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Abstract

Modern classifiers increasingly output full pre-
dictive distributions (class probabilities). In
downstream decision-making, the largest pre-
dicted probabilities often trigger actions (e.g.,
medical follow-up when risk exceeds a thresh-
old), so failures of calibration at the high end
are particularly costly. At the same time,
full multiclass calibration becomes statisti-
cally intractable for many classes. Motivated
by these considerations, we propose threshold
calibration: calibration of all predicted class
probabilities above a fixed threshold. We
define a corresponding miscalibration func-
tional, give a partition-based debiased estima-
tor with linear-time complexity, and prove a
distribution-free consistency result. On the
CoVTYPE benchmark, we empirically evaluate
threshold calibration across several predictors
and post-hoc recalibrators, finding that more
expressive recalibrators can substantially re-
duce threshold miscalibration.

1 Motivation

Probabilistic predictions are routinely used beyond
accuracy-centric evaluation. A model that outputs a
vector of predicted probabilities z = f(z) € Ag_; for
K classes given an input x is calibrated if the actual
classes occur with frequency z in the long run given
predictions z. Calibration is critical in domains where
decisions depend on probabilities rather than hard
labels: clinical risk stratification, selective prediction,
autonomous systems, and any pipeline that thresholds
on confidence (1-16).

In such pipelines, the largest predicted probabilities are
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often the ones acted upon (17, 18). For example, an
alert might be triggered if some class probability ex-
ceeds a = 0.1 or a = 0.3. A practitioner may not care
whether the remaining low-probability classes are per-
fectly calibrated, but does care that every probability
above a is trustworthy.

1.1 Why existing notions can be inadequate

Full multiclass calibration is statistically too
hard. Full multiclass calibration can be cast as a
nonparametric problem on the (K — 1)-simplex. The
T-Cal framework (7) analyzes minimax testing rates
for multiclass calibration under Hélder smoothness and
shows a curse of dimensionality: the optimal separation
deteriorates exponentially in K. This intractability
forces us to consider weaker, application-driven notions.

Confidence-only calibration can hide systematic
failures. A popular notion in deep learning is confi-
dence calibration, which conditions only on the value
of the top predicted probability, ignoring which class
attains it (9). Because it aggregates over labels, it
can mask per-class miscalibration: one class may be
systematically overconfident while another is undercon-
fident, yet the mixture looks calibrated when binned
by confidence (19).

Top-label calibration is too narrow for thresh-
olded decisions. Other notions such as top-label
calibration (calibration of the probability assigned to
the predicted class) track label identity (19). However,
this is not enough to capture does not any pipelines act
on all probabilities exceeding a threshold, not only the
maximum. In multi-label screening, for instance, sev-
eral classes can simultaneously exceed a, and we want
joint trustworthiness of all such large entries (20, 21).

2 Threshold calibration

We consider multiclass classification with K > 2 classes.
Let X € X be features and Y € {eq,...,ex} be a one-
hot label. A probabilistic classifier f : X — Ag_3
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outputs Z = f(X) € Ag_1, which is a probability
vector in the simplex Ag_;. Let [K] := {1,...,K}.
We denote by [v]; the k-th coordinate of a vector v,
and for S C [K], by [v]s the subvector of S formed by
the coordinates in S.

Standard multiclass calibration requires that, given
that the predicted probabilities are Z = f(X), the jth
class occurs (i.e., Y; = 1) with probability z;, for all
j € [K]. Thus, for all z € Ag_; and for each j € [K],

P([Y]; =117 = 2) = [2];- (1)

Given z, the predicted class probabilities match the
true probabilities.

Threshold selector. Let a € (0,1) denote the
threshold of interest. Define the threshold selector
T, as follows. For a vector of predicted probabilities
z € Ag_1, To(2) is the tuple of all coordinates j € [K],
with [z]; > a, sorted in an increasing order of the coordi-
nates. Equivalently, T, (z) = (t1,...,ts) is the unique
tuple such that ¢t; < -+ < t; and {t1,...,t;} =
{k € [K]: [z]x > a}, where J = |{k € [K] : [z]x > a}|.

For instance, the threshold-0.3 selector Ty 3 acts as
follows on two four-dimensional example inputs:

0.45 0.4
0.4 0.45

Tos | (o10| | =03 | 10| | = &2
0.05 0.05

This highlights that the threshold selector does not
retain the ordering of the predicted probabilities; which
is consistent with our motivation of selecting only the
set of the large predictions. We then define threshold
calibration as the condition that the large probabilities
are calibrated.

Definition 1 (Threshold calibration). A classifier f
is threshold-a calibrated if for all z € Ag_1 and as-
sociated set S =Ty (z) of coordinates of size at least a,
for each j € S,

P([Y]; = 1|[Z]r,(2) =[], Ta(Z) = S) = [];. (2)

In words, given that exactly the coordinates in T, (z)
exceed the threshold a, the predicted class probabilities
match the true probabilities. Compared to the stan-
dard notion of calibration from (1), the key difference
is that only the probabilities larger than a are required
to be calibrated. Moreover, for reasons similar to those
in (19), we also condition on the specific coordinates
T.(Z), as this provides a more granular notion of cali-
bration. Not conditioning on T,(Z) is potentially also
reasonable, and would be of interest to investigate in
future work.

3 Measuring and estimating threshold
miscalibration

3.1 Calibration error

Let P denote the joint distribution of (Z,Y) in-
duced by (X,Y) and f. For a realized selec-
tion Q@ = Tu(Z) of coordinates, define the (tuple-
specific) threshold regression function as regg?) Dz
E(Y]g | [Z]q = [#]g,Tu(Z) = @), and the associated
residual resgpQ) (2) = regEDQ)(z) — [#]g. Threshold cali-
bration is equivalent to resggQ)(z) = 0 almost surely for
every (Q in the range of Tj,.

We measure deviation from calibration using the thresh-
old expected calibration error (ECE), defined as

97y 1/2
Ez—ECEg‘I):<E[resg“(z))(Z)H2D . 3)

3.2 A debiased partition-based estimator

We observe i.i.d. calibration data (Z;,Y;)?; ~ P. To

estimate EQ—ECES:,T“), we partition the space of selected
probabilities and use a local U-statistic. Fix binning
parameters m, M € N. Let {B,,;}M, be a partition
of the Ag_1 such that for all ¢ = 1... M and any
z,z" € By, ; we have that

T.(z) = To(2") and ||[2] 7, (2) — 2] (o) |0 < m~L.

Let T = {l € [n] : Z) € B} and Ny = [Linil-
Then, we define the statistic T}, , via

oo
n(Nm,,- —1)2

0Ny ,i>2

Y Witz Uiltaz,), @)
1#JE€Lm i

where U; := Y;—Z;. This is a debiased plug-in estimator
of ((,-ECEY*))2 and can be computed in O(nkK) time
by a single pass over the data (to compute the per-bin
sums). We summarize the procedure of building the
estimator T, ,, in Algorithm 1.

3.3 A basic consistency guarantee

We now show that this estimator asymptotically con-
verges to the true calibration error, which provides a
basic level of justification for the estimator. This result
requires only that the partition becomes finer in a way
that the piecewise constant approximation over the
partition converges to the true calibration error. That
such a condition is required is reasonable, because our
estimator is based on a piecewise U-statistic.

Assumption 3.1. As n,m,M — oo, the partition
becomes finer, such that the piecewise approximation
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Algorithm 1 One-pass computation of 7}, ,, for thresh-
old calibration
1: Input: data {(Z;,Y;)}™,, threshold a, partition
{Bm,i}i\ir
2: Initialize: for each bin i, set N; < 0, S; < 0
(vector), @Q; « 0 (scalar).
: for / =1tondo
find bin index i(¢) such that Z, € B,, ;).
we < [Yo — Zil1,(2,)-
Niwwy < Nyoy +1; Sie)
Qice) + lluell3-
: end for
8: Aggregate:

mn — E

zN>2

@ G w

— Siey tues Qo) <

N

v e (Isil - @),

9: Output: T, .

of the calibration error converges to the true threshold
ECE:

S B(Z € B limall* — (62-ECEG™))?

where fiy; = E [H]E[[Y —Zlr,2)|Z € B@'»m]Hz} ‘

Under this condition we show the following consistency
results. First observe that no more than 1/a coordi-
nates can be selected, and so J, := min{K, [1/a]} is
an Upper bound on the effective dimensionality of the
problem.

Proposition 1 (Mean-square consistency). For any
a € (0,1) and distribution P of (Z,Y), if m =
m(n) — oo and m(n) = o(n'/’e), then T, (n)n

is mean-square consistent for (ZQ—ECE;T"))Q, i.e.,

2
E[{Tm(n) n— (fg-ECﬁPT“))Q} } — 0 asn — 0.

The condition m = o(n'/7+) mirrors that a higher ef-
fective dimensionality must use a relatively smaller
number of bins. The proof is contained in the supple-
mentary material, and a sketch is provided below.

4 Proof sketch of Proposition 1

Let U; :=Y; — Z; ¢ R¥. For each bin B, i, all
points share the same selected tuple Q = T,(z) by
construction, so we write U,, ; := [U;]g € RI9! for
Z; € B . Let €2 = (fs- ECE(T )2. We use the bias—
variance decomposition

E|(Tnn = €2)°] = Var(Tonn) + (ElTm,0) - €)*

A distribution-free variance bound. Apply the
Efron—Stein inequality by replacing one observation
with an independent copy. Changing one sample affects
at most two bins (the original bin and the new bin).
Within a bin with selected tuple size < J,, every inner
product satisfies [u'v| < |Jul|2||v|l2 < Ja, since entries
of U lie in [-1,1]. A direct add/remove-one-point
argument shows that each affected bin contribution
changes by at most C J,/n for a universal constant
C, hence |T), », — (5) n| < C"Jy/n for another constant
C’. Efron-Stein then yields Var(T,,,) < C"J%/n =
O(1/n) uniformly over P and m.

Identify E[T,, ,] as a plug-in quantity plus a van-
ishing remainder. Let p,,; = P(Z € B,,;) and
denote the within-bin mean residual vector v7, ; :=
|ttm.i||3. Conditioning on bin memberships, for I; # ls
in the same bin, independence gives E[U,) ;| Un, |
Z1,, 21, € B i) = iy, iftm,i = 3, ;- Therefore,

2

E[T ] = Z %E ﬁ
i Pm,i >0 m,e
= me,ivgmi + Rm,na

i

1{Npi > 2} v

where the remainder satisfies |Ry, .| S (Jo/n) M,
and M,, is the number of bins. In our construction
M, < m7a, so m’* = o(n) implies R,,, — 0. Then,

Assumption 3.1 gives us the desired result.

5 Experiments: threshold calibration
on synthetic data

We evaluate the performance of our estimator intro-
duced in (4), aiming to support the consistency state-
ment introduced in Proposition 1 through simulations
of a synthetic dataset.

Dataset and protocol. In particular, we consider
the case when K = 4, i.e. we have data (Z,Y) €
Ax 1 x{0,1}%. We analyze the empirical convergence
of threshold-a mis-calibration, where ¢ = 0.3. To
generate mis-calibrated data, we set the regression
curve that determines mis-calibration as

€0
e

[920 (2)]e = . (1 I [Ta(2)]

if c € Ty ()

qgra(z)[z]q

> otherwise.
In each of the three panels from Figure 1, we fix a
target miscalibration level by choosing g so that the

ground-truth value of (KQ—ECEEDT“))Q matches a pre-
scribed value (estimated via 107 Monte Carlo draws).
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Figure 1: Convergence of Tyaiue (shown as 103 x Tyalue)
for threshold-a calibration with a = 0.3 on synthetic
data, for three fixed ground-truth levels. In each panel,

the dashed line denotes the corresponding ég—ECEEDT“).

The dashed lines, i.e., the true KQ—ECE;T“) are 1073 x
3.24,1073 x 6.10 and 1073 x 7.77, from top to bottom,
respectively.

To construct Ty, », we pick our partition scheme hyper-
parameter m = |ni| < nis =nb. We then generate
i.i.d. samples of size n from the resulting model and
compute the plug-in statistic T, , from (4). We re-
port the empirical mean of T, ,, over 100 independent
repetitions.

Across all three settings, the empirical mean T3, ,, ap-

proaches the ground-truth (EQ-ECEE;TG))Q as n increases,
which is aligned with the consistency guarantee in
Proposition 1. We also observe larger dispersion at
smaller n and at higher miscalibration levels, consis-
tent with the fact that 75, , aggregates within-bin
second-order terms and is sensitive to bin counts when
n is small.

Overall, these simulations indicate that threshold cal-
ibration error can be estimated reliably at moderate
sample sizes even when K > 2. In fact, we want to
point out that due to the fact that a = 3 the effective
dimension of the problem is the same as full multi-
calibration (as we can select up to 3 points, so J, = 3),

yet we need as little as a few thousand points to see
a reliable empirical convergence to the true squared
mis-calibration error. This supports the premise that
threshold calibration can be a practical alternative to
full multiclass calibration in large-K problems where
the latter is statistically intractable.

6 Discussion

In this work we introduced threshold calibration, wich
isolates the part of the predictive distribution that is
most actionable: all entries above a fixed threshold
a. It is strictly weaker than full multiclass calibration,
but it is tractable and aligns with many downstream
decision rules that threshold on probabilities.

Several future directions are immediate. First, one can
aim to develop methods for additional statistical prob-
lems such as hypothesis testing or confidence intervals,
as in Lee et al. (7), Sun et al. (8) but with an effective
dimension tied to J, = min{K, [1/a]} instead of K.
Second, one can study post-hoc recalibration methods
that directly target threshold calibration or general
multi-calibration. Third, the threshold selector T, is
only one example of a data-dependent selection rule.
A natural next step is to develop a general theory of
calibration for selectors that choose a small subset of
coordinates in a structured way, together with estima-
tion and testing procedures whose complexity depends
on the size of the tuples in the selector’s range.
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Supplementary Materials for Threshold Calibration

1 Proof of Proposition 1

Write U; =Y; — Z; € RE and for any tuple @ that can be selected by T}, let Ujo=[Ujlo € RIQ!.. In particular,
note that for any specific bin B,, ; we will have that the selected entries of the points Z; € B,, ; are the same
tuple by construction. Hence, for any j € Z,, ; for some i, we will denote U, ; := Uj o = [Uj]g € RI®!, where @
is the unique tuple that can be selected by T, for any datapoint within B,, ;. For a fixed m, recall the induced
partition (B, i)m,i of Ag_1, the index sets Z,,,; = {l € [n] : Z; € B,,;}, and counts N,,; = |Z,,,;|. Using
13 wl3 =3, wll? = Dol ] w,, we can rewrite the statistic as

Ny
T7(nszl = E e ) E U;All Um,lz'
1,Q: Ny i 22 L1#l2€Tm i0

We prove mean-square consistency via bias—variance decomposition:
E[(T() - €)°] = Var(T{),) + (BITE)] - €2)°. (1)
We show Var(T,szl) = O(1/n) uniformly in P,m.

Distribution-free O(1/n) variance bound. We wuse the Efron-Stein inequality. Let D =
(Z1,Y1),...,(Zn,Yn)), and for each s € [n] let D) be the dataset where (Z,,Ys) is replaced by an inde-

pendent copy (Z.,Y/), independent of everything else. Let T = TfnS,zL(D) and T®) = T,ng}L(D(S)). Efron—Stein
gives

Var(T) < % ;]E[(T — T))2].

It therefore suffices to bound |7 — T*)| uniformly by C(.J)/n.

Changing one sample can only affect the contribution of at most two bins: the bin containing Z, and the bin
containing Z, (possibly the same). Thus it is enough to bound the change in a single bin functional under
adding/removing one element.

Fix a bin and write I for its index set with [I| = N and @ for the associated tuple that is selected by T, within
this bin. Define the bin contribution functional

_ n(N]\il)2 Ststtrer Uiy Umis, N 22,
W) =
0, N < 1.

Note that for any u,v € [~1,1]!9l we have |u"v| < [Jull2|v]]2 < /]Q]\/]Q] < J. Hence for any N > 2,

Z U’rz,ll Um,lz < N(N — 1) J.
l1#lel
Let I_ be obtained by removing one index from I (so |[I_| = N —1). Write P(I) = le&lzef UnTz,llUm,lg- Then

|P(I) — P(I-)] is bounded by the magnitude of the deleted ordered pairs, which is at most 2(N — 1)J. Therefore,
for N > 3,

= ‘ﬁ(ﬂﬂ - P+ ‘(n(NN— 02 n(]]\\ffi ;)2)13(1—)‘
= ﬁ 2N -1+ %‘ (N]i[l)2 - (]]\y__gl)g‘ (N =1)(N —=2)J.
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The first term is at most % N_ < n‘] For the second term, consider b(z) = ﬁ for x > 2. A direct

N—1
derivative computation gives |b ()] = (;”Jrll)g, so for x > 2, |b/(z)| < 16/2? (using (x — 1) > 2/2). By the mean
(Nivl)g (N 2 ’ = [b(N) = b(N — 1)| < sup,ein_1,n [0'(2)] < 16/(N — 1)2. Thus the second
term is at most < - 16/(N )2 (N =1)(N —2)J < 182 Hence [¥(I) — ¥(I_)| < 22 for N > 3. The case

N = 2 is even simpler: U(I_) =0 and |[¥(I)| < 2 -2J = 4L Therefore, for all N, removing one point changes
one bin contribution by at most 20J/n. Adding one point is handled symmetrically, so modifying one observation
changes at most two bin contributions by at most 2-2-20.J/n = 80.J/n. Consequently, |T' —T(*)| < 80.J/n almost
surely, and thus

3200 J*?

n

Var(T ZE (T —T®)?) <= .n-(80J/n)% =

l\)\»—t

In particular, Var(7, 751521) = O(1/n) uniformly over all P and all m.

Compute E[Tr(nszl] up to a vanishing O(m/n) term. For each bin define the cell probability p,,;, = P(Z €
Byyi). If ppm.; = 0 the cell is null and contributes nothing; henceforth fix cells with p,, ; > 0. Recall the bin-specific
residual function and define the within-cell mean residual vector

Hm,i = T(Bi,m) =E |:HEHY - Z]TQ(Z)|Z € Bm,i}”ﬂ , 'qu,,i =

Note [[resis? (2)[3 < |Q| < J, 50 0 < 02, < J.

Condition on the bin memberships and on the event {N,,; = N > 2}. Within this cell, the i.i.d. structure
implies that the ordered pairs (U, iy, U i,) are independent for distinct indices, and E[U,,; | Z; € By il = tim,i-
Therefore, for I; # ls in the same cell,

T 2
[Um llUsz | Zlu le € Bmﬂ'} = M ibm,i = Uy 4

Hence, conditional on N,,; = N > 2, the expected ordered-pair sum is N(N — 1)v2, ;. Thus the conditional

m,*
expectation of the i-summand equals

N
E[i U 1 Unm
n(N —1)2 2 2
LW#l2€Tm 5,0

Nui = N| =

Since the summand is zero when N < 1, we obtain

1 N2 .
(971 — trlmi S 2
BT = 3 LB e 2 2)]4f (2)

@ Pm,i >0

Now decompose ﬁI(N >2)=(N—I(N=1))+ 5I(N > 2). Since E[N,, ;] = npm; and :251(N > 2) <
2I(N > 2) <2, we can write (2) as

E[T»(n%] = Z Pm,i 'qu,i + Runs (3)
4,Q: Pm,i >0
where the remainder is
1 N )
mmn — _PNmZ—l E ””INm7;Z2 ) ..
fon. n i‘pZ->0 ( ( )t [ (Nom, )] bt

The bracket is bounded in absolute value by 1+ 2 = 3, and v, ; < J, so

|Rmn| < g 'Mma

where M, is the number of (potentially) non-null cells B,, ;. In our construction M,, < |S|m with m =
m+m?+---+m’ < Jm”’. Since m’ = o(n) by assumption, M,,/n — 0, hence R, ,, — 0.

Then the result follows by assumption.



2 Example partition construction

See Figure 1 for an example of the induced partition {B,, ;} for threshold calibration with K = 3 and threshold
a = 0.4. The solid lines divide the simplex into disjoint selection regions T, 1(Q), where @ records which
coordinates satisfy z > a; the central gray region (no coordinate exceeds a) is never selected and therefore plays
no role. Within each nonempty region, the dashed lines further subdivide 7,,1(Q) into bins B, ; induced by
an equal-radius partition of the |@Q|-dimensional simplex obtained after coordinate augmentation. Consequently,
the bin boundaries depend only on the selected coordinates: for |@Q| = 1 they are constant along the unselected
directions (e.g., horizontal splits in the T (z) = (3) region depend only on z3), while for |Q| = 2 they arise from
intersecting a 2D simplex partition with the corresponding triangular region.

(Oa 0, 1)

(1,0,0) ‘ ‘ ' ' (0,1,0)

e M)
= Aj boundary

—— threshold a = 0.4
...... split lines between bins

none selected

Ta(2) = (1)
Ta(2) = (2)
Ta(z) = (3)
Ta(2) = (1,2)
Ta(z) = (1,3)
L Ta(z) = (2,3) )

Figure 1: Induced bins {B,, ;} for threshold calibration on Ay with a = 0.4: solid lines show selection regions

T, 1(Q); dashed lines show within-region bins that depend only on the selected coordinates.
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