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Abstract

In this paper, we propose a parameter-free algorithm for smooth and strongly convex objective
problems called NAG-free. To our knowledge, NAG-free is the first adaptive algorithm capable of
directly estimating the strong convexity parameter without priors or resorting to restart schemes.
We prove that NAG-free converges globally at least as fast gradient descent, and achieves acceler-
ated convergence locally around the minimum if the Hessian is locally smooth at the minimum and
other mild additional assumptions hold. We present real-world experiments in which NAG-free is
competitive with restart schemes and adapts to better local curvature conditions.

1. Introduction

Accelerated methods are special for achieving optimal convergence rates among first-order opti-
mization algorithms on key problem classes [18]. A notable example is F(L,m), the class of
Lipschitz-smooth, strongly convex functions characterized by the smoothness parameter L and the
strong convexity parameter m, which finds applications in signal processing [8], imaging [6] and
machine learning [23]. To apply accelerated methods effectively in this setting, both L and m must
be known; yet, as noted by Boyd and Vandenberghe [5, p.463], these parameters “are known only
in rare cases.” While L can be bounded via backtracking [3, 26], “estimating the strong convexity
parameter is much more challenging” O’Donoghue and Candes [20, p.3]. As Su et al. [24, p.21]
put it: “while it is relatively easy to bound the Lipschitz constant L by the use of backtracking,
estimating the strong convexity parameter m, if not impossible, is very challenging.” In this light,
restart schemes have emerged as the only viable approach to handling unknown m [10, Sec. 6].
These methods restart accelerated algorithms (e.g., Nesterov’s method) based on adaptive criteria,
which can be predetermined [1, 22] or checked at runtime [13, 15-17, 20, 21, 25].

Contributions

In this paper, we propose NAG-free, an adaptive method based on Nesterov’s accelerated gradient
method (NAG) that, to our knowledge, is the first that estimates Lipschitz-smoothness and strong
convexity parameters L and m without restarting. We prove that NAG-free converges globally at
least as fast as gradient descent (GD) for problems in F (L, m). A byproduct of this analysis, and
a secondary contribution, is that NAG converges globally at least as fast as GD even if it is param-
eterized with an overestimate of m in [m, L]. Also, we prove that NAG-free achieves acceleration
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around the minimum z*(f) if the Hessian is locally Holder-smooth at z*( f) and some mild addi-
tional assumptions hold. We present real-world experiments in which NAG-free is competitive with
restart schemes and adapts to better local curvature conditions.

2. Preliminaries
Consider the task of finding x*( f), the unique minimum of the problem

min f(x), (1)
where f € F(L,m), the set of Lipschitz-smooth strongly convex functions, defined below.

Definition 1 (Lipschitz-Smooth and Strongly Convex Functions.) We say that a differentiable
function f : RY — R belongs to F (L, m), the set of Lipschitz-smooth and strongly convex functions,
if there exist L > 0 and m > 0 such that for all z,y € R?

fy) < fl@) +(Vf(x),y —z) + (L/2) |y - 2| 2

and

F(2) +(Vf(2),y —2)(m/2)|ly — =|* < f(y). (3)
The following will be useful for analyzing NAG-free locally.

Definition 2 (Locally Holder-smooth Hessian) Ler f € F(L, m) be twice differentiable at x* =
x*(f). Then, V2f is called locally Holder-smooth at x* if there are 8y, Ly and oy such that

IV2f(2) = V2f (@)l < Lulle — 2|7, Yz —2"|| < du. )

3. The NAG-free Algorithm
If f € F(L,m), then forall x # y
m < c(z,y) = [|Vf(z) = VIiyl/llz -yl < L, Q)

which follows from standard results on smooth and strongly convex functions [18, theorems 2.1.5
and 2.1.10]. The quantity ¢(x, y) captures a local notion of curvature between two points and lies in
the interval [m, L]. Given iterates x; and x;_; produced by Nesterov’s accelerated gradient (NAG)
method and letting ¢; = ¢(x¢, x;—1) and v > 1, we propose to estimate m online via the following
update: if ¢; < my_1, then my = min(my—1/7v,¢;), otherwise m; = my_;. This guarantees
substantial improvement from one estimate to the next. Moreover, since ¢; > m, it follows that
my can only take finitely many values, which is important for theoretical reasons that will become
clearer later. Then, m; parametrizes NAG to produce a new iterate, which in turn feeds c;11, to
update my1. The resulting procedure is computationally lightweight: it reuses gradients already
computed by NAG and only requires storing one additional iterate and gradient. To initialize mg
in [m, L], we use a single evaluation of ¢(x¢,y), where ¢ is the initial point and y is sampled
uniformly from a small neighborhood around xg. Algorithm 1 summarizes the complete procedure,
which we call NAG-free. Although our focus is on estimating m, Algorithm 1 also estimates the
Lipschitz constant L through regular backtracking. As x; converges to the optimum, the descent
condition checked by the backtracking subroutine in Algorithm 1 can run into numerical issues.
Therefore, in practice we enforce that f(y¢+1) < (14 1079)(f(z¢) — (1/2L:) ||V f (z¢)]]?).
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Algorithm 1: NAG-free, an algorithm that estimates the strong convexity parameter.

Data: 7" > 0,20 = yo, Lo > 0,7 > 1,7 > 1

Result: z7, yr

y ~ x4 U[0,1079)¢; // initialization

mo < [V f(z0) = V£ (W)ll/[lzo -yl

Lo + maX(Lo, mo)

fort=0,1,..., 7 —1do

Yt+1 < Tt — (1/Lt)Vf(l’t) N // NAG #1

while f(y1) — f(x) > —(1/2L)||V f(2)]|* do ; // BLS
Li <=y Lt
Y1 < o — (/L) V f(2e) ;

Liy1 < Ly

L —
Tpr1 < Yey1 + %(ym —Ut); // NAG #2

cir1 < ||V f(zeg1) = VI(@)ll/Nlxe+1 — xel]s // estimate m
if c;11 < my then
| Myt < min(my /v, cig1)

else
| M1 < My

end

end

Convergence intuition

Two key features underlie the convergence of NAG-free:

1. Adaptive interpolation between GD and NAG. The update rule for z;,; interpolates between
GD and NAG. If m; — L, then the momentum term becomes zero and the update becomes
equivalent to GD. Otherwise, if m; — m, then the update becomes equivalent to NAG. Back-
tracking preserves the convergence guarantees of both GD and NAG, up to a suboptimality factor
of vr. Thus, NAG-free converges globally at least as fast as gradient descent.

2. Power iteration-like behavior near the optimum. Near the optimum, the curvature estimate ¢,
evolves similarly to a power method applied to the Hessian, with some additional dynamics. As a
result, the iterate x; rapidly concentrates in the eigenspace corresponding to the least eigenvalue
of the Hessian, m, which translates into ¢; quickly approaching m, accelerating NAG-free.

4. Summary of Convergence Guarantees

In this section, we summarize the most important convergence results for NAG-free. The full deriva-
tion of global convergence and local acceleration can be found in Appendices A and B, respectively.
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4.1. Global Convergence

Theorem 3 Let f € F(L,m) and suppose that k = L/m > 2. If y, are iterates generated by
Algorithm 1 with some Lo and vy = 2, then letting k. = max(Lg, 2L)/m, we have that

Flgen) = £ < (1= 3 ) Smax(Lo, LR o} ©)

The proof of Theorem 3 can be found in Appendix A. A byproduct of this proof is that even if
NAG uses an overestimate of m, it still converges at least as fast as GD.

Corollary4 Let f € F(L,m), m € [m, L] and k = L/m. If y; are generated by NAG with m
replacing m, then

Floesn) — F@) < (1= 2) 218 g — o ™

4.2. Local Acceleration
To prove that NAG-free achieves acceleration locally, we make the following assumptions.

Assumption 4.1 The Hessian of f is locally Hilder-smooth at x*: there are positive numbers Jpy,
Ly and oy such that if ||z — o*|| < 0, then | V2 f(z) — V2f(2*)|| < Ly||lx — z*||°#.

Assumption 4.2 Given f € F(L,m), there is some Ly > L that can be used by Algorithm 1.
To present the remaining assumptions, we introduce the following notation.

Notation. Let ()\;,v;) denote the d eigenvalues )\; and associated eigenvectors v; of V2f(x*).
Under Assumption 4.1, V2 f(x*) is real symmetric, therefore v; can be chosen to form an orthonor-
mal basis for R?. Hence, zg — * uniquely decomposes into d unique coordinates x; 0 such that
xg —x* = Zf-l:l xiov;. Moreover, if f € F(L,m), then \; € [m, L]. In the following, without
loss of generality we assume \; ordered by their indices, asin m = A\; < Ao < ... < Ay, Thus,
71,0 denotes the m-coordinate of zy — x*, where m is the least eigenvalue of V2 f(z*).

Assumption 4.3 There exists some 6y € (0, 1) such that |m; — \;| > 0L for every \; > m, where
m =\ <...< A\ < Ldenote the eigenvalues of V? f(z*).
Assumption 4.4 There exists some w > 0 such that wx%o > ||lzo — 2|2

Assumption 4.3 simplifies the analysis and is not strictly necessary. Assumption 4.4 prevents
pathological cases in which 1 o, the m-coordinate of xo — x*, is arbitrarily small compared with the
other coordinates. We shall see in Appendix C that violations of this assumption actually improve
the performance of NAG-free.

Theorem 5 Let f € F(L,m), suppose that Assumptions 4.1 to 4.4 hold and K = Lo/m > L/m >
4. There is € > 0 such that if ||xo — x*|| < €, then the iterates x; produced by NAG-free satisfy

1 t
e -2l < (1= =) leo ="l

where o depends on vy, C' depends on k and w, with w given by Assumption 4.4.

The proof of Theorem 5 and a discussion of C' and ¢ can be found in Appendix B. For now, we
mention that the suboptimality factor o is similar to those of restart schemes, where [10, page 167]
“the convergence rate is slowed down by roughly a factor four.”
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Figure 1: Suboptimality gap f(x;)— f(z*) for logistic regression on PHISHING dataset with zy = 0.
For NAG-free variants, ¥ = 1.5 is used. The backtracking factor is 1.1 for NAG+RB and
NAG-free. The NAG-free+UB is initialized with Lo = L > L.

S. Numerical Experiments

We validate NAG-free on regularized logistic regression over several datasets from LIBSVM [7].
Letting L denote an upper bound on L, we consider two initializations for NAG-free: Ly = L and
Lo = L/100. Letting n < m denote the regularization parameter, for comparison we also consider
the following methods: NAG with L = L and m = 7; triple momentum method [27, TM] with
L =Landm = 1; NAG+R, a restart scheme based on [20] with L = L; NAG+RB, a restart
scheme based on [20], where L is found via backtracking.

Appendix C presents several results. In general, NAG-free and restarting methods perform
similarly well and outperform TM when the estimates L and 7 are loose, as is often the case, despite
TM having better theoretical convergence rates. Figure 1 shows results for the PHISHING dataset.
Backtracking only marginally improves performance, suggesting the gains come from better m, not
L, estimates. In Appendix C, we confirm this hunch, demonstrating that NAG-free can adapt to
better local conditioning and achieve faster convergence than methods with constant parameters.

6. Conclusion

In this paper, we propose NAG-free, a parameter-free algorithm for smooth and strongly convex
objective problems. To our knowledge, NAG-free is the first adaptive algorithm capable of directly
estimating the strong convexity parameter without priors or resorting to restart schemes. We prove
that NAG-free converges globally at least as fast gradient descent, and achieves accelerated con-
vergence locally around the minimum if the Hessian is locally smooth and other mild additional
assumptions hold. We present real-world experiments in which NAG-free performs comparably
well with restart schemes, demonstrating that it can adapt to better local curvature conditions.

Interesting avenues for future work include coupling parameter estimators with base methods
faster than Nesterov’s method, such as triple momentum, experimenting with different curvature
terms ¢, and estimating . with a similar approach used to estimate m.
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Appendix A. Global Convergence

In this section, we prove Theorem 3, which establishes that Algorithm 1 converges globally at least
as fast as gradient descent (GD). To this end, we first analyze iterations in which m; > m. Then, we
analyze iterations in which m; < m, and the transition from the first kind of iteration to the second.

A.l. Casel: m; >m

The iterations in which m; > m can be expressed as a convex combination of appropriate GD and
NAG iterations. We exploit this property to prove that Algorithm 1 converges at least as fast as GD.
We use an argument based on a Lyapunov function that we denote by V;°P. The superscript “GD”
indicates that V,°P decreases at a gradient-descent type of rate along iterations in which m; > m.

The Lyapunov function XQGD is the sum of two functions W; and U;. First, we show W; is a
common Lyapunov function for GD and NAG, then we analyze U; and finally combine all results to
give Algorithm 1 the same type of convergence guarantees of GD. To analyze GD and NAG through
a common Lyapunov function, we add a trivial momentum step xtG}r)l to GD, as in

y?ﬂ =20 — (1/L)V f(x5P), ®)
zoP = el 9)

conforming GD to the algorithmic structure of NAG:

Yoy = aphS — (1/Ly) V f (2}A9), (10)
aNAG — yNAG | g, (yNAG _ yNAG), (11)

where the coefficient 6 defining the momentum step in (11) is given by

0= (vpe —1)/(v/pe + 1), pe = (L¢/m). (12)

Similarly, the iterates of Algorithm 1 are given by
Yir1 =2t — (1/Le)V f(2y), (13)
Tep1 = Yer1 + Be(Yer1 — yt)s (14)

where 1,41 and L; are such that

Flyern) = fla) < —(1/2L0) [V f (0)|1%, (15)

and S, is the affine coefficient given by

B =& —1)/(Va+ 1), qt = (Le/my), (16)

Expressed in the common structure of (8) to (11), GD and NAG can be analyzed with a common
Lyapunov function very similar to the one used in [2, section 5.5], and given by

Wi(se) = f(ye) + (m/2)ll27%, (17
where s; stacks the descent and momentum steps into a single pair, as in

GD , GD

SED = (z7 90 ), and

0= @OV, ay)

St = (xhyt)? y Y
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f denotes the objective function with minimum shifted to 0, meaning that
f=f-f@), (19)
and z} = 2} (x4, y¢) is the pseudo-state defined as

o+ 4/Po(To —yo), s=0,
p— 2o =zl ) = 0 VRO o) 0)
Te+ /Ps1(xe —yt), s> 1.

Remark 6 In the definition of W,;, we note that the subscript t determines the subscript of pg or
Di—1 in z¢ independently of the subscript of x; and y;. So, for example, we have that

Wig1(se) = f(ye) + (m/2) |z + /pe(xe — )|
£ f(yer1) + (m/2) |z + vDe(zer — yer1) 1> = Wi (8e41)-

Remark 7 By assumption f € F(L, m) is convex, thus so is f . Moreover, the affine transformation
that defines z; composed with the 2-norm yields a convex function. Thus, VtGD is the sum of convex
functions and is therefore convex.

In the following, we often use g; = V f(x). For brevity, we also define

xy =xp— 2" and z] =z — Y. (1)

Remark 8 Superscripts carry over from (8) to (11) to the notation above in the natural way. For

GD
example, by N6 we mean V f(2N2C) and by ©;°" we mean xSP — z*.
p Y 9t t Y Ty t

Although W; serves as a Lyapunov function for GD and NAG, we should expect W; to decrease
at a faster rate along NAG iterations than along GD iterations. We now show that IV, decreases at
the expected rate for each of the two methods, namely (1 + 6(p;)) " for GD and (1 + 6(y/p¢)) "
for NAG, where the rate increment § is defined by

5(p) =1/(p—1). (22)
The following rate increments will also be convenient:
590 = §( -1 _ ACC _ _ _
¢ =06(p—1) =1/(pt—1 — 1) and & =0(yp—1) = 1/(y/pt—1 — 1). (23)
Lemma9 Let f € F(L,m)and ySP = 2P € RY. Ifyffl given by (8) and Ly > 0 are such that
Feh) — f@f®) < —(1/2Le) 1P, (24)
and x?_il_)l is given by (9), then

(1 + 082 )W (s£8) — Wi(sgP) < —(1/2Ly) || g8 |- (25)
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Proof Let f € F (L,m) and Ii > L. Following the procedure described above, we start by
expressing (1 + 077 f (y?_?l) — f(y£P) as the sum of two differences:

(L4022 f(yir) — F(ue®) = L+ 62D (FyED) — FWE)) + 620 (F(yeD) — f (™).

If yoP = 2PP, yFP is given by (8) and (24) holds, then the first difference is bounded as
(1+ 5t+1)(f(y§i’31> = fP) < =L+ 620) (1/2Le) 1971 (26)
Applying (3) with x = yP = 28D and y = 2*, we bound the second difference as
GD, GD,
5t+1(f( 2P) = f(a) < Spn (PP, 20) — 6gh (m)/2) |12, 27
Also from 8P = ySP it follows that 25P = 8P and, likewise, ztGH =yS +1 Therefore
GD GD, GD, GD,
(L 02z 1P = 12117 = (1 682D ™12 = Nl
lgfPl?  2(gfP, 27>*) 6D,
<1+(5t+1)< 22 e T ) SR |29 |12. (28)
t t

To simplify the above and conclude the proof, we use the identities

1 -1 1+ 69D —1
(1 +5t+1)( ) Dbt Pt —1 and t+1 pe/ (s )
Dt pe—1 p Dt Dt

Multiplying (28) by m/2, summing the result with (26) and (27), then using the identities above,
we obtain

5t+1

1
(1 60P) Wi (58P0) = Wals6) < = (1468 (1= ) 5™
1+ 085
<5t+1 7t+1><thDaxtGD7*>
bt

— (1/2L) g 117,

proving (25). |

The analysis of Lyapunov functions like W; is challenging because it varies with ¢, so we con-
sider two types of changes for W; and subsequent Lyapunov functions: the decrease in a fixed W; 11
from one iteration s; to the next s;y1 and the increase from W; to W, for the same iteration s;.
For GD, the steps yS°° and 2P coincide, hence both also coincide with 2P, Therefore, W; is
effectively the same for all ¢ > 0 when evaluated at s$°, that is

Wi(s82) = F(y®) + (m/2)[2SP |2 = Wiy (s5°).

In contrast, the steps yNC and 2NAG

NAG

need not coincide. Therefore, as |/p; change with ¢, each

" turns into a different affine combination of x? Gox NAG*  That is, fort > 1

Zt+1G(33t,yt) = 2NAG 4/ (NAG _ NAG)
74 VP @ = i) = 2 )

due to mismatching /Pt and /p;—1. To handle this mismatch, instead of analyzing the dif-
ference (1 + 6.0 ) Wyp1(sNAP) — Wt(szG), in the next two results we analyze the difference
(14 620 ) Wig1 (sRAT) — Wig1 (s29), and then bound Wi (spAy) in terms of Wi (sfA9).

and y,

10
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Lemma 10 Let f € F(L,m). If yptC given by (10) and Ly > 0 are such that

FyNAS) — f(aNA9) < —(1/2Ly) || gNAC 2, (29)

and xyflG is given by (11), then

(14 62 )Wis1 (spF) = Wi (s329) < 0. (30)

Proof To prove (30), we start by expressing (1 + 67C) f(yNAG) — f(yNAC) as the sum of three

further differences:
(1+ 650 F W) = Fur™9) = (1 + 6550 (F(upeY) — f(@™9))
+ [ (@32C) = f™0)
+Op (f(@9) = f ()
If (29) holds, then we bound the first difference as

(14 02 (Flufy) = f(@™9)) < = (14 025)(1/2L0) lgr 1%

Using convexity and applying (3) with z = zNAG

differences as

and y = z*, we bound the second and third

F@NAG) — f(yNAG) < (ghAC, 280y,

F(9) = f(a") < (@, }O) — (m)2) |} O

To address the rest of (1 + 625 )Wig1 (sPeP) — Wig1(shA9), we expand z?flc’ ¥, and then use the
definition of 6, to simplify the resulting expression, as in

NAG, NAG NAG NAG
F= + \F(xt-yl Yit+1 ) — z*

Zt41 Tyl
— B ) 1 R — ) o
— — (/L)1 + 6:(1 4 /P2)ghC + 0, (1 + /pr) ah GV 4 g NAG
= — (/L) y/PigS + (i — 1A% 4 gAG

Next, we note that the 2-norm term that goes into Wt+1( NAG) s (m/ 2)[|2y 20 + /pr |
aand then we write the 2-norm difference in (1 + 05) Wig1 (sPAF) — Wip1 (s)46) as

B

ACC
ccy Y| _NAG, NAG, NAG, + 0147 G
(1+ 02 )§”Zt+1 “I? - *H RV e A R T:H gr20?
— (g9, 2 A%
6tA+ClC (g NAG, xi\IAG,*>
—-—*x/?ﬂwaG@HQ
NAG,
SIS EAR

11
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where we used the following identities after colons to simplify the coefficients of the terms before
colons:

(gNAG, pNAG) . (14 02)VPv/pe = 1) /e = 1,
(gNAG 7 NAGH . (14 6250)v/De/pe = ST
Hx?IAG,y 2. (1+ 5{3??)(\/271& —1)? = Voi(vpe — 1),
G G 1+ 855y~ 1) = v

Finally, we put everything together and then cancel several terms to obtain

G
(1+ ST Wea (5147) = Wit (5°9) < = (m/2)y/pel|l= "> < 0,
proving (30). |
By pairing Wt+1(stN_ﬁ‘1G) with W1 (sNA9), we deferred the problem of mismatching /Pt and
/Pi—1 to obtain (30). We now handle the mismatch problem by bounding W, 1(sNY) in terms

of W;(sNAG). In contrast with (30), the inequality we prove next holds for arbitrary x; and y;, not
necessarily generated by NAG. We therefore drop the “NAG” superscript.

Lemma 11 Let f € F(L,m), ys,xt € RL If Ly > Ly 1 > m, then
P
Wi < 5-W. (31)
Py

Proof The key to prove (31) is to analyze the difference between the mismatching terms

27 + Beel 1P = 1127117 = 2(/pe — Vpem1)(at, 2f) + (pe — pe—1) a1 (32)

We split the analysis in two cases, according to the sign of (x},x7). First, we consider the case
(x},x) > 0. Assuming L; > L;_1, then p; > p;_1, which in turn implies

D=1 Pt —DPt-1

VDt = /Pt—1 < Pt—1 = (33)
\/ VPt VPt
Hence, adding (p; — p:—1)p; '||zF]|? > 0 to (32) and then using (33), we obtain
Pt —Pt—1 Pt — Pt—1
ot + ot I? = 2717 < 25———(at,2}) + (pe — pe—) 2] |* + = ||a7]|?
VD t
Pt — Pt—1
== i+ . (34)

In turn, multiplying right and left-hand side of (34) by m /2, it follows from the definition (17) that
m Pi—1
Wiri(se) = Walse) = 5 (27 + Vol || = 1]%) < TtWtH(St)-
Moving terms around then multiplying both sides by p;/p;—1, we obtain

Pt p;
Wig1(st) < ——Wi(st) < 5—Wilst),
Pt—1 Pi_q

12
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where the second inequality follows from the fact that p; > p;_1.
Now, suppose (z},x}) < 0. Expressing (p; — pi—1)||x}||? in (32) as

(pe = D)2 I? = (Voe(v/Pr = vbem1) + Vo1 (Ve — v/pe-1)) |2 |12
and then adding +(\/p¢ — /Pi—1) ||z7]|*/ /Pt to (32) to complete a square, we obtain

2 o) =22 VP,

|z} + \/Pea! Fovpeal) + pe(Vpe — Vo) |z |12

N
+w@px¢m—vﬁqﬂmm2ivﬁjgftHmm?
_ VP~ /P

B
e
R

i + Ve I + Ve (Vo= e e |2

(35)

Next, we bound the ||z}||? term on (35) using ||z} ||* and ||z} ||? terms. To this end, we use an

elementary inequality for 2-norms. If a,b € R% and ¢ € R\ {0}, then
(1/eA)all* +2(a, b) + [Ibl* = fla/c + bel|* > 0,
so that —2(a, b) < (1/c?)||a||* + ¢*||b||?, which implies
lla — 6] = llall* — 2(a,b) + [[b]* < (1 +1/¢*)lall* + (1 + c*)[b]|*.
Applying (36) with a = z;,b = z} and some ¢ # 0, we obtain

7”1&”*
1

141/c2
wa—xmzs———iﬂunﬂ+

l2f|1? = llaf + 27/ /Peall® =
We then choose ¢ such that

/Pt — \/Pt— 1( 2) = Pt—DPi-1 _ /Dt — \/Pt—1 /Dt + \/Pt—1
Pt—1 Pt—1 \/Pt—1 \/Pt—1 '

Cancelling (/pr — v/Pi—1)/+/P¢—1 on both sides of (38) yields
P Y= N/

DPt—1 Pt—1 ‘

Having fixed c as above, it follows that the coefficient multiplying ||z} ||? in (37) is

14+1/c? 1 ( \/pt—1> VPt + /D1
= 1 + - .
Pt—1 Pt—1 \/ Dt Pt—14/Pt

Plugging (38) and (39) back into (37), we obtain

Y2 < Pt—1 2 bt — Pt—1 2
Pt—1{v/P bt—1)||® = T
VPe—1(vpe — /P || |F < \FFH i |” + o [Ecr [

13
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In turn, plugging (40) back into (35) yields

P i+ st + PP
$ VPP, @1
VPt-1

where the coefficient multiplying ||z} ||? is the result of summing that in (35) and the one in (40)

Pe—Pi1 VPt D1 Pe— /Pt (\/]7t+ VPi-1 1) VPt — /Pi—1 \/Iﬁ
\/Ptr/Dt—1 /Dt N/ Pt—1 Pt—1

Multiplying both sides of (41) by m /2 and using the definition (17), we obtain

27 + VPt I* = 12711 <

\/p VP — Dt—
Witi1(st) — Wi(se) < LV 1Wt+1( t) + 4Pl 1Wt(3t)
VPt Pt—1

I ELPIR

Pt—1

Moving all W1 (s;) terms above to the left-hand side, all W;(s;) above to the right-hand side and
then multiplying both sides by /p;//pi—1, we get

Wi (s) < 2Py 5,y 4 MPL VLD th 22 g )?
Pt—1 /Pt—1 VPt—1 \/ Dt
% /D VPt—1m
< P Wy(sy) + Y Y 2, 42)
Pt—1 \/Dt—1 Pt—1  /Pt-1

where the second inequality follows from /p; > |/p;—1 and (7, z}) < 0, the assumption under-
pinning the case we are analyzing, which implies

i1 = llyr £ 2ill* = llag — 2] 1* = llf]* = 2(a7, o) + 2} 1* > Nap | + | 1? > |27

Finally, bounding (m/2) 5|12 by f(y:) on (42) using (3) with z = z* and 3y = v, then bounding
f(y) by W, directly from the definition of W, we obtain

2
ﬁ\/ N \/Pt 1)Wt( 1) < P Wi(se),
Pt—1 VPt Py

where the last inequality follows from

N =
\/7 VPt T pi1’

which holds because /p; > |/p¢—1 implies

VPi—1(/Pt — /Pt—1) < /Pe(\/Dr — \/Pr—1)-

W, s
t+1(s¢) < P 1(

14
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Therefore, both when (x}, z¥) > 0 and when (z}, z¥) < 0, the inequality
pi
Witi(se) < TWt(St)
t—1
holds generically for all s¢, which proves (31). |

Now that we have shown that W, is a common Lyapunov function for GD and NAG, we intro-
duce the second piece of VP, the function U; defined by

Flyo) + (Lo/2) g3 |?, t=0,
Uy(st) = (43)

Flyo) + (L /2|y |2, t>1,
where f = f — f (z*) and y} is a pseudo-state defined by
yr =y — " (44)

Remark 12 The subscript t of U, determines the subscript of Lo or Li_1 independently of the
argument of Uy. So, for example, if t > 1, then

Ui (se) = flye) + (Le/2)||y7 |1
# f(ye) + (L /2) w7 1> = Us(se).

Analogously to Wy 1(s¢+1) and Wi(sy), Upr1(si+1) and Uy(s;) have a mismatch in the coeffi-
cients of their 2-norm terms, in this case (L¢/2)||y;,,||* and (L¢—1/2)|lyf||*. Hence, as with W,
we pair U1 (se41) with Upyq(se) instead of Uy(s;) to avoid the mismatch and then address the
mismatch problem immediately after. In contrast with the first piece, however, we analyze U; along
NEST iterations explicitly.

Lemma 13 Let f € F(L,m). If s41 = (T4+1, Y1) is given by (13) and (14), then
(146000 Uss1(se41) = Urga(si) < Le(ad, ap) — (Le/2) |} . (45)

Proof First, we address the difference (1 + 672 f(ye+1) — f(y¢). By definition, f(z*) < f(y),
thus — f(y;) < 0. Hence, adding £(1 + 682 f (w¢) to (1 + 6°2) f(ye+1) — f(y¢) and discarding
—f(ye), we get

(14082 F (1) = ) < (L4 600 (F (o) — F o)) + (14 620) (f (22) — f (")

By assumption y;1 is given by (13), with y;41 and L; such that (15) holds. Therefore

(14070 (F(ye+1) — flae)) < —(1+ 020 (1/2Le) | gel|*.

To address the second difference above, we apply (3) with = z; and y = z*, obtaining

(1+88B)(f (@) = £(a*)) < (14 65R) (4gn. 1) — (m/2)lJf )

15
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Then, we put the two bounds together to get

- . 1+ 65D Ly
(1 050 Flunsn) = Fu) < = =52 gl + (1 + 880 g at) — 5% Ll 2, 46)
where the coefficient multiplying ||z} ||? on the right-hand side above follows from the identity
m bt m ap Lt
(1+0622) = 2 p—12 5t+1§~

To address the 2-norm difference in (1 + 672 )Upy1(st+1) — Uy (s¢), we expand pseudo-states inside
2-norms as:

1 2
1+ 0Bl = (1 02R) (Zllol” = 7 {awsa) + laf ),

Iy ll? = Nl I” = 2(af, ) + |27 )1

Expanding ||y;, || and ||y;||? as above, we get

Ly
- (U o)yl = v 1)

9¢]2 .
(1 +5t+1)< oL, <gt,$t>>
Ly

“‘?(_H t||2+2<$t7xt>+5t+1|‘xt|| )- 47)
Finally, combining (46) and (47), several terms cancel each other and we are left with

(1+ 022U (se41) — Us(sy) < Ly(af, a}) — *H 7117,

proving (45). |

Lemma 14 Let f € F(L,m). If Ly > L;_1, then

U1 < 24U (48)

Pt—1
Proof Expanding Uy 1(s¢)—Uy(s¢), multiplying the result by L;_1/L; 1, using that %Lt,l llyr||? <
Uy(s¢) and assuming L; > L;_1, we obtain

Ly — Lt Loz Doty e LtlLtl
Lt—l

Multiplying the right-hand side by m/m to substitute p; and p;_; for Ly and L;_1, and then moving

—U(s¢) to the right-hand side, we get

Uit1(st) < &Ut(st)-
Pt—1

Ly
lyr | < #Ut(st).

Ut+1(3t) - Ut(St) L

Since s; is arbitrary, (48) follows. |

With Lemmas 9 to 11, 13 and 14, we can prove the main result for NEST iterations in which
my > m, using the Lyapunov function V;°P given by

Wo%(do/\/pio)Uo, t =0,
VP = with & =1—-0a; and ;= pB/0;. (49)

Wi+ (aw—1//pe—1)Us, t>1,

16
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Remark 15 The subscript t on VtGD determines the subscripts on Wy + (ao/+/po)Uo or Wy +
(a¢—1/+/Pt—1)Uy independently of the argument.

First, we show that VtGD > 0 for iterations in which m; > m. For future reference, we also
show that &; is nonincreasing for all 0 < j < ¢.

Lemma 16 If m; > m and, in addition, L, and m; are respectively nondecreasing and nonin-
creasing, then V]-GD > 0 and & is nonincreasing for all 0 < j < t.

Proof The assumptions that m; > m and that m; is nonincreasing imply that m; > m for all
0 < j < t. Moreover, m; > m implies that g, = L;/m; < L;/m = p,, therefore

V-1 _Ja-1
Br = < =0
Vae+1 7 Va+1

Hence, 3; < §; forall 0 < j < t. Therefore, oj, &; € [0,1] and, in turn, V]-GD > 0forall0 < j <t.
Then, expanding 53; and 6; in a;, we obtain

B Va—1ypi+1l VLi—mVLi+ym L — (Vmy — Vm)VLi — \fmym

0 Va+1ypi—1 L+ mvVLi—vm L+ (Vm, — Vm)VL — Jigm
(50)

t-

Letting [ = Ly, d = my —m > 0 and a = \/m;m, then after simplifying several terms, we obtain

) dl—dVi—a (1 —d/2V1)([1+dVi—a)— (1+d/2VD)(l —dV]—a)
—(50) = — =

ol ANl +dvVi—a (I + dVi - a)?

dvi+ad/Vi 0

(I+dVi—a)? ~

That is, a4 is nondecreasing in L; while oy is decreasing in my, because (; is decreasing in m; and 6,

is not a function of m;. By assumption L; and m, are respectively nondecreasing and nonincreasing,
therefore «v; is nondecreasing, so that & is nonincreasing for all 0 < j < ¢. |

Lemma 17 Let f € F(L,m), Ly > my and let sy denote the iterate generated by Algorithm 1
from s;. If my > m, then

(1+ 53?1)‘/}&?(3#1) < Vt?—?(st)- (51

Proof To bound (1 + 02P)V;S0(s,11) in terms of V,S5(s;), we analyze their difference, which is
the sum of one difference involving W; and another one involving U;. We address the one involving
W, first. To this end, we use the assumption that m; > m to show that Algorithm 1 iterations can
be expressed as a convex combination of appropriate GD and NAG iterations and then we exploit
the fact that W, is convex to bound the corresponding difference.

To show that Algorithm 1 iterations are a convex combination of GD and NAG iterations, we
consider fictitious “one-shot” GD and NAG iterations taking the value of 7" into account and ap-

propriately initialized at a given iteration of Algorithm 1. We let yP = 28D = zNAG — 4, and

17
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yNAG = 4. We 1n1t1a11ze 28P and ySP “backwards” from z; to conform them to the GD itera-

tion constraint that y°P = 8P, On the other hand, since NAG works with arbitrary initial p01nts
we initialize NAG at the ¢-th NEST iteration exactly. With these initial points in mind, let yt +1’
2§P, YA and 220 be the GD and NAG iterations produced by (8) to (11). Then, GD, NAG and
Algorithm 1 produce the same descent step:

yen = a0 — (/L) V(@) = ap — (1/L)V f () = 2} — (1/Ly)V f(a}A9) = ypF.

~~
Yt+1

G

In turn, x?ﬁf’ reduces to an affine combination of the Algorithm 1 descent steps 3;+1 and y;:

oyl = (1 + 0yl — 0% = (1+ 04)yes1 — Orye.

It follows that, for all ¢ > 0 such that m; > m, x4 is a convex combination of 33?4131 = yg'r)l = Yrt1

NAG
and z;y’, as in

i1 = (L4 B)yir1 — By = (1 + 9t§: + g:)ytﬂ etg Yt
= (1 - @>yt+1 + &((1 +0¢)yi41 — Oiyr)
0, 0,
B B
-(1- g—f)ytﬂ + G B — 0h™)

NAG
O‘txt+1 +ogxyiy,

where, as defined in (49), the coefficients defining the convex combination are given by
ar = Bt/0: € [0,1], ar=1—a4 €[0,1].

Likewise, yt +1 = yt +1 = Y¢41 implies yry1 = oztyt +1 + oztyt +1 s0, in fact, the entire iteration of
Algorithm 1 can be expressed as a convex combination of GD and NAG iterations, as in

NAG
St41 = Qusip st

where s¢41, stGJrDl and sfflc‘ comprise the iterations of Algorithm 1, GD and NAG:

St+1 = ($t+1; yt+1)

G G
St—&]-)l = (xt—i]?la yt—i—l) = (Y41, Yt+1),
st = (TRl ure) = (2 )

Hence, since W; is convex (see Theorem 7), we can bound Wy (s;+1) in terms of GD and NAG
iterations, as in

Wig1(si41) < @Wipi(sgn) + aeWig1(spr).-
Then, it follows from Wi (s;) = aWit1(st) + aiWig1(se) that
(14 0P Wi (se41) = Wi (se) = an((1 + 050 Wegn (s221) — Wi (50))
+ (L4 05 We (N2F) = Wi (1))

+ (077 — ST ) Wep1 (sper)-

18
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Since ypAC = ye41 and 2NAG

FRY) = F(@229) = flyren) = flar) < —(1/2Ly)l|ge > = —(1/2Le) 9721

Moreover, L; > 0 is nondecreasing and m; > 0 is nonincreasing. Therefore, Lemma 10 applies
because Lemma 10 imposes no restrictions on neither yNS nor 2NAG. So, letting

= ¢, then the fact that ¢ and L; satisfy (15) implies that

sNAG — (;NAG  NAG) _

t » Yt (ajtvyt) St

then Lemma 10 combined with both the fact that 5?_&(: > 5?_?1 and that oy > 0, imply

(14 G Waia (S505) = Wera(s0) + (057 = 2 IWea (5)2F)) < 0. (52)

The natural next move would be to address (1 + 672 )Wir1(sPPy) — Wisi1(s¢) in an analogous
way. The caveat, however, is that although Lemma 10 applies to NAG iterations with arbitrary

oNAS and yNAC, the same is not true of Lemma 9. That is, Lemma 9 applies to consecutive GD
1terat10ns requiring that ySP = 2P, Hence, to be able to apply Lemma 9, we add W, 1(s$P)
to the difference involving W;, 1, using a GD iteration s¥° such that y°° = 28P. That is, we
deﬁne a fictitious GD iteration s “backwards” from x; using the points that we already defined

as yOP = 28D asin

spP = (270, y7P) = (w4, m0). (53)
Although stGD need not equal sy, yffl = Y¢+1 and xtGD = x4, thus

FeR) = f(@fP) = Flyen) = flze) < —(1/2L0)|lge)* = —(1/2L4) |95 |1

Therefore, since L; > 0, Lemma 9 applies with s8P given by (53), and implies that

(1 + 620 Wern (s£1) = W (s7°) < —(1/2Ly) |9 |1* = —(1/2Ly) | gl (54)
Moreover, yoP = 20P = z, implies that 27> = 0, thus
ot =t g Y = a = ) and Fe®) = fla),

and it follows that

Wir1(se7) = Wera(se) = flae) = fye) + (m/2)(I|=f|* = ||z} + o] 7). (55)
Applying (3) with x = z; and y = y;, then using the fact that 2(g;, ) < (1/L¢)||g:]|? + Le |z ||%
we obtain

Flae) = flye) < {gesxl) — (m/2) [l |* < (1/2Le) | gell* + (Le — m)/2) ||z} ||*.

Hence, expanding ||z} + \/prz{ ||? on (55) and then using the above inequality, we get

1 Ly —
Wir1(se7) = Wera(se) < Ellgt\l2+ 5 22 + (—2\/177@?7%) pell=f %)

Hz—fllth2 vV Lem{x], x}), (56)

a
2L, gt
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where m./p; = +/Lym follows directly (12). Then, combining (54) and (56) yields

(14 622 Wit (s§2) F Wit (s§°) — Wiga (se) < —v/ Lem{a, 7). (57)

Therefore, since 5&?1 < 52\£1C’ combining (52) and (57), we obtain

(1+ 022 )W (se41) — Wiga(se) < ae((1 4 670 Wiga (s§2) F Wisa (s7°) — Wiga(se))
(14 P Wasa (sN4F) = Waa (s1))

+ at(5t+1 5?+Clc)Wt+1(5£élG)

< —aypv/ Lim(xy, xf). (58)

Next, we address the difference on (1 + 6712 )V,S3 (st+1) — VS (s¢) involving U;. Lemma 13

implies that

(@e/v/Pe) (1 + 622 Ui (ser1) — Ura(se) < (0 //pe) Lt ) = aun/ Lem(xf, x7), (59)
since L;/ /Pt = v/ Lym. Then, combining (58) with (59) yields

(1+ 5t+1)‘/ﬁ—?(5t+1) < Vﬁ?(st)>

proving (51). |

Lemma 18 Let f € F(,m). If Ly > Ly—1 > mand my < my_1 < L, then

Ve < Py, (60)
Py

Proof If Ly > L;1 > m and my < my—1 < L, then Lemma 11 and Lemma 14 apply. It also

follows that \/p; > /p;—1 and, by Lemma 16, that &; < ay—1 Thus, a;/\/pr < as—1/\/Di—1-
Hence, combining Lemma 11 and Lemma 14 and then using the definition of V;5P, we obtain

2 ~ 2 A 2
p Q-1 P p Q-1 b
vVl = Wt+1‘|‘7Ut+1 gt Wy + — LU, < 5t (Wt+ : Ut) = S5=VOP,

S
VP, Py 4 VPy_q Pt—1 pg—l VP4 pz%—l
proving (60). |

Theorem 19 Let f € F(L, m) and let s, denote the iterates generated by Algorithm 1. If my > m,
then

t+1
Vﬁ?(sm)é?max(L,Lo) \wo *HQH (1+67°)~ (61)
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Proof Under the above assumptions, Theorem 17 and Theorem 18 hold. Hence, combining (51)
and (60), for all s¢4; and s; such that m; > m we have that

2
VS2(si11) < (1+ 6?31)‘1]%V;GD<30. 62)
t—1

We proceed with an inductive argument based on (62). To establish the base case, we apply (2)

with y = yo and x = *, obtaining f(yo) < (L/2)||y5||*>. Then, since yo = zo, it follows that
*x *x *

2y = x5 = Yy, and

Wo(so) = f(yo) + (m/2) 251> < (L +m)/2)|«5|* < LGP,
Un(s0) = f(y0) + (Lo/2)llys|I* < max(L, Lo)||z5]*.

Since ag/+/po € [0, 1], the above inequalities imply
Vo 'P(s0) = Wo(so) + (@0//Po)Un(s0) < 2max(L, Lo)|l5]*. (63)

Moreover, W7 = Wy and Uy = Uy, so that VlGD = VOGD. Hence, if m; > m, then combining (51)
with (63), we obtain

Vi (s1) < 2max(L, Lo)|lzj[*(1 + 67°) 7. (64)

Having established the base case (64), suppose that

2 Jj+1
p; _
Vi (s1) < 2max(Z, Lo) g gl [T 1+ 857)7", (65)
0 i=1

holds for all 0 < 5 < ¢ — 1 such that m; > m. Then, suppose m; > m. Since the m estimates are
nonincreasing, it follows that m; > m for all 0 < 5 < . Hence, plugging the induction hypothesis
(65) with j = t — 1 into (62), the pffl term on the numerator of (65) and on the denominator of
(62) cancel each other and we obtain

2 t+1
VS (s041) < 2max<L,Lo>%||xaH2 [T+ 68)—.
0 i=1

Therefore, we conclude by induction that (65) holds for all 5 > 0, proving (61). |

The same arguments above directly imply Theorem 4.
Proof [Proof of Theorem 4] The proof of Theorem 3 does not use of the particular dynamics of m;
induced by NAG-free (Algorithm 1), and the initialization of mg is also not important as long as
mo € [m, L]. Hence, the same arguments also apply to the analysis of NAG (10) and (11). In this
case, Ly = L and m; = m for all t. Therefore, denoting by s; = (z, y;) the iterates of NAG (10)
and (11) and using the definition of V5P, (49), it follows that

* 1 t *
Frn) = F@) < ViR (sen) < (1 2 ) 2267 a5
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A.2. Case2: my <m

In the previous section, we analyzed iterations in which m; > m. Now, we analyze iterations
in which m; < m and also the iteration ¢ in which m; > m and my;y; < m. Since m; are
nonincreasing, there is a most one such transition iteration.

In Theorem 19, we proved that if m; > m, then Algorithm 1 converges at least as fast as GD.
Now, we prove that if m; > m, then Algorithm 1 converges evvn faster. Specifically, if m; < m,
then Algorithm 1 achieves the accelerated rate (1 + &(+/%;)) ", where

zacc _ 1/(yao—1), t=0, 66)
! /(@1 —1), t>1.

The proof once again consists in an inductive argument based on descending and ascending
bounds on a Lyapunov function. The function we work with this time is V,AC¢, given by

f Nwgl?,  t=0
V;ACC(St) _ f;(y()) + (mO/ )HwOH* 72 5 (67)
fye) + (mea /2)[Jwf |t =1,
where the pseudo-state wy, analogous to 27, is given by
— t=20
wi = wy — T, wp =140 * Vao(@o = yo), ’ (68)
T+ /@1 (v —y), t>1
We first prove the descending bound and then prove the ascending one.
Lemma 20 Letr f € F(L,m), and let sy be generated by Algorithm 1. If my < m, then
(1402 VA (s141) — VAT (s0) < 0. (69)

Proof The difference (1+ 6?flc)1/ﬁic(st+1) — VAGC(s¢) is the sum of a difference involving f and
another one involving 2-norms. We first analyze the difference involving f , splitting it into three
further differences:

(L4880 (yen) = ) = L+ 625 (f(year) — f ()
+ O (f (20) = f(a))

+ f(@e) = f(ye)-
Since y;+1 produced by Algorithm 1 satisfies (15), we have that
(1+ 0O (f(yerr) — Flze)) < — (1+ 6750) (1/2L0) || ge I (70)
Moreover, if m; < m, then (3) implies that for all = and y
F(@) +(VF(2),y = @) + (me/2) o = y|* < f(y). (71)
Hence, plugging x = x; and y = «* in (71) and using the fact that f is convex, we obtain
SR (f (we) — (%)) < O (g, ) — 65T (me/2) |7 |, (72)
fae) = flye) < (gr.7f) - (73)
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Next, we address the 2-norm difference in (1+ 6ff1C)VtﬁC1C(st+1) VASC (s¢) by expanding the

pseudo-states inside 2-norms. One pseudo-state is wy, ; which, using (16) and (68), we express as

Wiy = i1 + V@ (T — Y1) — 2
= Yi+1 + Bet(Y+1 — Yt) + V@ Be(yr1 — ) — 2"
= — (/L)1 + Be(1 + var)ge + Be(1 + Jar)x) + o}
= — (/L)Varge + (Var — Daf + a7

After expanding wy, | inside the 2-norm, we use the following identities after colons to simplify the
coefficients of terms before colons:

llgel® : (q1/L7)(me/2) =1/2Ly,
(gt,2f) - mi(1+ 0 0)a (Ve — 1)/ L =1,
(g x7) - mi(1+ 6250 V/ar/ Le = 6,2,

|| - (1+ 0250 (Var — 1) = Var(va: — 1),
(o, @) : (1+ 00 (Var — 1) = V.

Thus, the 2-norm difference in (1 + 5fff)‘/;ﬁ(ic(st+1) — VASC (s¢) reduces to

2 my my
(L4085 S i 1P = Nl + Va2

1 4 dAcC my
=5 ol = {g ) = 62 (gn, ) + 5 V(v — Dl
my my
+ 5 vae) ) + (1+ +op00) |27 1I%) — (%Hﬂcfs’ll2 +2y/q(af, 77) + ll=f)1?)
1+ (§ACC mye my
=ﬁ!\gd!2 (g, ) — 6, (gr, x7) — 7\/(;7”95}{”2 + 60—+ 5 Iz 7% (74)

Finally, combining (70) and (72) to (74), cancelling terms and then using the assumption that m; >
0, we obtain

(L+ 02 WVAT (se41) = VAT (s0) < —(me/2) v/l |* < 0.

[ |

Lemma 21 Let f € F(L,m). If Ly > Ly—1 > my_1 > my and my < m, then
Wﬁc < qt VACC (75)

t—l
Proof If m; < m;_1, then
mg—1

VAT (s1) = VA (s0) = HfL't + Vi |)? - 5 [l

< {(th + vl |2 = wr]l?) (76)
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Hence, to prove (75), we express bounds on (76) in terms of Vt‘flc and ‘QACC. To this end, we first
note that the term in parenthesis on the right-hand side of (76) can be expressed as

7 + Va2 = lwil? = 2(va — Va—i){zt, 2f) + (g — q—1) |27, )

We consider two cases, each representing a possible sign of (z}, z7}).
First, suppose (z7,x}) > 0. If Ly > L;_1, then , /Gi—1//q < 1, so that

VUt — Va1 < @/t — Va1Vl /vVar) = (@ — @—1)/Va- (78)

Plugging (84) into (77) and then adding a nonnegative ||z} || term, we get

qt—1, x gy 2 gt — qt—1 2
xy + qmy2 w 2<27m,m + (9t — q—1) ||z _
lof + Varwd||” = [[wi NG (o, 2f) + (@ — @) |l |I* + ” [E

= T it vt (79)
Then, plugging (79) back into (76) yields

VASC (s >—v;ACC<St>s%T Yot + vaa? | < %vm( si),  (80)

where the last inequality follows from the definition of V;A°C, (67), as f > 0 implies

~ my me
VAL (s0) = Flyn) + 57Nl + V] |? = o llet + Vad | (81)

Thus, rearranging terms in (80) and then multiplying both sides by ¢;/q;—1, we obtain

VASC(o) £ 1Vl < vl
qt—1 qt,l
where the second inequality holds because ¢;/q;—1 > 1.
Now, suppose (z},z}) < 0. As in the previous case, we start by bounding the gap (77). But
given the negative sign of (z}, }) term, we bound the ||z} ||? term instead. To this end, we first use
the assumption that (z}, z}) < 0 to establish that

Iy ll? =y F 2f1” = llat — 2t l® = Nafl® = 2(af, 27) + N |* > [l27]*. (82)

To use the above inequality on (77), first we rewrite (77) as

Vat — /Gt
lwi]? = 2¥———(

lzf + V! |* i V) + Ve (Vi — va—) |l |?

Va
- aTT (@ - VA lal)? £ Y2 A oy
fqut VIZ NIy e gt i (V- Va2
YR e (83)

Var
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Then, we apply (36) with a = wf, b = z} and ¢* = ,/gz—1/+/r to bound the ||z ||? term on (83),
as in

\/(Itfl(\/qj_ \/C_Itfl)HI?H2 =V qt- 1(var — vV at— 1)||93§151 + x:/\/Qt71H2

= YO e
1/q_
< VIV (1 2
qt—1 qt—1
Var — /a1 Va1 9
+ (1+ =)l
qt—1 Vae
= Dt e g NI VIV e (54
qt—1 Vae Va1
Plugging (84) back into (83) and then using (82), we get
qt—1 qt—1
ot + @l 2 — w2 < YEV I ey g g G B2
Vat qt—1
4 V@t — /a1 (@-I- Va1 )||9U 2
Vae Va1 !
f qt— * yn2 , @t — -1, «2
x; + x + —Jw
R ]
gt—1
4 I e (85)

In turn, since my;—1; > m; and m; < m, plugging (85) back into (76) we obtain

me /At — Q-1 me Gt — qt—1
VA (se) = VA% () < lzf + Vaxl |* + 7”@”2

2 Ja Vat gt—1
L Vat = \/G-1 e
2 Va1 v
\F V-1 my = Qt—1 Mi—1
o It + vt |F + = —— =i
Var qt—1 2
¢ ML 1T|r Wl (50
t—
Now, as in (81), applying f > 0 to the definition of VACC, we get
= my— my—
VAC(se) = Flun) + =i P = =5 i) (87)
In the same vein, applying (3) with # = 2* and y = y; to the definition of VA“C, we obtain
ACC 7 M1, *12 2
VA (1) = Fle) + i I > 211 (88)

2
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Plugging in (81), (87) and (88) back into (86), and then moving all V% (s;) terms to the left-hand

side and all VAC€(s,) to the right-hand side, we obtain
\at— 1VACC( )<( \/qTf \ dt— 1)VACC( )

Vit qi— 1 q—1
Multiplying both sides of (89) by ,/q:/,/q:—1, and then using the fact that , /q; > ,/q;—1 yields

\/ZI \/@ vV Aat— l)VACC( ) VACC( )

qt— 1<C]t 1 qt—1 qt_l

(89)

ACC
Vg (s) <

where the last inequality above is a consequence of the following equivalences

qt — /qt—1 3
+ Vi~ i < 3/2 = Va—1a+a1(@ — Va—1) <47,
N ]
—Va—1) < a(Var — Va—1),

qdt—1
= g1 (Va

which hold since g; > ¢;—1. Therefore, whether (x}, z}) > 0 or (2}, z}) < 0, we have that

2
VA (s0) < 5 VAs)
41
for all s, proving (75). |

Theorem 22 Let f € F(L,m) and let si11 be generated by Algorithm 1. If my < m, then for all

t > N we have that
1
(90)

~
Jr

(14 0,°) VR (sn).

SOEW

fyer1) — f(z¥) <

Il
=2

i

Proof Since m; is nonincreasing, if my < m, then m; < mforallt > N. Therefore, if my < m
then Lemmas 20 and 21 hold for all ¢ > N. So, plugging (75) into (69) and proceeding with a

simple inductive argument, it follows that

9 t+1
Fyesn) — F(a*) < VAS (s141) S%H 1+ §8CC) VA (sy),
IN =N

where the first inequality follows directly from (67), the definition of V,AC, since

VASC (se41) = Fyerr) + (me/2) lwi |12 > f(yera).
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The transition iteration from m; > m to m; < m

We now have analyzed iterations of Algorithm 1 in which m; > m and iterations in which m; < m.
To prove Theorem 3, it remains to join the two analyses, considering the transition from the first
kind of iteration to the second kind. Since m; is nonincreasing, there can be at most one such
transition. We start by bounding V;AC in terms of V,5P.

Lemma23 Iff € F(L,m)and Ly_1 > my_1 > m > 0, then
VACC < (my—y /m)VEP. 1)
Proof To prove (91), we split the analysis according to the sign of (z}, z}) in

me—1 m
VACC(s0) — VEP(s0) = ™ o + @il — o + P
VLi—1(/mi—1 — /m)
2

My —

m
L a2+ 2

(xy,z)) (92)

in terms of V;°P or VA, We consider the case (z},z) > 0 first.
Multiplying the (x}, z}) coefficient on (92) by (\/my—1 + /m)/\/Mi—1 > 1, we obtain

VL (it — Vm) < @i(me-y —m). (93)

Hence, if (x}, z}) > 0, then plugging (93) into (92), adding a nonnegative ||z7||?

a square to form a ||w}||? term and then applying (87), we get

term, completing

mi—1 —mmg—1

VA (s0) = VP (s0) < 2 (=711 + 2v@—i(a, 27) + q-1ll=f|*)
mi—_1—m
S T )

Moving terms around and then multiplying both sides by m;_1/m > 0, we get

VA (s0) < (mu—1/m)V,EP (s1).
Now, suppose (z},z{) < 0. In this case, we cannot increase the (z},x}) coefficient to complete
a square as we did before. Instead, we complete a square with the given (z},z}) coefficient by
splitting the ||z}||? term using the following identity:

mi_1—m M1 —Nm +me iy —/m me—1
m - Jm e ) o

To handle the ||z} || term that stays out of the square, we use the fact that

lyil® = e £ 2l? = llat = 2fl? = a7 |? = 2(a7, af) + 2] 1 > ll=7]1%, (95)

which follows since (7, x%’) < 0. By the definition of &;_1, the assumption that m;_1 > m yields
at—1 > 0, thus a4—1/,/pr—1 > 0. Moreover, U; > 0 because of the assumption that L;_; > 0.
Since f is also nonnegative, from (49) we obtain

VP (se) = Walse) = flye) + (m/2) 12117 = (m/2) max(||zF 1%, |ly7 1), (96)
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where the right-hand side follows from applying (3) with x = z* and y = ;.
Hence, splitting the coefficient of ||z} ||> on (92) according to (94), adding a positive ||z}||? term
to form a ||z} ||? term, applying (95) and then using (96), we obtain

VACC(s0) ~ VP () = YV (1 YT a2 i)
< YT VIR e, T VORI
v 2l vy 2l
mg—1

< —7_mthD(st)_

m

Finally, moving terms around, we get
VA (st) < (mer/m)ViEP (s0).
Therefore, both when (x}, zY) > 0 and when (z}, z¥) < 0, the inequality
VA (1) < (mu—1/m)V,EP (s1)
holds generically for all s;, and we recover (91). |

Now, we are ready to prove Theorem 3, which combines Theorems 19 and 22 into a single result
that holds for all iterations. First, we note that by design mq € [m, L]. Hence, since ¢; € [m, L], it
follows that m; > m/~ forall t > 0. If Ly > L, then since (2) holds for all L > L, it follows that
Ly = Ly for all t. Otherwise, if Ly € [m, L], then since L, is adjusted by a factor of 2 every time
(2) is violated, and (2) holds for all L > L, it follows that L; < 2L for all . With that in mind, let
L = max(Lg,2L) and & = L/m. Then, we have that

Pt = (Lt/m) S K and qt = (Lt/mt) S ’)/I%. (97)
Plugging (97) into the definitions of 5P and &?CC, we obtain

5t+1 =1/(pt —1) 2 1/(F = 1) = 6(R), (98)
0T =1/ (Vo —1) > 1/(y = 1) = 5(7R). (99)

Moreover, by design mg > Lg and m; is nonincreasing, therefore m; < L for all ¢, and it follows
from (97) that

2 2 272 2
qi Pj 9 My L 2 MY 2 2.2

S5 =G 7575 =% 75 < q < VR (100)
G L3Iy UL

Proof [Proof of Theorem 3] By (98), we have that

(1+072) ™ < (1 +6(r) ™ = (k —1)/k

for all ¢ such that m; > m. Hence, by Theorem 19 and (97), it follows that

Fl) — F@*) < (1= ) 2max(Lo, L)

K
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for all ¢ such that m; > m. If m; > m for all ¢, then (6) holds for all t. Otherwise, let N be the first
iteration for which my 1 < m. By simple manipulations, we have that

(VAk = 1)/V7k = 1+6(AR) ™ < (1 +6(r) = (R —1)/&

if and only if v < K. Hence, since by assumption & > k > 2 = -y, from (97) it follows that
(1+040) ™ < (L+0(VAR) ™ < (L+6(R) ™

for all ¢ > N. Combining Lemma 23 with Theorem 22, then applying Theorem 19 and plugging in
(100) with v = 2 and my < L into the result, it follows that for all t > N,

2 2
qt ]_ t—NmN pN ]_ N 9
1\t
< (1 - i) 8 max(Lo, L)&| % 2.
K

Therefore, (6) holds for all £ > 0. |
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Appendix B. Local Acceleration

In this section, we prove Theorem 5, establishing that NAG-free (Algorithm 1) converges at an
accelerated rate to z*, the minimum of f € F(L, m), when its iterates get sufficiently close to z*.

-1
NAG(2) = ﬁ\/} . (101)

Remark 24 (Deriving most results assuming Lo = L.) To prove Theorem 5, we assume that some
Lqg > L is known and can be used to initialize Algorithm 1. If Loy > L, then Lg also satisfies (2).
In turn, if Algorithm 1 is initialized with Ly, then the descent lemma condition f(yi4+1) — f(xy) <
—(1/2L) ||V £ (24)||? is always satisfied, therefore Ly = Lg for all t. However, we derive most of
the results in this section using L to avoid working with the cluttered notation L, since essentially
all of the results below hold for any Lo > L. Once we prove the local acceleration results, we plug
Lo > L back in.

To prove Theorem 5, we first consider the simplified case where f is quadratic, and then analyze
the general case as a perturbation of the quadratic case. To this end, we use the fact established by
Theorem 3 that the iterates of Algorithm 1 converge to z* at a rate no worse than that of gradient
descent, regardless of the initial point xy. By that we mean

Flye) = f(a*) < rap(R)'8 max(Lo, L)R® |5,
where i = max(Lg,2L)/m and rgp is defined over [1, +00) as
z—1

rp(z) = o (102)

B.1. Quadratic Case

First, we assume the objective function is given by f(z) = (1/2)(z — 2*)" H(z — 2*), with H €
R?*4, Every quadratic function (1/2)z" Hx + 2T g+ f(0) can be expressed' in the form (1/2)(z —
2*) T H (z—2*)+ f(2*), and minimizing the latter is equivalent to minimizing (1/2)(z—z*)" H (z—
x*). Thus, V f(x) = H(x — z*). Moreover, since f € F(L,m), H must be positive definite with
all d eigenvalues J; inside [m, L]. Hence, assuming \; ordered by their indices, we have that

m:)\lg‘--g)\d:L.

Since V2f is locally smooth at z*, it is also continuous at x*. Hence, H = V2f(z*) is real
symmetric in general, not only in the case where f is quadratic. Therefore, by the spectral theorem
[9] we can pick eigenvectors v; associated with \; such that {vi};?lzl form an orthonormal basis for
R?. Then, z; — z* and y;41 — =* can be uniquely decomposed in this eigenbasis as

d
w—at =) win, (103)
i=1
1 d A
Ytr1 — X = x4 — EVf(xt) -zt = ;(1 — f)ﬂfz‘,t?)z‘- (104)

1. Since H is strongly convex, H is invertible and the first-order condition Hz* + g = 0 admits a unique solution z*.
Plugging = = z* back into f(z), and solving for f(0), we get that f(0) = f%m*’THa:*. Then, plugging f(0) back
into f(z) and replacing the inner-product g"x with g'z = —2*" Hz = f%x*’THa: — %xTHx* yields the desired
form of f(x).
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Substituting (104) for the descent steps yields

d
Z Tit+1V; = Te41 — z*
i=1
= (1+ B)yr+1 — Beye — a* F fea™
= (1+ B) (Y41 — %) — Be(yr — x¥)
d
= ; [(1 + Bt) <1 - f>$i,t — B <1 — L)xl’tl} Vi, (105)
where 3; = 5(my) is a particular value taken by the function 3 : (0, L] — [0, 1) defined by
VL —m
Blmy) = YL =V (106)
VL + /iy

That is, each component z; ; of x; — z* behaves as an LTV system [12]. Butif v > 1, then
by design m; decreases by a factor of at least v every time it is updated, which implies m; only
changes finitely many times. Hence, each z;; behaves as a sequence of linear time-invariant (LTI)
systems described by

Xit+1 = Gi(mg) Xy, (107)

where X ; denote the vectors of current and past coordinates stacked together as in
T
[zio @iol , t=0,

Xit = - (108)
[it—1 xig) , t>0,

and G : (0, L] — R?*2 map estimates m; to system matrices given by

0 1
Gilme) = [—ﬂmt)(l A @4 ) (1 - AL)] | o

Hence, the dynamics of (107) is determined by the eigenvalues of G;(m;), which are given by

e i (A R S (B R (S

The greatest between the two eigenvalues given by (110) defines the so-called spectral radius [11]
of G;, captured by the function p : (0, L] x R>¢9 — R>¢ defined by

1+ B(my) (1- ﬁ) i\/W(mt))z(l_ ﬁ)2_5(mt)(1_ £)| (111)

p(s,¢) = max

2 L 4 L

We also define a function ¢ : (0, L] x R>¢ — R for the least of the two eigenvalues:

SR )= A ) (s )

0(s,¢) = min 7

Note that p and p take an argument “¢” that need not be an actual eigenvalue \; of H, which will be
convenient later on. Next, we derive several auxiliary results on p and p that will be useful later on.
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Properties of the Spectral Radius p
Lemma 25 Let s,{ € (0, L]. The two numbers

1+0(s) +2ﬁ(3) (1 _ %) i \/<1 +45(3))2 (1 - %)2 - ﬁ(s)(l - %) (113)

have nonzero imaginary part if and only if s < £ < L. If (113) have zero imaginary part, then

oo =01 1) (- 0y 1) e

otherwise, if (113) have nonzero imaginary part, then

pls,0) =\ B)(1- 7). (115)

Proof Let r be defined by

= LEOE (0 +\/(1+B(5))2(1_€>2_5(3)<1_€>,

and let r_ be defined by

B ) - ) (- )
Also, let A be defined by

A(s,0) = W(l—gf—ﬁ(s)(l—E). (116)

If ¢ = 0, then ¢ < s since s > 0, because s € (0, L]. Moreover, plugging ¢ = 0 into (116), we
obtain

(1+8(s))?
4

Hence, A(s,£) > 0 because (1 — 3)? > 0. Furthermore, 1 — ¢/L = 1 and p(s, £) trivially reduces
to form (114).

Now, suppose ¢ > 0. If £ = L, then 1 — ¢/L = 0 and p(s,¢) = 0 trivially has zero imaginary
part and takes the form (114). Otherwise, if £ < L,then 1 — ¢/L > 0 and A < 0 if and only if

A(s, 0) = —B(s) <0 <= (1-p(s)* = (1+B(s))” - 48(s) < 0.

0 L (1 2
(1+5)2<1—Z) —48<0 <= (1-B)L<(1+pYU = 7 < (14:2) . (17)
where L/( is well-defined since £ > 0, by assumption, while (1 — 3)~! is well-defined because
0 < f(s) < 1forall s € (0,L]. Plugging (106) into (3, the squared factor on the right-hand side of
(117) turns into

1+8  2VL/(WVL+/s) — /I,

=5~ 2/3/(VI A e
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Thus, by (117), A(s, ¢) is negative if and only if s < ¢. Hence, if s > ¢, then A > 0, which
combined with the the assumption that L > ¢ implies

so that

- ) e D) - vA

Plugging the above inequality back into 7 and r_, we obtain

ryl =7y
St s
> (1-g)-va
-[550-9)-va
=|r_|.

That is, p(s, ¢) takes the form (114).
Finally, if s < ¢, then A(s, ¢) is negative, so 7 and r_ are complex conjugates with the same
norm given by

el = \/W(l— %)2%3(8)(1—%) — (1+§(8))2 (1—%)2 = \/5(8)(1—£).

Therefore, p(s, ¢) takes the form (115). [

Corollary 26 If m; € (0, L], then the eigenvalues of G;(m;) have nonzero imaginary part if and
only if my < \j < L. Moreover, if \j < L, then the eigenvalues of G;(m;) coincide if and only if
my = \;. Furthermore, if \; < my, then the eigenvalues of G;(my) are positive and distinct.

Proof Plugging s = m; and ¢ = ); into (113), we recover the two eigenvalues of G;(m;) which,
by Theorem 25, have nonzero imaginary part if and only if m; < A\; < L.

Moreover, the eigenvalues of G;(m;) coincide if and only if the discriminant (116) is zero for
£ = X; and s = my. In turn, by (117) and (118), the discriminant (116) is zero for £ = )\; and
s = my if and only if m; = ;.

Furthermore, if \; < my, then for all A; € (0, L], we have that

ﬂ(l_%)zm»

2

Therefore, the eigenvalues of G;(my) are positive and distinct. |
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Lemma 27 Given a and b such that 0 < a < b < L, then p(s,b) < p(s,a) forall s € (0,L]. In
particular, if b € (m, L], then p(s,b) < p(s,m) forall s € (0, L].

Proof Consider the following two cases:

case 1 (b < s). By assumption, s € (0, L], hence s < L and if b < s, then 1 — b/L > 0.
Moreover, a < b < s, so Theorem 25 implies p(s,a) and p(s,b) both take form (114). If, in
addition s = L, then § = 0, which when substituted back into (114) yields

p(s,b) =1—=b/L<1—a/L=p(s,a).

Otherwise, if s < L, then S > 0. Moreover, a < b < s, so that b — a > 0, therefore

Alsb) < Als,a) = (14825 <21+ 87 —28) (- 0)
= 1+ <o+ )
— 4(L/s) b+a<2(1+62)’

(VI/s+1)? L

where the last equivalence follows at once from (106). Furthermore, a < b < s < L, thus \/L/s +
1> 2and

4L/$ b"‘a_ 4 b+a 8 )
(VL/s+1)2 L (\/L/s+1)? s S(\/T/S_|_1)2<2(1+5)‘

Thus, A(s, b) < A(s,a). Hence, since p(s, a) and p(s, b) are given by (114)and 1-b/L < 1—a/L,
it follows that

p(s,b) = 1_‘_B(l—ﬁ) VA(s,b) < 1+B<1—Z>+ A(s,a) = p(s,a).

case 2 (s < b). By assumption b < L, so a < b < L and it follows that

g o) S 5 a0 ) 2o

that is

o<s(i- 1)< (-

If, in addition b = L, then p(s,b) = 0 the above inequality implies p(s,b) < p(s,a). Otherwise,
it must be that s < b, in which case p(s,b) takes the form (115) by Theorem 25 and the above
inequality yields

p(s,b) = B(l—%) < #(1— ﬁ) < p(s,a).
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Lemma 28 Forevery s € (0, L] and every ¢ € [m, L], p(s,{) < rgp(k) < 1.

Proof Let s € (0,L] and ¢ € [m, L]. By Theorem 27, p(s,¥) < p(s,m), so it suffices to show
p(s,m) < rgp(k). If m < my, then by Theorem 25, the eigenvalues of G (s) have zero imaginary
part and, omitting the argument s in 5 = §(s), p(s, m) is given by

e =0 ) [ (- ) a0 )

Hence, after simple manipulations, we obtain the equivalences

o) vt o= (1) a(o ) <

(1+8)2/k—1\2 _ (1-8)2/k—1\2 _rk—1
4 ( K ) s 4 ( K ) +5 Kk
Since (1 + )2 = (1 — B)? + 4B, 3 > 0and (k — 1) < , it follows that

(1+/8)2(K‘_1)2:(1_B>2+46(/€—1>2<(1—6)2</€—1)2+/8/£—1.

4 K 4 K - 4 K K

IN

<~

Therefore, p(s, m) < rgp(x). Otherwise, if s < m, then by Theorem 25 the eigenvalues of G (s)
are complex, so that

m
s,m) = 1-— —).

p(s,m) 6( 7
Hence, after simple manipulations, we obtain the equivalences

o srant) = 57 < (<) o g LIV

Since the right-hand side inequality above holds, so does p(s,m) < rgp(x) and we are done. W

Lemma 29 [f Assumption 4.3 holds, then |(; — &| > /01,05, where ¢; = (i(my) and & = &(my)
denote the eigenvalues of Gi(m¢) and d1, = (Lo — L)/ Ly.

Proof If Assumptions 4.2 and 4.3 hold, then there exists some 05 > 0 such that |m; — A\;| > 6.
Moreover, since Lo > L, we have that 6;, = (Lo — L)/Lg. Moreover, whether (; = ¢(;(m;) and
& = &(my) are complex or real, we have that

(1+5)% (Lo — \i)? 75L0—/\¢ 1/2: 1+5

Lo— )\ M2 > /600
4 L% LO LO |( 0 )(mt )| = LOX,

G — &l =2
where in the last equality we have replaced L with L in the identity

4L VL= V5 (VL4 5)
(1+8)2 VL+ys 4L

L=1-s. (119)
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Sufficiently Accurate m,; Estimates

In this section, we determine how good the estimate m; must be for z; to converge to z* at an
accelerated rate. From Theorem 27, it follows that p(m;, m) dominates the convergence of z,
therefore our goal is to characterize ¢ = o(m;) such that p(m, m) < rnac(ok), where o represents
a suboptimality factor relative to the optimal convergence rate of rnag (k).

By Theorem 22, if m; < m, then the iterates converge at an accelerated rate. So, in this section,
we focus on m; € [m, (1 + §,,)m], where d,, > 0 is a small number. We proceed in two steps.
First, we bound p(m¢, m) for my € [m, (14 0)m] in terms of a rate rs that depends on the relative
precision § > 0 and the condition number «. Second, given some ¢ > 0, we characterize J,, for
which 75(k) < rnag(ok) holds for all § € (0,0,] and £ > 1 + §. The rate r; is parameterized by
d € (0,1) and defined over z > 1 + § as

1+ —1 1+ 22 —1\2 -1
o) = HEE L JIEBERE 02t
where (5 is also defined over z > 1 + § as
WVz—=V146
Bs(z) = NE e (121)

Lemma30 Ifm <s<(1+9)m <L, then p(s,m) < rs(k) forall k > 1+ .

Proof Letm < s < (1+0)m < L. Since m < s < L, then by Theorem 25

o = () 4 AR (1)

Omitting the arguments in 8 = [3(L, s) and using the identity (119), the discriminant above can be
expressed as

(1+5)2<1_m>2_6(1_m):4L(Lm)(sm) (L—m)(s—m)

1 L L) " al(VI+ Vs LI+ VsR

Plugging the above expression back into p(s, m), we obtain

_ VL Lem VI-wms—m _VI-myL-m+ts—m
\/E—F\/g L \/Z \E_i_\/g \/Z \/Z+\/§ .

The right-hand side above is increasing in s > m since Ls > (L — m)(s — m), which implies that

p(s,m)

2\/L—m+\/s—m_ 1 1 _\/L—m+\/s—m

0s VL+ys  2/s—mVI+ys  2(5(VI+/5)?
_m+\/L7—\/(L—m)(s—m)
2y/5v/s — m(VL + /)2

> 0.
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Therefore, for all m < s < (1 + d)m and k > 1 + §, we have that
p(s,m) < p((1 -+ 8)m, m) = rg(r).
[ |

Next, we bound r; in terms of ryag. We start with an identity involving S5(k), analogous to
(119):

Bs (k) _4[—\/1+5(\/E+\/1+5)2 k= (1+0)
A+ 5072  Vrivits  4x P

Plugging the above identity into the discriminant of 75(x) yields

4

(14 Bs(k))? /r — 1\2 k—1 K k—1/k—1 KkK—(149)
4 ( K ) ~ Palx) K _(\/E+\/m)2 K ( PR K )
k—1 o
T (R VIToRR

In turn, plugging the above expression for the discriminant back into r5(x), we obtain an alternative
expression for r5(k):

B VE Ii—1+ VE—1 ﬁ_\/ﬁ—lx/:‘i—l—l—\/g
T VEHVIFe K Jr+VItovE VR JE+VIt6

Using this alternative expression, we obtain the following.

(122)

rs(k)

Lemma 31 Given o > 1, then r5(k) < rnag(o'k) forall § € (0,0,), 0/ > cand k > 1+,
where 5, = (0 — 1)%/40. Conversely, given § > 0, then r5 (k) < Tnac(ok) for all §' € (0,6),
o>osand k > 140, where o5 =1+ 26 + 21/5(1 + 9).

Proof Let o > 1. From (122) and (101), it follows that the condition that rs(x) < rnag(ok) for
some § > 0 and k > 1 4 J is equivalent to

\/H—lx//ﬁ—l+\/g<\/ﬁ—1.

Vi VRivVIts o Jow (129
By successively manipulating (123), it follows that
ra(h) < maglom) = Vi = 1(Vi— 1+ VEVa < (Vor - (Vi + VI+9)
—= VE+VI+HI< A+ V(140K — ok —1)o
= Vit VI3 <. (124)
1+ +6)k—/0(k—1)
Taking the derivative of the left-hand side of the (124) with respect to «, we obtain
9 VEFVI+S _ 0E+R/(1+6) - 0\/(k— 1)k
Ok 1+ /(1 +0)k —/0(k —1)  2r/3(k — 1)(1 4+ /(1 + )k — \/3(r — 1))?
0 > 0.

T2 /or(k— 1)1+ /(1 +0)r — /o(r — 1))
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That is, the left-hand side of (124) is increasing in x > 1 + ¢ and it follows that

VE+ V140 < lim VE+ V1490 _ 1
1+ /(0 +0)k— 0k —1) kot L+ /(1+0)k—/6(k—1) VI+d—-5

Moreover, 1/(v/1 4 & — +/6) is increasing in 6 > 0. Therefore, if 6, = (¢ — 1)?/40, then for all
d €(0,0,], K > 146 and o’ > o, we have that

VE+V1I+0 - 1
1+ /A +0)k—0(k—1) " VI+6-6
1
SV
2o
V(I +0)2 /(0 —1)?
=Vo
< Vo'

Conversely, given 6 > 0, if ' € (0,6] and o > o5, where o5 = 1 + 2§ + 2,/6(1 4 0), then

1 1
VIt Vo S ViTa_va VsV

Therefore, 75/ (k) < rnag(ok) forall ' < 6,k > 1+ ¢ and o > o5. [ |

Corollary 32 Given o > 1, then p(s,m) < rnag(0'k) for all s € [m,(1+ 6)m], 6 € (0,d,],
o' > oand k > 145, where 5, = (0 —1)%/40. Conversely, given § > 0, then p(s,m) < rnag(cok)
foralls € [m,(1+8)m], &' € (0,6], 0 > o5 and k > 1+ 0', where o5 = 1+ 20 + 2/6(1 + 9).

Proof The corollary follows by combining Theorems 30 and 31. |

Iterate Dynamics Between m; Updates

Through G;(my), the dynamics of X ; are determined by m;, which is updated by Algorithm 1 after
the ¢-th iterate is computed. Moreover, if v > 1, then m; is updated at most log,, < + 1 times. So,
suppose the estimates m; take M +1 < log, x + 1 values. Then, let ¢; denote the iteration in which
my is adjusted to its j-th value pj, 7 = 0, ..., M. Since NAG-free computes the iterate x; and then
adjusts m; in iteration ¢, this means that ¢; + 1 is the first iteration in which the estimate j; takes
effect, and Algorithm 1 computes iterates for ¢ € (t;,¢;41] using m; = p;. For example, ¢y = 0 and
my = po = myp for all t < t;. Therefore, given ¢t and ¢’ such that t; < ' <t;41 <ty <t <tjq1,

t—1 J—1
Xip = [ Gilu) Xio = Gilp)"™ ( 11 Gi(Mk)tHl_tk) Gi(u)+ " Xy (125)
k=0 k=j+1
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Now, if m; > m, then under Assumption 4.3, Corollary 26 implies that the eigenvalues of G;(m;)
are distinct. So, letting (; = (;(my) and & = &;(m;) denote the eigenvalues of G;(m;), we define

G &

It can be checked that the columns of T;(m;) are eigenvectors of G;(m;), therefore T;(m;) diago-
nalizes G;(my):

Ti(mi) = {1 1] . (126)

Gi(my) = T;(my) Di(my) Ty(my) . (127)

That is, D;(m;) is a diagonal matrix whose diagonal entries are the eigenvalues of G;(m;):

Dy(my) = [% g} . (128)

Combining (125), (127) and (128), then applying Theorem 27 it follows that forevery t; <t < ¢,

I1Xi411% < Ciplpg, Ai) 21 (Hp g, i) U1 t’“)> 30, (129)

where the constant C; that is uniformly bounded, since

2
1Xol? = ]

i (1) Dipy) 0T, (HT (pak) Di (pa) =2~ T ()~ 1>Xz’,0

< 1T () Di ()"~ i) ||2<H 1T Cpae) D (e )2~ T ()~ 1H2>fv?,o

M 7j—1
= (H ||Tz'(llk)H2”Ti(Hk)1‘2> 1D3 (1) |17 (H ||D¢(Mk)t’““tk||2> 227

k=0 k=0
log., k+1
< <2 I1 HTz'(Mk)HQITz'(Mk)‘1H2> p(pgs Ai (Hp i A t’““‘t’@))w?o
k=0
and, by applying Theorems 28 and 29 to (126), for all p;, we obtain
1 & -1 4
Ti(ur) | < 4, T, —12:[1 } < :
1T ()17 < T3 ()™l aoatll-¢ 1| = mo
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where 07, = (Lo — L)/Lo and 0, is given by Assumption 4.3. Furthermore, omitting the m;
arguments, for ¢ € (t;,t;41], we have that

t—t;
Xipg=G; "Xiy;
t—ti —1

~ 10T,

_ [1 1] G 70| 1 [@- —1} [xi,tjl]
TG &l o gl g—G-G 1 Tyt

1| ¢voe —1| |zit;—1
= o Cit+1ﬂtj §f+1 t; 1 Tiy,
R N e e €f I Taagya
TG &c”” czsf* bl ) | g
_ 1 (ézxi,tj—l — Tit; )Ctitj + («Ti,tj szz tj—1>§t K

§i = Gi | (Gwig;—1 — a?zt])CH T (@i, — Cz%t]-—l)ftH vl

Therefore, X; ; can be decomposed into two modes:
X: = A, Y LB, ettt 1
i,t — it Cl + 7,,tj£ ; ( 30)

where A; and B; are two-dimensional vectors given by

Tig, — &GiTipi—1 [ 1 CiTit,—1 — Tip, [1
A, = bt TSP and B, — 2iitiml T Pty : 131
vt G—& [Cj i G—& L}] (30

which are well-defined, by Theorem 29. In particular, for g < ¢t < ¢;, we have that

4 :(1_51)%0[] Ly (Q—l)iﬂzo[ ] :
Kt G — & QC G—& fzg

In turn, if without loss of generality we assume x19 > 0, then

(1-&)(G —DCwo+ (G —1D)(& — 1éfzpo -

-1
Tip— T1p—1 = I <K ¢ w1 <0,
1—&

where in first inequality above we used the fact that 0 < £; < (; and the identity

e = (1520 ) 0 0 g) =

Moreover, for tg < t < t; we also have that

(1—&)(¢ —&)¢mio+ (G —1)(& —&)Elzip

21t —&1T10-1 = Q-6 =(1—¢&)¢lr10 <0,
oot — 1y = (1-&)(G - Cl)Cfmlc,tlJ J_r gl = 1)(G1 — &)z (G = 1)etaro > 0.
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It follows that, for t; < t < 9
(210, — &1, 1) (G — DG+ Qa1 — 21)(6 — DET

Tit — Tit—1 =

G —&
< cih (1, — &1714,-1)(G — 1) + (G211 — 214,) (61 — 1)
G-&

= M@y — r10-1)
< k() T G (po)
<0,

since 0 < &1(m1) < ¢1(my), and moreover

T4 — &1 = ¢ M@ — &r1n-1) = Clp) T (1 = & (ko)) (o) iz < O,
Garg1 — 2 =& H(Gann-1 — 21) = &) (G (ko) — 1) (o) 1,0 > 0.

Therefore, using the fact that (; (m¢) = p(my, m), it follows by induction that for t; < ¢ < t;4q

7—1
(@141 — 21.0)2 > Cyp(pz, m)* 5 <H pitk, m>2<tk+1tk>> ¥io >0, (132)
k=0

for some C; > k2

The Dynamics of c;

Theorem 31 bounds the suboptimality factor in the convergence rate of x; when m; € [m, (1+0)m)|,
for a given 6 > 0. Now, we determine how long m, takes to reach the interval [m, (1 + §)m]. Our
starting point is to determine the dynamics of c;4;. To this end, we plug (103) and (105) into (5),
obtaining?

s _ va(wtﬂ) Vf(xt) iy (i1 — i) 2N
Z?=1(9Cz‘,t+1 - xm)?
(133)

Cit1

2
Zl 1 (Tig1 — Tig) Nvi ||
Ti41 — Tt

Y1 (@i — @ig)vs

The identity (133) reveals that c? 1 can be expressed as an average of the squared eigenvalues
)\ZZ weighted by (441 — :Jci,t)Q. Since the weights are a static map of x; ¢, the dynamics of x; ¢
determine the dynamics of the estimated effective curvature c;41. In particular, z; ; determine if one
weight can outweigh the others, in which case ¢4 tends to A;.

By Theorem 27, p(s,\;) < p(s,m) for all \; € (m, L]. Hence, from (129) and (132), we
conclude that the weight associated with m eventually dominates the other weights, so that ¢ty
converges to m. In the following, we show that this happens at an accelerated rate. To this end, we
define® ¢ : D — [0,1] as

: p(s,a)
6(s,a,b) = mm{l’ o(5,b) } p(s,8) >0, (134)
L, p(S,b) =0,

2. Note that x¢4+1 — ¢ = (Teg1 — x*) — (m¢ — ™) = Zle(xi,tﬂ — Ti,t)Vs.
3. Note that p < 0 cannot occur by the definition of p, (111).
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where the domain D is given by
D= (0,L] x {(a,b) eR%y:a #b}, (135)

R+ being the set of positive real numbers. With ¢, we can bound how fast ¢, takes to decrease
below (1 + §)¢ for a given £ € [m, L], not necessarily an eigenvalue of H, where § > 0 represents
some estimate precision relative to £. To this end, we characterize ¢((1 + 6)¢, £, m)?, first showing
that it is decreasing in /.

Lemma 33 [fo € (0,1] and k > 2, then ¢((1 + 6)¢, ¢, m) is decreasing in £ > m > 0.

Proof Let L > m > 0. Given £ and § > O such that m < ¢ < (1 + )¢ < L, by (134) and
Theorem 25, we have that

&((1+6)0,6,m) = L—{+/(L—-0)d¢

L—m+/(L—m)(1+08)f—m)

Letting ¢, the derivative of ¢((1 + 0)¢, £, m) with respect to £, we obtain

—(L —m)6% — (L —m)\/(L — O)30(L + £+ /(L —m)((1 + 0)f — m) — 2m)
2/(L = 0)36/(L —m)((1+ )¢ —m)(L + /(L —m)((1 + 6){ —m) —m)>
(L —m)§(0% +£(\/(L — )50 + 2+/(L —m)((1 + ) — m) — 2m))

2 /(L= 030/ (L —m)((L+0)f —m)(L + /(L — m)((1 + 0)f — m) — m)?
(L =m)sL(\/(L = £)6¢ — /(L —m)((1 + 6)f —m) +m)
2v/(L = 0)60+r/(L —m)((1 + 8)f — m)(L + /(L — m)((1 + 0)f —m) —m)?
(L —m)((L —m)\/(L—0)5f — (L —%%( m)((1+0)¢ —m))

__2\/(L—£6€\/L—m((1+(5)€ m)(L 4 /(L —m)((1+06)f —m) —m)?

¢p =

So, to show ¢((1 + 6)¢, ¢, m) is decreasing in /, it suffices to show the numerator above is positive.
To this end, since L > m, it suffices to show that the second factor is positive:

(L —m)\/(L = 0)60 4+ /(L = 0)60+/(L —m)((1 4 6)¢ —m)
— 8(L = 20)\/(L —m)((1 + 6)f —m) > 0. (136)
The negative term on the left-hand side above is maximized at the critical point characterized by
0 (L—=20)(1+9)
— (L —2¢ 14+6)0— =21 +0)l—m+
50 )V (1 +6)f —m) (L+0)f—m+ 7 Trol—m
(14+6)(L—20) —4((1 4 6)¢ —m)
2/ (1460l —m
=0.

Taking ¢ at this critical point, ¢ = 1L + 3059
it follows that
5L—4m (1+06)L+4m 5(1+0)L?>+4(5— (1+6))Lm —16m* _ 5

L—0)> = > 12
(L=0tz —5 6(1+6) 36(1+9) = 36

1 5y and using the assumptions that x > 2 and § < 1,
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Hence, plugging ¢ = 1L + 3(1 FE L back into (136) and using the assumptions that 6 < 1 and
Kk > 2 yields

(6(L —20) — /(L — 0)60)\/(L —m)((1+ 6)¢ — m)

(4 —+/5)L 1+6 2m
= 56\/<L‘m>6<L‘ 1+6>
26\/14—

L— )
S —v5 LEmm)
and, similarly
5L —4m L Vo
L — L— > —— (L — > ——L(L —m).
(L= 0FU(L —m) 2 4[5 (L= m) > (L —m)

Hence, canceling the common factor v/0L(L — m) above and then rearranging, we conclude that
(136) holds if

Vov146 < V3,
which is true since v < 1. [ |

In fact, ¢((1 + 6)¢, ¢, m) is decreasing for any § > 0, which can be seen in its graph, but the
case where § € (0, 1] suffices for the upcoming results. Namely, given 6, > 0 and §,, € (0, 1], by
Theorem 33 we have that for every ¢ € [(1 + d;)m, L]

L—0+\/(L—1£),0
¢((1+5“)£’£’m)_L—m+¢L—ri((1+)5)e—m)
L= (1+de)m + /(L — (1 + 80)m)dy (1 + d¢)m
T L—m+/(L—m)((1+46,)(1+d)m —m)
_ = (1+3) + /(5 — (1 +7))0u(l + 5)
k— 1+ /(k —1)(8y + 8¢ + 6u00)
=7 (0u, 0¢, K). (137)

Hence, to show ¢((1 + d,)¢, ¢, m)? is an accelerated rate, suffices to show that 74(8,, dg, ) is
an accelerated rate for appropriate , d,, and ¢y, which we do in the next result. The function r
is well-defined for 6, > 0, §, > O and k& > 1 4 9, and, by simple inspection, it follows that

o8s30, ) € (0,1)
Lemma 34 Given 0, > 0, 0 > 0 and k > 1+ &y, there is a 04 = 04(0u, 0¢, k) such that
7¢(Ous O, K,)Z < rNAG(OgK).

Moreover, the function k — 04(0y, 6y, k) is bounded and satisfies

1
lim 04(0u,d¢, k) =

k—-+oo A(/8y T 00 + 0200 — \/Ou(L + 07))2
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Proof Letd, > 0, d; > 0 and x > 1 + §,. By direct algebraic manipulation, we obtain

2 < _ VIR T <o
T¢(Ou, 0, k) < T’NAg(Gd)Fa) oor = (- T¢(5u,5g, PEIEmES O¢ (138)

For such §,, §¢ and s, we have ry(6y,d¢, k) € (0,1), so that 1 — 7“35 > 0. Therefore, the lower
bound of the inequality on the right-hand side of (138) is well-defined. So, let o be defined such
that (138) holds with equality:

1
1 —ry(0u, 0, K)?)%K

U¢(5u7 6@7 "'{) = (

For fixed 6,, > 0 and §; > 0, the map 4 (dy, d¢, £) is continuous in x > 1+ §y and right-continuous
at K = 1+ g, hence s0 is (1 — 74(dy, 8¢, £)%)y/k. Moreover, (1 — r4(8y, 6, k)*)y/k > 0 for
K > 1+ 6. Therefore, 1/((1 — r4(8u, b7, k)?)%k) is continuous in x > 1 + &, and right-continuous
at K = 1 + &y. Furthermore, lim, 1o 1 4+ 74(0y, d¢, k) = 2 and

. B o oEH VE(E =16 — Rk — (14 60))0u(1 + 6¢)
Jm (1= 70w, 0, m)) VA = lim k- 1+ /(r - 1),
= Vs = /ou(1+60),

where 5 = dp + 0, + 9,,00. It follows that

1
lim o04(0u,d¢, k) = lim

1
K——+00 k—+oo ((1 — T¢((5u,5g, H)Q)ZH - 4(\/&— \/m)Q

Hence, k — 04(dy, d¢, k) attains a maximum on [1 + Jy, 0o) and is bounded.
|

Figure 2 shows a plot of the map x +— 1/((1 — r4(x)?)?k) for k = 10,...,10° and the
asymptotic value of o4,

lim 04(0u,de, k) =

1
worhos T AVE — )
for 6, = 0.01 and 9, = 0.18. We see that the asymptotic value of o is slightly less than the peak
value of o, but the first still provides a good approximation to the second.

Building upon the two lemmas above, we now establish that ¢((1 + d)¢, £, m) is actually much
faster than rnag (o k) for most values of /.

~ 2.31,

Lemma 35 Given 6, € (0,1], 6, € (0,1] and k > 2, there exist 04 = 04(0u,0¢, ) > 0 and
ap = ag(0u, 0¢, m) > 0 such that for all £ € [(1 4 0¢)m, L/(1 + 6,)]

S((1+ 64)0,0,m)? < rNag(ogr) Teelt=+oam), (139)

where the function K +— 04(6y, 0¢, k) is bounded and satisfies

1
lim 04(0u,d¢, k) =

k=00  A(\/8y £ 01+ 0u0s — \/Ou(1+69))2
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2.30
2.28 1
2.26 1
2.24 1

2.22 1

1
(1-r3(k)%k

2.20 1

1
4(\/6,+ 6, + 6,6, — V6, +6,6,)%

2.18

101 102 103 10* 105 105 107 108 10°
K

Figure 2: Numerical (black solid line) lower bound on and asymptotic value (dashed red line) of o4
such that 7’35 < rNaG(0gk) holds for all £ > 1 4 1/, with §, = 0.01 and 6, = 0.18.

Proof Combining Theorems 33 and 34, we have that
G((1+ 64)0, £, m)* < rnag(o4k)

forall £ € [(1+ d7)m, L/(1 + d,)]. Moreover, ¢((1 + 6,)¢, ¢, m) is decreasing and continuously
differentiable with respect to ¢. So, consider the maximum slope of ¢((1 + 6,4, ¢, m)) over the
interval [(1 4 6¢)m, L/(1 + d,)]:

0
N or 1 5’“ f’ ‘éa 0.
’ ﬁe[(1+541)171§?2(/(1+5u)] 8g¢(( + 6u)l, €, m) <

Then, it follows that for all [(1 + d¢)m, L/(1 + d,,)]

0
20 (L +6ul,0,m)) < s < ay/rnac(op) < ap((1 4 044, €,m)) <O,

where a = s/rnag(0¢k) < 0. Hence, Gronwall’s inequality implies that
B((1+ 8, £,m))? < exp(2a(l — (1 4 8¢)m))rnac(04k) = rac(aer) ToeE=0F00m) - (140)
where, since a < 0 and log,.,, . (» or) € < 0, vy 1s a positive constant given by
ag = 2a IOngAG(%N) e >0,

which proves the claim. |
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_gl log(¢(1.014, £, m)?) !

—— (14 0.09m(£ — 1.7))l0g(racc(5k))

0 2000 4000 6000 8000 10000
l

Figure 3: Numerical illustration of Theorem 35 with L = 10, m = 1,0, = 0.01,04 = 5 and
Oz¢ = 0.09.

Figure 3 illustrates Theorem 35 numerically with L = 10, m = 1,0, = 1,04 = 4 and oy, = 10.
We see that ¢((1 + 6,)¢, £, m)? becomes significantly smaller than rnag(o4k) as £ approaches L.
In fact, ¢(L, L,m) = 0, therefore the estimate adjustments take place extremely fast when the
estimate is large and gradually slow down as the estimate improves, but always at an accelerated
rate. As we now show, this implies drastic estimate convergence speed-up.

Lemma 36 Let f € F(L,m) be a quadratic function, suppose that Assumption 4.2 holds for some
Lo > L and let K = Lo/m. Also, let 6, and §,, be positive numbers such that 6, > 0, > 0
and let v' = 1'(0y, d¢, k) be a function such that rnag(opk) < 17 < 1 forall kK > 1+ &y, where
0 = (14 6m)/(1 +0u) =1 > 0and oy = 04(0u,d¢, k) is given by Theorem 34. Then, there
exists some v > 1 such that the estimates my of Algorithm 1 reach [m/~y, (1 4 d,,)m] after no more
than T iterations, where

. 2
S log(4k*Miw/éy,) (141)
log r/

and M, = max; C; /C';, with w given by Assumption 4.4.

Proof Suppose that the last value of m, before reaching the interval [m /v, (1+4d,,)m) is (14+d,,)m.
Then, suppose that the value before last is (1 + &,,)m, and so on, up to v (1 + §,,, )m for some K
such that % (1 + 6,,)m < L < v%+1(1 4 §,,)m. Using this m, schedule, we bound the number
of iterations that m, takes to reach the interval [m/~, (1 + d,,)m/|, and then we argue that no other
m; schedule can lead to a worse bound.
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Let ¢; =49 (1 + &;m)m/(1 + 6,). Then, we have that £; > (1 + dg)m for 8y = (1 + 8,,) /(1 +
d4)) — 1. Since 6,, > 6, then §; > 0, and Theorem 35 applies. Now, let J; = min {i : \; > ¢;}.
That is, \; > /; if and only if 7 > I;. Then, using this fact and separating the terms indexed by
1 < Iy from those indexed by 7 > I in (133) into two sums yields

d
2 <€221 1 (xz t+1 — -Ti,t)Q Zi:[o )‘?(%tﬂ —$i7t)2
+1 d 2 d , RY
1= 5 5 1= 5
t S @i —win)? i (@i — i)

In turn, plugging the above inequality into the identity (c;1 + £o)(ci41 — bo) = ¢, — (3, and then
using the fact that A; < L and ¢y > m, we obtain

o =0 S (N = ) (i1 — i) o~ (Tip1 — Tig)?
Co1 — Lo = < < ok Z i (142)
ct+1 + Lo Loy Zizl(:zi,tﬂ — Tit)? (1,441 — T1,t)
Moreover, using (129), we have that
(i1 —2ig)” = ([-1 1] Xir1)? <2/ Xie1]l* < 2Cip(po, M)z (143)

To address the terms in the sum in (142), we combine (143) and (132), assuming tx < t < tx 1.
That is, we consider the last adjustment before m; reaches the interval [m/~, (14 d,,)m). Then, we
apply Theorem 27 twice, to get p(my, A;) < p(mg, £o) and p(my, by) < p(myg, m) for all i > I,
which gives

d

S oy S ] A ] 20

ZE — T
—Io 1,t+1 1t i=1Io 10kt )

< 2Miwg((1 + 8u)lo, Lo, m) 2=t +D), (144)

where M7 = 2max; C;/C. Next, we put (142) and (144) together, and since £y > m, we get
Ct+1 — 50 < 2/12M1w¢((1 + (5m)m,€0, m)z(titK+1)€0 < 5u£0/27
forall t > tx + Atg, where

log(4r%Miw/d,)
log T‘NAG(O'¢H) '

Therefore, ci11 < (1 + 0y)lo = (1 + 0n)m for t > tx + Aty or, equivalently,

Aty = —

trky1 —tx < Ato.
Note that for every m; schedule, if px denotes the last value of m; before reaching [m/~, (1 +

dm)m], then pg > (1 + &,,)m, by definition. Hence, letting ¢, = px /(1 +6,) and I = {i : \; >
¢4}, then Iy > I, and it follows that

d

Z (xi,t+1_xzt <2Mlz 20 H P:;l:a 2HPZZ:

(Il,t+1 - 961t

i=I}, 1o k=t ’
0 P mkv P mkv
< Z . H
2M, (g, m)? (g, m
i=Iy 10 k=tg ’ ’

< 2Mjweo((1 + 5u)€07€0,m)2(t7”{+1),
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Therefore, the last adjustment cannot take more than At iterations for any m; schedule.
Then, let At; be quantities analogous to Aty, defined for j =0, ..., K as

— log (42 Myw/6,) 1

At; = )
J log ’I”NAg((Td)H) (1 + Oéqg(gj — (1 + (54)771))

If v > 1, then m, decreases by a factor of at least v every time it is adjusted to a new value. Hence,
i —1 > ypk forevery my schedule, which implies that ¢1 < pg—1/(1+46,,) for every m; schedule.
Hence, by the same rationale above, it cannot take more than At; for m; to be adjusted to its second
last value before reaching the interval [m /v, (1 + &,,)m]. It follows by induction that it cannot
take more than At; for m; to be adjust to its K — j-th to last value before reaching the interval
[m /7, (14 ;) m]. Moreover, since by design m; < L, it cannot more than K < log, (k/(1+ )
adjustments before m; reaches the interval [m/~, (1 + d,,)m]. Therefore, letting

—+00

1
V:;) 1+ agm(1+6) (37 — 1)’ (143)
we conclude that my 1 < (1 4 d,,)m for all t > 7, where
L —log(4k>Myw/6,) S — log( 4/12M1w/5 ZK: 1 ‘
log r’ —  logrNag(ogk) p= 1+ agm(l+0,)(7 — 1)
because log is monotone and rnag(0gk) < ' < 1,and 1 + agm(1+ &) (77 — 1) > 0. [ |

Main Result in the Quadratic Case

We now prove the main local convergence result for NAG-free when the objective function is
quadratic. There is no difference between local and global convergence in this case, but it will
be the foundation to derive the main local convergence in the general case later. To this end, we first
establish that for every G;(m;), there is a quadratic Lyapunov function certifying convergence of
X ¢ atrate p(my, A;) up to arbitrary precision, at the expense of worse condition numbers.

Lemma 37 Let m; € [m/~, L] for some v > 1, and let p(G;(my)) denote the spectral radius
of Gi(my). Then, given r € [p(Gi(my)),1) and 6 > 0 such that (1 + 6)r < 1, there is some
P = P(Gi(my),r,0) € R such that G;(my) " PGi(my) < (1 +6)2r2P and P = I. Moreover,
letting Amin (P) and Apmax(P) denote the least and the greatest eigenvalues of P, then

1+ (144)72 2M3 14 (1+6)2
P(G; )T , 14
meix PGt o)l < T = Y i s a o v (040

where Mo is an appropriate constant that does not depend on neither 6 nor r.

Proof By Theorem 28, p(my, A;) < 1forallm; € (0,L]andi = 1,...,d. Thus, p(Gi(my)) < 1,
where p(G;(my)) denotes the spectral radius of G;(m;). Therefore, the interval [p(G;(m¢)), 1) is
nonempty. So, let r and § be two positive numbers such that r € [p(G;(my)),1) and (1 + 6)r < 1.
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Then, take 75 = (1 + 0)r and P = >} °0(Gy(my) T /rs)F(Gi(my)/rs)F. The matrix P is well-
defined because p(G;(m¢)/rs) < 1/(146) < 1,and P > I, by construction. Moreover, it satisfies

“+oo

(Gi(ma)/rs) T P(Gi(my) [rs) = D> (Gi(me)) T /rs)*(Gi(my)) [r5)* = P —1I.

k=1

Therefore, G;(m¢) T PG;(my) < (1 + 8)2r2 P, which proves the first claim.

To prove the second claim, we first express G;(m;) in Schur form [11, section 7.1.3]. To this
end, we construct a two-by-two orthogonal matrix @;(m;), whose first column is a unit eigenvector
¢i1 associated with (; = (;(my), the top eigenvalue of G;(my), as in

I

i1 = —F——— .

z LGP LS

To determine the second column of @;(m;), we apply the Gram-Schmidt orthogonalization proce-
dure [11, section 5.2.7] to obtain from e; a vector orthonormal to ¢; 1:

S P N ) S
! (¢i,1,4i,1) "o 1+ 1612 (G T+G12 [ -G

Normalizing the vector above, we obtain

o 1 1 [|C¢|Q]
= RGP 1G] LG

So, letting Q;(m;) be the orthogonal matrix given by

Qi(my) = [Gin @ig], (147)
and letting T;(m;) be the matrix given by
Ti(me) = Qi(me)"Gi(me)Qi(me), (148)

where Q;(m;)" denotes the conjugate-transpose of @Q;(mn;), it follows that

Ti(mt)_-Qi,l(mt):gi(mt)%,l(mt) ¢i1(mo)HG i (me)gi2(my )]

_Qi,2(mt) i(mt)Qi,l(mt) qi, 2(mt) mt)Qz,2
_ Gi gin(m)"G mt QZQ mt ]
Gai2(m)Pgii(me)  g2(m)HGy(my)gi 2 (my)

G g (m)NGy(my )%2(%5)]
10 gia(me)HGi(ma)gi2(my)

because g; 1(m¢) is a unit elgenvector of G;(my) associated with ¢;, and is orthogonal to ¢; 2 ().
Moreover, the product Q;(m;)"G;(m;)Q;(m;) preserves the eigenvalues of G;(m;) because
Q;(my) is orthogonal, therefore

Ty (my) = Gi Qi,l(mt)HGig('mt)Qi,2(mt):| ’ (149)
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where ; denotes the other eigenvalue of G;(m;). Now, G;(m;) and, therefore, );(m;) are contin-
uous functions of my, thus

My = max qiyl(mt)HGi(mt)qi,g(mt) < 400
m¢€[m/v,L]

is well-defined. Moreover, left-multiplying and right-multiplying (149) by Q;(m;) and Q;(m;)",
respectively, yields

Qi(ma)Ti(my) Qi (my) = Ti(my).

Substituting the above for G;(m;), using submultiplicativity of the Euclidean norm, the fact that
Q;(my) are orthogonal, and the fact that p(my, \;)/rs < 1/(1+ ), where rs = (1 + §)r, we get

1P| < ZH i(mqe) /rs)") T (Gi(mf) r5)]]
< ZHQz (me) (Ti(my) /15)" Qi (m) ™|

<1+ Z 1Qi(me)[IPITi (me) /51 ** Qi (me) |1*

k=0

“+oo
<14 Z ré—2(k+1)
k=0

+00 9
<14+ 30752 (p(ma, M)+ (k + 1) Map(me, A) )

2

mt7 Ai )k+1 (k + 1)M2p(mt7 Ai )k
0 p(mt, by )k—i-l

k=0

400 M. 2
=14+> ((1 + )~k 4 22k 1) (1 + 5)"“) :

k=0 s

Then, using the fact that (a + b)? < 2a? 4 2b? for any a and b, yields

| P <1+Z( (140)" ’“+1)+2M2 (k+1) (1+5)—2k>
r3
14 2(1+6)72 2M32 1+ (1+4)72
- 1—(146)2 r2 (1—-(1406)72)3
1+ (146)7% 2MF 1+ (1+6)2
S 1-(1+68)72 12 (1-(1+6)72)3

where the second inequality follows by noting that for any « such that 0 < a < 1, we have that

—+00 —+00

1 la(l+ a) 1+«
kzzo ozkz:l a(l—-a) (1-a)
and then plugging (1 + )2 into a. [ |
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Proposition 38 Ler f € F(L,m) be a quadratic function with k = L/m > 4, and let Ly > L.
Suppose that Assumption 4.4 holds for some w > 0, and that Assumption 4.3 holds as well. Also,
let 6., and 6, be positive numbers such that 6, < min{0,,,1/2} and 6., < v — 1. If Algorithm 1 is
initialized with Lq as input, then its iterates x satisfy

|21 — 2| < CRT2 2 rgag(20R) | zo — 2¥]), (150)

where k = Lo/m > k, 0 = max{y,0m, 04}, Om = 1420 +21/0m(1 4+ dn), 0¢ = 04(6u, d¢, K)
is a function of 6y = (1 + ) /(1 + 0u) — 1 and is bounded in k > 1 + &y, such that

1
lim 04(dy,00,K) =
70 (0u, 00, F) = 4(\/3u(L + 00) + 0p — \/0u(1 + 0p))2

and C and v are constants that depend on vy, 0., 0 and w.

Proof Let 7’ = 7/(dy, d¢, k) be a function such that ryag(ogk) < r' < 1 forall K > 1 4 04, where
04 = 04(0u,0¢, k) is given by Theorem 34. Then, by Theorem 36 we have that m; < (1 + 6,,)m
for all ¢ > 7, where
1 1+6m
—log(4k>Myw/6,) Ogv(lﬁ% )
T =
log '

1
L+ agm(1+8) (v — 1)

(151)
§=0
M1 = max; éz/gl

By design, we have that m; > m/~. If m; < m, then by Theorem 25, and unsing the fact that

(v/L/my —1)/(\/L/my + 1) is decreasing in m; and (k — 1)/k is increasing in x, we get

p(me,m V L/my —1/1—1 VIE—1yk—1
’ VL/mi+1 & VIE+1 9k

Otherwise, if m; € [m, (1 + d,,)m], then by Theorem 32, we have that p(m;, m) < ryag(omk) for
all Kk > 149, where 0y, = 0, (0) = 14261, +2+/0m (1 + 6,,). Hence, p(my, m) < rnag(o1k)
forall ¢t > 7, where 01 = max{~, o, }.

Now, by Theorem 27, we have that p(my, A;) < rnac(o1k) for all A;. Hence, given d,, such that
(1 + d,)rnac(o1k) < 1, by Theorem 37 there is a Pj(m) = P;(my, d5) = I for each \; such that
Gz(mt)TP,(mt)Gz(mt) = (1 + (50)2TNAG(UIH)2Pi<mt)~ Hence, if t; <t< ti1 and ¢ > 7, then

X Pi(mi) X1 = X0,Gi(u) T Pipy) Gi () X
<1+ 50)2TNAG(0'1"5)2XLPZ'(Hj)Xi,t,

— T'NAG (’)/KZ).

since m; = p;. Consecutively applying this inequality, we obtain
Auin (P (mo) || Xi|> < X Pi(me) Xie < (14 65)rnac(01#))* ™9 X, Pipg) Xig,
< Amax (P (1)) (1 + 65 )rmac (1)) 27 X |1

Rearranging the above yields

1Xi. 1% < (1 +65)rnac (014))* ™) [ Xy, |17
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Moreover, since by assumption 1 + &, < =, my is adjusted at most once if m; < (1 + d,,)m,
therefore denoting by 11— and p_o respectively the last and before last values taken by my, for all
t > 7 we have that

< Amax (55 (11-1)) Amax (P (1—2))
= Amin (P (#=1)) Amin(Pi(p—2))

In turn, the above bound yields

Rk (1 + 65)rnac(o1k) 2TV X5 1112,

d
1Xel® =D 11X
i=1

d )\max(Pi(:ufl)) )\maX(Pi(/szz)) 2t [r]) ,
= ; Amin (P (12-1)) Amin(Pi(p—2)) (1 + 65)rnac(o1k)) 11X 1112

7 =X,

Since rNaG is monotone and Zle | X5+ 2, defining 0 = max{y, o, 04}, it follows that
X1 < ME((1+ 60)rnac (o)) 2D X )12, (152)

where M3 is given by the product of the worst condition numbers of all P;(p—1) and P;(p—2):

max ———————+ maxX ———— <.

Ma — /\maX(Pi<N—1)) Amax(Pi(N—Z))
N2 d Ain (B (0—1)) i=1ed Amin (Pi(1—2))

Plugging 7’ = (14 d,)rnag(ok) in (151), it follows that my € [m/~, (1 + d,,)m| forall t > 7,
where

log. (k/(14+0m
—log(4K>Myw/6.,) By (/L +om)) 1

F= log(1 + 04 )rnaG (oK) ]Z; 1+ agm(1+ ) (77 — 1)

By assumption, > 2, which implies that 7/ — 1 > ~7~! for all j > 1, so that

log., ¢/ (14+61m))

B 2
< log(4Kk*Myw/by) (1 N 1 Z ‘_1)
log(l + 50)7’NAG(U’§) a¢m(1 + 5@) ; 0%

-1
—log(4k2Myw/dy) <1 n 1y >
= log(1 + do)rNnac(ok) agmy —1

Therefore, since rnag (k) > 1/2, rnac(k) < mnag(ok) € (0,1) and [7] < 7+ 1, it follows that
(1 4 6,)rnac(ok)) 17T < My, (153)
for a constant M, given by
My = (4k*Miw/8,)", where v =1 +v/(agm(y —1)).
Then, plugging (153) into (152), we obtain

loell < 1 Xell < MsMu((1 + bo)rnac (k) | X Il
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To establish (150), it remains to bound || X1 ||. To this end, we plug x = x* and y = y;+1 into (3),
and then use the global convergence bound from Theorem 3 to get

2
lyesr —a*|* < —(flyes1) = f(27)) < rop (k) 165" [lzo — 2|2,

Then, substituting x;,1 with its definition from Algorithm 1, summing +5:x* = 0, using the above
bound and then the fact that 8; € [0, 1) and that rgp € (0, 1), we obtain

lzer1 = 21 = 1|1+ Be)yes1 — Beye — o £ Bra*|* = (1 + Be) (w1 — 2*) — Belye — 2™
< @y — 2+ llye — 2*)?
< rop(r) 1144k | 2o — 2¥||?, (154)

which implies that
1X il < gl + Nl 1l < rop(e)71=3/2240% g — 2| < 242 o — 27
If [7] > 3, then
12X 1| < 248320 — 27|

Otherwise, if [7] < 3, then using the fact that rnag(0k) > rnac(k) = 1/2, which follows from
the assumption that x > 4, and the assumption that v > 2, we obtain

,72

(1 + 6, rnac (k) T < raag(or) ™ < ——.
NAG (OK)

Moreover, since the following equivalences hold for k > 4

Kk —1)2 k—1
( 52) Zfﬁ

'rc,D(/@)2 > raac(k) <= — k2 —2kVE+VE >0,

we have that
rap(k) 73/ < raag(r) 7 < 6,1
Combining the two bounds above yields
(1 + 85)rnac(ok)) " rgp () 732 < M.
Therefore, for all values of [7], we have that
241 — 2*|] < MaMy/w((1 + 65)rnac(or)) |20 — 2*. (155)
Our next step is to express the rate (1 + d,)rNag(ok) in terms of rnag(o2k) for some o9, as in

vok —1 02K — 1
Ok '

(14 do)rNag(ok) = (1 + 65) - 0ok
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Solving the above identity for o3, we obtain

o9 =

o o
(140, —0yv/or)? = (1= d,or)?
That is, 0o = (1 + §)o, where
o Don/TR(2 — 5, /oR)
(1= 0,v/R)?
So, if §, = 1/(4y/okK), then § < 7/9, which implies that 1 4+ ¢ < 2 and

(1 + 05)rNnac (k) < rNac(20K).

Moreover, since o > v > 2 and k > 4, it follows that 6, = 1/(4y/ok) < 1/11 and

1 (1+6,)? (1+1/11) 1122 1
1—(1+0,)2 5(2+5) 2 by 2-1126,°
1—(1+5g)‘2=m§&(2+a5) 4r(2+1/(4\/ﬁ)) %
1+ (1+46,)%= ngjtég).

In the same vein, using the fact that Apyin (P;(p—1)) > 1 and that Apax(P;(p—1)) < | Pi(p—1)l],
plugging 6, = 1/(4+/ok) into (146) and using the fact that rnag (oK) > rNaG(8) yields

)\max(P‘(Mfl))
B Smia Bl 1)) = 2 1P
(1+46,)72 M2 1+ (1+6,)2
1—(1+6,)72 (1 +d5)%rnac(0k)? (1 — (14 6,)72)3
122 (1+6,)72 M2 1+ 6,
2.112 4, (1+d5)*rnag(ok)? 63

(! N 122 N 4 M3
113 2-114 T'NA(‘,(UH)2 (53

Using the above bound twice yields

Amax (P (p-1)) Amax (P (1-2)) ]\422 3nr2-3/2,.3/2
M3 = —_— 7 =7-4°M . (156
s \/1 Hll,a .d )\mln( (,u 1)) mfi«X’d )\mln( (,U 2)) < 53 2000 ( )

Finally, we prove (150) by plugging (156) into (155), and then replacing « with &, so that

o1 — 2| < CR2F 2 rpg (20R) ! [lwg — 27
where the constant C'is given by

C =42 - 4" My (4Myw/68,)" o%/2.
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B.2. General Case

We now build on the quadratic case to prove that the iterates x; of Algorithm 1 also converge to the
optimum 2x* at an accelerated rate when the objective function f is not necessarily quadratic. Our
approach is to show that if x; is sufficiently close to x*, then x; — x* consists of a perturbation of
the iterate when the objective is given by the local quadratic approximation of f at z*.

Iterate Dynamics in the General Case

Under Assumption 4.1, it follows that f is twice continuously differentiable at 2*. Hence, by
Taylor’s theorem [19, theorem 2.1], the gradient at x; can be expressed as

Vf(x) =Vf(z /V2 x4 s(wy — x%)) (2 — 2¥)ds

=V2f(z*)zs + /0 (V2f(x* + s(xp — %)) — V2f (%) (2 — 2¥)ds
=(H + Hy)(x; — 2), (157)

where the Hessian error term ﬁt = f[t(act) is given by

1
Hy = /0 (V2f(x* + sz — 2%)) — V2f(2*))ds. (158)

Moreover, by (154), we have that ||z;1 — 2*|| < /144k%rp(k)t~1|xo — *||. Hence, since
rep(k) € (0,1),if ||zo — *|| < emx(Ll/en) /ropn (k) /14474 and € < 8y, then for all > 0, we
have that ||z — 2*|| < dp, and it follows from Assumption 4.1 that

~ 1
[H: < /0 IV2f (2" + s(ay — %)) = V2f ()| ds

1
< LH/ s||zy — x*||ds
0
< eLyrap(k) 12, (159)

Since v; form an eigenbasis for R%, H;v; can be expressed in v;-coordinates, h; j ¢, as
Hy; = hijvi, j=1,....d. (160)

Then, using (160) and the decomposition x; — z* = Zd

4y w0 yields

d d d d d
f{ (ﬂjt — SU Ht Z .T] tU] Z IE]’JI:ItUj = Z CCj7t Z Bi7j7tvi = Z Z iLiJ‘J‘Tj’tUi. (161)
7j=1 7=1 =1

i=1 j=1
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In turn, combining the decomposition x; — x* = Zd

=1 Tj,tV; with (157) and (161), we obtain

Y1 —a" =x¢ — (1/L)V f(@y) — *
= (I —H/L— H;/L)(x; — x¥)

d d
=3[0 A/L)zia+ Y (higa/ Dayevi
i=1 =1
from which it follows that
d
Z Tjt+1V5 = Tt41 — z*
j=1

= (14 B)ye+1 — Bryr — x* F fra™

Zd:[ 1+ 51) ( %)xi,t - ﬁt(l — %)xi,t—l

i=1
d ~
+Z( 1+ 5) ’]t —5t i xj,t—l)]vi-
7j=1
Therefore, we have that
Xep1 = (G(my) + Gy Xy, (162)

where X is the vector with “stacked” X ¢, as in

X1y
X = ) (163)
Xt
while G/(m;) and G are matrices given by
G(my) = diag(G1(my), ..., Ga(my)), (164)
[0 0o ... 0 0
. —Bihigi—1 A+ B)hiae .. —Bihigi—1 (14 Br)hiat
Gy = I : : : : ; (165)
0 0o ... 0 0
| —Bthait—1 1+ B)hars .. —PBthaai—1 (1 + Bi)haaz]

where G;(my), defined by (109), are the system matrices governing the dynamics of each X in
the quadratic case where f(z) = (v — z )T Hy(x — a*). Using the fact that h; ;; = v] Hyv;, the
matrix G given by (165) can be expressed as

1+ 6
L

WIVTH VW, — @Wl VTH, VWS, (166)

Gy =
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where the matrices V' € R¥4 W, W, € R¥*24 are given by

0100 ...0 0] 1000 0 0

al 0001 ..00 0010 ..00
V=131, W= 0 e i, W= n
vy 0000 00 0000 ...0°0
0000 0 1] 00 00 1 0

Since v; are orthonormal, so is V. Thus, V' has unitary norm, as do W; and W5. Therefore, applying
the triangle inequality and norm submultiplicativity to (166), then using the fact that 3; € [0, 1) and
lastly plugging in (159), we obtain

~ 2 ~ 1 .
1Gl < ZUWT VIV WAL+ VTV )
3. -
— 2 \A
211
L
< ETHT‘GD(K/)taH/Q. (167)

We continue by noting that if Assumption 4.3 holds for some §, > 0, then it also holds for every
0% < 0. So, without loss of generality, suppose that Assumption 4.3 holds for some 0y < d,,m.
Then, while m; > (1 4 d,,)m, we have that |m; — ;| > J, foralli = 1,...,d. Hence, noting that
for all \; we have that \; < L, then from Corollary 26, it follows that the two eigenvalues (;(m;)
and &;(my) of each G;(m;) are distinct. Therefore, because (;(m;) and &;(m;) are continuous in
my, we have that

07 = min  min |Cl(mt) &i(me)| >0, (168)
m¢€S i=1,.

where S = S(6)) is a compact set defined in terms
S = [(1 + 8m)m, L]\ UL, B(\i, 6)),

and B(\;,0)) = {x : |z — A\;| < d»} is the open ball of radius J) centered at \;. In the same vein,
since T; defined by (126) are continuous in ¢; and &;, and || - || is continuous, it follows that

T; <
ma max [73(mi)| < oc.

Furthermore, explicitly computing the inverse of 7; for m; € S yields

1 gz fz -1
G-l [ }W—% L@ 1”» (169

Hence, since both sides of (169) are continuous in my, it follows that

T (me) | =

max max HT(mt) Nl < .
mieS i=1,...,

Therefore, we have that

Mp = max max ||T(mt)|\||T(mt) ' < +oo. (170)
mi€S i=1,...,d
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Then, let T" denote the coordinate transformation given by
T(my) = diag(Ti(my), ..., Ty(my)). (171)
The block-diagonal structure of 7' combined with (170) implies that

max || 7 (my)||||T(me) "] < My (172)
mtES

Furthermore, T'(m;) diagonalizes G(m;), as in
G(mq) = T(me) D(ma)T(m) ™", (173)

where D(m;) is the block-diagonal matrix defined as D(m;) = diag(D1(my), ..., Dg(m;)) and
D;(m;) are the diagonal matrices given by (127). So, defining the state Z; = T~!(uo)X; for
t € [to, t1] and plugging Z; and (173) into (162), since m; = g for ¢t € [tg, t1), it follows that

Ziyr =T (o) Xi41
=T (o) (G(my) + Gr) Xy
=T G (o) + Go)T (10) Z¢
= (D(po) + Do) Zy, (174)

where D, is a perturbation matrix given by
Dy = T~ (my)GyT (my). (175)
Using submultiplicativity and then combining (167) with (172), yields
~ _ ~ L
IDell < IT~Hma) G T (me) | < eMTTHTGD(%)taH/Q- (176)

Then, summing (176), we obtain

L L 1
Z ~ HZ tam /2 H
t=0 1Dl = et L3 ron(r) =TT rap(Kk)2H /2 (177)

Moreover, since \; < L < Ly, it follows that G(m;) are nonsingular. This fact combined with
(177) allows us to use results from the theory of asymptotic integration of difference equations [4]
to establish that the solutions to (174) are perturbed solutions of the particular case when D, = 0.
Namely, by [4, theorem 3.4], for t € [to, t1) we have that

Zis1 = [I + O(€)|D(p0)" Zo,
which implies that for ¢ € [to, t1), we have that
Xir1 = T(po)[I + O()]D (o) Zo = T(po)[I + O(e)]D(p1o)' T (o)~ Xo,
which can also be written as a perturbation of the solution of the quadratic case G(p)! Xo:

Xiv1 = G(po)' Xo + T(10) DHO(e)T (110) ' Xo.
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By repeatedly following the above procedure, we conclude that

J-1

Xor1 =T(un)I + O] D) T (1) (HT u)[I + 01D (y)t”l_th(#j)_1>Xo
=T (pus)D(ps) T (pg)~ (HT 1) D ()5 5T ()~ 1>X0
T ()0 D () T 111) (HT D) T () )Xo+
T ()OO D(pg) T () (HT mOED()5 ) )Xo (178)

where ¢t € [tJ,tJ+1).

The Dynamics of ¢; in the General Case

Having established that the components X ; in the general case behave like perturbed components
of the quadratic case, we can also derive the dynamics of ¢; in the general case. To this end, we
establish bounds on the differences x; ;11 — @; ;. First, we notice that

Xigp1=1[0 ... 0 1 0 ... 0] Xpy1,

where [0 ... 0 I 0 ... 0] € R?**@isamatrix made of a row of two-by-two blocks, where
the i-th block is I € R?*? and all other blocks are 0 € R?*2. Also, we have that

[O ... 01 0 ... O]T(MJ)D(MJ)t L (y)” <HTMJ Y1 tJT(M]) 1>X0
:[0 ... 0T 0 ... thtJHG J+1 tJXO
:[0 e 0 GEY T Giln )+1t 0 ... o]XO

t—t t —t
_G’ JHG jH+1— JXZO’

since G;(pj) = T;(uj)Di(p;)Ti(p5) 1, by (127), and G, T and D are block-diagonal matrices
with blocks given by G;, T; and D;, respectively. Then, we notice that all but the first term in (178)
are O(e), and p(p5, Ni) < p(p;, m) for all the eigenvalues p(p;, A;) of D(y;), by Theorem 27.
Therefore, combining the above remarks with Assumption 4.4, it follows that for ¢ € [t;, ;1)

j—1
X 4101 < Ciplpag, )25 (H Ptk )\i)Q(t’““_tk)> D
k=0

j—1
+O(e)p(pj, m)**~") (H p bk m)Q(t’”lt’“)) 210,
k=0
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for some C;. The above bound is analogous to (129), but with an additional O(¢) term accounting
for the perturbation of the quadratic solution. Thus, for ¢ € [¢;,¢;41), we have that

(Tige1 — xig)? = (-1 1]X; t+1)?

< 2010(,“3, (Hp Nk: )\ 2(tk41— tk)) 74270

j—1
+0(e)p(nj, m)Q(t—tj) <H s m)Z(tk+1—tk)> $%70. (179)
k=0
In the same vein, combining (178) with Theorem 27, we have that for ¢t € [tj, ti+1)
j—1
| X2 < 2(1 + O(€)) Tl m)> ) (H ol m>2<fk+1—tk>> lwol2,  (180)
k=0

where C' = max;—1,...d C;. Similarly, combining the derivation of (132) with (178) and Assump-
tion 4.4, for t € [t;,t;41) we have that

7—1
(@1001 — 214)> > (1= O(6))Cy plj, m)* 1) (H pitk, m)z“kﬂ‘tk)) vlg, (18D
k=0

for some C';.
Our next step is to also express V f(x¢41) — V f(z;) as a perturbation of the quadratic case. To
this end, we substitute (157) for V f(z441) and V f(z;), and obtain

V(xi) = VI(xe) = (H+ Hea) (v — 2%) — (H + Hy) (2 — 2*)
= H(:L‘H_l - .Tt) + ﬁt+1(l‘t+1 - x*) - fIt(a:t — JI*).

Using x; — * = Z?Zl xjvj, the terms of V f(x41) — V f(z;) above can be written as

d
H(zip1 — ) = E (@i g1 — Ti) A,
=1
d

Hii1(vp41 — 2%) — Hy(xp — 2* Z (Z GG T ] — hi,j,tﬁvj,t)) ;.

=1

In turn, using the above expressions, it follows that

IV f(zi51) — V(z)|? = ZA (Tigs1 — Tig)?

d d

+2)  Ni@iorn — mie) Y (higera®ien — hijews)
i=1 j=1
d

d 2
+ Z Z(hi,j,tJrlxj,tJrl — hijixie) | -
i—1 \j=1
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Our next step is to bound the third terrn above in ||V f(z¢4+1) — V f(24)||*. Combining the identities

. > J :
1ol + 117 = S5, ZJ (R igtt1 T h”t) and || Xy 41| = 375 (23,41 + 23,) with the
bound (159), it follows that

d d 2
Y D (higeramieen — hijawie)
i=1 \j=1

d [/ d 2
<> (Z it | + Rige ) (|2j01] + |$j,t!)>
i=1 \j=1
d / d d
SZ( ‘h7]t+1’+|hdt‘ )(Z |@j41] + |2je]) )
i=1 \j=1 Jj=1

d

d d
Z(ZZ z]t+1+hzyt>< Z gt+1+‘r]t>
j=1

IN

~.

Il
o

(111 + [ E ) 1 X e[|
< Ad(| Hesa|* + | Hel )| X e |1

< 46 Ljd|| Xy [ (182)

In turn, we address the second term of |V f(z¢41) — V.f(z¢)||? using (182), which gives

d d
E (i1 — Tiy) E i Gt1%541 — i1 Z)
i=1 j=1

d d d . 2
SN DR CTEEFIENDD <Z(hz‘,j,t+1ﬂfj,t+1 - hi,j,tﬂ?j,t)>

i=1 i=1 \j=1

d
<\ 23 (241 + 224 Ly Xy 2
=1
< 2eLpV2d|| X1 (183)
Then, combining (180), (182) and (183) we obtain
d
IV f(i42) = VE@OI? <D N @i — ig)?

=1
+ O(e)p(pg, m (H Pk, m t“lt’“)) zio. (184)

In turn, plugging (184) into (5), and then using (181), it follows that

Zf )\2(% t+1 — T4 t)2
= ~ +0(e).
> im1 (Tigr1 — wig)

Gty = c(@iq1, 30)° < (185)
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Lemma 39 Let f € F(L,m), suppose that Assumptions 4.1 to 4.4 hold and let k = Lo/m. Also,

let b, and b, be positive numbers such that 6., > 6, > 0 and let v’ = 1'(0y, 0y, k) be a function

such that rnag(opk) < 17 < 1 forall kK > 1+ 0y, where ¢ = ((1 + 6,,)/(1 4+ 04)) —1 > 0 and

04 = 04(0u,0¢, k) is given by Theorem 34. Then, there exist v and € > 0 such that if ||xg —z*|| < ¢,

then the estimates my of Algorithm 1 reach [m/~, (1+d,,)m] after no more than T iterations, where
— log(8k2Myw/6,)

T=v log r/ (186)

M = max; @/Ql, with w given by Assumptions 4.1, 4.3 and 4.4.

Proof Suppose that the last value of m, before reaching the interval [m /=y, (1+0,,)m) is (1+d,,)m
Then, suppose that the value before last is (1 + &,,)m, and so on, up to v% (1 + d,,,)m for some K
such that % (1 + 6,,)m < L < v%+1(1 4 §,,)m. Using this m, schedule, we bound the number
of iterations that m, takes to reach the interval [m/~, (1 + d,,)m], and then we argue that no other
m; schedule can lead to a worse bound.

Let £; =49 (1 + 8;m)m/(1 + 6,). Then, we have that £; > (1 + d)m for §p = (1 + ) /(1 +
dy)) — 1. Since ,, > dy, then 6y > 0, and Theorem 35 applies. Now, let [; = min {i : \; > ¢;}.
That is, \; > /; if and only if ¢« > I;. Then, using this fact and separating the terms indexed by
1 < Iy from those indexed by 7 > I in (185) into two sums yields

_ d
Cg < Zg Zfill(xi,m - l’i,t)Q + Z@'ZJO )\%(fUz',tH - xz‘,t)z
t+1 0

S (i1 — wig)? S (@ie1 — wig)?

In turn, plugging the above inequality into the identity (c;1 4 £o)(ci41 — bo) = ¢, — (3, and then
using the fact that \; < L and ¢, > m, we obtain

+ O(e).

C§+1 - f% < Zz 10(/\2 - go)@z t+1 — xi,t)Q

cry1 — by = + O(e
T e+ 4 A Zi W Tig1 — xig)? ©
2
< lor?2 (i1 —@i)” ] 187
" Z:o(ﬂ?ltﬂ—xlt) +0le) s

To address the terms in the sum in (187), we combine (179) and (181), assuming tx <t < tx41.
That is, we consider the last adjustment before m; reaches the interval [m/~, (1+ d,,)m). Then, we
apply Theorem 27 twice, to get p(my, A;) < p(mg, £o) and p(my, by) < p(myg, m) for all ¢ > I,
which gives

d

Z xz A+1 — T, t)>22 1+O Ml Z

.T — X
—TIo 1,t+1 1,t i=TIo 10kt

< 2(1 + O(€)) Mywe((1 + 8,)ly, Lo, m)> T+ L O(e). (188)

] e QH"ZZ +0(9)

)

where M; = 2max; C; /C';. Next, we put (187) and (188) together, and since ¢, > m, by choosing
e sufficiently small, we get

o1 — o < 201+ O(€))REMiwd (1 + 8,)m, Lo, m)> V0 4 O(e) < 6,00/2,
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for all t > tx + Atg, where

log(8x2Myw/d,)

Aty = —
0 log rnaG (oK)

Therefore, ci+1 < (1 + 64)lp = (1 + 0,)m for t > tx + Aty or, equivalently,
try1 — tx < Ato.

Note that for every m; schedule, if px denotes the last value of m; before reaching [m/~, (1 +
dm)ml], then pg > (1 + &,,)m, by definition. Hence, letting £, = px /(1 +8,) and I = {i : \; >
¢4}, then Iy > Iy, and by applying Theorem 27 before, it follows that

(ﬂﬁi t+1 — :rz't)2 zO p(my, A p(mp, A
— = < 2(1+4 O(€)) M E | | | | + O(e
— ($17t+1 _xl,t>2 ; 10 mka 2 mka ( )

=1 i=I) k=tg
mka 10 mkH
2(1 4+ O(e)) M E: i || ol || +0
" l,L T 10 k=tx mka 2 mk; (6)
0

2(1 4 O(e)) Miwd((1 + 6,) 4o, Lo, m)2<t—tf<+1> + O(e).

Therefore, the last adjustment cannot take more than At iterations for any m; schedule.
Then, let At; be quantities analogous to Atg, defined for j = 0,..., K as
—log(8k?Myw/6,) 1
logrnag(ogk) 1+ ag(l; — (14 07)m)

At; =

If v > 1, then m; decreases by a factor of at least y every time it is adjusted to a new value. Hence,
Wi —1 > yuk forevery my schedule, which implies that /1 < g1 /(1+46,,) for every m; schedule.
Hence, by the same rationale above, it cannot take more than At for m; to be adjusted to its second
last value before reaching the interval [m/~, (1 4+ d,,)m]. It follows by induction that it cannot
take more than At; for m; to be adjust to its K — j-th to last value before reaching the interval
[m/7, (1+ d,,)m]. Moreover, since by design m; < L, it cannot more than K < log. (k/(1+4dm))
adjustments before m; reaches the interval [m/~, (1 + d,,)m]. Therefore, letting v be given by
(145), as

+o00

1
o JZ::O 1+ agm(1+6,) (v — 1)

we conclude that my; < (1 + d,,)m for all ¢ > 7, where

—log(8Kk2Mjw/6,) S — log( 8&2M1w/5 f: 1
log 1’ ~  logrnag(ogk) p= 1+ agm(l+d)(77 — 1)
because log is monotone and rnag (0pk) < 1’/ < 1,and 14+ apm(1+ 6;) (77 — 1) > 0. [ |

63



ADAPTIVE ACCELERATION WITHOUT STRONG CONVEXITY PRIORS OR RESTARTS

B.3. Main Result

At last, we are ready to prove Theorem 5, establishing that Algorithm 1 achieves acceleration around
the minimum.

Proof [Proof of Theorem 5] Let d,, and d,, be positive numbers such that §,, < min{d,,, 1/2} and
dm < v — 1. Then, define 6y = (1 + d,,)/(1 + 6y) — 1, and let ' = 7/ (dy, d¢, k) be a function such
that rnag(ogk) < ' < 1forall K > 1+ &, where oy = 04(0y, dr, £) is given by Theorem 34. By
Theorem 39, there is some v such that m; < (1 + d,,,)m for all ¢ > 7, where

_ 2
S log(8x*Miw/dy,) (189)
log r’

M, = max; C; /C;. 1In turn, as in the proof of Theorem 38, Theorem 32 then implies that
p(my,m) < rnag(oik) for all t > 7, where 01 = max{vy,0.,}, and 0, = 1 + 2§, +
24/0m (1 + 0pn).

Now, by Theorem 27, we have that p(m¢, ;) < rnag(o1k) for all \;. Hence, given d, such
that (1 + 0, )rnag(o1k) < 1, by Theorem 37 there is a P;(my) = P;(my,d,) = I for each \; such
that G;(my) T P;(my¢)Gi(my) =< (14 65)?rnac(o1k)2Pi(my). Using P;(my) as diagonal blocks, we
define the matrix P(m;) = P(my,d,) = diag(P1(my), ..., Py(my)). The block diagonal structure
of P and G implies that P(m;) »= I, and that G(m;) T P(m;)G(my) < (140, )*rNac(o1k)? P(my).
Hence, if t; <t < t;41 and t > 7, then (162) yields

XL P(me) Xepr = X[ (G () + Go)TP(1)(G(py) + G) Xy
< (14 80)*raac(018)2 X P(uy) Xy + X[ PiX, (190)

since m; = pj, where
P, = G} P(my)G(my) + G(my) T P(my) Gy + G P(my) Gy

By Equation (109), we have that

0 1 0 0
[—6(mt>(1‘2¢> 0 0 (1+5<mt>>(1—¥)]”

= max {1,5(mt)<1 — >} +(1+ 5(mt))<1 — %)
_y (191)

|Gi(ma) || < +

=2

Furthermore, since , > 0 and rNag(01K) > rNag(4) = 1/2, because by assumption xk > 4, the
block diagonal structure of P combined with (146) yields

2 16 M3

1Pl < T— 5= Y T @ s 4

= Ms. (192)

Therefore, combining (167), (191) and (192), and taking € such that e Ly /L < 1, we obtain

12| < @IG(mo)|| + G IGell < TeMs L /L. (193)
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Then, since P(m;) = I, from (190) and (193) it follows that
XA PXi1 < (1 +0)*r? + TeMsLy /L)X PX, = X[ PX,, (194)

where we conveniently use a perturbed rate 7, given by

F=+/(1+0,)%r2 + 7eMsLg /L. (195)
Consecutively applying (194) and reproducing the steps in the proof of Theorem 38, we get
|1 — 2¥]| < C'RT2H R 2o — 2], (196)
where the constant C'is given by
C' =42 - 44 My (8Myw/5,) 0%,
with v, o9 = max{vy, om, 04}, and 6, = 1/(4,/02k) is chosen such that
(1 + 05)rNac(o2k) < TNAG(202K).

Hence, choosing € sufficiently small such that

V(14 65)2r2 + TeMsLy /L < raag(2025),
and then plugging this choice of € back into (196), we obtain
|lze41 — 2*|| < Crac(oR) |20 — 2|,
where ¢ = 205 and C' = C"%7/2t2”_ which concludes the proof. |

To conclude this section, we make a few remarks on C' and ¢ in Theorem 5.

One of the factors of C involves a power v, which is defined by (145) and implicitly involves
some quantities that are arbitrarily set in the local analysis such as d,. Figure 3 illustrates a numerical
example for a particular choice of these quantities, in which case v ~ 1.9. In reality, v is an artifact
of a conservative analysis and does not play a role in practical performance. Indeed, in Theorems 36
and 39 we bound the number of iterates that m, takes to be updated to a new value disregarding that
the \;-coordinates for \; > m, have already been reduced substantially relative to the others in the
previous update, which is reflected in the value of ¢;. In other words, we analyze the convergence
of my as if it was starting from the same initial conditions every time for every update.

Now consider the suboptimality factor ¢. In the proof of Theorem 5, we work with o = 205,
where 09 = max{~, o, 04}, which is a function of 0,,, = 1 4 20, + 21/, (1 + 6,,) and 0 S
1/4(\/0y + 6¢(1 + 64) — \/6u(1 + &¢))%. The suboptimality factor o, is decreasing in d,,,, which
determines the gap in the upper bound of [m/~, (1+,,)m], the interval that contains 7 in the final
convergence regime of NAG-free around x*. Intuitively, the smaller d,, is, the better the estimate
my 18 in the final regime, therefore a smaller suboptimality rate. On the other hand, if ¢, is small,
then so is oy < 4y, therefore oy increases. Intuitively, o4 represents that the time that m; takes to
become sufficiently accurate. Thus, a smaller §,, means that m, takes longer to reach the interval
[m/7, (1 + d,,)m]. More importantly, as m; approaches m, the rate at which m; converges to m
slows down. The factor 2 in ¢ = 207 is a result of a compromise to obtain a reasonable condition
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number for the matrix P in the Lyapunov analysis of the final regime of NAG-free, when m; is
sufficiently accurate for accelerated convergence. In reality, this compromise is an artifact of any
Lyapunov analysis of linear systems, whose solutions are linear combinations of some t*r! terms,
rather than purely exponential solutions r*. Hence, this compromise is typically ignored, e.g. as in
[14], in which case the convergence rate is max{~, o,,, 04 }. Then, for example, letting v = 2, 6,,, =
0.2,0, = 0.01 and 6, = (1 + 6,,)/(1 + 6,) — 1, we obtain max{~y, o, 04} < 2.4. Therefore,
the convergence rate in this case would not be worse than rNag(2.4k), which is competitive with
restart schemes, where “the convergence rate is slowed down by roughly a factor four” [10, page
167]. Notwithstanding, 2.4 is still conservative and, in the next section, we present experiments in
which we see that the suboptimality factor is much closer to 1.
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Appendix C. Numerical Experiments

In this section, we validate NAG-free (Algorithm 1) on a classical machine learning problem and
examine the practical implications of violating one of the technical assumptions made to prove local
acceleration.

We consider the regularized logistic regression objective, given by

f@)=—(1/n) Y log(1+exp(—biAl z)) + (n/2)]?, (197)
=1

where 17 > 0 is a regularization parameter and (A;,b;) € R? x {0,1} are n observations from
a given dataset, which we take from the LIBSVM library [7] and whose details are summarized
on Table 1. Together with 7, the datapoints determine the unknown parameters of f € F(L,m),
bounded by L < L = (1/4n)Amax (AT A) + n and m > 7, where A denotes the matrix with rows
AT and Apax (AT A) denotes the top eigenvalue of AT A. Following the sources (github.com/
ymalitsky/adaptive_GD and github.com/konstmish/opt_methods from which
we borrowed the base code for this experiment, we set 7 = L/10n and zg = 0.

Table 1: Details of datasets from LIBSVM [7] used in the logistic regression experiment.

dataset datapoints dimensions
gisette_scale 6,000 5,000
madelon 2,000 500
mushrooms 8,124 112
phishing 11,055 68
svmguidel 3,089 4
wla 2,477 300

We start with a sanity-check of the estimates of the strong convexity parameter produced by
NAG-free when v = 1.5 and v;, = 1.1. To this end, we compare m_1, the estimate m; held by
NAG-free after 10,000 iterations, with the regularization parameter 1. We consider two variants of
NAG-free: one where Ly = L and another where Ly = L/100. The variant initialized with Ly = L
satisfies the assumptions of Theorem 5, therefore we expect its estimate m_j to be accurate and
that it achieve acceleration. In contrast, initializing Algorithm 1 with Ly = L/100 should activate
backtracking, violating the assumptions of Theorem 5. Table 2 presents the values of 7, 1/~ and
the final estimates of each NAG-free variant. We see that for most datasets, the final estimates m _1
fall within the interval given by [1/~,n]. The exception is the PHISHING dataset, on which m_;
for the two NAG-free variants are roughly five and a half times greater than 7. We investigate this
discrepancy in more detail below. Thus, for most datasets above, the strong convexity parameter m
reduces to the regularization parameter 7. To interpret these results, we compare the performance
of the two NAG-free variants above with that of the following methods:

» NAG parameterized with L = L and m = 7;
* TM, the triple momentum method [27] parameterized with L = L and m = 7;

* NAG+R, the (function value) restart scheme [20] parameterized with L = L;
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Table 2: Regularization parameter 7, 7/~ and the estimates m_; held by NAG-free variants with
~v = 1.5 after 10,000 iterations solving the logistic regression problem. For most datasets,
m_1 fall within the interval [1/~, n], except for PHISHING, which is highlighted in gray..

Dataset n/y  m_1(L) m_1(L/100) n
gisette_scale 9.37e-3  1.26e-2 1.07e-2 1.40e-2
madelon 9.93e2  1.39e3 1.20e3 1.49¢3

mushrooms  2.12e-5 2.24e-5 2.62e-5 3.18e-5
phishing 9.80e-7 7.95e-6 8.35e-6 1.47e-6
svmguidel 1.90e-1 2.47e-1 2.01e-1 2.85e-1

wla 1.67e-5 2.48e-5 2.13e-5 2.51e-5
- NAG =+ NAG+R NAG+RB (1.1)
seee TM = NAG-free+UB (1.5) NAG-free (1.5,1.1)
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Figure 4: Suboptimality gap f(x;) — f(z*) for logistic regression on the A9A dataset. For NAG-
free variants, v = 1.5 is used. The backtracking factor is 1.1 for NAG+RB and NAG-free.
The NAG-free+UB is initialized with Lo = L > L.

* NAG+RB, the (function value) restart scheme [20] where L is found via backtracking;

Figures 4 and 5 show the progression suboptimality gap on the A9A and MUSHROOMS datasets,
where NAG-free and NAG-free+UB denote the variants of NAG-free initialized with Ly = L/100
and Ly = L, respectively. We see that TM performs best on A9A, and NAG-free performs best on
MUSHROOMS. To explain these results, we compare L with the estimate L_; held by NAG-free at
the last iteration. On A9A, L = 1.57 and L_; = 1.39, which implies that L is a good estimate of
the true value of L. Since n also seems to be a good estimate of m, we expect TM to outperform the
other methods, since it has the best theoretical convergence rates among the six methods above. On
the other hand, L = 2.59 and L_; = 0.80 on MUSHROOMS, suggesting that L is a somewhat loose
estimate of the true value of L. Similarly, for NAG+RB, L_; = 1.06, which is slightly worse than
the L estimate produced by NAG-free, even though both methods use the same geometric factor of
1.5 for backtracking.

Now, consider the results obtained from the PHISHING dataset, where the estimates m_; were
considerably greater than the regularization parameter. As Figure 6 shows, the NAG-free and restart-
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— NAG = NAG+R NAG+RB (1.1)
seee TM = NAG-free+UB (1.5) NAG-free (1.5,1.1)
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Figure 5: Suboptimality gap f(z;) — f(«*) for logistic regression on the MUSHROOMS dataset. For
NAG-free variants, 7 = 1.5 is used. The backtracking factor is 1.1 for NAG+RB and
NAG-free. The NAG-free+UB is initialized with Lo = L > L.

— NAG = NAG+R NAG+RB (1.1)
seee TM = NAG-free+UB (1.5) NAG-free (1.5,1.1)
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Figure 6: Suboptimality gap f(x)— f(z*) for logistic regression on PHISHING dataset with zy = 0.
For NAG-free variants, v = 1.5 is used. The backtracking factor is 1.1 for NAG+RB and
NAG-free. The NAG-free+UB is initialized with Lo = L > L.

ing methods outperform both NAG and TM. Crucially, backtracking only marginally improves the
performance of NAG-free and the restarting scheme. In other words, the NAG-free and restarting
methods better NAG and TM thanks to better estimates of the strong convexity parameter. Thus, to
assess whether 7 is a loose estimate of the true strong convexity parameter, we compute the least
eigenvalue of V2 f(x*). We find that they approximately match, however. That is, 7 is actually a
good approximation of the true strong convexity parameter. At first, this seems to be at odds with
the theory presented above, as we expect that at least the NAG-free+UB to correctly estimate m. To
investigate this conundrum, we inspect the estimates produced by this NAG-free variant.
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Figure 7: Estimates of m for logistic regression on PHISHING dataset with g = 0. For NAG-free
variants, v = 1.5 is used. The backtracking factor is 1.1 for NAG+RB and NAG-free.
The NAG-free+UB is initialized with Ly = L > L.

Figure 7 shows the NAG-free+UB estimates c¢; and m;, along with 1. We see that in the first
half of the iterations, the estimates converge exponentially to the final value m_;, which would be
in accordance with theory, except m_; # m. In the second half, ¢; begins to jitter arbitrarily, and
we notice that at this point the suboptimality gap has essentially reached machine precision. Based
on these pattern, we hypothesize the following: the coordinates of z; on the eigenspace associated
with m are initially very small, and by the time they would become significant enough for m; to
converge to m, numerical errors corrupt the estimate m;. To test this hypothesis, we slightly perturb
the initial point, sampling g ~ 1076 x 2/[0, 1)?. Figure 8 shows the corresponding 1 estimates.
We see that, indeed, after reaching an initial plateau, c¢; and m, eventually reach the correct value of
m, just before c; starts to jitter. Figure 10 and Figure 11 show that NAG-free estimates of m behave
similarly to the NAG-free+UB estimates when zg = 0 and z9 ~ 107% x /[0, 1)¢. Therefore,
we conclude that around the origin, the coordinates of x( on the eigenspace associated with m are
really small. Effectively, this improves the condition number of the problem, which NAG-free and
restart methods take advantage of to achieve superior rates of convergence. In summary, NAG-free
and restart methods adapt to and benefit from better local conditioning, opposite to methods with
constant parametrization.

To further substantiate the local adaption phenomenon, we elaborate a stylized problem in-
tended to capture the essence of the phenomenon. Namely, we consider a simple three-dimensional
quadratic objective f(z) = (1/2)z"Hz, where H = diag(1,5,10%), and then fix zg =
(1,103,1)T. The left-hand y-axis on Figure 9 shows the suboptimality gap obtained by NAG
and NAG-free+UB solving this quadratics problem, while the right-hand y-axis shows the NAG-
free+UB estimates m;. For reference, the dashed lines r; and r5 represent the nominal performance
from methods respectively converging at rates racc(L/m) and racc(L/A2), where m = 1, Ay =5
and L = 10*. Likewise, the dashed horizontal black lines mark the values of Ao and m. We see
that initially, NAG-free+UB converges roughly at the rate racc(L/\2), and then eventually settles
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Figure 8: NAG-free+UB estimates of m for logistic regression on PHISHING dataset, with zg ~
108 x U[0,1)%.
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Figure 9: Suboptimality gap for a quadratics problem superimposed by NAG-free+UB estimates of
m and by accelerated rates when m = 1 and m = 5, r| and 7s.

at the nominal rate for this problem, rycc(L/m). As the plot of m; show, the estimates determine
in which regime NAG-free+UB operates. Therefore, NAG-free+UB is able to adapt to the benefi-
cial initial distribution of the x( coordinates, which improves the effective condition number of the
problem by a factor of 5, As a result, NAG-free+UB converges substantially faster than NAG until
the m-coordinates of z; become non-negligible relative to the A2-coordinates.

The PHISHING and stylized quadratic examples above illustrate that in practice Assumption 4.4
need not hold for x1 o, but it must hold for some other ;o with ¢+ > 1. That is, it may be that
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Figure 10: NAG-free estimates of m for logistic regression on the PHISHING dataset with x¢ = 0.
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Figure 11: NAG-free estimates of m for logistic regression on the PHISHING dataset with x¢ ~
1076 x «[0, 1)4.

the m-coordinates of xg are sufficiently small for the effective strong convexity parameter to be
some other eigenvalue \; > m of V2 f(z*). In turn, the effective condition number of the problem
improves to L/\; < L/m. NAG-free is able to adapt to this improved condition number, achieving
better convergence rates.
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