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ABSTRACT

This paper provides the first rigorous analysis of estimation error bounds of diffu-
sion modeling, trained with a finite sample, for well-known function spaces. The
highlight of this paper is that when the true density function belongs to the Besov
space and the empirical score matching loss is properly minimized, the generated
data distribution achieves the nearly minimax optimal estimation rates in the total
variation distance and in the Wasserstein distance of order one. Furthermore, we
extend our theory to demonstrate how diffusion models adapt to low-dimensional
data distributions. We expect these results advance theoretical understandings of
diffusion modeling and its ability to generate verisimilar outputs.

1 INTRODUCTION

Diffusion modeling, in particular, score-based generative modeling (Sohl-Dickstein et al.| 2015}
Song & Ermon, 2019} [Song et al., [2020; Ho et al., [2020; [Vahdat et al.| 2021)), requires the gradient
of the logarithmic density of the (diffused) data distribution, called the score. In practice, however,
we have only access to the true distribution through a finite sample from that, and therefore the true
score is replaced by a neural network (score network). We train the score network based on the
score of the diffusion process from the empirical distribution, using the score matching technique
(Hyvirinen & Dayanl 2005} [Vincent, |2011). This replacement causes the difference between the
true data distribution and the distribution of the outputs generated by diffusion modeling, which
motivates the analysis of this error as a distribution estimation problem. In other words, is diffusion
modeling a good distribution estimator?

Existing literature has analyzed the estimation error given the score approximation error bound as
an assumption. (i) Under the L?-bound on the score approximation accuracy, |Song et al.| (2020)
showed the bound in the Kullback-Leibler (KL) divergence via Girsanov theorem, for continuous-
time dynamics. Recently, the polynomial bound has appeared in discrete-time in the total variation
distance (TV) (Lee et al.l 2022b). Lee et al.|(2022b) assumed the log-Sobolev inequality (LSI)
for the true density, which was later eliminated by |Chen et al.| (2022) and |Lee et al.| (2022a)). (ii)
Concurrently, with the L°°-bound of the approximation error, [De Bortoli et al.| (2021) (also with
dissipativily) and|De Bortoli|(2022)) (under the manifold hypothesis) derived non-polynomial bounds
in TV and in the Wasserstein distance of order one (W), respectively.

However, the important problem has been unaddressed, that is, whether the score can be appro-
priately approximated with a finite number of sample via score matching. As the only exception,
De Bortoli|(2022) derived the n~1/4 bound in W for n data and a d-dimensional distribution. How-
ever, in their analysis, the neural network is assumed to almost perfectly fit the empirical score and
the estimation bound depends on the convergence rate of the empirical distribution to the true one
(Weed & Bach,2019). Because of the same lower bound for the convergence of empirical measures
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(Dudley, [1969), their n~'/¢ bound is essentially unimprovable with any structural assumption on
the data distribution. Therefore, it is impossible to extend their result to formal density estimation
problems, where the faster convergence rates depending on the smoothness of the true density are
expected. We also mention generalization error analysis mainly on each one discretized step by
Block et al.| (2020), but they do not explicitly state the final estimation error and their intermediate
bounds depend on the unknown Rademacher complexity which should be sufficiently large so that
the hypothesis class well approximates the true score.

In summary, the fundamental question on the performance of diffusion models as a distribution
learner largely remains open.

1.1 OUR CONTRIBUTIONS

This work establishes a statistical learning theory for diffusion modeling. The convergence rate of
the estimation error is derived assuming that the true density belongs to well-known function spaces
and deep neural network is employed as an estimator. Surprisingly, we find that diffusion modeling
can achieve the nearly minimax estimation rates. The contributions are detailed as follows:

(1) We give the explicit form of approximation of the score with a neural network and derive
the error bound in L?(p;) at each ¢, where the initial density is supported in [—1, 1]%, in the
Besov space By ([—1,1]%), and smooth in the boundary.

(i1)) We then convert the approximation error analysis into the estimation error bounds. We
derive the bound of n~ 7%= in TV. Moreover, the rate of n_% in Wi is derived for
an arbitrary fixed 6 > 0, with modified score matching. Notably, both of them are nearly
minimax optimal.

(iii)) We extend our theory to demonstrate that diffusion models can avoid the curse of dimen-
sionality under the manifold hypothesis, considering when the true data is distributed over
a low-dimensional plane. This is a special case of De Bortoli (2022)) but by far tighter.

Appendix [A] provides further related works about estimation problems for those less familiar with
statistical learning theory and also introduces existing literature regarding the manifold hypothesis.

2 PROBLEM SETTINGS

Diffusion modeling We basically follow the setting of |Song et al.| (2020) and the notation of
De Bortoli[(2022)). (B;) (0,7 denote d-dimensional Brownian motion. We use p; for the distribution

of Xy, and therefore po is the data distribution. As a forward process (X¢), 7 in R9, we consider
the following Ornstein—Ulhenbeck (OU) process:

dXt = 7ﬂtXtdt + \/ﬁdBta XO ~ Po-

Then we have that X;|Xq ~ N (m;Xo,0:), where m; = exp(— fot Bsds) and 07 = 1 —

exp(—2 fot Bsds). Under mild assumptions on pg, that are easily verified for our setting (Hauss-
mann & Pardoux}|1986)), the backward process (Yt)[o,T] with Y; = X7 _, satisfies

dYy = Bi(Yy + 2V log py(Y))dt +4/287_,d By, Yo ~ pr.

V log pi(z) is called the score, which is replaced by the score network §(z, ¢) trained with the finite
sample. Also, because p; approaches N'(0, 1), we take T = O(1) and replace the initial noise
distribution of Y; by NV(0, I;). Then the modified backward process (Y;) (0,7 is defined as

dY; = By(Y; + 25(Yz, 1) dt +4/267_,dBy, Yo ~ N(0, I).

Class of neural networks As usual in approximation with neural networks (Yarotsky, 2017;
Liang, 2017), the score network is selected from a class of deep neural network with the ReLLU ac-
tivation ReLU(z) = max{0, z} (operated element-wise for a vector) (Nair & Hinton, 2010; Glorot
et al |2011) with a sparsity constraint (on the number of non-zero parameters). The score network
is a function from (z,t) € R? x Ry toy € R%.
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Definition 2.1. A class of neural networks ®(L, W, S| B) with height L, width W, sparsity con-
straint S, and norm constraint B is defined as ®(L, W, S, B) := {(A®ReLU(-) + b)) o ---0
(AW 4 1) AD € RWoWern 30 € RV 370 (|AD o + [6D]Jo) < S, max; [|AD ooV
16 < BY.

Score matching Score matching with finite data {xz¢;}}"_, selects the score network § from the
hypothesis S so that § minimizes the empirical score matching loss:

. Ry
§ € argmin — Z/ E [[|s(z¢,t) — V log ps(¢]x0 4 )||*]dt, (1)
o Ji=r wepe

seS M= (z¢|zo,i)

where z ; R po is assumed. We clip the integral interval by T > 0 because generally the score
blows up as ¢t — 0 and gets oo for any neural network. We can use finite sample of ¢ and x4,
instead of taking expectation, which is explained in Appendix [H]

2.1 ASSUMPTIONS

We evaluate TV (X, 17771) and W7 (X, Y/sz) under the following assumptions. Let d be a di-

menision of the space, n be the sample size, and 0 < p,q < oo, s > 0 with s > (1/p — 1/2)
be parameters of the Besov space. The besov spaces include the Sobolev Holder spaces, and can
contain not continuous functions (see Appendix [B|for details). Our main assumption is as follows.

Assumption 2.2. The true density pg is supported on [—1, 1], where it is upper and lower bounded
by Cy and C’f_l, respectively. Also, po belongs to U (B3 ([—1,1]%); C) for some constant C.

U(-;C) means the ball of radius C' and we sometimes write it as U(-). We additionally make two
technical assumptions. One is the smoothness of f3;.

Assumption 2.3. 3.: [0,T] — R satisfies 0 < 3 < 3, < Bforall t and 8. € U(C>([0,T1),1) as
a function of ¢.

The other is the smoothness of the true density py on the boundary region. Let ag be a sufficiently
small value defined later.

Assumption 2.4. pg also belongs to U(C>([—1,1]¢\ [~1 + ag, 1 — ao]9); 1).
This is used in the region where p; is not lower bounded. This is necessarily because in density es-
timation lower boundedness is typically assumed (Tsybakovl 2009) and without lower boundedness

the minimax optimal rate gets worse than otherwise (Niles-Weed & Berthet, |2022). This assumption
can be replaced by sufficiently slow decay of the density, such as LSI, used in|Lee et al.| (2022b).

3 MAIN RESULTS

d
Throughout this section, we fix 6 > 0 as a constant. We assume n > 1 and let N = na+2s | T =
poly(n=1), and T ~ logn. Here N is the parameter that controls the score network size. We take
1—6

_ _1-s . .
ap=n 2z =N""4d in Assumptlon

3.1 APPROXIMATION OF THE TRUE SCORE

First, we consider approximating the true score V log p; via a deep neural network.
Theorem 3.1. There exists a neural network dscore € ®(L, W, S, B) that satisfies, for t € [T, T),
N~ log(N)
—_—
t

/mmmmwﬁ—VMmmes

Here, L,W,S and B are evaluated as L = O(log* N),|[W|e = O(NlogN),S =
O(Nlog® N), and B = exp(O(log* N)). Moreover, we can take ¢score 50 that ||dscore (- t)]| oo
O(o; ' log? N) holds.
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Proof overview In order to obtain this result, the approximation should be constructed in the fol-
lowing ways. (i) It should reflect the structure of py(x), especially the fact of po(z) € U(B, ). (ii)
It should serve as a good score approximation for different timepoints simultaneously, as a function
of both x and ¢. To address these issues, we construct a novel basis decomposition in the space of
R? x [T, T], specially designed for score approximation. Moreover, as usual in approximation the-
ory (e.g.,|Yarotsky| (2017)) each basis can be realized by a neural network very efficiently, meaning
that a polylogarithmic-sized network suffices with respect to the permissible error.

The basis decomposition goes as follows. First remind the B-spline basis decomposition of the
Besov functions (DeVore & Popov, (1988 |Diing, 2011; |Suzuki, 2018). Let M( ) be cardinal
B-spline of order I, and for k € N? and j € Z% take the tensor product B-spline basis as

M{ (x) = T, N(2¥x — j;). This is the basis function in R? and a function f in the Besov
space is approximated by a super-position of M ,f j(@)as fn = Zl L ai M i (@)

We decompose py as po(z) = Zl\il a-M,‘f ., (z). Defining the transition kernel K(x|y) =

ﬁ exp(—%) we have that p(z) = [ po(y)K:(z|y)dy. Now, pt( ) is approximated
o (2m)2 t
as () ~ YN [ M (y) K (x]y)dy. Moreover, Ey, j(x,t) = [ M ;(y)K (x|y)dy is further

N(2Fiy; —j;
zlf e

decomposed as Ej, j(x,t) = T ,%)

exp( dy;. We name Dy, ;, (z;,t) =

J % exp(—%)dxi as the diffused B-spline basis and Ej, ; as the tensor product

diffused B-spline basis. We show that there exists a neural network that approximates Dy, ; and Ey, ;.
Then we obtain an efficient approximation of p;(z). In the same way, we can approximate Vp;(x).

Based on these, we finally obtain the approximation of the score V log p;(z) = vp;: ES) .

The complete proof can be found in Appendix[D} For more detailed proof sketch, see Appendix[D.1]

3.2 GENERALIZATION OF THE SCORE NETWORK

We then consider the generalization error of the score network. Before stating the bound, we
limit the hypothesis ® given in Theorem into S, which consists of a network ¢ satisfying

(-, ) |loo = Oo; 1og% n because we can take Pscore 50 that || Pscore (- ) [loo = O log% N)
holds according to Theorem Then we let £ = {/,: [-1,1]¢ — R| s € S}, where £ is defined

by £5( j; 7 JlIs( a:t, —Vlog pi(z¢|7)||*pt (x| z)dxdt. Note that the empirical score match-

ing loss || is written as -+ ZZ 1 Us(w;). For L, let N = N (L, || - || oo (j—1,1)4), €) be the e-covering
number of £ with the LOo norm. Based on this, we can bound the generalization error of the score
network selected in the empirical score matching.

Theorem 3.2. For sufficiently small € > 0, the minimizer s of the empirical score matching loss
over S satisfies that

T
Bleon, | [ Beenllilent) - Viogm(eo| Pl @
t=T
T supes 1l (1,109 log(A)
< inf / Epimpellls(@e,t) = Vlog py(ae) [t + —E5 2000 te (3
s T

The proof is inspired by Schmidt-Hieber| (2020); [Hayakawa & Suzukil (2020). See Appendix @}

The first term can be bounded by N ~2%/%1og N (log(T/T) + (T —T')), according to Corollary[D.13]
which is obtained from Theorem The second term is bounded by < N log?(n)(log'®(N) +
log'?(N)log(¢7')), because Appendix gives supges [1€sllpoe (=114 S logZn and Ap-
pendix [E.3] gives log(NV) < N(log'® N + log'? N log(e~1)). Now, we apply N = n%/(2s+4) and
set ¢ = n~28/(25+d) o obtain < n- T loglg(n). For more detailed sketch, see Appendix
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3.3 ESTIMATION ERROR ANALYSIS

Here we finally obtain the estimation error bounds. As a small modification, if HY/T—T lloo > 2, then

we reset it to }A’TfT = 0. First, the estimation error in the total variation distance is presented.

Theorem 3.3. Let T = n %W and T = é‘s(};f;). Then,

E[TV (X0, Y7_p)] S n~ /D 1og” n.

On the other hand, we can show the following lower bound exists.
Proposition 3.4. For 0 < p,q < o0, 5 > 0, and 5 > max{d(3; — 3),0}, we have that

inf sup E[TV(i,p)] > n~/ s+,
K peB; ,

where [i runs over all estimators based on n observations.

We have proven that diffusion modeling achieves the minimax estimation rate for the Besov space
B, , in the total variation distance up to the logarithmic factor. Appendix E]provides the proofs.

Moreover, we also have the following bound in the Wesserstein distance of order one.
Theorem 3.5. We can train the score network with n sample and with that we have

E[Wi(Xo, Vg_yp)) S n (H1-9/(0429) o)
The minimax rate in W7 is n_% (Niles-Weed & Berthet, 2022), and thus is also nearly mini-
max optimal up to d. For Theorem [3.5] we switch the score networks during the backward process,

where each network is adjusted to a different time interval, as a technical modification. This is
explained in Appendix

Also, the bound on the time discretization error is discussed in Appendix|l|

4 ERROR ANALYSIS UNDER THE MANIFOLD HYPOTHESIS

When the true data is distributed over a d’-dimensional plane with d’ < d, we can replace d in
by d’, obtaining the improved bound in W;. See Appendix for motivations and related works.

We assume that the true density pg is a probability measure that is absolutely continuous with re-
spect to the Lebesgue measure on the plane. Its probability density, as a function on the canonical
coordinate system of the plane, is assumed to satisfy Assumptions and with d replaced by
d’. We also assume Assumptionas well. Then, we obtain the following bound.

Theorem 4.1. We can train the score network with n sample so that the estimation error in the

Wasserstein distance of order one is bounded by
s+1—48

E[W1(Xo, Vr_p)] S0 752

Contrary to Theorem [3.3 the upper bound here depends on d’ (not on d). Thus, we conclude that
the diffusion models can avoid the curse of dimensionality.

In Appendix [G] Appendix[G.T]states the formal settings, Appendix [G.2|provides the proof overview,
and Appendix|G.3|gives the complete proof. Simply put, we decompose the score function into two
parts. One is determined by the diffusion process on the d’-dimensional plane, which the difficulty
in approximation mostly depends on. The other part corresponds to the diffusion process on the
orthocomplement and is easy to be approximated.

5 CONCLUSION

We showed that diffusion modeling can achieve nearly minimax estimation rates in both TV and
W1. To approximate the score, the novel basis is introduced, which we call the diffused B-spline
basis. We also demonstrated that diffusion models can avoid the curse of dimensionality under the
manifold hypothesis. In summary, we analyzed diffusion models from the statistical learning theory
and provided theoretical supports for the real-world success of diffusion models.
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A ADDITIONAL RELATED WORKS

A.1 DISTRIBUTION AND FUNCTION ESTIMATION

Recently, minimax estimation rates in the Wasserstein distance have been investigated by several

works (empirical distribution (Weed & Bachl 2019} [Singh & Pdczos), 2018} 2020); smooth

density 2017} [Singh et al.l [2018; [Schreuder et al., [2021)); Besov space (Niles-Weed &
Berthet, [2022)). Niles-Weed & Berthet| (2022) utilized the wavelet basis for the Besov space, while

Liang| (2017) used neural networks as an estimator motivated by Generative Adversarial Networks
(GAN) (Goodfellow et al.,[2020).

We would like to emphasize that our work is not replacement of wavelet expansion of
with neural networks. In diffusion modeling, we first minimize the squared-error-
like score matching loss, and then consider the estimation error. This makes existing sharp bounds
in Wj unavailable. Contrary to the analysis of GAN, where the minimax problem of the final goal
directly relates to 1/, analysis of diffusion models requires conversion of the score approximation
error to the estimation error.

What we are built on is rather the theory of function estimation with deep neural networks in

L? norms (Barron| [1993} [Yarotsky}, [2017; [Petersen & Voigtlaender, 2018}, [Suzukil 2018}, [Schmidt-

[Hieber} [2020; [Hayakawa & Suzukil [2020). Our approximation result can be seen as an extension of
the B-spline basis expansion used in [Suzuki| (2018). On the other hand, our generalization bound

relies on [Schmidt-Hieber| (2020); [Hayakawa & Suzuki| (2020).

A.2 ANALYSIS UNDER THE MANIFOLD HYPOTHESIS

Although the obtained rates in Theorem [3.3]is minimax optimal, it still suffers from the curse of
dimensionality: the exponent of the convergence rate depends on n. One approach to avoid this
curse of dimensionality in statistics is to assume mixed or anisotropic smoothness
Khas minskiil, [1984}; Meier et all, 2009} [Suzukil, 2018}, [Suzuki & Nitanda, [2021)), and our theory
directly applies to them. On the other hand, the manifold hypothesis, that the distributions of real-
world data lie in low dimensional manifolds, has been proposed (Tenenbaum et al., 2000} [Fefferman
2016), and this is another assumption that convergence rates dependent not on the dimension
d of the space itself but on the manifold’s dimension can be obtained Nakada & Imaizumil (2020);

Schmidt-Hieber (2019).

10
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Recently, the convergence of diffusion modeling under the manifold hypothesis has begun to be
investigated. The bound by |Pidstrigachl (2022), however, is not quantitative and does not consider
the estimation rate. \De Bortoli| (2022) considered the estimation rates, but the approximation error
should be exponentially small with respect to the desired estimation rate. Therefore, none of the
literature has shown that diffusion models can ease the curse of dimensionality. This is what we
work on in Appendix |G| defining the specific class of density function with intrinsic dimensionality.

B THE BESOV SPACE

As a class of the true density, we used the Besov space, because this allows us to discuss many well-
known function classes in a unified manner. Here we give formal definition and some properties of
the Besov spaces. We first introduce the modulus of smoothness. We assume that {2 be a cube in
R%.
Definition B.1. For a function f € LP(2) for some p € (0, o0}, the r-th modulus of smoothness of
f is defined by

wrp(ft) = sup [[AL(S)lp,

IAll2<t

Z;zo (;)(71)%]‘1:(% + jh) (if z + jh € Q for all 5)

0 (otherwise).

where A} (f)(z) = {

Definition B.2 (Besov space B, ,(£2)). For 0 < p,q < 0o,s > 0,7 := [s] + 1, let the seminorm
| g be

P,q

f

X 1—s d é
5y, = 4 U 0" wnp(£0)75)" (g <o),
' SUpysot W p(f,1) (g = 00).
The norm of the Besov space By, , is defined by || f|5: . = ||/l + |f|5; . and we have B] , =
{F e L@l flls;, < oo}

Let us take several examples of function classes that can be embedded in the Besov spaces.
For a € Z%, let 0° = ﬂ(w) The Holder space for s € Rsg \ Z4 is a set of

gt --05d
|s] times differentiable functions Z’S(Q) = {f:Q — R| |f]
MaXy,=|s| SUP, ycn m# < oo} for s € Rsg \ Z4. The Sobolev space for s €

N,1 < p < oo is a set of s times differentiable functions W () = {f: Q@ — R| || fllw; =
(X jal<s ||8af||§)% < o0}. Then the following relationships are due to|Triebel (1983)):

cs 1= MaX|g|<s [[Doc +

* Fors €N, By () — W3 (Q) = By ().
* B3,(Q) = W3 (Q).
* Fors € Ryo\ Z4,C3(Q) = B, ().

If s > d/p, B, ,(£2) is continuously embedded in the set of the continuous functions. Otherwise,
the elements in the space is no longer continuous. Our result is valid for B, ,(€2) with s > d(1/p —

1/2) 4, and thus can include not continuous functions, unlike existing bounds assuming smoothness
or Lipschitzness (Lee et al.| 2022b}a}; |Chen et al., [2022).

C SEVERAL HIGH-PROBABILITY BOUNDS ON THE BACKWARD PATHS

One of the difficulties in the analysis is the unboundedness of the space and the value of the score.
This subsection aims to provide several treatments for such issues, before going into the main part
of the proofs. These inequalities allow us to focus on the score approximation within the bounded
region. We note that, however, some of the following bounds still depend on the time ¢, and therefore
the level of difficulty for approximation and estimation of the score differs with respect to ¢.

In the following, we define several constants Cj, ;. Other than in this section, we simply denote them
as C, for simplicity.

11
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C.1 BOUNDS ON ||Y;|| AND ||AY;|| WITH HIGH PROBABILITY

We first provide several high-probability bounds, which guarantee that most of the paths travel
within some bounded region.

Lemma C.1 (Bounds on ||Y;|| and ||AY;|| with high probability). There exists a constant C, 1 such
that

P [||Yt||OC <mz_, + Capog_,\/log(e 2T 'T) forall t € [0, T — T}] >1—e.

Moreover, for an arbitrarily fixed 0 < 7 < 1,
P [|Yf —Yiirlloo < Cany/Tlog(e=tr—1T) forall t € [0,T — T]:| >1—c.

Proof. Remind that Y; = X7_,. Thus we discuss bounding X; in the following.

We begin with the first assertion. Let t1,%,--- ,{x be time steps satisfying ' = ¢ <ty < --- <
tx =T with t; — t;_, = At that is some scaler value specified later. We first show the following
for some constant C4:

g [||Xt||oo <my + Crop/loge—L forallt = t; (i = 1,2, - -- ,K)} >1—¢K. (5)

Remind that X;| X follows N (m; Xy, 07) and | Xo|| < 1. LemmalJ.14]yields that

P [||XH<>O < my + Cro¢+/1loge~! for some fixed t = ti} >1—e,

which immediately yields (5).

Then we consider how far each particle X; moves from ¢t = ¢;_1 to ¢;. Equivalently, we consider
X, and decompose it into

s=ti—1

t;
X, =exp (—/ 5Sds> X, + Bl*eXP(*2f;iti,1 Bads)’ (6)

where B, denotes a d-dimensional Brownian motion. This is obtained by considering the Ornstein-
Uhlenbeck process starting from ¢ = t;_;. By Lemma[J.15] with probability at least ¢, the following
holds uniformly over ¢ € [t;_1,t;]:

t; ti
| X¢]|oo < exp (—/ ﬁsds> 1 X, o lloo + \/1 — eXp(—Q/ Bsds) - 24/ B2log de—1!

=ti—1 =ti—1

ti
< exp (—/ Bsds> 1 Xt lloo + 1/2BAE - 24/ B2log de—1.

s=ti—1

If | Xty lloo < my,_, + Chot,_,\/loge™1, this is further bounded by

[ Xilloo < my,_y + Croy,_,\/Ioge=! + VAL 4y/BBlogde~1.

Because we can check that o, ~ vVt A 1 > /T holds, if we take A < T, then we have that

Choy,_\/1oge™t + VAL - 44 /Bﬁlog de=1 < Cyoy,_,\/loge™! @)

forall ¢t € [t;_1,t;], with some constant Cs.

Therefore, with probability 1 — 2K e we have , and (7) for all i. We need to take K = O(T/T) to
satisfy A < T. We reset 4 as a new ¢ and adjust Cy accordingly. Now the first assertion is proved.

Next, we consider the second assertion. Let us consider a different time discretization ¢ty = 0,11 =
T,ty = 27,-++ ,tg = K7 with K = min{i € N|K7 > T}. Then, from the first argument,

12
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we have that || X;|loc < my + Ca044/log(e=17—1T) holds with probability at least 1 — &, for all
t =to,t1, - ,tx. We condition the event conditioned by this. By @, we have that, for ¢t > ¢;_1,

t;
Xt - Xti—l = [GXP <_/ Bsd5> - 1] Xti—l + Bl—exp(—?f“ B.ds)”
s=t;_1 s=t;_1 Ps

which yields that
tq
exp <—/ ﬁsds> -1
s=ti—1

< 1B(me,_, + Caor,_\log(e— 1+ 1T) + HB(I st
s=t;_1 8

We bound the last term over ¢ € [t;_1,t;]. With probability at least 1 — , that is bounded by
/2872 B2log dK e~ according to Lemma To summarize, with probability at least 1 — 2¢,

sup || Xt — X,y lloo < 7B(my,_, + Cooy,_ \/log(e=2771T)) + (/287 - 21/ B2log dKe~!
te[ti—1,ti] o

holds forall i = 0,1,--- , K — 1. RHS is bounded by C3+/7 loge~17—1T with some sufficiently
large constant C's.

||Xt - Xti—l HOO <

P

1—exp(—2 fstiti—l Bsds)
oo

oo

Then, for any t, there exists ¢ such that t < ¢; < t 4+ 7. Thus, with probability 1 — 2e,
[Xe = Xirllo < [1X — Xy lloo + 1 X, — Xty lloo + [[Xe4r — Xi, |l is bounded by

3C3+/7loge~17-1T for all t. Setting 2¢ to ¢ yields the second assertion. O

C.2 BOUNDS ON p;(z)

We then give upper and lower bounds on p;(z).
Lemma C.2 (Upper and lower bounds on the density p;(x)). The following upper and lower bounds
on pi(x) holds for a constant C, 5 depending on Cy and d:

d([|z]| 0 —me)} (lzlloc = me)3

C;% €xXp (‘2) < pi(x) < Capexp (_%12> . (forallt.)
t

0%

Proof. We first consider the case when = € [—my, m;]¢. The upper bound is relatively easy. f(y) <
Cylly € [—1,1]%) means

1 Ix—mtyQ)
xTr) = —_— €ex ——|d 8
nie) = [ e ) p (-5 ) 0y ®)
_ d _ 2 d
S/Cfll[yE[ 1,1] | exp (_le 77};yll )dy: 20y
od(2m)z 207} of(2m)?

At the same time, we have that

Cy |z — myy|? Cy
< _ ) dy = =L, 9
no= [ e () v g

Thus, according to and (H), pt(x) is bounded by min {Qdcf C—fi } This is further bounded

d
ot2md i

by a constant that depends only on C and d, because m? + o7 = 1 holds for all ¢.

The lower bound can be understood as follows. We have

pe(x) = /Cflf(y) exp <—W) dy

od(2m)e 207%
1 my||? .

> 2n)? /f(a:/mt — 01Y) exXp <—|t2y||> dy (by letting (x — myy) /ot — myy).
T)2

(10)

13
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Since x € [—my, m¢|?, we have x/m; € [—1,1]%. Thus, |{y € [~1,1]%| z/m; — ovy € [-1,1]}] >
1. Moreover, exp <7M) > exp(—d?/2) iny € [—1,1]%. Therefore, the integral is lower
bounded by exp(—d?/2).

We then consider the case when = ¢ [—m;, m;]%. For such x, let r = (||z||oc — m¢)/0¢ and choose

i* from {1,2,--- ,d} such that |z;«| = ||z||cc = m+ + r/0¢ holds. Then, we have the upper bound
of p(z) as

pe(x) =/%§f(y) exp (—W) dy

Ut (2m) 20
-1<y § 1] < (w5 — mtyi)2>
< / exp (=M g
fH o4 (27)2 P 207 Y
(xi* - mtyi*)2>
SC — T €&X p( —— ) dy (11)
! yix €[—1,1] O't(27T)1 202

1-1<y; <1 i — myy;)? o
<because / [_—yl_] exp <W) dy; for ¢ # ¢* is bounded by O(1),
oi(2m)2 20

t

as py(z) for z € [—my, my|%.)

C'f /OO 1 2
ex da by a = X — My, V2o
< TR p (—a?) (by tYi, /V204)
Cy 2 Cy (l|z]loo — mt)2
< —L —r?/2) = —~ —_—
= exp( r*/ ) o exp 207

where we used fzoo e~ da < e=?’ (see, e.g. |Chang et al. (2011)) for the last inequality. Also,
l| is alternatively bounded by

c @lloe—1mg)2
—=Z _exp (—W“f’;izm’)) Because m? + o7 = 1 means that
or(2m)2 It

min{me, o¢} = 1, it holds that p, () < Oy exp (—W) .

On the other hand,

_ 2
wie) = [ ot (<15 ay

1 i )2
> Cr! / ———rexp (—(I’ ) ) dy
1 Juiel-1] 04(2m)3 207

1=1
(a)

d
1 < (xz - mtyi*)2>
—— exp ———)dy
yi-€l-1,1] 0¢(27)2 20}

(because (a) is minimized when ¢ = 4.)

Cf_l T/\/§+\/§mt/o't 1 d
> 2 / exp (—a2)dy | (by (zs — muys-)/V30)

=r/V2 ﬁ

r/V2+V2me , d
—exp (—a“) dy
/a_r/ﬁ ﬁ ( )

14
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Cf_dl (\/imt exp (—(T/\/i—l— \/imt)2>>d

- omg N3
(by lower bounding exp(—a?) in the integral interval and just multiplying the width of the interval)
1 d
\@mt 2
exp (—r*—4)d
Z ( NG xp (—r ) da
C- 1 2(1 /2

> 7e£d7rd/2 exp (—dr2) ,

which gives the lower bound on p;(x). O

C.3 BOUNDS ON THE DERIVATIVES OF p;(x) AND THE SCORE

This subsection evaluates the derivatives of p;(x) and the score. On the one hand, straightforward
argument yields that the derivatives of p; () is bounded by 8%p;(x) = O(1/oF) = O(t=*/2). On
the other hand, as for the score, sup,cga ||V 1og p:(z)|| = oo holds in general, which prevents us to
Vpe(z)
pi(z)

and p;(x) can be arbitrarily small as ||x|| — oco. Nevertheless, using Lemma [C.2| we can show the

bounds on the score dependent on x and ¢, in the next Lemma|C.3] In Lemma[C.4] Lemma [C.3]is
used to show that the decay of p; is so fast that the approximation error in the region with small
p¢(x) (that can be > 1 in some x) does not much affects the L?(p;) approximation error bound; We
can show that |V log p; ()| = O(1/a;) = O(1 V 1/+/t) with high probability (when = ~ p;).

Lemma C.3 (Boundedness of derivatives). For k € Z_., there exists a constant Cy, 3 depending only
on k, d, and C'y such that

construct an approximation of the score with neural networks. This is because V log p;(x) =

100, Oy Oy, ()] < =52 (12)
Oy
Moreover, we have that
C _
IV log pr ()| < =22 (“'x”“’ M 1) : (13)
Ot Ot
and that fori € {1,2,--- ,d},
C, 0o — 2
o Viogp (o)) < Tt (Ul 2= ). (14)
Ut 0%
and that
C, Zlloo — M) 2
jor7tog )l < S5 0+ o) (L= 20 v 1) 1s)
t i
Proof. First, we consider . Let g1(z) = p(z) = [ d(z 1 (y )exp( %) dy. For
2

s € 74, we abbreviate the notation as g* () = 931922 .- -032g1(x). For s € Z%, we define

={s' € Z |s i < 8; (1 =1,---,d)} and a constant c, such that 93! 952 - -(’)*"de_“w“z/2 =
Zs 'eB. cs/xl T2 - a:;de I1*/2 holds. Then, because of Oz, = L02;, we can write gg )( ) as

t

(s) 2 B, Ty —my; s 1 |z — myyl?
(z) = el L Si /H( ) g(2ﬂ_)%f(y)CXP <_%t2 dy. (16)

(a)

Note that max,. y~s,<x{> . cp, Cs} is bounded by a constant that only depends on k. Thus we
focus on the evaluation of (a). When ¢ < 1, (a) in (16) can be bounded by O(1/m{) ~ O(1) (we
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hide dependency on Y7, s} < k and C}). This is because m; ~ 1 and f(y) < C;. On the other
hand, when ¢t > 1, 0, 2 1 holds we can bound (a) by O(1) by noting that f(y) # 0 only for
€ [~1,1]%. Now, the first statement (12) has been proven.

We then consider Vlogp;(z) and its derivatives. We can focus on [V logp;(x)]1, and all the

other coordinates of the score are bounded in the same way. Let g2(x) = o0¢[Vpi(z)1 =
Z{Flgtzi f(y)exp ( %) dy, and define gé *) in the same way as that for gls).

We can see that

Viogp(all = & 20, [0, Viogpa)l = - 22 L 2@ Gn ()

a7)

Moreover,

TLZMUL £ () )exp( [|= 2?;?!“ )dy

ma) - et » (18)
91(2) S/ Ug(;ﬂ)%f(y) exp( %) dy
o) _ 1 I s @er () a .
gil@) oy e ) exp( %) o
Orple) 1 ) T () e () ay .

@ T e ) enp (L) dy

od(2m)

In order to bound them, we consider the following quantity with 2?21 s; < 2. Also, let € be a scaler
value specified later, with which we assume p;(2:) > ¢ holds for the moment.

ST (== ’”y) L f(y)exp (- Lol ) dy

d(2m)2

f exp( Jlz—myll? mty” )dy @
d(2 )2
According to Lemma[J.10] we have that
AN [z — my|?
/AUI( - > gg(%)gf(y)eXp(— 307 )dy
d T, —may; \ 1 x —myl|? €
- /]Rd 11;[1 ( ot . ) af(%’)g fy) e <_ : 2‘73?]” ) ) = 2’

where A® = Hf paf withaf = [ — %th\/log 2e71, 2L 4 ”;ﬁ—?\/log 2e~1]. Note that C; only
depends on Zi:l i, d, and Cy.

Therefore, when p;(x) = g1(x) > &,

() el )

Ie i exp( = mtyw) y

Uf( )2

(21) <

16
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d Ti—MY; i z—m.yl®
2l Tl (55" e ()
+
Jae <>exp( le=ml®) ay :

(note that the denominator is larger than &)

d(z )2

d S;
Ti — MY
< v TS
< 2;161?& Ll_[l < o > +1
d .
<2(C? loga’l)(zi:1 024, 22)
Applying this bound to ( and . gzg) 6“;19(;()1: , and a””g 9(2 ()z) are bounded by
1/2 _—1 -1
1 1/2871710g € and loge ’
Ot Ot

up to constant factors, respectively. Finally, we apply this to (I7) and obtain that

1/2 _—1 lo E_l
and, [10,, V log pi (x| S =2

t

log

[Viogpe(x)| <

Now we replace ¢ with a specific value. Remember that € should satisfy ¢ < p;(x). According to
—my 2 . .
Lemma we have C’; ; exp (_M) < p,(x), which yields that

T

C, 0o — C, — 2
IViogp(a)| < S22 Welleo =My g 10, Viog (e < &2 <(”x”°° 2mt)+“),
¢ (7 9 0%

with C, 3 depending on k, d and C'y. Thus, we obtain and @
Finally, we consider 9;V log p; ().

( 1 ) g2(x) 1 (9ga(x)) g2(x) | 1 Orga(x)

_o (L. o2 _
8t[V10gpt($)]1—5t< ) g(x) o g(x) gl o gi(x)

o g1(x)
(=0cov)

_ T[V log pt()]1

1 A e (-5t ay [V log pi ()]

— . llz—myll o
" T e (B

lz—meyll
L1 fAz(y)f(y) exp (L5l ) ay .

Ot f (y )exp( k2 Qﬂ:tul\ )dy

d(2 )8
where
Aly) = —d(Qor)oy* + v~ mt?JHQ(ajat)Uz_?’ — (Ome)y " (mey — 95)0527
of(2m)2
Az (y)

_(@m)yr+ (@ —muyr) (d+1) Do)y ' = lle—muy|* (Vi) o, *+(0eme)y " (muy =)o, ?)
- d+1 d :
oy T (2m)2

By carefully decomposing (23) into the sum of (ZI)), and then applying (22) and Lemma [C.2} we
have the final bound (T3). O

Now, based on Lemma we show that we only need to approximate V log p;(2) on some bounded
region and on = where p;(x) is not too small.
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Lemma C.4 (Error bounds due to clipping operations). Let t > 1. There exists a constant Cy 4
depending on d and C'¢, we have

pie(2)||V log py(2)||*dz < e, (24)
/|m|m>mt+ca,4gt\/w

/ pe(z)dr < e 25)
[|Z]| oo >mi+Ca,a0iy/loge=1T 1
forallt > T.

Moreover, there exists a constant Cy 5 depending on d and Cy and, for x such that ||z||ec < my +

Caa0ir/loge™1, we have

Ca
[V log ps(2)] < 0’5 Vloge~1.
t

Therefore,

Case d¥2 g
pe(@)1[pe(2) < €][|Vlog py()||Pde < =25 -log = (e7'T7(36)
/|x|oo§mt+Ca,40“/logs1T1 Jt2

pe(@)1[py(z) < g]dz < Case -log? (e~ 1T 1). 27)

/|z|oc§mt+ca,4a'“/ loge—1T-1
Proof. According to Lemma|C.2]and Lemma|C.3]

o 2 02 . 2
p(@) Vg () < Cugenp (~ ==Ly Cop el -t
t

Ot O
2
Ca,QCa’g 7’2 2
<——=—exp|—% |15,
O

where we let 7 := (||z]|coc — M)+ /0. Then,

pe(x)||V log pi(z)||* da
/”zloo>mt+cay4o't\/logj

o CanC2 2
< / Za27a3 exp (_T‘) 7‘2(d —1)(oer + mt)dfldr

Ca,av/loge—1 Ot 2
< ielogd/2 e L.
Ot
We can make sure the final inequality by integration by parts. Because o; > +/T, if we take
g = /T - & then we have that L&’ log®/2((¢/)™1) < e. Therefore, replacing ¢ with ¢’ and
adjusting C, 4 yield the bound ([24). '

In the same way,
2

pe(z)dz < / Ca20¢ exp (—;) (d—1)(opr +m)*tdr

/|x|m2m+ca,4at\/® Caay/loge1

< o€ log(d_m/2 g1,

which yields (23).

We then consider the second part of the lemma. Eq. (Z3) is a direct corollary of Lemma[C.3} for =

with |2l < ms + C’a;)at\/log?

C C
IV log py(z)]| < =22 . Cyuv/loge—t < =22 \/loge=1. (by taking C, 5 larger than C, 5C, 4.)

Ot ot
Using this, we have
pe(2)1pe(z) < €]||V1og py ()| *da
Ax|w§7nt+ca,40tm

2

C
Se- %4 loge™ - (my + Cas500\/loge=1)<.
o

t
Adjusting C,, 4, C, 5 and resetting ¢ yields (26). Eq. follows in the same way. O

18



Published at the Workshop on Understanding Foundation Models at ICLR 2023

D APPROXIMATION OF THE SCORE FUNCTION

This section corresponds to Section 3.I] In this section, we analyze approximation error for
the (ideal) score matching loss minimization. We construct a neural network that approximates
V logp:(z) and bound the approximation error over different time ¢. Throughout this section,
we take a sufficiently large N as a parameter that determines the size of the neural network, and
T =poly(N~!)and T = O(log N).

D.1 DETAILED PROOF SKETCH

Here we provide detailed proof sketch of Theorem [3.1]

Approximation via the diffused B-spline Basis We consider the approximation for ¢ < 1. First
remind the B-spline basis decomposition of the Besov functions (DeVore & Popov, (1988 Suzukil
2018). Let N(z) = 1 (z € [0,1]),0 (otherwise). The cardinal B-spline of order [ is defined by
Ni(z) = N« N x---x N(z), where (f * g)(z) = [ f(z — t)g(t)dt. Then, the tensor product

141 times convolution
B-spline basis in R? is defined for ¥ € N? and j € Z? as M,ij (x) = H?Zl./\f@kim —gi). It
is known that a function f in the Besov space is approximated by a super-position of M ,i J(l‘) as
n= Z(k,j) a(k,j)Mg,j(x)'
Lemma D.1 (Informal version of Lemma Suzuki| (2018). For any pg € U (B;’ q), there exists
a super-position fn of N tensor-product B-spline bases satisfying

lpo — fnllzz S N~/ fl|s; -

P,q
Inspired by this, we introduce our basis decomposition. Because of X;| X ~ N (m; Xy, 0;), we

can write p; as
|l — mayl|®
———exp | ————— | dy.
old(2m)% p( 207 Y

ni@) = [ mw)

=:K;(z|y)

Because the transition kernel K;(x|y) linearly applies to po and pg is approximated by fy =
> (k) Ok, HM ,i j (z), we come up with the following approximation of p;:

m@”Z%m/WMWMM%

(k,4)

:2Ek’]’ (w,t)
Moreover, E}, ; is further decomposed as

E;w-(x,t)

d . .
_ N(2Fia; — ji) (i — muyy;)?
= H/ o exp(— 5,2 )da; .

t

=:Dy,; (i t)

We name Dy, ; as the diffused B-spline basis and Ey, ; as the tensor product diffused B-spline basis.
We show that there exists a neural network that approximates Dy, ; and Ly, ; very efficiently. Our
construction then goes as follows. We construct networks approximating m; and oy.

Lemma D.2 (See also Lemma [D.6). Under Assumption there exists neural networks
dm(t), po(t) € ®(L,W,B,S) that approximates m; and o, up to € for all t > 0, where
L=0(log*(c™")), W] = Ollog*(e7")), S = O(log* (¢ ")), and B = exp(O(log*(e™1)))-

Next we clip the integral interval of Dy, ; and approximate the integrand by a rational function of
(z,m4, 0¢). Then the following is obtained as an informal version of Lemma|D.8]
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Lemma D.3. For ¢ > 0, there exists a neural network ¢Tpp: R4 x Ry — RY that satisfies
lorpe(2,t) — E) j(2,t)||00 < €. Here, ¢prpg € (L, W, S, B) with L = O(log4(6*1)), IWleo =
O(log®(e71)), S = O(log®(e™1)), B = O(exp(O(log" (e 71)))).

Here ¢rpp approximates Ey, ;(z,t) given (z,my, 0¢). Then we use ¢TpB(Z, dm(t), ¢o(t)) as the
approximation of Ej, ;(x,t), and p,(z) is finally approximated. Similar approximation can also be
Vp:(x)
pe(z)

made for Vp;(x), and the score is finally approximated together with V log p;(z) = and we

obtain the bound as in Theorem [3.1]

We remark that the bounds on the network class parameters given above are slightly larger than that
for the B-spline basis (Suzuki| (2018))) because approximating integrals and exponential functions
(Appendix [J.3) and rational functions (Appendix is more difficult than realizing the B-spline
basis via polynomials. Especially, B = exp(O(log® N)) comes from approximation of exponential
functions. Because B affects the generalization error only in a log B term (see Lemma [E.2), this
super-polynomial scaling does not much affects the the final estimation errors.

We also remark that, in this construction, the approximation error for Vp;(x) is amplified in the
area where p;(z) < 1. This is why we need the higher-order smoothness of pg in the area with

distance less than O \f t) from the edge of the support (Assumptlon E This approach is used
during ¢ € [T,3N~"7" ] and it suffices to set ag to ag = N~ 7.

Utilizing the smoothness induced by the noise The above approach enables approximation of
the score in t < 1, when the score is highly non-smooth, by using the structure of py. On the other
hand, after a certain period of time, the shape of p, gets almost like a Gaussian, very smooth and
easy to be approximated. This paragraph extends the previous approach and gives an alternative
approximation based on the smoothness induced by the noise, yielding a tighter bound.

We begin with evaluating the derivatives of p; w.r.t. t.

Lemma D.4. Forany k € 7., there exists a constant C, depending only on k, d, and Cy such that

Ca
0,,, 0 o

Lig :

0y, pila)] <

We have that ||p;, [[wx = O(t,~ %) for t, > 0 from this, and that W} — BE . Fort > t,,
consider p; as the diffused distribution from p;_, instead of py. We can show that V log p; can be

. . . . . 1—2k/
approximated with a neural network with the size N’, with an L? error of O (N Uzk : -ty ) If
t

N

_2s
N’ and k are sufficiently large, this is tighter than the previous bound of Uzd . This argument is
t

formalized as follows. In Appendix [D} this is presented as Lemma|[D.12]

Lemma D.5. Let N > 1 and N' > t*_d/QN‘s/z. Suppose t, > N=@2=9/d Then there exists a
neural network ¢! € ®(L,W, S, B) that satisfies

score

_2(s+1)
d

N
[ @) bheelat) = st t)Pde s S
T t

for t € [2t.,T|. Specifically, L = O(log*(N)),[|[W|s = O(N),S = O(N'), and B =
exp(O(log* N)).

Setting t, = N~ = and N’ = N in this lemma, we obtain the bound in Theorem after t 2 ty,

without Assumption 2.4 Moreover, further exploiting this lemma later plays an important role for
achieving the minimax optimal estimation rate in the WW; distance.

D.2 APPROXIMATION OF m; AND o}
We begin with construction of sub-networks that approximate m; and o;. In addition to the true data

distribution po(z), the score V log p;(x) also depends on m; and o;. Indeed, in our construction,
each diffused B-spline basis is approximated as a rational function of x, m; and o;. Here, m; and
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o, are as important as x, because we use exponentiation of m; and oy, as well as that of x, while
exact values of m, and o, are unavailable. In other words, because approximation errors of m, and
o are amplified via such exponentiation, approximating m; and o, with high accuracy is necessary
for obtaining tight bounds. Therefore, in this subsection, we construct sub-networks for efficient

approximation of m; and ;. The following is the formal version of Lemma
Lemma D.6. Let 0 < € < % Then, there exists a neural network ¢, (t) € ®(L, W, B, S) that
approximates my for all t > 0, within the additive error of e, where L = O(log®e™1), |[W e =

O(loge™1), 8 = O(log? 1), and B = exp(O(log®e~1)).

Also, there exists a neural network ¢,(t) € ®(L,W, B, S) that approximates oy for all t >
within the additive error of &, where L < O(log? e 1), ||[W|lso = O(log® 1), 8 = O(log* e~
and B = exp(O(log?e~1)).

£
Y,

Proof. First we consider m; = exp(— fot fBsds). Since 8 > 3, fot Bsds > logde~ ! forallt > A :=
log4e=1/p3. We limit ourselves within [0, A]. Then, from Assumption we can expand (3, as

Bs = Ei‘:ol BY si 4 BY )(95) with |B(i)| < 1land0 < € < 1, and therefore we obtain that

4!

tk 1 (k)| Ak+1 Ak+1
/ Bgds—/ ds| < kel < .
(k+1)! (k+1)!
k+1
We take & = max{2eA, [log,4e 1]} — 1 so that we have % < (%) < £

<z> ; Q)
fo k 1 ﬁ 5t Zf 11 T fH ¢+ can be realized with an additive error up to § by the neural net-

work w1th L (’)(A2 + log2 1) = O(log® _1) [Wlloo = O(A +loge™t) = (’)(loga DS =
O(A% +log”c 1) = O(log? 1), B = exp(log? O(A + loge™1)) = O(log e~1), using Lem-
mas n and . From the definition of A, we can easily check that e=4 < € 5 holds. We clip the
input with [0, A] to obtain the neural network ¢, which approximates fo Bsds w1th an additive error
of § + § = § forz € [0, A], and satisfies [¢1 ()| = |p1(A)| forall z > A.

Then we apply Lemma with € = 7. Then we obtain the neural network ¢, of the desired size,

which approximates m; = exp(— fo 5Sds with an additive error of £ + £ = 2 for z € [0, 4] and
6m(2) — €1 < [6m () — o (Al +fm(A) — =4 +e~A — e[ <0+ %12 = cforw > A

Similarly, we can approximate 02 = 1 — exp(—2 fot Bsds) with an additive error of O(¢!-?) us-
ing a neural network with L = O(log? 5_1), [Wlleo = O(loge™1),8 = O(log”c™1),B =
exp(O(log®e~1)). Since t > &, we have 07 = 1 — exp( 2f0t Bsds) > ce for some constant ¢
depending on 3. Then, we apply Lemma.w1th €=ce and finally obtain a neural network ¢, ()
that approximates o with an additive error of ce + £ \ﬁ = O(e), with L = O(log? &™), | W]|oo =

O(log® 1), 8 = O(log* e~1), and B = exp(O(log” ¢ ~1)). Adjusting hidden constants can make
the approximation error smaller than €, and concludes the proof. O

D.3 APPROXIMATION VIA THE DIFFUSED B-SPLINE BASIS

This subsection introduces the approximation via the diffused B-spline basis and the tensor-product
diffused B-spline basis, which enable us to approximate the score Vlogp:(z) in the space of
RY x [T, T]. Although we consider the function approximation in a (d + 1)-dimensional space,
the obtained rate (Theorem [3.1)) is the typical one for a d-dimensional space. This is because our
basis decomposition can reflect the structure of py for ¢ > 0. Before beginning the formal proof,
we provide extended proof outline about the approximation via the diffusion B-spline basis and
tensor-product diffused B-spline basis, which is more detailed than that in Section

Remind that the cardinal B-spline basis of order [ can be written as
1

Non(2) = 210 < 2 < 14+1) S (=144 Cp ( — 1),

I
I'=0
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(see Eq. (4.28) of Mhaskar & Micchelli| (1992) for example) and the function in the Besov space
can be approximated by a sum of M’ (@)

where k € Z4 and j € Z°.

Therefore, the denominator and numerator of the score

_z—muy _ lz=muyl?
Vpi(2) 1.f 7/ ) exp (=150 ) dy

ol (2m f
Viegpi(z) = — 3" = =5, 1 Jo—mry[?
bt b pmr/@We (— L) ay

are decomposed into the sum of

1 T —m 2
BN ) = [ = 1l < ConME ) exp (- 1Z=Y g g
Jfl(277)2

20}

and

2
EP) (x,1 ::/7:”_”“9 1[llyllo < Coa] M, Mz meylTY g, 9

k,j (:E7 ) O’d+1(2ﬂ')% [”yH —= b,l] k,g(y) exp 2Ut2 Y, ( )
respectively. This corresponds to what we called the tensor-product diffused B-spline basis in Sec-
tion Here E,(clj) (z,t) is the same as Ey, ;(z,t) in Section except for the term of 1[||y|/cc < Cp 1]
Note that Cy, ; be a scaler value adjusted later. We then approximate each of the denominator and

numerator of V log p;(z) combining sub-networks that approximates each E, (1 )(x t) or E,(CQJ) (z,t).

Here we briefly remark why 1[||y||lc < C,1] appears. Let us assume C}, ;1 = 1 and approximate
p+(x) based on basis decomposition of py(x), although later we need to consider other situations. If
we use basis decomposition as po(x) ~ fn(z) = > M, ,f’ ;(), existing results such as Lemma

only assure that the approximation is valid within [—1, 1]¢ and do not guarantee anything outside
the region. This might harm the approximation accuracy when we integrate the approximation of
p¢(x) over all R?. Therefore, we need to force fy(z) = 0 if ||z||oo > 1 by the indicator function.

From now, we realize the (modified) tensor-product diffused B-spline basis with neural networks.
We take E J) as an example, and the procedures for E! J) is essentially the same. Remind that in
Section [3 we decomposed Ej, ; into the product of the dlffused B-spline basis:

Dy (st /N Ti — i) exp (W) dx;.
207}

Although the way we proceed is essentially the same as that in Section [3] here, more formally, we
first truncate the integral intervals. We clip the integral interval as

2
(1) ._/ 1 d 2 — muyl|

E; (x,t) = ]lyoogcb,M»yeXp(— dy
Bens ] iyl < Gl 0) =

d /41
(-1 Cyr 1 . .
:H Zﬂ/ —— 1| < Cpa]1[0 < 28y — 5; < 1+1]
i1 \yZ yicas 0¢(2T)2

: xi — meyi)®
x (2Fy; — 1" — ji)! exp <—(202ty)> dyi>, (30)
7

d ) 1 ) i i —
where A%t = T[_, a}"" with o] = [ — ";rl—(ff\/logs Lm 4+ ”tff\/logs 1, Cr = O(1),
and 0 < & < 1. This clipping causes the error at most O(e) according to Lemma [J.10| m and the
observation 1[||y[lc < Coa]M{ ;(y) < ((I+ 1)l+121+1)d. In summary, owing to the fact that
M ,i ;() is a product of univariate functions of z; (i = 1,2,---,d), the integral over R? is now
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decomposed into the integral with respect to only one variable over the bounded region, which is a
truncated version of the diffused B-spline basis Dy ; introduced in Section 3]

We now begin the formal proof with the following lemma. We approximate

1 ) . . x; — myy;)?
/ —— 1|yl < Cb,l]ﬂ[OSQkyi_]i <l+ 1](2k’yi—l/—]i)l+ exp (—(2ty)> dy;
yica®t 0¢(2m)2 20}
(31)
(remind (30)). Note that 1[|y;| < Cp,1]1[0 < 2Fy; — j; < 1+ 1] = 0 or = 1[a < 2*y; < b] holds
with a, b satisfying
—C2F —l<minj; <ji<a<b<ji+l+1<maxj+1+1<C2*+1+1, (32

if we assume supp(pg) = [—C, C]? (see Lemma.13). Based on , (f Lf|ys| < Cpa]l]0 <
2ky; — gi < T+ 1)(2ky; — 1! — jz) # 0) can alternatively written as

1 = , (i — muy;)?
F1[j < 2%y < )28 — §) exp (— dy;, (33)
/yEa (27'(') - 20’%

withj, 7,7 €R, j—1-1<5<j<j, —02F-1<j,j,j<C2*+1+1.

In the following lemma, we consider the appr0x1mat10n of (33). We omit the subscrlpt 1 for the
coordinates, for simple presentation. Also, j' in is denoted by 7, because j € R will not be
used in the following lemma.

Lemma D.7 (Approximation of the diffused B-spline basis). Let j, k,l € Z,j,j € R satisfy j —1 —
1<j<j<j, —C2"—1<j,j,j<C25+1+1,and k,l > 0. Assume that |c’ — oy, |m’ —m| <
Eerror, and take € from 0 < € < % and C' > 0 arbitrarily. Then, there exists a neural network
ohrat € (LW, S, B) with
(log ety log2 C+k),

HWIIOO = 0<1og6 ),

= O(log® ™! +log? C + k),

O( 2kl) +10go(10g€_1)€_1.

such that

Jiddik, g Vi C ok, T(ok, o\l (z —myy)?
Gay (@ om)= [ , Vo Wi =2y <@y —g) e (o ) dy
_ Ttntf \/lmc’;?+m% TOo¢t t
< @(6) + Eerrorc4l2k(4l+1) logo(log 5*1) 571-

holds for all x in —C' < x < C and for all t > ¢.

Also, with the same conditions, there exists a neural network ¢é]f]2 € ®(L,W, S, B) with the same
bounds on L, ||W| e, S, B as above such that

4Oy

loge—14-2% 2
k myg me [x—mty]l . k — k N (:L’ — mty)
¢j1“ (x,cf’,m’)*/ 1 <2y <jl(2"y—j) exp | ——F5 — | dy
dif,2 Tt floge T fomo? 202

< @(5) + gerror04l2k(4l+1) logoaogafl) .
holds for all x in —C' < xz < C and forall t > e.

Furthermore, we can take these networks so that ||¢ d’ljf’jl g lloos H(bfhjfékHoo = O(1) hold.

J.7,4k J.7,4k .
Proof. Here we only consider ¢, 7, because the assertion for ¢ essentially follows the ar-

3.k
gument for qS dif 1 .
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First, we approximate the exponential function within the closed interval, using polynomials of
degree at most O(loge™!). Note that 1[j < 2*y < j](2*y — j)' is bounded by (I + 1)’, from
the assumption of j—l-1<j< J < j. Therefore, according to Lemma there exists
S = O(loge~1) and we have that
2 S*l 3 2 3
— _1 S _ S
exp (_ (x —myy) ) _ Z (=1)° (= let;y)
: i

2
207

forall y € [—‘”—cf logs—1 + z, "’Cf v/loge~! + z]. Then, we have that

pe) =l
s Viege ™+ 1 k ek N (x — myy)?
1j <2% <jl(2% —j) exp( ——F5— | dy
— 2l floge T2 V2moy 20}

my

2tCt  Nloge—1+-Z s s
[ +m L 1[j <2ty <T@y - ) D (- ma)™ ) g,
G flgge e e V2mo, < : : "o

20'th } 1
< max Viege=1 (14+1)¢ -
N { my 5 ( ) V2mno?

Here, ”’#?f v/log e~1 comes from the length of the integral interval and [+ 1 comes from the interval
where 1[j < 2Fy < 5] = 1 holds.

(I+1)-e< elogZ e L.

Now all we need is to approximate the integral of polynomials over the closed interval:

S—1 Urtn—? loge—14-% B (_1)3 (w—mty)23

w1

1[5 < 2Fy < J](2%y — 5)t- d
ZO/ loge 142 V270 U=y <jlZy-J) s! 25028 4
Sii o
l+1 B
o V2mmy s12

<y<
Ot Ot

1Co(28a)! (jmy — 2Fa)! =Y /

Cryloge™! 1|2 m27%j x—m27%j 28 dy
—Cty/loge—1

(by resetting y :c—mty)

Ot
B Sili —(- )s+llcl/2kl (jm _oky ) -
oo 2mmlTls12s(1 4 25 4+ 1)
ey U42s+1
. [(min{C’f loge‘ﬂmax{%,—C}Jlog?}})

T — me9—k7 I'+2s+1

— <min{Cf loga—l,max{”,—Cf\/loge—l}}) ] (34)
Ot

We decompose (34) into the following sub-modules for convenience. We let

, x—m27Fkj ,
117" 0m) = (min{C logh (™), max{————=, ~Ctlogh (1)} )1 +2:+1,

él’s(x,a, m) = (min{C} log? (5*1),max{w, —Cylog? C ) sy
faS(x,o,m) = f{l"s(x,o, m) — fé/’s(:r,a, m)
§ (x,m) = (jm —2"2)! ",
f(o)=d",
fo(m) =m=(+Y,
P (.oim) = £ @.o.m) f (2.m) 5 (0) fo(m).
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They also depends on j, j, j,k, and [, but we omit the dependency on these variables for simple
presentation. We take some £; > 0, which is adjusted at the final part of the proof.

We first consider approximation of f{ *(x,0,m). We realize this as

f{ Hx,o,m) = q51 *(x,0,m)
= ¢mult(';l +2s + 1) ¢chp( Cf IOg ( )a _Cf IOg% (5_1)) © (¢mu1t($ - mZ_ki; ¢rec(0'))>'

by setting ¢ = min{o.,e;} in Corollarymfor brecs € = €1,C = max{2C + [ + 1,0-1} >
max{|z| + m27%j,0-1} in Lemmafor the ﬁrst ¢>mu1t, a=—Crlog?(e71),b = Clog? (¢71)
in Lemma|J.4{for ¢ciip, and € = €1, C = C¥ log ) in Lemma for the second ¢p,y¢. Note
that o, ~ +/¢. Then, using Lemmas|J. 1| . . iand . the size of the network is at most
L=0(og*e;* + log =1 4+ log? 0),
[Wloo = O(log® ey " +1log” 1),
S = O(log*e; ! +log* e~ +1og® C),
-1
B=0(e7? 4 C2) 4 logPlees ) g1,

(35)

Approximation error between f{l’s(:c, o, my) and qbll/’s(m, o’,m’) is bounded by
1+ O(loge™")(Crlog? e 1)008e™) L (e + max{C + 1+ 2,012 (61 + error(e] 2+ 2)))
= (&1 + Eerror) (logo(k’ge*l) et + 02) :

fé *(x, o, my) is also approximated in the same Way, and therefore aggregating f1 (x o¢,my) and
U,s

5 °(x, 01, my) (by using Lemma yields that f3 **(x, o, my) is approximated by q§3 (z, 0’ ,m’)
with the error up to an additive error of (£1 + €crror) (1ogo(1°g€_l) e 14 02) using a neural net-
work with the same size as that of (33).

Next, we consider f1 (z,m;). Since 2z = O(C2%) and |jm; — jm’| < O(C2%cerror), We ap-
proximate f} (, m,) with a neural network ¢ (z, m’) € ®(L, W, S, B), where L, ||W ||, S, B are
evaluated by Lemmas and (setting ¢ = €1, C = O(C2%)) as

L=0(oge;* +klogC), W =0(1), S=0(oge;"'+klogC), B=0(C"2").

Approximation error between f1 (x,m;) and ¢} (x,m') is bounded as £ + O(C'2")ecpror, using
Lemma [[.6l

The arguments for f! (o) and fg(m) are just setting appropriate parameters in Lemma
and Corollary respectively. For fL (o), there exists a neural network ¢k (o) with L =
O(logeT!), |[Wlleo = 48,8 = O(logert), B = 1 and the approximation error between fL (o)
and ¢l5,(or’) is bounded by 1 + leerror, by setting d = I'(< l),e = g1 in Lemma For
fo(my), there exists a neural network ¢g(m’) with L = O(log® e + log>m= 1), |[W e =
O(log® e7! +log® m-1), S = O(log* e7 ' +1og* m-1), B = O(e;' ™' +m ') and the approxi-
mation error between fg(m;) and ¢g(m’) is bounded by &1+ (I+1)e] - Eorror +(1H )M 2 crron,
by setting d = [ + 1, = min{ey, m. } in Corollary[J.8] Note that m. > 1.

Therefore, Lemmam with £ = &7 yields that there exists a neural network (bl;’s (x,m, o) such that
L=0(og?e;! +1log?e™t +1log” C + k),
IIWlloo = O(log” ey +1log’e ™),
O(log* 7! +log*e™ +10g? C + k),
(51 +C%) + logo(logsfl) e~ 4 Olokl,
where approximation error between f7 *(x, my, 04) and ¢l7/’5 (z,m’,o’) is bounded as

fé’,S(LO_’ m) — Qsl7,78(x’m/,0,l) < (1 + €error(61_l_2 + 04124kz)) logO(logafl) —
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Finally, we sum up ¢17’,5($7 m’, o’) multiplied % over (I', s), according to li and

using Lemma Here, the coefficient is bounded by 2(**1D! and the total number of possible
combinations (', s) is bounded by O(1S) = O(loge™!). Then, approximation error for is
bounded as

2+ Dl 4 eoo (6702 +04524kl))10g0(1og6’1)5—1_

In order to bound the terms related to &1 by O(c), we take £, = O(2~(k+Dl |og=Cloge™") o1y,

Then, the total approximation error is bounded by @(5) + Eoprop CAL2K(4I+1) logo(logeil) e ! and
this is achieved by a neural network with

O(log* e 4 log® C + k),
HW||oo —0(10g6 e™h),
= O(log® et +1og® C + k),
O( le)_i_log(?(loge’l)&_—l.

Finally, because

‘/ o Eloge 14+ 1

.

- . T —myy)?
1[j < 2%y < j](2%y — j) exp <—(202ty)) dy

t

ath1 loge— ]+_L ‘/271-0-25

2
< 1[j < 2%y <711+ 1)'e <(zmty))d <y,
_/\/ﬂat [J <2%y <j](l+ 1) exp 507 y < Cy

we can clip gbﬂ’ii’%’k so that it is bounded by O(1). O

We now approximate the (modified) tensor product diffused B-spline basis. The following is the
formal version of Lemma Without the term of 1[||y||cc < Ch,1], the statement matches that of
Lemma[D.3] This network @g;t,3 corresponds to ¢rpp in Lemma|D.3]

Lemma D.8 (Approximation of the tensor-product diffused B-spline bases). Let k € Z,,j €
74,1 € Zy with —C2F — 1 < j; < C2F (i = 1,2,---,d), ¢ (0 < & < 1) and C > 0. There
exists a neural network ¢qir 3(x,t) € (L, W, S, B) with
L=0(log*c™! +10g® C + k?),
[W oo = Oog® et +log® C + k3),
S =0O(log® e~ +log* C + k),
B =exp (log el +logC + k‘) ,

such that

<e

1 Hx—mtyHQ
1 o < C M. ———7|d
¢d1f3( t)— /Rd af(%)% (lylloe < Cva] My ;(y) eXP( 952 Y

t

holds for all x € [-C, C]<.

Also, with the same conditions, there exists a neural network ¢qif 4 € ®(L, W, S, B) with the same
bounds on L, ||W ||, S, B as above such that

holds for all x € [-C, C]<.

mey o — muyl?
ot ) = [ il < Gttt e (1T Y ay

Furthermore, we can choose these networks so that ||¢§;g’3||oo, ||qi>§;f’4||oo = O(1) hold.
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Proof. Here we only prove the first part, because the second part follows in the same way. We
assume |0’ — oy|, |m’ — my| < Eepror-

From the discussion (30), we approximate

d 1+1 4

-1 Cy 1
(32 C0 [l < o <2t <14
i=1 ' Y

=0 ieaz 0(27)2

. . z; — my;)?
x (2 — U = ji)y exp (—(2023’)) dyi), (36)

which is equal to Dd ;(x) within an additive error of O(e), so we approximate (36). Here af =

[ — ”;ncf\/logs 3 =t ‘”Cf \/bg?]

We let fi(yiijik,U)) = 1yl < Cpalll0 < 2%y — 5 < 1+ 1](2%y —
' — ji)Y exp (—%) dy;. First, ZIH Mﬁ(yl,]z,k I') is approximated by

iV gg sk .
§/+10 M(/bdif LR (g, 07 m) (see Lemmafor aggregation of the networks). Here,

jy and j,, are defined so that 1[j,, < 2%y < ;] = 1{jys| < Cy1]1[0 < 2%y; — j; <1+ 1] holds.

. , didindy , .
Now we multiply Y5 M(bdlf L (yi, o',m')overi =1,2,--- ,d using ¢myy1 to ob-

tain the desired network ¢dif73. According to Lemma with ¢ = € and Lemma withe = ¢
and C' = O(1) (because ||¢Z;lfjll/ ’L”kHOO = (1)), there exists a neural network ¢ (z,m’,o’) €
®(L, W, S, B) with

O(log* et +log® C + k),

||W||oo = 0(10g6 e ),
O(log®e™" +1log” C + k),
B= O(CZle) + logO(loge_l) o1

and we can bound the approximation error between ¢ (z, m’, o’) and with

1

@(E) + Eerrorc4l2k‘(4l+l) 10g0(10g67 )5—1. (37)

Now, we consider ¢girs = é1(z,dm(t),¢s(t)). We apply Lemma with ¢ =

C—4lg—k(4l+1) logfo(logs_l) e71, 50 that ¢y gets small enough and is bounded by O(e).
Then, the size of ¢qi 3 is bounded by

L=0(log*c™! +1og” C + k?),
[Wllso = OOogl et +log® C + k3),
S =O(log® e~ +log* C + k),
B = exp (log el +logC + k) .
Now, adjusting € to replace @(5) by ¢ yields the first assertion.

—r L[yl <

We can make ||¢d1f 3H°0 hold, because fRd & )g
(7't 27m) 2

Coal ML, () exp (1252445 ) ay = 0(1),

D.4 APPROXIMATION ERROR BOUND: BASED ON pj

Now we put it all together and derive Theoremﬂ Throughout this and the next subsections, we
take N > 1, Ty = T = poly(N~') and T5s = T = O(log N). Moreover, we let T, = N~ (2=9)/d,
T3 = 2T, Ty = 3T5. This subsection considers the approximation for ¢ € [T}, Ty).

We begin with the following lemma, which gives the basis decompositon of the Besov functions.
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Lemma D.9 (Basis decomposition). Under N > 1, Assumptions with ag =
N—(=0)/d there exists fn that satisfies

Ipo — fnllp2(-1ja) S N 74,

lpo = Sl L2 (=1 0j\m 14 N -=0)/0, 1 N—amsy gy S NTEFD/,
and fn(x) = 0 for all x with ||x||oc > 1, and has the following form.:
N 3N
In(@) =Y ailllelee < UM, (@) + Y ailllalles < 1= N-CVIME (@), (38)
i=1 i=N-+1
where—Q(k)m—l<() <2()7n(l_12 N mo= 1,2, ), k| < K* = (0(1) +
log N)v=! + O(d~tlog N) for 6 = d(1/p — 1/T +andv = 25 )/( 5). Moreover, |o;| <

N d/p—s) g

Proof. Because py € C3T2([-1,1]¢ \ [-1 + N~-(=0)/d 1 — N=(1=9)/d]d) " according to
Lemma[J.13] we have f; such that

lpo = f1ll 2 (o1, 1)\ (14 N -G/ 1 N—a-s)/ajay S N™EH2/E

and has the following form:

N
7) =Y i (@)
=1

where —2(F)m — [ < (§i)y, < 200m (43 =1,2,--- N, m = 1,2,--- ,d), |k| < K* = (O(1) +
logN)v=! + O(d~'log N) for 6 = d(1/p — 1/r)4 and v = (2s — §)/(26). Moreover, |aq ;| <
N@  +d ™) (d/p—28) 1

Next let us approximate f in [—1, 1]¢. , < 1, we have f5 such that

Ipo — fall L2110y S N7/
and has the following form:
2N
fal@) = Y aMi; (@),
i=N+1

where =25 — 1 < (5;); < 2Wi (i = 1,2,--- N, j = 1,2,---,d), |k| < K* = (O(1)
log N)v=r + O(d~tlog N) for § = d(1/p — 1/7“)Jr and v = (s — 0)/(26). Moreover, |as ;|
N (d/ps)

+
S

Therefore,
1[2]lse < 1f1(z) = Ufxfloo < 1= N"CV9fy(2) + 1[[|2]oc < 1= N-O7/9) fo(a)
N
=3 @My (x) = > ail[|zfle < 1= NUAMLEL ()
= i=1

+ Y |zl <1 = NTUV M ()
i=N+1
holds and reindexing the bases gives the result. O

The following lemma gives neural network that approximates V log p;(z) in [T7, Ty].

Lemma D.10 (Approximation of score function for 7} < t < Ty). There exists a neural network
(bscore,l € (I:’(L7 W, S, B) that satisfies

N—25/d]og N
2

t

/ () [ Bscore (@, ) — ¥ log py() [2dzdt < (3)

Here, L, ||W| 0o, S, B is evaluated as
L=0(og"N), |[W]s =0O(NIlog®N), S=0O(NNIlog®N), andB = exp(O(log* N)).

28



Published at the Workshop on Understanding Foundation Models at ICLR 2023

Proof. Before we proceed to the main part of the proof, we limit the discussion into the bounded
region. According to Lemma|[C.4] we have that

T
pi(@)l|s(z,1) = Viegpu(@)|*de § gy (1+ (5 0)1%) , (40)

/|z||m2mt+(9(1)a'“/log N

1
with a sifficiently large hidden constant in . Because (o) x)|| 1s bounded with ——— 1n
ith a sifficiently large hidd in O(1). B IV log pi ()| is bounded with 1252 j

1
lz]lco = my + O(1)ory/log N due to Lemma s can be taken so that |[s(-, 1)||oc < 252X and

therefore 1@) is bounded by N(%H) . logIN = N—(2s+1/d 6 N, which is smaller than the upper
bound of (39). Thus, we can focus on the approximation of the score V log p;(z) within ||z|/cc <

ms +O(1)o+/Tog N = O(1). Moreover, we can also exclude the case where p; (z) < N~(2s+1)/d,
because LemmalC4] can bound the error

/ pe(2)1[pe () < €]|s(z,t) — Viog p(x)||*dz
|z ]|co <mi+O(1)or/Tog N
€ LES PR P |
507210g T (e7MT7Y) +g|s(z, t)|
d+2

< Slog ™ (67 T + 5 log N, (41)
O Ot

and setting ¢ = N~ (2s+1)/4 makes smaller than the bound .
Thus, in the following, we consider z such that ||z ||, < m;+ O( Jorv/log N = O(1) and py(z) >
N~ s+1)/d holds. In this case, we have |V log p;(z)]| < log;t N

The construction is straightforward. Based on (38)) of Lemma[D.9] we let

pe(z) Z/Ug(lpo(y) exp (—W) dy

2”)% t
_ _M ) ;
_/Ugm)dfm ( = ) Z%E o) = A,
f1(a:,t) ( ) vV N—(23+1)/d’
and
— _ 2
_ _ 2 N
= / 95+1(mt3)/d fn(y)exp (-W) dy = ZaiE,(j?ji (x,t) = fa(x,t),
t i—1
_ [z, t) fa(w,t) log? N
f3(z,t) = fl(x,t)ﬂ ‘fl(m,t)HS o ]

so that v, E,il)J (z,t) and E,(f)] (z,t) correspond to the basis decomposition in Lemma Thus,
;| < N HdD@/p=9)+ and |k;| = O(log N). We remark that Cy, ; is set to be 1 or 1 —
N-(=9)/d jp and . We approximate E,(fl)7 and E(2 . by ¢dif’J§ and (;Sld“ff’ﬁ in Lemma
by setting e = ¢ and C = my + O(1)or/log N = ( ) (because 0y < o, < log™2 N),

where £; = poly(N 1) is a scaler value adjusted below. Then we sum up these sub-networks using
Lemma and obtain neural networks ¢air 5(x,t) and ¢air,¢(x,t) that approximate fi(z,t) and

fa(z,t), respectlvely
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Because we can decompose the error as

/||| <metO(1) ﬁpt(x)l[pt(x)2Nﬁ%ms(m)—Vlogpt(z)Hde
Tlloo <M+ oiv/1og

2
—2s+1 .’If,t
'S / ]l[pt(x) Z N j }pt@j) ¢score,1(x; t) - fB()H dz (42)
|z]|co <mi+O(1)ot/Tog N oy
_2s41 fa(z,t) 2
+ lpe(x) 2 N= @ |pi(a) || =——— — Viogpi(z)|| dz, (43)
Hwﬂooﬁmt-i-o(l)a“/m Ot

. . . it . \ )t
we consider the approximation of %f) for the moment, instead of Vlog p;(z) = ff t(:(st)) , and

bound @) From the construction of the networks, we have the following bounds:
|f1(z,t) = Pair,5(w, t)| S N - max|oy] - €1, (44)
[ f2(x,t) = ¢ait,6(x, )| S N - max|a| - e1. (45)
for all z with ||2] < my + O(1)orv/logN = O(1). Note that max || is bounded by
N@ ' +d7)(d/p=9)+ Thus, we take £, < N-L. N-( " +d D d/p=9)+ . N==F g0 that

s

and are bounded by N~ > in Lemma
Then we define @qif,7 as
[Pait,7(2,8)]i == Petip(Prmurt
(drec(Getip (Gaie 5, £): N~ D/, 0(1)))), [Buie (. 1)]s); ~O(log? N), O(log? ).
to approximate o,V log p; (). Here we used the boundedness of p;(z) with [N~(2s+1)/2 O(1)] to
clip ¢ait 5(x, t) and the boundedness of 0,V log p;(z) with [fO(log% N), O(log% N)] to clip the

whole output. For ¢, we lete = N —(@s+1)/d i Lemma and for ¢t welete = N —s/d and
C = N@s+1)/d Thep,

fo(a, 1) ‘ fal, 1) H log* N
it,7(2, 1) — f3(2,1)[| = ||Qait,7(2, 1) — L s
| pait,7(w,t) — fa(z, )| | Pait,7(2, 1) fi(x,t) fi(z, 1) Ot
5 N—S/d
L N@sHD/d (N*(SSH)/d + ]\72(3S+1)/d|f1 (x,t) — Pait 5(x, )| + || fox, t) — @air,e(z, E)|])
S N4 NS ) — G s, O] + N fy(a, ) = Gl . @6)

Applying (44)< N=*7 and (45)< N—>7° yields that (46)< N~ 1.
pplying y
Finally, we let

d)score,l (.17, t) = (bmult ((bdif,'?(xa t)? ¢o (t))

By setting ¢ = N~%/¢ and C' ~ max{log% N,or} < poly(N) in Lemma for ¢mu1 and
e = N=*/4/poly(N) in Lemma|D.€|for ¢,.. Then,

¢
score1 (1) — f(@.t) H < N=%/9 1 poly(N) - N=%/4/poly(N) < N—/4,
Ot

which yields
2
2541 x,t
= 1pi(x) > N~ |py() ¢swre,1(a:,t>—f3(>H a
|z]|co <mi+O(1)o¢/Tog N o
< N72s/d.

The structure of @qir,7 and @score,1 are evaluated as
L=0(log" N), |[W]|le = O(Nlog® N), S = O(Nlog® N), and B = exp (log" N).
Here we used |k;| = O(log N) and C = O(1).
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We move to the error analysis between %ﬁt) and V logp:(x) to bound . Remind that we
consider z such that ||z|o < my; +O(1)os/Tog N = O(1) and p;(x) > N~ 2511/ holds. In this

case, we have ||V logp:(z)]| < log;j-#. First, we consider the case z € [—my, m,]<. Since p;(z) is

lower bounded by C; ! according to Lemma |C.2] as long as | fi(z,t) — pi(z)| < C;'/2, we can
say that the approximation error is bounded by < | f1(z,t) — pi(x)| + || fo(x, t) — 0:Vpe(2)||. On
the other hand, if | f;(z,t) — ps(z)| > C;!/2, we no longer have such bound, but this time we can

use the fact that ;2?” 3 and o ”‘Zf;gw is bounded by log% N. Therefore, when z € [—my, my]9,

we can bound the approximation error as
Vp:(x
pe(z) < _

‘f?’(x’t) 0w | S R T @
< log? N(|f1(z,t) — pe(@)| + | fa(@, t) — 0:Vpe(2)]).

fa(w,t) Vp:(x)

Next, we consider the case when z € [—m; — O(1)oyy/log N, m; +O(1)oyy/log N4\ [—my, my]¢
Then, we have that

Vpi(z) fo(, t) Vpi(2) ‘
z,t) —o -0
foteth =y @y | = 7w~ @
[ fo (@, t) — o Ve ()| 1 1
< NPAY . (47)
fl(.T,t) || t pt( )H fl(z t) pt(x)
The first term is bounded by NZs+1/4| fy(z,t)(x,t) — 0y Vps ()| because we focus on the case
pe(z) > N~(2s+1)/4_ For the second term, because ||V log p;(z)|| = H Vp’t’ffj) < loagz we have

lo:Vps(x)|| < pe(a) log? N. By using this, we can bound the second term as

1 1

5 IOgE Npt((E) 7f1(x’t) — m

lo: Vi ()|

1
fl(fl? t) pt(x)‘

s @) — fula,b)
<logz N D
< 2N |pi() = fi(x, 1),

where we used fi(x,t) > N-(GstD/d Thus, for z € [-m; — O(1)o/Tog N, m; +
O(1)a/Tog N4\ [=my¢, m¢]? and py(z) > N~ Il,is bounded by

Therefore, we have that

Jtht(x)
pe(x)

Gait,7(z,t) —

’ ~ " log? N(|paie 5w, t) — pe(x)] + [|@ait.6 (2, 1) — a: Ve ()]])-

fa(z,t)  Vpi(z)
oufi(z,t)  pi(x

)
logil (1f1(@,8) = pe(@)| + 1 fa(2,t) = V() [) /e ([lo]oe < me)
S 4 NFF log? N(|fi(x,t) — pe(a )|+||f2($ t) — o Vpi(2)]]) /o
(z € [-my — O(1)op/Tog N, my + O(1)a4y/Tog N1¢\ [—myg, my]9).
(48)
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We consider the L?(p;) loss of (48). First, we consider the case of ||z ||oc < m;.

fo(z,t)  Vpi(a) |
/Imloo<mtpt(x) o fi(x,t) pe()
<

~ /| oo < (If1 (1) _pt(x)|2 + || f2(2,t) — Utht(q;)||2) logN/afdx
(we used(@8) and py () = O(1) by Lemma[C2})

< / log N/o?dx
2]l oo <mms

2
1 2 — may|® / 1 |l — may]?
‘ / - (%)%po(y) exp( 552 dy y fn(y)exp 5 dy

dx

+
¢ Ut(27")% 20
2 2 2
2oy (L) gy [ B oy (Lol
d+1 yyexp 2Ut2 Y U;H-l(Qﬂ.)ng yyexp 20,52 Y

1 x — myy)|?
<logN/o} / /7 exp (—W) po(y) — fn(y)|*dyda

t

|z — mey| |z — mey|? ,
T log N/o? - / [y (LY ) gt
/ t [[2]] 0o <mre d+1(271-) 20? | 0( ) N( )|

2
T — muy
=log N/o} - // exp (—” 5 > ” )Ipo(y)—fzv(y)lzdxdy
]l oo <me O 27T) g

t

r—m r—m 2
+logot- [ / le—myl (_”y”) Ipoly) — Fv ()P dady
2]l oo < O’t 27T) 20

t

< log Njo} ~/Ipo(y) — fn(y)[dy +log N/o? -/Ipo(y) — fn(y)]Pdy Slog Nfof - N=2/4,

For the third inequality, we used Jensen’s inequality. For the second last inequality, we used the
construction of fy and Lemma|[D.9]

We then consider the case of x € [—m; — O(1)oy\/log N, m; + O(1)oyy/log N|¢ \ [—my, my]2.
Most of the part is the same as previously.

2

f2(z,t)  Vpi(z) d

acfi(z,t)  pe(x)
([fi(@,t) = pe(@)? + || o, £) — 0 Vpe (@) [P)N T log N/o?da

pe(z)Lpe(z) >

]

[nt§|‘ll|m§mt+o(l)atm

< /
~
mi <zl oo <mi+0O(1)otVTog N

4s5+2 2
< N~ log N/o;dz
m¢<||z||co <m¢+O(1)ot\/Tog N

2
1 [z — mayl|? / 1 [l — may®
: ) gy — - d
( / gg(QW)%pO(y) exXp ( 202 Y d % fN(y) exp o2 Yy

i od(2m)

2
T — myy Hx—mtyHQ) / T — my < ||9C—7”ty|\2>
P exp | — dy — P exp | — d
Ud+1(271') 7o) ( 207 Y af“(Zn)% o(v) o} Y

1 x — mey||?
> e (5 o - P ayas
mi <[z oo <mi+O(1)o¢+/log N o (271’)2 g
+N T logN/ot

2 2
T — Mty T — mey
' / L2 MU e (—”275”) Ipo(y) = fx (y)|*dyde
mi<||zllco <me+O()oyVIog N J o - (27)2 o
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4542

<N @ logN/o; - /
mi<||z]|oo <m+0O(1)o/Tog N

2
xTr—m _ 6542
/ T P (—7H s )Ipo(y) — fr()Pdy + NT5F | de
32 —vlee <00t Viog N 0 (2T) 2 T

+/
my<||z]|oo <M +0(1)otv/Tog N

2 2
r—m r—m _ 6s+2
/ ‘ e tyld exp <_ || tyH ) |p0(y) _ fN(y)‘Qdy + N 7 dx
757 —vlloc <O(1)otIog N 0y (2m)2

202
(we used Lemma[I.T01)
5 N4s;rz log N/o'? N 65;»2 / de
mi<||@|co <mt+O(1)ot/Tog N
2
T — mey
/ diond &XP (*H272H) lpo(y) — fn(y)[°dy
32 —vle<OM)orViog N 0f(27) 2 o

dzx

log N x — meyl]?
/ N o (L2 ) o) - sty
727 —¥llec <O(M)otVIog N 0y (2m)2 g

Jr/
my <]zl oo <mi4+0O(1)otv/Tog N

4s+2
SN 4 log2N/0t2/ /
mi<[|2]loo <m+O(1)otVIog N /|| 5= —ylloo <O(1) ot vIog N

1 z — mey|? _2s
——exp <f%) po(y) — fn(y)|*dedy + N~ @ log N/o? (49)
t

For the third inequality, we used Jensen’s inequality. Here, we note that if (x,y) satisfies m; <
[2loo < me + O(1)ory/Iog N = O(1) and || — yllec < O(1)oty/log N, then we have that

1-0(1)oIog N < [[yllec < 140(1)2/log N and that 1 — O(1)vV < [|yllec < 1+O(1)V.

1—

Because we are considering the time ¢ < Ty = 3N~ ", OVt <N —*7" holds for sufficiently
large N. Therefore, [9) is further bounded by

B

)
4s

<N a log? N/o2-

1 lz — mtyllz) 2
_ _ rexp | — po(y) — fn(y)|dzdy
/r/l—lesélylocél-&-Nlda of(2m)® ( 207 o) |

+N_27;10gN/O'tQ

4542

=N~ log® N/o?-

1 < |l — mty||2) 2
_ s | oz e | ) Ipo(y) — In(y)[dyde
/1N5-z5<|y|oo<1+NT /a: of(2m) 207

+ N log N/o?
§N4s;»2

6s

log? N/o2 - N~ c +N*%logN/at2 SN*%logN/af,

where we used the construction of fy and Lemma [D.9] for the second last inequality. Now we
successfully bounded @3) and the conclusion follows. O

D.5 APPROXIMATION ERROR BOUND: USING THE INDUCED SMOOTHNESS

We then consider the approximation for ¢t > T, = N—(2-9)/¢_ This can be proved by considering
diffusion process starting at t = ¢, > 0. We begin with the following lemma.
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_d
Lemma D.11 (Basis decomposition of p; att = t.). If N,N' > L and N' > 1. * N3, there exists
fn such that
||pt* - fN’ ||L2(]Rd) 5 ]\f_(SS'i‘5)/d7

fn(x) = 0 for x with ||z]| o = O(V1og N), and has the following form:
Zﬂ Izl £ O(v/1og N)IM, ; (@),

where —/Tog N2F)m — 1 < (5;); < log N2tk (1 =1,2,--- N, m =1,2,--- ,d),
K = O(dlog N) and |a;| S N5,

Proof. Leta = @ + 1. According to Lemma for any x, we have

Ca,
t

Because all derivatives up to order « is bounded by o, * < ¢, 7y, Pu(@) belongs to WS and its
2 va

norm in W£ is bounded by a constant depending on «, and hence to B . Therefore, according
to Lemma- there exists a basis decomposition with the order of the B- sphne basis | = o+ 2:
N/

fav(@) =t Fv )Y M (w).

=1

such that

«@ d
Ipe. = froll - owmem.owmrms S (Vieg N)* N
— (\/@)aNaé/Qd _ (\/@)aN (3s4+6)/d < N—(35+5)/d’

where —Iog N2 — [ < (5;); < VIog N2k (i = 1,2,--- N, m = 1,2,--- ,d),
|killoo < K = O(d 'logN), and |o;| < 1. Also, Lemmawith e = N7 and
my, +O1)or,\/log N < v/log N guarantees that [|pr, — fn | r2rici—o(vog ™), 0(Viog W)]4) S
N—Bs+5)/d_Therefore, by resetting cv; < (t 2y 1)y, the assertion holds. («; is then bounded by

T, %) O

Lemma@ gives a concrete construction of the neural network for 73 <t < T5.

Lemma D.12 (Approximation of score function for 75 < ¢t < Ty; Lemma . Let N > 1
and N' > t*_d/2N5/2. Suppose t, > N=@=9)/d  Then there exists a neural network Dscore,2 €
®(L,W, S, B) that satisfies

N- 2(sd+1)
[ @) bmcmeatint) = sl )P £ S
T t
for t € [2t.,T). Specifically, L = O(log*(N)),|[W|lee = O(N),S = O(N'), and B =
exp(0(10g4 N)). Moreover, we can take ¢score, 2 satisfying || ¢score,2||co = O(o;t log% N).

Proof. The proof is essentially the same as that of Lemma[D.T0} Here, the slight differences are that
() pt, Pair,s, and f1 are lower bounded by N’(zs”)/d not by N~2s+1/d that (ii) L?(p;) error

2(5+1)

should be bounded by ¥4 not by &

Bounding the difference between Observe thatt, > T7 = N -5 holds, which is necessary to
apply the argument of Lemma[D.10]

, and that (iii) p;, is supported on R, not on [—1, 1]%.
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Let us reset the time ¢ <— ¢ — t,. in the following proof and consider the diffusion process from py (in
the new definition), for simplicity. We have ¢t > ¢, > poly(N 1) in the new definition. According
to Lemma[C.4] we have that

t 2
pi(@)lls(@,t) = Viegpi(a)|*de S —5gys (L+ 1s(5 1)), (50)
/|x||mzmt+0(1>mﬁlogzv w7 )
with a sifficiently large hidden constant in O(1). We limit the domain of z into ||z]|sc < m¢ +
O(1)oy/log N = O(y/log N). In this region, Lemma yields ||V logpi(z)] < log , and
therefore we can take s such that ||s(-, )]0 < ¥ lf < \Fvlog/\l holds. Then, is bounded by
N—26+1/d Moreover,

/|| <me+0(1) ﬁpt(m)l[pt(“)SN7(28+3)/d]||5(%t)*Vlogpt(x)H?dx
Tlloo <M+ oi\/1log

€ d+2
S ;tzlog 2 (N) +ells(z, 1)

N—(2s+3)/d . N—(25+3)/d
S <2 log%(]\/') + ———5—log N> 10g% N < N2(s+1/d,
Tt o}
This means that we only need to consider z with p;(x) > N —(2s+3)/d
Using the basis decomposition in the previous lemma, we let

1 z — muy||?
pe(x) = / ﬁpo(y) exp <”202t”> d

t

dﬁw>am(—w”;gww) }j% — fi(eh),

ol(2m)z
fil@,t) = fi(z,t) v N~@sH3)/d
and
— _ 2

[ e i = mug? o
/Ug_,,_l(Qﬂ_)ng(y) exp (M) ZalEk i =: fQ(xvt)a
_ Ja(=,t) fa(z,t) log? N

h@i%—fﬂ%wﬂufd%ﬂuﬁ Ut]

(exactly the same definitions as that in Lemma | except for fi(x,t) := fi(z, t) v N~ (2s43)/dy
Then we approximate each alE( )J (z,t) and azE( )] m withe < N1
(35+6)(2—96) _ 93210

N 5 - N and C = my + O(1)o/Iog N = O(y/log N) and aggregate them by
Lemma to obtain ¢gir,s(z,t) and ¢gir,o(z,t), that approximate fi and fo, respectively, and
satisfy

(z,t) using Lemma

95410
d .

|fi(2,t) — daie,s(2, )| < | f2(z,t) = dait,o(z,t)[| S N~
for all z with ||z|| = O(v/1og N). Now, we define ¢qif 7 as
[Bait, 10(, t)]i := Gelip(Pmult
(rec(Petip(Sait s (. £); N~/ O(1))), [bairo(x,1)];); ~O(log? N), O(log? N)),

where we let e = N~ (3s+4)/d i Lemmafor brec and we let e = N—(511)/d gpd ¢ = N(2s5+3)/d
for ¢muie in Lemmal[J.6] Finally, we let

¢score,2($7 t) = ¢mult<¢dif710(x7 t)v ¢U (t»
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where ¢ = N~(6+tD/d and ¢ ~ max{log% N,or} < poly(N) in Lemmafor @muly and € =
N=(+D/d /poly(N) in Lemmafor ¢o. In summary, we can check that

‘ fs(z,1)

LAY | P Nf(erl)/d
holds for all x with |||l < v/log N and therefore

¢score,2 (:C, t) -

Ot

2
t
/ pt(l’) ¢score,2(x7t) - fg(x,)H 5 N7(8+1)/d~ (51)
llz]loo <vIog N gt
Moreover, the size of @gcore,2 is bounded by
L=0(log"N), |[W]le = O(N'log’ N) S O(N), S = O(N'log® N), and B = exp (log" N).
(52)

Now, we consider the difference between f3(z,t)/o; and Vlogp,(x). Its L? error in ||z]/oo <
my + O(1)oy/log N is bounded as previously, and we finally get

2

‘ dx

fs(z,t)  Vpi(z)
(1f1(@,t) = pe(@)]* + | fa(2,t) — 51 Vpe(2)|*) log N/o} d

Ipe(z) > N™ 4 ]pi(x)

2543 ‘

Aw”ooﬁmt-!—o(l)o'm/logN (ep7 pt(ﬁﬁ)

4 6
st [
|z]|co <mi+O(1)o/log N
2
dz

4846 2
SN2 log N/o;
l2]loo e +O(1) oy VIogE N

/y m P (_%> (Po(y) — fn(y))dy

2

2
4546 xr—m r—m
+N @ log N/af/ /diti/exp (_Hzi;y\l) (Po(y) — fn(y))dy| dz
lzllco <mi+O(1)orvIog N |y of(27)2 Ot
4546 1 x — muy||?
<N @ log N/af/ / 7 exp (— ” ;y” ) po(y) — fn(y)|*dydz
I2lloo <mi+O o VIog N Jy of(2m) 2 20;
4s+6 Tr—m r—m 2
+N" 2 log N/Otz/ % exp (—“72@“) lpo(y) — fn(y)|*dydz
l2]loo <mi+O(1)oivIog N Jy od(2m)2 o
4546 1 x — mey||?
SN 4 logN/af// ————7 €Xp (—H272ty|‘> lpo(y) — fN(y)‘dedy
yJax 0';1(271') 2 T
2
4546 Tr—m r—m
+ N7 log N/Uf/ Iditgy' exp (—”27;74“) po(y) — f (y)|*dady
yJz Oy (27'(') 2 0
. s . 2(s+1)
< N log N/o? / [po(y) — I (w)dy S N"F log Njo? - N~ SN~ @ /ot (53)
Y

Here we used the result of the previous lemma for the last inequality. Eqs. (51) and (52), (53) yield
the conclusion.

O

Combining Lemmas [D.10]and [D-12} where we use Lemma[D.10|for 7} < ¢ < T} and Lemma|[D.12]
for Ts <t < Ty, we immediately obtain Theorem@

Proof of Theorem[3.1] Note that we canset N' = N andt, = N —(2-0)/d jn Lemma Accord-
ing to Lemmas and we have two neural networks @score,1(2,t) and @score,2(, t), that
approximate the score function in [T}, Ty] and [T3, T5]. Therefore, letting 1 = T4 and t, = T3 in
Lemma ¢score(m> t) = slvwit (t;£27%1)¢score,l(x; t) + ¢2‘wit (t;£23Z1)¢score,2 ((I}, t) approximates

L . . . —2s/d N
the approximation error in L?(p;) with an additive error of NU#. Realization of the mul-

t
tiplications (¢;Wit¢scom,1 and (ﬁgwit(ﬁscorcg and aggregation ¢;wit¢scorc,1 + ¢§wit¢500r072 is trivial.
Finally, according to Lemmas[D.10and [D:T2] the size of the network is bounded by

L =0(og*(N)), |[W|lee = O(Nlog® N),§ = O(Nlog® N), and B = exp(O(log* N)),
which concludes the proof. O

36



Published at the Workshop on Understanding Foundation Models at ICLR 2023

We also prepare an integral form of the approximation theorems.
Corollary D.13 (Approximation theorem). Suppose Assumptions [2.2} [2.3] with ap =

N-(=0)/d N > 1, T = poly(N~'), and T ~ logN. Then there exists a neural network
Dscore € ®(L, W, S, B) that satisfies
T
| [ 5@ ool t) = V1o pu(o)]Pdadt £ N2/ log Nlog(T/2) + (T - T))
t=T Jx
Here, L, |W| oo, S, B is evaluated as
L=0(og*N), |[W|e =0O(N), S=O0O(N), andB =exp(O(log* N)).

Moreover, suppose N' > t;d/2N5/2, t, > N—(2=9)/d and T > 2t,, then there exists a neural
network Gscore € ®(L, W, S, B) that satisfies

2(s+1)

T
| [ @6l t) = Vo) Pdade S N5 (loa(T/T) + (T~ 1)

Specifically, L = O(log*(N)), [|[W|lec = O(N), S = O(N"), and B = exp(O(log* N)).

Proof. We only show the first part; the second part comes from Lemma in the same way.
According to Theorem@ there exists a network ¢.ore With the desired size that satisfies

N~—% log(N
[ @ bcoretr, ) = st Pz 2B,
T t
Note that oy 2 ¢ A 1. Therefore,
T —2s T
N~—d log(N s . _ _
M s [N 10g(N) (v 1/t < N dog()(108(T/T) + (T~ 1),
t=T 0% t=T
which gives the first part of the theorem. O

E GENERALIZATION OF THE SCORE NETWORK

E.1 DETAILED PROOF SKETCH

This section corresponds to Section Here we provide detailed proof sketch of Theorem[3.2] We
begin with the following fact (Lemma Vincent (2011)).

Lemma E.1. The following holds for all s(x,t) and t > 0:

[ [ 1ste.0) = 910 puGaly)Ppalmo(o)dyd (54
zJy

=/||s(m,t)—Vlogpt(x)Hth(x)dx—FC}.

Here C} is a constant depending on p;. According to this, minimizing the population score matching
loss (54) is equivalent to minimizing the difference between the network and the score in L?(p;).

Let us define

T
tuta)= [ [ lstan )= ogpCarfo)| i (o),
t=T

so that the expected score matching loss (34) and the empirical score matching loss (I) are written as
Egmpo [(z)] and L 377 | (z;), respectively. For the hypothesis S which we specify later, we define
L = {{;| s € S}. Define the empirical loss minimizer § € arg min,es % > Ls(x0,5). Then we can

evaluate the difference between the empirical loss £ S°7_ #(z;) and the polutation loss By, [(z)]

for §, which yields Theorem 3.2} "

—2s/ _ _
The first term of || in Theoremcan be bounded by N ok N (log(T'/T)+ (T'—1T)), according
to Corollary [D.T3] which is obtained from Theorem [3.1} In order to evaluate the second term in
Theorem [3.2] we need to bound (i) ||£||o, uniformly over £ and (ii) the covering number of L.
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(i) Bounding sup-norm According to Theorem (3.1} §(z,¢) can be taken so that ||5(-,)]|cc <
1
%. Thus we limit (L, W, S, B) of Theorem [3.1|into

8= {6 € (LW, S,B)| 90l S £,

Then Appendix [E.2]shows that,

sup  sup  Lg(xo) < log®n.
SE€S mo€[—1,1]4

(ii) Covering number evaluation By Lemma 3 of |Suzuki| (2018) and the fact that ||{;]| is
bounded by || 5| up to poly(n), we obtain the following.

Lemma E.2. The covering number of L is evaluated by

log N'(L, || - [l Lo 11,114y, 8) S SLlog(d~ ' L||W||os Bnr).

The proof is found in Appendix Applying this to the specified values of L, ||W ||, S, and B in
Theorem the covering number is bounded by log A" < N (log'® N + log'? N loge™1).

Putting it all together, the second term of (3) in Theorem can be bounded by <
N log?(n)(log™(N) + log"?(N)log(¢~")). Now, (2) is bounded by

< N~*/Mog N(log(T/T) + (T — T)) + Nlog?(n)(log'*(N) +log™*(N) log(¢ 1)) + <.
Applying N = nﬁ,z =poly(n~1!),and T ~ logn and setting ¢ = n- @i yield
@) < n- @ log?(n) + n T log'®(n) + n- @i < n @i log'®(n).

In the following, we will first consider (i) (see Appendix [E2)and (ii) (see Appendix [E-3)), and then
we will give the proof of Theorem [3.2]in Appendix [E-4]

E.2 BOUNDING SUP-NORM

Lemma E.3. Suppose that ||s(-,t)||c = O(c; ! log% n), T = poly(n=') and T ~ logn. Then, we
have that

T
| Istet) = Viog oo Pputadlo)dadt S g n
t=T Jx,

Proof. The evaluation is mostly straightforward.

T
/ (22, 8) — ¥ log pe (ael0) | 2pe (wel0)daredl
t=T Jxy
T T

T
< 2/ ||s(xt7t)||2pt(mt|xo)dxdt+2/ 1 log pi (| 20) [2pe (2 |0 ) declt
t

t=T Jx¢ t=T Jxy

For the evaluation of fxt | log ps (z¢|20) ||?ps (24|20 )da¢, we used the fact that p;(24|z0) is the den-

sity function of N'(mxq,0?). Also, we used that T = poly(n~!) and T ~ logn for the last
inequality. O
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E.3 COVERING NUMBER EVALUATION

Lemma E.4 (Covering number of £). For a neural network s-R% x R — R%, we define £-R? — R
as

T
ls(x) = / s(ze,t) — V1og pe(x:|x)||2pe (4] 2)dzdt.
t=T Jx,
For the hypothesis network class S € ®(L, W, S, B), we define a function class L = {{,| s € S}.
If the corresponding s is obvious for some {;, we sometimes abbreviate {4 as {.

Assume that s(x,t) is bounded by ||||s(-, 1) 2|/~ = O(o; " log% n) uniformly over all s € S and
C > 1. Then the covering number of S is evaluated by

Log V'(S, Il ll2ll o< (- c.cpays €) S 25 Llog(e LW |loo (B V 1)), (55)
and based on this, the covering number of L is evaluated by
log V'(L, || - [l (- 1.1j0),€) S SLlog(e ' LW /loo(B V 1)n) (56)
when e=1, T~ T, N = poly(n).
Proof. The first bound (53) is directly obtained from[Suzuki (2018), with a slight modification of the

input region. By following their proof, we can see that their e-net for the L>([0, 1]¢)-norm serves
as the Ce-net for the L™ ([—C, C]?)-norm. Therefore, we simply set ¢ <~ C~'¢ in their bound to

obtain (39).

We next consider (56). First we clip the integral interval in the definition of £.

T
zs(x)—/ / 50, £) — V log pa(e|2)||2pe (e [2)d ot
1= J 24 ]loo <O(VIoET)

7
= / / Is(x1, t) — Vlog py (x| @) || *pe (w4 |x)da, dtdt
t=T J||s]| o0 >O (Vo)

T
< MlisC a2 / / pr ()t
t=T J||zt|cc >O(v/logn)

T
+/ / HVlogpt(xt|a:)H2pt(xt|x)dxtdt. (57)
t=T S|z o >0 (vIoET)

Because p;(w;]x) is the density function of N(mux|o?), we can show that
fl‘wt‘lwzo(m)pt(wﬂx)dxt and j‘Hwt”oon(m) |V log pi(z¢|z)||?pi (x4 |x)dx, are bounded

by — e if =1, 77", T,N = poly(n) and the hidden constant in O(y/Togn) is
3T(lls(-)12117 00 V1)

sufficiently large (see Lemma[J.14). Therefore, (57) is bounded by

_ £ _ € 2
HlsC, 2l (T = T) - = +(T-1T) =< ze (58)
3TNs (- )ll2l o 37— 3
We then take C' = poly(n) 2 v/logn and construct £-net for a set of
T
@)= [ [ lstent) - Vlogpilardo) ez 59)
t=T J|wt|loc <C

overall s € S. For this, we take —5r5-net of S with the L>([—C, C]?*!)-norm. According to (55)),
the covering number is evaluated as

g _
log N (S, ol c.cpesn)s —o7 ) S 2SL1og(e  LIW (B V 1))
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For different s and s', because ||V log py (2:|2)|| < % for ||z4]|sc < C, we have that
t

IHS(xt, t) = Vlogpe(xe|a)||” — |I8'(x4,1) — Viog pe(we|)||| (60)
< (Is(ze,t) = Viog pe(wela)l| + || (ze, 1) — Viog py(ae|2)]?)

Alis(e, t) = Viegpe(wela)|| — |5 (2, 1) — Vlog pe(a:|) ||

S
< (MlsCs ) llallzoe + 11" lallze +2C/07) - —575- (61)

By takmg the hidden constant in —5+5 sufficiently large, this is further bounded by 5T 2 T o) when

C,T7', T = poly(n). Integrating and (6 over ft:Z fl\wtll o dxdt yields that this —5y-
(59

net of S actually gives the 5-net for the set of (59); finally, we have obtalned the e-net for £ together

with @) O

E.4 GENERALIZATION ERROR BOUND ON THE SCORE MATCHING LOSS

This subsection gives the complete proof of Theorem 3.2} First, the following relationship is useful.
This shows the equivalence of explicit score matching and denoising score matching, and can be used
to show that the minimizer of the empirical denoising score matching also approximately minimizes
the explicit score matching loss.

Lemma E.5 (Equivalence of explicit score matching and denoising score matching (Vincent
(2011))). The following equality holds for all s(x,t) and t > 0:

/uxm — Vlog pe(en) |Ppe () daze

= [ [ steest) = F10gptuban) PonGanlo)poCan)dodan + C,
To v Tt

where C' = f |V log pi(x4)||*ps (24 )day — fzo fmt IV log pe(z¢|70) |2 pe (24 |70) po (0 )dasda.
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Proof. The proof follows [Vincent (2011)).

/ (e, t) — ¥ log po(ae) |2pe (o) das
= _2/;1; pt(xt)s(xt,t)TVIngt(act)dx
+ [ st Poede + [ 1V 1080 Ppu(an)ao
=2 [ stan ) plwiden + [ sten0)pwde+ [ |Viogpi(en|Ppleds

_ _Q/zt sz )TV </I pt(a:txo)po(aro)dx0> dz,
" / ls(es )i (o)l + / 7 log pe(0) i ()

2/ syt (/ po(xo)th(xtlxo)dxo> dxy
.
+ / (e, ) [2e(ae) e, + / IV 1og o (e0) |20 () day
=2 [ nCalpolan)ston)” ([ Viospitoitan)an) az
" / (e, )20 () e + / 1V log po(z2) |2p1 ()
2/ / pe(ze|zo)po(20)s(we, 1) TV log pe(w¢|wo)daedao
4 / / pr(zelzo)po (o) |8(ze. 1) |Pdzydizg + / 1V 1og pe(we) |2pe () dae
:/ /pt(xt|xo)p0(xo)||s(xt,t)—Vlogpt(xt|xo)||2dxtdx0+/ |\Vlogpt(a:t)||2pt(xt)dxt

- / / pi(e|0)po(20) | ¥ 1og pi (21| 20) |2z, o,
xo Tt

where we used V1og pi(z1) = (Vpe(z1))/pe(x¢) for the second, py(z¢) = [, pe(zi|zo)po(zo)dao
for the third, V log p:(z¢|z0) = (Vpe(2t|zo))/pe(xt|20) for the fifth equalities.

O

Now, we evaluate the generalization error and the following theorem is a formal version of Theo-

rem

Theorem E.6 (Generalization error bound based on the covering number). Let § be the minimizer

of
1 [T
52/ /||s(x,t)—v1ogpt(x\xi)ngt(x\xo,i)dxdt, (62)
i=1/t=LJ=
taking values in S C L*(R? x [T, T]). For each s € S, let {(x) = ft 1 [ lIs(@,1)

V log pi(y|2) ||3p¢ (y|2)dydt and L be a set of ¢ corresponding to each s € S. Suppose every
element { € L satisfies ||{|| poc((—1174) < Cy for some fixed 0 < Cy. For an arbitrary ¢ > 0, if
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N = N(L, || - |poe(j=1,174), &) > 3, then we have that

Eoy [ / / — Viogpi(x >||2pt(x>dtdx]

< amf// _ Viogpi(a) |2p(a >dxdt+0€(

seS

51 g/\/’—|—32>+36.

Proof. In the following proof, xy ; is denoted as z; for simplicity. is written as L Y"1 | #(z;).
Also, with s°(x,t) = V log p,(z), we write

/m/t — Vlog p(w)||*pe(w)dtd

// (e, t) - Vlog pu(a)|Ppu(a dtdmf// I5° (2, ) — V log py (2)|2pe(x)dtda

=0

://t:T/||s(:c,t)—v1ogpt(:c|y)||2pt(x\y)p0(m)dydtdx+C(T_I)

T
_ / /t:T/ |5° (2, ) — V1og pi(x|y) | *pe (x|y)po (z)dydtde — C(T — T)

=By, [711 PRUCHE €°(m2))] (63)

i=1

with {z{}"_,, that is an i.i.d. sample from py and independent of {z;}?_;. For the second equality,
we used Lemmal[E3]

First, we evaluate the value of

LIPSTS [; > (0a) = £° (1))

s

D= — R(I,°)] .

Using (63), we obtain

it | 2
1 - D( ! o
< By Z 1)) — (U(x;) — £°(x7)))
Let L4 = {f1,0a, - ,{x} be a e-covering of £ with the minimum cardinality in the L>°([—1,1]%)
metric. From the assumption of N(L, || - |ls0,€) > 3, we have log N > 1. We define g;(z,2’) =

(4j(x) —£°(x)) — (¢;(2") — £°(2')) and a random variable J taking values in {1,2,---, N} such
that ||£ — fs]|co < €, so that we have

ZgJ iy, T z

D < EM,L +[1(8(2) = Ls(x)) = (€5(2") = £(2") |

1

n

g] Tiy T 1 (64)

zl,z

Then we define 7; := max{A, \/Em/ [;(z") — o (2")]} (j =1,2,--- ,N) and a random variable
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where A > 0 is a constant adjusted later. Then we further evaluate (64) as

Eq, 2 [G?] + ¢,
(65)

1 1 1
D < EEIi,I; [TJG] +e< ﬁ\/Equ; [rﬁ]Exi,z; [GQ] +e< §Emi,x; [7%] t53 2

by the Cauthy-Schwarz inequality and the AM-GM inequality. The definition of J yields that

Eo,0[r5] < A2+ B[ty (') = °(2')] < A? + B [l(a") = £°(2")] + € = R(0,€°) + A + &
(66)

re

fEa l(@- AR <x;>>2] )

Because of the independence of z; and x}, we have that
2
<2Cm (67)

2 2
9] i, T) g (i, x7)
< E,. == b
| (5000 | < 3w (20
-y (E R CIEARAED);

i=1 "
holds, where we used the fact that g;(xz;, }) is centered and |¢;(x) — ¢°(z)| is bounded by C;. Also,
i (i,7})

is bounded with C;/A. Then, using Bernstein’s inequality, we have that

P[G? > t] = P[G > V1] < 2N ot ,
(&7 2 1] = PG 2 Vi] < exP( 204(2n+£)>

for any ¢ > 0. This gives evaluation of E,, ./ [G?]. For any ty > 0, we have that
E,,.0[G? = / PIG? > f]dt
0

<t +/ P[G? > t]dt

to

o0 3AVt
§t0+2j\f/to exp( SCon )dt—|—2/\// ( 4C£>

These two integrals are computed as

> ¢ _ t N\ _t
/to exp (— 80471) dt = [ 8Cym exp ( SCETL>LU = 8Cynexp < SCm)
/to exp (— 1, ) dt = /to exp (—aﬁ) dt (a:=3A/4Cy)
= [_Wexp(_a\/{)}
to

_ 8O ([ 3AVEY 326 ([ 3AVE
T34 TP\ T4, 942 P\ " Tue, )

We take A = /to6n so that

128C,n? t
E., + [G2] <tog+ 2N [ 8Cmn + 16Cm + 2ot exp | — 0
v to 8Cyn

t
< to+ 16N Cyn(3 + 16n/tg) exp < 86?n>
¢

holds. Furthermore, we take ty = 8Cyn log A/, and then it holds that

E,. /[G?] < 8Con (log/\f F6+ (68)

2
Cg log/\f) .
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Now, we combme ,and A2 = 2% logN to obtain
1 4C,
D<( R(£€°)+ A2 2>+(log./\/+6+

1 ~
< —R(£,£°) + 9 (91 N+32> + gs,

2
Cy log/\/) e

where we have used that log N > 1. Therefore, we obtain
R 2C
R(0,0°) < 2By ,yn l Z zi) — 00 (z)) | + =2 (1 N+ 32) +3e. (69)

n

For any fixed ¢ € L,

1 < o 1 o o
Ewir [n D (i) = £2(x) | < Eggyyn l” > (i) — £ (xi))] =E,[0(x) — £°(x)].
i=1 i=1
RHS is minimized as infye 2 E; [((x) — ¢°(x)]. Finally, combining this with (69), we obtain

n

. . 204

0y « __yo )

R(¢,0°) < 2{}221&5[6(@ °(x)] + - ( 9 N+32> + 3¢
According to Lemmal|E.5] we have
. T 2
R(,°) < 2 igg/ /||s(a:,t) — Vlog pu(2)||2pe (z)dzdt + ﬂ (91 N+32> 4 3e.
s T Ja
O

F ESTIMATION ERROR ANALYSIS

This section corresponds to Appendix

Let us define (S_Q)?:_OI, that replaces Yy ~ N(0, I,) in the definition of (ﬁ)z_oz by Yo ~ ps.

The following Girsanov theorem is useful when converting the error of the score matching to the
estimation error.

Proposition F.1 (Girsanov’s Theorem (Karatzas et al., 1991)). Let py be any probability distribution,
and let Z = (Zy)iep0,1), 2" = (Z})tejo,1) be two different processes satisfying

dZ; = b(Z,t)dt + o(¢t)dBy, Zo ~ po,
dz; =¥ (Z],t)dt + o(t)dB:, Zy ~ po-

We define the distributions of Z; and Z, as p; and p), and the path measures of Z and Z' as P and
P, respectively.

Suppose the following Novikov’s condition:

— b)) (z,t)||?dz 00.
exp </ / WO)[(b—b")(z,t)|*d dt)] < (70)

Then, the Radon-Nikodym derivative of P with respect to P’ is

T T
() exp{; | ewrtio-vz.opa- | a<t>1<bb'><zt,t>dBt},

and therefore we have that

Ep

KL(rlpy) < KLEE) = [ / Pi@)o(t) 2] (b= V) (w0 Pdad.
Moreover; (Chen et al.{(2022) showed that if [ p;(x)o2(t)]|(b—b')(x, t)||*dz < C holds for some
consant C over all t, we have that
Lorli) < [ 3 [ m@o@?Io e fPasar,

even if the Novikov’s condition (70) is not satisfied.
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F.1 ESTIMATION BOUNDS IN THE TV DISTANCE

We show the upper and lower estimation rates in the total variation distance in this subsection. Let
Y be Y with replacmg YO ~ N(0,I3) by Yy ~ p;. First notice that

[TV(XOa )} S E[TV(YTaYT T)] JFE[TV( T— T’YT T)] +]E[TV( T— YT-;)]
< TV(Xo, Xr) + E[TV(X7, Y0)] + E[TV (Y7 _ Y71
= TV(Xo, Xx) + E[TV (X7, N (0, 1a))] + E[TV(Y7_p, Y7_1)] (71)
Here, E[TV (Y, Yg_1)] = TV(Xo, X1) + E[TV (X7, Y5)] follows from the correspondence be-
tween the forward and backward processes, and E[TV (Y7 _ T YT—z)] < E[TV (X7, Y))] follows

from the definitions of ¥ and Y (the only difference is the initial distribution.). We then bound the
three terms in in a row. We begin with the first term.

Theorem F.2. We have that
V(Xo, X1) < /Tn®

for T < n=9W). Therefore, by taking T < n=°W), we have that TV (X, X) < n=8/(d4+25),

Proof. We need to evaluate ||po —pr ||, - When py is Lipschitz continous, an intuitive proof strategy
is as follows: For small ¢, p;(x) is an average of py(y) nearby =. Because of the Lipshitzness, po(x)
and po(y) with |x — y| < 1 are close, and therefore po(x) and p:(x) are close. However, our
setting also includes the not continous functions. To consider these cases in a uniform manner, we
approximate py with the B-spline basis decomposition because each B-spline basis is a Lipschitz
function.

Remember that pg is decomposed as
N

(@) =) ailllelle < UMY (2)

i=1
in Lemmal.13] where ||k < K* = (O(1) +log N)v=t + O(d~tlog N) for § = d(1/p — 1)
and v = (25 — 6)/(20), and [[po — fnllL1(-1,104) S N—s/d o~ p=s/(25+d) polds. Because we
take N = n%/(@std) — pO0) we can say that each M,i i (@) is n®™) Lipschitz. Moreover,
;| < N H+dD(d/p=5) = nO(M) Therefore, fy is n®-Lipschitz.
We decompose pg as pg = fn + (po — fn) using the above fn. Then we have that

_ 2
TS B (110) (nw oy )dy

UT(27T) T

po(y) — fn(y)) |z — mryl?
|/ 52@ exp( )dy

202,
Po(y ||$—mT:UH2
< [ —ixtl,, (2 a.
UT 2 OZ

Integrating this over all « yields that

_ 2
/ pr(z) — Ly)%exp (—W) dy

o (2) T

poy) = In()l (Nl = mzy|?
ﬁ// o ep( )
. 2
- [in =0 [ g o (E

< / 1Pow) — Fv () dy = [Ipo — Flloagorge.

(72)

M\g.

[NI°% 2

dx
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Thus, ||po — pr ||z, is upper bounded by

In(y) [l — mryl®
Do — fllpi d+/fof INY) o [ I gy | da
” 0 ”L ([-1,1]¢) ( ) O’%(??T)% 20_%
if f is replaced by po, this is equal to ||[po — ptlL,
+llpo — fnllor (1,109 - (73)

(72)
Because |[po — fn | £1(j—1,1]¢) is bounded by n~5/(25+d) we focus on the second term.
Note that at each z,

‘ Inw) o (_Ix—mTyHQ)dy_ In@) o (_Ilm—mTyHQ)dy

d a 2 d a 2 S/,
of(2m)2 207 Aw o (2m)2 207

(74)

where A* = szl aj with af = [- — %T(l)\/logn,% + %T(U\/logn], according to
Lemma Because or = O(v/T) and mg = O(1) for sufficiently small T, the value of pr(z)

is almost determined by the value from points that is only O(y/7 log n) away from z. Because of
the Lipschitzness of py, for each z € [-my — O(y/Tlogn), mr + O(v/Tlogn)]?,

[ D0 () i) (el
A= 0%(27r)% 20% A= O’%(QTF)% 20%
<nfM. v/ T logn.

where we used the Lipshitzness of fy. By taking T polynomially small w.r.t. n, we have that
(75) < n=s/(@+25) Moreover,

Ina) (_ o szyn?) Gy — ()

(75)

A= O'%(Zﬂ') 20'1
_ 2 _ 2
B NI e W G R (LA T
Az 0%(271)5 207 U%(Zﬂ')i 207

< nfs/(d+2s)’ (76)
again with Lemma [J.10]
Therefore, combining (73)), (74), (75), and (7€), we obtain that

Ipo — prllr, S VInCW < p=s/(@+29),

for T =n=°0), O

‘We next consider the second term.
Lemma F.3. We can bound TV (X7, N (0, 14)) as follows.

TV(X7,N(0,14)) < exp(—fT).

Proof. Exponential convergence of the Ornstein—Ulhenbeck process (Bakry et al.| [2014) yields that

TV(X7,N(0,1a)) S \/KL(pT||N(O7Id)) < exp(—BT)/KL(po [N (0, I4)) < exp(—pT),

because C’le < po < Cy holds and the density of N'(0, 1) is lower bounded by 2 1 in supp(po) =
[—1, 1]¢, which means that KL(po||N (0, I4)) = O(1). O
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Therefore, by setting T’ = é‘z;‘f;;), the second term is bounded by n =/ (4+25),

The third term E[TV (Y5_,, Y&_4)] in |i is bounded by Girsanov’s theorem Proposition |F.1|and
the generalization error bound from Section 3.2}

T

Efwoyr, TVY7_ 1. Y7 1) S Efao iy, /Tpt(x)ﬁfllﬁ(x,t)—Vlogpt(fv)IIZdwdt

A

T
B, [ p()B3(e,0) — Vlog () Pdsdt
T

__2s
\/n~ 7= log'®n

<
< p~@Fes log?
S n” 3+ logt n.

Therefore, all three terms in are bounded as above and the first part of Theorem [3.3] follows.
We also show the lower bound as follows. This is the rephrased version of Proposition [3.4]

Proposition F.4. Assume that 0 < p,q < oo, s > 0, and

holds. Then, we ha ve lha[

inf  sup  E[TV(i,p)] = n*/(@+2),
HopeB; ([-1,1]4)

where the expectation is with respect to the sample, and the infimum is taken over all estimators
based on n observations.

Proof. Theorem 10 of Triebel (2011) showed that, for a bounded domain 2 C R4,
log N(U (B} (), || - [}r,€) ~ =7, (77)

for0 < p,qg < 00,1 <r < oo,and s > 0 that satisfy

oo (D) a(3-1) o

Although they considered all Besov functions that does not satisfy [ fdu = 1, we can check by
following their proof that bounding the functions does not harm the order of the entropy num-
ber. Now we use Theorem 4 of |[Yang & Barron| (1999). Note that the equivalence of the covering
number and the entropy holds because || - || - is a distance, and therefore is transferred to the
entropy. The condition 2 of the theorem is checked directly from (77). Moreover, the condition
3 holds if we take f.(x) = 1/2¢ (x € [-1,1]%),0 (otherwise) for all « € (0,1). Finally, if
s> {d(k = )L —1),0}, 10g N(U(B;, (), ]| l2,¢) = log N(U(B;,, (), ]| - [l1,) holds.
Therefore, Theorem 4 (i) of [Yang & Barron|(1999) is applied, and we get

. Bl pll] ~
min max [l = pllx] =~ en,

where ¢, is chosen as log N(U(By ,(2)), || - [|»,en) = nej, holds. Together with (77), we obtain
O

the assertion.

F.2 ESTIMATION RATE IN THE W; DISTANCE

Switching score networks First, let us explain our proof sketch. Theorem [3.3]directly yields the
convergence rate of n—s/(2s+d) log9 n. However, it is known from |Niles-Weed & Berthet! (2022) that
the minimax estimation rate in W is faster than this. Thus, this approach yields the sub-optimal rate.
To overcome this issue, let us carefully consider where we lose the estimation rate, going back to
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the approximation error analysis in the previous subsection. Although we used Theorem [3.1] for all

— . 2-5 _2-4 . .

T<t<T, Lemmatells usthatift > N~™7@ ~ n™ 2s%4, we can make the approximation error
_2(s4D) _2(s+1)

smaller than & U,; =n Udjfs with a smaller network of size N’ < N. This means that we

t t
. _2=5 . . . .
have used a sub-optimal network for t > n™ 4+2 in terms of both approximation and generalization
errors.

Based on this discussion, we divide the time into tg =T < t; = 2n_d2+7;s < o<t =T-T
with ¢;11/t; = const. < 2 (¢ > 1). The number of intervals amounts to K, = O(logn). We
consider to train a tailored network for each time interval [¢;,¢;11] and to switch them for different
intervals. Lemmayields that for ¢ > 1 these exists a network s; € ®(L;, W;, S;, W;) such that

_2(s+1)
d+2s

Emp, [l|5i(2,1)=V log py (2)|1*] S ——— (t € [ti, tis1]),
o}
with L = O(log*(N)), [Wllse = O(N), S = O(t; ¥*N%/2), and B = exp(O(log* N)). There-
fore, we choose a sequence of score networks §; so that §; minimizes the score matching loss re-
stricted to [t;, t;41]:

- 1) — V1 NES
thumf[t,,tm] (e, ) — 7 logpelailao )|
iCtN;vt(Lt\xo i)

In other words, we let §(x,t) := §;(z,¢) for t € [t;, t;11].

Similarly to Theorem Theorem [E.6] yields that the following generalization error bound for
3> 1:

tiv “ _2(s+1) tfd/Qn(di%s) -
Efwo,3m, {/ E, [||3:(z,t)-V logpt(ac)||2d7ﬂ < <n CESTEE ‘T O(t;/o}).
———

=t;

=0(1)
(73)

2—95 . . . .
For t < n™ %25, we use a network trained via the score matching loss restricted to [¢;,t;+1]. Thus,

for ¢ = 0 is bounded by @(nidQT;) similarly to Section

One may think that the above improvement would be useless because the error caused att < n™ irae
has the n=28/(d4+25) rate and dominates the estimation error. However, another important observa-
tion is that the Wasserstain distance is a transportation distance. The score estimation error at time
closer to t = 0 less contributes to the estimation error, because the distance how much each path
evolves is small from that time. As we will see, the idea of improving accuracy for large ¢ indeed
yields the minimax optimal rate in W .

To utilize this observation, let us consider a sequence of stochastic processes. Let (Y3),7 =
(Yt(o))[of], and for i > 1, let (Y(i))[of] be a stochastic process which uses the true score during

= . A = (i)
[0, T — t;] and the estimated score § during [T — ¢;, T — T, and Y}’ ~ p. Then, we have that

E[W1(Xo, Yr_p)] < EW1(Ye, Yo_p)] + EWL (Yo_p, Yo_p)] + EWL (Yo_g, Yo _p)]

< E[Wy(Xo, X1)] + BW1 (Yo_p, Yo_p)] + EWA (YVo_p, Yo_p)l. - (79)

The first term is bounded by /T due to Lemma and the second term is bounded by

exp(—T) due to Lemma The last term E[Wl( T_r:Y7_7)] is upper bounded by
Zz L E[W (Y(Z 1 Y() )] Then, we use the following lemma, an informal version of Lemma

Lemma F.5. Forz =1,2,---, K,, we have that

) ) ~ L
7o Yr_g) < O0)- tilE{mo,i}%Vt_t E, [||§(m,t)—V10gpt(af)|2dt]]-
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RHS is decomposed to the two factors: the score matching loss during [¢;_1, ¢;] and 1/Z;. The latter
corresponds to how much Y; moves from ¢t = T — t; to T — T. This bound represents that, as
t; — 0, while score matching gets more difficult, its contribution to the W error is reduced. The
formal proof requires construction of a path-wise transportation map; see the proof for Lemma

Putting it all together, we finally yields Theorem[3.5] the nearly minimax optimal rate in ;. Specif-
ically, if we ignore logarithmic factors, is bounded by

\/7+exp )+ Viton~ Een
— __dd__

_2(s+1) i d/2n2(d+25) _s+1-6

+ E \/> e a7 sn a+s

n

_2(s+1)
where we set T =n~ d+2s and T = %_

Remark F.6. Although we used differently optimized multiple networks, it is also possible that
such modification is implicitly made in reality. The first evidence is implicit reguralization, where
sparsify of the solution is induced by learning procedures (Gunasekar et al.,[2017;|Arora et al.,|2019;
Soudry et al.Ll|2018). When the sub-networks for differnt time intervals are learned in parallel via the
score matching at once (), these theory suggests the good score network is obtained without explicit
regularization like our switching procedure. Another evidence is that in practice the weight function
A(t) sometimes increases as ¢ gets large (Song & Ermon), 2019; |Song et al., [2020), suggesting that
the quality of the score network at larger ¢ is more emphasized.

Now we proceed to the main part of the proof. First, we bound the first term of (79).
Lemma F.7 (Section 4.3 of De Bortoli| (2022)). We can bound W1(Xo, Xr) as follows.

Wl(X()vXZ) 5 \/i
Proof. Let X ~ pg and Z ~ N(0, I4). Then,
Wi(Xo, Xr) S E[|X —mp, X + or, Z|] < (1 = mq)E[[[X|]] + o E[| Z]]]

< (1 —mp)Vd+opVd ST,

which concludes the proof. O

Next, we bound the second term of (79).
Lemma F.8. We can bound E[W, (Y7 _ T YT—Z)] as follows.

E[W1 (Y7 TvYT T)] V(XTaYO) exp(— QT)
Proof. Exponential convergence of the Ornstein—Ulhenbeck process (Bakry et al.|[2014) yields that
TV (X7, Yo)
= TV (pr. N (0, 1)) < /2KL(p7| N (0. ) < 2exp(~T8)v/KL{pol N (0. 1)) < exp(~FT),

because Cf_1 < po < Cj holds and the density of N(0,I;) is lower bounded by O(1)
in supp(po) = [—1,1]¢, which means KL(po|[N'(0,14)) = O(1). In addition because
HY(k Hoo, e rlle £ 2 = O(1), and because the only difference between Y and Y is the

initial distribution, we have W ( AT(’C_)T, }A’sz) S TV( X, Yo) = TV (p7,N(0,1;)). Putting it all
together, we obtain that o

Wi(VAH Vo 1) S TV(X7, Yo) = TV (p7, N(0, 14)) S exp(—5T),

which yields the assertion. O
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Finally, we bound the third term of (79). As we sketched in the first part of this subsection,

K.
E[W: (Vr_p, Yo )] < 3 EWA (VD V0 ). (80)
=1

We define a sequence of stochastic processes {(ﬁ(i))ti}z K. . First, Y0 = (Y;(O))te[O,T] =Y =
(Y2)e(0.7y is defined as a process such that

AY; = Br_, (Vs + 2V 1og py (Y3, T — £))dt + /287, dB; (t € [0,T]), Y " ~ pr.

Then, Y5 _, ~ p; holds for all t € [0, T]. Next, fori = 1,2,--- , K,, welet Y®) = (Y;&(i))te[o T_T)
to satisfy

Vo ~pp AV = Br (VD + 2V ilog pi (VY T — £)dt + /267 _,dB, (t € [0,T —t,)),

AV = pr_ (V0 + 25V T — t))dt + /267_,dB, (t € [T —t;,T — T)).

_ 2-5 ) _
Note that tg = T, t1 = N-3* = n- a1 < tti =const. < 2,andtxg, =T —T. Then,

Y ) = ¥ holds. Here YT(Z ~ pg holds for all t € [0,T — t;], but after t = T — t;, the true
score function is replaced by the estimated one. If ”YT(? rlleo > 2 in the original definition, we reset

v (9) v ()
Yo 13 }%7Z = 0.

Also, we introduce another stochastic process Y@ We define d + 1-dimensional set A C R+ ag
A= {(m,t) e R? x R‘ |z]loo < me + Catory/log(n), T <t < T} .
According to Lemma with probability at least 1 — n~(1), a path of the backward process

(V)L satisfies (V;, T —t) € Aforall T <t < T. Based on this, fori = 0,1,--- , K, — 1, Y(®’
is defined as

70 pr
diﬁ(i), - BT*t(Y;(i)I +2V Ingt(Yt(i)/’T —t))dt + /2B7_,dB; (t € [0,T — t;]),
av = p=_, (g(i)’ +21[(V', T — 5) ¢ Afor some s < ]V log py (V"))

+ 20V T = 8) € Aforall s < 05(V T = 6)) di-ry /287 dBy (¢ € [T~ iy, T~ ),
Ay, = pr_, (v 25V T — t))at + \/@d& (te[T—t,T—T)).

Lemma E.9. Suppose that ||5(-,t)]cc < 2822 holds. Then, the following holds for all i =

~ VAl
1,2, Ky:
— 1) = (i ti s+1
Wl(YT(Z:T)’YT(i)T)S Viilogn, | Bia, o, / Eo [[|8(z, 1)V log pe(2)[|?dt] | +n~ %25,
- - t=ti_1
(81)
Therefore, we have that
_im1) (i
Eag, oy, Wi (V) V0 )]
t;
S Vitilogn, | By, l/ E, [||3(x,)-Vlogpi(2)[2dt] | +n~ 5. (82)
t=t;_1
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Proof. We construct the transportation map between }_/T(i:;) and YT(Z) T Our approach focuses on

each path.

-1’
not be used to consider the total variation distance between the two paths; Proposition [F.1] only

gives KL(YT“__;), YT(i—)T)’ not KL(Y =1 Y and this bound is insufficient for our discussion.
Therefore, we first bound E[WW; (Y%i__zl)’ Y%i__zl)’)]_ According to Lemma with probability

Because the Novikov’s condition is not satisfied for Y(l 1) and Y. Proposition can-

at least 1 — n=°W a path of the processes (V' V), and (Y(i_l)/); , satisfy (V"D T —
£), (VT —t) € Aforall0 < ¢t < T —t;_y. Thus, E[TV(YX" ", ¥ )] is bounded

by n~©(M) (with a sufficiently large constant in O(1).). This implies ]E[Wl( ( 1 Y(Fl)/)] <

-T I T-T ~
—0(1) o (i—1) - (i—-1) _
n , because YT7T ,}%72 =0(1) (as.).

We now discuss E[W; (YT(z Tl) ,Y( ) ;)]- Let us write the path measures of Y (=1 and Y be P

and I, and take some path p thatis y att =T — T and is z att = T — t,. If dP[p] > dP’[p], then

v

we move the mass of Y( = y that amounts to dP[p] — dP’[p], to z, along the path p by reversing

the time until ¢t = T — ;. Applying this to all paths p, then the total mass of YT(:_; )" that is moved

is at most

1 — /
ETV((Y(“U ; < 2\/ /pt x,t) — Vlog pi(z)|>dzdt. (83)

according to Proposition [FI] Here we remark that the Novikov’s condition certainly holds for this
case.

(i-1)’

Until now, a part of the mass of SA%?T is moved along each corresponding path, but at this time

no coupling measure has been constructed. To realize the coupling measure, we consider the same
process for YT(:) - That is, for each path p with YT(? =Yy and Yf(i)t‘ = z, if dP[p] < dP’[p], then
we move the mass of YT(Z) o = Y, as much as dP’[p] — dP[p], to z along the path p. The total mass
of Y,{" affected is bounded by JTV((¥¢=1)), (¥(®))), which is bounded by .

Now, we can see that, the same amount of mass is transported from both Y(Z Tl) and Y(’)

)

to

to that from V.” r

’“H

t =T — t;. Thus, at each z, we can arbitrarily associate the mass from Y%iT
Using this, as much as 2TV((Y 1), (Y(®")) of the mass is transported from Y%i:;)/ to V' -
by reversing the pathto t = T — ;.

A’ﬂ

Now our interest is how far each transport is required to move on average. First we consider when
t; S 1.

First we bound ”YT@—)Z - 77(1-) |l According to Lemma we have || fg:tz 267 ,dB|| <
Vit lognforallt € [T—t;, T—T), and y(l) Smg_y, +ogp_, VIogn < v/logn with probability

—O(), We consider the event condltloned on them. Note that ||s(z, )| < ¥-o8n < vioan

1—n oy ~ Vi
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holds. Then we have that, forall T — ¢, <t <T — T,

T
Br_ (VD 42V logp, (VD) T — s dt+/ /267 dB,
/Tft = ( t( T—t;

T-T
_ T flogn
<73 |VD||ds + 28 ;% ds + /% logn,
T— tl T—t;

<B/ ||Y()||ds+\/t logn + /t; log n.

5ﬂ IV~ ¥ s+ /T ogn + 4|7
T—t;

179 -9 | =

T—t;

T-r
g[ HYS(Z)—YT(?tins—k Vtilogn + t;\/logn

T*ti
Now we apply the Gronwall’s inequality to obtain

Iy - v IS P/t logn < \/ti logn.

forall T —t; <t < T — T. Thus, with probability 1 — n~=°®), ||Yt( D _ YT(?:&. || is bounded by
v/t; log n up to a constant factor, over all T—t;<t<T-T.

Next we bound ||YT(Z-:;)I - T(l '\ This is decomposed into
Sl A e A di N

The first term is bounded by < \/W with probab111ty at least 1 — n~ () This is because

ﬁ(ifl)/ € A holds with probability 1 —n =) due to the first part of Lemma and for such paths

the evolution of 1715(1-71), is the same as that of Y;, where we apply the second part of Lemma

The second term is bounded by \/m with probability 1 — n~°() following the discussion

—O(1) we can bound HYTU_I)/ - YT(i_fl‘)/ [

on HYt(i) - YT(i—)ti |- In summary, with probability 1 — n _r

by v/ti—1logn(< +/t; logn) up to a constant factor.

In summary, when ¢; < 1, the transportation map moves at most O(+/t; logn) with probability

1 —n~9M)_ Because the supports of YT(i:Tl)/ and YT(Z) - are both bounded, for the mass moved more

than +/%; log n affects the Wasserstein distance at most n~ (), Therefore, we obtain the desired
bound fort; <1

o (i—

1) (i )
TT and Y - are both bounded,

For ¢; 2 1, because the supports of

WDV ) STV, “_ R EUNNPS \/ / / pela z,t)—Vlog py(z)|[2ddt
- t=t;—1Jx

holds. Therefore we obtain as well.
From (1)), (82) is easily obtained by jensen’s inequality.

Also, we bound the generalization error of each network s;.
Lemma F.10. For 1 <1i < K, — 1, let s; be a network that is selected from ®(L, W, S, B) with

L =0(log*n), W = (’)(ndf%) S = O(t, ¢ 2 ), and B = exp(O(log* n)),

1
and ||s;(;t) ||~ < 10%7#_ Then, we have that

tit1 R —d/2
A 2 —2edl) t
]E{wo,j}?:j |:/ E.L [HS'L' (33, t)_v logpt (.13)” dﬂ S ndts IOg n+
t

=t; n

od
n=@+2 log' n
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Moreover, for i = 0, let so be a network that is selected from ®(L, W, S, B) with
L=0(log*n), |W]e = (Q(ntHi2 log®n), S = O(nﬁ log®n), and B = exp(O(log" n)),

1
and ||so (-, t) || < loi#. Then, we have that

t 2s
Efzo,37, U E. [Iéo(fc,t)—Wngt(m)th]} < n” 7 log' .
t

=to

Proof. First we consider the first part. We take N = nﬁ and t, = t;/2 in Lemma Note

that N and ¢, (> n_d%‘és) satisfies t, > N~(2=9)/4( which is assumed in Lemma . Then, there
exists a neural network ¢ € ®(L, W, S, B) that satisfies

2(s _2(s+1)

tit1
/ / pe(@) ¢, 1) — s(z,t)|*dedt S N~5F logn = N~755 logn.
t=t; x

Specifically, L = O(log(n)), |[Wllee = Om#=),.S = O, Y?*n=@iz7), and B =
exp(O(log*n)). Therefore, we apply Theorem by replacing T and T by ¢; and ¢, , respec-
tively, and with e = n"~ R to obtain the first assertion as

tit1
Efeo,)n, [ / E, [[|8i(z,t)—V log pt(m)n?dt]}

t=t;

2(s

C
<N~ e logn—&-—elog/\f—&-a
n

log®n

n

—d/2
_2(s41) t;
<n” 4 logn +

2(s+1)

(t;d/zn% log8) +n~ s

_2(s41)
<n” 4 logn +

sd
n2@+z log'® n

n

For the second part, we simply follow the discussion that derived the generalization error in Sec-
tion by replacing T by t1 (< T), which does not increase the generalization error. O

Proof of Theorem[3.3] We use the sequence of networks presented in Lemma[F.I0} Specifically, we
consider the following process.

Y~ N1, dY = B, (VO + 2300, T — 1)t

+1/2ﬂf_tdBt (t c [T*thT*tH_l],Z‘ = 0,1,"' ,K*),

o o (d) )
and we modify Y oo 0if ||YT72||Oo > 2.
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Finally, we sum up the errors for the above process. Eq. (80) is further bounded by
EWi(Yr_r, Y7 _1)]

K.,
—(1—1) (2
<> EW(Y) V0]
=1
K. ti +1
< \/ti_llogn\/E{W}yl [ Bellste -V iogn(e)Pat| +n] (by Lemma[F9)
i=1 t=t;

AN
17

(/4 2t
AR cEED) log® n _ (41
+n

[\/t logn (n e logn + b Tn a+2s
+ Vtilogn [n”# % log” n +n~#=]  (by Lemma[FI0)

. t;d/‘lnr(dﬁizs’) N
< VA R oq)
(because K, = O(logn) andt; < ---tx, = O(log N) with 1 < ;41/t; = const. <2 (i > 1).)
[ _ R _ s\~ /Ay, Tty .
= |35yttt () ].0(1)
<R (84)
Therefore, by taking T < n~ % and T = %, we obtain that

W1(Xo, Yr_y) < E[W1(Xo, X1)] + E[WA (Yo _p, Yo_p)] + EWL (Yr_g, Yo_p)]
< VT + exp( —BT) +n~ = (by Lemmas [F.7)and [F:8]and (84))

< _(s4+1-9) _(s+1-9) _(s+1-9¢) < _(5+1f5)
S n d+2s + n d+2s _|_ n d+2s S n d+2s R

which concludes the proof for Theorem [3.3] O

G ERROR ANALYSIS WITH INTRINSIC DIMENSIONALITY

This section corresponds to Section [4]

G.1 PROBLEM SETTINGS

We first formalize the problem settings. Let A € R%*4" be a matrix made of orthogonal column vec-

tors with the norm one. We consider the d’-dimensional subspace V := {y € R? | 3z € RY s.t. yy =
Az} where the true density has its support, i.e., d’ represents the intrinsic dimensionality. Together
with Assumption [2.3] we assume the followings.

Assumption G.1. The true density pg is a probability measure that is absolutely continuous with
respect to the Lebesgue measure on the sub-space V. Its probability density function as a function
on the canonical coordinate system of the subspace V' is denoted by q.

Assumption G.2. ¢ is upper and lower bounded by C'y and C' —1, respectively. Moreover, ¢ belongs
to U(B . [-1,1]7).

p,q’

Assumption G.3. ¢ belongs to U(C®([—1,1]% \ [-1 + ag,1 — ao]?)) with ag = n~ "

G.2 PROOF OVERVIEW
The generalization error analysis of the score network and how much the score estimation error

affects in the final estimation rate in Theoremare derived by just replacing d by d’ in the previous
analysis. Therefore we focus on the approximation error bounds. In order to obtain the counterparts
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of Theorem [3.1] and Lemma [D.5] we aim to decompose the score function into two parts: each of
them is determined by the intrinsic structure components (in V') and other components (in V4). We
use z as a d’-dimensional vector corresponding to the canonical system of V. The first observation
to this goal is

1 2 — mty||2>
)= | — exp| —————)d
pulo) /Uf(QW)gp()(y) p< 202 Y

= / L q(z) exp (— J4 T = ezl + ]I = AT)xHZ) dz
v od(2r)e 207

(z is a d’-dimensional vector corresponding to the canonical system of V)

B q(2) ATz —myz|? 1 [(Ja — AT)z|?
= - - exp | — 5 dz- - — exp | — 5 .
v ol (2n)T 20} od=4(27) = 207

Pil)(x) piz)(w)

Here pgl) (z) and p?) (z) can be seen as the density function with respect to the intrinsic components

and remaining space. Note that
1 2 1 2
Viogpi(r) = Vog(py” (x)p;” (x)) = Vlogp{" () + Vlog ") (a).
Due to this, we only need to construct the neural networks approximating each term and concatenate

them. In addition, pgl) () can be seen as the density at AT z, about the diffusion process on the d’'-

dimensional space, where the initial density is defined by ¢. Thus we let

q(2) 12" = muz||?
(2 = / ; - exp (— dz
v o (2m)F 207
for 2/ € R Here pgl)(x) = ¢;(A" ) holds.

G.3 PROOF OF THEOREM [4.]]

We first consider the approximation of pgl) (). We have the following counterpart of Theorem
and LemmaD.5] where the only difference is that here d is replaced by d’.

Lemma G.4. Let N > 1, T = poly(N~') and T = O(log N). Then there exists a neural network

bscore,3 € ®(L, W, S, B) that satisfies, for all t € [T,T],

N~ log(N)
—_— (85)

/ pi(@) ]|V 1og pi () — ducores(AT 2, )| ?dz S
zERI t

Here, L,W,S and B are evaluated as L = O(log* N),|[W|s = O(Nlog®N),S =
O(Nlog® N), and B = exp(O(log* N)). We can take Gscore,3 SatisHING ||dscore,3(t)|loo =
O(o; ! log? N).

Moreover, let N' > t;dl/zN‘;/2 andt, > N—(2=9/d" Then there exists a neural network Pscore,d €
®(L, W, S, B) that satisfies

_2(s+1)
7

N d
/ pt(m)HVlogpgl)(x) - A¢score,4(AT1'7t)H2dx 5 T (86)
z€R? t

for t € [2t,,T]. Specifically, L = O(log*(N)),[|[W|s = O(N),S = O(N'), and B =
exp(0(10g4 N)) We can take ¢Scorc,4 Safisﬁing ||¢scorc,4('a t) Hoo = O(Jt_l IOg% N)

Proof. Let ¢gcore: R x R, — R that approximates ¢;(z). Note that

\V logpgl) () = AV log qt(ATm)
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and therefore

| p@) V1025 (@) ~ Aducre(AT 2, 0) s

T€R

= [ A @ @AV Iogp (A7) ~ Abucoe (AT, P
z€R

— [ A7) AT 10g 57 (AT0) ~ Adncne (AT, 1) Pl
z€R4

_ / (V108 () = oz, 1) [,
z€R

where we used the fact that p\") and p{® depend on ATz and (I — AT )z, respectively, and ATz and

(I — AT)x are orthogonal. Moreover, we used det(A " A) = 1 and orthogonality of the columns of
A. Thus, we can translate Theorem [3.1]and Lemma[D.3] O

We next consider the approximation of pgz)(:c). As we did in Appendix |[C, we first show that it
suffice to consider the approximation within the bounded region.

Lemma G.5. Fore > 0, we define B, . as

B ={z e R|(la~ AT)z| < Ceorv/loge . |

We sometimes abbreviate this as B.. Then, we have that

[ @) L9086 @) e 5 =
r€B.

Proof. The the columns of A are orthogonal. pgl) and p§2) depend on ATz and (I — A7)z, respec-

tively, and ATz and (I — AT)x are orthogonal. Thus, we have that

| w1V 9 o) 7] o )
-/ @ @) [ 9 b (o) ]

2
— [ @[V IV oglpi(a)] do
CEEBt,E
1V w2 /o2 2
:/ 7“11)” /ﬁ’;, exp (_w||2 )dw.
weRI—4": [|w]|>Ceoyy/loge* ol (2m) T2 20}
Applying Corollary is bounded by € with a sufficiently large constant C. O

Now we only need consider the approximation of V log pg2) (x) within By ..

Lemma G.6. Let N > 1, T, = poly(N~!) and T =~ log N. There exists a neural network
¢score74 S (I’(L, w, S, B) such that

_2(s41D)
7

N d
sup / ()| V 1og pi2 () — Gecore (@, 1)]|2da S ———. (88)
te[r,T)Jx T

Specifically, score.a € ©(L, W, S, B) holds, where
L=0(og?N)),||[W|s = O(log® N), S = O(log* N), and B = exp(O(log? N)).  (89)

Proof. First note that Vlogpgz) (x) = fﬁ(ld — A)(Iy — AT)z. We approximate this via the
following four steps.

1. o, is approximated by ¢,, from Lemma|D.2] Here we set & < (T"* A et)e?.
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2. Based on the approximation of o;, o; 2 is approximated by ¢ec(+;2) from Corollary
Here we sete < (T Ae)e.

3. (Ip— A)(Iy — A7) is realized by ReLU((I; — A)(Iy — AT) - 2 + 0) — ReLU(— (I —
AY(Ig— AT) -z +0).

4. According to Lemma |J.6| with £ <— ¢ and C' < T~ \V y/loge~1, multiplication of &; >
and (I — A)(I; — A") is constructed.

By concatenating these networks (using Lemma J.T)), the obtained network size is bounded as
L=0(og?c ™ +10g>T™)),[[W|loo = O(log® e~ +1og® T71), S = O(log* e~ +log* T71),
and B = exp(O(log? ™! 4 log”> T71)).

Then, for x € B; . witht > T, we have that

||Vlogp(2)( ) ¢score,4|| /S €
This yields that

/ p(2)[[V 10892 (@) — drcomeldz < c.
Bt 15

Together with Lemma by taking € = poly(N 1), we have the assertion. O

Proof of Theorem Note that while the error bound in Lemma|G.6|is tighter than the bounds
(85) and (86) in Lemma [G.4] the required network size (89) in Lemma [G.6| is smaller than the
size bounds in Lemma [G.4l Also note that the bounds in Lemma [G.4] are the same as those in
Theorem|3.1|and Lemma except for that d is replaced by d’. Therefore, by simply aggregating
@score,3 ANd Pgcore 4, We Obtain the counterpart of the approximation theorems Theorem and
Lemma[D.3] and the rest of the analysis are the same as that of the d-dimensional case. Therefore,
we obtain the statement. O

H SAMPLING ¢t AND x; IN THE EMPIRICAL SCORE MATCHING LOSS

Since our main interest lies in the sample complexity, and for simple presentation, we have consid-
ered the situation where ¢(x) can be exactly evaluated. However, in usual implementation (Sohl-
Dickstein et al.l 2015} |Song & Ermon, [2019)), two expectations in (II]) with respect to ¢ and x; are
also replaced by sampling for computational efficiency. Here we also introduce two ways to replace
the expectation by a finite sample of ¢ and x;. As in Section 3] we assume Assumptions to

Approximation via polynomial-size sample Let us sample (i;,t;,2;) from ¢; ~
Unif({1,2,--- ,n}), t; ~ Unif(T, T) and z; ~ py, (x;]20,;). Then we let § as

argmm— Z l|s(zj,t5) — Vlogpy, (x]xo, z])||2

and evaluate the difference between

1 & 1 &
— ls(x;) — argmin — lo(x;). (90)
£3 o) —angmin )

The complete proof and formal statement can be found in Theorem [H.2| of Appendix [H] and here
we provide the proof sketch. We first show that [|s(x;,t;) — Vlogpy, (1’] |zo,:;) || s sub-Gaussian
(Lemma . Here, we simply interpret this as ||s(xz;,t;) — V1ogps, (z;|zo,)| = (’)(t 2)

@(I _%) with high probability to proceed. Then, by a similar argument that derived Theorem ,
we can bound by @(F#). Here, N satisfies log NV < @(nﬁ) In order to make |M|
as small as the generalization error @(n_% ), weneed totake M > n - T -1 Thus, for each x ;,

O(T™") = poly(n~") sample of (t;, x| ;) should be considered. We remark that the reason why
we need polynomial-size sample is mainly due to the scale of ||s(x;,t;) — V1og pe, (;|zo:, )|
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Modifying the distribution of ¢ One may think whether it is possible to consider only one path for
each sample x ;. Here, the main problem is that the variance of ||s(z;,t;) — V1og pe, (;|zoi,)||

can grow to infinity as ¢; approaches to 0. To address this issue, we sample ¢; from (t) o M

and modify A(t) as A(t) = tlog_TT/ L while i;,x; are sampled as previously. Then, we have that
Eijijwj [/\(tj)” (.23], ) Vl()gptJ ($J|$O z)H }
1 n
= ¢ i)y
- ; (:)

and that A(t;)||s(xe,,t;) — Viogpy, (4, |x04)|* = O(1) holds with high probability (because
[s(zj,t5) — Viogpy, (w]zo,,)||> = O(t_l) and that A(¢;) < 1/t;). In this way of sampling,
we let 5 as

M
1
argmin— A(t)||s(x;,t Vlogpy; (7|70 4, 2
Emingy D A)ls(st5) = Vogp o510,

and evaluate the difference (90). Finally, usmg a similar argument for Theorem [3.2] we again obtain
that is bounded by O(logN) < O(”2s+d ). Taking M = n suffices to make this difference as

small as the generalization error O(n~ 7ia ).

Now we provide justification of two approaches presented here. We first begin with the following
lemma. This shows that ||s(z;,t;) — Vpy, (25]20,:,)|| is sub-Gaussian.

Lemma H.1. Let us sample (ij,t;,x;) from i; ~ Unif({1,2,--- ,n}), t; ~ Unif(T,T), and
xj ~ pi;(24]20,4;). Then, we have that, for all t > 0,

]P’[ll (w,5) = Vi (5]20,4;) || = sup [|s(z, t)llﬂL\/Zt < 2exp (—t°/2).

x,t)

Proof. First note that

sz, t5) = Vi, (@lwoi)ll < sy, t)ll + Ve, (510l < sup lls(2, Ol + VP, (210,
Z,

Because Vp, (z;]7o,i;) = % and z; ~ py, (2;]w0,:;,) = N (mywo,i;,07), we have that
t

[V, (25|04, )]s is sub-Gaussian with o, ,(zj]z0.4,)|| is sub-Gaussian with v/do; *
Now, applying o, > o, we have the assertion. O

Now, we give the following theorem for the first approach.

Theorem H.2. Let us sample (ij,tj, ;) from i; ~ Unif({1,2,--- ,n}), t; ~ Unif(T,T), and
xj ~ py;(2j]w0,4). Let sy be the minimizer of

*ZII s(wj,t;) = Ve, (@jlzo.)|*

and sy be the minimizer of

1
- Z Z / s(x4,t) = Vpe(we|o,s)||*pe(we|o,:)dadt,

over S C ®(L,W,S,B), where s € S satisfies ||||s(,t)|l2]lee = O(U{llog%n) <
(9(0771 log% n) =: Cs. Then, we have that

n

i i=1

i=1

2
+
< T2SL10g( e LW ||oo(B V 1)(Cy)) + .

~

Bty tyeyn,
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Proof We denote (i]7t],x]) = y; for simplicity and Y = {(ij,t;,2;)}}, = {y;}}L,. Let
= {(i}, 1}, ]) = {yj ", be a copy of Y, which is independent of Y. We write x(y;) =

H (zj,t5) — Vpy, (xJ|wOZJ)|| Then,wehavethat

1 & 1 Y 1 1
Ey M_Zm(yj)*M_an(yj)fﬁzél(xi)—ﬁZ@(zi) 1)

M
<Eyvy ﬁ Z((m(yj) — r2(y;)) — (k1 (y;) — ra(y;)))| - (92)

Next, we let C; be the minimum integer that satisfies Cs > supycesup, , [|s(x,t)|], and for

\fz 1
= 1,2,---, we define &; as an event where C + % < sup,ee max; max{||s(z;,t;) —
Ve, (w0, ||, [[s(2), ;) — th/( ilo.i W < Cs + fz holds. For i = 0, we define & as an
event where sup, . s max; max{||s (xj, 3) = Vg, (|0, Z])|| IIs (:v],t;) th/( ’|x02 N} < Cs

holds. We let a; = P[&;] and E; be the expectation conditioned by the event &;. Then is
bounded by

M
Z k1(y;) — r2(v;)) — (81(y)) — r2(y;)))

oo

M
+D_wli| 5 Z r1(y;) — r2(5)) — (81 (yj) — k2(y;)))] - 93)

We remark that - Zj (k1Y) — Ka(yy)) — (k1Y) — K2(y}))) is bounded by 8CZ + Siéz for
each E;. Here, 1 is the minimizer of - Z -, K(y;) and ko is the minimizer of E [x(y)]. Moreover,
because ||(z; — zo,i,;) /0| = [V, (%|$02 < lls(,5) = Vipe, (glzo0,,) | + lls(25, 5l
have that ||s(z;,t;) — Ve, (2]wo,4,)|| < Cs + fz implies ||z;|| < 2C +/di. We apply the same
argument as that in Theorem [E.6|to obtain that

1 M 1 M 1 n n
Eilqf > raly;) - i D ko) = =Y @) = =Y la(w)
Jj=1 Jj=1 i=1 i=1
c3 +O*TQ ? d 1
< i log V' (S, L= ([—(2C + Vdi), 2C, + Vdi)*), e/ (Cy + iog ) +e.

We remark that, y; and 1y’ are not independent, when conditioned by &;. However, the similar
argument still holds in , where we used the independentness of z; and z; in the original proof,
because the symmetry of y; and y; is not collapsed by taking the conditional expectation. Based on
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this, and a; < 2exp(—(i —1)2/2) (i > 1) due to Lemma we evaluate as

C?+o
93) < TSLlog( LW oo (B V 1)(Cs)) + €
[e%e] 02+ ;2 -2 . ‘
—&-Zaz 7SLlog( LW oo (BV 1)(Cs +14)) + €
02
S TSLlog( e LW loo(B V1)(C5)) + ¢
_ C? + 03,22
+Zexp< i-1)* ) MZ 25L1og(s ' L||W|loo (B V 1)(Cy + 1)) + &
CQ
NTSLlog( LW oo (B V 1)(Cy)) + €.

This bounds (@1)). Thus, we finally obtain that

M M 24
1 C;
< By, |23 ) - et | + E S loge LW (B 1(CL) o
j=1 j=1
02
< TSLlog( LW oo (B V 1)(Cy)) + ¢,
because £ is the minimizer of - Z]M:1 #(y;). Now, we obtain the assertion. O

Remark H.3. When |s(z,t)|| = v/log N/o; holds, T = poly(N~!),T = O(log N), we have
sup(, ) lIs(z, t)|| = Cs < VT 'log N. weset N = n, e =~ 77 and use the network class
in Theorem 311 to obtain that

tz[ Zflmzl—/z —ZE ;)

s:sESnZ 1
02
S M
T 'logn+T7!
M

25L10g( LW (B V1)(Cy)) + €

d
1
n~ %+ log'n

<

__a
n~ %+ logt®n <

Next, we show the proof for the second approach.

Theorem H.4. We sample t; from p(t) o M and modify \(t) as \(t) = %, while

ij,x; are sampled as i; ~ Unif({1,2,--- ,n}) and xj ~ py;(2§]70,:). Then, the minimizer s, over

S CO(L,W,S,B) of

M
Z s(xj,t;) — Vpy, (wj]z0,0)|1?

satisfies

B ty.25) l Zgl o ] _/13 725 TSLlog(E_lLIIWHoo(BV 1(Cs)) +e,

s:ses T i=1
Here, Cs = sup, , /A(t)||s(z,t)||
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Proof. We just replace ||s(z;,t;) — th (zj|zo,s)l| By \/A(Ej)Is(xj,t5) — Ve, (x)|w0,4)] in the
previous lemma. Similarly to Lemma | we have that, for all t>0,

P )\1( ti)lls(xj,t;) — Ve, (25]w0,;) H>(sup)\ ®)||s(x, t)|| + §2exp(—t2/2).

’ J

1
Then, we replace sup(, ¢ [|s(x,t)[| by sup(, 4 Az (t)||s(z, t)||, and U*/—TE by sup, %, respec-
tively, to obtain that B

Eij‘tj,iji/» t,NI;- [A(t )”81( t]) - thj (x]|‘r0,lj)||2j|
= i Bty 0, [ME)8(5, 85) = Vpr, (25120,6,) 1]

02 T
S SLlog(e T LW o(B Y 1)(C) +e, ©4)
where (i, ¢}, ;) are the independent copy of (ij, t;,z;). Note that
1 n
Ei, t;.0; [NE)15(25,t5) = Ve, (25]204,) 1] = nzf(m) (95)
i=1

for all (fixed) s. (94) and (93) yield that

1 n
Ei-, T — 61(1‘1) —/ — Z
(i,t5.25) nzzzl ZQ:SESn;
C2+T
< ]; SLlog(e L W]|w (B V 1)(Cy)) + &,
which concludes the proof. O

Remark H.5. When |s(z,t)|| = v/log N/o; holds, T = poly(N~!),T = O(log N), we have

sup(, ) VA@)[s(z,t)|| = Cs < VIog N. weset N = n¥, e = n~ 7% and use the network
class in Theorem [3.I]to obtain that

waﬂEJ) [ Z& xz‘| —/ 726 <n d+2e log n.

g:sESnZ 1

I DISCUSSION ON THE DISCRETIZATION ERROR

Although the continuous time SDE is mainly focused on for simple presentation, we can also take
the discretization error into consideration. As in Section[3] we assume Assumptions [2.2]to[2.4] Let
to=T<t < - <tg, = = T be the time steps with n = 541 — t,. We train the score network as
the minimizer of

n K-1
SN Ells(ze, . tr) — Vg pr_y, (1, |70,0)[I]-
=1 k=0

Here the expectation is taken with respect to 27, ~ pz_,. (J;T%k |zo,;). Then consider the
following process (Y;))75, with Y ~ N(0, 1,): fort € [T — t;, T — t;11],

v =By + 2§(Y£‘_ v,T —t;))dt +B7_,dB;

This is just replacement of the drift term at ¢ by that at the last discretized step, and we can obtain
Y, n(k+1) from Yy, as easy as the classical Euler-Maruyama discretization because Y, n(k+1) condi-

tioned on Y, is a Gaussian. This is also adopted in/De Bortoli/ (2022)); Chen et al.{(2022). However,

De Bortoli| (2022) requires n; < exp(fno(l)) and [Chen et al.[(2022) assumes Lipschitzness of the
score, which does not necessarily hold in our setting.

The following discretization error bound holds:
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Theorem L1. Let T =n= 90 T = S;ff;, and n = poly(n~1). Then,

E[TV (X, }7772)] < n- T log'®n + n?T31log® n 4+ nT ' log® n + nlog? n.

Thus, taking n = T~ 5p—/(s+d) — poly(n~1) suffices to ignore the discretization error.

Proof of Appendix[l} We first show that the minimizer § over ®’ (given in Section of

§ € argmin - Z; kz:nIE[Hs(mtk,tk) — Vlog py, (w4, |70.4)|?]-
1= =
satisfies
K

Z n]Eztk"‘Ptk [”g(xtk ’ tk) -V logptk (xtk ) ”2] S; n72s/(25+d) 10g18 n. (96)
k=1

We take N = naie According to Theorem for N > 1, there exists a neural network ¢gscore
with L = O(log* N), ||W|lec = O(N1og® N), S = O(Nlog® N), and B = exp(O(log* N)) that
satisfies

E{l‘o,z‘}?:1

N log(N
[ 2@ ) s 5 XL o)
T Ut
forall t € [T, T]. By summing up this for all ¢ = ¢;, we have that
S o~ N~ log(N)
; nEmtk_ ~Dty, [l Pscore (Tt tr) — V1og pyr(Xe, ) H ; 77 1AL (98)

K
1 . = = ;
< N-% log(I) <nK 0y t) < N~ log(N)(T + log(T/T)) S N log*(N).
k
k=1

In order to convert this into the generalization bound, we need to evaluate the following two things.
First, § can be taken so that

1
log? (N
sup ||¢score<x, ﬁ) de 5 y,
and therefore we clip s as in Section[3.2} Because such s satisfies

log(N
/pt(x)|‘¢scorc($,t) — Vlogpt(x)nzdx 5 go.(Q )’
‘ t

we have that
K

Z nEl'tkNPtk H|¢score(‘rtk ) tk) -V logptk: ('rtk)HZ] <Cp= 0(10g2 (n))

k=1
(follow the argument for Lemma [E3] and how we derived (98) from (97)). Second, the covering
number of the network class of ¢(x) = Zszl nE[||s(xs,,tk) — V1og pi, (x4, |7)||?] over all s with
§ = n~ 7% is bounded by natT log;16 n, by following Appendix Thus, Theorem can be
modified to this setting and we obtain that

E{Wo,i}?:l

K
> 0By oy, (@1, 1) — v1ogptk<xtk>|2]] S~/ Gt jog? .
k=1

holds. Therefore, following the discussion in Section @ we have that

K
E{xo,i}?zl [Z nkEﬂHkNPtk [Hs(ztkatk) - VIngtk (Itk>2]l
k=1
K

Cy
Z’?Extkwﬁ ||¢score(xtk7tk) VIngnk(th)HQ] + WIOg/\/“i‘é
k=1

log®n
n

d d 2s 2s
- 2 - 18 — e — 5= 18
Sn d+2s log n _|_ . md+2s log n _|_ n  d+2s S n  d+2s log n,
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which proves (96).

From now, we bound TV (Y5, YTd_ ). We introduce the following processes. Y¢ = (Ytd)zLOT is
defined in the same way as Y4, except for the initial dlstrlbutlon of Y ~ pr. Att = T — T, if the
J-norm is more than 2, then we reset it to 0. Y = (Y}) o is defined as Y ~ P, and

}70 ~ DT,
dy; = Br_s (Yt +21[(Y,, T — 5) ¢ A for some s < t]V log ps(Y;)

+ 21[(Y,, T — s) € Aforall s < t)8(Yg_, ,T — tx)) dt+4/267_,dB, (t € [T —t;, T — t;1]).
Att =T — T, if the co-norm is more than 2, then we reset it to 0. Here, A C R is defined as

A= {(m,t) € R X R| ||2]loo < my 4 Caoyy/log(n), T <t < T} .
Then, we have that
TV (Y, Y;_ ) S TV(Yq, Yr_g) + TV(Yo, Yo_p) + TV (Y7_p, Vo )+TV(Y;} T,Yd)

< TV(Xo, X1) + TV (Yo, Yg_1) + TV(Yg_p, Y5_ 1) + TV (X7, N(0, 1))

The first term is bounded by n™ df?s, by setting 7 = n~ M in Theorem The second term

is bounded by n™ T , by taking C, sufficient large, according to Lemma The forth term is
— — 2s

bounded by exp(—fT) by Lemma and thus setting T = O(log n) yields exp(—pT) S n™ @+,

Now, we bound the third term. Proposition [FI] yields that
V(Y7 1, Y5 _1)

Ttkl

<Z/ (VT = 5) € Aforall s < 13V, T~ t) - Vlogp(F5) |2
T—ty

K o pT—ti - - 7
SZ/ T Ey[1[(Y;, T —t) € 4, (Yz_ oo ti) € Alll3 (Yr_ th T —t1,) — Viogp,(Yy)|?]dt

=17 t=T—tk
< Z/ Xt? ) S A) (th?tk:) S Ang(th,tk) — Vlogpt(Xt)HQ]dt

t=tp_1

<Z/ tha B ope, [15(200: te) = Vlog pr, (w, )] dt (99)

+ Z/ Ex[1[(X:,t) € A, (X, tr) € A]||V1ogpe(X:) — Viogps, (X¢)|I?]dt  (100)

+ Z/ Xt, ) S A, (th,tk) € A]HVIngtk (Xt) — VIngtk (th)”Q]dt (101)

First, we consider 1) Because (Xy,t) € A, (
10505 < %, |0sms| < 1, and

| Xt lloo =)+ < opy/log(n). Overallt < s < ¢y,

105V log ps(z)| < 3 2
05 S

3
_ ) 2 2
|aso's‘ + |a€m€| ((||x|0<> mb)—i— vV 1)
g

3
2 3
—my, )5
. v1> ,

Utk

< |0¢oy,, | + |Ormy, | <(||33||oo

3
Utk

according to Lemma Therefore, 1i is bounded by Ele n(n(t; 2 V1) log? n)? = 72 (t,*v
1) log® n.
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Next, for l| we first note that || X¢|lco — M, | Xty oo — M, S 01y, 1/1l0g(n . There-
fore, according to Lemma 102,V log py,, (2)]| is bounded by —- (W v 1) <
tk

tg
t;, ' log n. With probability at least 1—n =M || X, — Xy, |00 S v/nlogn, according to Lemmam
Therefore,

K

I Zn nlogn - (t;' v 1)logn)* +n -0, Z (2 v 1) log® n.

Finally, for (I0I), we apply (96). Now, all three terms of (99), (I00), and (I0T) are bounded and we
obtain that

K
E{xw}n [TV( T T,Yd I):| <n~ FEsr log nJrZ tk \/1)log n+n (tk \/1)10g n)
k=1

< n @ log'®n + T log® n + nT~ " log® n + nT log® n
< n~ 75 log®n 4 n*T~*log® n +nT~ ' log® n + nlog* n.

Therefore, by setting n = T 15 @ yields the assersion.

J  AUXILIARY LEMMAS

This final section summarizes existing results and prepares basic tools for the main parts of the
proofs. A large part of this section (Appendix [J.1|to[J.4) is devoted to introduction of basic tools for
the function approximation with neural networks, and thus those familiar with such topics (Yarotsky,
2017; |Petersen & Voigtlaender, [2018}; Schmidt-Hieber, [2019) can skip these subsections (although
they contain some refinement and extension). Lemma(J.14]is for elementary bounds on the Gaussian
distribution and hitting time of the Brownian motion.

In the following we will define constants Cr ; and Ct 5. Other than in this section, they are denoted
by Cf, and sometimes other constants that comes from this section can be also denoted by Cy.

J.1 CONSTRUCTION OF A LARGER NEURAL NETWORK

Through construction of the desired neural network, we often need to combine sub-networks that
approximates simpler functions to realize more complicated functions. We prepare the following
lemmas, whose direct source is Nakada & Imaizumil (2020) but similar ideas date back to earlier
literature such as | Yarotsky|(2017); [Petersen & Voigtlaender| (2018)).

First we consider construction of composite functions. Although the bound on the sparsity .S was
not given in the original version, we can verify it by carefully checking their proof.

Lemma J.1 (Concatenation of neural networks (Remark 13 of Nakada & Imaizumi| (2020))). For
any neural networks ¢': R — R%= ¢2: R¥2 — R¥B ... oF: R — RI+1 with ¢¢ €
U(LL,WE S8 BY) (i = 1,2,--- ,d), there exists a neural network ¢ € ®(L,W, S, B) satisfying
d(x) = pF o pF~1 ... 0 ¢l (2) for all x € R¥, with

k—1

k k
L= L', W<2) W, S<ZS¢+Z\|A2HO+\|ba||0+||Al+1|| <2251
=1

=1 =1 =1
and B < max B'.
1<i<k
Here A; is the parameter matrix and b;- is the bias vector at the jth layer of the ith neural network

¢".

Next we introduce the identity function.
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Lemma J.2 (Identity function (p.19 of Nakada & Imaizumi| (2020))). For L > 2 and
d € N, there exists a neural network ¢ﬁ’iL € O(L,W,S,B) with parameters (A1,b1) =
((Ig,—13)7,0), (As, b)) = (I24,0)(i = 1,2,--- ,L — 2),(Az) = ((Ig,—14),0), that realize d-
dimensional identity map. Here,

[Wllw =2d, §=2dL, B=1.

For L = 1, a neural network qﬁld € ®(1,(d),d, 1) with parameters (A1,b1) = (14,0) realizes
d-dimensional identity map.

We then consider parallelization of neural networks. The following lemmas are Remarks 14 and 15
of Nakada & Imaizumi| (2020) with a modification to allow sub-networks to have different depths.

Lemma J.3 (Parallelization of neural networks). For any neural networks ¢',¢?%,--- , d* with
¢ RE R% and o= \Il(Li,Wi,Si,Bi) (z = 172,~-- ,d), there exists a neural network
¢ € ©(L,W.,S,B) satisfying ¢(x) = [¢"(z')" ¢*(a?)T - @F(a")T]T: REFEFFd
R ot +di for gl o = (] xg - )T € Rrtdattdi (here x; can be shared), with

L=1L|W|x < ZHWZ||DO,S< ZSZ and B < max B (when L = L; holds for all i),
=1 =1
k

L= max L ||W||oo<22 ||WZHOO,S<QZ (S"+ LW}), andB<maX{ max. B, 1} (otherwise).

1<i<
=1

Moreover; there exists a network ¢sum (x) € ®(L, W, S, B) that realizes = E?:l o' (z), with

k k
L= max L1, [Wle <4Y Wi, S<4) (S +LWL)+2Wy,

1<i<
i=1 i=1
and B < max{ max B’ 1}.
1<i<k

Proof of LemmalJ.3] Let us consider the first part. For the case when L = L; holds for all i, the
assertions are exactly the same as Remarks 14 and 15 |Nakada & Imaizumi (2020). Otherwise, we

first prepare a network ¢’ realizing qﬁfd’L_L"' o ¢' for all 4, so that every network have the same depth

without changing outputs of the networks. From Lemmas and .2 ¢/* € ®(L, W' %, S, B')
holds, with L = maxi<i<k L ||VV”||Oo = max{HW ||007 2WL} <2 Wl”oo S <28 + 2(L —
L)Wi < 2(S" + LW}), and B — max{B% 1}. We then apply the results for the case of
L=L;(i=1,2- k).

For the second part, since summation of the outputs of & neural networks can be realized by a 1 layer
neural network with the width of k, Lemma [J.3|together with Lemma[J.T| gives the bound to realize

Zz:l ¢1( ) O

In the analysis of the score-based diffusion model, we often face unbounded functions. To resolve
difficulty coming from the unboundedness, the clippling operation is often be adopted.

Lemma J.4 (Clipping function). For any a,b € R? with a; < b; (i = 1,2,--- ,d), there exists a
clipping function ¢eiip(z; a,b) € ®(2, (d,2d,d) ", 7d, max; <; <4 max{|a;|, b; }) such that

daip(x; a,b); = min{b;, max{z;,a;}} (i=1,2,---,d)

holds. When a; = c and b; = C for all i, we sometimes denote ¢elip(;a,b) as daip(x; ¢, C) using
scaler values c and C.

Proof. Because, for each coordinate ¢, min{b;, max{x;, a;}} is realized as
min{b;, max{x;,a;}} = ReLU(x; — a;) — ReLU(z; — b;) + a; € ®(2,(1,2,1), 7, max{|a;|,b;}),

parallelizing this for all  with Lemma[J.3]yields the assertion. O
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With the above clipping function, we prepare switching functions, which gives the way to construct
approximation in the combined region when there are two different approximations valid for differ-
ent regions.

Lemma J.5 (Switching function). Let t; < t, < t1 < ta, and f(z,t) be some scaler-
valued function (for a vector-valued function, we just apply this coordinate-wise). Assume that
¢t (z,t) and ¢*(x,t) approximate f(x,t) up to an additive error of € but approximation with
¢t (z,t) and ¢2(Z t) are valid for [t,,t1] and [ty, 2], respectively. Then, there exist neu-
ral networks ¢l . (t; tQ,fl) B2 (t; t2,t1) € ®(3,(1,2,1,1) ", 8, max{ty, (f; — t,)"'}), and

it (Lita, 1)@ (T, t) + @2 (i e, 1) 9% (x, t) approximates f(x,t) up to an additive error of €
in [tlv tQ]

Proof. We define

¢sw1t (t t27 tl) ReLU(¢Clip (t7 22751) - E2)a

1_72

and ¢sw1t(t;227%1) = (El - ¢Clip<t;t27%1))'

Here ¢sw1t(t t2’E1) ( 225 1) [ ] sw1t(t t2’t1) + ¢sw1t(t t2at1) = 1 for all ¢,
oL (tity,t1) = 0 forall t > %, and gbswm(t to,t1) for t < t,. From this construction, the
assertion follows. O

J.2 BASIC NEURAL NETWORK STRUCTURE THAT APPROXIMATES RATIONAL FUNCTIONS

When approximating a function in the Besov space with a neural network, the most basic structure of
the network is that of approximating polynomials (Suzuki, [2018)). In our construction of the diffused
B-spline basis, we need to approximate rational functions.

We begin with monomials. Although the traditional fact that we can approximate monomials with
neural networks with an arbitrary additive error of ¢ using only O(loge~!) non-zero parameters
has been very famous (Yarotsky, 2017} [Petersen & Voigtlaender, 2018; [Schmidt-Hieber, [2020), we
could not find the result that explicitly states the dependency on parameters including the degree and
the range of the input. Therefore, just to be sure, we revisit Lemma A.3 of |Schmidt-Hieber| (2020)
and here gives the extended version of that lemma.

Lemma J.6 (Approximation of monomlals) Letd > 2, C >1,0 < goror < 1. Foranye > 0,
there exists a neural network ¢muis (1, Tz xq) € U(L,W, S, B) with L = O(logd(loge™* +
d

dlog ), |[W]lee = 48d, S = O(dloget + dlogc)), = C? such that
d
¢m1ﬂt(x/17m/27 e ,.13:1) - H Tq! S e+ dCd_leerrora
d'=1

forallx € [-C, C’]d and ' € Rwith ||z — 7| 0o < €error,

|t ()] < C? for all z € RY, and ¢y (27, 25, -+, x) = 0 if at least one of ', is 0.
We note that some of x;,x; (i # j) can be shared. For HZI Lyt withoy € Zy (1= 1,2,--- 1)
and Z _1 & = d, there exists a neural network satisfying the same bounds as above, and the

network is denoted by ¢t (T; o).

Proof. First of all, it is known from Schmidt-Hieber| (2020) that there exists a neural network
(@, y) € W(L,W, S, B) with L =1+ 5, ||W||s = 6, B = 1 such that

|¢_):'nu1t(z7y) - :Ey| < 272‘7 for all (I, y) € [07 1]27

and |¢) 4 (z,y)] < 1 forall (x,y) € R% and ¢/ . (x,y) = 0 if either x or y is 0. With this
network, we can see that [sign(zy)¢’ . (|2],|y]) — zy| < 27¢ holds for all (z,y) € [-1,1]?,
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|9 e (@, y)| < 1forall (z,y) € R%, and ¢t (, y) = 0 if either = or y is 0. Because
sign(2y) Pt (|7, [y1) = ReLU (G (ReLU(z), ReLU(y)) + @loyie(ReLU(—2), ReLU(—y))
— Grute (ReLU (=), ReLU(y)) — @1, (ReLU(2), ReLU(—y)))
— ReLU(= ¢} (ReLU(2), ReLU(y)) — @ppe (ReLU(—2), ReLU(~y))
+ e (ReLU (=), ReLU(y)) + ¢ppe (ReLU(2), ReLU(~y)))
= émult(xv Y)

holds, we can realize the function zy for [—1, 1]¢, by a neural network ¢yuic (2, y) € W(L, W, S, B)
with L = i4-7, ||W o = 48,5 < L||W oo (|W||oo +1) = 48(i+7), B = 1 with an approximation
error up to 27°.

Then, following |Schmidt-Hieber| (2020), we recursively construct ¢ (1, T2, - - , Toj+1) Using
ot (T1, T2, - -+ 5 Toi41) = Pt (Pt (T1, T2, 5 T25), Pmute (T2i 41, Taiga, - -+, Tager)).
By filling extra dimensions of (x1,x9,---,x9;) with 1, we obtain the neural network

Gt (T1, T2, -+, xq) € U(L, W, S, B) foralld > 2and L = O(logd(loge™*+logd)), || W ||ee =
48d, S = O(d(loge™" +logd)), B = 1 such that
d
Gt (21,2, -+, Ta) — H zg| <e, forallz e [-1,1]%
a=1

We then construct ¢, as follows:
¢mult( ) C ¢mult(¢cllp( C C)/C)

Here the approximation error over [—C, C]? is bounded by C~%¢. We reset ¢ + C~ so that
the approximation error is smaller than ¢, and then we have ¢ € ®(L, W, S, B) with L =
O(log d(logd +1loge™! +dlog C)), [|W| s = 48d,S = O(d(logd + loge ! + dlog C)), B = 1.
Therefore, the bounds on L, || W ||, B, S in the assertion follows from Lemmas[J.1]and [J.4]

When the input fluctuates, we have

d
CPrmte(derip ('3 =C, C) /C) = [ [
i=1

< | C¥Gmut (Peiip (23 —C, C) /C) — Hmln{C’ max{z}, C’}}‘

i=1

d
;a _O}} - sz
i=1

d
<Cd.0de 4 0d-t Z |z; — min{C, max{z}, —~C}}| = ¢ + dC* *eerror,

i=1

which yields the first part of the assertion.

Finally, we note that some of x;, z; (i # j) can be shared because all we need is to identify columns
in the first layer of q_bmult (z1,- - ,xq) that correspond to the same coordinate. O
We next provide how to approximate the reciprocal function y = l. Approximation of rational
functions has already investigated in (Telgarsky, |2017; Boullé et al.| 2020) However, we found that
their bounds (in Lemma 3.5 of Telgarsky| (2017)) of L = O(log’ 5_1) and O(log* e~1) nodes can
be improved with careful use of local Taylor expansion up to the order of O(loge™!), so we provide
our own proof.

Lemma J.7 (Approximating the remprocal function). For any 0 < € < 1, there exists ¢rec €
U(L,W,S,B) with L < O(log”e™1),[|[W|s = O(og’c1),S = O(log*e™"), and B =
O(e72) such that

1 _
brec() — ‘ <e+ |2 = x‘, forallx € [e,e ] and ' € R.
x
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Proof. We approximate the inverse function y = % with a piece-wise polynomial function. We take
;=15 ¢(i=0,1,--+ 5" := [2log, ;e ']) so that z; > ' and approximate y =  in the
following way:

1 < 1
== filderip (@i wio,2:)) + =,
x A €
i=1
where f;(x) is a function that satisfies f;(z) = 0 for x < x;_1, fi(z) = *Ivl_l + Ti for z; < x,
and
€
. _ . < Z
p, max |fi(x) =1z +1/zia] < 5.
Now we show construction of such functions. First, by % = r,l Zici - _1_ S (=2
xT i—1 X Ti—1 = Tj—1
DY (1< .5), let
1
fi(z) = —zfzi + 1) — —.
fi(z) Tl Z( z/Ti1+1) Ti1

=1
The difference between f;(x) and 2 — - is ((xi_1 — «)/x;_1)"*" /2, which is bounded by

L fi(x))(z—zi— Ti1—x:) T Yp—a. ~
27171 /z. Moreover, by adding G f;(ifi:)-(,l R (T ;){Iz—;)”l)( i=1) 1o fi(x), we

have fz({L'), with fi(xi,l) = 0, fz(ﬁz) = —i + %i, and

max_ Ifi(z) = 1)z + 1)z | <27z <27l
Ti—1STSTy

Thus, we take | = [log, 2¢ '] so that RHS is smaller than 5. Therefore, we finally have the explicit
approximation of y = %

s %

7

l
Y (fap(@imiog, @) /wia + 1) =D ! (102)

Ti_
I'=1 i—1 i1

(a)

~.

1

Ti—1

i=1

+Z (Tim1 — ) /2i—1) T (Petip (w3 4—1, 7)) — T4-1) _’_1.

331(.231‘ _-Ti—l) I3

(b)

From Lemma (—atip(@; i1, 25))/Tic1 + 1)l/ is realized by L = O((logloge™! +
loge 1) logloge™), W] = O(loge™1),S = O(loge !(logloge™! + loge™1)),B =
1.5M10822¢7"1 — ©(1) so that approximation error for each is bounded by O(¢2/li*). Because
there are O(1i*) terms in (a) of (102), from Lemmas [J.1]and [I.3] the final approximation error of
f(x) using a neural network ¢ec is 5, where ¢rec € ®(L, W, S, B) with L < O((loglog e 1 4+
loge!)logloge™1), HW||OO = (’)(log?’ 1), 8 = O(log® e (logloge~! 4 loge™')), and B =
O(¢72). (Here B = O(c72) is calculated because in (b) we need to bound the coefficient
(xi—1—mi) /x40 1)+ by 6_2)

zi(Ti—xi—1)

The sensitivity analysis follows from |¢rec(2’) — 1| < |prec(z') — -1 O

mdx{w E} z !

|+

max{x e}

Combining Lemmas[J.6]and[J.7] we have the following corollary.

Corollary J.8. For any 0 < ¢ < 1, there exists ¢yec € V(L,W,S,B) with L < O(log®l +
log?€)), [Wlleo = O +log® 1), 8 = O(llogl + lloge™" + log4 1), and B = O(e= (V)
such that

" — ]

1
/. -1 ’
¢rec($7l)_xl’ SE—Higl+1 , forallx € [e,e” | and 2’ € R.
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Proof. Consider ¢t (+;1) © rec. The result directly follows from LemmalJl.6land Lemma[l.7] [

In the same way, by using Taylor expansion of 4/1 4 x at each interval defined in the above proof,
we can obtain a similar result for y = /.

there exists ¢root €

Lemma J.9 (Approximating the root function). For any 0 < ¢ < 1,
= O(log*e™'), and B =

W(L,W,S,B) with L < O(log”c™1),[|[W|s = O(log’c1),8s
O(e™Y) such that

|2 — 2|

NG

J.3 HOW TO DEAL WITH EXPONENTIAL FUNCTIONS

, forallx € [e,e '] and 2’ € R.

|¢root(x/) - \/E| S €+

We sometimes need to approximate certain types of integrals where the integrand contains a density
function of some Gaussian distribution and the integral interval is R¢. for example, the diffused
B-spline basis is a typical example of them. To deal with them, we adopt the following two-step
argument: first we clip the integral interval, and next we approximate the integrand with rational
functions. We need rational functions because the density function depends on the inverse of (the
squared-root of) the variance, which depends on ¢ and should be approximated. The first lemma
corresponds to the first step, and the second and third correspond to the second step, respectively.

Lemma J.10 (Clipping of integrals). Let x € REO<m <1, a€ Z‘i with Z?Zl a; <k, and f
be an any function on R? whose absolute value is bounded by C . Forany 0 < e < L there exists
a constant Cy 1 that only depends on k and d, such that

/ ﬁ (mtyi_l’i)ai ) LR < |mty—a?2) d
tdi =+ = exp | NI A
R Ot Y od(2m)? P 207 Y

‘iz
-/ ﬁ(mtyi—xi)mf() ! exp(_nmty—x?)d
A ot Y od(2m)e 207 Y

*i=1

z _ 714 T i T [ T 0¢Cr1 1 +Cr 1 1
where A® = [[;_, af with af = [t — =2y /loge™!, b 4 =2t /loge ™.

Se

(e 2
miY; — T myy —
<f) f(y)exp <_”t2”> d
oy 207
d mays — i\ lmey — z||?
tYi — T Y —
_ i — b RS = Y g
/AI | |( . ) f(y)exp< 207 ) Y

Cy / <|mtyz-:vi|)c” ( IImtnyQ)
< _fF — 2 ) 1|y)lee £ 1 exp | ——2———)dy (b <C
< 2307 Jeoas i|:|1 p [yl Jexp 207 y  (by [f(y)| < Cf)

&
<ty dy
ol(2m)2 ‘T JR x -+ x Rx(R\a?)xR x --- x R
i—1 times d — i times
d i
Imy; — a5\ my — o
H( J ]‘ ]lHyj‘Sl]eXp _H 5 H
; Ot 20’t
Jj=1
d

e f[l (n[i 4] /R ('mtyit mj>aj lﬂf’fljf exp <W) i

i=1
. Imey; — %‘|)aj 1y;| < 1] ( (mey; — %‘)2>
+1[i = / < exp | — dy; | . (103)
[ ]] ]R\af o Ut(ZW)% P 20}2 Yj

69




Published at the Workshop on Understanding Foundation Models at ICLR 2023

‘We now bound each term. First,

mey; — ;]\ L)y;] < 1 myy; — x;)>
/<| td3 J|> H J| l]exp<( tJjg . J) dyj
R gt o't(27r)2 2Ut

2
el e () (27 =)

afjja (because of the term of 1[|y;| < 1].)

<

(2m)2

Thus, LHS can be bounded by < max {n}%, Ojﬂ} <1

Next,
N 1y < 1 )2
/ (Imf,yg x3> lysl =1 o <_(mfyj29:j)> ay; (104)
R\a?® o o(2m)2 207
2 /oo ) y2 €T
<= |y;|*7 exp —j dy; (by letting MY "%, y)
me Jey, 1\/10g8—1 ! Ot /
" (o=l o —1yi S . :
< Jm Zl -0 Gy (Ciyloge™ )'e ™2 (if o is odd)

—1)! _ 1 y3 . .
T Zl L ((;g il (CZ loge™)le™=2 + m%foojl flog T €XP (—TJ) dy; (if o is even).

Therefore, by setting Cf 1 sufficiently large, in a way that Cf ; depends on o (< k) and d, this can be
bounded by = Moreover if m; 2 1, then the integral interval does not overlap with —1 < y; <1,

and in this case (I04) is alternatively bounded by 0.
Therefore, (I03) can further be bounded by

which gives the assertion. O

Next we give the ways of Taylor expansion of exponential functions with polynomials (Lemma[J.TT)
and with neural networks (Lemma[J.12)), respectively.

Lemma J.11 (Approximating an exponential function with polynomials). Let A > 0and 0 < m; <
1. Fort > max{4eA?, [log, 1]}, we have that

t—1
(z — myy)? (=1)° (x — myy)*
P (_ 20?2 a Zo s! 25028 =€

forall y € [7‘”‘4“”7 UfA“:]

my

Proof. By standard Taylor expansion of e* up to degree t — 1, we have

t—1 . ;
(@ —mw)?\ _ g~ (D (@ = m)® (21D (0(z — muy))*
P (_ 20?2 N Zo s! 25528 + t! g2t

with some 6 € (0,1). We bound the second term of the residual. When y € [w, ‘”A“”] and ¢

is the minimum integer satisfying ¢t > max{4eA?, [log, e ~1]}, we have

1 (0(x —myy) + (1 = 0)x)* < (204 A)% < (204 A)% 2t A% P
t! 2t g2t = tl2tg?t T (t/e)t - 2toPt T (4A2)t T 2t
where we used the fact t! > (¢/e)t. O
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Lemma J.12 (Approximating an exponential function with a neural network). Take € > 0 arbitrar-
ily. There exists a neural network ¢ex, € ®(L, W, S, B) such that

sup e — Gexp(T)| <€+ |z — 2|
z,x’' >0

holds, where L = O(log> e ™), |[W|loo = O(loge™), S = O(log? ™), B = exp(O(log?e~1)).
Moreover, |pexp ()| < € for all z > log 3!

Proof. Let us take A = log 3. From Taylor expansion, for all z in 0 < z < A, we have

k—1 ;
—z § (_1)1
e — 7[' l'

=0

Ak
> /4}'

Moreover, we can evaluate RHS as 4 < (2 )]~c so by taking k = max{2eA, [log, 37"}, we can
bound the RHS by £. Now we approx1mate each z’ usmg Lemma 6|withd = O(A+loge™1),C =
O(A),e = ik and aggregate them using Lemma This glves the neural network with L =
O(A% +log?e™), [W]loo = O(A +loge™1), S = (9(A2 +log?e 1), B = exp(log A - O(A +
loge™!)). Finally, we add two layers ¢ciip(z;0, A) before this neural network to limit the input
within > 0. Then, we obtain a neural network ¢, that approximates e~ with an additive error up
to 2 in [0, A]. Moreover, for z > A, we have [exp (2) — 77| < |67 — ™| + [Pexp (A) —e 4] <
E+E=c

The sensitivity analysis follows from |Pexp(z’) — €7 < |pexp(max{z’,0}) — e7*| <
|bexp(max{z’, 0}) —e™ max{a 0} 4 |o=max{a’ 0} _o=o| < et | max{a’, 0} —2| < e+|2/—z|. O

J.4 EXISTING RESULTS FOR APPROXIMATION

Our diffused B-spline basis decomposition (Section [3] and Appendix [D) is built on the B-spline
basis decomposition of the Besov space (DeVore & Popovl, 1988 |Suzukil |2018). The following fact
can be found in Lemma 2 of Suzuki (2018) (although the original version adopts 2 = [0, 1]¢, we
can easily adjust the difference by dividing the domain into cubes with each side length 1). The
magnitude of |ay ;| is evaluated in p.17 of |Suzuki (2018).

Lemma J.13 (Approximability of the Besov space (Suzuki (2018))). Let C > 0. Under s >
d(1/p—1/r); and 0 < s <min{l,l — 1+ 1/p} where | € N is the order of the cardinal B-spline
bases, for any f € B, ([-C, C|%), there exists fn that satisfies

If— fN”LT —-C,C1) X SC°N™ S/d||fHBz,q([—C,C]d)

for N > 1, and has the following form:

Z Z o, MY (@ Z Za’valm with Z|J )|+ Z ng = N,

k=0 jeJ(k k=K+1 i=1 k=K+1

where J(k) = {702’“ 02— 11,028 — 1,025, ()™, C J(k), K =
O(d~tlog(N/C?)), K* = (O(1) +1og(N/C))v= + K,ny, = O((N/C4)27v*=K)) (k = K +
JK*) ford = d(1/p—1/r)4 andv = (s—08)/(28). Moreover, |ay, ;| < N@ ™'+ ) (d/p=s)+

J.5 ELEMENTARY BOUNDS FOR THE GAUSSIAN AND HITTING TIME

Lemma J.14. Let 0 < ¢ < 1, | € Z%, and p(z) be the density funciton of N'(0,021,), i.e.,

p(z) = m exp (*%) Then, the following bound holds:
d 1l
/ @p(x)dx <e.
|2lloo>00\/Tlog die—1 0 2i=1li

We sometimes write \/4log dle=! = Cf 24/loge™1.
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Proof. Let us denote z! = H?Zl zk and |I| = Zle I; for simple presentation. Let r = ||z, and
we get

l

/ () dz
[|Z||co >0t/ 4 loge—1 0" l

ZL'l
/ —p(e)de
lz|l1>0¢4/41loge=t 0y

> rl 1 r? a1
< T oo &P | 55 (d—1)r* " dr
r=o¢\/4loge—1 o, Oy (271')2 20
e 1 32)
_ |l|+d—1 2 _ : _
—/ 5 —— exp (d—1)ds (by letting s = r/0y)
s=y/4loge—1 (27T)§ ( 2
4loge~1)(lH+d=1)/2 éllog;s*1
= ( (27)1_)3 exp| ———— | (d—1)

N L= L PP
exp s
s=+/4loge—1 (2’/’1’)g
U+d—1)!1 i
— .. = Z (|l\‘+d 1— 21)1!(410g5 )(|l|+d 12 )/2(d 1)62
(2m)%

o<i<| =L |

(i+d=D" 1 _s — :
= e s Y exp ( > ) (d—1)ds (JI| + d: even)
0 (]I] 4 d: odd)
(by iterating integration by parts)
1

+

d+|l—

<ellog 2z e L. (105)
Replacing € by £/dl, RHS of (105) is bounded by

2 dn+|l]—1

€ _
Wlog z (g/dl)"t <e

which yields the conclusion. O

Lemma J.15. Let (B;)o 4 be the 1-dimensional Brownian motion and X; = fot BsdBs, with 85 <

. Then, we have that
P l sup |X:| > 2\/ﬂtlog(2€_1)] <e.

s€[0,t]

Proof. We bound the case 3; = [ because it maximize the hitting probability. According to
Karatzas et al.|(1991)), for z > 0,

4 > 2 -
Pl sup [Xyf 22| = / - /Qdy =— e* V2dz < 2e7 /4P,
LE[O t] V2

For the second equality, we simply replaced y/ /2 with z. For the last inequality, we used —2— \f <

2 and fr e’ dy < e~%". Therefore, setting = = 24/ 3t log(2e~1) yields the assertion. O
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