptimality gap for a quadratics problem superimposed by NAG-free+UB estimates of
m and by accelerated rates when m = 1 and m = 5, r1 and r5.

at the nominal rate for this problem, rACC(L/m). As the plot of mt show, the estimates determine
in which regime NAG-free+UB operates. Therefore, NAG-free+UB is able to adapt to the benefi-
cial initial distribution of the x0 coordinates, which improves the effective condition number of the
problem by a factor of 5, As a result, NAG-free+UB converges substantially faster than NAG until
the m-coordinates of xt become non-negligible relative to the λ2-coordinates.

The PHISHING and stylized quadratic examples above illustrate that in practice Assumption 4.4
need not hold for x1,0, but it must hold for some other xi,0 with i ≥ 1. That is, it may be that
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Figure 10: NAG-free estimates of m for logistic regression on the PHISHING dataset with x0 = 0.
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Figure 11: NAG-free estimates of m for logistic regression on the PHISHING dataset with x0 ∼
10−6 × U [0, 1)d.

the m-coordinates of x0 are sufficiently small for the effective strong convexity parameter to be
some other eigenvalue λi ≥ m of ∇2f(x⋆). In turn, the effective condition number of the problem
improves to L/λi ≤ L/m. NAG-free is able to adapt to this improved condition number, achieving
better convergence rates.
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