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ABSTRACT

Representation learning, particularly multi-task representation learning, has
gained widespread popularity in various deep learning applications, ranging from
computer vision to natural language processing, due to its remarkable generaliza-
tion performance. Despite its growing use, our understanding of the underlying
mechanisms remains limited. In this paper, we provide a theoretical analysis elu-
cidating why multi-task representation learning outperforms its single-task coun-
terpart in scenarios involving over-parameterized two-layer convolutional neural
networks trained by gradient descent. Our analysis is based on a data model that
encompasses both task-shared and task-specific features, a setting commonly en-
countered in real-world applications. We also present experiments on synthetic
and real-world data to illustrate and validate our theoretical findings.

1 INTRODUCTION

Multi-task representation learning (Caruana, [1997) is an important machine learning paradigm that
simultaneously learns multiple tasks within a single model. The goal is to extract the shared rep-
resentations from the input data so that they can benefit all tasks. By exploiting the relationships
between tasks, multi-task learning aims to enhance generalization, optimize resource utilization,
and promote transferability. Coupled with the advancements in deep learning models, it has gained
substantial popularity and made notable progress (He et al.,|2017; |Finn et al., 2017; Liu et al., 2019;
Yao et al., [2022). Take BERT (Devlin et al., 2018) as a well-known example. By training on both
the pre-training task and fine-tuning task, BERT can capture general representations more effec-
tively and combine them with task-specific features to achieve outstanding performance. However,
while learning across tasks produces representations that generalize remarkably well, the formal
understanding of the underlying mechanism remains less explored.

Drawing upon foundational research in generalization and transferability (Baxter, 2000; [Yosinski
et al.| [2014)), a line of theoretical investigations (Evgeniou et al.l 2005} Du et al., 2017} [Frei et al.,
2022; Shen et al.| 2022) has sought to explain the exceptional performance achieved by multi-task
representation learning. However, even for simplified mathematical models, a gap persists between
theoretical understanding and the many observed improvements of multi-task learning in practice.
Specifically, when selecting different tasks to be learned at the same time, there may exist similari-
ties in problem structures or task types among them. For example, the tasks can share the same goal
such as classification or regression. However, they could have totally different or even orthogonal
features. Compared to learning on a single task, jointly learning these tasks can still yield improve-
ment in generalization. Consequently, a crucial question emerges: how do the intrinsic relationships
between tasks help consistently improve model’s performances across different tasks with different
features? The fundamental conditions behind this phenomenon and their important role in obtaining
the exceptional generalization results remain undisclosed.

In this paper, we aim to rigorously investigate the underlying mechanism behind the intriguing
enhancement in generalization observed for of multi-task learning. To achieve this, we perform
a formal examination and comparison of the learning procedures of single-task learning and multi-
task learning, considering a two-layer convolutional neural network with smoothed ReLLU activation.
Within our theoretical framework, we consider an image-like data model, where each data consists
of a feature patch and several noise patches. Given the joint training of multiple related tasks, we
consider two possibilities for the feature patch: it could be either a task-shared feature, common to
all tasks, or task-specific feature, unique to each task. With careful design of the setting, we present
a comprehensive theoretical analysis summarized as follows:
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Figure 1: We demonstrate data exam-
., Aceuracy ples for two tasks, CIFAR10-Glass and
CIFAR10-Frost, to illustrate the follow-
ing: (1) shared features exist across the
tasks as they share the same original im-
ages in CIFAR10; (2) each task contains
" T Test Frost | unique features as the corruption signif-
Accuracy icantly changes the image style. The
b bar plots demonstrate the training and
test accuracy for models trained on each
task, where last column show the test
accuracy of a model on its unseen task.
The drop in test accuracy also indicates
the existence of unique features.
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1. Through careful examination and analysis of the learning processes, we separate these procedures
into distinct stages. We clarify the learning behaviors exhibited at each stage and elucidate their
influence on learning features of tasks within both multi-task learning and single-task learning
settings.

2. By reviewing learning results of training samples, we identify the types of data that exhibit signifi-
cantly different performances between multi-task learning and single-task learning. Additionally,
we delve into theoretical explanations for this observed phenomenon.

3. Combining the above aspects, we establish bounds on optimization and generalization for single-
task learning and multi-task learning. Furthermore, we offer explanations on intrinsic relation-
ships underlying different results, with a particular focus on generalization.

1.1 OUR CONTRIBUTION

The contributions of this paper are summarized as follows.

* We prove the global convergence of gradient descent with weight decay for both multi-task learn-
ing and single-task learning. In a polynomial number of iterations, the two-layer convolutional
neural network can be trained to attain zero training error on both multiple tasks and a single task.

* We further prove that the global solutions attained by multi-task learning and single-task learning
are different and they have very different generalization abilities. While the model trained on
multiple tasks can generalize well with a nearly zero test error, the model trained on a single task
has much worse performance on generalization with a test error no less than a constant.

* We depict the learning process of neural networks under these two different circumstances. For
multi-task learning, the model fits the training data on the feature patches including both task-
shared features and task-specific features, so that the solution contracts all the information of
features. But for single-task learning, the model fits the noise patches instead for the part of the
data with task-shared feature, which ends in losing some information on features.

* We conduct extensive experiments on both synthetic data generated from our data model and real-

world benchmark data including MNIST-C (Mu & Gilmer, [2019) and CIFAR10-C (Hendrycks &
[2018). The empirical results confirm and support our theoretical findings.

Notation. We use lower case letters, lower case bold face letters, and upper case bold face letters

to denote scalars, vectors, and matrices respectively. For a vector v = (vy,- - - 7vd)T, we denote
by [|v]|2 = (Z;l:l vjz-)l/Q its 2-norm. For two sequence {a} and {b}, we denote a = O(by)

if |ax| < C|bg| for some absolute constant C, denote ar, = Q(by) if by = O(ay), and denote
ar, = O(by) if a, = O(by) and ay, = Q(by,). We also denote ay, = o(by,) if lim |a /by| = 0. Finally,
we use O(+) and €2(-) to omit logarithmic terms in the notation. We denote the set {1,--- ,n} by [n].
The carnality of a set S is denoted by |S|. Additionally, we denote x,, = poly(y,) if z,, = O(y2)

for some positive constant D, and z,, = polylog(y,,) if 2, = poly(log(yy)).

2 RELATED WORK

Multi-task Representation Learning. The ideas of representation learning and multi-task rep-
resentation learning have been studied since 90’s (Caruana, [1997; [Thrun & Pratt, [1998}, [Baxter]
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2000). Since its excellent performance has been discovered on many applications, a growing num-
ber of multi-task learning methods on different specific problems have been studied (Ben-David
& Schuller, 2003} |Ando et al., 2005} |Argyriou et al., 2006} Cavallanti et al.l |2010; Kuzborskij &
Orabonal, 2013 [Maurer et al., [2013; [Pontil & Maurer, [2013; Pentina & Lampert, 2014; [Widmer
et al.,2014)). Notably, it yields some of the best results in computer vision (He et al., 2017) and nat-
ural language processing (Devlin et al.,2018)). On the theoretical analyses, a series of works (Baxter,
2000; Maurer et al., 2016, Maurer} |2006; |Cavallanti et al., [2010; [Lounici et al., 2011} [Tripuraneni
et al., [2020) focus on analyzing multi-task representation learning, including its generalization ca-
pabilities and sample complexities. While these works study the linear setting, [Tripuraneni et al.
(2021) generalizes to non-linear settings. Our work focuses on the more complex non-linear setting.
However, few of them consider a model as close to real-world as ours, which is to train neural net-
works on data that consists of different sources of features, and multiple sparse noises with feature
noises. Also, a thorough analysis of feature learning and noise memorization during the process is
also relatively rare.

Optimization and generalization in deep learning. There have been many theoretical explo-
rations on the optimization and generalization mechanisms of neural networks (Du et al.| 2018;
2019; |Allen-Zhu et al., [2019b; |[Zou et al., 2020; |Allen-Zhu et al.l |2019a; |Arora et al., 2019bjal; J1 &
Telgarskyl 2019; [Chen et al.l [2021). Most of them are in the neural tangent kernel (NTK) regime
(Jacot et al.| [2018) or lazy training regime (Chizat et al.l 2019). More recently, more works start
to study the learning properties of neural networks outside of NTK regime (Allen-Zhu & Li, 2019;
Bai & Leel [2019; [Shen et al. |2022). We note that our work also makes analysis beyond the NTK
regime, following the line of works that applies tensor power method for analysis (Allen-Zhu & Li,
20205 [Zou et al., 2021} [Kou et al., [2022; (Chen et al., [2022b)).

3 PRELIMINARIES

In this section, we outline our problem setup that serves as the foundation for our theoretical devel-
opment.

Problem Setup. We consider a scenario involving K (K > 2) distinct classification tasks. Our ap-
proach involves training a Convolutional Neural Network (CNN) using gradient descent on training
examples (x, y) generated from a data model D. For each of the K tasks, we possess a collection of
n training samples, denoted as {(x; k, Yi k) }7y-

Within this data model, the input data is composed of both feature and noise patches. Specifically,
we represent x as a vector consisting of H patches, i.e., x = (x1,Xa, ...,Xz) € R¥9 Among these
patches, one represents the feature patch generated according to Definition while the others
represent noise patches generated as per Definition [3.2]

Definition 3.1 (Feature Patch Generation). For data (x, y) which belongs to the k-th task, the feature
patch is generated as one of the following case randomly:

* Case 1: task-shared feature. This patch is given by ay - v, where 0 < a < 1, v = (1,0, ...,0)
denotes the task-shared feature and it is all the same for different tasks.

* Case 2: task-specific feature. This patch is given by y - v, where v denotes the task-specific
feature for the k-th task and v, which is 1 on its k-th coordinate and O on others, is orthogonal to
V.

With probability p, the feature patch is taken as the task-shared feature oy - v, and with probability
q = 1 — p, the feature patch is taken as the task-specific feature y - vi.

Definition 3.2 (Noise Patch Generation). For data (x,y) which belongs to the k-th task, after the
generation of feature patch v, the noise patch x;, is generated according to the following process:

« Randomly select s coordinates from [d]\[K + 1] uniformly, denoted as a vector s, € {0, 1}%.

 Generate {; from distribution A/ (0, oﬁId), and then mask off the first K + 1 coordinates and
other d — s — K — 1 coordinates, i.e., (, = Cn © Sp,.

 Add feature noise to (j, to form the final noise patch &, i.e., &, = n, — Bryv, where 0 < 5, < 1
is the strength of the feature noise.

This data model is motivated by multitask representation learning, where data samples originate
from various learning tasks. It accounts for the presence of task-shared features common across
all tasks and task-specific features unique to individual tasks, often perturbed by noise. Such data
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models are prevalent in various applications, especially in classification problems. For instance,
when dealing with multiple similar image classification tasks, the labels may depend on general
information shared among all tasks (e.g., animals/vehicles) or more specific information limited to
one task (e.g., dogs/cats), while being influenced by noise.

Our data model can be thought of as representing the output of an intermediate layer of a CNN,
assuming entry-wise independent noise and sparsity. These assumptions draw inspiration from prior
works such as|Yang| (2019)), which discussed scenarios where hidden nodes in an intermediate layer
are independently sampled, and Papyan et al|(2017)), which demonstrated the sparsity of outputs in
such layers. Importantly, our proof techniques can be extended to settings where features and noise
exhibit higher density, as long as a sparsity gap between features and noise is maintained.

Given our data model, our objective is to optimize the CNN model defined as follows:

H

Fy(W,x) =YY o ((wjrmxn)),j € {£1}. (1)

r=1h=1

Specifically, we employ the same smoothed ReLLU activation function as described in|Allen-Zhu &
Lil (2020), and its definition can be found in Definition

Definition 3.3. For an integer ¢ > 3 and a threshold p = m , we define the following
smoothed ReLU function:
0 if z <0;
ReLU (2) = quqq_l if z €0, p];

Z—(l—%)p ifz>p

Our goal is to minimize the regularized logistic loss function. Therefore, for single-task learning
trained on k-th task, the target function is

n

1 A
Ly (W) = — 3" Lin (W) + 5 [ WG @

i=1

and for multi-task learning, the target function is

1

K n
_ , A w2
L(W)= — ;;Lhk (W) + 5 W5 3)

e Tvi e (Woxi k) C
> 7w represents the individual loss for data (Xi k> Yi k)
je{-1,1} ¢ b
which is the i-th data point from the k-th task. We use gradient descent to optimize the loss:

Here, L; s(W) = —log

W%~ N(0,021,),
wit = will = Yy, LW®), j € {#1},r € [m], )

1,7

where 7 is the learning rate.

Other requirements. We also have certain requirements for parameter magnitude, which are
listed here. Based on n, we have s = O(n¢), K = Q(n%1), d = Q(n?**t*K), 0y = O(n %),
op = O(n~it3), o = O(n 0P), B = O(n ), Vh € [2,H], A = O(n §¥77) and
m = polylog (n). Other parameters not listed are absolute constants with some logarithmic terms.

4 MAIN RESULTS

In this section we will introduce our main results. We will give optimization and generalization
guarantees of gradient descent for both training a two-layer CNN model on multiple tasks and a
single task in the following theorems. There are two parts in our main theorems: single-task learning
and multi-task learning.

4.1 SINGLE-TASK LEARNING

In this part, we consider the analysis for the learning problem of the k-th task.
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Theorem 4.1. (Single-task Setting) Consider a two-layer CNN defined in (1)) and regularized train-
ing objective [2) with a regularization parameter A > 0, with the data distribution following Defini-
tion3.1|and[3.2] then we have the following guarantees on the training and test errors for the models

poly(n,A~")
n

trained by Gradient descent. Suppose we run gradient descent for T' = iterations with

*

single such

learning rate 1), then with probability at least 1 — O(n=1), we can find a NN model W
that |VL(WZ )R < Tin Moreover, the model W, ... also satisfies:

single single

:ingle7 Xi7k) < F—yi,k (W:inglmxi;k?)] =0
x) < F_, (W x)] > & —poly (n!).

single?

* Training error is zero: + 31" | 1[F,, (W
o Test error is high: P(x,y)~D[Fy(W:inglev
From Theorem[4.1] we can see that the optimization on training data of one single task via gradient
descent with a two-layer convolution neural network will converge to a global solution which has
both a zero classification error and a small gradient. However, this solution does not generalize well,
as it has a constant lower bound for test error.

4.2 MULTI-TASK LEARNING

In this part, we consider the analysis for the learning problem of all K tasks.

Theorem 4.2. (Multi-task Setting) Consider a two-layer CNN defined in (1)) with and regularized
training objective with a regularization parameter A > 0, with the data distribution following
Definition [3.1) and 3.2] then we have the following guarantees on the training and test errors for
poly(n,A™1)
n
iterations with learning rate 0, then with probability at least 1 — O(n™1), we can find a NN model

A% such that |V L (Wr*nulti)H% < T%] Moreover, the model W .. also satisfies:

the models trained by Gradient descent. Suppose we run gradient descent for T =

*
multi

* Training error is zero: —= 25:1 S [Fy (Wi Xik) < Foy, (W2 e Xik) | = 0;
* Test error is nearly zero: Py ) p [Fy (Wi, %) < F_y (W2 i, %)] = poly(n™1).
From Theorem .2} we observe that when using gradient descent with the same neural network
but trained on samples from all tasks, it achieves optimal training optimization performance char-
acterized by a small gradient and perfect accuracy. Importantly, this solution also exhibits strong
generalization capabilities on unseen test data.

4.3 DISCUSSION

Comparing Theorem .1 and Theorem [4.2] we observe similar optimization performance in both
cases. However, there is a significant disparity in terms of generalization to test data, even when
utilizing weight decay regularization. Models trained on multiple tasks exhibit remarkable general-
ization capabilities and achieve nearly zero test error. In contrast, models trained on a single task
cannot attain a test error lower than a constant. This gap is formed during the training process, as
outlined in the following section.

5 PROOF SKETCH OF MAIN RESULTS

In this section, we provide an outline of our proof and introduce critical techniques employed in
proving Theorem [4.1] and Theorem [4.2] Subsequently, we present a fundamental stage separation
in the learning processes of single-task learning and multi-task learning. Both learning scenarios
are structured similarly, with two main stages: the pattern learning stage and the regularization
stage. Therefore, we present an overview of each stage for both scenarios concurrently. Our focus
centers on several key quantities: (Wﬁtz, Jv), (w;tz,, Vi), (wgtz, Cik.h)- A larger value of
j(tz, j - v) signifies improved task-shared feature learning, while a larger <w§t3,

(w J - Vi) indicates

better task-specific feature learning. Furthermore, a greater <W§-t,,)_7 Ci.k.n) represents enhanced noise
memorization.

5.1 IMPORTANT LEMMA: TENSOR-POWER METHOD

In this section, we present an important result regarding the depiction and comparison of the growth
rates of two non-linear sequences, which have different parameter magnitudes. This can be viewed
as a weaker version of Lemma D.19 in|Allen-Zhu & Li| (2020)).
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Lemma 5.1. Let {x, y: }1=1,.. be two positive sequences that satisfy the following conditions:

-1
Tip1 > w4+ Ax,

-1
Y1 <ye+n- Byl

for some A and B such that Azl™> > Byl *log (1/x0) and n = o(1), Azl = o(1) and
Byg*2 = o(1). Then, for any q > 3, for some C' € (xo,0 (1)), let T, be the first iteration such that
x; > C, then we have

Ten < @(A*Ixﬁ‘q) and yr, <O (yo).

Owing to the characteristics of the pattern learning stage and our activation function, we will observe
that some of the updating rules for the target inner products in this stage exhibit similarities with this
type of non-linear growth. Consequently, we can apply the tensor-power method to establish bounds
on the time and magnitude of each inner product.

Assumptions and notations. Without loss of generality, we consider the first task for single-
task learning and assume the first patch of data is the feature path and the other patches are noise
patches. Denote D; as the index set of training data whose feature patch is taken as the task-
shared feature, and D5 as the index of the rest of the training data whose feature patch is taken as

the task-specific feature. For the simplicity of proof, we define Ag.t) = MaX,¢g[m] [(wj(tz, J V)t

\Ilgt) = maxre[m][(w§f2,j - v1)]4, and @gtz) = maXTe[m]7]Le[2,H][<w‘g7t7)_7Ci,k7h>]+ for single-task

learning, <I>(-t3 = MaXpe[k] MAX,c[m],he2, H][<WJ('Z)"’ Cik.h)]+ for multi-task learning to quantify

task-shared feature learning, task-specific feature learning and noise memorization respectively. Let
P; be the iteration number that \Ilgt) reaches ©(1/m) for j € {£1}, T; be the iteration number that

(I)é? i reaches ©(1/m) for i € Dy, and Q; be the iteration number that Ag-t) reaches ©(1/m) for

,1

je{£1}.
5.2 PATTERN LEARNING STAGE

In this initial learning phase, weight decay has minimal impact, and gradient descent guides the
model to learn from training samples. Notably, single-task and multi-task learning exhibit different
behaviors in this stage. Based on our data distribution definition, the task-shared feature is “weak-
ened” by a factor . Consequently, in single-task learning, for data with task-shared feature (in D-),
the noise patches will have a greater “impact” than the task-shared feature patch. As a result, the
model focuses on learning the noise patches. Conversely, in multi-task learning, the “impact” of
the task-shared feature from data across all tasks is combined, surpassing that of the noise patches.
Therefore, the model prioritizes learning the task-shared patch. For data with task-specific feature
patches (in D;), in both single-task and multi-task learning, the task-specific feature consistently
carries a greater “impact” than the noises. Therefore, the model concentrates on learning the task-
specific feature.

For single-task learning during the pattern learning stage, we observe the following inequalities
regarding the increasing patterns of various metrics:

-1 n —1)\g— .
vl > wl w@((@y Nyay, Vj € {£1},t < Pj;
~ 2
@) < @)+ 600} me((@ ) + 8o, Vi€ (#1}ie Dot < max Py
o) >0l Ny T _0(s02/m)O((® ") 6 (00))1Y), VieDit< Ty

Yi, 1,0 = T Yi1,0 2pq71

nat

®) (t-1)
Ay <max{A; 7 + e

O((AYV)171),8(at0g)},  Vje{E1},t< max T;.

Considering {¥'"}, {@\” }(j € {£1},i € Dy) as {z}, and {A\"}, {@{)}(j € {£1},i € Do)
as {y: }, we can leverage Lemmain conjunction with specific techniques to yield the subsequent

results:



Under review as a conference paper at ICLR 2024

Lemma 5.2. For single-task learning, the iteration numbers P; for task-specific feature learning

metric \Ilg.t) to reach ©(1/m) and T; for noise memorization metric @éi)hi to reach ©(1/m) follow
these orders:

P = O(a2™/n), Vi e {£1}, T, = 5(n(\/50p00)2_q/n50§), Vi € Dy.
The orders of (I)51) and A( ) are as follows:

= O(V/so,00), Vj€ {£1},i€ Dyt < n%aﬁ}P A§»t) =O0(0g), Vje{£l},t< I.Tel%XTi-

€Dy
This implies that at the end of the feature learning stage in single-task learning: For data with task-
shared feature patches (in D;), the inner products of neurons with noises will reach a constant level,
while the inner products with task-shared features remain small. For data with task-specific feature
patches (in D), the inner products of neurons with task-specific features will reach a constant level,
while the inner products with noises remain small.

For multi-task learning during the pattern learning stage, we have these inequalities:

vl >0l el ) v € {1}k € (K]t < Py;

2K pa—1
-1 n -1 ~ 2 . . .
2] < @7V + 000} /mB((@) Y +8(ai ) ). ¥ € (1L i € Dyt < max Py
1 n -1 ~, 2
o) <oV 4 T ———0(s02/n)O((®Y V) + 8(0§))17h),Vj € {£1},i € Dyt < dnax Qs

-1 nat —1)\qg— = -1 .
AP > Al pqﬂ@((Agt N1 — O((Vsapo0)® 1), Vi € {£1},Vt < Qj;
Taking {U)}, {A}(j € {£1},k € [K]) as {x,}, and {@)}(j € {£1}) as {y¢}. we can once
more apply Lemma 5.1 with specific techniques to derive the followmg results:

Lemma 5.3. For multi-task learning, the following orders of iteration numbers P; for task-specific

v

feature learning metric \I/§ reaching ©(1/m) and of iteration number Q) ; for task-shared feature

learning metric A;t) reaching ©(1/m) hold:
P = 5<Ko§*q/n>, Q; = O(a™ay */n), Vj € {£1}.
And following order of <I> holds

(I>(t O(Vs0,00), Vj € {£1},V(i € Dyt < gﬁ}i} P;), V(i € Dq,t < gg?ﬁ}Q i)
This implies that at the end of the feature learning stage in multi-task learning: For data with task-
shared feature patches (in D), the inner products of neurons with task-shared features will reach a
constant level, while the inner products with noises are still small. For data with task-specific feature
patches (in D-), the inner products of neurons with task-specific features will reach a constant level,
while the inner products with noises stay small.

5.3 REGULARIZATION STAGE

In the regularization stage, which follows the acquisition of basic data directions, weight decay plays
a crucial role in retaining learned knowledge and driving the model towards convergence. Conse-
quently, a single-task learning model converges while retaining some noise and loses information
related to shared features. This ultimately results in a constant lower bound for generalization loss.
In contrast, a multi-task learning model accommodates all features and achieves nearly perfect test
error.

Lemma 5.4 (Maintain the pattern). In the regularization stage, for single-task learning, it holds that

o) ,=6(1), Vi € Dy, W Z8(1),  vje {1},
o) < O(Vsopop),  VieDyje{xl}, AV <B(e),  Vje {1},

For multi-task learning, it holds that
v =0(1),AY =6(1), vje{x1}, oY) <6 (Vsooo), Vje{£l}ieln).
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The first part of this lemma implies that, during the regularization stage in single-task learning, for
data with task-shared feature patches, the inner products of neurons with noise will remain constant,
while the inner products with task-shared features will remain at a small magnitude. For data with
task-specific feature patches, the inner products of neurons with task-specific features will continue
at a constant level, while the inner products with noise remain small.

The second part of this lemma implies that, during the regularization stage in multi-task learning,
for data with task-shared feature patches, the inner products of neurons with task-shared features
will remain constant, while the inner products with noises will remain at a small magnitude. For
data with task-specific feature patches, the inner products of neurons with task-specific features will
continue at a constant level, while the inner products with noise remain small.

6 EXPERIMENTS

In this section, we present experiment results on both synthetic and real data in verification of our
theory.

6.1 SYNTHETIC EXPERIMENTS

We consider a two-layer CNN model as outlined in with m = 10 and ¢ = 3. We present the
results of the experiment under the following two data settings that strictly follows Definition[3.2] In
Appendix [A] we additionally present a generalized setting to demonstrate that our theoretical results
can be extended to more general cases.

* Setting 1: we let the number of tasks K = 3, number of data N = 45, patch dimension d = 100,
and number of patches H = 2. Moreover, we set the parameters « = 0.8, p = 0.2 and s = 1.
 Setting 2: keeping all other parameters the same as setting 1, we let d = 200 and s = 2.

Adhering to Definition [3.2] all three tasks have a shared feature v and respectively has a specific
feature v;. Both test and training data are generated under identical settings and share the same
size. The models are trained to loss convergence as per (2) for single-task learning and (3] for
multi-task learning, using gradient descent as in (@), with parameters set at A = 0.01 and =
0.1. For single-task training, the model is trained on the same data of task %k in our generated
multi-task training data. As we show in Figure [2] we train the models until the loss converged for
both single-task learning and multi-task learning. The comparison results in setting 1 and 2 for
models under multi-task and single-task training are presented in Table |1} using identical test data
from task k. In alignment with our theoretical results of Theorems and we can observe a
distinct gap in test accuracy between the two learning schemes across the all tasks in both settings.

" 0.75 1 — task 1 Table 1: Synthetic experiment results on setting 1
i and 2. We report the test accuracy (%) of task k.
2 .50 task 2
_g’ —— task 3 Setting 1~ Single-task  Multi-task
§ 0.251 —— mult Task 1 9231 100
= 0.00 Task 2 81.25 100
"7 0 250 500 750 1000 Task 3 87.50 100
. e!oo_ChS ) ) Setting 2 Single-task ~ Multi-task
Figure 2: Change of training loss in setting 1
for single-task and multi-task learning with regard Task 1 88.24 100
to training epochs. As shown, we train until all Task 2 64.29 100
losses converged. Task 3 78.57 100

6.2 REAL DATA EXPERIMENTS

We further support our theoretical findings with the following real-data experiments. Recall our
theory finds that (1) multi-task learning reaches better generalization result, due to (2) its better
learning of the shared feature. We use real data to confirm both points.

Dataset. We consider CIFAR10-C (Hendrycks & Dietterichl 2018) for our real data experiments.
In specifics, CIFAR10-C is a corrupted CIFAR10 benchmark dataset, with 19 different corruptions
applied to the original testset of CIFAR10. In appendix, we also present experiments on MNIST-
C (Mu & Gilmer, 2019)), similar corruption datasets used in previous literature (Chen et al., [2022al)
investigating multi-task learning for different theoretical perspectives. Due to the nature of having
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the same original dataset but differing significantly in the applied corruptions, the classification
problem within each corruption well fits our data model containing both task-specific feature and
shared feature. Therefore, we consider learning on each specific corruption as the single-task setting
and learning on a union of corruptions as the multi-task setting. We make the same split on each
corruption data, letting the first 8, 000 images as the training data and the last 2, 000 as the test data.
Lastly, we let the severity value of corruptions to be 5.

Model. For the model architecture, we consider ResNet18 as our network. Models for single-task
and multi-task learning are all trained to convergence on training loss using SGD optimizer with a
learning rate of 0.1, momentum of 0.9 and weight decay of 5e-4.

Multi-task learning outperforms single-task learning. Each corruption type in the classification
problem is treated as a distinct task. We begin with considering single-task training on the 9 tasks
specified in Table 5] Moreover, we consider multi-task learning on the union of the training data
of the 9 tasks. Again, we note that the train-test splits are the same for all tasks. Lastly, multi-task
learning are evaluated on the test data for each single task to compare with single-task learning. Ta-
ble[5]shows that multi-task learning indeed outperforms single-task learning on each of the specific
task.

Multi-task learning better learns the shared feature. We further present the following experiment
to confirm our theoretical reasoning on why multi-task learning outperforms single-task learning.
That is, we demonstrate that multi-task learning can better learn the shared feature. Table[3|presents
the test accuracy of both single-task and multi-task training across various test data on unseen tasks.
We make the following two observations. Firstly, while single-task learning manages to maintain
a decent accuracy on unseen tasks, there remains a distinguished gap in performance compared to
that on the test data of its own task. This indicates the existence of both shared feature and distinct
specific features. Secondly, multi-task learning consistently outperforms single-task learning across
different new tasks. Such an observation provides evidence that multi-task learning can better learn
the shared feature that enhances its performance on the other tasks.

Table 2: We report the model’s accuracy (%) on the test data with regard to each task (corruption).
For single-task learning, we report the model trained on the specific task. For multi-task learning,
we report the model trained on the union of the 9 considered tasks.

Bright Contrast Defocus Elastic Fog  Frost Gauss blur Gauss noise  Glass

Single  83.95 78.55 82.45 78.70 8295 81.50 84.20 76.80 75.25
Multi  84.75 85.90 84.70 81.15 84.05 84.15 84.70 82.15 80.35

Table 3: We report the model’s accuracy (%) on the test data with regard to each unseen task (cor-
ruption). For single-task learning, we report the model trained on the listed task. For multi-task
learning, we report the model trained on the union of the 9 considered tasks.

Impulse Jpeg Motion Pixelate Saturate Shot Snow Spatter Speckle Zoom

Bright 17.00  61.10 34.15 51.20 65.15 2495 67.05 58.50 24775  38.85
Contrast 1335 3495 39.20 37.45 23.85 1845 2785 2845 1820  41.90
Defocus 2340 5930 67.95 62.05 56.80  35.15 51.70 45.00 36.05  73.40
Elastic 4330 7480 64.80 77.85 6635 56.00 67.25 71.30 5545 71.20
Fog 2635  62.20 62.80 46.70 5040 2425 6045 60.70 26.65  62.35
Frost 3840 6925 54.85 69.50 61.60 5820 7465 7195 57.15  57.80
Gauss blur 1445 4490 60.15 48.45 49.55 1555 3435 36.05 1555 6795
Gauss noise ~ 67.55  71.65 43.00 67.05 66.65 77.05 6570 67.55 7525  48.50

Glass 4385 7320 66.35 77.10 6230 57.30 6630 69.35 56.30  68.25

Multi 7750 78.80 78.00 82.20 78.75 8215 79.55 77.40 8220  82.55

7 CONCLUSION AND FUTURE WORK

In this paper, we theoretically studied how multi-task learning reaches better generalization results
than single-task learning. Our theoretical results showed that, when both single-task learning and
multi-task learning reach zero training error, multi-task learning has a much better generalization
performance than single-task learning on the test data. We explain the mechanism of the improve-
ment by separating the learning process into different stages appropriately and analyzing the dif-
ferent situations of feature learning and noise memorization in each stage. Our proof reveals how
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learning on multiple tasks can help raise the impact of features in data, resulting in stronger gener-
alization capabilities. Experiments on both synthetic data and real data verify our theory.

Our findings suggest several interesting future research directions. An important direction is to
extend our analysis to a broader range of conditions. This may include extending two-layer neural
networks to deeper neural networks, exploring different data types, and extending related learning
schemes such as meta-learning. A comprehensive exploration of generalization capabilities across
diverse scenarios promises to furnish deeper insights into the underlying landscape.
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A ADDITIONAL EXPERIMENTS

A.1 SYNTHETIC DATA

Inner product. To corroborate our theoretical analysis, which delineates the two-stage training
process described in Subsection [5.2]and [5.3] we have plotted the inner products between the model

weight vectors and both the key feature vectors and noises identified in our study, i.e., A‘gt) , \Ié” and

<I>§t2 defined in

We consider setting 1 for these experiments, and took the average of all noise vectors in training
data to show the overall trend of noise learning. In the case of single-task learning, our observations
confirm that the model primarily learns the task-specific feature, while the learning of noise sur-
passed the learning of the shared feature. Conversely, multi-task learning demonstrates a successful
learning of the shared feature, surpassing the learning of the noise feature.

Furthermore, the learning trends observed in our synthetic experiments are consistent with our two-
stage training analysis. In single-task learning, the learning processes of the task-specific feature
and noise are going through the pattern learning stage before approximate 50th and 350th epoch
respectively, in which the inner products are growing rapidly; and they both keep steady and enter
the regularization stage after the turning points. And the inner product with the task-shared feature
remains near initialization. In multi-task learning, the inner products with all features are increasing
fast in the pattern learning stage before around 250th epoch, until each of them reach a certain level
and keep the same magnitude after that in the regularization stage. And the learning level of noises
stays at a low level.

0.6
0.8
0.51
Y 0.64 task 1 ks 0.4 task 1
§ —— task 2 § ' —— task 2
s —— task 3 s —— task 3
< 0.4 - 0.31
g —— shared g —— shared
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epochs epochs

(a) Single-task training (task 1) (b) Multi-task training
Figure 3: We demonstrate the maximum inner product over the model weight vectors with the
feature vector. We compare the growth of these quantities when training with weight decay or
training without weight decay. It can be observed that training without weight decay will result in
the inner product continuously growing, while training with weight decay will not.

Weight decay. We also investigate the training process with or without weight decay on the synthetic
data. The results are illustrated in Figure [d] From both figures, we can see that although there are
turning points in the dynamics of inner products between weight node vectors and features both with
and without weight decay, the curves after the turning points are obviously different between these
two settings.

With weight decay, which is the setting considered in our original model, the learning processes of
features enter the regularization stage after the turning points, and the inner products with features
basically stay still, and even decrease a little. Without weight decay, however, the inner products
with features keep increasing at lower speeds, so there are not very significant regularization stages
in these situations.

Setting 3. We consider a more realistic setting without restricting orthogonality on the noise patches
across data points. Keeping the same parameters as in Setting 1, we let K = 5, N = 75, and s = 94.
In other words, the noise patches are random noise vectors only orthogonal to the feature vectors.
The results are shown in Table[d Although the noise patches in this setting do not enforce sparsity

13
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Figure 4: We demonstrate the maximum inner product over the model weight vectors with the
feature vector. We compare the growth of these quantities when training with weight decay or
training without weight decay. It can be observed that training without weight decay will result in
the inner product continuously growing, while training with weight decay will not.

and orthogonality, a clear difference in test accuracy is evident across all tasks. Multi-task learning
consistently yields better performance compared to single-task learning.

Table 4: Synthetic experiment results on setting 3. We report the test accuracy (%) of task k.
Single-task ~ Multi-task

Task 1 81.25 100
Task 2 31.25 100
Task 3 75.00 100
Task 4 75.00 100
Task 5 73.33 100

A.2 CIFARI10-C

We conduct additional experiments to confirm the analysis of our theory, especially the different
capabilities of learning the task-shared feature between single-task learning and multi-task learning
and different performances between two stages during the learning process on both task-shared
feature and task-specific feature. Since in the CIFAR10-C dataset, one can not explicitly separate
task-shared feature and task-specific feature, so we try to use the test errors under various training
and testing situations to represent the learning process and the learning results of task-shared feature
and task-specific features.

In Figure[5] we present a comparison of test accuracy for models trained on a single task (brightness)
and a multi-task framework (encompassing the nine datasets discussed previously). The test data
includes impulse noise, an element not present in the training data for either the single-task or multi-
task models. The performance on impulse noise serves as an indicator of the model’s proficiency
in learning shared features. Additionally, we examine test data related to brightness, a corruption
encountered in both single-task and multi-task training. This assessment is used to indicate the
model’s effectiveness in learning task-specific data.

As shown in Figure[5] multi-task learning successfully learned the shared feature while single-task
learning failed to do so. Moreover, the trend in the figure aligns with our two-stage analysis. For
single-task learning, before around 80th step, the task-specific feature is learned relatively rapidly,
which corresponds to our pattern learning stage; after around 80th step, it basically remains at the
same level, which corresponds to our regularization stage. And the learning level of the task-shared
feature stays low. For multi-task learning, before around 50th step, both the task-specific feature and
the task-shared feature are gained rapidly by the neural network, which matches our pattern learning
stage; after around 50th stage, they both keep at a consistent level, which matches our regularization
stage.

Less Training Data. Previously we considered a train-test split of 80% and 20%. Here, we addi-
tionally consider the train-test split of 60% and 40%. The other setting follow our previous settings.

14
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Figure 5: Change of test accuracy with regard to training epochs. We consider single-task training
on brightness and multi-task training on the 9 tasks we discussed previously. For the test data, we
consider the test data from impulse noise (as an indicator for shared feature learning) and brightness
(as an indicator for specific feature learning). We note that both models are not trained on impulse
noise.

When training data are less, we can observe that the improvement gain of multi-task learning is more
significant.

Table 5: We report the model’s accuracy (%) on the test data with regard to each task (corruption).
For single-task learning, we report the model trained on the specific task. For multi-task learning,
we report the model trained on the union of the 9 considered tasks.

Bright Contrast Defocus Elastic Fog  Frost Gauss blur Gauss noise Glass

Single  71.66 61.42 70.34 65.16 49.68 66.16 55.80 43.10 44.76
Multi  80.60 80.75 80.24 77.28 79.30 79.60 79.82 77.78 75.74
A.3 MNIST-C

Datasets. We additionally present the real-data experiments on MNIST-C. Similarly, MNIST-C is a
corrupted MNIST benchmark dataset with 15 different corruptions applied to MNIST. We similarly
consider learning on each corruption as the single-task setting and learning on a union of corruptions
as the multi-task setting. As MNIST-C has train and test split, we do not make our own splits.

Models. For experiments on MNIST-C (Mu & Gilmer, [2019), we consider a CNN architecture with
two layers of convolution and two layers of fully connected layers. Specifically, both convolutional

layers have kernel size of 3 and stride of 1, each with 32 and 64 output channels. The two linear
layers have the dimension of (9216, 128) and (128, 10).

Training task ~ Test ~ Motion blur Rotate Scale Shear Stripe Translate

Brightness 98.98 84.50 89.53 91.83 96.34 94.17 42.46
Canny edges  98.69 33.64 45.61 51.56 49.68 82.63 30.02
Dotted line ~ 98.94 92.79 9124 93.65 9729 96.05 46.03

Fog 99.03 93.35 87.77 9244 96.13 95.26 41.35
Glass blur 98.22 76.48 88.30 7247 93.777 83.02 36.19
Impulse noise  98.53 92.11 89.22  93.17 96.85 95.26 42.37

Shot noise 98.79 93.40 90.89 9292 9647 95.61 44.27
Spatter 98.74 94.47 9098 92.63 9722 96.95 45.68
Zigzag 98.66 92.18 90.99 94.13 96.69 95.95 43.02

Multi-task 98.65 95.72 9240 9472 9746 97.19 48.02

Table 6: Test accuracy (%) of single-task training and multi-task training on different unseen tasks in
MNIST-C. Test denotes the test data that corresponds to each training task. For multi-task learning,
we report its performance on the combined test data of its tasks.
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B PREPARATION FOR THE PROOFS
In this section, we will get some preparations for our proof of main results.
B.1 GRADIENT CALCULATIONS

By following data assumptions, we can calculate the gradient update rules on single-task learning
and multi-task learning respectively.
We consider a two-layer CNN model F' using the smoothed ReLU activation function o(z) =

ReLU (z), where ¢ > 2. From |1} given the data (x,y) which belongs to the k-th task, the j-th
output of the neural network can be formulated as

=353 ()

r=1h=1
So if (x,y) is the first part of the data, then we have

m

H
Fi(W,x) =Y [o((Wjray-v) + Y o((W)r,&xn))]
h=2

r=1

m H
= Z |ff (<wj»Ta ay - V>) + Z o (<wj,ra Cx,h - ﬂhyv>)]
h=2

where m is the width of the network, w; , € R? denotes the weight at the r-th neuron, and W is
the collection of model weights.
If (x,y) is the second part of the data which belongs to the k-th task, then we have

m H
Fj(W,x) =) la (Wi ay Vi) + > o (<Wj,m€x,h>)]

r=1 h=2

m H
= Z [0 (<wj-,7“a Y- vk>) =+ Z o (<Wj,ra Cx,h - ﬁhyv>)]
r=1 h=2

Combining with optimization objective function 2] for single-task learning, 3| for multi-task learning,
and the gradient descent algorithm 4] we can obtain the following formulas.

Lemma B.1. According to the update rule of gradient descent, the feature learning and noise mem-
orization of gradient descent for (X; 1., Y ) which belongs to the k-th task for single-task learning
can be formulated by

(Wi v) = (@) (Wil g v) L5 ( 3 aialy o (w0 v)

i1€Dq

- Z Zﬂhyz kl] k0 (<WJ s Cisk,n — Bryi, kV>) )

h=21=1

:(1—77)\)< Sz,j v> (Zayzklﬂka (< jr,ayzk v>>

1€D1

—ZZBhyzkl“kJ (< Jr7£zkh>)>

h=21i=1
< §T+1),J Vk>:(1—77)\)< §T),J Vk>+— K <Z yzkl Lka << ]T,yzk Vk>>>
1€Dy
< yitfv)’gkh> (1—77)\)< ylkJaCzkh>
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Proof. According to our model, the training objective for single task learning given training data
{(Xi,k, Yik) iy is the empirical loss function with weight decay,

1 « A 9
= Z:lek (W) + 3 Wz

Fik X . ..
where L; j, (W) = —log = E{eil’lf‘:;] (%‘«:,)7)(1 S denotes the individual loss for the data (w; k., Y ).

Since we are using gradient descent, the update rule of parameters is

AR wir L (W<t>)

Wi
Combining these two parts, we can obtain that
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Since (v,v) =1, (v,vi) = 0, (v, &i k.n) = —Bn¥Yik> Vi, Vi) = L (Vi, & pn) = 0, (Cigons V) =
0, (Ci kb &s k,g) = (Gik,h» Gs,1,9) according to our data assumption, so by multiplying with task-
shared feature, task-specific feature and random noise respectively, we can get the above update
rules of each inner product. 0
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Lemma B.2. According to the update rule of gradient descent, the feature learning and noise mem-
orization of gradient descent for (X; i, y; ) which belongs to the k-th task for multi-task learning
can be formulated by

(o) =0 (o) s (30 32 et (o)

K k=1i€D,
K H n
- ZZZﬁhyzklj7 KO (< ijzkh —ﬁhyzkv>)>
k=1 h=2 i=1
ey (5 e (o)
k=1i€D;

iiiﬁh%klﬂka (< ngzkh>>>

(i Mg ) = (=) (i ve) + o (Z il (i Vk>)>

1€Dy

Eod
I
—
>
I|
)
-
—

K H
+1KZZ ZZ(JfL)k ‘le (<Wyzk"”£Slg>) Cslg,C1kh>
(Wi €)= (1_m>< O o€

n t
T WK Z Z BnYs,iYi, kly ,5,l0 (<W3(,1)k77 QYs,l V>>

=1 SED1

LK Zzl k,sla <Wyzk7r’£sl,q>) Esl,qvgzk:h>

=1 g=2 s=1

Proof. According to our model, the training objective for single task learning given training data
{(Xi,k, Yik) by is the empirical loss function with weight decay,

K n
1 A
LOW) = 33" Lo (W) + 5 W

k=11i=1
here L;j, (W) == -1 Tk (W xi.k) d he individual loss for the d
where i’k( ) == _OgZ‘E{ ll}eFJ'(ka) enotes the individual loss for the data
je{-1, I,

(Wi.k, Vi) Since we are using gradient descent, the update rule of parameters is

Wit — j(12 -V oL (W(t))

2,7

Combining these two parts, we can obtain that

(t-‘rl) (t) nv (f)L (W( ))

J7

= w A © (n%f( ZZLi,k (W(t)) + % ||W||%>

k=11i1=1
ONS wW® nA w2
W, KZZVW” zk( )**V ) w v
k=1 1=1
K n Fy. ‘(W(t),xi k) 2
— w1 1 e ‘ _ A )H
Wir T OK ZZVWE? o8 WO 2w F
k=11i=1 le{—1,1}
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Foy (W x, 1)

RS> s (W)

WO x; r
k=11 JZZG{ 1,1} € #i( xik) Y

K _ (WM x; )
MDY :

k=14 ,=—7 Zze{ 1,1} €

. ®) 5., ) — (t)
F(W(t)7xi1k)vw;2FJ (W 7X7,,k> AW ;.

7’] W( ) X
SIS W A
k 14=1
H
=(1-n\w (f) Pt Z Z lgtz)kv @ (0 <<w§ D oy, kv>> + Zo (<w§t37£1kh>)>
k 1i€Dy h=2
. K H
R 2 2 bV (" ((widwiavi)) + 20 ((wil &vkv”»)
k=1i€D2 h=2
H
=(1—-nA) W t Z Z QY k (UI (<W§t2, ayi,kv>) v+ Z o (<W;,tz7§i,k,h>> fi,k,h)
k 14€D, h=2
. K H
o D ( (i) viet 3o (w0 i) e)
k=1i€D2 h=2
Since (v,v) = 1, (v,vi) = 0, (v,&kn) = —BuYik (Visvi) = Li—i, (Vis&in) = 0,
(Cith, V) = 0, (Cik,hr€si1.g) = (Cik,h, Gs,1,g) according to our data assumption, so by multi-
plying with task-shared feature, task-specific features, and random noises respectively, we can get
the above update rules of each inner product. O

B.2 DATA STRUCTURE

Now we highlight an essential property of our data distribution D. As previously mentioned, spar-
sity is a distinctive characteristic of our model. The following lemma from Zou et al.|(2021) demon-
strates that according to Definition [3.2] all random noise vectors in training samples will have dis-
joint support sets with high probability.

Lemma B.3. Let {(x; 1, yi,k)}(i)k)e[n] (K] be the training dataset generated by Definition 1.1, and

{Ci,k,h}f_z be the corresponding random noises of x; . Then with probability at least 1 — n=2,

<Ci7k,h7 C;l,g> = Ofor all (27 ka h) 7& (57 lag)

Proof. For any vector a, denote a* its u-th coordinate, and let 5; i, r, = supp ({; x,») be the support
of ¢i k,»- Then according to the definition of inner product, we have that for any (¢, k, k) # (s,1, g),

(Ciokhs Cs,t,g) Z CirknContg

= Z CirknCsrg T Z CiknGsig

w€[d]\(Bi,x,nUBs,1,9) wEB; 1k,h \Bs,1,g
u U
+ E ik nCetg T E ik nCsilg
wEBs,1,g\Bik,h wEB; k,nM\Bs,1,9

= Do ekl

wEB; k,nNBs,1,g
' d
soif Bi7k7h n 8571_’9 _ @, then <Ci,k,h7 c5717g> = Zu=1 C;fk,hcs,l,g = ZuEBi,k,hﬁBs,l,g C"Z‘k:hc‘;lag =
0. Therefore,

P{V (ka7h> ) (57lag) [ ] X [K] X [ ) }7 (kavh) (Salag) : <Ci,k,ha<s,l,g> = 0}
> P{V (i, k, h), (s,0,9) € [n] x [K] x [2,H], (i, k,h) # (5,1,9) : Ba.g N By = 0}
=1—P{3(i,k,h),(s,1,9) € [n] x [K] x [2, H], (i, k, h) # (5,1,9) : Bas.g O Bign # 0}
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From definition, we can get that

P{3(i,k,h),(s,1,9) € [n] x [K] x [2,H],, (i,k,h) # (s,1,9) : Bs1,g N\ Bign # 0}
=P{3(i,k,h) € [n] x [K] x [2,H],(s,1,9) € [n] x [K] x [2, H\{(¢,k,h)} : Bs,1,g N Bi g, # 0}

=P {300,k h) € [n] x [K) x [2, H], G € i, (s, 1,9) € [n] x [K) x [2, HI\ (G b )} €1, # 0

For any fixed (i, k, h) € [n] x [K] x [2, H] and j € B, i n, then by the model assumption we have

Plel, 20} = gy

forall (s,1,g) € [n] x [K] x [2, H], since the first K + 1 coordinates of the random noises are equal
to 0 according to the definition. Therefore, by the fact that all the noises are independent with each
other, we have

(H-1)nK—1
s
P {305.0.0) € ] ¢ K] % 20\ (ko) 5 €, 20} =1 1= 7=
Applying a union bound over all (i, k, h) € [n] x [K] x [2, H] and j € B, i, 5, we obtain

P{3(0, k1) € 0] x [K] x [2.H),j € Bupns (5,1,9) € [n] x [K] x [2, H\ (GG, b, b))} < €], # 0}

s (H-1)nK-1
<(H-1)nKs-{1—[1—-—
s(H-Dn 5{ i dKii }

By the data distribution assumption we have s < 5 H‘g =, which clearly implies that o—7— < %
Therefore, we have

s (H—1)nK—1
H-1 D T | R
( )nKs { [ dKli }

= (H - 1)nKs- l—exp{[(H—l)”K_1]1°g<l_d—fsf—l>}}

{
< (H-1)nKs- {1—exp{ —l)nK—I}-di{sl}}
: {

4
<(H-1)nKs- l—exp{(H—l)nK—l] ;}}
H - K -1
<(H-1)nKs- ( Jn |4
) 2 n2K2s2
§HnKs~HnK 45:4H K<s <n-
d d

where the first inequality follows by the inequality log(1—2) > 722 for z € [O, 2] the second
inequality follows by *5 > (—z) < zfor

z € R, and the last mequahty follows by our model assumption. Combining all the previous results,
we have

]P){V (i,k, h) ’ (S7l79) € in] X iK] X i27H]7 (i7k7h) 7& (Svlag> : <Ci,k,ha<s,l,g> = 0}
>1—-P{3(i,k, h) € [n] x [K] x [2,H], (i,k,h) # (s,1,9) : Bs1,g N\ Bi e # 0}

=1 _P{H(Z’kvh) ) (s,l,g) € [ni X iKi X [ZH},(S,Z,Q) € [ni X iKi X [Q,H]\{(Z,k,h)},] € Bi,k,h : ég,hg 7& 0}

s (H-1)nK-1
>1-— — . B I S
>1-(H-1)nk {1 {1 d_K_J }

zl—n_2

Then we finish the proof. O
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This lemma provides insight into the optimization of the model parameter W for coordinates with-
out features. Since the support sets do not overlap, each coordinate will be influenced by only
one sample. This implies that the update for each coordinate will be primarily determined by the
corresponding data. Consequently, the optimization process simplifies to a coordinate-wise land-
scape, facilitating the analysis of the learning and generalization behavior of gradient descent in
both single-task and multi-task learning settings.

B.3 PROOF OF LEMMA

Proof of Lemmal[5.1} Since x; is positive for each ¢ > 0, obviously z; is monotonically increasing,
so z; > xg. Then we have

Tii1 > Ty + nAxQI*l > (1 + 77A£6872> Ty

9 t
> (1 +nAzd” ) Zo
Since log (1 + x) > xlog 2 for all z € (0, 1), then we have

log (1/z0) < log (1/z0)

T, < < =
log (1 + nAngz) nAzg ~log2

Therefore, we can get that for those ¢ satisfies y; < 2yo, we have that
t
Y1 <y + 0Byl < (1 + an’szS’Q) Yo

< exp (2"‘2773118_275) Yo

21-2p Byl % log (1
< exp nByg _Og( /o) Yo < 200
nAz{~

due to our assumptions. So we finish the proof. O

C SINGLE-TASK LEARNING

For single-task learning, our analysis primarily focuses on the k-th task, where we assume without
loss of generality that K = 1. To prove Theorem [4.1] we rely on the following crucial technical
lemmas:
Lemma C.1 (Convergence Guarantee). If the step size satisfies n < O (og), then for any t > 0, it
holds that

Li(WH) — Ly (W) < = VL (WD) 2

This lemma demonstrates that optimization on the training data using gradient descent with a two-

layer convolutional neural network will converge to a solution with a small gradient.

Lemma C.2 (Generalization Performance of GD). Let

* (t)
Warg | min VI (WO

poly(n,)\fl)

Then by selecting T = , for all training data, we have

Moreover; in terms of the test data (x,y) ~ D, we have

’E

P,y [Fy (W5, x) < F_ (W*, x)] > i~ poly ( )

This lemma reveals that even though the neural network can achieve zero training error, it cannot
perform well on generalization and has a constant lower bound for test error.
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D PROOF OF LEMMAS IN APPENDIX

In order to prove Lemma|C.I|and Lemma[C.2] we need the following technical lemmas.

Lemma D.1 (Off-diagonal Correlations for Task-specific Feature). For any j € {—1,1} and any t,
it holds that [(W(j;m,j v+ < O(09).

Lemma D.2 (Off-diagonal correlations for Random Noises). For any data (x;1,yi1), any h €
(2, H] and any t, it holds that [(w'") Cinn)ls < O(V/50,00).

Sy
Lemma D.3. Suppose the training data is generated according to Definition [3.1] and Defini-
onB2 Let A® — 0 . o® _ 0 . a®  _
tion |3. et A; maxre[m][<wj’r,] V)4, J maxre[m]Kijr,] vi)l+s ik
maXTe[m]Kng,Ci,17h>]+, @gfz = maxXpe[2,H] (bgfz?’h’ and @gt) = max;e[y) @52 Then let P;
be the iteration number that \Il(t) reaches © (1/m) for j € {—1 1} T; be the iteration num-
ber that @l(}ti“ reaches @(1/m) for i € Dy, we have P; < O(o2™/n) for all j € {~1,1}
and T; < O(n(y/s0,00)*> 4 /ndo?) for all i € D;. Moreover let Py = max;(_y 1y P; and
Ty = max;ep, I;. Forallt > 0and r € [m] it holds that A = O (0y) forall j € {—1,1},
~ 1
<I>§t2 = O (/sop00) forall j € {—1,1} and i € Dy, and [(w (_;-7r,] )y < O(0¢) for all
je{-1,1}
Now we are ready to prove Lemma[C.I]and Lemma|C.2]
D.1 PROOF OF LEMMA

Proof of Lemma[C.1} The proof is basically relying the smoothness property of the loss function
L, (W) given certain constraints on the inner products with each patch.

Let AF;; = F} (W(t+1), xi,l) - F; (W(t), Xi,l)’ we can get that following Taylor expansion on
the loss function L; ; (WD),

I (W(t))
. ¢+ _ 1. () L) . y )2
Lia (W ) Liy (W ) Z 5F, (W) AF;; + Z (AF;,)
J
In particular, by Lemma to Lemma , we know that [<w§?,yi71 v>} < (:)(00),
’ +
[<w§tl7yi 1 -v1>} < é( 1) and [<W§t27£i,1,h>] <0 (1). Then we can apply first order Taylor
' +

expansion to F} W ), x; 1) which requires to characterize the second-order error of the Tay-

lor expansion on o (< ( H ,yi,l . v>>, o (<W§f:1),yi,1 . v1>) and o <<w§fjl)7£i’1,h>) as the
following:

7 (W v)) = o (Wi v)) = (T (Wi v) ) Wi = wil)
<6 ([ -wit]}) - @(" [¥u. i (W)
o (it v)) = (Wi v)) = (T (Wi va) ) Wi —wil)
<& ([t =wit]}) = (7o (W)

o (it ) = ((wiih )] = (Vs (W50 €00 ) w5 = i)

<6 ([ w2} =8 (T 2 (WO L)

Then combining the above bounds for every r € [m], we can get the following bound for AF);

0= (St () ) 28 (7 5 [ ()

re[m]
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( \VLl w)l;)

<0
Moreover, since (w'") yir-v) < O(1) v w) & < ©(1) and
5 4,0 Ji,1 = 5 j 7-7 Yi,1 Vi1 ’ jﬁ-v i,1,h ) =

o (+) is convex, then we have

(i mv)) o (00
<o o ()| (i)} (o)

(t+1) (t)
= @ (HW ~ Wir 2) :
Similarly we also have
’o <<W§f:1),yi7lvl>) -0 (<W§-ffl),yi71vl>>‘ <0 (Hwﬁt:rl) _ WYi

‘a <<W(t+1)7£z,l,h>) -0 << t+1)7£1 . h>)’ <0 (Hwét:rl) _ wﬁtl

Combining the above inequalities for every r € [m], we have

)
)

and

2

| =8 (v (W)l
=6 (s [ve (wO)[;)

Now we can combine all the above inequalities, which gives

OL;1 (W®
Lia (WD) = Liy (WO) < Z ap(l(t)x)l) CAF; + Xj: (AF;)*

— <VLi,1 (W<t>) WD W<t>>

8 (v (o))

Taking sum over ¢ € [n] and applying the smoothness property of the regularization function
AW

AR <O | [ |wi - wl

re[m]

2
s We can get

L (W<t+1>) L <W<>)

s ()< ()
o o) ) o ) )
-(r-86)-fons ()

-3 v (w)

where the last inequality is due to our choice of step size 7 = o (1). This completes the proof. [

)

IA

IA

D.2  PROOF OF LEMMA[C.2)]
Proof of Lemma From Lemma and Lemma we can get that

By (W) =3 [ (wgormamav)) + 3 (<w;,1,r,€i,1_,h>)]
1

r=
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> max max o (<w;)17r,€¢,17h>) = (:)(1)

he(2,H] re[m]

R Z[ (o, lr,aw>)+ig(<wiyi,hr,eﬂ,h>)]

*
< m max o (nyi L ayi}1v>
re[m] ’

+m(H-1)c <<max max] <w*yi,1,r,(jl;1}h>> + max S, max <wiymﬁr, —yi71v>>

re[m] he(2,H he(2,H] re[m]
<m0 (aqa(]%> +m(H-1)0© ((\fapao) )=o(1).
50 Fy, . (W*,x;1) > F_y, . (W*,x;1) holds for i € D;. Similarly, from Lemma[D.1]to Lemma

[ ((w yu,r,yz—,lvl>)+ia(< s>)]

| we also have
=2
> max o (<W;717T, yi71v1>) 5} (1)

re[m]

Fy . (W* x;1) =

nMs

H
F‘_in1 (W*,XiJ) = Z |f7 <<W*_in177-ayi,1V1>> + ZU (<Wiyi,1,ra€i,l,h>)‘|
h=2

r=1

rG[m]hG[Q H] he[2,H]  re€[m]

§m®( H+mH-1)0 ((\fapao) )=o(1).
so F,

vin (W x;1) > F_  (W¥,x;1) holds for i € D,. Combining these two parts, we have that
fori € [n], F, , (W*,x;1) > F_,, | (W*,x;1) holds, which directly implies that

+m(H-1)o <max max <Wiyi,l’r,§'i’1,h> + max [, max <Wiyi’l’r, —yi,1v>>

72 F—ym W » X4, 1) S Fyi,l (W*,Xi,l)] =0

Therefore, W* can correctly classify all training data and thus achieve zero training error.

In terms of the test data (x, y) which is generated according to our assumptions, then with probability
p, it will have the patch of task-shared feature and the patches of noise, like the training data for
i € D1, thenx = [ayv, &o, ..., &x]. Foreach i € [n], denote (], h}) = arg max(, n)c[2, H]x [m]

<WZ - Ei,l,h>, then we have

<W;m?9*w):<W;w%&¢w>_<wlmp@ﬁ4_%ﬂv>
~ p ~
= <W;1,1,r;7€i,l,h;> Bh < Wy e (— yi,l)v> >0(1) - Bu: - o >0(1)
Then according to the gradient calculations, for i € [n], we have

Vi *L(“N§

Yi, 157

)\W(t)

Yi, 1,7
1 () () ()
— n Z lyZ 1,81 g << y 1, r*,Oéys 1V>) . ays,1V+ ZU (< yl l’r:7€s,l,g>) : 65,1,)1
s€Dy g=2
H
t
T Z TIL 1,81 [ (<W1(121,r;*7y8>1vl>) “Ysa1V1t Z << AT «5 €51 9>) ’ ES,LQ‘|
S’GDQ g=2
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By taking inner product with Ci,1,h;, and notice that v and v; are orthogonal to (; 1, hz, We can get
that

<vai‘1yr;‘ Ll (W(t)) aCi,l,h:>
1
=\ < Wyi,rs 7Cz,1,h*> ﬁ yZ 1,8,1 Z (< Wi, ,5571,g>) . <£S71,g’ Ci,l,h;‘>

s€Dy
H
t t
o Z 1(11)1 s, Z (< 751)1 r*’€9 1 g>) ' <£s,1,gaCi,1,h;>
s€D2 g=2
= >\< :Ejt)l r*7C1 1 h*> ;i)l’s 1 Z (< Yi1,T *765 1 g>> : <Cs,1,g - 5gys,1vv Ci,l,h;‘>
1
= A <W tb)l T*?C’L,l, > E Z i1,8,1 Z (< Yi,1.7F 7£s,l,g>) . <<s,1,ga Ci,l,hj>
=1 =
1
=A <W ?1,7‘ 7Cz,1,h*> ﬁ yl Lino (<Wg?1,7~;,fi,1,h;‘>) (Citnr> Cist e )

1
- E Z lg(j?l,s,lo'/ (<Wg)17r: ) és,l,g>> : <Cs,1,ga Ci,l,hf>

(s,9)#(3,h7)
@)
> A <W$)l,r 7Cz,1,h*> 0 ll(,i)l 1’1‘ o (<W1(,?177«;a£i,1,hj>) (Cit,nzy Gist b )
1
h E Z ‘11(1?17871‘ o <<W§f)1 r¥ a€5,17g>) : ‘<Cs,l,g7 Ci,l,h;‘>|

(s,9)#(i:h7)
(ii) 1
> A <Wé?1,,-;7cz‘,17h;> - E 175?112-71 o’ (<W3(,?1,7~;a€i,l,h;f>> <Ci71,hjaCi,1,hj>
1
- Z o’ (< Wy &1 g>) : ’<Cs,1,ga<i,1,h;*>’
(s,9)7(i:h7)
in which (i) holds since lg(,ti)l,m > 0 according to the definition, and (ii) holds since

’l?(j)lsll < 1. For ys1 = 1, from Lemma <w3(;t)17‘*7£519> < C:)(l) SO

w;)h €1 g> = <w?(f5)1 B g> <0 (1). For ys1 # y;1, from Lemma and Lemma

t s t
, <W(,‘7)J i r?‘7£s,1,g> < @ (\/ UO) < S} (1)’ SO <W1(/ )1 T*’£5’1’9> = < (*?)/s 1 r7£871,9> —
©(1). Then <w(t) €i1y) < ©(1) holds for (s,g) # (i,h}), which implies that

«
Yi, 1,77 -

(éwylw ,5371)g>) < o (é(l)) = é(l) Since <W;?1,r:,£i,1,hj> = é(l), then

Wy7 e &L >) =o' ((:) (1)) = O (1). Besides, using the same calculations as in Lemma

with probability exceeding 1 — 2n~!,
d
<Ci,1,hfa¢i,1,h;‘> = ZCZL;L;Q =0 (30127)
and for (s,g) # (i, A7),

u=1
<CS,1’9, Ci,l}h;> = 0 according to Lemma Combining all these
results, we can get that
(Va0 (W) o)
>

>\< EJL)I r aCz,l,h*> - % lét)lll‘ o' <<W§i?17r;7£i,l,hj>) <Ci,1,h;74i,1,h;>
- % Z o (<Wg(;?17r;‘7£s,l,g>) : ’<Cs,1,gaCi,1,h;‘>|

(s,9)#(4,h7)
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~ 1 ~
22 01) — |l 1| O (1) 6 (s0})
_5 5 (%% o
—6(n) -6 (;’) 1]

Since

(o (W), o) < [ (WO ]

<ot (WO, Il

so we can get that

] 20 () (B0 = (T (W) )

o

Yi,1,8,1

5

‘ -0 (%), so for
P
L1 (W®) with

Yi, 1.7

we can get that ‘l_y y 1‘ =

According to the definition of

je{-1,1}andi € [n], |l
—1%;,1V, and notice that v and (, 1,4 are orthogonal to v, we can get that

<V w I (W(t)) ,—yi,1V>
Yi, 1 T

t 1 t
=A <W;i?1ﬂ*7_yi’lv> - E Z l?(ﬁ?l,s’lo—/ (<Wyi71’7‘f’ay5’1v>) : <ay5,1v’ _yi,1V>
s€D1y

7,%,1

1o ‘ >0 ( ) By taking inner product of V,
P

H
1 t t
- ﬁ lg(;,ﬂ,?l,s,l ZU (< Z(J)l vy 75@ 1 g>) 59,1,;}7 _yi,1V>
s€D1 g=2
1 H
t t
n '!(/i?l"s’l ZU (< ;1)1’ €51 g>) €s,1,g7 —Yi1V)
s€D2 g=2
1
=A <Wyi,1’,,‘:, —yi’1V> - — Z ll(/?hs,l ’ U/ (<W1(/tb)1, x5 OYs, 1V>) . <Olys,1V, —yi’1V>
n s€Dy
1 n H
t
T l;i?lws’l o (< yl 1,7y 7£€ 1 g>> Cs 1,9 — Bgys,lv7 7yi,1v>
n s=1 g=2
1
=A <W?(J?1,T;,—yi,1v> - E :E]tz)l,s 10/ (< Wi 1, QYs, 1V>> {ays1v, —yi1v)
s€Dy
H
- Z e u0)) (=5 «
Yi,1,8,1 y1r7 s,1,9 gy31v y’L,1V>

g=2

(@) t « t t
=\ <w;i?1m:,fyi71v> -+ E Z ‘l?(h‘),hs-,l’ o (< ;)1 v 7ozys,1V>>

B Z Zﬂq << Yi, 1,75 ’és7l,q>)
=\ <w;?17,«;7*yi,1v> + Z ’lz(j?l,s,l‘ o << g(f)l e O, 1v>)

5:5€D1,Ys,1=VYi,1

!/7, 1,8,1
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o (t) (t)
o X ] (W eweav))

5:8€D1,Ys,17Yi,1

S| ()

in which (i) holds since sgn (ys 1Yi, 1l;1)1 s 1) = 1. For ys1 = i1, from Lemma

<wé?hr;,ys,1v> < O(Uo), SO <Wyi‘1,rf7ays,lv> = a<wysylﬁ,ys71v> < <Wysyl7,,‘;‘,ys 1v> <

5(00) < p, which implies that the activation function for <wyi’17r;ﬁ,ays,1v> is quq—l, then

a1
o’ (<wyi11,r;,04ys,1v>) = <<wy“lpqa,yllv>) <0 (6 (UO)>q_1 = 6(0871) For ys1 #
Yi,1, < 1(Jt)1 v s, 1V> = a<w25117ﬁ,y5’1v> < amaXje(—1,1) MaAXycly) <W(—3T7] v> <
a - 5 = p, which implies that the activation function for <W;i?l7rj7ays7lv> is q;%,
. a1
o (o))~ )
&) (@) max;je(—1,1) MaAX;y ) <w(_; ~»J+Vv). From Lemma and the definition of (r},h}),
<Wz(/?1,rf7£i’1’h?> = 0(1),s00 (<Wg(,?17rln§i,1,h;>) =0 é(1)> = ©(1). Combining all

these results, we can get that

<V w I (W(t)> ,yz',1V>
Yi,1» 7

= <W?(/?1v’“?’7yi’1v> + % Z ’lz(l?lﬁsyl‘ o' ((Wy, 1.5 QY5 1V))

5:8€D1,Ys,1=Vi,1

o t
+ E Z lz(/i),lvsvl

5:8€D1,Ys,17Yi,1

é’ilsl\Zﬂv (w3l 8010))

1@

Yi,1,8,1

o (<Wyi,17"‘: ’ ays71V>)

o )
< )\jer{n_afcl} 5161% <W_j,r7] 'V> + ; . ?el%)f lyi,hs,l’ . Z o (<Wyi,1,7“i*704ys,1v>)
, 5:8€D1,Yi,1=Ys,1
o () ’ (t)
+E£2%X‘ly 181" Z g (<Wy 1T*’ay51v>)

5:5€D1,Ys,17Yi,1

lgi)llllﬁ i7 << ’(/tlr*7£z,1,h >)

(t) Q 4
S)\je?_afl}:g?anW‘J’J v>+a'?é%xlly”“’ G(hgﬁﬁ]ﬁh)

: W & < ® ;. >_ (t)_‘ .. 6
o el e |- O(0), e max (W=jrn 5 V) = 5l ia| B - © (1)
Since
<V @ LD (W<t>>7_yi71v> > HV ® Ll W(t) =yivlly
yi 1) vi1rE 9

- o (w0 Il

then we can solve that max;c (1 1} max, ¢ (t;T, j- > > &) (Bh - ) Without loss of gener-

ality, we can assume that max,.c,] <w(t)1’T, v> > 5) (MT*> Then according to our data model,
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with probability £, we will get data with y = 1 and its feature patch is task-shared feature. Simi-
lar to Lemma |B.3} the support set of the random noise of this data will have no 1nterpolat10n with
the support sets of random noises in training samples with probability larger than 1 — n™=, which
implies that <w’{7T, Cx7h> = 0. For this kind of data, we have

W) =3 (o)) + 3 (s )

— i [a (Wi ,av)) + hf:zcr (Wi 5hV>)]
“m [U <maX] <wT,an>> +(H-1)0o (ﬂh max (Wi, v>>]

1 ~ 1 q
<mH 5| =06 (mH
<mHo <hr€r%2a’>1<ﬂ Brog ) <m <h§ax < Brod ) )

and

m H
F_q (W*’x) = Z o (<Wt1’r, av>) + Z o (<W*717r, Cx,h — ﬁhV>)]

r=1 h=2

> o | max <Wi1_r,av>> >0 (é (aﬁh*)> -6 ((aﬂhi* )q)
re[m] ’ n n

then F_; (W*,x) > F; (W*, x) holds, so for this kind of data, it will fail in classification. There-
fore, the test error will be at least & — poly (nil). O

E PROOF OF LEMMAS IN APPENDIX @

E.1 PROOF OF LEMMA

Proof of Lemma|D.1} Note that at the initialization, since W(O) N (O7 O’%Id) then denote W(O)"

the u-th coordinate of w( )

, denote v the u-th coordinate of vy,
then using Hoeffding’s mequahty, we can get that

2 2
P{|(wiv1)| = a} = {Zw“”““ }(w)()

so one can conclude that with probability exceeding 1 — 2n =2,
d
(o) = [ i
u=1

then with probability exceeding 1 — 4mn=2 > 1 — 4n~!,

< 6 (09)

< ) v1>‘ < O (0p) holds for all

Wi
r € [m] and all j € {—1,1}. Similarly, we can get that with probability exceeding 1 — 4n~1,
‘<W(,O) v>’ < O (00) holds for all r € [m] and j € {—1,1}. Then we have

joro
[<wg)-,raj . v1>L_ < ‘<W@])',mV1>‘ < 0 (00)

According to our calculations of update, we can get that

(w523,
= [(1 —nA) - <W(j;’r’j ~V1> + Z E (Z ys}ll(f;-ys_rloj << (f;r,ys 1 V1>)>]
+

s€Do
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@) § :
é [(1_77)\)< (—3 7«7] V1> % l(_t;s,l‘a << (_f;',aysl V1>)‘|
Ss€Ds

TR [(WOrdo)], < (Wi )]

where (i) holds since sgn (jys 1l_ s, 1) = —1, (ii) holds since [-] 4 is a monotone function. By

+

applying the above inequality recursively, we can get that
|:<W(_t;r7})>.7 Vi >]+ S |:<W(_t3‘7r7j : V1>i|+ S |:< S)J)raj V1>i|+ S é(UO)

E.2 PROOF OF LEMMA

Proof of Lemma[D.2] Note that at the initialization, according to the definition, ¢; 1 5, is s random
vector which selects s coordinates from a random vector which follows N (0, O’ZId), then denote
Bi1,n = supp (§i,1,n) be the support of ¢; 1 5, then |{; 1,,] = s. Denote C“ 1,5, the u-th coordinate

of ;1,5 Since W§07) ~ N (0,021,), then denote Wg )¢ the u-th coordinate of w( )

Bernstein’s inequality, we can get that
2 : (0)
{ ‘ W " ) Zfl’h a}

and using

(o) o
=P Z WO)“ Snl > ap <2exp | —cmin L,L
Lh) = - 50303 Op00

ueBz,l h

so one can conclude that with probability exceeding 1 — 2n=2,

d
0 0)u ru
’<W§‘7r)aci,l,h>’ = Z () Cinn| <

1

u=
then with probability exceeding 1 — 4mHn =2 > 1 —4n~1,
forallr € [m], h € [2,H] and j € {—1,1} Then we have

(4 -0)) (3100} <8

According to our calculations of update, we can get that

)],
= [(1 —1nA) - <Wg(/?1,r7 Ci,l,h> 1 Z Zl_yl T (<W(j;i’1,r7£s,l,g>) (Cs,1,95 Ci,l,h)]
n

According to Lemma with probablhty exceeding 1 — n~2, for all (s,9) # (i,h),
(€s,1,95Cin,n) = 0, then we have

|:<W(_ty+L117T, Cz,l,h>:| n

{(1 —nA) - < Wy Cz,l,h> l(,tzj il <<W(_tl)m,,-,€i,1,h>> (Ci,1,h Ci,l,h>] N
0 o) 28 (000 K],

2 0 ()], < [ )],
@ ) = —1, (ii) holds since []

—Yi,1,%,1
applying the above inequality recursively, we can get that

(2], = (0 )] = (W00, <5

(\f"pao)

< Wy % ¢ h>‘ < O (/50,00) holds

where (i) holds since sgn < is a monotone functions. By

+
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E.3 PROOF OF LEMMA

Proof of Lemma[D.3] From the calculations of initialization in Lemma [D.I] and Lemma we
(wvi)| <8 (00), |(w,v)| < 6 (00), and

2,77
KwﬁLgLQ‘gégﬁ%qgmmmmmmMmmymmnje&&@hremqmdhepJﬂ

Therefore,

have that with probability exceeding 1 —12n~1,

_ © . >‘_ ‘ (0) ‘ )
< ( - . < <
mmax [< Wi g V1>L_7{I€1%nx]‘<wﬂ,3 Vi mmax <WN,V1> <O (og) <p
- < ma (w327 v)| = e | (wi v) | < & 00 <
= s [(vind ), < (o3 v) = e [(wirov) < S ew) <

<I>( ) . < (b( ) < <I>( ) — max max max {<W(’0127Ci1h>:|
i€[n] hE[2,H] rE[m) Js 1, N

< max max max
i€[n] he[2,H] re[m)]

<W]‘7r7Ci,1,h>‘ <0 (\/gUon) <p
holds simultaneously, which also implies that

max max max [<W(-0),Ei 1 h>] = maxX max max [<W(-0), Ciih — Bryi 1v>}
i€[n] he[2,H] re[m] DrIERTRLl4 ie[n] hel2,H) re[m) BT3B ’ +

< s, o, s [ (i G|+ o | (i)

< 6 (Vso,00) + 0O (00) < p

so that the activation function for all of them are qpf,q,l

Besides, for any » € [m], since w§02 ~ N (0,081;), we can get that <w](-?r),j-v1> ~

N (O, o2 ||v1||2> =N (0,03), 50 P (<w§?2,j : v1> < %) is an absolute constant, then we can

get that
P (:relfa;,)l(] <W;?72,] . V1> > U;) =1-—-P (?el[a;r)l(] <W;?727] -V1> < 020)
:1—P(<W§OT)] v1> > 0 vr e [m ])
“1p (o) <2)
>1-—n!
. .. . I O 0 . -
so with probability exceeding 1 n=, v j = MaXre[m] [{W; /] V1 =
’ +

MaX,¢[m] <W§-?2, j-vi)y > 2°. Similarly, we can get that with probability exceeding 1 — n~1!,

2
A§O) = MaX;¢[m| Kw;or),j . v>} = MaX;¢[m| <w§-02,j ~v> > %2. And conditioning on ¢; 1 s,
; n ;

we can get that <W§'?T)7(i,1,h> ~ N (0,08 HCi,l,hH2>, so P (<W;?27Ci,1,h> < M) is an

absolute constant, then we can get that

a0 [|Ci,1nll o0 [|Ci,1nl
P i — | =1-P ,Ci _—
<$%<J“C 02 2 $%<J’C ) < 2

1P (i) < 8l v e )

P () « 212l

>1-—n!

so conditioning on ¢; 1,5,, with probability exceeding 1—n !, max,.¢ [m] <w§?T), Gin, h> > M
According to the definition, ¢; 1, is s random vector which selects s coordinates from a random
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vector which follows N (0, af,Id), then denote B; 1., = supp (¢;.1,n) be the support of {; 1 5, then
ICinl = s, \|Ci717h||2 = ZueBM)h C;f11h2 and for each v € B; 15, ¢j'y ), ~ N(O,ag). Then we

have that
E[¢i1nl* =E Z Chan® = Z E¢i p° = sop

u€B; 1,n u€B; 1,n

By using Bernstein’s inequality, we can get that

B{[IGal® ~ElGaal®| 2 af B4 D ¢’ -E X ¢l za

u€B; 1,n u€B; 1,n

2
=P Z Cz,l,h Sap Z a

u€B; 1,n

. a® t
< 2exp | —cmin —5
so, Op

so one conclude that with probability exceeding 1 — 2n =2,

1Cianll® = 805‘ <O (\/gaf))

which implies that which probability exceeding 1 — 2n 72,
1i1.0ll = O (Vs0p)

Combining these two parts, we have that with probability exceeding 1 —n~! —2n"2 > 1 — 2n~1,

max <W;?2aCi71,h> > M > O (V/'s50,00)

re[m]

So we have that with probability exceeding 1 — 2n 1,

@;0) > <I>§.?i) > q>§.‘2h = max |:<W§-?2,Ci’1’h>}+ = max <w§-?2,(i’1,h> > O (V/s0,00)

rem] re[m]

Therefore, with probability exceeding 1 — 8n~1,

v = max [(wii) jow)| =G

A= |(wid ), 2
(
J

<I>(O) > <I>(O) > é(o) = max [< T),CZ 1 h>}+ > O (V/s0,00)

re(m]

holds simultaneously for all j € {—1, 1}. Combining these two parts, we have that with probability
exceeding 1 — 20n*1,

‘Ifg-o) 6 (00) , A] —@(00) (\[%UO) (\[‘717‘70) §?i),h:é(\/§‘7p‘70)

Then according to our deﬁmtlon, it can be shown that for i € D1,

B (WO 1) = 37 [o (w0 ags ) 430 (<W§?g,gi,1yh>)]

=1 L h=2

- q 1
R e
= 1 ++Z -1 :
r=1 qpq h=2 qpq

H
p1 pr\ _mip _
<o (g 3 g | = =t

ap?t = qp!

31



Under review as a conference paper at ICLR 2024

forall j € {—1, 1}, and similarly for i € Ds,

F; (W(O),Xi,1> = Em: -0 (<W;'?2ayi,1 ~v1>> + EH o (< Jr,fl 1 h>)]
r=11 h=2
Zm | W('?r)’yi, v )] H W('(,)27£i, , !
- r=1 [< : q/’qll 1>]+ +hZ::2 [< J(]pqi h>}+

Sm( i +2H: pq>=me=0(1)

1 1
qap? W 4!
forall j € {—1,1}. Then we have
efi (W i)

> oy oW

so that
‘z

= o(1).

74,1
(t)

According to the definition of [; ; ,, we have sgn (13(31) = J¥i1, SO sgn (]yzllgtl)l) = 1. We will

prove the desired argument based on the following induction hypothesis:

® (t-1) 7 gD g-1
v > v 4 1@((] ) ,

t .
\Ilg ) = max <w§v73¢,j ~v1> ,

re[m]

\PEO is monotonically non-decreasing, Vj € {—1,1},t < P; (1)

2
(t) =D n 50p -1 3§ -1
q)yi.,hi = Yi, 1,0 + quflg < n ) © (((I)yz‘,hi - @(UO)> )
o _

(t) )
Vo = o (i )
<I>7(j)1 ; is monotonically non-decreasing, Vi € D1,t < T} (2)

o2 -1
ol <o~ 1}+ o 9(8 )@((@5} 11+@( )) ),VieDg,t<P0 3)
4,1 1,15 n 1

1 nad _\9\ = 2
A§”§max{A§.t '+ ® ((Agf V) ) 6 (a 0)} Vjie{~1,1}.t<T,

“)

v <&(1),Vje {-1,1},t < P,
v —8(1), w§t>—£?nx]< wiljovi) Vi€ {11}, P <t <T 5)

o)  <O(1),VieD,t<T,

pra = 01,20 = max max (Wi, o Gan) Vi €DLTI<LSTS  (6)
<I>§tz <O (Vsopoo) ,Vj € {~1,1},Vi € Dy, t <T (7)
AP <O (00),¥j € {~1,1},t<T (8)
<w(f;.’r7j-v><@< )vje{ L1}, t<T ©)

and for t = —1, we set \11571) =0forallj € {-1,1}, @g;l) =0forallj € {—1,1} and ¢ € Dy,
(I)ﬁ” =1forall j € {—1,1} and i € Dy, and A§_1) = 1forall j € {—1,1}. Now we consider
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the situation at ¢t = 0. 0
(i) In terms of Hypothesisand since the distribution of w§2 is symmetric, then for each r € [m)]
and j € {—1,1}, with probability , <w§?2, j- v1> < 0. So with probability %, <w§f’2, j- v1> <

0 holds for all 7 € [m]. Denote * = arg max;, ¢y, <w§?) J- v1>, then

}P’{<w§?r)*,j -v1> >0,Vj € {—1,1}}

>1-P{(wi 1-vi) <o} —P{(w) .. ~1-v1) <0}

=1 —P{<W§?7),,1~V1> <0,Vr e [m]} —]P’{<w(_01)77.,—1-v1> <0,Vr e [m]}

1
=1—-——>1-n""!

ogm—1 —
so with probability exceeding 1 — n~1, W;O) = <W§?2*,j - v1> > 0 holds for both j € {—1,1}.

Since \P§_1) = 0, then the inequality

0) o g (-1 n -1\t
v > el @((\114 ) )

2pq—1 J

holds, so we verify Hypothesis [[] at ¢ = 0. According to previous calculations, we have that
\Iléo) =0 (09) <O(1)forall j € {—1,1}, so we verify Hypothesisat t=0.

(i) In terms of Hypothesis andlEI, since both the distribution of W§07) and the distribution of
¢i,1,n are symmetric, then for each ¢ € [n], h € [2,H] and r € [m], with probability 1,

<w§?2,ci,17h> < 0. So with probability 7k, <w§-?2,(ji71,h> < 0 holds for all » € [m]. Denote

0
77, = arg maX,e(m] <w§-’2, (’i71,h>, then

IP’{<W$)1,T;}L,Q,1,h> >0,Yi€ [n],he [2,H]}

n H
>1- Z ZP{<W$,)1,T;;1’ Ci,l,h> < O}

i=1 h=2
n H

=1- Z ZP {<Wg(,??1,raCi,1,h> <0,Vr e [m]}
i=1 h=2

=1- n(zim_l) Z 1— n—l

so with probability exceeding 1 — n~1,

o = [< © ¢ >}
Yi, 1,0 hrerfg,}lcﬂ 52%35] wyl,l,r C,l,h i

(0) >
= max A%\ * 1
he(2,H] < Yi, 1,75 g Cz,l,h

_ 0
=, e (Wil Gin) 2 0

holds for all ¢ € D;. Since Y —0foralli e D1, then the inequality

Yi, 1,0
2
0 —1 n ~[so 1y = q-1
Ql(l'i,)lvi > (I)Z(li,l,)i + qu—1@ <np> S} <((I)Z(h,17)i -0 (JO)) >
(0)

holds, so we verify Hypothesisat ¢t = 0. According to previous calculations, we have that ®, * . =
5] (V/sopog) < O (1) for all i € Dy, so we verify Hypothesis|§|att =0.
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(iii) In terms of Hypothesis [3]and [7] from the calculations of initialization in Lemma[D.2] we have
that for any i € Ds, <I>(0) ; < @5,??1 < © (y/sop0p). Since CDé_ll)l =1, then

(:Dl(lzlﬂ = (\[O—PO—O) Yi 1,0 p77 (:)<d7:2>@(<q)§17112+®< Oi))q_1>

so we verify the hypothesis at £ = 0.
(iv) In terms of Hypothesis [ and [B] from the calculations of initialization in

Lemma we have that for any j € {-1,1}, Ago) < 6 (cg) < 1 <
q _ q—1 ~ 2
max {Ag_l) + p"qoil O (<A§ D) > ,0 (aqag’) } so we verify the hypothesis at ¢t = 0.
(v) In terms of Hypothesis ] from the calculations of initialization in Lemma [D.I] we have that
~ ~ 1
for any j € {-1,1}, < @J)T,j v> < ‘<w(_0) v>‘ < O(0g) <O (ag), so we verify the

3
hypothesis at £ = 0.
By induction, we assume that all these hypotheses holds for all 7 € [0, ¢ — 1]. Then we consider the
case at ?.

(1) In terms of Hypothesis denote 7" = argmax,¢m <w(f D

PRV v1> then we can apply

Hypothesis [1| at time ¢ — 1 and get that \Ilgt_l) = <w§tw1)7 E V1> > 0, and apparently
\I!;t) > <w§t2 N v1>, then the gradient calculation implies that

(Z Yi, ll§tz 11)0/ (< Wi )’yz 1° V1>)>

1€Do

(3 et (o))
> (1—n)) - < .,*>7j.vl>+@(n)(1_p).gz <<W§tr*n7] V1>)

(111) (t—1) 77(1*]9) (t=1) a-1
(1=n) o5 4 =20 (‘I’j )

(iv)

-1
e w ke (w)) 20

(wird i) = ) (o o -

3\3

C—m) - (wh vy +

SEES

(11)

(t—

where (i) holds since sgn (jyl 1lj il )> = 1, (ii) holds since y; 1 = j with probability % and i € Dy

with probability 1—p according to our data generation method, as well as ‘l;t; 11) ‘ = O (1) according
to our assumption, (iii) holds since \Ilg-tfl) = < gtr* ), K v1> > 0 according to Hypothesis

at ¢ — 1, and the activation function for w(»t_*l), j-vyi)is Z—_l according to our assumption,
Jr ap?

wt *1> v \I]F_t 1)\a—1
which implies that o’ ( { w'’ *1),] vi)) = < Lt j,l 1> = ( J ,1) , and (iv) holds since
p 2,7 /)q pq
p = O(1). So we have

max <W](7t7)~7] : V1> > <W;t7)~*7.7 : V1> >0
which implies that ) = max, <w§” j- v1> > 0. Then

() (t=1) 7 (t—1)\ 971
W > (1—nA) 0 +pq_1@((\1:j ) >

Furthermore, according to Hypothesis |1/ at [0,¢ — 1], we can get that \II(T) is monotonically non-
-2
decreasing for 7 € [0,t — 1], which implies that q!§t_1) > \PEO). Then A < @( )

01—1
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Pt P9

\I,S.t) > (1—7A) - \I/(t D, 77 @<(\p(t 1)) 1>

( @gt D ) + 2p7q7 -0 ((\IJY”)“) — Ay
gD 77 gl 1) -1 (t-1) ®<<q]§t1))q2)

=V, ( > +77\I/j - A

pe— 2p9—1

(0))2=2 ®)172
() <M> <0 <m> , which implies that

_\I,(t 1)

(t=1) | " (t-1)\?*
2V 5o (‘I’j ) )

so the hypothesis holds at ¢. Using Lemma[5.1] with our initialization, we can conclude that for each

je{-1,1},P =6 (@;@)“ (2p3_1)1> e (ag—q/n).

(ii) In terms of Hypothesis denote r; = argmax,c[m| <wl(,i_llr), Ci,l,h>a then we can apply

Hypothesis [2| at time ¢ — 1 and get that @;tzlz) = maxpe[2, ] MAX;¢[m] <w§i312,<21h> =

maxpe(2, H) <W1(!i:1,)i, Ci71,h> > 0, and apparently @;t)”h > <W;?w,;, Ci,l,h>, then the gradi-
ent calculation implies that

1
<W,1(/?,1,r;a Ci,l,h> =(1-=nA)- < ;t . r)*7Cz 1 h>

77 ZZ yf; 119) 19 ' (< Sﬁ 1,12ha€a,1,g>> <Cs,1,g7Ci,1,h>

g2sl

According to Lemma with probability exceeding 1 — n=2, for all (s,g) # (i,h),
(€s,1.9,Gi1,n) = 0. By using the calculations above, we can get that with probability exceeding

1—2n72, ‘||Ci71,h||2 - soﬁ‘ <0 (v/s07), which implies that [[¢;1,4]| > © (1/50,), then we have

t (t Ui t—1 t—1
<W?(Ji?1,r,*174i’1yh> = (1=nA)- < yL1T;’C11h>+7@( )ZZ(J 11)1 <<W1(/z1r),*17£llh>>
According to Hypothesis [2| at [0,¢ — 1], we have <I>§f . 2 = MaXue[2,H] <W.v(;i_1,1r;’ Ci71,h> >0

and @;?1 . is monotonically non-decreasing for 7 € [0,¢ — 1], which implies that <I>g:12 >

o) ; O O (V/sopoo) > (:)(00) According to Hypothesis [8 at time ¢ — 1, we have

Yi,1,t —
MaX;¢m] <Wg(f1 . D i, 1v> < Ag(,t D<o (00). Then taking maximum according to h € [2, H]

on the both side of the inequality, we further get that

(®) )
max (Wi i

hel2.

- nefo.r) (Wi G ) + 110 (50) [B50 neta” (i )
ENIE max (Wi Gin) + 716 (s02) o (hgfggg] <W1(/ti,171r)2’§iv1’h>>

0= <wéi3% » <1,17h> <o) (g, (oS G =)

n 2\ s (t—1) (t=1)
+ E@ (SUp) g <hmax] <VVy1 1T ,Cz 1 h> 5h max <Wyl l,rhvyz 1V>>

he[2,H]
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z (1=n))- max <W§,f G h>

+ %9 (sag) o' < max] < Lt 1’12} ,Cin h> — max <w?(f 1,12,*’91 1V>)

hel2,H r€[m]

= (1=n0) - max (Wi G + 10 (s02) a'( max (wi" G —é<oo>)

he2,H he(2,H)

Yi 1,8 Yi, 1,2

i 507 ~ -1
D a-mwel )+ @<ff>@((‘1’5f33 6e) ) 0

=(1-np\)® Ul @ (sop) o <<I>(t,71.) S_ye (Uo))

in which (i) holds since sgn (z(

Yi,1,8,1
l(t 1)
Yi, 1,81

) = 1, (ii) holds since ¢’ (-) is a monotonic function and
‘ = O (1) according to our assumption, and (iii) holds since 0 < ) _ g (00) <

Yi, 1,0
(t=1) 4 is which

Yi 1,0 qpq BN

<I>;t 113 < p according to our assumption, then the activation function for ®
=1 6(‘70)>Q71

implies that o’ (é(t YV_9 (o )) (2 1pq,1 . So we have

-0
t
max < N rh7Cz,1,h> = max max <W§)] ,7-aCi,1,h> >0

he(2,H] he[2,H] re[m]

which implies that ) | = maxc (s, ) max,e <w§,§?1,r, QM> > 0. Then

2
(t) (t—1) n S -1 = q—1
e ®<n>@<(%” 6(00))

Furthermore, according Hypothesis [2] at [0,¢ — 1], we can get that q)z(;:)m' is monotonically non-

. C t—1 0 = t—1
decreasing for 7 € [0,¢ — 1], which implies that <I>(_ ) @; )1" > O (\/s0,00), SO @;L L Z) -
~ ~ - (t 1) q:‘(t—l)‘

6 (00) > © (v/50,00) — © (00) > © (o) and B y — B (09) = 5 + 5 — B (0p) >

Yi, 1,8 2
=1 (t—1)

O(\/sop0 ~ @ sarr -2 o _J(q 2
y;“+@(f2”)—®(ao)> y”‘Then)\<®( T )g@( (431, —6Cew) )g

2npa—1 npa—1
o1 _g o
@( (201 -8Cw) ),Which implies that

npa—1
2
77 oy _ ~ q—1
o) ;>a—pyal )+ @< )@ (@;J}g —@(00)) )

_ 3D _§ a1
_(bf%ll ( ) y 1,2 _6(00)) >

o, q—1 _
by n)@ (07 -8000)"™") - mafs 2t
(t-1) (t-1) X a—-1
(byz 1,8 @ ( ) (I)y 1,7 @(UO)) )
~ q—1 ~

( o (o4 80)" ) 20 o412 - 50e0)

n

q

®< ) @fﬁff é(o()))q_l)
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o7 (@(?71.) -0 ((70))(172

(t—1) ~ Yi, 1,2
+n (q)yqi,l -0 (UO)) S 2npq71 —A
(t—1) n soy t-1) = a1
=l @((cpy = 6(00)) )
so the hypothesis holds at ¢.
(iii) In terms of Hypothesis . denote r; = argmax,c(m] <W£,€)17T7Ci71’h>, then apparently

<I>g(f) in = [< Vit Git h> and <I>?(f 112h > [<w7(f llri*,cl 1. h>} . Then the gradient cal-
0,152, 0,157 i1, +
culation implies that

(t) (t)
P in = [<Wy,i,1,,-;;’cz‘71,h>} .

[(1 —nA) - < z(n L Gin h> ZZlfﬁ 115) ! (< z(;i 1}2Za£s,l,g>) (Cs,1,95 Ci,i,h)]

g=2s=1 +

According to Lemma with probability exceeding 1 — n=2, for all (s,g) # (i,h),
(€s,1.9:Gi1,n) = 0. By using the calculations above, we can get that with probability exceeding
1—2n72, ‘||Ci’1,h||2 — saﬁ‘ <O (v/s02), which implies that [|; 1.4]| < © (v/505). then we have
t t—1 t—1 t—1 2
<I>;l)1 = [(1 —nA) - <W;iyl72;a<'i,l,h> lél . 1)1 <<w;iyl7r);7£i,1,h>) [1Cis1nll L
21—y - [(w L o ((wit 1l
< (T=nA) - [{w,, ThaCz,l,h v M o ((wy, Th,&,i,h [1Ci,1,nll
(ii) n
< |:<Wytz 117)‘ ’C1711h>:| + + EG (80127) U/ (<W; 117";’5" 1 h>)
2 g—1
(iii) (t—1) n S0p (t—1)
|:<Wyl 1,750 Cz,l,h>:| n + qul © <n> © <|:<WyZ 1, 51,1,h>:| +)
(iv)
(t—=1)
§ |:<Wy1 1 T-;;?Cl 1 h>]+
2 q
n $0p (t-1) (t— )
16 () o ([(wi=th a0 [(wi )],
" 505 (t-1) (t-1) a1
Yi,1,t p 9 n @<((I)yii’t+5 < Yi, 1,7} y21v>> )

b (el

where (i) holds according to the definition of [-] 4 and the triangle inequality, (i1) holds since

(t—1) (t—1) 24 .
ly'i,177;;1 vin r;afz Lh) 0 =T according to

-1

"i_

’ < 1, (iii) holds since the activation function for <w

g—1
our assumption, which implies that o’ << (t—1) 7£i,1,h>) _ <[<W(yf L ’*75111 h>i+> . (iv) holds

Yi, 1T P~
~ 1
according to the triangle inequality, and (v) holds since <w1(/i:12;, —yi,1v> <0 (0—03) according

to Hypothesis |§| at t — 1. Taking maximum according to h € [2, H| on the left hand side of the
inequality, we further get that

2
a® (t-1) 1 50, (t-1) 2\\ ¢!
y111i§¢yi,lvi+pq1®< n )G)(((I)y 1z+@( S))
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so the hypothesis holds at ¢.

@iv) In terms of Hypothesis denote 7* = arg max,¢(m <w§t2, VE v>, then apparently A§-t> =

[<w§?*,] v>} and A;til) > [<w§tr*1),j v>} . So we can get from the gradient calculation
+ +
that

o],
:[(1—17)\)-< ]T* ,j v>+% i - (Zay”l i1 o << jr*l),ayll v>)

1€D1
S (o »w>>)1
h=2i=1 +
® l(1—nA)-< wit g V>+ afii|o <<W§tr*1)’0‘y“ V>)
zEDl
H n
IS ] ()]
h=2i=1 +
< [(1 -7 )< wi g V> + % >« lj(yt;ll)‘al (<Wﬂ(tr*1)7ay“ V>)]
i€Dy

A

n

(2) (1 —=nA) Kwyr*l),j v>} . +
)

5 o (s )

1€Dq

+
S [ )]+ 2 (S (o)
1€D1

IN

(o) (B (o)
1=1
()] 2 (5 el (o )
©Yi1=J
+Zylzlzﬂ lyz,ll) << §tr*1),ayi,1’v>)>
S ER e R (EER)
1Yi,1=]
S o (e 0))
LY 1=—]
L)), 400 0o (sl i)
+O(m) a0’ ((wi o (<))

(t—

where (i) holds since sgn ( JYialiiq

) = 1, (ii) holds since [], is a monotone function, (iii) holds

because of the triangle inequality, and (iv) holds since ‘l](t; 11)‘ < 1 and y; 1 = j with probability %
according to our data generation methodThen there are two situations:
1. It <w§tr*1),] v> > 0, then <w(,t_1), a-(—j)- v> < 0, which implies that

1,7
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o (<W§f7__*1),05~ (=7)-v ) = 0, then we have
A

A <AV L em) - ad (aAE.t*l))

() q qg—1
(t—1) na (t—1)
SAPT+ e ((Aj ) )

_1 770/1 - q—1 ~
< max {A? )4 F@ <(A§-t 1)) ) ,0 (00)}

Zq

where (i) holds since the activation function for aA§t_1) is T according to our assumption,

P (A;tfl))qfl

S , -1\ _
which implies that o’ { aA; = ST

2.1 (wily v < 0. then (wifV.aj’ - v) < 0. which implies that | (w{'.j-v)| =

J,rx 0

o’ (<w§fr_*1),ozj . v>) = 0, then we have
A;t) <O(n) - ad (<w;f;1),a (—=4) v>)
2 O (n) - ao’ (aé (U§)>

(i) ~ a=1 ~ 2
< qn_lozqG (cro s ) < " al0 (05’)
p P

<max A+ 0 (300)") 6 (o)

~ 1
where (i) holds since Kw(t*l) j v>} <0 (a@) according to Hypothesis [9at ¢ — 1, and (ii)
+

J,rx

~ /1 ~ /1
holds since the activation function for c:© (08) is quq—q,l, which implies that o’ (a@ <U§)> =
-1 —1
(o)) (o)
pe ! - pt=! :
Combining these two situations, the hypothesis holds at ¢.
(v) In terms of Hypothesis[5] there are two different stages:

1. If t < P, then according to our definition of P;, \I/lgpj) is the first time in the sequence that

reaches © (1/m), which implies that \Il;t) <O(1/m)=06();
2. If t > P;, without loss of generality, we will prove the case when j = 1. Now we want to prove
the following inequality by induction. For 7 € [0, ¢],

T T—1 n
MEETRPT Y s

i:y;,1=1,1€D3

17 | o’ <\I/§T71)) . and U7 = max <W§T2,V1>
™ re(m] ’
and we set \I/(l_l) = 0.

For 7 = 0, according to previous calculations, we have \11(10) -0 (00). Since \115*1) =0,
then the inequality holds at 7 = 0, so we verify the hypothesis at 7 = (0. By induction, we

assume that for any 79 € [0,7 — 1], \IIET") = MaX,¢[m) <W§T£),V1> > 0, then for 7, denote

*

r* = argmax,cm| <W§TT_1)7j . v1>. Then we can apply the hypothesis at time 7 — 1 and get

\Ilgpl) = <wfr:1)7v1> > 0 and apparently \IJET) > <W§T2*,j ‘ v1>. From the gradient calcula-

tions on <w§t;§1), Vi >, we can get that

<W§TT)*,V1> =(1—nA)- <W§TT_*1),V1> + % : (Z yi,llgi),ﬂl (<W§Tr_*1)ayi,1 'V1>>>

i€Ds

M (r—1) n (r=1)| s (r—1)

o 1 N )\ . < o > n l Z (< L ' >)
( nA) Wi 5 V1) + n ( E 1,51 |9 \\ Wi, H¥i1" V1

1€Dy
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T—1 n T—1 T—1
> (1—n)) \Ilg ) 4 - Z lg,i,l ) o (<W57T* ),ym ~v1>>

ityi’lil,iGDQ

—@-pel e LS Yo (W)

ityi’lzl,iGDQ

UL e I DR el LA C 1

i:y;,1=1,1€D3

where (i) holds since sgn (1 . yi7ll§’Ti’_11)) = 1. Then max, [y, <W§TT),V1> > <W§TT)*,V1> > 0,

)

which implies that U™ = MAax; ¢ [ <W§T2, v1> > 0. So we have

T T—1 n
R TP IS
3:y;,1=1,1€D3

(D ’ o’ (@Y‘”)

So we have the hypothesis and the inequality hold at 7. Therefore, by induction, they holds for all
T € [0,¢].
Then we will prove the following inequality. For 7 € [1, ¢,

o7 <maxd (L=—p e DS Yo (w7 )6 (o)

i:y;,1=1,4€Dy

() _

(?),v1>, then from the above results we can get that ¥; ' =

Denote r* = argmax,cpm) <w1 .

<w§,72* : v1> and 07 > <w§;§1), v1>. From Lemmawe can get that <wf,§1), —1- v1> <

&} (00) < p, so the activation function for <W§Tr:1), —1-vy)and © (0p) is quq—q,l, which implies

~ o tod q71 ~ T
that o’ (@ (00)) = (@(;722 =0 <og_1). Then from the gradient calculations on \Ilg ), we have
\I/g‘r) = <W§T2*,V1> = (1 — 7])\) . <W§TT_*1),V1> + g . (Z yi,ll&}l)a’ (<W5t’;*1),y1'71 . V1>)>
i€Ds
() T—1 n T—1 7—1
20 (w0 + 2 (2 | ()
i€Dy
= (1 - 77)‘) : <W§Tr_"l)7vl> + Q ( Z lgj—z,_ll) OJ <<W§Tr_"l)7yi,1 : V1>)
n 1:y4,1=1,1€D2
+ Z lg‘:—ijll) o <<W§,Tr:1),yi,1 'V1>) )
i:y,1=—1,1€D>
=(1—n\)- <w§;1),v1> + Z( Z lﬁ-jll) o’ <<w§;1),v1>)

i:y;,1=1,4€D3
(r=1) | s (r—1)
+ E L o (Wi —1-v1
i:y;,1=—1,1€D>

where (i) holds since sgn (1 . yzllgt: 11 )) = 1.Then there are two situations:

1. If <W§TT_*1),V1> > 0, then <W§Tr:1),71~v1> < 0, which implies that
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o’ (<W§Tr_*1), -1 v1>) = 0, then we have
T T—1 n T—1 T—1
‘I’g = (L=nA)- <W§,r* )»V1> + o ( Z lg,m) o’ <<W§,r* ),V1>)
1:y;,1=1,1€D2
+ Z lgfijll) o’ <<W§T,:1), —1- V1>> )
i:yi,1=—1,1€D>

— (r—1) n (T=1)| 1 (r—1)

=(1—=n\)- <W1,r* ,v1> + n( Z Lisi|o (<W17T* ,v1>)

i:y;,1=1,1€D>
o (v )

<@-pyuy Vel 3

1:y;,1=1,1€D

< max{ (1 —nl\) \I/Y_l) + % Z
i:y;,1=1,1€D3

lg,Ti,_f)’U/ (‘I’gt_l)) vé (08_1>

Therefore, by induction, this inequality holds for all 7 € [1, ¢].

2. 1If <W§TT:1),V1> < 0, which implies that ¢’ (<W§T;1),V1>> = 0. From Lemmawe can

get that <wf;1), -1 v1> <0 (00) < p, so the activation function for <w§;ﬁl), -1 ~v1> and

© (O’(]) is quqiq,l, which unphes that o’ (é (00)) = M = (:j (0871> . Then we have

pi—t
W)<1nA>~<w§T;”,vl>+Z< > e ((witow))
1:y3,1=1,1€D
>

l&»)_ll) o’ <<W§Tr_*1), —-1- V1>) )
i:y,1=—1,1€D2
d o (w1 w))
Iy, w1
n Z 1,7,1 g w1,7 ’ Vi

1:y;,1=—1,4€D2

b X 7 (60) =6 (i)

i:yi,lzflﬂ‘eDg

IN

INS

<max{ (1-n\) oY 4 % >
i:y;,1=1,1€D2

l&v_ll) ’ o’ (\I!gt_l)) 76) (0871>

where (i) holds since ‘lﬁfgf)’ < 1. So this inequality holds for 7 € [1,¢]. Therefore, by induction,

they holds for all 7 € [1,¢].
(i) First we prove the lower bound. Since ¢ > P, then according to our definition of P, \Ilgpl) >

O (1/m), so we only need to consider ¢ > P;. If \Il(lt_l) > (log (1/09)) /m, then according to the
above results and ¢’ (z) > 0, we have

N e DS
ity;1=1,i€D2
() gt
>1—pnel Y > 17 > (log (1/00)) /2m

(D ] o (qut‘”)

then the lower bound holds. Now we consider the case that \Ifgtfl) < (log (1/0¢)) /m, so without
loss of generality, we can assume that 7 is the smallest index in [Py, ¢ — 1] when the inequality
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\IJET) < (log (1/09)) /m holds for all 7 € [ry,t — 1]. From our definition of P;, we can get that
\Ilgpl) > ©(1/m), soif 7o = Py, then we have \IISTO) = \Ilgpl) > ©(1/m). If 79 > P, then since
7o is the smallest index in [Py, t — 1] when the inequality ¥\” < (log (1/00)) /m holds for all 7 €

[T0,t — 1], so the inequality does not hold at 7o — 1, which implies that \IJYO*D > (log (1/09)) /m.
According to the above results and ¢’ (z) > 0, we have

T To—1 n
W > (11— ) i )+5 | Z
Z:inl:l,’LEDQ
1 \I,(TU*U
> (1= o 2 10 (g (1/00) f2m

i o (wie?)

So \I/(lm) > min {0 (1/m), (log (1/00)) /2m} > 5) (1). Now we consider any 7 € [rg,t — 1]
such that \I/Y) < (log(1/0¢)) /m. From Hypothesis [7| and Hypothesis @ we can get that for
7> P andl € {-1,1}, [<Wl(;)7£i,l,h’>}+ < [<W§;)7Ci,1,h’>} + Bn KWl T)7 yi,lv>}+ <

5) (V/sop00) + B © (O'g) < p, which implies that the activation function for <wl T,), £i717h/> is

quqiiu Neloy <<Wl(;)7€i,1,h’>) < qpp:,l = g,then we have
m H
mHp
YD o <<Wz(;)’5i,1,h'>) <—<1
r=1h'=2 q

From Lemma we can get that for 7 > Py, [<w( 1) " V1>:| @ (00) < p, which implies that

P
SV = {» then we have

”o@w@w»gggl

rT=

the activation function for W(T) is —2 7,800 v
qpi— 1 r7

1
Apparently [<w1 " v1>} < ¥y ) . Combining all the results above, through calculations on lﬁ)’ 1

we have that for y; 1 = 1,

exp (S0 [ (W omna 1)) + 50 (w7 )]

Z(T)

P Zle{ 1,1} &XP (Z:nzl [ (<Wl( r)vyv L V1>) + 25:2‘7 <<Wl(;)v€i717h’>)})
() 1
" S o (S o (W) + Slar ()]
1

S S o (S (W) +1)
>0 !

Zle{fl,l} €Xp (Z:«n:1 g (<Wl(?v V1>)>
B 1
e (S () o (S (W)
>0 1

exp (ma (\I'(lT))) +e
© 1 _ _ (7)
I ECH R ) A
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where (i) holds since o () > 0, and (ii) holds since exp (o (-)) > €% > 1. Then if \I/Y) <p

(m)?
thena(\Ifj) = (\Ilj ) , o' (\IIET)) =

which means that the activation function for \IlgT) i

qpq Lo qp?=1
\I/(T> a-1
( ;q, , So we have
T T q-2 T q—2
7 (\115 )) () (‘I'g )) () (‘Ilg ))
ll,i,l W = ll,i,l T 2 @ (exp (—mU (\Ill ))) T

(m)172
e @gwr»“‘;l

(7) (T)
o 1)
) =

> © (exp (—log (1 /o)
if \IIET) > p which means that the activation function for \I/(lT) is z — (1 - %) p, then o (\IJY)) <
\IIET), o’ (\IIY)) =1, so we have

o’ (Wgr))

o

l(T)

(r
1,i,1 L.

-1 -1
[ (17) = (e (e (7)) ()
(7) M) !
- 6 (o (-m3f7)) (31)
> 6 (exp (~log (1/00))) = © (o0)
So combining both parts, we have that for ¢ € Ds,
o (W@)
" 26(00)
o
Applying the above inequalities, and notice that A < 5) (00), so we further can get that

()

1,i,1

)

T T T] T T
W s (S e (u)
i:y;,1=1,1€D2
(r) o’ \1:(”)
_ OIAS (7) (1
—(1_77/\)\111 + n Z ll,i,l \I'(T)
i:y;,1=1,1€D2 1

@) - \IJ(T) -
> (1= 97+ =1-6/(n) 6 (00)
= (1= U 4 70 (00) ¥
R I CICOEPY RIS 1)
in which (i) holds since y; 1 = 1 with probability % according to our data generation method. This

implies that ¥{™

will keep increasing in the case, so we have that
v > o™ > 8(1)
which completes the proof of the first part.
(i) Then we will prove the upper bound. Since ¢ > Pj, then according to our definition of P,

\Ilgpl_l) < O (1/m), then according to the above results, we have

o™ <maxd @-p " E S R (uY) )6 (087

i:y;,1=1,i€Dy
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A Ies)
O (1/m) + 70 (1) + 18 (o§ ") < © (log (1/42))

where (i) holds since ¢’ (-) < 1. So we only need to consider ¢t > P;. If \p?*l) < O (log (1/N)),
then according to the above results, we have

o s 0mmor e (8 e (o)) 8()

s 1=1,i€Ds
a2 5 (o)) +6 )

< 0 (log (1/X) + 70 (1) + 16 (o§ ") < © (l0g (1/)2))

where (i) holds since ¢’ (-) < 1. Then the upper bound holds. Now we consider the case that

\Ilgt_l) > O (log (1/X)) > p, so without loss of generality, we can assume that 7y is the smallest
index in [Py, ¢ — 1] when the inequality '™ > © (log (1/A)) > p holds for all 7 € [r,t — 1].
From our definition of P;, we can get that \Ilgpl_l) < ©(1/m), soif 1y = Py, then \IJETI_I) =
\Ilgpl_l) < O (1/m), then we have

B <mad eV T (Y ] (900 ) 6 (o)
n 1:y4,1=1,i€D2
T1—1 n
<0 3 (e (i
1€Dy

() +6 (et )

O (1/m) +10 (1) + 10 (of ') <O (1)
If 7 > P, then since 7y is the smallest index in [Py, — 1] when the inequality \IlgT) >
O (log (1/X\)) > p holds for all 7 € [ry,¢ — 1], so the inequality does not hold at 7 — 1, which
implies that \I/Yl*l) < O (log (1/X)). According to the above results and ¢’ (z) < 1, we have that

W < g (e Y LS e (e ) )6 ()
iy;1=1,i€D2

(r1—1) n 7'1 1) ~ q—1
< + = Z Liia + 0 (og

< O (log (1/A) + 16 (1) + 16 (o§ ") < © (l0g (1/X?))

So U{™) < max {é (1),0 (log (1/>\2))} < O (log (1/A?)). Now we consider any 7 € [ry, ¢ —1]

such that \IIET) > O (log (1/))). From Hypothesis|7|and Hypothesis @ we can get that for 7 > P,

ver = Land i € (28], (w0 &))< (Wi Gorne)| |+ [(7 —wiav)]

O (\/30,00)+ B © (00%) < pand from Lemmawe can get that [<W(fl) - v1>} < O (o)
+

p, which implies that the activation function for both of them is qpq—l, SO o (<w(_71) o &in >) <

IN

IA

2% — 4 and similarly o (<w£1) r,v1>) < 2. Then we have
ap P ; q
m H
mH
Z U(< —1“ >)+Z"'(< —lrvszlh>> <22y
r=1 h!/=2 q
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(r)

From the above results we have that \I!Y) = MaX,¢[m) <W1.,r , V1 > Combining all the results above,

through calculations on lfi),l, we have that for y; 1 = 1,

€xp (ET 1 [0 (<W(_Tl) r Yil 'V1>) + 25:2 o (<W(—71),7-,€i,1,hf>)D
S e (S o (W vi)) + S0 (w0 €00))])
o o0 (S [r (wd,0)) + o (00600
~ e (S () i (6]

(ii) e e

S exp (S, o ((wil)v >>) exp (maxrciny 2 ((#17:71))
2) () (exp (*‘7 (‘I’Y))))

where (i) and (ii) hold since & (-) > 0 and (iii) holds since ¢ is monotonously increasing. Then since
¥{” > © (log (1/X)) > p which means that the activation function for ¥{™ is z — (1 — %) p, then

(7)
. (qjg"')) > %’ o' (\IJgT)) = 1, so we have

o’ (\I/({)>

v

l(T)

1,i,1

l(T)

(7)
1,3,1 =\

1,4,1

<6 o (0 (417))) (41)

< O (exp (=6 (log (1/X)))) = © (poly (A))

So we have that for 7 € D,

- <\II§T)> <O

(1)
pOly A )
57—) ( ( )

1,i,1

Applying the above inequalities, and notice that 2 > © (poly (M),

W <maxd -0+ 1S i) o (w0 )6 ()
n :y;,1=1,1€D>
(r) o' \I/(T))
_ COIAS] (7) ( ! & (a1
= max {(1 - nA) \Ijl + T Z 1171-71 T ,@ <0'0 )
i:y;,1=1,1€D3 1

77\1](7)

(1 =) ¥ + =10 (n) © (poly (1)), © (08_1)}

=ma><{ 1— ) 40 + 58 (poly () ¥, 6 (03*1)}
masx {7~ (A~ 6 (poly (1)) ¥17.6 (0471 }

ax{‘llgT),é (O’O )} < gl

in which (i) holds since y; 1 = 1 with probability % according to our data generation method. This

implies that \IIY)

IA

will keep decreasing in the case, so we have that

v < wl™ <6 (log (1/4%))
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which completes the proof of the second part.

Therefore, we can get an upper bound and a lower bound which are both 5 (1), so we verify Hy-
pothesis 3]
(vi) In terms of Hypothesis[6] there are two different stages:

1. If t < T}, then according to our definition of Tj, <I>((:?’)i is the first time in the sequence that
reaches © (1/m), which implies that <I>( P <0(1/m) = O (1); 2. If t > T}, now we want to
prove the following inequality by 1nduct10n For 7 € [0,¢],

r T n
o > 1-prnel )+ @<n>

Z(T 1)

Yi 18,1

2p1—1 (qj?(flll) é("O))’

(GO ™
and (I)y 10 52[3;1)1{] hlerfi)li[] <W:E/i,)1,rﬁ Ci,l,h> )

and we set @; 1)1- =0.
For 7 = 0, according to previous calculations, we have (I)z(;?i,i -0 (\/EUPO'Q). Since @é:ll)z =0,

then the inequality holds at 7 = 0., so we verify the hypothesis at 7 = 0. By induction, we assume

that for any 7y € [0,7 — 1], CID(yT"l)l = MaX,g[m] MaXpe2, H] <Wg(;?1),r; Ci,l,h> > 0, then for T,

denote 7}, = arg max,.¢,] <Wz(u,1>r ,Gil, h> then we can apply Hypothesisat time 7 — 1 and get

that (I)z(; N 1) = maXpe2, f] MaAX,c[m) <wg(,tl 1,1mCz,1,h> = maXjpe[2,H] <W1(/tzlr)h7Czlh> > 0, and

Yi, 1,77

T 7—1
< 7(;1)1 rhaCz L, h> =1 =nA)- <Wg(, 1 T)Z,Ci,l,h>

+ ZZ% 1,517 (< g(/Tllr), a§s71,q>) (Cs,1,95Cis1,h)

9251

According to Lemma with probability exceeding 1 — n=2, for all (s,g) # (i,h),
(€s,1,9 Cl 1,n) = 0. By using the calculations above, we can get that with probability exceeding

1—2n" ‘||C,’1,h|| — 507 (\fa ), which implies that [|¢; 1] > © (y/s0),), then we have

T 77 T T
<W3(,iy)177«;;7Ci,1,h> (1—=nA)- < Wyt 7Czlh>+*@(50 )l; 111)1 << ?(J 1? 7611h>)

According to Hypothesis [2| at [0, 7 — 1], we have <I>Z(/T1 l) = maxXpe2,H] <Wz(/T:17’)Z’ Ci,l,h> >0
(r-1)

apparently ‘I);:)l%h > <W(T) Gin, h>, then the gradient calculation implies that

and @;T)l ; is monotonically non-decreasing for 7y € [0,7 — 1], which implies that <I>yi’l’i >
(I)z(;?)l,i > O(V/s op00) > ©(0p). According to Hypothesis [8| at time 7 — 1, we have

MAaX,.¢[m] <wé L v, i, 1v> < A(t D < O (o). Then taking maximum according to i € [2, H] on
the both side of the inequality, we further get that

()
max <Wyi’17r;; s Gi,1h

he(2,H)
@(1*77/\)' rnaX< C11h>+ﬁ® l b maxa<< (¢-1) Ezlh>)
= he[2,H] 117" ’ n yblﬂ,,l he(2.H) Yi, 1,7}
(ii)

_ . w9 n (r—1) (r—1)
> (1—=nA) h§3}§1< Yit 11h>+n@ lylm,1 o <h§i§]< yzl,ah,€11h>>
= (1 - 77)\) . hg%}é] < vin, TZ’ z,l7h>

n (r—-1) (r=1)

+ E@ ( ) ly 1,5,1 (hglg?é] <Wy, L Cin — Bryi, 1V>>
1)

Z(l—n)\)'hg%g’)é]< yll,r,7C11h>
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+g@< 72 b o (hgl?)é] <W zlvl)h’c“l’h> O <W$‘1T)hyllv>)
Z(l—nA)~hgf§>;ﬂ< Wik, zlh>

# 70 o) T o (g, (W2 ) s (o)
> (1) ma (w < o Th7Cz,1,;L>

+ 16 (s02)

(r—1) (t-1) ~
byer i (hrenzaﬁ] <Wy7 e 7Ci,1,h> -0 (O’o))
=1 <<I>(T*1,) _9 (Uo)) >0

Yi, 1,81 Yi, 1,0

= (1= ) ) + 16 (s02)

Yi, 1,2

in which (i) holds since sgn (l( -b

iy 1) = 1, (ii) holds since ¢’ (-) is a monotonic function, and (iii)

holds since 0 < <I>(T V_9 (00) < @;lel) < p according to our assumption, then the activation

Yi, 150
. q:.(T 1) _B(o q—1
which implies that o’ (q»“ Y @(go)) _ (o S0 )" o

(r=1) .
function for ® is Ui P

Yil, 3 qpq—la

we have

(r) > _ < (t) ‘ > >0
(s <Wy”, = GiLh i max wil) L Cian) >

which implies that CI);;)M = maxye[2, ] MAX, ¢ [ <w§?1m, Ci,17h> > 0. Then

2
(7) (r—1) 77 59
(Dyi,lyi = (1 o "7)‘) (I)y 1,0 + @ < n >

Therefore, by induction, this inequality holds for all T € [0, ¢].
Then we will prove the following inequality. For all 7 € [1,¢],

2
(1) (r—1) 77 5% (r—1) (=) _ &5 (.3
(I)yi,l,i < (1 - 77)‘) (I)y 1,8 + @ < n ) lyi,hivl‘ o’ ((byi,hi -0 (08))

Denote 7, = arg max,.gm <Wz(/:,)1,r7 Ci,11h>’ then apparently <I>; )1 = [<W?(!T')1 s Ci,l,h>] and
1T, n

ngTzll)h > < ?(fl ? 7C1717h>} . Then the gradient calculation implies that

1(7:11-)1‘ o (<I>(Tfl-) e (00)) .

Yi, 1,2, Yi, 1,2

() _ [/ (™
(I)yi,l,i,h - _<Wy11,177’:,”<.i717h>:|+

= [(1—nA)- < Wt 7Cz,1,h> ZZZ(:“U (< ;Tllr)h,&l >> <Cs,1,gaCi,1,h>]

+
According to Lemma with probability exceeding 1 — n=2, for all (s,g) # (i,h),

s.1.9,Ci.1.n) = 0. By using the calculations above, we can get that with probability exceedin
195611, y g g P y g
1—2n72, 7 soﬁ‘ <0 (v/s07), which implies that [[¢;1,4]| < © (v/50,), then we have
T m,(r—1 T—1 2
(bg(h)l,z h — |:(1 - 77/\) < le 1,75 )C%L + ﬁl;iyl,i?lal (< g(h 1, 7) a£z71,h>) ||Ci,17h | :|+

)

< < (I—=nA)- K 7(;1? ,Gi1, h>:| lf/i 1711)1 o << ?(;1? y&in h>) i nll?
]
J

e (o], 4 (jﬁ o ([ )]
)

< (1—nA) [< Wi *aCzlh .

Z(T—l)

Yi, 1,8
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2
Ui S0y / (r—1) (r—1)
+ pq_l (C] <n> o <[< yl 1,70 Cz 1 h>:| n + Bh [<Wy7;,1,r,’j’ —yi71V>:| N
T 502 T— T
< - af 0 e () o (32 (o 2 )

(iif) S
(7 1) n (r=1) (r—1)
< (-l pq_1@<n> o (@00 + 8 (o ))

where (i) holds according to the definition of [] . and the triangle inequality, (ii) holds according to
(r=1)

y 1,7}
at t — 1. Taking maximum according to h € [2 7H ] on the left hand side of the inequality, we
further get that

(T) (T 1) n (1) (T—1)
IR e @<n)zylm\g(@w+@( )

so the hypothesis holds at 7. Therefore, by induction, these two inequalities hold for all 7 € [1, ¢].

l

Yi, 1,0

the triangle inequality, and (iii) holds since < —Y;, 1v> <0 (0’0 ) according to Hypothesis

(1) First we prove the lower bound. Since ¢ > T;, then according to our definition of Tj, <1>(T)

Yi, 1,0 —
© (1/m), so we only need to consider t > T;. If <I>7(f7112 > (log (1/0¢)) /m, then according to the

above results and ¢’ (z) > 0, we have

i ot (@) - 800)

(T) (r=1) n
(I)ylwz( 777)‘)(1)3111» +2p‘1 19(”) Yi,1,%,1 Yi 1,8
(t=1)
(t 1) (I)y 1
> (1= @, ) > ’2 =~ > (log (1/a9)) /2m
then the lower bound holds. Now we consider the case that @Lf:ll) < (log(1/00)) /m, so without

loss of generality, we can assume that 7 is the smallest index in [T;,¢ — 1] when the inequality

<I>§f)1 ; < (log (1/00)) /m holds for all 7 € [rp,t — 1]. From our definition of T}, we can get that
(I);LTR% > 0 (1/m), so if 79 = T3, then we have @;Tol) ;= @;Tl)l > 0O (1/m). If 7o > T;, then since

To is the smallest index in [T}, t — 1] when the inequality @;T)l ; < (log(1/0¢)) /mholds forall T €

[70,t — 1], so the inequality does not hold at 79 — 1, which implies that <I>(y7"1 11) > (log (1/09)) /m.
According to the above results and ¢’ (z) > 0, we have

(=1 ((I)(T_ ) é((fo))

(r) (r=1) n
(I)y 112( 777)‘)(1)31 1458 +qu 1®<n> Yi,1,%,1 Yi 1,8
(I)("'O—l)
(ro—1) Yi, 1,0
> (1) 80 > T > (log (1/00) /2m
So @Z(J Ol)i > min {O (1/m), (log (1/0¢)) /2m} > © (1). Now we consider any 7 € [, — 1]
such that (I)z(/:.)l,i < (log (1/09)) /m. From Hypothesisand Lemma , we can get that for 7 >

()

T, h' e [2’H]’ K *y 1 T’E%Lh’>}+ < [< 7y 1, rvcz 1 h’>}+ +ﬁh <nyi,1,ra_yi,lv>}+ <
O (V/sopoo) + Bh© (00) < p, which implies that the activation function for <w(_21 L &i, h/> is
quq%, Neley <<W(_T;Z e &, 1,h/>) < qp‘ﬁlq,l = £ then we have

m H

mH
ZZ"(< —Jum&lh/» <P <y
r=1h'=2 q
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From HypothesisH we can get that for 7 > T;, [< (_2 Vil >} < &) ( 05) < p, which
i,15 +

implies that the activation function for <w(f;i,hr, Yil ~v> is qpq £ ,800 ( 7yb L Vil >) <

q
£+ = £ then we have
qap q

So (W mwav)) <2<t

r=1 " q

From Hypothesis we can get that for 7 > T, [<W‘1(,;)17T7 Yil v>} <0 (00) < p, which implies
+

T _p
=2,

that the activation function for <w§;)17,4, Yil - > is pqq 7,800 <<W1(;,)1,r7 Yil - v>) < qppq—,l

then we have

S ((wid i v)) < 2 <1

r=1 q
1
viai = 1) = 9(05), then we have

(o] = [(r0)]+ 5[], < 080+ 3(c0)
™)

Apparently from Hypothesis H at 7, o7 O O

29" Combining all the results above, through calculations on l(

it ..i,1» we have that

| P E (s ) Sl (0L )
e (2 o (o)) + st (o))

@ 1

oo (5 [ (4)) e (0 €)])
1

=© Zle{—m} exXp (Z:«n:l Zthz o (<Wz(/:.)1,ra'£i,1,h>) + 1)

>0 !

Zle{fl 1} &XPp (Z;nﬂ Zthz g (<Wz(;:,)1,r, 5i,1,h>))

>0 (exp ( 2mHo (q)z(JT)l 1>>)

where (i) holds since o (-) > 0, Then if (I)E/j)w < p which means that the activation function for

- - CDE,T-) ; g . ‘I’q(f) q—1 . _
o) s o2tr, then o (@7, ) = <qp7,) o (vl = % and 87 | — O (o) >
"
“1=, 5o we have
q—2
g‘ri)l $Z 1(7)11‘@ 71 (T)zl‘@ A\ Yt
)25 (I)(T) ) Yi, 15, (I)(-r) ] Yi, 15, pq—l
Yi, 1,2 Yi, 1,2
()"
>0 (exp (mea (<I>(T) ))) e) vt
Yi, 1,52 pq—l
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> O (exp (—log (1/09))) = O (00) -

if (I>(yT) ;, = p which means that the activation function for @;) ;18 z — (1 - l) p, then
1, 1, q

(<I>(T -0 (ao)) < <I>(T — 0 (0g), 0 (@;Tl ,—6 (ao)) =1, so we have

Yi, 1,8
o' (@7, — 8 (o)) o' (@47))

Z(T) 1 Z(T 1
Yi, 1,2, () = "yi,1,1, ()
(I)ym,i (I)yi,l,i
(7) ™ \7!
llll e((q)ylh) )

-6 (o (-am (5.))) 0 ((32.) )

(C]
>0 (exp ( 2m<I>yT)1 z <( Yinsi )
> © (exp (—log (1/00))) O (o9
So combining both parts, we have that for ¢ € Dy,
o' (@7, =8 (00) .
o) > 0O (00)
@ T

Yi, 1,0

l(T)

Yi,1,8,1

Applying the above inequalities, and notice that A < 5) (00), so we further can get that

(7) (r—1) n (r—1) (=1 _ §
(I)yzll—(l_n/\)q)mll_'_ @<n> l (¢y111 @(00)>

Yi, 1,81

o’ (q)(T,) —© (Uo))

24(7)
’I’]S p(I)y, 1,0 (’r) Yi, 1,2
= (1=l +6 <np> | T
Yi, 1,2

s 2fI)(T) -
>1-nN)e7 .+ e <"”“ 0 (o0)

Yi, 1,0 npql

2
_ (1) = [ 5909, (m)
=1 -7\ <I>y i T no <npq1 ‘I)yi,lyi

2
(7) 5 [ 5909 o (1)
_(I)yzll+n<®<npql - A yzlz—q)yu,

This implies that Phi?(;)1 ; will keep increasing in the case, so we have that

(I)(f) > \I/(TO) > @( )

Yi, 1,8 —

which completes the proof of the first part.
(ii) Then we will prove the upper bound. Since ¢ > T;, then according to our definition of 7T;,

@é?l_zl) < O (1/m), then according to the above results, we have

@éﬁ?S@L?‘R,is(1—m><1>§,:?+p" @( n) !

2
(Ti—1) N5
<I)y”, +e<npq_1>e(z )
2

o (1/m)+© ( 5% > < 0 (log (1/?))

(T)
Yi,1 71 1

7 (00 +6(e4))

(T:-1)
Yi 18,1

np?—1
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where (i) holds since o’ () < 1. So we only need to consider ¢t > T;. If @étzlz) < O (log (1/N)),
then according to the above results, we have

M o 77 9 < n2> lz(;:,)l,vz,l‘ a' ((I)g(j’jll) +6 (0()%))
<ol ve (;L) o (=)
2

o (1/m)+6 (::ﬁ) < 0 (log (1/22))

) < (1-

Yi, 1,0 —

(T;—-1)
Yi,1,8,1

where (i) holds since ¢’ (-) < 1. Then the upper bound holds. Now we consider the case that
3! > @ (log (1/X)) > p, so without loss of generality, we can assume that 7; is the smallest

Yi,1,?

index in [T};,t — 1] when the inequality <I>;T1 ; > O (log(1/X)) > pholds for all 7 € [r,t — 1].

From our definition of T}, we can get that <I>(T _1) < ©(1/m), soif i, = T;, then @;Tll Ll)
3D <@ (1/m), then we have

Yi, 1,2
2
(11) (r=1) n S0p
q)yllt S( 777)\) ¢y117f +p @ (’I’L) lyi,17i71
(Ti—1) nsop
<ol +@<pq 1)@(1 )
2

O (1/m)+© (;Zﬁ) < 0 (log (1/22))

(T)

7 (050 +6 ()

(T:—1)
Yi,1,8,1

If 7y > T, then since 71 is the smallest index in [T;,¢ — 1] when the inequality (I)é:)l,i >

© (log (1/X)) > p holds for all 7 € [r1,t — 1], so the inequality does not hold at 71 — 1, which
implies that pnl <o (log (1/X)). According to the above results and ¢’ (2) < 1, we have that

Yi, 1,0

2
(1) (r1—1) n S0p (r—1)
(I)ylll—( _77)\)<I)y112 +pq1@<n> (cl)y 11+@( ))

2
(71) 5%
<I>y711 ,+0O <np41 l
2

< 0 (log(1/))) + © (:5:_”1> < 0 (log (1/)2))

Z(Tl 1)

Yi,1,8,1

(r1—1)
Yi,1,0,1

So <I>(T1) < max {@ (1),0 (log (1/)\2))} < © (log (1/A?)). Now we consider any 7 € [ry, ¢ —1]
such that 7 . > © (log (1/A)). From Hypothesis E and Lemma , we can get that for 7 > T,

Yi, 158 =
and h/ € [2’ H]’ [< (—ngiyl,r’éi,l,h’>}+ S |:<WY?37‘,,1,7’7 Ci,l,h/>] n + 5h {<W(—27’,,177" _yi!1v>] + S
&) (V/sopoo) + Bh© (00) < p, which implies that the activation function for <w(7), &, h,> is

—Yi,1,
() P _p
soo ((Woy & )) < o = 4> then we have

m H
iy mH
Z 7 (<W(_131,1,r7£i,1,hf>> < Tp < 1.

From HypothesisH we can get that for 7 > Tj, [< (f;/ L Vil v>} < e ( é) < p, which
’ +

Zq
qp1-1°

implies that the activation function for < (r 5 L Vil v> is Iq —Z .. s00 ( —yz LY v>) <
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q
—L— = £ then we have
ap q

ZU(< 7%17«7:‘/11 V>) S Sl

r=1 q

that the activation function for <w§,;)17r, Yi1- v> is quq—q,l, so o <<w§,l)w VUil - v>) < qp’f;l,l = g,

From Hypothesis we can get that for 7 > T3, [<w7§:))1,r, Yi1 v>} <0 (00) < p, which implies
+

then we have

So ((wipnv)) < 22 <1

r=1 q

Apparently from Hypothesis @ at T, q)’(:)w' > O (1) > O (o), then we have éz(;:‘)hi — O (o) >

(™) (r)

“71 .Combining all the results above, through calculations on [, * ; |, we have that

ex2 (7t [7 (v ¥)) + Sl (W0 0)) )
Die(-ry 0P (27 [0(<w53’»ym V) i (Wi ) )])
o 2 (Si [ (W ¥)) + il (80 600)))
e (S (<Wéﬁmw )+ e (W ga))])

(i1) e

h exp (217;1 5:20 (<W3(J:,)17T’€i’1’h/>>)

e

exp (0 (maxre[’m] maxp e[z, H| O <<Wz(/:,)1,r, Ci,l,h/> - Bn <W3(,/:-—7)1,7‘7 %1V>)))

< € < € -0 <exp <—a (@57))))
 exp (‘bg(;)lz - 5hé (o’o)) T exp (U <%)> !

where (i) and (ii) hold since o (-) > 0. Then since <I>(:,)1)i > © (log (1/\)) > p which means that
o
the activation function for (I)z(/:)lz and (I>( —|—@ ( ) is z— (1 — %) p, then o (<I>( ™) ) > it

Yi, 1,0 q
o’ (<I>(T) —1—6( )) =1, so we have

Yi,1, i
(@(7) +6 (a*))
Yi, 1,8 0 o

l(T)

Yi,1,6,1 T

() () ™\
lyz',17i71 (I)(-r) - ZUL 1,%,1 ((I)%',hi)
Yi, 1, i
(1)
N 1
<0 (exp (—0 <y21 ))) (@;T)”)
(1)
o, 1
co(on{+(59))) o2
< O (exp (-0 (log (1/X)))) = © (poly (X))
So we have that for 7 € Dy,
/ (7) Q z
l(‘l’) 7 (q)yi'l’i—’—@(ao)) <é 1 )\
Yi,1,1,1 ) < © (poly (V)
Y (I)yi 1,2
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Applying the above inequalities, and notice that % >0 (poly (M),

o7 < (el 1+ Do) 0 (o (o) 16 (of
Yi, 1,0 — -n Yi, 1,0 p Yi,1,%,1 y112+ ]

3" 10 (os
i nso2d " - yui+®(go))
<(1—nA><I>§,)”+@< ; y ) ] o)
yzll
<(@-m)ey) +6 Py O (pol
_'r} Vi, 1" pq 1 poy
A)

() ~ sappoly
=(1-nn)e |+ @( = L

() ~ sappoly
(I)yuz 77<)‘_@< pql yuz— yuz

This implies that @;:)hi will keep decreasing in the case, so we have that

ol <ol <6 (log(1/)?))

Yi, 1,8 —

which completes the proof of the second part.

Therefore, we can get an upper bound and a lower bound which are both © (1), so we verify Hy-
pothesis|[6]

(vii) In terms of Hypothesis[7] there are two stages:

1. If t < P,, there are two situations:

(). If ;1 = —7, then according to Lemma[D.2]

0 _p®
O =0y = helo 1] reim] <W—yl 1 Gl h> < 6 (Vs0,00)

(i1)). If y; 1 = j, then from Hypothesis[3|at 7 € [0, t], we can get that for any 7 € [0, t],

o=z oiil 50 () o (8 ())

Denote <f>1(f)1 —o7 10 ( ) then we have

Yi, 1,8

2
30 <30 U 50 FE-1)!
91 1,8 — (I)yl 1,8 + pq71@ <n> o (((I)yi,l,i )

From Hypothesis[T|at 7 € [0, ¢], we can get that for any 7 € [0,¢] and any j' € {—1,1}
(1) 5 =1 4 " (=)}

Due to our assumptions, we have

n-@(wll)@( V2. @< p‘f ) ((Vao0)"™?)

So using Lemma [5.1] at [0, ¢] with our initialization, we can conclude that for each j' € {—1,1}
~ ~ ~ 2 ~

and ¢ < Py, @) <8 < 0(8) =0 (e +8 (o)) = 6 (/s0,00). S0 ®!) =

3" (\fapao) for t < maxjcq_11y Py = Po.

ybll_

Combining these two parts, we have that the hypothesis holds at £.
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vl =9 (1). Using the same

2. If t > P,, then from Hypothesis we can get that for 7 € [Py, ], j

inequality in proving Hypothesis [5, we have for 7 € [Py, t],

(r) (r=1) 7 (T=D| v (glr=1
IRV S D DR it L2
i:y;,1=75,1€ D2
- Ve (4[> iy
i:yi,1=7,4€D2
Recursively applying this inequality for 7 € [Py + 1, ¢] gives that
nt—PO—l
t — P P, T t—1—7
RV SR A DR UL VAl I SR /et
=0 i:yi,1=7,1€D3
Taking summation over j € {—1, 1}, we have
t t—P P
IRIRIEE W TE
je{-11} je{-1,1}
n t—Py—1 ( )
~ t—1—71
+@(ﬁ> > (a=m" Y > |l
=0 je{-1,1} i:yi 1,i€D2
Again by \Ilgt) =O(1)and \Ilg-P“) = © (1), we have
n t—Py—1 ( )
Pl t—1—71
6(y) X a-m7 ¥ X i
=0 je{—1,1} iyi,1=7,i€D2
t t—P, P
S ST R
je{-11} je{-11}
<O(1)
Since y; 1 = 1 or y; 1 = —1 always happens, and l§?1’ = Z(TJz 1|, so we have
n t—Py—1
~ T t—1-—71 ~
6(1) X a-m Y i <6,
=0 i€Ds

According to Hypothesis @;;_1) <O (v/sop00), which implies that the activation function for

qg—1
= ~ 718 o3 2
q)gj;_l)'f'@(U()%) is q;{%l,thena/ ((I);j—z_l)+@<0—()%>> — < ” 7( 0>> <@< )

pa—1

Using the same inequality as verifying Hypothesis[6] we have that

(7) (r—1) N5 (r =0, 5(,3
8 < (1— ol +@(pq1 o (a5 +6 (o))
2(g—1)

2 3
N8040
npi—1

1"

<@1-nNe' Y+ 6 e

Recursively applying this inequality for 7 € [Py + 1, ¢], we have

—Py—1
oM < (1 — pa)t—Fo (o) oy \ N (t=1-7)
i < (L=mA) i T© ) D N |y

1
’I’qu 7=0
9 2(‘1:;1)
~ ~ SoZ0, ~ ~
<(1- n)\)t—Po 0 (\/EJon) +0 % s (71\/3701’00) <06 (\/ggpgo)
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so we verify Hypothesis[7]at t.
(viii) In terms of Hypothesis [8] there are two stages:
1. If t < Ty, from Hypothesis |{4]at ¢, we can get that

(t) (t-1) , ned -\ 3 2
Al SmaX{Aj + ((Aj ) )8 (a%y)

then there are two s1tuat10ns
1. If A(t <O (aqa ) <0 (00) holds, then the hypothesis holds at .

2. If A () <0 (oﬂ o ) does not hold, then from HypothesmHat T € [0, ], we can get that for any

TE [O,t],
A§T) < max{Agt ny = <<A(T R ) ) ,© (aqaog)}

2
Assume 79 is the smallest index in [0, ¢] such that A(T <O (aqag) does not hold for any 7 &

[70,t], then we have that

q —1
AD <A 1Y g ((A§Tl))q )

J  — -1
pq

Specifically, if 79 = 0, then Agm) < & (09p); if 70 > 0, then according to the definition of 7, we
~ 3
must have A;To_l) <0 (04‘1003 ), then we can get that

A <A 2 ()Y 2 (o) 4 22 (8 o)) < B

o) Agm) <O (00) always holds. Again from Hypothesis [I|at 7 € [0, ], we can get that for any
7 €0,t] and any j' € {—1,1},

(r) (r=1) n (r—=1)\97!
e T 1@((%/ ) )

which also implies that \I/§.,T) is increasing, specifically, \IJE.TU) > \115.9) =0 (09). Due to our assump-

tions,
e (2,)q11> 6 ((xpjf“)qz) >9-0 (wll) 6 (o872
>0 p?: .0 (08_2) >0 p‘;‘iﬁl e ((Agm))q2>

So using Lemman 5.1] at [0, t] with our initialization, we can conclude that for each ;' € {—1,1}
and t < Py, A <0 (A7) <6 (00). S0 AL < 6 (00) for t < maxjieq 11y Py = Fo.
Similarly, from Hypothesis[2|at T € [0, ], we can get that for any 7 € [0,¢] any i € D,

2
(r) (r-1) U -1 _ 5 a1
(I)yqll—q)ymll +2 q— 1®< n >®<(¢y71,z _@(JO)) )

Denote @é:)” =" — 6 (00), then we have

Yi, 1,0
2
30 S G- U (r-p)4*
‘I)vtli—q)y 1,0 2p9~ ®<n>®<<<byl1,)
and fI)éj)hi is non-decreasing, specifically, @;:01)7 @750 P = O (/s 0p00). Due to our assump-

tions, we have

1 AN o \972 1 so2\ ~ Ly
e (52 e
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ol ~ -2 ol ~ (70) q—2
Zn.p‘]*lle(ao )2n~pq1-@((/\j0)
So using Lemma at [7o,t] with our initialization, we can conclude that for each ¢ € D; and
t<T, A" <o A§0)) = O (09). So A < O (09) for t < maxiep, Ty = Tp.

Combining these two situations, we can get that A;t) <0 (0p) holds at t < Tj. So the hypothesis
holds at ¢. ~
2. If t > Ty, then from Hypothesis@ we can get that for 7 € [T, t], o~ 0 (1). Using the

Yi, 1,8

same inequality in proving Hypothesis @ we have for 7 € [Ty, t],

(m) (r—1) 77
@112(77))\)@1/17+ ®<n>

—(1-n)) ;1}>+ il @<n>

Recursively applying this inequality for 7 € [Ty + 1, t] gives that
2
() t—Po g (To) 59

(I)ulzz( *77>\> O(I)yoﬂjL@(npq—l !

Taking summation over ¢ € D1, we have

2 t—To—1
t T (¥t 50p T (t—1—71)
Doz (=T Y e+ (npq1> D, =N Y iy

i€Dy i€Dy 7=0 €Dy

1S (@“ b é(go))

Yi,1,%,1 Yi 1,8

Z(T 1) ‘

Yi, 1,81

(t—1—7)
Yi,1,8,1

Again by " —0( (1) and ! — 0 (1), we have

Yi, 1,2 Yi, 1,8

2\ t—To—1
nso T (f 1-7) t—T, (To)
o(25) 5 o 3 < S S
=0 ieD; i€D; i€Dy
<0 (n)
Since y; 1 = 1 or y; 1 = —1 always happens, and ‘lﬁ)ll = ‘l(fj) 1], so we have
7780'2 t—To—1
T —1— ~
@(n qﬂ) > (=ny) it <6
P =0 i€Dy

According to Hypothesis A;T_l) <O (00), which implies that the activation function for AgT_l)

is

Sa0) - () 5 (a1 (e .
then o (Aj ) =t <6 (O’O ) Using similar calculations, we can get that
T—1 7—1 ~ 2
1300 (aal) .6 (atd )

.0 (aqa(]%>

then assume 74 is the smallest index that A(T ) > 6 (oﬂcr ) holds for all 7/ € [ry,t], then recur-

Zq
qpa—1t>
al

(1) (r—1) , No
A7 <maxq (1 —nA)A; +— - Z

1:yi,1=5,i€D1

q-a—1
< max ¢ (1 —n\) A(T NG <M> Z

1:yi,1=5,1€D1

T—1
b

sively applying this inequality for 7 € [y, ], we have
q

(t—m1—1)
q
Agt) S (1 B n)\)t T1+1 AT1 1 + @ <77040'0> Z (1 — 7])\)7- Z l§f7;_,117—)

7=0 1:yi,1=7,1€D1
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nalo Y (t—17)

T1—1 T —17

<A +@<no> Soa-ay Y
7=0

q 1
770‘%).@(”).(:)

n

< () <6 (

:1€D1

"2><é(00).

nso,

(vii) In terms of Hypothesis[9] according to our calculation of update, we have

(t—1)

—]T‘ 7] V>

Z ays, 11(_t] 51)10

s€Dy

(w5 v

)], =

(1= ) (w

1o

((w

_Zzﬁhysll—yma (< i aés,l,h>)

h=2s=1

(t—-1)

_]7-7

QayYs1 - V>>

)l

=) (W) = 0 S el
s€Dy
H n
‘*‘%ZZ@L lg;sl,)1 o’ (<w(tj,,1,)7£s,17h>)]
h=2s=1 4
2 N (w50 )+ S S o
h 2s=1
0 (w2 )], - L
h 2 s=1

o (WD)

77 Z Z 5h‘l(—tjsl)1

h=2s:ys1=j

(-

h=2s5:5€D2,ys,1=—7
H
+ 1 Z Z Bh l(jj 51)1

h 2 5:8€D1,ys,1=—J

)

where (i) holds since sgn (yz 1Ys, 1l(_yl 1) 5.1

(iii) holds according to the definition of []
inequality from O to ¢ gives that

(e v>Ls<1—m>t [< ),

(t—1)

_]7;

—1, (ii) holds since []

)

(w50 60)
(0 600)

+

t—1
N t r—1 T
DO S5 Al (w0
e h=2s:ys 1=j
nt71 H
t—7r—1 T
+- SECUAD DI DI T
=0 h=2s:5€D2,ys,1=—]
nt—l H
+1 NI Y a0l (

57

h=2 s:5€D1,ys,1=—J

(w8

(t—1)

ayYs.1 - V>)

<w<z,:>7ss,1,h>>]
4G

+

€in))

(t=1)

7]')‘7

is a monotone function, and
. and the triangle inequality. Recursively applying this

Eoin))

l (<W—J T,Ss,l,h>)
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For the first term, we can get from the initialization from Lemmathat ’< ©) X v> ’ < 6 (00),
so we have

0 0 0 3
1o (o) = (854}, < (08} =B
For the second term, from Lemmaat 7 € [0,t — 1] we can get that

<W(_T]-)7T,Cs,1,h> = <W(fys L T7Cs,1,h> < 0 (Vso,00)
From Hypothesisat 7 € [0,t — 1] we can get that
(W) =poav) = (W) | —pav) <AT) <6 (00)
so we have
<W(fj),r,€s,1,h> < ,chs,Lh — Bnys, 1V> = < ,JT,Cs,1,h> +ﬁh< ,j),ﬂ ys,1V>
O (V/50,00) + 510 (00) < © (v/50,00)

then we can get that

t—1

I S S o ()
=0 h=2s:ys1=J
<1 Za-mt - 12 ST 61| (é(x/gapffo))
h=2s:ys1=]
SIS AT Y a8 (Vo))
=0 h=2s:ys 1=J

where we use the fact that © (V/sop00) < p so that the activation function for &) (V/sop0yp) is quq—q_l,

which implies that o (& (\/Eopao);: O _ & ((Vsopo0)™™).

For the third term, from Hypothesis{/|at 7 € [0,¢ — 1] we can get that

<W(_TJ-),T,CS,1,h> = <W§:?I,T,Cs,1,h> <ol) < O (Vs0,00)

from Hypothesis[d]at 7 € [0, ¢ — 1] we can get that
1
3
/)
so we have

<W(,TJ?,T’ —ys,1V> = <W1(,:)17T, —ys,1V> <0 (0
<W(j]),r’€i,1,h> < 2 7)ot — Bnys, 1V> < i raCs,l,h> + B < ,j)w ys,1V>
(\[JPUO) + ‘70 -6 ( o%) <0 (\[UPJO)

then we can get that

t—1 H
%Z (1)1 Z Z B l(—Tj),s,l‘ o <<w(fj)’r,£s,17h>>
=0 h=2s5:5€D2,ys,1=—7J
7 t—1 H _
SIS =TT Y sl (6 (Vanen)
7=0 h=2s:5€D2,ys,1=—]
0 t—1 H 1
SIS TY Y A8 (Ve )
=0 h=2s:5€D2,ys,1=—J
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where we use the fact that © (v/so,00) < p so that the activation function for S) (V/sop00) is

which implies that o’ (é (\/Eapoo)) = M -0 ((\/Eﬂpao)q_l)

pa=t
Using the same results as verifying Hypothesis[7 and Hypothesis[8] we have that

Z‘I
qp1—1°

t—Pp—1
@(g) S - ‘15211 | <8(1)
=0 1€Do
nso? \ L (t—1-7)
G)(anl) Z (177»‘)72[111 i <®()
P =0 €Dy

Then the summation of the second term and third term will not exceed

Ziu )T 12 3 B 6 ((vs,00)" ")

h=2s:ys1=]

t—1
+%Z<rm>”*2 S 6
7=0

h=2s:5€D2,ys1=—j

Z(T)

—7,8,1

l(_T].{s’l ‘ 5 ((\/gdpdo)q71>

t—1
= 27;72)( _ t T— 12:2 DZ 8 ZYJSJ ((\/go_pao)q—l>
T= 5:5€D2,ys,1=—J

t—1
FIS eSS Y 66 (o))
7=0 h=25:5€D1,ys,1=—J

< 2nBh .® (%) ) ((\/gapao)q_l) 4 Wgh .0 (nqu1> .0 ((\/gapao)q—l) <0 (UO%)

2
n nso,

For the fourth term, the gradient calculation implies that for each s which satisfies that s € D; and
Ys1 = —Jj,and h € [2, H],

<W§;ts),1,r7<stl,h> > (1—nA)- <W1(,211,27Cs,1,h>
" H n
+ n Z Zlys‘hzﬁloj (< Wy, 1,7"761 1,g>) <Ci,1,g7Cs,1,h>

g=21i=1
According to Lemma with probability exceeding 1 — n=2, for all (i,g) # (s,h),
(Ci1,9,6s,1,n) = 0. By using the calculations above, we can get that with probability exceed-

ing 1 — 2n72, ’||CS,17hH2 - sag‘ <O (v/s07), which implies that [|Cs,1.]| > © (v/s0,). Since
sgn (l:ff_llgl) = 1, then we have
<Wg(,,?,1,r= Cs,l,h> >(1—n\)- <w?(fs_117)n, (S’Lh>
+ 20 (s2) 19| 0" (W0 o))

Ys,1,8,1

Recursively applying this inequality from O to ¢ gives that

<wég L Gs.1 h> > (1- 77)\)t <w§2?hr, C3717h>

+ g@ (5012)) 2(1 —pA)T! l?(!: s 1’ o’ (< w7 T,§é717h>)

Since t < min { Py, Tp} < mingep, Ts, then we can get that <I>yg ..+ < ©(1). From the initialization
in Lemma we can get that <wg(,sylyr, Cs,1,h>‘ <0 (v/sop00). So we have

t—1
o = D, o (D Eenn)
=0
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- © (‘1-02) (<WZ(JZ nr Cs,l,h> (1 B T’A) <W(s‘ 1,79 CS 1 h>)
p
9(;2) (20, .+ (W, . o))
p

1 ~ ~ o
< 0 (s02) (@ (1H)+0 (\/§0p00)> S @(ia,),?)

Adding up all the above inequalities for those s which satisfies s € D; and ys1 = —j, and h €

[2, H], we can get that
t—1 H
IS S e ()

h=2s:5€D1,ys,1=—]

IN

l("')

—J,s,1

t—1 H
= ﬂhg Z (1 - nA)t_T_l Z Z l?(j;)1 s 1’ U, <<W1(J:,)1,r’ 5371,h>>
=0 h=2s:5€D1,ys,1=—J

§6h~n-(H—1)-é(1)§®<og)

Combining these inequalities together, we have that

(5 v>Ls<Hﬂ>t )
t 7712 Z B

h=2s:ys 1=J

i WYY 4
E

oo (955
/(< (_7-])7T7£s,1,h>>
(5 60)

l("')

—J,s,1

h=2s:5€D2,ys,1=—7J

AT XH) > b
=0 h=2 s:5€D1,ys,1=—J
<B(00)+6 () +6 (o) <6 (o))

so the hypothesis holds at t.
Therefore, by induction, we finish the proof of all hypotheses. O

Z(T)

—7,8,1

F MULTI-TASK LEARNING

Next, we will focus on the proof of multi-task part. The proof techniques and structures are basically
the same as the proofs in Section[C] In order to prove Theorem[.2] we need the following technical
lemmas.

Lemma F.1 (Convergence Guarantee of GD). If the step size satisfies n < O (o), then for any
t > Py, it holds that

LW — LW ®) <~ VLW O)3.
Lemma F.2 (Generalization Performance of GD). Let

W* = arg min HVL (W(t))H

{WU) W(T)} F

poly

Then by selecting T' = for all training data, we have

1
nK Z Z 1 [Fy”c (W*’Xi»k) < F—yi,k (W*axi,k)] =0.

i=1 k=1
Moreover; in terms of the test data (x,y) ~ D, we have
Pxyy~p [Fy (WF, %) < F_y (W, x)] < poly (n™).
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G PROOF OF LEMMAS IN APPENDIX

In order to prove Lemma[F.I|and Lemma[F.2] we need the following technical lemmas.

Lemma G.1 (Off-diagonal Correlations for Task-specific Feature). Forany j € {—1,1}, k € [K],
and any t, it holds that [<W(j;’r,j vi)l4 < O(oy).

Lemma G.2 (Off-diagonal correlations for Random Noises). For any data (X; i, yi ), any h €
[2, H] and any t, it holds that [< ¢ 2;, s Gk h>}+ < O (\/50,00).

Lemma G.3. Suppose the training data is generated according to Definition and Defini-
tion Let Ag»t) = MaX,c[m| [<w](t3,] . v>} o \Ilgtl)C = MaX;¢[m) [<w§’27] . vm v @;tz) ho=
MAX g [rm] MAX e[ K] [<W§?,£zkh>] K and @gtl) = maxhq)g-fz’h and c1>§_t) = maX;c[y] <I>§2 Then
let P;j be the iteration number that \I!yll reaches © (1/m) for j € {—=1,1}, Qji be the it-
eration number that Agt) reaches © (1/m) for j € {—1,1}, we have P;j < ) (Ugfq/n)

for all j € {-1,1} and k € [K], and Q; = é(og_q/n) forall j € {-1,1}. More-
over, let Py = maxjc(_11}ke(rx] Pj and Qo = maxjc_11)Q;. Forallt > 0, it holds that

<I>§t2 <0 (V/sop00) forall j € {—1,1} and i € [n], and [<W(_t;7mj -v>Lr <0 (aé) Sfor all
je{-1,1}
Given these three useful lemmas, we are ready to prove Lemma|[FI]and Lemma[F2]

G.l PROOF OF LEMMA

Proof of Lemmal(F1] The proof of this lemma is basically relying on the smoothness property of the
loss function L (W) given certain constraints on the inner products with each patch.
Let AF;; , = F (W(Hl), Xi k) — F} (W(t), X; ), we can get the following Taylor expansion on
the loss function L; , (W{+1)),
OL; i (WD) 2
L (W(t+1)> yy (W(t)) <N TR ) AR+ AF; ;)2
ok o* B zj: 8FJ (W(t%Xi’k) Pk Z( 7 ’k)

J

In particular, by Lemma to Lemma we know that <W§Z,aylk v> < (:j(l),
<w§f2,yi7k . vk> < ©(1) and <w§t2,§“€> < ©(1). Then we can apply first-order Taylor ex-

pansion to F}; (W(t“),xi, k), which requires to characterize the second-order error of the Taylor

expansions on o (<W§-f:1),ayi,kv>), o <<w§-f:r1)7yi,ka>) and o (< (Hl ik >)

o (i )) = (o)) = (T (7 o)) ) — w2
<6 ([ = w2]) =8 (7 (W) 1)

!o<<wfr”,m>> o (e = (T (7)) s w2
<6 ([wier W) =8 (1[92 (W) 1)

<<w5-m>> o ((w1260Y) (T (70wl )|
(e = wi2l) = (o2 sz (WO)).

Q

O}

<
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Then combining the above bounds for every r € [m], we can get the following bound for AF); ;

‘AFj,i,k - <VWF]» (W(t),xi,k) WD W(t) ( Z vaj-,rL (W(t)) Hz

(n HVL (w);):

< j,,glk> < 6(1)and

5
Moreover, since <w§f2,ayi’k -v) < O(1), < w r,yl k- vk>

o (+) is convex, then we have
(o4 e o (o5 00
s {Jo (e, o () - — i

<6 (v w2

Similarly we also have

‘a (<Wj(',tr+1),yi,kvk>) -0 <<W§-f:r1)7yi,kvk>>‘ < o (
(i) = (i )| £ o - wit

Combining the above inequalities for every r € [m], we have

and

|AF‘7i,k\2 <o Z H t+1)
re[m]

<5 (e v (wm)Hi)
-6 (e (w) ).

Now we combine all the above inequalities, which gives

OL; (W® 3
Lig(W) = L (W(t)> <2 OF; (é\;(t) X')k) Akt 2 (A1
J J i J

— <VLi,k (W(t)) ,W(t+1) _ W(t)>

#6 (v (we)[})

Taking sum over ¢ € [n] and k € [K] and applying the smoothness property of the regularization
function A ||W||%, we can get

L (W(t“)) —L (W(t))
= e 305 e (W) s ()] 2w e
(7w wess w5 (s ()

——(n-8P)) vz (wo) |
5 vz (W)l

where the last inequality is due to our choice of step size = o (1). This completes the proof. [

2

)

IN

IN
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G.2 PRrOOF OF LEMMA[F.2]
Proof of Lemma[F2}] From Lemma[G.2]and Lemma[G.3] we can get that

m H
Fyi,k (W*vxi,k) = Z [U (<W;;i,k77'7 ayi,kv>> + Z o (<Wzi,k,7-a£i,k,h>)‘|

> s o (W], 0mav)) = O @)

m

Foy (W x5) = Z lo (<Wiyi,k,7’7 ayi7kv>) + Z o <<W*yi_’kﬁr,£i,k)h>)‘|

r=1 h=2

< m max o (<wiyv o Oéyz',kV>)
re[m] o

+m(H —1)0 | max max <w*7v G >+ max max<w*7' r,—iv>
( ) ("'E[m] hel2,H] Yik Cirkoh he(2,H] Pn re[m] Yiko Yik

<6 (atod) +m (11 18 ((max 1)),

he(2,H)

so Fyy. (W*,x; 1) > F_y, . (W*,x; ) holds for i € D;. Similarly, from Lemmato Lemma
[G3] we also have

Fy o (W x4 ) = Zm: [O (<W;,k,r,yi,kvk>) + ZU <<W;,k,m§i,k,h>)]

H
h=2

> max o (<W;iyk7r,yi,kvk>) =0(1)

m

Foy (W5x ) = Z la <<Wiyz,k,r’ yi,kvk>) + ZH: o <<W*yi7km,fi,k$h>)‘|

r=1

< mrnelﬁf] o (<Wiyi,k,r, yka>)

+m(H —1)0 | max max <Wi.  GiLk >+ max ,max<w*_, i v>
( ) <r€[m] he[2,H] Yisks Cikoh he[Q’H]Bh rem Yik> Yi.k

~ ~ q

< m® (o7 H-1)6 ) ) =0(1).

< b (o) +m (i -8 ((max 51) ) =o(1)
so Fy, . (W*,x;) > F_y, . (W*,x;) holds for i € D,. Combining these two parts, we have
that for i € [n], Fyy, . (W*,x;) > F_,,, , (W*,x; ) holds, which directly implies that

1 n
E Z 1 [F*yz‘,k (W*>Xi,k) < Fy‘l.k (W*7Xiak)] =0

i=1

Therefore, W* can correctly classify all training data and thus achieve zero training error.

In terms of the test data (x, y) which is generated according to our assumptions, then with probability
p, it will have the patch of task-shared feature and the patches of noise, like the training data for
i € Dy, then x = [ayv, &, ..., €. Similar to Lemma|[B.3] the support set of the random noise of
this data will have no interpolation with the support sets of random noises in training samples with
probability larger than 1 — n?, which implies that (w} .., {x,») = 0. For this kind of data, we have

m

V) =3 o () + 32 ()

= i lff ((Whr ayv)) + ; (W —5hV>)]
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> max o (<w;;’r7 ayv))

re[m]
>0 (af)
and
m H
Foy (W* x) = Z o ((wW*y, ., oyv)) + Z o ((W*y s Ch — b’wv))}
r=1 h=2

|

h=2

IA
3

1[0 (max . ayV>> +(H-1)o ( max fj, max (w*, —yV>)}

re(m] he(2,H] re[m)]

_ q
S@(mH( max ﬁh) )
h€[2,H]

then F,, (W*,x) > F_, (W*,x) holds for this kind of data. With probability 1 — p, the data will
have the patch of task-specific feature and the patches of noise, like the training data for ¢ € D,
assume it belongs to the k-th task, then x = [yvy, &2, ..., Eg|. Similar to Lemma the support
set of the random noise of this data will have no interpolation with the support sets of random noises
in training samples with probability larger than 1 — n?, which implies that (wy ,, {x,n) = 0. For
this kind of data, we have

By (W) = 3 [ (5 ¥e) 3 (W G ﬁhv>>]

h=2

I
NE
IT|
5
<
s
=
+
M=

<<w;;,m—mv>>]

r=1 h=2
> (0
>0(1)
and
m H
F_, (W* x)= Z [a ((W* Vi) + Z o ((Wy G — Bhyv>)]
r=1 h=2
m H
=3 o)+ S (o )|
r=1 h=2

re[m] he(2,H] re[m]

q
<mH®O (( max ﬁh> )
he[2,H]
then F, (W*,x) > F_, (W™*,x) holds for this kind of data. Combining two parts, we can get that

P,y [Fy (W x) < F_ ) (W*,x)] =0(1).

Then we complete the proof. O

<m {a (max (W yvk>) +(H-1)0o ( max [, max (w*, —?JV>>}

H PROOF OF LEMMAS USED IN APPENDIX

H.1 PROOF OF LEMMA

Proof of Lemmal|G.1} Note that at the initialization, since W§02 ~ N (0,031,), then denote WEOB“

the u-th coordinate of wé?r) , denote v} the u-th coordinate of v, then using Hoeffding’s inequality,
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we can get that

ca® ca®
]P’{KW(-OT),V > WO)” b <2exp | ———5 | =2exp (—)

’ Z ot [P %

so one can conclude that with probability exceeding 1 — 2n=2,
d
0 0)u u

(w2 =[S i <
then with probability exceeding 1 — 4mn=2 > 1 — 4n~1, ‘<w(0) vk>‘ <6 (00) holds for all

r € [m] and all j € {—1,1}. Similarly, we can get that with probability exceeding 1 — 4n~1,
‘<w](-?2, V>' < O (09) holds for all r € [m] and j € {—1,1}. Then we have

(Wi o)), < ()| < B00)

According to our calculations of update, we can get that

(CEE)
1= (st i (3 s () )
.

s€Do
©)
S RRCCRRYEE D ol CIEY (CORAY)]
s€Do +

(ii)

< (I—=nA) KW(Q»T,J' . Vk>} < [<W(f;r7j : Vk>}

’ + ’ +
where (i) holds since sgn (jys kl(_ s k) = —1, (ii) holds since ] 4 is a monotone function. By

applying the above inequality recursively, we can get that

[<W(f;ri)’j vk>}+ < [<w(f;-7r7j . vk>}+ < ng)])-m,j . vk>L_ < é(ao)

H.2 PROOF OF LEMMA

Proof of Lemma[G.2} Note that at the initialization, according to the definition, ¢; xj, is s random
vector which selects s coordinates from a random vector which follows N (O, aﬁId), then denote
Bi1.n = supp (Cik h) be the support of ; i, », then |{; x.n| = s. Denote (", ;, the u-th coordinate
of ik, Since wﬁ7 ~ N (0,021,), then denote W;-OT)U the u-th coordinate of w§02,
Bernstein’s inequality, we can get that

P (w2, G| 2 o) = {|Zw<0’“c
O)uu . Cl2 t
=P Z W nl = ap <2exp| —cmin %T‘g,%

UEBIk h

and using

so one can conclude that with probability exceeding 1 — 2n2,

(e o ot 1
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then with probability exceeding 1 — 4mHn =2 > 1 —4n~!, ‘< W Gik h>’ < 5) (v/sop00) holds
forallr € [m], h € [2,H] and j € {—1,1} Then we have

[<W(_02,i)17mCi,k,h>}+ < ‘<W(_0;M,mCi,1,h>‘ <6 (Vs0,00)

According to our calculations of update, we can get that

[<w(f;1k’r, GCik h>} .
= [(1 —nA) - < Wy Gk h> LK ZK:ZH:ZH: Ly si” (<W(j;iyk’r,£s,l79>) (s, Ci7k,h>]
=1 :2 =1

According to Lemma with probability exceeding 1 — n=2, for all (s,l,g) # (i k,h),
(€s.1,95Cike,n) = 0, then we have

(W )] = [0 =m0 (il o)+ 0 i’ (o)) (G Gind]
20 (w0 o) = 1k (i) Ianl”]

(ii)
< (1-nA) [<W(_tg,i,k,m@,k,h>}+ < [<W(_tg,i,k7r,@,k,h>}+

l(@)j i k) = —1, (ii) holds since []

applying the above inequality recursively, we can get that

[<W(f;:1k,r,Cz k h>L < [<Wg;i)k,r;Ci,k,h>]+ < [<W(,O;i,k,r7Ci,k,h>}+ <0 (V/'s000)

+

where (i) holds since sgn ( is a monotone functions. By

+

H.3 PROOF OF LEMMA

Proof of Lemma|G.3] From the calculations of initialization in Lemma

and Lemma [G.2] we
have that with probability exceeding 1 —12n"1, ‘ <W§0T) , vk> ‘ <06 (00),

w'? v>‘ < O (0p),and

o
’<wj(-?r), Ci7k7h>‘ <0 (v/sop00) holds simultaneously for all j € {—1,1}, r € [m] and h € [2, H].
Therefore,

) _ © . < ‘ © . ‘_ ‘ )
vk = s [(w5d )] < (il g v = e (il )

0 _ (0) w® — w®

A = g (g )] < e | )] = s [ O >\é@< <

3@, <3 <3 = ©0)
i < 03 <907 = sy o, s (47 )]

< J”C”“h>‘ <O (Vsop00) < p

holds simultaneously, which also implies that

< max max max max
ke[K] i€[n] he[2,H] re[m)]

max max Imax nax [<w(-0r),£,- k h>]
k€[K] i€[n] he[2,H] re[m] » IR

_ © - ,
= 0 i 2 [0 G — i)

< max max max max {<W(03,Cikh>] + max ‘< (Or),v>’
k€[K] i€[n] r€[2,H] r€[m] J UM reim] Wi

< 0 (Vso,00) + 0 (00) < p

so that the activation function for all of them are T

Besides, for any r € [m], since w ~ ( O’OId) we can get that <W§T),] vk> ~
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N (0, o3 ||ka2> =N(0,08),s0P (< ;2,3 vk> < %) is an absolute constant, then we can

get that
P 0) >20) _q1_p <%
Tné[gg] JT,g > = max JT.,] Vi 5
g0
= IP’(< ”,] vk><?,‘v’r€[m])
oo\™
=1-P((wihiv) <)
>1-—n"t
: s . . | o 0) _
so with probability exceeding 1 n-+, \I'jk = MaXre[m] [ W;,J " Vk =
El ’ +

MaX,¢[m] <W§OT) N vk> > %. Similarly, we can get that with probability exceeding 1 — n~t,

Ago) = maX,¢[m] [< §02,j v>} . = MaX,¢[m] <W§-?2,j . v> > %2. And conditioning on (;  x,
we can get that <wj77.,Ci’k7h> ~ N (0,08 HClthQ) so P << W, r7C1 > M) is an

absolute constant, then we can get that
o0 [ .l >

oo [|Giknll ) _
P (s (i G 2 “HGEAL) =1 (s (Wi ) < 21

00 (|G k,h
:1—P(< 5027@ > 0|2”,we[m])

70 \Ginl )
=1 (W G ) < S

so conditioning on {; x n, with probability exceeding 1 — n~1, Max, ¢ ] <W§OT) ,Ci7k7h> >

M According to the definition, ¢; . is s random vector which selects s coordinates from

a random vector which follows N (0, O’%Id), then denote B; ;. r, = supp (¢ x,n) be the support of

Ciskono then [Cigon| = 5., (|G ||” = Yues p Cin” and foreach u € B yn, ¢y, ~ N (0,07).
Then we have that

E ||Ci.,k,hH2 =E Z C;fk,hQ = Z ngk,h2 = 50;2)

wEB; ki, UEB; K,

By using Bernstein’s inequality, we can get that

}:P Z Citgn” —E Z Cirn’| 2 a

wEB; ks, w€EB; K, n

P{|l1¢isnl”

2 2
=P Z Ci,k,h - Sap >a

wEB; K,

. a?
< 2exp (cmln <2, )>
so, op
so one conclude that with probability exceeding 1 — 2n =2,
6 (Vsay)
which implies that which probability exceeding 1 — 2n 72,

(\/gap)

ISk nll” = 50
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Combining these two parts, we have that with probability exceeding 1 —n~! —2n"2 > 1 — 2n~1,
max <W('02, Gi,k h> > 70 lIGi.k.nl > O (V/'s0p00)
re[m] o ™ 2

So we have that with probability exceeding 1 — 2n =1,

(0) (0) 0 _ 0)
o) 2 ) 2 00 = s o [ (w5 o)),

> max |:<W§?2,Ci71,h>}+ = max <w§?2,§‘i7k7h> >0 (\/Eapao)

rem] re[m]

Therefore, with probability exceeding 1 — 8n =1,
\Ilg?lz = max [<w§?2,j . Vk>]+ > 70

re[m] ?
AO — [< o . >} > 20
J }2?}3}1 Wi D V) =7

(0) (0) 0 _ 0)
q)j > ‘I)j’i > q)j,i,h = 1?61%)({] g% |:<Wj’r7Cz,k,h>:| N >0 (\/gUon)

holds simultaneously for all j € {—1,1}. Combining these two parts, we have that with probability
exceeding 1 — 20n 1,

¥ = 6(00) A = 6 (00), 2" = 6 (Vsoy00) , 2 = © (V3o,00) , 81, = © (V/30,00)
Then according to our definition, it can be shown that for ¢ € D1,

F; (W(O),xi,k) = i -0 (<w§02, Yi k v>) + i o (<w§027§1kh>>1

r=1 h=2

o [0 )], [ )]

1 -1
r=1 qpq h=2 qpq
H
pe p1 mHp
<m + E = =o(1
<qpq1 = qpf“) q @)

forall j € {—1, 1}, and similarly for i € Ds,

E; (W(O)7XZ‘,1) = i o) (<W§-?27yi7k -V;g>) + zH:U (<W§-?2,§i)k’h>)1

(o))" o (o]

—1
oy qp? P qp?
H
p1 pe mHp
<m + = =o0(1)
(qpq‘l hZZQ qpq‘1> q

forall j € {—1,1}. Then we have
WO )

Z eFS(W(O)’xivk) :@(1).

so that

0
52

‘ — O(1).

According to the definition of lj(tl)k, we have sgn (thl)k) = JY; k, SO sgn (jyzklj(tl)k) = 1. We will
prove the desired argument based on the following induction hypothesis:

(t) (t-1) n (t-1\9!
vl > ol +2qu1@((\1fj’k ) )
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® _ (®)
Vi = Tnelflx]< Wi vk>

\Ilgtl)C is monotonically non-decreasing,Vj € {—1,1},k € [K],t < P, (D)
(t) (t—1) , nat (t—1)\97 ! = q—1

AY = ma < (s ), v>
i e \War g

Agt) is monotonically non-decreasing, Vj € {—1,1},t < Q; 2)

_ 80'2 g—1
o) <l Ny szfle <nf’> c ((@,ff RECIC) ) Vi € Dyt < By

3)

))q1>,VieD1,t§Q0
4)

2
o® (t=1) n 5% (t=1)
y7klg¢yzk’+qu1@<n>@(<(bykz+@(

') <6(1),Vj e {-1,1},k € [K],t < Py,

Ow\m

v =6(1), 9" = max <w§f3,j : vk> Vje{-1,1} ke [K],Piy <t<T (5

re[m]

t ~ .

AV <0(1),¥) € {£1},t < Q;,

AD =81, A():max< ()jv> Vie{-1,1},Q, <t<T 6)

J J re[m] j’l‘7 ’ ’ ywij > U >

o) <O (Vso,00),¥j € {~1,1} Vi€ Dyt < T 7)

;Z) @(\/§U 00),Vj € {-1,1},Vi € Dy, t <T (8)
(w7 vy <6(of) Vie{-11},t<T ©)

and for t = —1, we set \Ilg_k ) = 0forall j € {—1,1} and k € [K], A§_1) =0forall j € {—1,1},
and <I>(71) =1forall j € {—1,1} and ¢ € [n]. Now we consider the situation at ¢ = 0.

(1) In terms of Hypothe51slandl since the distribution of w( ) is symmetric, then for each r € [m)]
and j € {—1, 1}, with probability 1 5 < (02,] vk> < 0. So with probability = s < (27] vk> <

0 holds for all 7 € [m]. Denote * = arg max;, ¢y, <w§?2,j . vk>, then
IP’{<W§?2*,j : vk> >0,V € {—1,1}}

>1-P{(wi 1) <of ~P{(w . ~1-v) <0}
:1—P{<w§’2,1-vk><O,Vr€[m]}—]P’{<w(_01)7T,—1-vk><0,‘v’r€[m]}

1 1
=1- 2771121_”

so with probability exceeding 1 — n~1!, \I/;.Oli = <W§OT)* .7 vk> > 0 holds for all j € {—1,1} and
j € [K]. Since \I/.( D= = 0, then the inequality

0) o g (-1 n -1\t
') > ol +2pq_1@((\1:j7,€ ) )

holds, so we verify Hypothesisat t = 0. According to previous calculations, we have that \Ilg ,2 =
&) (09) < O (1) for all j ei—l, 1}, so we verify Hypothesmatt =0.

(i1) In terms of Hypothesis|2|and (6} since the distribution of W§O)

is symmetric, then for each r € [m]

\T
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and j € {—1,1}, with probability 3, < §7)7] v> < 0. So with probability %, < §07)’] v> <0

holds for all r € [m]. Denote r* = arg max,.¢ ] <w§?2, j- v>, then
P{<w§0r)*,j v> >0, € {—1,1}}

>1-P{{wll.1-v) <o} —P{(w® ., ~1-v) <0}
= 1—P{<w§02,1~v> <0,Vr e [m]} —]P’{<w(_01)7,,.,—1-v> <0,Vr e [m]}

1
=1—-——>1-n""!

2m—1

s0 with probability exceeding 1 — n~!, A" = <w§02*, j- v> > 0 holds for both j € {—1,1}.

Since A;_l) = 0, then the inequality
(t) (t-1) , nat -0\ q—1
T ((Aj ) ) =0 ((Veopo0)™)

holds, so we verify Hypothesis[2[at ¢ = 0. According to previous calculations, we have that A(

O (00) <O (1) forall j € {-1, 1}, so we verify Hypothes1s|§|att =0.

(iii) In terms of Hypothesm@ EI, [7} and 8] from the calculations of initialization in Lemma[G.2} we
< <I>(0) < O (y/50,00). Since "D =1, then

Yi,k

~ (do? 2\\ ¢!
3\ . <6 (Vsopo0) <1< @D+ pq”@(i)@((@;iﬁ@(g)) )

have that for any ¢ € |

ikl —

so we verify the hypothesis at £ = 0.
(iv) In terms of Hypothesis [} from the calculations of initialization in Lemma[G.I} we have that for

~ ~ /1
any j € {—1,1}, < i d v> < ’<W(,O;’T,V>‘ <0BO(0p) <O (a&),so we verify the hypothesis
att = 0.

For the induction part, we will use similar steps as in Lemma[D.3] so we will omit the proof of this
part here. O
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