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Summary

We study fixed-budget pure exploration settings for multi-task representation learning
(MTRL) in linear and bilinear bandits. In fixed budget MTRL linear bandit setting the goal is to
find the optimal arm of each of the tasks with high probability within a pre-specified budget.
Similarly, in a fixed budget MTRL bilinear setting the goal is to find the optimal left and right
arms of each of the tasks with high precision within the budget. In both of these MTRL settings,
the tasks share a common low-dimensional linear representation. Therefore, the goal is to
leverage this underlying structure to expedite learning and identify the optimal arm(s) of each
of the tasks with high precision.

We prove the first lower bound for the fixed-budget linear MTRL setting that takes into
account the shared structure across the tasks. Motivated from the lower bound we propose
the algorithm FB-DOE that uses a double experimental design approach to allocate samples
optimally to the arms across the tasks, and thereby first learn the shared common representation
and then identify the optimal arm(s) of each task. This is the first study on fixed-budget pure
exploration of MTRL in linear and bilinear bandits. Our results show that learning the shared
representation, jointly with allocating actions across the tasks following a double experimental
design approach, achieves a smaller probability of error than solving the tasks independently.

Contribution(s)

1. We formulate the first fixed-budget MTRL problem for the linear and bilinear bandit settings
and establish the first lower bound for the fixed-budget MTRL linear bandit setting.
Context: Previous work of MTRL setting studied fixed confidence linear (Du et al., 2023)
and bilinear bandits (Mukherjee et al., 2023b). We establish the first lower bound for the
fixed-budget MTRL in linear bandit setting and show that probability of error scales as
Q(M exp(—nA?/Hy yinlog, k)). Our bound contains the worst case hardness parameter
Hs i, instead of the true hardness parameter H ji,. The work Du et al. (2023); Mukherjee
et al. (2023b) provides no such lower bounds for the pure exploration MTRL setting.

2. We propose a double experimental design algorithm for fixed-budget MTRL linear bandits
setting and prove a tight upper bound on the probability of error.
Context: Our proposed algorithm for fixed-budget MTRL linear bandits has the probability
of error scaling as O(M exp(—nA?/Hs jin log, k)). Therefore, the upper bound on the
probability of error of our proposed algorithm matches the lower bound with respect to the
parameters k, d, M, and worst case hardness Hs ji,. Previous work (Du et al., 2023) studied
fixed confidence MTRL linear bandit setting.

3. We also extend our work to fixed-budget bilinear bandit settings and again propose a double
experimental design algorithm.
Context: Our proposed algorithm achieves a probability of error that scales as
O(M (exp(—nA?)/Hj pitin logy (k1 + k2)7). Previous work (Mukherjee et al., 2023b) stud-
ied fixed confidence MTRL bilinear bandit setting. We show the first upper bound on the
probability of error in bilinear setting that has the worst case hardness parameter H5 pjjin in
the bound.
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Abstract

In this paper, we study fixed-budget pure exploration settings for multi-task representa-
tion learning (MTRL) in linear and bilinear bandits. In fixed budget MTRL linear bandit
setting the goal is to find the optimal arm of each of the tasks with high probability
within a pre-specified budget. Similarly, in a fixed budget MTRL bilinear setting the goal
is to find the optimal left and right arms of each of the tasks with high precision within
the budget. In both of these MTRL settings, the tasks share a common low-dimensional
linear representation. Therefore, the goal is to leverage this underlying structure to
expedite learning and identify the optimal arm(s) of each of the tasks with high precision.
We prove the first lower bound for the fixed-budget linear MTRL setting that takes
into account the shared structure across the tasks. Motivated from the lower bound
we propose the algorithm FB-DOE that uses a double experimental design approach
to allocate samples optimally to the arms across the tasks, and thereby first learn the
shared common representation and then identify the optimal arm(s) of each task. This is
the first study on fixed-budget pure exploration of MTRL in linear and bilinear bandits.
Our results show that learning the shared representation, jointly with allocating actions
across the tasks following a double experimental design approach, achieves a smaller
probability of error than solving the tasks independently.

1 Introduction

In this paper, we study Multi-task Representation Learning (MTRL) for fixed budget pure exploration
settings in linear and bilinear bandits. Both linear and bilinear bandits are an important class of
sequential decision-making problems. The linear bandit setting shows up in a lot of real-world
settings such as news content recommendation (Li et al., 2010), ad recommendation (Chu et al.,
2011), online safe decision making (Kazerouni et al., 2017). Similarly, the bilinear bandit setting
shows up in applications that require interactions between pairs of items. For example, in a drug
discovery application, scientists may want to determine whether a particular (drug, protein) pair
interacts in the desired way (Luo et al., 2017; Jun et al., 2019). Likewise, an online dating service
might match a pair of people and gather feedback about their compatibility (Shen et al., 2023). A
clothing website’s recommendation system may suggest a pair of items (top, bottom) for a customer
based on their likelihood of matching (Reyes et al., 2021).

We focus on the multi-task representation learning setting (Bengio et al., 1990; Schaul & Schmidhuber,
2010). In many decision-making problems there exists several interrelated tasks such as treatment
planning for different diseases (Bragman et al., 2018) and content optimization for multiple websites
(Agarwal et al., 2009). Often, there exists a shared representation among these tasks, such as the
features of drugs or the representations of website items. Therefore, we can leverage this shared
representation to accelerate learning. This area of research is called multi-task representation learning
and has recently generated a lot of attention in machine learning (Bengio et al., 2013; Li et al., 2014;
Maurer et al., 2016; Du et al., 2020; Tripuraneni et al., 2021; Du et al., 2023; Mukherjee et al., 2023b).
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There are many applications of this multi-task representation learning in real-world settings. For
instance, in clinical treatment planning, we seek to determine the optimal treatments for multiple
diseases, and there may exist a low-dimensional representation common to multiple diseases. To
avoid the time-consuming process of conducting clinical trials for individual tasks and collecting
samples, we utilize the shared representation and decrease the total number of required samples.

Moreover, in many settings, it is expensive to collect samples and the learner wants to identify the
optimal arm with high precision within a pre-specified number of samples n. This is termed the fixed
budget setting (Bubeck et al., 2009; Audibert et al., 2010; Azizi et al., 2022; Lalitha et al., 2023)
and the goal of the learner is to minimize the probability of error in identifying the optimal arm(s).
Previously the Katz-Samuels et al. (2020); Yang & Tan (2021); Azizi et al. (2022) studied the setting
under a single task linear bandit setting without representation learning component. Recent work
(Du et al., 2023; Mukherjee et al., 2023b) focused on the fixed confidence setting for the MTRL
linear and bilinear bandits. Note that Carpentier & Locatelli (2016) have shown that fixed budget
setting requires a different approach than fixed confidence as the strategy that is optimal in fixed
confidence may not be achievable in fixed budget setting. Therefore, the fixed budget MTRL in linear
and bilinear bandits is an important area of study that has remained underexplored.

In particular, if we directly apply an existing approach from linear bandits, such as OD-LinBAI (Yang
& Tan, 2021) or GSE (Azizi et al., 2022), to the linear MTRL fixed budget setting, the resulting
probability of error scales as O(M exp(—nA? /dlog, d)), where O(-) hides other smaller factors,
d is the dimension of the feature of the arms, and A is the minimum reward gap. In this paper, for
illustration purpose, we consider OD-LinBAI as a representative algorithm for single task fixed-
budget linear bandits. Similarly, in the bilinear MTRL fixed budget setting, the probability of error
of OD-LinBAI scales as O(M exp(—nA?/dydg logs d1da)) where dy, do are the dimensions of the
feature of the left and right arms, respectively. Meanwhile, the power of MTRL lies in leveraging
the underlying shared representation across tasks to expedite learning, which further reduces the
individual task learning to a low dimensional latent space. Importantly, for linear bandits the low
dimensional latent features scale with latent dimension &£ < d; for bilinear bandits, the latent
dimensions of left and right arms k1, ko < d1, d2, and the rank of hidden parameter matrix scales as
r < min{ks, k2 }. The performance of OD-LinBAI suffers as it treats the task individually, and fails
to learn the shared representation and the latent features in low dimension. Hence the two questions
to ask are these:

1) Can we design a MTRL algorithm for fixed-budget pure exploration in linear bandits
whose probability of error scales as O(M exp(—nA2/klog, k))?

2) Can we design a MTRL algorithm for fixed-budget pure exploration in bilinear bandits
whose probability of error scales as O(M exp(—nA?)/(ky + ka)rlogy((k1 + k2)r))?

In this paper, we answer positively to the above questions and make the following novel contributions
to the MTRL decision-making setting:

1) We formulate the fixed-budget MTRL problem for the linear and bilinear bandit setting. To our
knowledge, this is the first work that explores MTRL for fixed-budget pure exploration in linear and
bilinear bandits.

2) We establish the first lower bound for the fixed-budget MTRL in linear bandit setting and show
that probability of error scales as Q(M exp(—nA?/Hy yin log, k)), where Ho iy, is the worst case
hardness of the problem. We leave getting a lower bound with respect to true hardness H 3, for
future works.

3) Motivated by the lower bound we propose the algorithm Fixed Budget Double Optimal DEsign
(abbreviated as FB-DOE) for the fixed-budget MTRL in linear bandits whose probability of error
scales as O(M exp(—nA?/Hs jin log, k)). Therefore, FB-DOE upperbound matches the lower
bound in the linear MTRL setting with respect to the parameters k, d, M, and Hs ji,. This improves
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over OD-LinBAI whose probability of error scales as O(M exp(—nA2/ Hj i, logy d)) and Hj yp,) >
Hj jin.

4) Our algorithm FB-DOE for the fixed-budget MTRL in bilinear bandits achieves a probability
of error that scales as O(M (exp(—nA?)/Hz piin log(k1 + k2)r). This improves over OD-LinBAI

whose probability of error scales as O(M exp(—nA?/Hy i, 108, didy)) and Hy yyy, > Ha bilin.

2 MTRL Fixed Budget Linear Bandit

In this section, we study the linear fixed-budget MTRL bandits. We first introduce the setting in
Section 2.1. Recall that our goal is to devise an algorithm for the fixed-budget linear MTRL setting.
To this effect, we first present the lower bound for fixed-budget linear MTRL bandits in Section 2.2.
Motivated by the lower bound, we then introduce the MTRL algorithm for the fixed-budget linear
bandits in Section 2.3.

2.1 Preliminaries

We now introduce the linear MTRL setting (Yang et al., 2020; 2022; Du et al., 2023). We denote
[n] ={1,2,...,n}. We consider a setting with M tasks, indexed by m € [M]. Each task m consists
of a set of arms denoted by X C R? and an unknown parameter 0« € R?. For each x € X,
Ix|l2 < L, for some L. In the linear bandit setting, at each round ¢, the learner chooses an arm
Xm,t € X for each task m, and the expected reward is xTTn’th7*. We assume that each 6, . can
be decomposed as 6,, . = Bw,,, where B € R?*¥ is shared across tasks, while w,,, € R¥ is
task-specific (Yang et al., 2020; 2022). Let ||w,,||2 < 1. We assume that k < d, k > 2 and M > d,
hence B facilitates dimensionality reduction. In the context of MTRL, B is referred to as feature
extractor, while X, ; is termed as rich observations. The reward for task m € [M] at round ¢ is:

(a)
Tt = Xon 1O + Tt = X BWor + it = & Wi + T 6))

where n,,, ; represents independent zero-mean 1-sub-Gaussian noise, and in (a), g,—';yt = x;;’tB € RF
denotes the latent feature. After the learner commits the batch of actions {x,,; : m € [M]}, they
receive the batch of rewards {r, ; : m € [M]}. The latent feature g, ; is unknown to the learner
and needs to be learnt for each task m, hence the term MTRL. Let ¢;;, be the optimal arm in task m
and define the gap Am,i:(x; fx,;)T0m7* for i # i¥,. WLOG we assume i), = 1. For simplicity,
we assume that the expected Tewards of the arms are in descending order and that the best arm is
unique. The goal is to identify the optimal arm %, for each task m € [M].

2.2 Lower Bound for Linear Fixed Budget MTRL

In this section, we present the first lower bound for the fixed-budget linear MTRL setting. The key
idea is to formulate the linear MTRL linear setting as a hypothesis-testing problem. To this effect,
we first define an environment model for task m as D} consisting of A actions and J hypotheses
with true hypothesis 8] = 0{’3 (ij-th column). This is shown in (2) where, each ¢;; is distinct and

satisfies 1;; < /4J +T'/4N for some § > 0, N > maxX,,eum] W' The 67} is the optimal

hypothesis in D7}, 675 is the optimal hypothesis in D7 and so on such that for each D} and

i € [N],j € [J] we have column (7, j) as the optimal hypothesis. This is a general hypothesis
testing setting where the functions 1, (6™) can be thought of as linear functions of ™ such that
11a(0™) = X (a) T O™ = Xy, (a)B;w" for some i € [N] and j € [J]. Note that this environment is
different than previously studied for single-task linear bandit setting of Huang et al. (2017); Lattimore
& Szepesvari (2020) as they do not consider the shared feature extractor B and the latent parameters
Wi

Theorem 1. (Lower Bound) Let |®| = 2¢ and 0,, .. € ©. Then any 6-PAC policy  in the linear

MTRL setting suffers a total probability of error as Q(exp(— lé\g:d) +M exp(—m)) for the

environment in (2), where Hy 1, = maX,,c[r7] MaX2<i<k A+ is the hardness parameter.

myi
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127 Discussion 1. Observe that Theorem 1 has two terms in the bound. The first term is the probability
128 of error in estimating the feature extractor B that increases as the number of tasks M increases and
129  depends on the ambient dimension d. The second term is the probability of error of misidentifying
130 the optimal arm in each task m. This term scales with the number of tasks M and latent dimension
131 Kk < d,. The problem complexity parameter H ;;,, is present in the term 2, which captures the
132 worst-case difficulty of identifying the optimal arm across tasks. Note that we do not get the true
133 hardness Hi jin = max,,c[y] Zle ﬁ in the lower bound, and we leave this to future works.
134  Proof (Overview:) The proof differs from the lower bound proof techniques of Carpentier & Locatelli
135 (2016); Huang et al. (2017) for the structured bandit settings. We reduce our MTRL linear bandit
136  problem to the hypothesis testing setting and construct a worst-case environment as in (2). The key
137  technical novelty lies in constructing the worst-case environment in (2), which jointly scales with the
138 number of tasks and the latent parameter w,,, whereas (Huang et al., 2017; Mukherjee et al., 2022)
139 only consider a single-task setting. The proof is given in Appendix A.2.
140 2.3 Proposed Algorithm FB-DOE
141 We now present our algorithm for the fixed-budget linear MTRL setting. The Theorem 1 shows that
142 an optimal agnostic algorithm should first estimate the shared feature extractor B and then estimate
143  the optimal arm per task. Moreover, the budget n must carefully be divided to reach the optimal rate
144 with respect to k, d, and M. Motivated by this we propose the FB-DOE, which is a phase-based,
145  two-stage arm elimination algorithm. Recall that in the fixed budget setting the budget n is given. So
146 we divide the algorithm into two stages. The first stage consists of n/2 rounds, where the FB-DOE
147  estimates the feature extractor ﬁn Then the second stage consists of another n /2 rounds, where the
148 FB-DOE eliminates sub-optimal arms in each task m and finally outputs the estimated optimal arm
149 ¢ for each task m. Now we discuss each stage of FB-DOE.
150 2.3.1 Stage 1: Estimating B
151 In the first stage, FB-DOE leverages the batch of rewards {r,, ; : m € [M]} at every round ¢ from
152 M tasks to learn the feature extractor B. To this end, FB-DOE first solves the E-optimal design in
153  line 2 of Algorithm 1 in Appendix A.1. Note that F-optimal design minimizes the spectral norm of
154  the inverse of the sample covariance matrix and is therefore the most suited strategy at the subspace
155  recovery stage. For each task m, FB-DOE samples each arm x(i) for [7ZbZ(i)] times, where
156 7E = n/2M, bE(i) is the allocation proportion of E-optimal design on x (7). With slight abuse
157  of notation, we let r,, ;(i) be the reward observed for the ¢-th pull of arm x(7). It then builds an
158  estimator Zn for the average hidden parameter Z, := ﬁ Z%Zl Gm,*OIM as follows:
M Tim -1 T -1 T
7 2 o o7 T ) T
Zn:m Z Omom - ( Xm,tX77L7t) s Om:( Z Xm,tx7yl7t) Xm,tTm,t 3)
m=1 t=1 t=1 t=1
159  where é\m € R% serves as an estimator for O «. Next, it performs SVD decomposition on in, and
160 let the top-k left singular vectors of Zn be ]§n, which serves as the estimator for the feature extractor
161  B. This is shown in lines 3-5 of the pseudocode in Algorithm 1 in Appendix A.1.

4
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2.3.2 Stage 2: Per task arm elimination

In the second stage, FB-DOE aims to identify the optimal arm in each task m by reducing the original
d-dimensional linear bandits to a lower k-dimension problem. This is done as follows: For each task
m, define the dimension-reduced arm set G, as G,,, = {gn = BZ x,Vx € X'}. Note that g,,, € R”
and so we have reduced the original d-dimensional linear bandits to k-dimensional linear bandits for
each task m. This step critically sets us apart from standard linear fixed-budget works (Yang & Tan,
2021; Azizi et al., 2022). Then FB-DOE runs the G-optimal design similar to OD-LinBAI. We use
G-optimal design in this stage, as it minimizes the maximum prediction error for feature vectors. In
particular, FB-DOE partitions the remaining n/2 rounds into [log, k] phases. It then maintains an
active arm set G,,, ¢ in each phase ¢ = 1,2, ..., [log, k]. The length of each phase roughly equals
N (k), defined as

k(k+1 ogo k1—1
S -min(a, A5 e - [ ]
Nm (k): Mog, k| . 4

We use n,,, (k) to signify that phase length depends on the latent dimension k. Motivated by the
equivalence of the original arm vectors and the dimension-reduced arm vectors, at the beginning of
each phase ¢/, FB-DOE computes a set of dimension-reduced arm vectors {g, ¢(¢) : i € Gp, -1} C
REm.¢ that spans the km,¢e-dimensional Euclidean space R¥m.¢_ This can be implemented based on
the arm vectors of the last phase {g, ¢—1(¢) : ¢ € Gy, o—1} in an iterative manner (see lines 9-14 of
Algorithm 1 in Appendix A.1).

Finally, FB-DOE finds a G-optimal design b% ; for each task m in phase £ with the current dimension-
reduced arm vectors, with a restriction on the cardinality of the support when ¢ = 1. FB-DOE then
pulls each arm in G,,, ¢—1 according to bf,’;’ ¢- Specifically, it samples each arm ¢ € G,,, o1 exactly
N (i) = [b%e(i) Ny, (k)] times, where n,,, (k) is defined in (4). This step stands in sharp contrast
to prior fixed-confidence MTRL algorithm (Du et al., 2023), as the low dimensional elimination per
task in every phase must be done carefully to reach the exponentially low probability of error (see
lines 9-18 of Algorithm 1 in Appendix A.1).

Note that the support of the G-optimal design b% , must span R¥7.¢ by Lemma A.1. Therefore, the
ordinary least-square (OLS) estimator can be applied to estimate w,,, (Line 21 of Algorithm 1 in
Appendix A.1). Then for each arm ¢ € G,,, o1, an estimate of the expected reward is derived using
only the observed rewards in that phase. At the end of each phase ¢, FB-DOE eliminates a subset
of possibly sub-optimal arms for each task m. In particular, |G,, o| — [k/2] arms are eliminated
in the first phase, and about half of the active arms are eliminated in each of the following phases.
Eventually, there is only a single arm /Z\Tn in the active set for each task m, which is the output of
FB-DOE. The full pseudo-code is given in Algorithm 1. We further discuss rounding procedures in
Remark A.18 and additional insights on algorithm in Remark A.19.

2.4 Probability of error

In this section, we analyze FB-DOE and bound the probability of error in identifying the optimal arm
i, for each task m € [M]. We first state assumptions required for our main results on linear setting.
Assumption 2.1. (Diverse Tasks) We assume that amin(ﬁ Z%Zl me;lq;) > %’, for some ¢y > 0.
This assumption ensures that the parameters w1, . .., w are well-distributed in all directions of R¥,
which is necessary for recovering the feature extractor B (Yang et al., 2020; 2022; Du et al., 2023).

Assumption 2.2. (Eigenvalue of G-optimal Design Matrix) For any task m € [M],
omin(32; bS (1)B Tx(i)x(i) "B) > w for some constant w > 0.

This assumption ensures that the covariance matrix >, bS (i)B "x(i)x(i) ' B under the optimal
sample allocation in the second stage is invertible, which is necessary for estimating w,, .

Let 5w7 1, (+) hide problem dependent factors w and L. Then under Assumption 2.1 and Assump-
tion 2.2, we have the following guarantee for FB-DOE in the MTRL linear bandit setting.



207

208
209

210
211
212
213
214
215
216
217
218

219

220
221

Under review for RLC 2025, to be published in RLJ 2025

Algorithm 1 Fixed Budget Double Optimal Design (FB-DOE) for Linear Bandits

1: Input: time budget n, arm set X C R%.

2: Let E-optimal design be bY =arg minge A, H (3, bli)xx")™! H Set 7, = 5.

3: Stage 1 (Feature Recovery): Pull arm x(i) € X exactly [bZ (i)7,Z] times for each task m and observe
rewards {rm,t}:;”'l.

4: Compute in using (3). Let f’)n be the top-k left singular vectors of in

: Build g, (i) = x(i) " By, for all x(i) € X for each m € [M]. Denote the set G,,, containing ..

6: Initialize tm,0 = 1,Gm,0 < Gm and km,o = k. For each arm €, (i) € Gum 0, set m,0(1) = Gm (7).
Calculate n, (k) using (4).

7: Stage 2 (Low dimensional elimination)

8: for £ = 1to [log, k] do

9:  Set ky,,r = dim (span ({gm,e—1(7) : ¢ € Gm.e—1})).

10: if ke = kpyo—1 then

i

11: For each arm ¢ € Gry ¢—1, Set 8m,¢(1) = Bm,e—1 (7).
12:  else
13: Find matrix H,, ¢ € RFm.e=1%Fm.¢ whose columns form an orthonormal basis of the subspace

spanned by {€m,c—1(i) : i € Gm,e—1}. Foreacharm i € Gy o1, set Em,e (i) = H,\, (B e—1(3)
14:  endif
15:  if £ =1 then

16: Find a G-optimal design b, ; : {m.¢(i) : i € Gm,e—1} — [0,1] with [Supp (b, ;)| < BEF
17:  else

18: Find a G-optimal design b’rCrY'L,Z {8m,e(2) 11 € Gmye—1} — [0,1].

19:  endif

20: Set Nye(i) = [bG 4 (8m,e(7)) - nm (k)] and Ny o = > icg,, oy INm.e(i). Choose each arm i €
Gm,e—1 in each task m exactly Ny, ¢() times.
21:  Calculate the OLS estimator for each task m:
tm,etTm,e—1

{’\Vm,Z = E;:g Z gm (At) Tm,t with Em,é - Z Nm,Z(i)gm,E(i)gm,Z(i)T

t=t,, ¢ 1€Gm, -1

22:  Set @,, = BW,, for each task m. For each arm i € Gm,0—1, estimate the expected reward: fim ¢(i) =
(Orm, 0, X (1))

23:  Let Gm ¢ be the set of [k/2°] arms in Gy, 1 with the largest estimates of the expected rewards.

24 Set tm7[+1 = tm,f + Nm,é-

25: end for

Theorem 2. (informal) Define A = min,, min;ex A, ; and Ha i, = MaX,,c|p) MaXo<i<k x7—-

If Mn > [Likzd?le)’;}Z)S 10g2(2d)1, then the total probability of error of Algorithm 1 is given by

Ou.L, (eXp(E,ng) + M exp(— g7 507)-

Discussion 2. We have two terms in the bound of Theorem 2. The first term is the probability
of error in estimating the feature extractor B. Observe that as the number of tasks M increases,
the first term decays faster, indicating that FB-DOE has a better estimation of the feature extractor
B. The second term is the probability of error that FB-DOE suffers in misidentifying the optimal
arm in each task m. Observe that the second term scales with the number of tasks M and low
dimension k£ < d, as FB-DOE runs an individual G-optimal design for each task in lower dimension
k. The problem complexity parameter H ;;,, is present in the term 2, which captures the worst-case

difficulty of identifying the optimal arm across tasks. Note that this improves upon the bound of linear

OD-LinBAI which scales as O(M exp(fm)), where Hj 1, = maxX,,c|y) MaXa<i<d A7
and H. é > Hj 1;, . We further discuss the bounds in Remark A.20 and theoretical comparisdn
: . Lik*d*c’ (p”)? log®(2d)

in Remark A.21. Also, observe that the condition Mn > [== AT | depends on the
number of tasks and the given budget n. If budget n is small, a large number of tasks M can ensure

lin
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the condition of Theorem 2 is satisfied, and it speeds up learning of shared representation across the
tasks.

We remark that the upper bound on the probability of error in Theorem 2 matches the lower bound
in Theorem 1 with respect to the parameters k,d, M and Hoy,1in. However, note that Hy g, <

Hiin = maX,e[M] Zf 1 AQ - < Hj jin log, k. We leave getting a lower bound with true problem-

dependent parameter H _jip for future works.

Proof (Overview): We divide the proof into three steps. In step 1 we bound the estimation error of
the average estimator Z,,. In step 2 we analyze the estimation error for feature extractor B. Finally in
step 3 we bound the probability of wrongly eliminating optimal arm in low dimension.

Step 1 (Estimation of average parameter, Stage 1): In the first stage FB-DOE builds the estimator
Z for the average parameter Z. = 5 Z 1 0. mH . We modify the proof technique of Du et al.
(2023), and show in Lemma A.6 of Appendlx A.3 that the total probability of error in the first stage

is given by (% exp ( )) Here, p” is the optimization value of the E-optimal design in

line 2 of Algorithm 1. Since the tasks share the same arm set X, the p¥ = pE for any m € [M].
Observe that as the number of tasks M increases, the FB-DOE has better estimates of Z,..

Step 2 (Estimation of feature extractor, StaAge 1): Now using the estimator in (3) we geta good
estimation of the feature extractor B. Let B,, be the top-k left singular vectors of Z,. Then
using the Davis-Kahan sin # Theorem (Bhatia, 2013) in Lemma A.9, we have ||(BL)TB|| <

O(p”( \2/% exp (=21 ). Recall that for task m, G, consists of all latent arms &, (i) = B, x(i)

for each x(i) € X. Then we prove that oumin (g, (1yeg,. P (0)8m(1)8m (7)) > 0 (Lemma A.10),

which guarantees that the G-optimal design in stage 2 is valid. Next, Lemma A.12 states that the

feature estimation error is low, such that for any task m € [M] and g,,(j) € G, ||gm (4|21 <
m, e

llgm (4 )||2 = + Zﬁ% exp(—Mmn) for some constant ¢ > 0. Finally using Lemma A.13, we show

that the parameter estimation error is also low with the estimated feature g, (j). We remark that in
all these steps the key challenge lies in deriving an exponentially decaying error bound under the
budget n (Lemma A.10, Lemma A.12), which requires a significantly different analysis than the
arguments in Du et al. (2023); Yang et al. (2020; 2022)—they only apply for fixed confidence or
regret minimization setting.

Step 3 (Elimination in low dimension): In the final step we bound the probability of error in
outputting ¢y, for individual tasks. Our key technical novelty lies in controlling the probability of
error for each task m even with the noisy latent features in low dimension R¥. Additionally, we have
to account for feature and parameter estimation error for Mn > (Li K d? C,LE)’;Z); log® (2d) 1, which is
not studied in Yang & Tan (2021). In Lemma A.14 we show that indeed the total budget used is at
most n. Then in Lemma A.16, Lemma A.17 we ensure that the best arm ¢}, is eliminated in phase ¢
with an exponentially small probability with the right complexity parameter H»_ 1, appearing in the
bound. This parameter does not show up in the fixed confidence analysis of Du et al. (2023). We
combine all steps to get the final claim in Theorem 2.

Technical challenge: Our key technical is to combine the proof technique of Du et al. (2023)
with that of Yang & Tan (2021) to derive the upper bound. In the first stage, we derive the high
confidence bounds that are exponentially decaying with budget n where we modify Lemma C.3
of Du et al. (2023) to take into account the fixed sample size of our phase (i.e n/2 rounds). This
leads to a new estimation of the feature extractor B in Lemma A.9, and then for a sufficiently large
Mn > (Lik”%'i’;}i); logz(%)] we have a non-vacuous solution to the G-optimal design in stage 2.
These are shown in Lemma A.6-Lemma A.13. In the second stage, our technical novelty lies in
controlling the probability of error for the noisy latent features in low-dimensional multi-task linear
bandits. This is shown in Lemma A.14, Lemma A.16, and Lemma A.17. Note that this approach
differs from the existing art of fixed budget linear bandit settings (Katz-Samuels et al., 2020; Yang
& Tan, 2021; Azizi et al., 2022) and significantly different than the fixed confidence linear bandit
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proofs in (Soare et al., 2014; Mason et al., 2021; Degenne & Koolen, 2019). This is because these
works do not study the multi-task setting and therefore do not need to control the noisy latent feature
estimation error in the bounds.

3 MTRL Fixed Budget Bilinear Bandit

In this section, we present the algorithm for the fixed-budget bilinear bandit setting. Similar as the
linear MTRL setting, again we show that a double experimental design approach will lead to a lower
probability of error than solving the tasks individually.

3.1 Preliminaries of MTRL for bilinear bandits

In the MTRL bilinear bandit setting, we again consider a scenario with M tasks, indexed as m = [M].
Each task is associated with a hidden parameter ©,, , € R41%d2  p the bilinear bandit setting,
different from the conventional linear bandit framework, each task consists of left and right arm sets
denoted by X ¢ R% and Z C R% respectively. So the learner observes a pair of arms denoted by
Xm,t € X and z,,, ; € Z for each task m in each round ¢. The interaction of this arm pair with the
hidden parameter, ®,,, . € Réaxdz, produces noisy feedback (reward) r,,, ; = x:,;’t(-)m’*zmyt + Nt
The term 7),,, ; represents independent zero-mean 1-sub-Gaussian noise.

Following the setting of Mukherjee et al. (2023b), we assume that each @, . can be decomposed
as ©,, . = B1S,,.BJ, where B; € R¥*¥1 and B, € R%**2 are shared across tasks, while
Sim.« € RF1xk2 g task-specific. We assume that k1, k; < di,ds, and k1,ke > 2 as well as
M > dy,ds. Thus, B; and B, serve as means of dimension reduction. Additionally, we assume
each S,, . has rank » < min{ks, k2}. In the context of MTRL, B; and By are referred to as feature
extractors, while x,,, ; and z,, ; are termed rich observations. The reward for task m € [M] at round
t is:

T T T (@ T
T"m,t = Xm7t®m,*zm,t + Nm,t = Xm)tBlsm,*BQ Zm,t + Nm,t = gm7tSm,*vm,t + Nm,t- (5)

where, (a) follows as g,Tn’t = ernthl and v, ; £ B 2, ;. Similar to the learning procedure in
Yang et al. (2020; 2022), at each round ¢ € [n], the learner chooses left and right actions x,,, ; € X
and z,,, ; € Z for each task m € [M]. After committing the batch of actions {X,, ¢,z : m € [M]},
the learner receives the batch of rewards {r,, ; : m € [M]}. Furthermore, in (5), we refer g,,, ; € R*1
and v, ; € R¥2 as the latent features. Both gm,t and v, ; are unknown to the learner and need
to be learned for each task m. WLOG let ¢;;, = 1 be the optimal arm in task m and define gap
A = (X} O zin —x] O, ,2;) for i # i, Let x|, ||z]| < Lo, |Sm«llF < 1. Again, for
simplicity we assume that the expected rewards of the arms are in descending order and the best arm
is unique. Let S, be the minimum eigenvalue of ®,,, , for any m € [M].

3.2 Proposed algorithm: extension of FB-DOE

We now present an extension of FB-DOE to the bilinear bandit setting. The FB-DOE is a phase-based,
three-stage arm elimination algorithm. The key difference from the linear bandit setting is that we
need to have an extra stage to estimate the task-specific parameter S,,, .. Specifically, the algorithm
divides the fixed budget n into three stages. The first stage consists of 7/3 rounds where FB-DOE
estimates the left and the right feature extractors By and Bs. The second stage consists of another
n/3 rounds where FB-DOE aims to estimate the parameter S,,, .. for each task m. The third stage
consists of the last n/3 rounds. Here FB-DOE eliminates sub-optimal arms in each task mn and finally
outputs the estimated optimal arm ?;‘n for each task m. The full pseudo-code is given in Algorithm 2
in Appendix A.1. Now we discuss individual stages of FB-DOE.

3.2.1 Stage 1: Estimating B; and B>

FB-DOE first leverages the batch of rewards {r,, ; : m € [M]} at every round ¢ from M tasks to
learn the feature extractors By and Bs. To do this, FB-DOE first vectorizes arms x € X,z € Z into
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a new vector w = vec(x;z) € W and define w,,, ; = vec(Xym, ¢;2m,¢). The FB-DOE then solves
the E-optimal design in line 2 of Algorithm 2. For each task m, FB-DOE samples each w(i) € W
for [TEbE (i)] times, where 7Z = n/3M and bE (i) is the allocatlon of E -optimal design on w (7).
Then it builds the estimator Z for the average parameters Z, = 37 Z 10m, *9 , as follows,
where 0,, , € R4 ig the vector of O, 4

E E E
TW‘L T Tm

3 M m ’"l
T -1
n Mn m _( Wm,twm,t , Wm twm t Wm tTm,t )
m=1 t=1

where ém € R%9 is an estimator for 0., «. Then it performs SVD decomposition on Zn, and let

]ABLn, ]A321n be the top-k; left and top-ko right singular vectors of Zn, respectively, which are the
estimations of the feature extractors B; and Bs. This is shown in lines 3-6 of Algorithm 2.

3.2.2 Stage 2: Estimating per task S,, .

In the second stage of phase /, the goal is to recover the hidden parameter S,, . for each task m.
FB-DOE proceeds as follows: First, let g, = XTﬁLn and v,,, = zTﬁgm be the latent left and right
arm respectively for each m. Then FB-DOE defines the vector W,,, = vec(gm; Vi) € VNVm and then
solves the E-optimal design in line 7 of Algorithm 2. For each task m, it then samples the latent arm

W € W,, for [FEbE | times, where 7.7 == i and b)  is the solution to E-optimal design on

w. Then it builds an estimator Sm,n for each task m in hne 9 as follows:

E
Tm
~

: -~ 2
Simn = argmin L, (0) + A\, ||O|lnuc, Ln(©) = Z (Pt — (gm’tvr—;’t, 0))". 7
@E]RlekQ =1

Once FB-DOE recovers the §m,n for each task m, it reduces the did> bilinear bandit to a k1 ko
dimension bilinear bandit where the left and right arms are g, (i) € R¥1, v,,, (i) € R*2 respectively
for each x(i) € X and z(7) € Z.

3.2.3 Stage 3: Rotated arm elimination per task

In the third stage, for each task m, FB-DOE defines the rotated arm set g for these kiko di-
mensional bilinear bandits. Consider the SVD of Sm n = Um an an - Define ItIm’n =
[ﬁmnﬁﬁlnfgmn [\A/'mmvmm] where U#m and V#m are the complementary subspaces of U,, ,,

and V,, ,, respectively. Then define the vectorized arm set so that the last (k1 —r) - (ks — 1)
components are from the complementary subspaces as:

Qm = { [vec (gm,l”“v;lalﬂ“) yvec (gmvr'i‘liklv;hl:r) ;

vec (Ag'ml:rv;,r-i-l:l@) yvec (Ag'm,r—&-l:klvjn,r+1:k2)] }

Sm,ml:‘l; = [Vec(Hm,n,lzr,l:r); VeC(Hm,n,r-‘rl:kl,l:r);

vec(H,, n 10 r4+1:k2 )],

Sm,n,%#»l:klk:z = VeC(Hm,n,r+1:k1,r+l:k2)~ (8)

where k = (k1 + E2)r is the dimension of the rotated arm set. This is shown in line 9 of Algorithm 2.
Now we implement a phase-based G-optimal design (like OD-LinBAI) where in the first phase ¢ = 0
we construct a per-task optimal design for the rotated arm set G | o Recall that to minimize the
probability of error for the m-th bilinear bandit we need to sample accordlng to G-optimal design:

G _ . 2
bin,marg min max Jgl(s, bog) g™ +Am0 ©)

=m,
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Here A, ¢ is a positive definite diagonal matrix defined as:

Ao =diag), ... )\ A\, A7 (10)
\Td N————
k kiko—k

where, \} = n/24klog(1 + n/3X) > A. Then FB-DOE runs G-optimal design on the arm set
G, , following the (9) and then samples each w € G, for Ny, (i) = [bG e (i) - npn (k)] times
where bG ¢ 18 the solution to the G-optimal design, deﬁned in step 19-23 of Algorithm 2. At the ¢-th
phase of stage 3, sample the actions according to the G-optimal design similar to Algorithm 1. This
is shown in steps 11-30. The only difference with Algorithm 1 is the estimator 8,,, € R¥*2. Then
for each task m we can just use the observations from this phase to build the estimator S,,, ¢ as shown
in (11). Finally, FB-DOE eliminates the sub-optimal arms using the estimator 8, ¢, and builds the

next phase active set G, and stops when £ = [log, K.
3.3 Probability of Error

In this section, we analyze FB-DOE for the bilinear bandits and bound the total probability of error
in outputting the optimal arm ¢}, for each task m € [M]. We first state our assumptions.

Assumption 3.1. (Diverse tasks) We assume that amin(ﬁ Z%Zl Simx) > z(i ‘Z; for some ¢y > 0
where S, is the r-th largest singular value of ®,, .

This ensures the possibility of recovering the feature extractors B; and B shared across tasks (Yang
et al., 2020; 2022; Mukherjee et al., 2023b).

Assumption 3.2. (Eigenvalue of E-optimal design matrix) For the arm sets X', Z we have
omin(3; BE())B{ x(i)x(i) "B1) > w, omin (Y, bE(1)BJ z(i)z(i) "B2) > w for constant w > 0.
Assumption 3.3. (Eigenvalue of G-optimal design matrix) There exists a constant w >
0 such that for each task m € [M], omn(Y; b5 (1)U, g()g(i)"Uy) > w, and
Tmin(3; b (Vv v(i) T Vin) > w

Assumption 3.2 and Assumption 3.3 ensures that the covariance matrix in second and third stage is
invertible under the E and G-optimal design, respectively. Then under Assumptions 3.1, 3.2, and 3.3,
we have the following probability of error for FB-DOE in bilinear bandit setting.

Theorem 3. Define A = min,, min;ex z Ay ; and Ha piin = MaXy,e[n] MAX2<i< (ky4ho)r KT
m,i

If Mn > f(d1d2)2(k1kzgc;(2p§2)2 log® (2d1ds) 1, then the total probability of error of Algorithm 2 is given

by Ou.r...5. (@P(~ o5, 0-a;) + M exp(igiirmy) + M exp(= 1, togato )

Discussion 2. We have three terms in the bound of Theorem 3 . The first term is the probability
of error in estimating the feature extractors B; and Bs. Observe that as the number of tasks M
increases, the first term decays faster, indicating that FB-DOE has a better estimate of the feature
extractors. The second term is the probability of error that FB-DOE suffers in estimating the hidden
parameter S,, . for each task m. This term scales with M and (ki + ko). Finally, the third term
is the probability of error of mis-identifying the optimal left and right arm in each task m. The
third term scales with the number of tasks M and rotated low dimension (k1 + ko)r < dj, do since
FB-DOE runs an individual G-optimal design for each task in lower dimension (k; + k2)r. The
problem complexity parameter Ho i, is present in term 3, which captures the worst-case difficulty
of identifying the optimal left and right arm in each task. This improves upon the bound of bilinear

OD-LinBAI which scales as O(M exp(—+——2——)) where H, . =max max ;
( p( H3 itin 10g2 didy )) 2, bilin m 2<i<d;da A?n.,i

and Hj vy, > Hz, vilin - We further discuss the bounds in Remark A.40.

Proof (Overview): The proof here follows similar arguments as that of the linear setting (Theorem 2),
although more involved due to the bilinear structure. In particular, the proof now consists of four
steps. In step 1 we again bound the error of the estimator Z,,. In step 2 we analyze the estimation
error of feature extractors By and B, as well as left and right latent features. In step 3 we bound the

10
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error of estimator §m,n for each task m, and further bound the estimation error of latent left and right

features which now scale with k. Finally, in step 4 we bound the probability of wrongly eliminating
optimal arm in low dimension.

Step 1 (Estimation of average parameter, Stage 1): Note that FB-DOE builds the average estimator
Z for the quantity Z, = M Zm 10m *Hm «- We show that the total probability of error in

first stage is given by (% exp(—4 427)) in Lemma A.22 in Appendix A.4. Here, p¥ is the
optimization value of the F-optimal design in line 2. We modify the proof technique Mukherjee et al.

(2023b) to account for the fixed budget setting.

Step 2 (Estimation of feature extractors, Stage 1): Now using the estimator Z in (6) we obtain esti-
mators B1 . and Bg . for the feature extractors By and B, respectlvely Then agam using the Davis-

Kahan sin # Theorem (Bhatia, 2013), we bound the estimation error of B1 n and BQ - inLemma A .24,
and Lemma A.25. Let g, (i) = ]§1Tn (i) foreach x(i) € X and v,,, (i) = BzTn (i) for each z (i) €
Z for task m. Let Wy, (i) = vec(x(i); z(2)). Then we show that oumin (3 g ;) bE (i)w(i)w(i)T) >0
in Lemma A.26. This ensures that the E-optimal design in stage 2 is feasible and not vacuous. In
Lemma A.27, we prove that the feature estimation error is low such that for each task m € [M] and
any g,.(j) € Gom,
A similar result holds for v,,,(j) € Vi, for each task m. In all these steps the key novelty lies in
establishing an exponentially decaying error bound under the budget n.

4
(])||22;11 llg(y )||2 L+ W exp(—Mn) for some constant ¢ > 0.

Step 3 (Estimation of S,,, .., Stage 2): Using the estimator in (21) we get a good estimation of
the S,, . for sufficiently large n. The key novelty in this step is to use Restricted String Convexity
and Theorem 15 of Lu et al. (2021) to derive the exponentlally decaying bound with the right
dependence on kq, ks. Let the SVD of Sm n = Um nDm, nV »- Again using the Davis-Kahan

sin # Theorem, we show in Lemma A.32, A.33 that we have good estimators IAJ,,W and \A/',,w.
FB-DOE then rotates the arms following (8). Letg (i) = U, .x(i) for each g, (i) € G, and

v, (1) = \A/';mz(z) for each v, (i) € V,, for task m. Then we ensure in Lemma A.36 that
min(Qicg,, b& (i)gm(1)gm (i) T) > 0. This ensures that the G-optimal design in stage 3 is valid.
In Lemma A.37, we ensure that for any task m € [M], the estimation error of each g,,(j) € Gn,
decays exponentially. A similar result holds for v; € V,, for each task m. Finally using Lemma A.38
we ensure that the estimation error is also low with the estimated features g,,,(j) and v,,,(j). Note
that in all these steps the key novelty lies in deriving an exponentially decaying error bound under
budget n with the right complexity parameter Ho pijin appearing in the bound. This parameter does
not show up in the fixed confidence analysis of Mukherjee et al. (2023a).

Step 4 (Elimination in low dimension): In the final step we follow the same steps as in step 3 of the
proof of Theorem 2 for the rotated arm set G (see line 10) for each task m. The final result follows
by combining all the steps.

We leave proving the lower bound for fixed budget bilinear bandit setting to future works.

4 Experiments

In this section, we show two synthetic proof-of-concept experiments for MTRL linear and bilinear
bandit settings and one-real world linear MTRL experiment on Nectar Dataset (Zhu et al., 2023).

Here’s the converted version using the subfigure format you specified: latexCopy In the MTRL linear
bandit experiments (synthetic and Nectar), we compare against the OD-LinBAI (Yang & Tan, 2021).
Figure 1a and Figure 1c show that FB-DOE achieves a lower probability of error than the OD-LinBAI
with an increasing number of tasks. Note that the real-world experiment does not follow the linear
MTRL Assumption 2.1, 2.2. In the MTRL bilinear bandit experiment, we compare against the fixed
budget OD-LinBAI algorithm as there is no existing fixed budget algorithm for bilinear bandits.

11
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(a) Linear setting (b) Bilinear setting (c) Nectar Dataset
Figure 1: Probability error with increasing task numbers.

From Figure 1b, we see that FB-DOE achieves a lower probability of error than OD-LinBAI with an
increasing number of tasks. We defer a fuller description of the experimental setup to Appendix A.5.

5 Conclusions and Future Directions

In this paper, we formulate the first fixed budget pure exploration (bi)linear MTRL setting. We
propose the first double and triple optimal design based algorithms for the fixed budget (bi)linear
bandit setting. We show that our proposed algorithm FB-DOE in linear bandit setting achieves a
probability of error scaling as O(M exp(—nA? /klog, k)), which improves upon OD-LinBAI error
of O(M exp(—nA2/dlog, d)). Similarly, in the bilinear bandits, FB-DOE achieves a probability of
error scaling as O(M (exp(—nA2/(ky + ka)rlogy(ky + k2)r)), which improves upon OD-LinBAI
error of O(M exp(—nA2/dydylog, dids)). We also provide the first probability of error lower
bound for the linear fixed budget MTRL setting and show that FB-DOE probability of error upper
bound matches the lower bound with respect to k, d, M and worst case hardness paramater H ;.
In the future, we wish to extend our results to other structured bandit settings (Degenne & Koolen,
2019; Tirinzoni et al., 2020).
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558 A Appendix
559 The G-optimal design (Pukelsheim, 2006; Fedorov, 2010) problem aims at finding a probability
560 distribution b : {x(%) : ¢ € [A4]} — [0, 1] that minimises
bG — -\ (12 .
9(b™) 11,2% HX(Z)HV(bG)
561 where V(b) = 3 ;14 b(i)x(i)x(i) T. Then the following lemma states the existence of a small-
562  support G-optimal design and the minimum value of g.
563 Lemma A.l. ! (Restatement of Theorem 21.1 (Kiefer-Wolfowitz) from (Lattimore & Szepesvdri,
564 2020)). Assume that X C R? is compact and span(X) = R%. Then the following are equivalent:
565  (a) bC is a minimiser of g.
566  (b) bY is a maximiser of f(b) = log det V(b).
567 (c) g (b%) =d.
568  Furthermore, there exists a minimiser b" of g such that |Supp (b%) ’ <d(d+1)/2.
569 A.1 Pseudocode of Linear and Bilinear Algorithm
570 Now we present the bilinear FB-DOE in Algorithm 2.
571 A.2 Lower bounds for Linear Bandits
Theorem 1. (Lower Bound) Let |©| = 2%, 0,,, . € © and M > max,,, 51825 yypore A, i > 0
is the minimum gap in task m. Then any 6-PAC policy 7 in the linear MTRL setting suffers a total
probability of error as
Mn n
Q — M _—
(Cxp ( log, d) e ( Hy 1in logy k))
572 for the environment in (2), where Ho iy, = maX,e[p] MaXo<i<k ﬁ is the hardness parameter.
573  Proof. Step 1 (Define Environment): We again define the environment model below for easier
574 exposition to the reader. This is same as (2). Define the environment for the task m as DZ—‘ consisting
575 of A actions and J hypotheses with true hypothesis 87" = 0;"; (¢j-th column) as follows:
om Blwin B1W§n B1W§n N BZWT N :I?)NW”}I
mO™) = 4T prT—(B+k) pT—(F+ ) .. p+T— () T — (BSR4 I,
p2(0™) = an 1212 1213 e L2ij - LaNJ
MA(0m> = LA11 LA12 LA13 . LAij LANJ
12)
576  where, each ¢;; is distinct and satisfies ¢;; < 8/4.J + I'/4N. 07} is the optimal hypothesis in D77,
577 075 is the optimal hypothesis in D75 and so on such that for each D} and i € [N], j € [J] we have
578 column (3, j) as the optimal hypothesis.
579 This is a general hypothesis testing setting where the functions p, (0™ ) can be thought of as linear
580 functions of @™ such that 1, (0™) = x,,(a) "™ = Xm(a)B;w]" for some i € [N]and j € [J].
581 Assume that 0 < p,(0™) < 1. We also assume that all arms have the same variance o and
582 o2 > 1/4. We will subsequently derive a suitable choice for V.
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Algorithm 2 Fixed Budget Double Optimal Design (FB-DOE) for Bilinear Bandits

1:

Input: time budget n, arm sets X C R%, Z C R%,

2: Define w(i) = vec(x(i); z(i)) € R4 for each x(i) € X and z(i) € Z. Let )V denote this new arm set.

. Stage 1 (Feature Recovery): Let E-optimal design be b =arg mingea,, |2, bli)w w')™! || Set

E _ n
Tm = 301-

4: Pull arm Wm( i) € Wi exactly [bZ (i)7E] times for each task m and observe rewards {rm,, f}t 1

10:

11:
12:

14:
15:
16:
17:

18:
19:
20:

21:
22:

23:
24:

25:

26:
27:
28:

29:
30:

. Compute Z using (3). Let B . be the top-k left singular vectors of Z" and B, n be the top-k right

singular vectors of Zn.

: Build g, (7) = x(')T]§1 » forall x(i) € X and V,, (i) = 2(i) " Ba,,, for all z(i ) € Z foreachm € [M].

Then define W (i) = vec(gm (i); Vi (i)) € R*1¥2 for each g, (i) and ¥, (7). Let Win denote this new arm
set for each task m.

: Stage 2 (Learn S,, .): Let E-optimal design be bZ = arg minbeAW H(Zl b (1) W (1) Wi (i) )™ H

SettE = Five

— ~ E
: Pull arm Wy, (i) € Wy, exactly [bZ (i)7%] times for each task 1m and observe rewards {rm ¢ } ;7.
: Compute /S\mm using (3). Rotate the arms and build arm set G_, s.t. each s (i) € R¥ using (25) and

%:(k‘l —l—kz)’l‘. ~ _
Initialize tmo = 1,G, ¢ G, and kmo = k. Foreacharmg (i) € G, . setg (i) =g (i)
Calculate n, (k) using (4).
Stage 3 (Low dimgnsional elimination)
for £ = 1 to [log, k] do
Set km,¢ = dim (span ({gm,f—l(i) RS Qm,e—1}))'
ifzmyg = ’k)vm,e_l then
Foreacharmie g , |.setg (i)=g
else _ _
Find matrix H,, ¢ € RFm.t=1XFm.¢ whose columns form an orthonormal basis of the subspace
spanned by {gm z—1(i) i€g 271}. Foreacharmic G, |, set g, e(l) = H;,ng 4—1(i)
end if
if / = 1 then o
Find a G-optimal design b?. , : {gm Ji):ieg,, 4_1} — [0,1] with |Supp (bC. )| < EEHD
else
Find a G-optimal design b$, , : {gm HOREAS [_1} — [0, 1].

(2)-

end if
Set N o(i) = [bS @(gm (@) - nm(k)], nn (k) defined in (4), and Np ¢ = Ziegm . N e(7).
Choose each armi € G, | exactly Ny, ¢(7) times.

Calculate the OLS estlmator for each task m with the A, ¢ defined in (10):

tm, e+ Tm, e—1

Sme=3.0 Y. g (A)rme withS,,= > Tme(g,, ()8

t=ty, ¢ 1€Gm -1

(Z)T + Am,l

m, L

an

Reshape S, ¢ € R*1%2 into §m’p, € RF1xF2 Get @myg = ]§1,n/s\m’gﬁ;r’n for each task m.

Foreachi € G estimate the expected reward: fim ¢ (i) = Xm (i) T Oy 0Zm (i).

-1
LetG,  , be the set of Uc /2% arms in G, , with the largest estimates of the expected rewards.
Settme+1 =tm,e + Nm,e.
end for

Now observe that between any two hypothesis 8" and 6™ we have the following

, ) mY _ . m’\\2 a (MY _ ,,. m’\\2
KL(N(MZ(em)’U?))“N(Hl(am )’02))): (/1,1(9 )2 Nz(e )) (>) (,uz(e ) ,uz(e ))

o2 - 8
(13)
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where, (a) follows from the condition that o > 1/4.

Step 2 (Minimum samples to verify 07"): Let for the model D7} the optimal hypothesis be
0"™* = 07;. Let, for model D7} the AT} be the set of alternate models having a different optimal
hypothesis than 8”* = 67} such that all models having different optimal hypothesis than 87} such
as D3}, D5}, ... DYy are in A7}, Let 75" be the stopping time for any 6-PAC policy 7. That is 75 is
the time that any algorithm stops and outputs its estimate 576. We will subsequently choose a suitable
value of J to satisfy the constraint of the budget n.

Let T, +(a) denote the number of times the action a has been sampled till round ¢ for the task m.
Let 87} be the predicted optimal hypothesis at round 745". We first consider the model DT7. Define
the event £ = {éfém # 0™} as the error event in model D7}. Let event £’ = {@5 +86, .}be

the corresponding error event in model D75. Note that §C C &', Since 7 is 6-PAC policy we have
Ppr - (€) < 8 and Ppp - (£8) < 6. Then

m,*

(@)

1
20 > Ppm (&) +PD7g,w(fc) > 5 eXP (=KL (Ppr | |Ppp.x))

1 117 1257

1
KL (Ppm || Ppp ) > log (45

Ly E Tyors (i 0 o ) 9y L

§ 2 B ~lTin )] (iOm.c) = ni(0),.))" = 1o =

1 38 )2 1S @ 1

3 <5 +T -6+ 7= r+ N) Epm [T,z (1)] + 3 Z(Lil - Li2)2EDﬁ,ﬂ'[Tm,T§ (7)] > log (4(5
=2

1/8 T\2 1S 1
g ( + ) EDﬁ,ﬂ'[Tm,ﬂ;(l)] + g Z(bill - Li12>2EDﬁ,7T[Tm-,T(S (’L)] > IOg (

A 2
1/8 T\? 1 1 /8 T (@ 1
(54 =) Epm [T (1 fE—f—JEmwTT > log | —
8 (J + N> Dll,ﬂ[ m,m( )} + 8 % ].6 (J + N> D117 [ m, J(Z)] Og 46

where, (a) follows from Lemma A.3, (b) follows from Lemma A.2, (¢) follows from the construction

2
of the bandit environments and (13), and (d) follows as (45 — Lm‘j/)Q < % (g + %) for any i-th

action and j-th hypothesis.

Now, we consider the alternate model D75. Again define the event § = {575 # O« } as the error
event in model D7} and the event ' = {0, # 0;*} be the corresponding error event in model

D3} . Note that 5[} C &'. Now since  is 6-PAC policy we have Ppm (&) < ¢ and IP’D{%J(fC) < 4.
Following the same way as before we can show that,

1/28 o2r\? 11 /8 12 @ 1
126 2 N 11 (8 T B < 1Y
S < -+ N) 1EDl3,7r[Tm,m(1)]+8Z16 <J+N) Epys i« [Tn,rs (1)] > log (45>

=2
(14)
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Similarly, we get the equations for all the other (N.J — 2) alternate models in A7}. Now consider an
optimization problem (ignoring the constant factor of é across all the constraints)

min t;
ti:i€[A]
B3 T\? 1 (8 T\ A
([ E+= — ;>
st <J+N> ht o5+ i§=2t,_log(1/45)
98 2T 1 /8 T\*&
<J + N,) ht 75 <J+N) i§:2tz_10g(1/45)

<«f;;w_%uv&}ﬂ>2h+_l(ﬁ ) 2:t:>bg1M&

t; > 0,Vi e [A]
where the optimization variables are ¢;. It can be seen that the optimum objective value is
2
(% + %) log(1/46). TInterpreting t; = Epm [Ty - (4)] for all i, we get that Epm [75] =

>, ti = t1. Now we have that t; > J237?1log(1/48) which gives us the required lower bound to
the number of pulls of action 1 for task m. Observe that the optimum objective value is reached

2
by substituting ¢; = 1< (g + %) log(1/49) and to = ... = t4 = 0. It follows that for ver-
ifying any hypothesis 67" # 6" the verification proportion is given by mgm = (1,0,0,...,0).
J N /
(A-1) zeros

Observe setting 1—16 (% + %) > +/log(1/40)/n recovers 75 > n which implies that a budget of
atmost n samples is required for verifying hypothesis 87" = 6, ... For the remaining steps we take

( ﬂz 7}\1"22) > log(1/448)/n. This implies that

2
log(1/46) /n < — <3 + F) L) Jog(1/46) < (iz + ;2)

16\J N
nB? nl?
1 nB?  nI?
1

(b) 2n 32 2nI'?
:>624exp<— J2)+4 (_NQ

where, (a) follows as (a + b)? < 2(a? +b?) for a, b > 0, (b) follows as exp(—a — b) > exp(—2a) +
exp(—2b) if b < a. This implies that nI'?/N? < n3?/.J? for sufficiently large N. This also shows a
suitable lower bound to ¢ that depends on the budget n.

Then the total probability of error across all the M tasks is given by

M 2n3 M 2nI?
Mo > — exp (— nf )+exp <_n>

4 J? 4 N2
M 2n 32 M 2nI?
24ew< J2)+4 <_N2 ~ (1)
Recall that H} 1, = max,,e[a] Zle A% -, and Afn min = Min; Ay, ;. Then we can show that
)
Hyn = > —— = Hain
1,k n?éa]}é AQ > ,,?éa]\}}] I}é?]g}( AZ o 2,1
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619 It follows that Ho jin < H11in < (logy k) Ha 1in. Now setting - 52 = MaX,e[M] le 22k \e have that
_ gn min _ 1
[M] klogo k =  Hojinlogy k
620 and setting I'? = gl - we have that
B2 1 AZ, min klog, k kdlog, k
— < — == = < N > — — N > S —
J? N2 10g2 d [ ] k 1Og2 k m?X] 10g2 dA%n min mné?])v([] Am,min

621 satisfies all the above conditions. Plugging everything back in (15) we have that
M 2n M 2n
M§ > — —_— — —_—
= exp ( N2log, d) + 4 P ( Hj 1in log, k?>

4
(;) 1 . 2Mn i M o 2n
Sexp(— ey S
4 log, d g P Hy in logy k

2 2
622 where, (a) follows as for N* > m

M 2n < 1 2Mn
—exp | ——=—— —exp | — .
1 P\ " Nologyd) ~ 19\ log,d

623 Note that as m > 0 the condition for [V is satisfied by any budget n > 1 and number

624  of tasks M > 1. Hence, for M > max,, kAdloi&k we have all the conditions satisfied. The claim of

625 the theorem follows. O

we have that

626 Lemma A.2. (Restatement of Lemma 15.1 in Lattimore & Szepesvdri (2020), Divergence De-
627 composition) Let B and B’ be two bandit models having different optimal hypothesis 0, and 0'*
628 respectively. Fix some policy m and round n. Let Pp . and P/ . be two probability measures
629 induced by some n-round interaction of ™ with B and m with B’ respectively. Then

L(

A
x) = ZEB,W[Tn(i)] KLV (1i(0), DIV (14(6-), 1))

630 where, KL (.||.) denotes the Kullback-Leibler divergence between two probability measures and
631 T,,(i) denotes the number of times action i has been sampled till round n.

632 Lemma A.3. (Restatement of Lemma 2.6 in Tsybakov (2008)) Let P, Q be two probability measures
633  on the same measurable space (2, F) and let § C F be any arbitrary event then

P(©) +Q () > 5 exp (-KL(P|Q)

634 where €8 denotes the complement of event & and KL(P||Q) denotes the Kullback-Leibler divergence
635  between P and Q.

636 A.3 Linear Bandit Fixed Budget Proofs
637 Define X;oy = (Xuen Xouen ) Xewen Where X7 = [x1,%a,. .. ,x,5]" is constructed

638 through the E-optimal design. Also note that p¥ = pf = ... = pF, = pF as the action set
639 X is common across the tasks. Also, recall that

0 . _ X+
Om;t - Xbatch T'm,t-

640 Good Event: Define the good event F,, that the algorithm has a good estimate of Z,. as follows:

Fo= {07, < Ol I (2o (-4} 16

641  where, C; > 0, some nonzero constant.
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Lemma A.4. (Restatement of Lemma C.3 from (Du et al., 2023)) Define the event

¢ [ X5 | 10 (422
vV Mn

bn 1= { 1Z0 — E[Z.]] < :

(e

7 6n
Then it holds that Pr(§,) > 1 — .

Lemma A.5. (Truncated Matrix Bernstern Inequality - Summation) Consider a truncation level
U>0. If{Z,...,Z,} is a sequence of di x dy independent random matrices, and Z| =
Z; - 1{||Z;|| < U} and A > ||E[Z;] — E[Z]]|| for any i € [n], then for T > 2nA,

|

where

0% = max{
§max{

n

Z (Z; - E[Z;])

i=1

7_2

1
> T] < (d1 + d2) exp <—4 : W) +nPr(||Z]| > U],
3

n

S E[(Z-E(Z) (Z-E(2))]

i=1
Furthermore, we have

Pr [ > 4\/02 log (dl—gdz) +4U log <d1-(is-dz>

> E[zZ]
Lemma A.6. Define the event

=1
2cd? M
Fo = {|zn ~E[Z]| > C || X | (\/j\Tn exp (_;))}

It follows then that

n

S E|(Z-E(Z)(Z-E(Z)]|

b

}

)

> E[zZ]]
i=1

n

Z(Zi -E[Z])

i=1

< é+nPr[||Z;]| > U].

P (F,) < 4dexp (—Mn)

Proof. We use the truncated Matrix Bernstein inequality (Lemma A.5) to prove the exponentially
low probability of error in the following way. Set R = v/ Mn and define the truncation matrix A,, as
follows:

] 2X1|—0m77m,1 e XIemnm,l + XI/Qamnm,n/Q
Ay i ... ...
X1T9m77m,1 + XZ/Qemnm,n/2 T 2X7—|1—/20m77m,n/2
M n/2
A, = Z Z Am,t
m=1 t=1
and truncation matrix C,, as:
1 (ﬂm,l)Q 0 Tm,1Mmony/2
m,t M 9
NMmaNmmn/2 " (nm,n/Q)
M n/2
R 3 prcH
m=1 j=1
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649 Then it can be shown easily using Lemma A.4 that the average estimation matrix Z,, can be upper
650 bounded as

1Z = E[Z,]]| < [Xiaen | (1A — E[AW]] + Cn —E[C,]I)

651 such that || A, 4|| < 52 - 2dcR, and ||Cy, || < 72 - 2dc’ R where ¢, ¢ > 0. Note that [|Cy, 4. <

652 1= - 2dc’ R because log(n/d) < v/ Mn. Now using the truncated Matrix Bernstein inequality in
653 Lemma A.5 we have that

2dc R? d 1 R?
|Z,, — E[Z,]|| < ||XbatCh || ( <R—|— R) exp (—2> + Un - 2dc’ - <R—|— R> exp (—2>>

654 holds as the noise |nm,t| < R with probability 1 — 4d exp (7%2) because 7, ; is 1-sub Gaussian
655 and ¢, ¢ > 0. Setting R = v/ Mn we have that

1Zn, — E[Z,]|
2dc 1 Mn d 1 Mn
X -2d - M - — . 2dc - M -
< il (37 ( v (55 ¢z (Vi e (1))
HX H 20d _@ n 2¢d? o _@ n 2¢' d? o _@ n 2¢' d? o _@
batch 5 (Mn)3/2 xp B) S P B) (Mn)3/2 xp D)
2cd Mn
< O ( e (-5
656 The claim of the lemma follows. O

657 Lemma A.7. (Restatement of Lemma C.2 in (Du et al., 2023)) Define the total number of samples
C (pB)° i 1
T= ’V(p]\} pOlyIOg <PE7 d7 ka 6)

658 where C'is an absolute constant. For a budget n. > 0, task m € [M], round t € [T. we have that

0  _x+
am»t - Xbatch Tm,t,

659 and

L S~ \p AN + + T
= M Z Zam,t (Om,t) - Xbatch (Xhatch) .

m=1 t=1

660 It holds then

1 & .
:M;(amem

661 Lemma A.8. (Expectation ofin ). It holds that for n > 2Lk (o) log” (2d) the E {Zn] =7Z=

w2 MAZ2
662 3 O (O )T

663  Proof. First note that the total number of samples in stage 1 is sufficiently high such that

n Lik2d2c (p )210g2(2d)> Cn(pE)2k4

2 w2 M A? M

polylog (p” . d, k)—‘
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for some constant C' > 0 and ¢ = ¢’ exp(—n) for som ¢’ > 0. Then for the first stage after I samples
we can re-write

M
5 2 o AT + + T
Z” = TE Z 0"%759 Xbatch (Xbatch) .
Now using Lemma A.7 we can prove the claim of the lemma. O

Lemma A.9. (Concentration of ]§n ). Suppose that event F,, holds. Then, for any n > 0,

|5 7B <o (j% exp (—Ag”))

for some constant ¢ > 0 and p¥ =minpen ,, H o

—1
xeX XXX H

Proof. Using the Davis-Kahan sin § Theorem (Bhatia, 2013) and letting 7.2 be large enough to satisfy
_ Cidlog(2d)
HZ" ZH < 7\/ﬁ we have

7. =[]
o El]) = C]) -2 7]
22 |z, -xz)

(b) C’fHthH dex (_]\/[n>

N V MZm 7”/ 2

© 'pFkd ( Mn) Ekd ( Mn)
———————exp|(—— | = exp [ ———

VMY, TE P 2 VMn P 2

(BB <

where, (a) follows from Assumption 2.1, the (b) follows from event F,, and (c) follows as
X en |7 < 497, and 72 = . The claim of the lemma follows. O

We now need to show that owmin (Xo5, (1)eg b,.(i)g(i)g(i) ") > 0. If this holds true then we can
sample the following G-optimal design and the solution to the G-optimal design in the second phase
is not vacuous.

Lemma A.10. For Mn > [Likzd%/(pA) log” CDT e have

Umin( Z bg(z)gm(z)gm(z)—r) >0

1€Gm

Proof. We can show that

AT (@ G BT x
> b (1)Em (1)8m i 3 bG()B] )()B

i€Cm 1€Gm gm( ) Em()T
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678 where, in (a) the b (i) is the sampling proportion for the arm x(i) in second stage. Also note that
679 from Lemma A.9 we know that

’pEk:de M\ @ w  dpPRdA o (M LAd? (pP)? log?(2d)
* 2 ) = L2 dkdpPlog(2d) 2 WZMA2
A d2c (p¥)? log?(2d

w )exp< (p”)* log™( ))

| BB <"
Mn

~ L2 log(2d 2w2 A2
———
<1
2 10 EV2 1002
<wep _d*d(p”)? log™(2d)
- L2 2w2 A2
<1

680 where (a) follows by substituting the value of n, and observe that the last inequality does not depend

47,2 52 /
681 on the number of tasks M or budget n. Hence for Mn > [L”k de (QA)Q log” (Qd)1 we have

HﬁIBLH < min{L2 frew(- Mn)} . (17)

682 This holds with high probability as the event F,, holds true. This helps us to apply Lemma A.11 to
683 get the claim of the lemma. O

684 Lemma A.11. (Restatement of Lemma C.5 from Du et al. (2023)) For any round n > 0 and task
685 m e [M], if ‘]?SZBJ‘H < % then we have

A
Camin (Z bS (i) B x(i)x(i)Tﬁn> >0
=1

686 where bS (i) is the sampling proportion of x (7).
LA*k2d%c (pP)? log? (2d)

Lemma A.12. Suppose that event F,, holds and Mn > [ == AT 1. Then define
mé = Z bmé gm E( )gm,é(i)T
1€Gm, -1

687  Forany task m € [M] and g, 4(j) € R,

4

cLy
kw?

(—Mn)

Hgm,é(j)”;*l < ”gm(J) ;
m,e

688  for some constant ¢ > 0.
689  Proof. Observe that we can rewrite the

2
~ ) RT
gm,f .7 I — HBnXH -1
H ( )Hzm,z ! (Ziegm,tz, bl (i OB x(i)x(i) "B, )

690 Then we can show that

3 bS, () Bl x(i)x( = 3 b8 (BTBBT ()) : (faIBBTx(i))T
1€Gm,0—1 1€Gm 01
g; b ((ﬁIBBTx@) (BIB.BTx(0)’

+ (ﬁIBLBIx(i)) : (BZBBTx(i))T + (ﬁZBLBIx(i)) : (ﬁIBlBIx(i))T)
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691 Then define the matrix

= T T (RT Tx(i T
P, egzg lb (B BB ()) (BnBB ())
Q.- 3 b6 ((BIBBx0) - (BIB.BIx0) +

1€Gm,0—1
—~ —~ T —~ —~ T
(BIBLBIX(Z’)) : (BZBBTx(i)) + (BZBLBIx(i)) : (BIBLBIX(Z‘D ) .
692 Then, wehave Y .., ,  bS (i B x(i)x(i)TB,, =P, + Q,.

693  From Assumption 2.2, we have that for any task m € [M],}> ;g | bg‘;)g (i) BTx(i)x(i) ' B
694 is invertible. Since ]?’JLB is also invertible, we have thatA P,, is invertible. According to
695 Lemma A.10, we have that 3-,.; b , (i) B, x(i)x(i) " By, is also invertible. Then we can
696 write (Zz‘e%,z,l bffw (7) ﬁzx(i)x(i)TBn) B as follows

~1

ST bS,()BIx()x() B, | =P~ (P, + Q) QP!

1€Gm, 01
697 Hence, for any task m € [M] and X; € R?, we have
-1
ST 2 5T T 5T TH 5T
|BIx| =(Blx;) | X bo.@OBx0x()B.| Blx

Sicop oy Do OBIx(@x()TB,)

~ T ~ ~ T ~
= (BIx;) Pi'Blx;— (Blx;) (Pu+Qu) ' Q.P,'Blx,

Term 1 Term 2

698 From Lemma A.10, and (17) we have
~ . w
HBIBLH < mln{L2 Iz exp (— Mn)}
699 Now we can decompose the term 1 into the following 4 terms
a7\ BT
Term 1 = (Bn xj) P 'B) X;

~ ~ T ~
(BIBBij+BIBLBIxj) pl (B;BBTXJ BTBLBLX])

~ T ~ ~ T ~
(BZBBTXJ») p! (BZBBTXJ-) v (BIBBij) p! (BIBLBIX]')

Term 1-1 Term 1-3

T —~ —~ T —~
(BTBLBLXJ) pl (BZBBij)+(BIBLBIxj) pl (B;BLBIxj).

Term 1-2 Term 1-4

700 It follows using the steps similar to Lemma C.10 of (Du et al., 2023) and combining with our
701 Lemma A.10, and (17) we have that

T 1—1:H1§T H B.)
erm n Xj (Zieg bS ,()Bx ()x(i)TBn) '

=1 T

Term 1 —2 < C2min{L2’L2 exp (— Mn)}

Term1—3§03min{L2,L2 exp (— Mn)}7 Term1—4§04min{L27L2 exp (— Mn)}
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Combining the 4 terms above we get the upper bound to term 1 as follows

4

cL
Ziegm,e—l BTX(i)x(i)TB)71 * kw? eXp(—Mn).

Term 1 = (EIX]')TP#]%IXJ‘ < ||BTXj||2(

for some constant ¢ > 0. Similarly, we can show that

R T /L4
Term 2 = (B:;x]) P, +Q,) 'Q,P 1BTx] < Csz

exp(—Mn)

for some constant ¢’ > 0. Combining everything we have that

cLy
o —z exp(—Mn)

for some constant ¢ > 0. The claim of the lemma follows. O

~ . 2
&, ()13, < G, +

Lemma A.13. Let F,, hold. Define ﬁm i = 8m (1) "W — 8 (i) "W and Ay i = g (1) T Wy, —
gm (i) "W,,. Then the estimation error in the second stage is given by

|£m’i — Ay i < 6kL, min {2}2, % exp (—Mn)} .
xT xz
Further for Mn > fLikzd%lu(ﬁZ); logz(Qd)] we have that

Am,i
B) .

|Em,i - Am,i‘ S

Proof. Combining our Lemma A.10, and (17) we can bound the estimation error for any pair of
x,x’ € R? for a task m as follows:

10g (471;]\/[)
NG

Setting L., = 1, p& = k and log (4” M) = n and as the event J,, holds, we get that

(2 opiamm)

NT A NT ST \/pm'2
‘(x—x) O — (x— %) 0,0 g?k-LmeHBn’lBH—k

2L, Ly Hﬁ;LBH

‘(X — X’)TBm’n —

(x—x)"0,,.

This implies that
|£m,i —Ap i <6EL, min{

L4 k2d2 ’ E 21 2 2d
Now for n > == i}é’jw)AQ 98"(2d) e can show that

6k L, min { R L2

Y exp(— Mn)} = 6kL, min{ xp (Mn)}

wow
1z’ 12°
. w w L4k2d20/(pE)2
< 6kL, min {L2 ﬁ(Qd) wZAZ }

—~
s
~
—
=
~

Am,i
2

IA
| >

AN

714 where, (a) holds as for any A > 0,d, k > 1,w > 0 the following holds

715

A L, L4k2d2cl(pE)2
1 + log(— ——Z 7 Jog(2d).
os(3) +los(12) > ~ T 1og(20)
The (b) holds as A, ; > A. The claim of the lemma follows. O
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Lemma A.14. With parameter n,, defined in (4), Algorithm 1 terminates in phase [log, k| with no
more than a total of n arm pulls.

Proof. Proof. When k = 2, Algorithm 1 terminates in one phase. When k£ > 2, by the property of

ceiling function, we have § < W < 1. Thus, the number of arms in the active set for each task

M AS Gy flog, k-1 18 | 5rmseer—r | = 2. in phase [log, k7.

Now we bound the number of arm pulls. For any phase ¢, & ) is always bounded by the

cardinality of the active set G,,, 1. In particular, for the first phase, according to Lemma A.1, there
exists a G-optimal design b{ , with ‘Supp (bg’a ’ < k(k + 1)/2. Altogether, we have

min (A k(kjl)) when / =1

. (18)
(24,1] when / > 1

[Supp (br7.)]| _{

Then the number of total arm pulls for each task m is bounded as

[log, k] [logy k1 (@) [logy k1
Z Nm,fz Z Z Nm,f ) = Z Z m@ gmé ))nm—‘
(=1 =1 i€Gm. ¢ l=1 i€Gm ¢

(b) [logy k1

< Z |Supp b |+ Z b gmé )) Nm
/=1 1€Gm. ¢
[logs k1
(e k(k+1 k
< min <A, (2)> + Z [2@_1—‘ + [logs k] - N
=2

@ n

2M

where, (@) follows as the allocation to each arm in task m is given by atmost [bﬁl o (8m,e(?)) - nm—‘,

(b) follows by using the two cases in (18), (¢) follows by using Lemma A.1, and finally (d) follows
plugging the value of n,, from (4). Therefore summing over all tasks m € [M] we get that the
second stage is at most

Moo M,
D=2 "%

m=1 m=1

For the first stage, for each phase m € [M] the algorithm uses atmost 5 samples for the F-optimal
design. Summing over all phases and stages we get that the total budget is used atmost n. O

Lemma A.15. For an arbitrary constant A and x € R¢ we can show that

R A?
T -~ < -
P (<" (0 9*)>A)e"p< 2|x|;n1>
where, 3, = Y1 12 1XZJ(X1J)T'

Proof. We follow the proof technique of section 2.2 of Jamieson & Jain (2022). Under the sub-
Gaussian noise assumption, we can show that for any vector x € R? the following holds

x' (én — 0*) =x' (XTX)i1 X'n=w'n.

w
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735  Then for an arbitrary constant A and x € R<, we can show that

736

737
738

739
740

P(xT (én —0*) > A) ZP(WTU > A)

(a)
< exp(—AA)E [exp ()\WT’I])} , letA>0

t
= exp(—AA)E |exp ()\ZWSm)]
s=1
t
= exp H [exp (Awsns)]
“ "
< exp(— Hexp 2/2

A2 9

—exp(-A8)exp (% w3
(i) ( A? )
<exp|—z—3
w3

© o A2 . A?
Zexp| ——————— | =ep | 57—
2x T (XTX) L« 2||X||;;1

where, (a) follows from Chernoff Bound, (b) follows from independence of, (c) follows sub-Gaussian
assumption, (d) follows by setting A = H2’ and (e) follows from the equality

Iwl3 =x" (XTX) 7' XX (X'X) 'x=x" (X'X) ' x.

The claim of the lemma follows. O

The following lemma bounds the probability that a certain arm has its estimate of the expected reward
larger than that of the best arm in a single phase /.

Lemma A.16. Suppose ]-",L holds, and Mn > [L Kde /(’;EA); log” (zd)] For a fixed realization of

Xm ¢—1 satisfying i} € Xm ¢—1, for any arm i € Xm —1,

N - N ) cL? nmATZn,i
P (Hm,e(ir,) < Hm,e(i)) < exp ka) exp —W
20—1

Proof. Let 8}, , denote the corresponding unknown parameter vector for the task /m and phase ¢ for
the dimensionality-reduced arm vectors {g,, ¢(%) : © € G e—1}- Also, we set

m L= Z bm é gm é( )gm,f (Z)T

1€Gm, 01
Then we can show using the identities that §m7g = ]/?;nVAij, 0, = Bw,, and for n >
47,2 32 7
L k*d*c gM)AQlog (2d) that
~ N2 N2 CL4
18m.c(Dlls-2, < ll8()s; 1, + 15 exp(~Mn) (19)
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741  the following:

P (fim,o(i5) < fim,e(i)) = P ((B.0) X e(i3) < (8 ) Tim,e ()
p( T t(i) < (B, ) Xm0
P ng é < {R\/mlgm,@(i))

m,

=P ( Wm Z gm Z ) (V/‘\/m,l)—rgm,[(i) - Am,i < _Em,i)

~ ~ . ~ ok ~ . Am,i
( Win, @ gm Z ) (Wm,E>Tgm,Z(Z) - ((Wm)T (gml(lm) - gml(’))) —Smg 2 )
~ . 3Am,z
(Wmf_wmagml( ) gm’e(l» < - 2 >
2

<exp | -

2||&m.e (i) — 8me(i )”2—1

2

(0 o
<exp|— 4~ TR

8masicg,., [Bme(DlI5 1

2

(i) % Ny,
S exp | — P .

8masicg,., [Bme(D)lI5 1

2

() % .
§exp - ~ NI cL4

8 max;eg,), , ||gm,€(z)‘|z:;,1£ + 7t exp(=Mn)

2 2

0 2t | @ (cLi) P 2\ <CL3) nmA2,
Sexp| ——5 | £ exp CXPl —57 % 7 | SXP| 75 |XP a0l _k 1 |-

A A N A R e

742 where, (a) follows from Lemma A.13 and n > LidQC,LZA}AISgQ(Qd) (b) follows from Lemma A.15,
743  (c) follows from triangle inequality. The inequality in (d) follows from

(|8, e (i )”2—1 = m,e()) ' 3, Bm,e ()
-1

= gm,f(i)—r Z Tm,l(j)gm,l(j)gm,f(j)—r gm,f(i)
JEGm,e—1
-1

<Ens)T | bt DBt | B
JEGm,e—1
—1

_ AT T ~ -
= 8m,e(%) E b (5) 8m,e(5)8m,e(F) 8m,(%)
JEGm,e—1

1 . . 1~ )
= n—gm’e(z)TEm}ggm,z(Z)

m

o 0]

m

744 The equality in (f) follows from Lemma A.1 and the property of G-optimal design. Also we drop
745  exp(—Mn) < 1. The inequality in (g) follows from the fact that the dimension of the space spanned
746 by the corresponding arm vectors of the active arm set G,,, ¢ is not larger than the cardinality of
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4
747 Gy, ¢—1. Also note that the additional term exp (Zig
748 error. The claim of the lemma follows. ]

) which results from latent feature estimation

Lemma A.17. Assume that the best arm i}, is not eliminated before phase {, i.e., i, € G, o—1. Then
the probability that the best arm is eliminated in phase ¢ is bounded as

4 nmA2

) exp <_ 321'":]'",;[) When é =1

4 mATL
3exp (253) exp (—n&m /) when £ > 1

4A

(cL
exp
]P)(Z;kn ¢ gm,@ | Z:n S gm,[—l) <

749 where iy, o = (2%’111 + 1.

750  Proof. First, as Lemma A.16, we conditioned on the specific realization of G,,, 1 such that 1 €
751 Gy e—1. Define H,, ¢ as the set of arms in G,,, o1 excluding the best arm and [ﬂ%] — 1 suboptimal
752 arms with the largest expected rewards. Therefore, we have |H.,¢| = |Gme—1| — [22%} and
753 minieﬂml Am,i Z Am,[ﬁ-|+1'

754 If the best arm for task m, ¢, is eliminated in phase ¢, then at least [QE] — [2[ +1] + 1 arms of H, ¢
755 have their estimates of the expected rewards larger than that of the best arm.

756  Let Ny, ¢ denote the number of arms in H,, , whose estimates of the expected rewards are larger
757  than that of the best arm. By Lemma A.16, we have

4 AZ
BN = 3 B (malin) < el <o (53) 3 exp< o ml)

P1€Hm,e i€EHm 2r-1
< cLl 2 nmA2
exXp k 2 | m,€| ig,}_?;if( €xp 32 "22 1‘|
2
< CL4 k‘ nmAm ’— [+1—|+1
exp k/’ |gm — 1| %Tl-' exp 7ﬁ

mAZ
<exp<CLi> <|g ¢ J[ ; bexp I )
B kw? m 204t 32 ([ ] +1)

758  Then, together with Markov’s inequality, we obtain

P (i, ¢ Gme) <P <Tmyl > Hﬂ _ [2[’11} N 1)

E [Th, 6]
bR
2
|gm,571| - {22111] exp nmAm,B[’il]Jrl
IR 32([s]+1)
759 When ¢ = 1, we have |G,, ¢—1| = A. Thus
|gm7571| - |’22k‘+1-| _ A_ IVQEI?{»I-I
[l = [afl+1 ] - [l +1
A
< E_ k
2 7 22
_4A
==
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When ¢ > 1, we have |Gy, —1| = [ 577 |- Thus,

2
|gm,Z71| - |72£Ij—1-|
(5] =[] +1

T
< 22’6—1 + - |72£lil
- k k
27 {22+1—| +1
< 3 241?*1 + 2€k+1 +1- be’iJ
- k k _k_
20+1 + 20+1 +1- [2£+1]
<3

where the last inequality results from the fact that for any x,y > 0, Sijy < 3. Therefore, for this
specific realization of G,,, o1 satisfying 1 € G, ¢—1,

2
44 cL? nmAn, i, _
+ exp (kw2) exp (— EyT— when ¢ =1

P (Z:n ¢ gmj) < LA nmAfn i
3exp (laﬁ) exp  — g5 > ¢ when ¢ > 1

where i, , = [ﬂ%w + 1. Finally, by the law of total probability, the error probability of phase ¢
conditioned on iy, € Gy, ,—1 can be bounded as

2
4A cL? nmAn, i, _
- exp (kw2> exp < 320 when ¢ =1

4 mAZ
3exp (ZZ;) exp (—n32i ’”’;}”) when ¢ > 1.

Pli%, & Gm.e | ity € Gm—1] <

The claim of the lemma follows. O

Now we prove the main theorem for linear MTRL FB-DOE.

Theorem 2. Define A = min,, min;ex Ay, 5, Mn > (Likmzc/igz)j 1°g2(2d)w and ¢ > 1. The total

probability of error of the algorithm for ¢ > 1 is given by

—Mn n cL?
8 M (3log, k R —
P <log2 d) + M (3logy k) exp < 64Hs iy + kuﬂ)

and ||x|| < Ly, w > 0 is defined in Assumption 2.2 and Hs_ jj, = maXy, e[y MaXa<i<k ﬁ is the

linear MTRL hardness parameter.

Proof. Stage 1: Using Lemma A.6 we can show that the probability of error in the first stage is
bounded by

(a) -M
8dexp (—Mn) < 8exp <10g22> .

where, (a) follows as

M
exp (—Mn + logd) < exp <_log2nd> .

The above inequality holds true because
M
— Mn +logd < (— n )
logy d
= (logy d) logd — Mn (logy d) < —Mn
= (logy d)logd < Mn (logyd) — Mn

HOR (logy d)logd < Mn (log, d — 1)
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Lik2d%¢ (p°)? log? (2d)
w2A2

We can now substitute the lower bound value of Mn > and see that (b)

holds true, and d > k and k > 2. So we have log, d > 1 and so (log, d — 1) is a positive quantity.
Also we have shown in Lemma A.10 that if the good event F,, holds, then we get a valid G-optimal

design and H(ﬁf;)TBH < min {L“’—z, 5 exp (—Mn)} for Mn > [L L d2cl(§EA); log” @)

Stage 2: By applying Lemma A.14 and Lemma A.17, we have

B (Fm #05) =P [iry # G s, 11
[log, k]

< Y Plin, ¢ G | ity € G
=1
rlng k] 2
L N A
< 3 m Zg
< exp < > E exp ( i )

cL? n 1
g(3([log2k1—1))exp<k 2) p( 3gL'HM>
<i<d 72

cLi N,
< (3log, k) exp (kzw2> exp (—32H2]>

where Hy i, is defined as

7

Hs jn = max max
’ me[M] 2<i<k A2

Note that this is for a single task m. So the total probability of error in stage 2 is given by

cL? Nm
M (3log, k) exp (kw2> exp (—32H21>

Combining both stage 1 and stage 2 and substituting the value of n,,, we get that the total probability
of error is given by

cLl n
8dexp (—Mn) + M (3log, k) exp 2 ) P ~ i, (20)

The claim of the theorem follows. O

Remark A.18. (Rounding Error) Note that FB-DOE samples each arm [7EbZ (i)] in stage 1 and
[b% (1) - nm (k)] times in stage 2. However, this may lead to oversampling of an arm than what
the design ( G or E-optimal) is suggesting. However, we can match the number of allocations of an
arm to the design using efficient Rounding Procedures (Pukelsheim, 2006; Fiez et al., 2019). This
results in an estimation error of at most a multiplicative factor of (13), for some 5 > 0 (Lattimore &
Szepesvari, 2020; Fiez et al., 2019; Du et al., 2023). For convenience and easier exposition of our
result, we drop this factor of (1 + 3).

Remark A.19. (Algorithmic Discussion) Note that the allocation of n /2 total number of samples to
each stage may seem arbitrary and one might be tempted to allocate total samples to the two stages
more carefully. One such approach is shown in Chen et al. (2022) which studies the representation of
learning in an active learning setting and minimizes the expected risk. However, we note that such an
approach will only result in a linear scaling with C'n for some C’ > 0 while the scaling with the
dimensions will remain unchanged which is the main theme of this paper.

Remark A.20. (Discussion on Bound) Observe that the probability of error depends on budget n,
ambient dimension d, latent dimension k and linear hardness parameter Hs 1, . The Hs 1in quantifies
the difficulty of identifying the best arm in the linear bandit MTRL setting. In the single task setting,
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when M = 1, then the bounds scale with the ambient dimension d. Then the Hs 1;, = maxa<i<d ﬁ
This single task H 1, generalizes its stochastic bandit analogue Hs o = maxo<i<a ﬁ proposed
by Audibert et al. (2010); Bubeck et al. (2009) for standard multi-armed bandits. Note that I 2, lin

is never larger than Hy g since Ho iy is a function of the first d — 1 optimality gaps while H soc
considers all of the d — 1 optimality gaps. In general, we have

A
HQ,]in < H2,stoc < EHZ,lin

and both inequalities are essentially sharp, i.e., can be achieved by some linear bandit instances. This
shows that the hardness in linear bandits due to their correlated structure should depend on d instead
of A. Finally, note that when M > 1, it follows that 5 i, should scale with the worst possible d
gaps among all tasks.

Observe that the final probability of error in (20) consists of two terms. The first term is the probability
of error in estimation of the feature extractor B. The second term is the error in the estimation of the
optimal arm in each task. Additionally, the factor exp captures the error in estimating latent

features. Also, note that from (20) we can show that
cL* cL?
log, k L 1 log, k z
(3log, k) exp (kw2>exp( 61M, 1m> < 64H2 - + log (31og, )+kw2>

cL;lc
_|_
192H2 Iin logo k- kw?

I/\Q

where, (a) follows as

exp (76%1 + log log, k) < exp (7624 + log, 3k) < exp <19217(l)g2k>

Then we introduce another novel lemma Lemma A.12 which shows using Lemma A.10 and (17)
that the latent feature estimation is low. In Lemma A.13 we ensure that the estimation error with
the latent parameter is low. This requires a different analysis than similar art in Du et al. (2023);
Yang et al. (2020; 2022) as they only study fixed confidence or regret minimization setting. In the
second stage, our technical novelty lies in controlling the probability of error for the noisy latent
features in low dimensional multi-task linear bandits. This is shown in Lemma A.14, Lemma A.16,
and Lemma A.17. Note that this approach differs from the existing art of fixed budget linear bandit
settings (Katz-Samuels et al., 2020; Yang & Tan, 2021; Azizi et al., 2022) and significantly different
than the fixed confidence linear bandit proofs in (Soare et al., 2014; Mason et al., 2021; Degenne &
Koolen, 2019).

Remark A.21. (Comparison with Peace, BayesGap, and GSE) We now comment on the choice
of OD-LinBAI in the second stage of FB-DOE as opposed to Peace (Katz-Samuels et al., 2020),
BayesGap (Hoffman et al., 2014) or GSE (Azizi et al., 2022). In Yang & Tan (2021) they show that
OD-LinBAI is minimax optimal in case of stochastic K -armed bandits, which is a special case of
single task linear bandit setting. However, Yang & Tan (2021) also shows that Peace is not minimax
optimal and suffers from an additional factor of log d. This same argument also holds for FB-DOE.
The BayesGap (Hoffman et al., 2014) algorithm works in the Bayesian linear bandit setting. It
requires access to the problem-dependent parameter H; = ), A7 % in a single task linear bandit
setting. Note, that H; needs to be estimated using the true reward gap means, which is not practical.
However, our algorithm FB-DOEdoes not require such access to the problem-dependent parameter
H,. Finally, we discuss the GSE algorithm (Azizi et al., 2022) which is also motivated by G-optimal
design (Pukelsheim, 2006). Azizi et al. (2022) shows that GSE and OD-LinBAI outperform each
other in some domains. In the case of single task linear bandits when A < O(d?) the OD-LinBAI
has a lower probability of error, whereas in the case when A = d? for some g > 2, the GSE has a
lower probability of error. The same argument also holds for FB-DOE. Nevertheless, our approach in
stage 2 is quite general once the latent features have been estimated from stage 1 with exponentially
decaying probability. After that, an algorithmic modification in stage 2 (similar to GSE) enables us to
plug in the result of GSE to our bound. We leave this to future work.
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A.4 Bi-Linear Bandit Fixed Budget Proofs

Stage 1 for FB-DOE

1

- T T
Define VVbatch = (Wbatch W hatch ) Waen Where Wbatch = [wi,Wa,..., Wrm ] is constructed
B

through the E-optimal design. Let w = vec(x;z) € R4, Also note that p¥ = pf = ... = pF, =
p¥ as the action set X', and Z are common across the tasks. Also rotate ®,, * € R% xds into the
vector 0., .. € R%192_ Then recall that

0 —w+t
ot,m,j - Wbatch Tm,ts

where, émyt € Rhdz 1 stage 1 it builds the estimator Zn as follows: The estimated parameter for
task m at round ¢ be denoted by 8, ; € R%92 such that

E E
TTYL T’V?‘L
n _ § : T 712
em,t - ( Wm,twmyt) Wm,trm.,t
t=1 t=1

Then calculate the estimate at round n as

g M 2 T
Zn:7 Zl | 9"“5;:'5_(; Wm,thl,t)_l (21)
m=1 t= —

Lemma A.22. Define the event

2¢(dqdz)? M
Fui= {12~ B2 2 € [Wi P (PR e (-22) )]

It follows then that

P (F,) < 4didy exp (—Mmn)

Proof. We again proceed as Lemma A.6. Set R = v/ Mn and define the truncation matrix A,,, C,,
as in the Lemma A.6. Then we can show that the quantity

1Z = E 2]l < [|Wiian [I” (1A = E[A]I| + |C0 — E[C,]])

such that ||A,, ;|| < 52 - 2(did2)cR, and [|Cpp ¢ i|| < 52 - 2(did2)c’ R where ¢, ¢’ > 0. Note
that [|Cpy el < 57 - (d1d2)c R because log(n/§) < +/Mn. Now using the truncated Matrix
Bernstein inequality we have that

(d1do) 1 R?
12, EZo)1 < [ Wi | (22 ) (7ot ) oo (- )

+% -2(dyda) - (R+ ]1%) exXp (‘T))
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holds as the noise |7, ] < R with probability 1 — 4(d1d2) exp (—R;) because 1), is 1-sub
Gaussian and ¢, ¢’ > 0. Setting R = v/ Mn we have that

(drds)e 1 Mn
||Zn [ n H < HWbatch || ( Mn (dldQ)' ( Mn \/W) P (_2>

+(C]l\ljif) 2(dyda)c’ (FJF \/J\T) exp (j‘g”))
< Wi | (2B oy (M) 2B (A1)
JRd) (—Mn) L 26 (dadp)® (_M”>>

vVMn 2 (Mn)3/2 2
20(d1d2 Mn
< O Wi | (22 o0 (<557 )
The claim of the lemma follows. O]
Lemma A.23. (Expectation ofzn ). It holds that E [in} =7Z= M Zm 1 9,,1,*0;7*.

Proof. First note that the total number of samples in stage 1 is sufficiently high such that

Cn (pE)? kyki
M

o Li(kako)®(dido)*c'(p7) log”(2d1ds)

n
3 S22 M A2 = polylog (p”, dida, k1ksa)

for some constant C' > 0 and 0 = ¢’ exp(—n) for som ¢/ > 0. for some constant C' > 0 and
0 = ' exp(—n) for som ¢’ > 0. Then for the first stage after § samples we can re-write

o~ T
Zn = E Z Z Bm te WIJ)ratch (Wgatch) .
m Tm m=1t=1
Now using Lemma A.7 we can prove the claim of the lemma. O

Lemma A.24. (Concentration of ﬁlm ). Suppose that event F,, holds. Then, for any n > 0,

~ ! oE M
B, 7B, | < b)), (—”)
’ SV Mn 2

for some constant ¢ > 0 and pE =minpen,, |3 ey PEWEW(E) )7L

Proof. Using the Davis-Kahan sin 6 Theorem (Bhatia, 2013) and letting 7.2 be large enough to satisfy
Hzn - ZH < Caldadz)® exp (—24£2), we have
F

EE
B8 < |2 —E[Z.]|
R Bl e
Tl
TCO

(2) Ck‘lkﬁQCO ||Wbatch H dldg) exp <J\4n)
Se/ MY, TE 2
p" (kiks)(d1d2) exp (_M”) _ pP(kik2)(d1dy) exp (_M”>
S,-\/Mzng 2 SV Mn 2
where, (a) follows from Assumption 3.1, the (b) follows from event F,, and (c) follows as
||Wbatch H < 4pE, and 7F

m

\/\?

M. The claim of the lemma follows. O
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Lemma A.25. (Concentration of ]§27n ). Suppose that event F,, holds. Then, for any n > 0,

N 0P (kyks) (dyds) Mn
B, By < L), ()
|B20)7Ba| < SR e (-5

for some constant ¢’ > 0 and pE =minpea,, ||(3 ey PEW(E)W(i)T)

il

Proof. Using the Davis-Kahan sin 6 Theorem (Bhatia, 2013) and letting 7.2 be large enough to satisfy

H 271, o/ H < % exp ( ) we have following the same steps as in Lemma A.24 that
F m Tm

A

([n)]) 7 (E[2:]) -

E(k1ks)(d1d2) Xp( Mn)

| A

|B2.)7e: |

n—E[Zn}

| /\

S.v/Mn 2

where, (a ) follows from Assumption 3.1, the (b) follows from event F,, and (c) follows as

Wi H <4pE and 7[ The claim of the lemma follows. O

SZV[

We now need to show that owmin (35, (1)eg b,.(i)g(i)g(i) ") > 0. If this holds true then we can
sample following E-optimal design in the second stage and the solution to the E-optimal design in
the second phase is not vacuous.

Lemma A.26. For Mn > [(klkZ)z(dle)QSig;%)j 10g2(2(d1d2))1 we have

omin(Y_ b (i)W (i)W(i)") > 0
Proof. We can show that
ZbE )T ZbE (BLxm (D% (DB, ) S (BL2m ()2 (0B, )

where, in (a) the b¥(4) is the sampling proportion for the arms x, and z.

H(ﬁlln)TBlH < ¢ pP (k1ko)(d1dy) exp (_]\4”)

S/ Mn 2
@ w ¢S pE (kyks)(drdy) A - (_M . Li(k1k2)2(d1d2)2c’(pE)21og2(2(d1d2)))
= L2 /S, (k1k2)(d1d2)pP log(2d) 2 S2w2 M A?
w A (k1k2)2(dyd2)?c (pP)? log?(2(dydy))
= 12 log(2d) P (_ 2522 A2 )
<1
< % exp (_ (k1k2)2(d1d2)22;:g (ﬁfzzlog2(2(dld2))>

where (a) follows by substituting the value of n, and observe that the last inequality does not depend

(k1k2)? (dldz)zc’(pmflog (2<d1d2))1
S w2 A2

on the number of tasks M or budget n. Hence, for Mn > |

HﬁIanH < min{L2 Iz exp (— Mn)} (22)

36



881

882

883

884

885

886

887
888

889
890
891

892

893
894

895

Multi-task Representation Learning for Fixed Budget Pure-Exploration in Linear and Bilinear
Bandits

s (k1ka)?(drd2)?c (pF)? log (2(d1dz))
Similarly we can show for n > TN A?

w

— exp (—Mn)} (23)

BT pl )W
|BL.B:| Smm{pmz
x x

Then recall that for two positive semidefinite matrices A, B we have that
)\min(A)Amin(B) S )\min(AB)~
Then we apply Lemma A.11 to show that
Omin (Z b (i) (ﬁznxm(i)xm(i)ﬁin)> >0, Omin <Z bl (i) (B nzm(i)zm(z)fa;n)> >0

~

and the oin (Si,.n) > 0 by the construction of (7). Hence we get the claim of the lemma. ]

LA (k1k2)?(d1d2)? LA (pP)? log? (2d1d2)
Lemma A.27. Suppose that event F,, holds and Mn > [ == TN 1. Then
define i

Vo = Z vav (7’) Vﬁom(z)wm(z)—r

where, Wy, (i) = vec(gm (1); Vin (1)) For any task m € [M] and x; € R,

4

T2t kgSmeQ exp(—Mn)

~ /2 12
W)l < Iwillv,: +

for some constant ¢ > 0

Proof. The proof of this lemma follows directly from Lemma A.12 and using the relation from (22)
and (23)

Hﬁ]—anH < min {;, %exp (Mn)}
H]A?:QTnBé‘H < min {;, %exp (—Mn)}

Plugging the value of m and usin Assumption 3.2, we have that for any task m €
[M], >, bE (i) B] x(i)x(i) "By and Y, bZ (i) B, x(i)x(i) " Bs is invertible we can get the claim
of the lemma. O

Let Sy, , = vec(/S\m,n) € RM*2 and s, . = vec(S,, ) € RFtk2,

Lemma A.28. Let F,, hold. Define A, ; = W (i) S — W(i%,) S and Ay, i = w(i) TS, —
w(i%,) TSy« Then the estimation error in second stage is given by

~ L fwow

A — A il < 6kL, min {L%’ Iz exp (—Mn)} .

4 2 2 1 EN2..2
Further for Mn > [Lw(klkz) (dldg) ;2(A’)2 )" log (2d1d2)} we have that

N Amz
|Amz_Amz‘§ ~.
) k) 2
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Proof. The proof follows the same steps as in Lemma A.13 by first using the relation that under the
event J,, the following holds,

HﬁIan‘H < min{L2 Iz exp (— Mn)}

HB2 7,Bj‘” < min{L2 Iz exp (— Mn)}

Then plugging in the value of n gives the claim of the lemma. This can be shown as follows:

\/pE -21og (4n,§M)

(% = %) S — (% — %) TS| < 2krks - Ly Loy HBT BLH HEZTHB;H+
s \/ﬁ
+ 2Ly Ly HBT BLH HBT BLH
Setting L., = 1, p? = 2k, k5 and log (4” M) = n and as the event F,, holds, we get that

(% = %) 8 — (W — W) Tsna| < 6k1ks L, min {

Iz L2 exp( Mn)}

This implies that
\ﬁmyi — Ay i] < 6k1ka L, min { Iz L2 exp( Mn)}

4 2 2 7 E\2 2
Now for Mn > fL“(kle) (dldQLQCA(gp )" log (2d1d3)

| we can show that

6k1ko L., rnin{L2 , L2 exp (— Mn)} = 6k1koL, min{Lz, 2 exp (— Mn)}

L (k1K) (d1d)2e’ (pF)?

< 6kiky L, min L2 Iz “(2d)” S7.787

@ A ®) A,

< =< .

-2 = 2
where, (a) holds as for any A > 0,d, k > 1,w > 0 the following holds

A LI Li(klkg)z(d1d2)26/(pE)2

The (b) holds as A,, ; > A. The claim of the lemma follows. O

Second Stage for FB-DOE
Good Event: Define the good event F,, that the algorithm has a good estimate of S, . for each
c(k1 + k)32 /7

— g STL _— s
{H M, * n, F \/ﬁ }

where, Cy > 0, some nonzero constant. Let the matrix W; = %,z .

Lemma A.29. (Restatement of Lemma 23 of Lu et al. (2021), Converenig under ,ISSC, adapted
from Proposition 10.1 in Wainwright (2019)) Suppose the observations W, ..., W, € RF1xk2
satisfies the non-scaled RSC condition, such that

(24)

L 2
- > 2 _ ;2 ki xka
n;<wt’s> > £lIS|IF = 728l VS € R
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911 Then under the event G := { DD Ut‘NNt

912 bound below:

< 7"} any optimal solution §n to (7) satisfies the

2 A2
< 4.5—;r
F K

S, —S.

913  where r = rank (©*) and T% > Gdr

K

Lemma A.30. (Restatement of Theorem 15 of (Lu et al., 2021), Distribution b satisfies RSC)
Sample Wl, e Wn/g € RFE1xk2 from w according to b, and define w; = vec ( ) Q =

[W{, . ;Wf] € R/3xkik2 gpg T = %QTQ Let 33, be the covariance matrix after sampling

Wt using distribution b. Then under the condition that the minimum eigenvalue of covariance matrix
3, is greater than 0, there exists constants c1,cy > 0, such that with probability 1 — 6,

T /3 —~ 2 c1 2 C2 (kl + k2) 2 k1 xko
STSn = 03 (Wi ) > glSulh = =0 S e V8 € RE
t=1

914 forn = Q ((k1 + k2)log (5)), where S, = vee(Sm «)-

915 Lemma A.30 states that sampling VA\7t from W according to distribution b guarantees that the
916 sampled arms satisfies Restricted String Convexity (RSC) condition. We further show that un-
917 der RSC condition, the estimated S,, , is guaranteed to converge to S,, . at a fast rate in
918 Lemma A.31. Using Lemma A.26, and Lemma A.28 we know that in the second stage for
919 Mn > (Li(klk”z(dld?;j;(ﬁf)Q 10g2(2d1d2)] the minimum eigenvalue is greater than 0, and the es-
920  timation error of features are small. We also know from Jun et al. (2019) that E-optimal design
921 satisfies the property of the distribution D.

922 Lemma A.31. The event F,, N F in (24) holds with probability greater than 1 — 2(k; +

4 -n
923 k)3 % exp (7klk(;%§w2> exp <2>

924 Proof. Define the rare event & := {max;—1,....1, || > v2n}, so that P(¢) < exp (—n) can be
925 proved by the definition of sub-Gaussian. Define By matrix Bernstein inequality, the probability of
926 G (\,)° can be bounded in the following way using Lemma A.29 as follows:

)(a)
>e]| <

(b) —ne? /2
S (k‘l +]€2)€Xp ne /
210g(7”)max{1/k1,1/k‘2}+6 210g(%)/3

1 e~ —
P( EZth
t=1

1o~ ~
t=1

> e §C> +P(S)

+6/2

927 where, in (a) the matrix W, = %:z{ , and (b) follows from Matrix Bernstein inequality. Now
928  setting log (£rHE2 +k2) =n,p = ki + ko > max {1/k1,1/ks}. This implies that log (42) < (k1 +
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929 ky)log(4n) 4+ n < 2np. Then set

—ne? /2
kit k LV S -
(k1 + ko) exp (4np2 + e\/4np/3)

e —ne?/2 )
X =
P 4dnp? + e\/4np/3 ki1 + ko
4np dnp* + e\/Anp/3 ki + ko
=log | ———
 ne2/2 ]
4np + ey/4Anp/3
W n€2/2
og (H52)
4np + 2e/Anp/3
- =e
nlog (B1E2)
4p €2+/4p i
:>1 ki+ko 3 1 kitka)
og (B2) T 3 /inlog (5155)
24/4p 4
— 2 - ¢ p—O

3nwn
z\ﬁ 16 4
— € =
2

Vi

e=YTL o)L P
ny/n Ind  n

930 where the last equality follows by quadratic formula. Therefore by setting € = C(kli\/%]”) for some

931 constant ¢ > 0 we get that

1 n .
P <Hn Zntwt

t=1

932  for some constant C' > 0. Now set \,, = 2¢, we need \2 = W and under this condition we

933 have P(G (A\,)) > 1 — C (ky + ko) exp (5*). Finally we complete the proof by noting that the

934  scaling of the right hand side in Lemma A.29 under above choice of \,, is less than
935 yields that

7(’“'%2) . This

C(kl + k2)3/2\/; 3/2 —-n
> — = | < — .
- n < C (k1 + ko)™ exp 5

936 Finally, note that the latent feature estimation error in the second stage results in an additional factor

4
937 of exp (i ) This yields that

(-7:/ == (HSm*Sm,*

c(ky + k2)?/2\/r 3/2 cLi -n
> —— | < k k —z — .
F \/’E - C( Lt 2) oxp kzlkgS?wQ oxp 2

938 The claim of the lemma follows. O

(‘Fl (Hsm * Sm,*

939 Lemma A.32. (Concentration of ﬁm,n ). Suppose that event F,, holds. Then, for any n > 0,

8,710 < S (1),

940  for some constant ¢’ > 0.
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Proof. Using the Davis-Kahan sin # Theorem (Bhatia, 2013) and letting 7.¥ = a7 be large enough

k k 3/2
W’ we have

to satisfy Hgm* -S| <
F

Héw ~E[Sm.]

o (o)) (o)) oo 2[5
(@) ks ([~ .

< Sm * E Sm * ’

- S Co H ’ |: ’ i|

©) o (kiko) (k1 + ko) /2T (=

< S, /n exp |

2.5
< Chika) 2 exp
- S/m 2

where, (a) follows from Assumption 3.1, the (b) follows from event F},. The claim of the lemma
follows. O

(@5 70w] <

Lemma A.33. (Concentration of \A/myn ). Suppose that event F,, holds. Then, for any n > 0,

|07 < S e ()

for some constant ¢’ > 0.

Proof. Using the Davis-Kahan sin # Theorem (Bhatia, 2013) and letting 7.2 = 377 be large enough
< c(Fatka) 3r2yr
Vvn

to satisfy Hgm* —Spx| < , we have following the same steps as in Lemma A.32
F

that
~ (a) H/S\m,* —E |:/S\m,*:| H
(Vi) V| < _ _ _ _
B o Y IR o oo
® 2.5
Qe "(kiko)=> /1 exp [ "
S,v/n 2

where, (a) follows from Assumption 3.1, the (b) follows from event F,,. The claim of the lemma
follows. O

Arm rotation in Stage 2 Recall that the SVD of §m,n = ﬁmnf)mn\Af,ln Define ﬁmg =

[ﬁmnﬁfﬁ ]TSm n[Vm nV,J;L n)- Then define the vectorized arm set so that the last (k; —7) -

(k2 — r) components are from the complementary subspaces as follows:

[ ={[vec (&n.: rV; 1) ; VeC (gm,rﬂ:kﬁ;,m) ;
VeC (&m, 1V ri1:ky ) s VEC (it 11k Vory rt 10k, ) | |
S, = [Vec(Hm,nyl:M:r); vec(I/:Im,n,rH:kl,l:r);
VeC(Hm,nJ:r,T—i-l:kQ)L
S b lkiky = Vec(ﬁm,n,r+1:k1,r+1:k2)' (25)

Finally we estimate the

S = argmin 3|[W,, s —rol3 + 3lIs[2,, (26)
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956 Lemma A.34. (Restatement of Lemma 3 of Valko et al. (2014)) If A, = m, then
1/2 10, 3N
|VT| n
log T < 9k ko 1 (1 7)
Og|A|_ 1k2 10g —1-3)\

957 Lemma A.35. (Restatement of Lemma 1 of Jun et al. (2019)) Using Lemma A.34 we can show that

2
, <VAB+ /LB,

HS*”A < \//\ HSIEH; +AL HSE-l-llklk‘z

1

958 Setting B, = % and \| = Son-

_n_ L1 2
3kks log(1+ 2% ) results in 5 [|s. |5 <

4 7 E
959 Lemma A.36. For Mn > [(k1k2)2(d1d2)2%§i}gg’g)2 10g2(2(d1d2))] we have

Umin(Z by, (i)w(i)w(i)") >0

960  Proof. We can show that
E (N (v (i) T 2 EN(OGT % % 07 VD T 5 5 Ul
Zbﬂ(l)ﬂ(Z)ﬂ(l) - Zbﬂ(z) Um,nxmmeLn Dm,n mezmzmvm,n

961  where, in (a) the b$ (i) is the sampling proportion for the arms X € R, 7 € R*2, U € RF*" and
962 'V € R¥1X7 Also note that from Lemma A.32 and Lemma A.33 we know that

5,70 < T o (-0)

@ w 8y p" (kiks)(dida) A . (_M ' Lg(klkz)z(dldQ)zLicf(pEy1og2(2d))
= 12 &S, (kik)dpP log(2d) P\ 2 S22 MA?
w A (kyko)?(dyda)?c LA (p®)? log?(2d)
- L2 log(2d) P <_ 252w2A? )
\‘<,1—/

<2 exp(- (k1k2)2(dyd2)2d Li(p7)2 log? (2d)
L2 2572 A2

963 where (a) follows by substituting the value of n, and observe that the last inequality does not depend
(k1k2)?(did2) Ly (pp)* 10g2(2(d1d2))1
2A2

964  on the number of tasks M or budget n. Hence, for Mn > | S we
965 have
HIAJIL,,LUf;L < min {2;, % exp (—n)} . (27)
966  Similarly we can show that for Mn > [(kle)z(d1d2)2%%ig,ﬁ)2 logz(Q(dldQ))] we have
- . w ow = . wow
HVLWV#L < min {LQ’ Iz exp (—n)} , HD:;MD#L < min {L2’ Iz exp (—n)} . (28)

967 This holds with high probability as the event F/, holds true. Then following the same steps as in
968 Lemma A.26 and applying Lemma A.11 we get the claim of the lemma. O

969  If this holds true then we can sample the following G-optimal design and the solution to the G-optimal
970  design in the third phase is not vacuous.
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Lemma A.37. Suppose that event F,, holds and Mn > Lo(hika) (dldz)sgiffA(f )" log” 2dd2) ppop

define

mé - meg gmé )gm,f(i)—r~

For any task m € [M] and x; € RY,

B0, < 80D, + ot expl— )

for some constant ¢ > 0

Proof. The proof of this lemma follows using the same steps as in Lemma A.12 and using the relation
from (27) and (28)

(0005 < min{LQ, 2o >} -

HV <mm{L2’L2 exp (— )}

Plugging the value of n and using Assumption 3.3, we have that for any task m €
[M],>°, b5 (i) U g(i)g(i) TU,, and Y, bS (4) V1 v(i)v(i) TV, is invertible we can get the
claim of the lemma. O

m, 'fL m

Recall that §,,, ,, = vec(gmm) € R(k1k2 and s,,, , = vec(S,, «) € RFikz,

Lemma A.38. Let A, = g(i) Smn — 8(i5) S and Ay = wW(i) s — w(it)  Spm

Then the estimation error in second stage is given by

|£mz — Ay i) <6(ky + ko)rLy min { 22 exp( Mn)} .
Further for Mn > Li(’“kﬁ(dld?;j;(ﬁf)z log®2d1d2) \0 have that

|£m,i _A Amz
2

Proof. The proof follows the same steps as in Lemma A.13 by first using the relation that
< mm{L2 Iz exp (— Mn)}

HVT VlH<mln{L2 Iz exp (— Mn)}

[©7.005

m

Then plugging in the value of n gives the claim of the lemma.

Again, for this stage using the same steps as in Lemma A.13 we can bound the estimation error for
any pair of g, g’ € R” for a task m as follows:

’(g - g/)Tgm,n - (g - g/)—rsm,*’ S 27{; : La:Lw HﬂZ’J‘UH H{};LVH

\/ - 2log (74”21\/1) _ .
+ NG + 2L, Ly, HUMUH HVMVH

Setting L,, = 1, p£ = 2k log(1 + 7%) and log (4” M) = n and as the event F,, holds, we get that

l(g— &) Smn— (8 —8) "sm.«| < 6klog(l+ 3A)Lxmin{L2,LQexp( Mﬂ)}
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987  This implies that

|ﬁm,i — A,i| < 6kL, min {;2, % exp (—Mn + loglog(1 + n/3/\))}
988 Now forn > LideQig’;\j)j;Og%zd) we can show that
6k L, min {2)2, % exp (Mn)} = 6kL, min {;, % exp (—Mn + loglog(1 + n/3)\))}
~ W ow LA (kyko)?(d1dg)2e’ (pF)?
< 6kLymin —, — (2d) SpezaZ
{L% L2
@A ® A,
< =< :
-2 = 2
989 where, (a) holds as for any A > 0,d, k > 1,w > 0 the following holds
A L Lik2d2c (p¥F)?
log(— log(== - ——— log(2d).
0g(15) +1log(~) > IAC og(2d)
990 The (b) holds as A,,, ; > A. The claim of the lemma follows. O

991 Third Stage for FB-DOE

992 Now we apply the G-optimal design to the rotated arm set.

Lemma A.39. Assume that the best arm i}, is not eliminated before phase {, i.e., i}, € G, o—1. Then
the probability that the best arm is eliminated in phase { is bounded as

4A cL? nmd7 i,
Tty P ((k1+k2)%s,§w2> exp (=gt + loglog(1 + n/3)\) when £ = 1

Nm A

]P)(Z;kn ¢ gm,é | Z;kn S gm,é—l) S 4 2
3exp (m) exp <_ 3o+ + loglog(1 + n/3)\)) when £ > 1

993 where iy, = [(k;jff)r—‘ + 1.

994  Proof. We use the same proof technique as for the linear budget fixed arm setting in Lemma A.17.
995 Note that we use the rotated arm set of dimension (k; + k2)r. Additionally observe that the latent

4
996 feature estimation error factor exp (MW) that shows up in the bound. O

997 We prove the main theorem for bilinear bandits.

998 Theorem 3. Define A = min,, min;ex Ay, 4 Mn > [(dle)Q(klkz)ch(pE)Z l°g2(2d1d2)] and ¢ > 1.

wISZA2
999 Set A\ = ———L2———< and \ > 0 in A, ¢ for each task m. Then the total probability of error of
3kiko log(l—i—ﬁ) J
1000 the algorithm is given by

—Mn clA -n
exPp (log2 d1d2> + M exp (kleSEoﬂ) exp <2log2(k1 n k2)>

CL% Nm
+ M (6 1Og2(k1 + kg)'l") exp (MW) exp <321{2bl> .

1001 Proof. Stage 1: Using Lemma A.22 we can show that the probability of error in the first stage is
1002  bounded by

-M
8dydg exp (—Mn) < 8exp <1ogdlndg) .
2
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1003  Also we have show in Lemma A.10 that if the good event JF,, holds, then we get a valid G-optimal
~ 2 2 10 EN2 2
1004  design and H (B#)TBH < ¢ for some constant ¢ for Mn > [(dle) (’“’“i;szQ log (2d1d2)].

1005 Stage 2: Using Lemma A.31 we can show that the probability of error in the second stage is bounded
1006 by

Li -n
k k 3/2 Cly
CM (k1 + k2)™" " exp (k1k253w2 exp | -

1007  Also we have show in Lemma A.36 that if the good event 7, holds, then we get a valid G-optimal
1008 design for the third stage.

1009 Stage 3: Assume that F,, N F,, holds. First note that by rotation of the arms we have reduced the

1010  effective dimension to k = (k1 + k2)r. By applying Lemma A.14 and Lemma A.17, we have for
1011 £>1

P (i*m ) z';;) =P [i%, & G, flogy (kr +h2)r] )
[logy (k1+k2)r]
< Y Pliy, ¢ Gme | if € Gme]
=1
[logy (k1+k2)r]

3 L M Binie | og log(1 4 n/3)
KZZQ exp W exp _STM + og Og( +n/ )

IN

c 4
< (3 Ty (ks + ka)r] ~ 1) exp (ot )

Nim, 1

exp | — + loglog(1 4+ n/3X)

32 MaXo<i< (ky+ho)r xZ

CL% Ny
< (3 lOgZ(kl + kQ)'I") exp <MW) exp <?M2m + log log(l + n/?n\))
r , bilin

where Hy piin is defined as

)
HQ’ bilin — IMax ma:

x
me[M] 2<i< (k1 +ka)r A2,

1012  Note that this is for a single task m. So the total probability of error in stage 3 is given by

CLi Nm
M (3logy (k1 + k2)7) exp <(kl‘|‘k2)7"52“’2> exp (_32sz‘1' + loglog(1 + n/3)\)>
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1013 Combining stages 1, 2, and 3, and substituting the value of n,, (and ignoring the log log factor) we
1014  get that the total probability of error is given by

Mn

= — Ll -n
> - < 3/2 CL,,
Em P (z m 7 zm) < 8exp <1og2 d1d2> +CM (ky + k2)™ " exp <k1k‘25,2.w2 exp | —-

clA n
+ M (3logg (k1 + ko)1) exp <(k1 n kz)trSfuﬂ) exp <_32H2 - )

(a) —Mn cl? —-n
< Sexp | ——— ) + OM (k1 + & . —n
= 0P (10g2 dldQ) + OM (ky + kz) exp <k1k253w2> eXp( 2 )

cL? n
M (6logy(ky + k YR A<} T 32H, o
+ ( Ogg( 1+ Q)T) exXp <(k1 + k2)r53w2) eXp < 32H27bilin )

(2) 8 —Mn L oM cLi —-n
X —_— X —_— X P ——
= 2P \og, dids P\ ko520 ) PP\ 210g, (ky + ko)

cLi n
M (61 —_— —_— 2
+ M (6logy (k1 + k2)r) exp <(k1 n kg)rwaz) exp ( 2y ) (29)

1015 where, (a) follows as

n n
Vi e (<5) < o0 (- )

n 3 n
—— + —log(ky + k < R —
— eXp( 5 + 5 og(ky + 2)) < exp< 32H2,bilin>

1016 for Mn > (d1d2)2(k1k2526:5(2p§2)2 log?(2d1dz) ppe (b) follows as
n n
_ oy ) < _n
P ( 5 Tloglk +k2)) < exp ( 21og, (k1 + k2)>
1017  The claim of the theorem follows. O]

1018 Remark A.40. (Discussion on Bound) Observe that the probability of error depends on budget
1019 n, ambient dimension dy, d2, latent dimension k1, k2 and bilinear hardness parameter Ho _pilin -
1020 The Hy jin quantifies the difficulty of identifying the best arm in the bilinear bandit MTRL setting.
1021  Observe that the final probability of error in (29) consist of three terms. The first term is the probability
1022  of error in estimation of the feature extractors B, Bs. The second term is the error in the estimation

4
1023  of the hidden parameter Sy, . in each task m. Additionally, the factor exp (%) captures the
1024 error in estimating latent features in second stage. The third term consist of the probability of error
4
1025 in identifying the pair of best arms in each task. Again, the factor exp (MW) captures the

1026 error in estimating latent features in third stage. Finally, note that the log log(1 4+ n/3)) term in the

1027 third factor is much smaller that — 5577"— and so can be effectively ignored.
2, bilin

1028 Note that our key technical challenge in the fixed budget MTRL bilinear setting lies in carefully
1029 constructing the high confidence bounds that is exponentially decaying with budget n. In the
1030 stage 1 using Lemma A.22 we have to again modify Lemma C.3 of (Du et al., 2023) for the
1031 bilinear setting so that we get the exponentially decaying bound. This leads to a new estimation

1032  of the feature extractors B;, B, in Lemma A.24, Lemma A.25, and then for a sufficiently large

2 2 7 EN2 2
1033 Mn > [{dd2) (kleZJfS(QPAZ) log”(2d1d2) 1 we have a non-vacuous solution to the E-optimal design in

1034 stage 2 (see Lemma A.26). Then we ensure in Lemma A.27 that the latent feature estimation is low
1035 and in Lemma A.28 we ensure that the estimation error with the latent feature is low in stage 2. This
1036 requires a different analysis than similar art in Du et al. (2023); Yang et al. (2020; 2022) as they only
1037  study fixed confidence or regret minimization setting. In the second stage our technical novelty lies in
1038 controlling the probability of error for the noisy latent features in low dimensional multi-task linear
1039 bandits. This is shown in Lemma A.14, Lemma A.16, and Lemma A.17.
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In the second stage we also have to estimate the latent parameter S,,, . for each task m, and incorporate
the noisy latent features into this. This requires a different approach than prior bilinear bandit proofs
in Jun et al. (2019); Lu et al. (2021). We show this in Lemma A.31. Again we ensure for the
third stage that the latent feature estimation is low (after rotation of arms) in Lemma A.37 and in
Lemma A.38 we ensure that the estimation error with the latent feature is low in stage 3. Note that
this approach differs from the existing art of fixed budget linear bandit settings (Katz-Samuels et al.,
2020; Yang & Tan, 2021; Azizi et al., 2022) and significantly different than the fixed confidence
linear bandit proofs proofs in (Soare et al., 2014; Mason et al., 2021; Degenne & Koolen, 2019).

A.5 Additional Experimental Details

MTRL linear bandit setting: This experiment consists of a set of M € {5, 10, 15, 20, 30, 40} tasks.
We first fix the total number of tasks M from {5, 10, 15, 20, 25,40}. Then in each of these tasks
for this particular setting (for a particular M) the arm set X is selected from a unit ball in R®, and
Ix|| < 1forall x € X. So the dimension is d = 8. Then we choose a random common feature
extractor B € R®*2. So k = 2. Then we choose a w,,, € R* form = 1,2,..., M. This gives
us the 0, ,,, for each task m € [M]. We set n = 5000. We compare against OD-LinBAI (Yang &
Tan, 2021) which was shown to be minimax optimal and performs better than PEACE in (Fiez et al.,
2019). The OD-LinBAI treats the setting for each M € {5, 10,15, 20, 25,40} as a d dimensional
linear bandit and suffers a probability of error that scales as O(M exp(—nAZ2)/dlog, d).

MTRL bilinear bandit setting: This experiment consists of a set of M € {30, 60,90, 120,150}
tasks. Then in each of these tasks for this particular setting (for a particular M) the left arm set
X and the right arm set Z are selected from a unit ball in R®. Note that we ensure |x|| < 1
and ||z|| < 1forallx € X and z € Z. So the dimension is d; = d2 = 8. Then we choose
random common feature extractors B; € R8%2, B, € R8%2. So k; = ko = 2. Then we choose
a S, € RF>F2 form = 1,2,..., M. This gives us the ©, ,, for each task m € [M]. We
set n = 8000. Again we compare against OD-LinBAI (Yang & Tan, 2021) as there are no fixed
budget alternatives for the bilinear bandit setting. The OD-LinBAI treats the setting for each
{20, 30,40, 60, 80,100} as a d;dy dimensional linear bandit and suffers a probability of error that
scales as O(M exp(—nA2/dydy log, dydy)).

MTRL linear Nectar setting: This is a real-world semi-synthetic experiment on the Nectar dataset
(Zhu et al., 2023). This dataset consists of 100K prompts, where each prompt consists of 7 answers
by Large Language models which are then ranked by humans. We select 20 prompts randomly from
this dataset and obtain a 768 dimensional embedding using Instructor model (Su et al., 2022) which
we denote as g € R7%8. Then we project this vector to R® using a projection matrix. For each
prompt, we also obtain a 768 dimensional embedding for each of the 7 answers and we denote this as
a € R78, Then again we project this vector to RS using a projection matrix. Finally, we obtain an
arm x = vec(qa') € R and d = 36. So these 140 arms constitute the X'. Next, we fit the model
6. based on the original ranking in the dataset to these arms. Then for each task m € [M] we perturb
the 0, + € with an € ~ A (0,0.05 % I;) to obtain 6,,, ...

Then in this experiment, we consider a set of M € {20, 30, 40, 60, 80, 100} tasks. We again first fix
the total number of tasks M from M € {20, 30,40, 60, 80,100}. Then in each of these tasks for this
particular setting (for a particular M) the arm set X is selected as above. Then we choose a random
common feature extractor B € R8*2. So k = 2. Then we choose a w,,, € R* form =1,2,..., M
such that w,,, = B716,, .. We set n = 5000. Again we compare against OD-LinBAI. The OD-
LinBALI treats the setting for each M € {20, 30, 40, 60, 80, 100} as a d dimensional linear bandit and
suffers a probability of error that scales as O(M exp(—nAZ2)/dlog, d).

B Table of Notations
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Notations Definition

M Number of tasks

X Left arm set

Z Right arm set

(/. Hidden parameter for linear bandit in ambient di-
mension

W, Hidden low dimensional parameter for linear ban-
dit
Phase number

Mm% Hidden parameter matrix for bilinear bandits in

ambient dimension

S Hidden low dimensional parameter matrix for bi-
linear bandits

bZ E-optimal design

bl , G-optimal design at the ¢-th phase for the m-th task

AL n/24(k1 + ko)rlog(1 + 2%)

B, Left feature extractor

B, Right feature extractor

Sy r-th largest singular value of ©.,

A = min,, min;ex Ap, ;

Linear bandit minimum gap

- E 1
Hl,lin = Iy, e[ Zi:l A2
m,

Linear bandit hardness parameter

?
P] .
Ami

Hs iin = max, e[ maxXo<i<i

Linear bandit hardness parameter

A= minm minie;(,g Am,i

Bilinear bandit minimum gap

J— 3
Hy bitin = MaX,, (] MAX2<i< (kg +ko)r AT -
m,

Bilinear bandit hardness parameter

n

Total budget

Table 1: Table of Notations




