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Abstract

Solving partially observable Markov decision processes (POMDPs) remains a fundamen-
tal challenge in reinforcement learning (RL), primarily due to the curse of dimensionality
induced by the non-stationarity of optimal policies. In this work, we study a natural actor-
critic (NAC) algorithm that integrates recurrent neural network (RNN) architectures into
a natural policy gradient (NPG) method and a temporal difference (TD) learning method.
This framework leverages the representational capacity of RNNs to address non-stationarity
in RL to solve POMDPs while retaining the statistical and computational efficiency of nat-
ural gradient methods in RL. We provide non-asymptotic theoretical guarantees for this
method, including bounds on sample and iteration complexity to achieve global optimality
up to function approximation. Additionally, we characterize pathological cases that stem
from long-term dependencies, thereby explaining limitations of RNN-based policy optimiza-
tion for POMDPs.

1 Introduction

Reinforcement learning (RL) for partially-observable Markov decision processes (POMDPs) has been a par-
ticularly challenging problem due to the absence of an optimal stationary policy, which leads to a curse of
dimensionality as the space of non-stationary policies grows exponentially over time (Krishnamurthy} 2016;
Murphyl, 2000). To address this curse of dimensionality in solving POMDPs, finite-memory (Yu & Bertsekas),
2008; |Yul 2012; [Kara & Yiiksel, 2023} |Cayci et al., [2024al) and RNN-based (Lin & Mitchell, |1993; [White-
head & Lin| [1995; Wierstra et al., 2010; |[Mnih et al.; 2014; [Ni et all [2021; [Lu et al., |2024) model-free RL
approaches are widely used to solve POMDPs. Despite the empirical success of RNN-based model-free RL
methods, a rigorous theoretical understanding of their performance in the POMDP setting remains limited.

We begin by outlining two key observations that motivate our approach:

Observation 1. Recurrent neural networks (RNNs) have been extensively employed in model-free reinforce-
ment learning (RL) to solve partially-observable Markov decision processes (POMDPs) (Whitehead & Linl,
1995; Wierstra et al., |2010; Mnih et al.| |2014). Recent work [Ni et al|(2021) demonstrates that RNN-based
model-free RL can perform competitively with more sophisticated and structured approaches under appro-
priate hyperparameter and architecture choices. In|Lu et al.| (2024)), shortcomings of emerging transformers
in solving POMDPs were demonstrated, and it was shown, somewhat surprisingly, that particular recurrent
architectures can achieve superior practical performance in certain scenarios. However, despite this plethora
of works that demonstrate the effectiveness of RNN-based model-free algorithms for solving POMDPs, a
concrete theoretical understanding of these methods is still in a nascent stage. This is particularly impor-
tant since, as noted by [Ni et al.|(2021]), RNN-based model-free RL algorithms are sensitive to optimization
parameters, and identification of provably good choices is important for practice.

Observation 2. Natural policy gradient (NPG) framework has been shown to be effective in solving MDPs
due to its versatility in encompassing powerful function approximators, such as deep neural networks (Wang
et al.,2019;|Cayci et al.|[2024b)). However, a naive application of such non-recurrent model-free RL algorithms
to solve POMDPs has been observed to be ineffective (Ni et al.,|2021]), which necessitate careful incorporation
of recurrent architectures into the policy optimization framework. This calls for the need to incorporate and
analyze policy optimization, particularly NPG framework, augmented with recurrent architectures, to obtain
a provably effective solution for POMDPs.
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Our study is motivated by these observations and guided by the following key questions, each addressed in
this work:

Q:. How can we achieve (i) provably effective and (ii) computation/memory-efficient policy
evaluation for non-stationary policies in partially observable environments?

> A temporal difference (TD) learning algorithm with an IndRNN (Rec-TD) overcomes the so-called percep-
tual aliasing problem imperative in memoryless TD learning for POMDPs (Singh et al.l [1994), and achieves
near-optimal policy evaluation, provided a sufficiently large network (Theorem and Remark . Our
analysis identifies the exploding semi-gradients pathology in policy evaluation, which can significantly in-
crease network and iteration complexities to mitigate perceptual aliasing under long-term dependencies
(Remark , and demonstrates the role of regularization to mitigate this. We also provide empirical results
in random-POMDP instances in Appendix [C]

Q2. How can we parameterize non-stationary policies by a rich and practically feasible class
of RNNs and perform efficient policy optimization?

> We represent non-stationary policies using IndRNNs with SOFTMAX parameterization as a form of
finite-state controller, and perform computationally efficient NPG updates (based on path-based compatible
function approximation for POMDPs) for policy optimization. The policy optimization update (called Rec-
NPG) is aided by Rec-TD as the critic (Section [4)).

Qs. What are the memory, computation and sample complexities of the resulting Rec-NAC
method, which employs Rec-NPG for policy updates and Rec-TD for policy evaluation?

> Our non-asymptotic analyses of Rec-TD (Theorem [5.4)) and Rec-NPG (Theorem [6.3]) demonstrate their
near-optimality in the large-network limit while highlighting dependencies on memory, long-term POMDP
dynamics, and RNN smoothness. Pathological cases with long-term dependencies may require exponentially

growing resources (Remarks [5.616.4]).

These results establish principled and scalable RL solutions for POMDPs, offering insights into the interplay
between memory, smoothness, and optimization complexity.

1.1 Previous work

Natural policy gradient method, proposed by [Kakade (2001), has been extensively investigated for MDPs
(Agarwal et all 2020; [Cen et al., [2020; [Khodadadian et al., [2021}; |Liu et al.l 2020; |Cayci et al.| [2024c), and
analyses of NPG with feedforward neural networks (FNNs) have been established by Wang et al.| (2019); |Liu
et al.| (2019); [Cayci et al.|(2024b). As these works consider MDPs, the policies are stationary. In our case,
the analysis of RNNs and POMDPs constitute a very significant challenge.

Standard TD learning, which does not have a memory structure, was shown to be suboptimal for POMDPs
(Singh et al., [1994). We incorporate RNNs into TD learning as a form of memory to address this problem
in this work.

In [Yu (2012)); [Singh et al.| (1994); Uehara et al.| (2022); Kara & Yiiksel (2023); |Cayci et al.| (2024al), finite-
memory policies based on sliding-window approximations of the history were investigated. Bilinear frame-
works with memory-based policies (Uehara et al., 2022 and Hilbert space embeddings with deterministic
latent dynamics (Uehara et al., 2023|) enable sample-efficient learning under specific model structures. In
Guo et al.| (2022)), an offline RL algorithm for the specific class of linear POMDPs was proposed. Unlike these
existing works, our approach integrates RNNs with NAC methods, providing a scalable and theoretically
grounded framework for general POMDPs without requiring structural assumptions such as deterministic
transitions, fixed memory windows, or linear POMDP dynamics. Value- and policy-based model-free RL
algorithms based on RNNs have been widely considered in practice to solve POMDPs (Lin & Mitchell} [1993;
Whitehead & Lin, [1995; [Wierstra et al., |2010; [Mnih et al., [2014; [Ni et al., [2021; [Lu et al., 2024). However,
these works are predominantly experimental, thus there is no theoretical analysis of RNN-based RL methods
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for POMDPs to the best of our knowledge. In this work, we also present theoretical guarantees for RNN-
based NPG for POMDPs. For structural results on the hardness of RL for POMDPs, we refer to (Liu et al.)
2022; Singh et al.| {1994).

1.2 Notation
For a finite set A, A(A) = {v € le(l) © Y wecaVa = 1} is the set of probability vectors over the set A.
Rad(a) = Unif{—a,a} fora e Ry.

2 Preliminaries on Partially-Observable Markov Decision Processes

In this paper, we consider a discrete-time infinite-horizon partially-observable Markov decision process
(POMDP) with the (nonlinear) dynamics

P(St+1 = S|Sk, Ak, I{i S t) = ,P((St,At), S)7
P(Y: = y|Se) =: ¢(St,9),
for any s € S and y € Y, where S; is an S-valued state, Y; is a Y-valued observation, and A; is an A-valued
control process with the stochastic kernels P : S x A x S — [0,1] and ¢ : S x Y — [0,1]. We consider finite

but arbitrarily large A, Y and S, where
ACRM Y c R%

for some dy,dy € Z4 with d := dy + dg, and ||(y,a)||2 < 1 for any (y,a) € Y x A. In this setting, the state
process (St)ten is not observable by the controller. Let

Y, ift=0
Z,=1{° T (1)
(Zt—17At—1;}/t)7 1ft>07

be the history process, which is available to the controller at time ¢t € N, and
Zt = (ZtaAt) = (Y07A07"'7}/t7At)a (2)

be the history-action process.

Definition 2.1 (Admissible policy). An admissible control policy m = (7¢):en is a sequence of measurable
mappings m; : (Y x A)® x Y — A(A), and the control at time ¢ is chosen under m; randomly as

]P)(At = (Z|Zt = Zt) = 7Tt(a|2t),
for any z; € (Y x A)! x Y. We denote the class of all admissible policies by Tym.

If an action a is taken at state s, then a deterministic reward r(s,a) with |r(s,a)| < ro. < 0o is obtained.

Definition 2.2 (Value function, Q-function, advantage function). Let 7 be an admissible policy, and u €
A(Y). The value function under 7 with discount factor v € (0,1) is defined as

Vi (z) :=E" [i’yk_tr(sk, Ak)’Zt = Zt} ) (3)
k=t

for any 2, € (Y x A)! x Y. Similarly, the state-action value function (also known as Q-function) and the
advantage function under 7 are defined as

Q7 (%) :==E" [iyk_tr(sk, Ak)‘Zt = Zt}, (4)
k=t

Al (21, a) == QF (zt,a) — VI (21),

for any z; € (Y x A)t*HL, respectively.



Under review as submission to TMLR

Given an initial observation distribution pu € A(Y), the optimization problem is

max V7 (u), (5)

TEINm

where
V(1) =Y V5 (yo)(wo)-
yeyY
We denote an optimal policy as 7* € argmax V7 (u).
mellnm
Remark 2.3 (Curse of history in RL for POMDPs). Note that the problem in equationis significantly more
challenging than its subcase of (fully-observable) MDPs since there may not exist an optimal stationary policy
(Krishnamurthyl, 2016} [Singh et all, [1994). As such, the policy search is over non-stationary randomized
policies of type m = (mg, m1,...) where m; : (Y x A)t x Y — A(A) depends on the history of observations
Zy = (Yo, A0, Y1,..., A1, Y;) for t € N. In this case, direct extensions of the existing reinforcement learning
methods for MDPs become intractable, even for finite Y, A: the memory complexity of a non-stationary
policy 7 € IIym at epoch t € N is O(]Y x A[**1), growing exponentially.

In the following section, we formally introduce the RNN architecture that we study in this paper.

3 Independently Recurrent Neural Network Architecture

We consider an independently recurrent neural network (IndRNN) architecture in this work
2019). This architecture has been featured in POPGym (Morad et al., [2023) as it enables RNNs with large
sequence lengths by handling long dependencies in practical applications. In other works, it has been shown
to be effective for POMDPs in practice as well (Lu et al., 2024} Elelimy et al.| 2024).

Let X; = (Y3, A;) € RY, therefore Z; = (Xg, X1,...,X;) for any t € Z, by equation The central structure
in an IndRNN is the sequence of hidden states H; = (Ht(l),HQ(Q), . ,Ht(m)) € R™ for t = 0,1,..., which
evolves according to

H(Z,; W, U) = Q(With(i)l(Zt,l;W, U) + (Ui,Xt>) for all i € [m], (6)

with the initial condition Héz)(ZO;W, U) := o((U;, Xo)), where o : R — R is a smooth activation function,
W = diag(Wi1, Waa, ..., Wyum) and U is an m x d matrix whose i-th row is U;" for i € [m]. We assume a
smooth activation function p with |o(2)| < 0o, |0’ (2)| < 01 and |¢”(2)| < g2 for all z € R, which is satisfied
by many widely-used activation functions including tanh and the sigmoid function. We consider a linear
readout layer with weights ¢ € R™, which leads to the output

_ 1 & 0=
F(Z;;W,U,c) = N S el (Z; W, U). (7)
=1

The operation of an independent recurrent neural network is illustrated in Figure Following the neural
tangent kernel literature, we omit the task of training the linear output layer ¢ € R™ for simplicity, and study
the training dynamics of (W, U), which is the main challenge (Du et al. [2018; (Oymak & Soltanolkotabil,
[2020; |Cai et al., [2019; [Wang et all [2019)). Consequently, we denote the learnable parameters of an IndRNN
compactly in the vector form as

7
: d+1 Wi d+l g

0= | | e R™UFD where ©; = Ul_l € R for i € [m). (8)
@TTL

We use © and (W, U) interchangeably throughout the paper.

A key feature of the neural tangent kernel analysis is the random initialization (Bai & Lee, 2019} |Chizat|
let all 2019} [Cayci et al.| [2023)).
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Figure 1: An independently neural network (IndRNN) in the RL context.

Definition 3.1 (Symmetric random initialization). Let (c°,0%) = (?,09);c,, be a random vector such

79

that
& i Rad(1),
o0 _ (W2 i ( Rad(a)
v U? N(,1))°
C?+m/2 = _c(i) and 9?er/Q = 69
fori=1,2,...,%. Wecall (e, ©%) a symmetric random initialization, and denote the distribution of (¢, @)
as (o-

For both policy optimization (Algorithm and policy evaluation (Algorithm, the IndRNNs are randomly
initialized according to Definition [3.1] Such random initialization schemes are widely adopted in practice,
and play a fundamental role in the theoretical analysis of deep learning algorithms [Bai & Lee| (2019)); (Chizat|
let al| (2019)); Wang et al|(2019); |Cai et al. (2019); Liu et al. (2019).

In the following subsection, we define the reference function class determined by overparameterized IndRNNs
in a detailed way, which will be instrumental in the theoretical results and their analyses. We note that this
subsection can be skipped for those who would like to focus on the algorithmic design.

3.1 Reference Function Class for Independently Recurrent Neural Networks

A fundamental question in reinforcement learning with function approximation is to determine a concrete
reference function class for the function approximation architecture that is used for approximation in the
value and policy spaces (Bertsekas & Tsitsiklis, [1996). In this subsection, we will identify and discuss the
reference function class defined by the IndRNN architecture that will be used for incorporating memory to
solve POMDPs. In order to motivate the discussion, we first overview basic reference function classes for
(fully-observable) MDPs, then extend the discussion to POMDPs.

Function approximation in MDPs. Let us consider value-based reinforcement learning in the case of
MDPs, where the objective is to learn the Q-function under a given stationary policy 7. The approximation
error for a given reference class .% of functions f : S x A — R is

€app(F) := Inf By [(Q7(5,0) — f(s,a))%]. (9)

For example, if a linear function approximation scheme with a given feature map ¢ : S x A — RP is used,
then the reference function class is . = {(s,a) — 0" ¢(s,a) : 0 € RP} = span(®) where ® := [¢(s,a)]s.a
is the feature matrix. In the case of linear MDPs (2020), we have Q" € .Z and €upp(F) = 0;
otherwise TD(0) with this linear approximation scheme has an inevitable approximation error ﬁeapp(ﬁ )
(Bertsekas & Tsitsiklis, [1996). The reference function class for a randomly-initialized single hidden-layer
feedforward neural network with the state-action pair z € S x A is

Itk = {2 = Eygan(o,1)[0(0) " Viuo(x " ug)] such that By 0,1, [lv(uo)l3] < oo}, (10)
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where v : R? — R? (Liu et al., 2019, [Wang et al., [2019; (Cayci et all, [2023). Technically, the completion of
Znrk yields the reproducing kernel Hilbert space (RKHS) of the so-called neural tangent kernel

ki (z,2") =Ky [V, o(ug )Vyolug z')] =z ' E[ '(ug )0’ (uo x')] for any z,2' € S x A

and its explicit analysis shows that it is provably rich . For a detailed discussion on the
function space .ZnTx and its role in reinforcement learning, we refer to Section A.2 in and
[Cayci et al.| (2024b). Due to the concrete approximation bounds for #n1Kk, the representational assumption
Q" € Znrk is standard in the theoretical analyses of neural TD learning for MDPs, and the objective
is to prove that neural TD learning can learn any Q™ € %nrk using samples with finite-time and finite-
sample guarantees (Cai et all 2019; Wang et al., 2019; |Cai et al., 2019; (Cayci et al., [2023). Without the
representational assumption Q™ € Fnrk, the optimality guarantees in [Cai et al| (2019)); [Liu et al| (2019);
|Wang et al. | (]2019[) |Cay01 et al. | 42023[) hold up to an additional error term proportional to 7 4 Gapp(a‘NTK)

Function approximation in RL for POMDPs. Analogous to the approximation error analy51s in RL for
MDPs discussed earlier, our objective here is to identify a suitable reference function class for the IndRNN
architecture defined in equation [7] Building on the framework of [Cayci & Eryilmaz| (2025), we present an
infinite-width characterization of IndRNNs in the neural tangent kernel (NTK) regime. This directly extends
the reference function class #nTK in for feedforward neural networks in the neural RL literature
let al., [2019; [Wang et al., 2019} [Cayci et al., 2024b) to the partially observable setting with recurrent models.
We note that our reference function class reduces to the feedforward neural networks as a specific case (see

Remark .

For any ¢t € Z, and input Z, symmetric initialization ensures that F;(Z; ©") = 0. Furthermore, the first-order
Taylor expansion of F; at © € R4+ around 0° yields

F(Z;0) =V{F,(Z;0% (0 -0°% +0 (”(9\/:;()'2) : (11)

As m — oo, the linear part VgFt(Z ;00) (G) — @0) is able to approximate a rich class of functions determined
by the reproducing kernel Hilbert space (RKHS) of the recurrent neural tangent kernel defined as

ke(Z,2") = lim V&Fi(Z;0%)WVeFi(Z;0°),

for t € Z,. In the following, we characterize this sequence of reproducing kernel Hilbert spaces for ¢t € Z
explicitly, following |Cayci & Eryilmaz| (2025]).

Let wo ~ Rad(«) and ug ~ N(0, I;) be independent random variables, and 6y := (wp, ug). Given a sequence
z = (z0,71,...) € (Y x A)Z+, let

hi(Zt;0p) := o(wohi—1(Zt—1;00) + (uo, x4)) for t =0,1,2,...,
with the initial condition h_; := 0. and
Zi(Z1;00) := ¢ (wohi—1(Ze—1;60) + (uo, x4)).
Then, the neural tangent random feature mappingEl at time t is defined as
t
Pi(Z¢;6p) = Zwo (ht k- lxit : 1360) ) HL i (Zt—j360),
k=0

Based on the sequence of neural tangent random features, the neural tangent random feature matrix is
defined as U (Z;0y) = ¥ (Z;00), where

Ur(z;6p) = : , (12)

UF_ 1 (Zr—1;00)

1The feature uses a complicated weighted-sum of all past inputs zy,k < ¢, leading to a discounted memory to tackle
non-stationarity. x;_j is scaled with wlg ~ Rad(a), thus it yields a fading memory approximation of the history if o < 1.
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for any T' € Z..
Definition 3.2 (Transportation mapping). Let # be the set of mappings v : R'*¢ — R+ such that

v(fp) := (ZZESE;) for 6y = (wo, ug) with E[||v(6p)]|3] < oo, where wy ~ Rad(a) and ug ~ N(0, ;). We call

v € J a transportation mapping, following [Ji & Telgarsky| (2019); [Ji et al.| (2019).

Definition 3.3 (Reference function class for IndRNNs). We define the reference function class of IndRNNs
for any sequence-length 7' > 1 as

3 (o5 v)
Fr=<Kz—E [\I’T(E; 90)’0(90)] = weIH, z € (Y X A)Z"' s

i 1(Zr—1;v)

where f7(z;v) = E[¢), (21;00)v(6p)] for any z € (Y x A)%+. The same transportation mapping v is used to
define f; for all ¢t € N, which is a characteristic feature of weight-sharing in RNNs. We denote .% := Z .
Remark 3.4 (Reduction to %Ntk ). Note that setting 7' = 1 yields the random feature map

Yi(Z0; 00) = (Vug((il)ﬁoTuO)) :

since V,0(zg 1) = 700 (24 up). Hence, for any v € J#, we have
F1 = {wo = Elvu(uo) " Vuo(zg uo)] : Ellva(uo) |3 < oo},

which is exactly the reference function class Ntk for feedforward neural networks given in equation
In other words, {Zr : T € Z.} contains FnTk with F# = FnrK, which is the reference function class in
neural RL literature for MDPs (Wang et al) 2019} [Liu et al., 2019)). .%; is dense in the space of continuous

functions on a compact set (Ji et al.,|2019).

Remark 3.5 (Fully-connected RNNs). IndRNNs utilize a diagonal hidden-to-hidden weight matrix W, which
was shown to be very effective in handling long-term dependencies in RL compared to conventional RNNs,
GRU and LSTM architectures Morad et al| (2023). In addition to its practical benefits, IndRNNs have
theoretical niceties as well, as they enable (i) explicit characterization of the reference function class, and
(ii) direct control and analysis of the spectral radius of W. Both of these theoretical amenities are lost when
W does not inherit a diagonal structure.

3.2 Max-Norm Projection for IndRNNs

Given an initialization (W(0), U(0), ¢) as in Definition and a vector p = (pw,pu) ' € R% of projection
radii, we define the compactly-supported set of weights 2, ,,, C R™(d+1) a5

Qo = {© € R - max 17y, — Wia(0)] < %7 max |[U; = U(0)]] < %} (13)

Given any symmetric random initialization (W(0),U(0),c) and p € R% ), the set Q,,, is a compact and
convex subset of R™(4+1) and for any © € Qp.m, we have

max |W“ — W”(O)| S piw’
1<i<m

Pu
U (0)]| < e
12&;}( |U; — U;(0)]] < —

3

Let
Proj,, . [0] = arg min [Wii — w;], arg min 1U; — u;ll2 (14)
weEBs (W”(O),%) u; EB2 (U,,(O),% ze[m]
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As such, the projection operator Projq, [-] onto Q, ,,, is called the max-norm projection (or regularization)
(Goodfellow et all [2013; [Srebro et al., |2004). As an immediate consequence, © € Q, ,, implies that |W;| <
[Wii — Wi, (0)|+ Wi (0)] < a4 % =: Qiy, which implies a strict control over max;epm,) [Wis|. As we will see
in Section [5] and Section @, such a strict control over the norm of the hidden-to-hidden weights W;; has a
significant importance in stabilizing the training of IndRNNs. Similar projection mechanisms for IndRNNs

are adopted in practice as well (Morad et al., [2023). For further details, we refer to Appendix

4 Rec-NAC: A High-Level Algorithmic View

In this section, we present a high-level description of our Recurrent Natural Actor-Critic (Rec-NAC) Algo-
rithm with two inner loops, critic (called Rec-TD) and actor (called Rec-NPG), for policy optimization with
RNNs. The details of the inner loops of the algorithm will be given in the succeeding sections. We use an
admissible policy m = (m¢)ten that is parameterized by a recurrent neural network (F(-; ®))sen of the form
given in equation |Z| with a network width m € Z,. To that end, for any t € N, let

exp (Fi((z¢, a); ))
> aren €Xp (Fy((z1,0'); @)’

for any z; € (Y x A)! x Y and a € A with the parameter ® € R™@+1)_ The high-level operation of Rec-NAC
is summarized in Algorithm

(15)

77?(@|Zt) =

Algorithm 1 Recurrent Natural Actor-Critic (Rec-NAC) — a High-level description
1: Initialize the actor RNN as (c, ®(0)) ~ (o (see Definition [3.1]).
2: forn=20,1,2,...,N —1do
3. Critic. Independently initialize the weights of the critic IndRNN as (¢, ©"(0)) % ¢
4 Run Rec-TD in Algorithm [2[ for K4 iterations, and obtain 0" := K Y ker, O (k)
5: Estimate Q?é(n) by Qg")() = F(;0m) forallt <T.
6:  Actor. Apply projected-SGD to obtain

T-1

im 73"
wp, € argmin Ej Z yt (V In 7 (A Zs)w — A, (Zt)) ,
WER, m =0
7 where the estimated advantage function is

A (z,a) == O (21,0) = VT (Z),

8: for O™ (1) := F,(;0™) and V™ () i= 3, cp mr ™ (@ |20) QM (-, ).
9:  Policy update.
S(n+1)=®(n)+n-wy.

10: end for

For information regarding the algorithmic tools, i.e., random initialization and max-norm regularization for
RNNSs, we refer to Section [A]

In the following two sections, we derive the critic (Section [5) and the actor (Section @ in full detail, and
provide concrete performance bounds for these methods in each section.

5 Critic: Recurrent Temporal Difference Learning (Rec-TD)

In this section, we study a policy evaluation method for POMDPs, which will serve as the critic.
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Policy evaluation problem. Consider the policy evaluation problem for POMDPs under a given admissible
policy 7 € IIym. Given an initial observation distribution p € A(Y), policy evaluation aims to solve

T—1 _ 3 2
Jmin RE(O) = E] ; V' (FuZi0) - Q7 (Z0) | (16)

where T € N is the sequence length (i.e., the length of the truncated trajectory Z), and {F; : t € N} is
an IndRNN given in equation [7] - we drop the superscript a for simplicity throughout the discussion. The
expectation in R7.(0) is with respect to the joint probability law P5* of the stochastic process {(Si, A, Yy)
t € (0,7} where Zy ~ p.

5.1 Recurrent TD Learning Algorithm
In this section, we present a multi-step temporal difference learning algorithm for computing the sequence
of state-action value functions {QF : ¢ € N} for large POMDPs.

We assume access to a sampling oracle capable of generating independent trajectories from a given initial
state distribution (Bhandari et al., 2018; [Cai et al., 2019).

Assumption 5.1 (Sampling oracle). Given an initial state distribution u, we assume that the system can be
independently started from Sy ~ y, i.e., independent trajectories {(St, Yz, A¢) : t € [T]} ~ P are obtained.

Rec-TD is presented in Algorithm We study the performance Rec-TD numerically in Section [C] under
long-term and short-term dependencies to validate our theoretical results in Section [5.2

Algorithm 2 Recurrent TD Learning Algorithm

1: Input: step-size > 0, max-norm projection radius p = (pu, pu), sequence-length 7.
2: Initialize (¢, ©(0)) ~ (o according to Definition

3: for k=0,1,2,...,K —1do

4:  Sample an initial state S§ ~ p independently.

5. Observe Y ~ ®(Sk, ).

6:  Choose an action A§ ~ mo(:|ZF).

7. Set VRE :=0.

8 fort=0,1,...,7 do

9: State transition SF,, ~ P((SF, AF),-).

10: Observe Y/ | ~ ®(SF, ;).
11: Choose an action A¥, | ~ m1(-|ZF, ).
12: Compute temporal difference §,(ZF, ©(k)) where

6t(2t+15©) = 1y + vFi41(2641;©) — Fi(z; 0).

13: Update stochastic semi-gradient:

VRE « VRE +~'6,(ZF, 1 0(k)).

14:  end for
15:  Parameter update with max-norm projection

O(k + 1) = Proj,  [0(k) +n- VRE].

16: end for
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Remark 5.2 (Intuition behind Rec-TD). In a stochastic optimization setting, the loss-minimization for Rr(0)
would be solved by using gradient descent, where the gradient is

T—

-3, "(F(2:0) - Q7 (2))VF(Z::)

t=0

VoR%(O

On the other hand, the target function QF is unknown and to be learned. Following the bootstrapping idea
for MDPs in wm, we exploit an extended non-stationary Bellman equation in Proposition
and use 7; + vF;11(Zi11;0) as a bootstrap estimate for the unknown QF (Z;). Note that, in the reahzable
case with Fy(-;0*) = Q7 (+), t € Z, for some ©*, we have ET [V’RT(ZT, ©*)] = 0, motivating the use of the
stochastic approximation in this partlally—observable settmg

5.2 Theoretical Analysis of Rec-TD: Finite-Time Bounds and Global Near-Optimality

In the following, we prove that Rec-TD with max-norm regularization achieves global optimality in ex-

pectation. To characterize the impact of long-term dependencies on the performance of Rec-TD, let
-1 -1

pile) = Sib felt, and gu(a) = b (k + Dlal", ¢ € Rt € N.

In the following, we present a regularity condition on the state-action value functions.

Assumption 5.3 (Regularity of (QF):). {QF : ¢t € N} € .% with a transportation mapping v = (vy,v,) € H#
such that sup, cga [|[ve(v)|2 < vy and sup,,cp [vw(w)| < vw.

Assumption is a representational assumption, stating that (QF); lies in the RKHS induced by the
random features ¥ (z;60y) defined in equation It directly extends Assumption 4.1 in |Wang et al.| (2019)
and Assumption 2 in |[Cayci et al.| (2024b) to POMDPs, and exactly recovers these assumptions when 7' =1
(see Remark [3.4)).

Theorem 5.4 (Finite-time bounds for Rec-TD). Under Assumptions for any projection radius
p = v = (vw,v) and step-size n > 0, Rec-TD with maz-norm projection achieves the following error bound:

~—

| Kl 1 " o @ T K-1
E[? R}(@(k))} < <(1”_H,y) +a —Tv)?’) + (1_WT)2\%+ (11”[( kzzow%’k' (17)

@)

for any K € N, where
o, = poly (pr((a+ pum™"2)o1), lpll2. I¥]2)

are instance-dependent constants that do not depend on K, and wy p = \/E[(Ft(Zt; O(k)) — QF (ZF))2] is a

uniformly bounded sequence for t,k € N. Furthermore, the loss at average-iterate, E[RZ. (% f;ol @(k))],
admits the same upper bound as the regret upper bound in equation[I7, up to a multiplicative factor of 10.

The proof of Theorem [5.4] can be found in Section [B]

Assumption [5.1] is critical to obtain finite-time bounds in Theorem [5.4] and holds when the system can be
restarted independently from the initial state distribution Bhandari et al|(2018). In the specific case of fully-
observable MDPs, the process {(Sk, Ag) : k € N} is a Markov chain under any stationary policy, and mixing
time arguments under uniform ergodicity assumptions are used for analysis under Markovian sampling from
a single trajectory without independent restarts (Bhandari et al., [2018; [Cayci et al., [2023). On the other
hand, in the case of POMDPs, {(S, Ax) : k¥ € N} is not a Markov chain under a general non-stationary
policy m. In the specific case of policies parameterized by RNNs with hidden state {Hy : k € N}, the
augmented process {(S, Ak, Yk, Hy) : k € N} forms a Markov process. The challenge here is that the state
space for this augmented Markov process may be very large or even continuous, and standard theoretical
tools (e.g., mixing time arguments) can become much more involved. Under Assumption Theorem
implies the global e-optimality of Rec-TD as the sequence-length T" — oo for sufficiently large number of

10
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iterations K = (’)(C<Tl) /€?) and network width m = (’)(07(12) /€?). If we omit Assumption the error bound

in Theorem still holds with an additional error term O ﬁeapp(ﬂ'}) where

> (720 - @520
t=0

€app (F1) = f»lenéT EL

is the function approximation error.

Remark 5.5 (Overcoming perceptual aliasing with Rec-TD). Memoryless TD learning suffers from a non-
vanishing optimality gap in POMDPs, known as perceptual aliasing (Singh et al.| [1994)). To address this,
Rec-TD integrates T-step stochastic approximation with an RNN, enabling it to retain memory. Accordingly,
Theorem @ establishes that as T" — oo, Rec-TD reduces R% to arbitrarily small values, given sufficiently
large network width m and iteration count K.

Remark 5.6 (The impact of long-term dependencies). Note that both constants C:(Fl),C’(TQ) polynomially
depend on pr (0104m). As noted in|Goodfellow et al.| (2016]), the spectral radius of {W (k) : k € N} determines
the degree of long-term dependencies in the problem as it scales Hy. Consistent with this observation, our
bounds depend on

Pw T
A = a4+ —= > Amax(W ' (k)W (k)) = max |W;;(k)],
> M (W ()W) = s Wi ()
for any k € N. Note that Theorem requires py, > vy, thus max;c(m,) [Wii(k)| should be sufficiently large

depending on the RKHS norm v. Let € > 0 be any given target error.

e Short-term memory. If a,, < Q%, then it is easy to see that pr(oicu,) < Hﬁ. Thus, the
extra term (O) in equation [17] vanishes at a geometric rate as T — oo, yet m (network-width) and

K (iteration-complexity) are still O(1/2). Rec-TD is very efficient in that case.

, as T — 0o, both m and K grow at a rate O ((Qlam)T/€2) while
the extra term (O) in equation [17| vanishes at a geometric rate. As such, the required network size
and iterations grow at a geometric rate with 7" in systems with long-term memory, constituting the

pathological case.

e Long-term memory. If o;, >

Theorem emphasizes the critical importance of max-norm projection and large neural network size m in
stabilizing the training of IndRNNs by Rec-TD, and guides the choice of the projection radius p. Interestingly,
if {QF :t < T} € Fr has an RKHS norm v, < 1/p1, then Rec-TD with a projection radius pw < tw
and overparameterization m > 1 yields significantly improved policy evaluation performance in terms of
C(Tl>, C’:E?) for large T. Similar projection mechanisms on {W;; : i € [m]} are widely used for IndRNNs in
practice, for instance in [Morad et al.| (2023), to enhance stability.

The performance of Rec-TD is studied numerically in Random-POMDP instances in Section [C]

6 Actor: Recurrent Natural Policy Gradient (Rec-NPG) for POMDPs
The goal is to solve the following problem for a given initial distribution p € A(Y) and p € R2:

7_{_<I>
eegrr?(§+1> V™ (u) such that ® € Q, ,, (PO)

6.1 Recurrent Natural Policy Gradient for POMDPs
In this section, we describe the recurrent natural policy gradient (Rec-NPG) algorithm for non-stationary

reinforcement learning. First, we formally establish in Prop. that the policy gradient under partial
observability takes the form

VoV™ (1) =E5 |3 405" (2, A)Vae lnnf (42|
t=0

11
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where the state S; in the MDP framework is replaced by the process history Z; in POMDP. Fisher information
matrix under a policy 7® is defined as

Gu(®) =EF | N A'Vinad (A Z)V T naf (A Z) | |
t=0

for an initial observation distribution u € A(Y). Rec-NPG updates the policy parameters by

(1), (18)

for an initial parameter ®(0) and step-size > 0, where GT denotes the Moore-Penrose inverse of a matrix
G. This update rule is in the same spirit as the NPG introduced in [Kakade| (2001)), however, due to the
non-stationary nature of the partially-observable MDP, it has significant complications that we will address.

@ (n)

®d(n+1)=&(n)+n-G(2(n)Ve V"

In order to avoid computationally-expensive policy updates in equation [I8 we utilize the following exten-
sion of the compatible function approximation in Kakade| (2001)) to the case of non-stationary policies for
POMDPs.

Proposition 6.1 (Compatible function approximation for non-stationary policies). For any ® € Rm(d+1)
and initial observation distribution u, let

Lo(w;®) =B | S A4V (Al Zow — A7 (Z0))7] (19)

t=0

for w € R™4+D) - Then, we have

GL(CD)V<1>V”(P (n) € argmin L, (w; ). (20)

wERmM(d+1)

We have the following remark regarding the intricacies of compatible function approximation in the POMDP
setting.
Remark 6.2 (Path-based compatible function approximation with truncation). For MDPs, the compatible
function approximation error £, (w;®) can be expressed by using the discounted state-action occupancy
measure, from which one can obtain unbiased samples (Agarwal et al.||2020; Konda & Tsitsiklis, [2003]). Thus,
the infinite-horizon can be handled without any loss. On the other hand, for POMDPs as in equation [I9]
this simplification is impossible due to the non-stationarity. As such, we use a path-based method for a
sequence-length T' € N with

T—1

lp(w; @, Q) == Z YV In7d (A Ze)w — Ai(Zy, Ar))?,

t=0

where Ay(z,a:) = Qu(2e,ar) — Y uen T (al2) Qi (21, a) is the advantage function.

Given a policy with parameter ®(n), the corresponding output of the critic, which is obtained by Rec-TD
with the average-iterate as

N ~ ~ 1
QM () := Fy(-;0") for O" := T > en(k),
<K
the actor aims to solve the following problem:
. . A(n) ' Qn
wglﬂl;lm EVT (w,CD(n), Q ) o", d(n),..., @(0)}.

®(n)

We utilize stochastic gradient descent (SGD) to solve the above problem. Let Z}L’k ~ P; " be an

independent random sequence for k € N, @,,(0) = 0, and

Gk +1) = @n(k) = 115ga Vol (@ (k); B(n), Q™)
d)n(k + ].) = Projﬂpym [(:)n(k + 1)]7

12
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®(n)

A stochastic estimate of Gf,(®(n))VeV™ " () is computed as w, := fgd k< Kogy Wn(k), followed by

D(n+1) = ®(n) + Nnpg - Wn-
In the following, we present a theoretical analysis of this policy optimization algorithm.

6.2 Theoretical Analysis of Rec-NAC for POMDPs

We establish an error bound on the best-iterate for the Rec-NPG. The significance of the following result
is two-fold: (i) it will explicitly connect the optimality gap to the compatible function approximation error,
and (ii) it will explicitly show the impact of truncation on the performance of path-based policy optimization
for the non-stationary case.

Theorem 6.3. Assume that Pg*’“ is absolutely continuous with respect to ijq)(n)'u

this assumption, let

for alln < N. Under

P7r*,p,
K= max 7{)(@‘“
0<n<N || PR
o0
be the concentrability coefficient, and
Vo=V () =V (), n < N

be the optimality gap. Rec-NPG after N € Z steps with step-size nnpg = ﬁ and projection radius p € R%
yields

~ In |A| lpll3 pr(amer) = 7're VE N 1
E Vn < ]E @ yn 27
oty Boll 3 (1—7)\/NjL 1=y mi (1—7)2+N,/1T7nz:0 0(cea(®(n), wn))

where By is the conditional expectation given the symmetric random initialization (c°, ®(0)) ~ (o, and

el (®,w) = > A VT I (Al Zow — AT (Ze, A%
t<T

Remark 6.4. We have the following remarks.

e The effectiveness of Rec-NPG is proportional to the approximation power of the IndRNN used for
policy parameterization, as reflected in Ez;a in Theorem We further characterize this error term

in Propositions in the following.

e The terms Ly, f;, At, Xt grow at a rate py(01uy,). Thus, if a;, > 91_1, then m and N should grow at
a rate (a,,01)7, implying the curse of dimensionality (more generally, it is known as the exploding
gradient problem (Goodfellow et al.| (2016)). On the other hand, if o, < 07", then Ly, B, A¢, xs
are all O(1) for all ¢, implying efficient learning of POMDPs. This establishes a very interesting
connection between the memory in the system, the continuity and smoothness of the RNN with
respect to its parameters, and the optimality gap under Rec-NPG.

e The term fi;‘; is due to truncating the trajectory at T, and vanishes with large T

o Rec-NPG achieves e-optimality (up to the compatible function approximation and truncation errors)
with N = O(1/€?) steps and m = O(1/€*) neural network width for any e > 0.

Remark 6.5. The quantity x in Proposition is the so-called concentrability coefficient in policy gradient
methods (Agarwal et al 2020; Bhandari & Russo, 2019; Wang et al., [2019), and determines the complexity
of exploration. Note that it is defined in terms of path probabilities P in the non-stationary setting. By
making the assumption x < oo, we assume that the policies 7®(™) perform sufficient exploration to visit

13
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each trajectory visited by 7* with positive probability. In order to establish similar bounds without this
assumption, entropic regularization is widely used to encourage exploration in practical scenarios
let al| (2019); |Cen et al.| (2020); [Cayci et al.| (2024c). The benefits of using entropic regularization in policy
optimization for POMDPs to encourage exploration is an interesting future research direction.

In the following, we decompose the compatible function approximation error Echa into the approximation
error for the RNN and the statistical errors. To that end, let

o(n) , 5

cappn = inf EY A [VIF(Zs () - Q" (Z0)[",

o oteT

o(n)
be the approximation error where the expectation is with respect to Pj. ",

P (n)

cran = BIRE " (O)|@ (k). k < nl,

be the error in the critic (see equation 7 and finally let

esgdn = Ellr(wn; ®(n), QM)|OM, @(k), k < n] — inf E[lr(w; 2(n), Q"™))|O), &(k), k < n],

be the error in the policy update via compatible function approximation.

T

cfa). For anyn € Z,, we have

Proposition 6.6 (Error decomposition for e

9 T—1

8
{ZT(WH; q)(n)v Q(n)>:| ‘(I)(k), k< TL} < ”:lHQ Z A/tﬂf + 8EE:\pp,n + 6Etd,n + 255gd,n~
t=0

@(n)

E[E]

From Theorem we have, for g = O(1/VKa),

1 1
ctd.n < pol am))O + + T),
< pOly 1 (10,))0 =+ e

and by Theorem 14.8 in |Shalev-Shwartz & Ben-David (2014), we have, for g = O(1/v/Kq),

Esgd.n < POLy(pr(010m), [|pll2) O(1/+/ Ksga)-

As such, the statistical errors in the critic and the policy update (i.e., €td,n;Esgd,n) can be made arbitrarily
small by using larger Kiq, Kegq and larger meritic. The remaining quantity to characterize is the approximation
error, which is of critical importance for a small optimality gap as shown in Theorem [6.3 and Proposition
In the following, we will provide a finer characterization of ,pp,,, and identify a class of POMDPs that
can be efficiently solved using Rec-NPG.

Assumption 6.7. For an index set J and v € ]R2>0, we consider a class %7, of transportation mappings

sup [ (w))]

() L weR,jeJ Vw
vV e 5 e, ; < < > ,
sup o (w)]l2 | ~ \w
ucRe jeJ

and also the corresponding infinite-width limit
Fyp ={Z— E[¥(Z6p)v(0)] : v € Conv(s],)},

where ¥(-;6p) is the NTRF matrix, defined in equation

We assume that there exists an index set J and v € R% ) such that o ez g forall n € N.

14
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This representational assumption implies that the Q-functions under all iterate policies 7™ throughout
the Rec-NPG iterations n = 0,1,... can be represented by convex combinations of a fized set of mappings
in the NTK function class .# indexed by J. As we will see, the richness of J as measured by a relevant
Rademacher complexity will play an important role in bounding the approximation error. To that end, for
Z = (z1,a¢) € (Y x A)PFL let

Gt = {p = VJHP (2 0)0(0) : v € H7,),

and
_ 1 &
dm zt = ]E — i q)i .
Rady (Gi*) e~Rad™ (1) Su}ztheg( ©))
@(0)~Cinit =1

Note that v € ¢}, above can be replaced more with v € Conv(s7;,) without any loss. In that case,
since the mapping v) — f7(Z;v9)) € G7* is linear, G7* is replaced with Conv(G}*) without changing the
Rademacher complexity (Mohri et al., 2018]).

The following provides a finer characterization of the approximation error.
Proposition 6.8. Under Assumption if p = v, then

2
1 . In (2T[Y x A|T /8
€app,n < F— (2 max max Rad,,(G7*) +LT|P|2\/ n (27 17/ )) 7

0<t<T z,€(YxA)t+1 m

for all n simultaneously with probability at least 1 — & over the random initialization for any § € (0, 1).
Remark 6.9. An interesting case that lead to a vanishing approximation error (as m — o) is |J| < oc.
Then, Proposition reduces to |Cayci et al.| (2024b)) (with 7 = 1 for FNNs) with the complexity term

o (\/ Wﬂy‘”) by the finite-class lemma (Mohri et al., [2018). In this case, the Q-functions throughout

n=0,1,... lie in the convex hull of |.J| fixed functions in .# generated by {v\/) € # : j € J}.
Remark 6.10. As noted in |Cayci et al.| (2024b)), in a static problem (e.g., the regression problem in supervised
learning or policy evaluation in Section [5)) with a target function f € .%, the approximation error is easy to

characterize:
In(1/6
|V F (s @(0)w” = fi(z)| = O ( “(m/)> (21)

by Hoeffding inequality with w* := [ﬁciv(@i(()))]

ZG[m]

In the dynamical policy optimization problem, the representational assllmption Q”Cb(n) € .Z does not imply
arbitrarily small approximation error as m — oo since the function Q™ ™ also depends on ®(0). Thus,

VTH (2;9(0)v*™) (@,(0
O = 3 (00" (@:(0)
i=1 m
with w} = [ﬁciv‘b(”)(@(O))]ie[m] for v*(™) € # may not converge to the target function Q™" asm — oo

because of the correlated VTHt(i)(Zt; ®(0))v®™ (®;(0)) across i € [m]. To address this, we characterize the
uniform approximation error as in Proposition for the random features of the actor RNN in approximating

all Q“q)(n) for all n based on Rademacher complexity.

7 Conclusion

We studied RNN-based policy evaluation and policy optimization methods with finite-time analyses, which
demonstrate the effectiveness of the NPG method equipped with RNNs for POMDPs. An important limita-
tion of Rec-NPG is that its memory and sample complexity significantly increases in POMDPs with long-term
dependencies as pointed out in Remarks In order to mitigate these issues, as an extension of this
work, input normalization (Zucchet & Orvieto, 2024]) and preconditioned Rec-TD updates to incorporate
curvature information (Martens & Sutskever} 2011)) are important directions for future research.
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A Algorithmic Tools for Recurrent Neural Networks

A.1 Max-Norm Projection for Recurrent Neural Networks

Max-norm regularization, proposed by [Srebro et al.| (2004), has been shown to be very effective across
a broad spectrum of deep learning problems (Srivastava et all [2014; |Goodfellow et all [2013). In this
work, we incorporate max-norm regularization (around the random initialization) into the recurrent natural
policy gradient for sharp convergence guarantees. To that end, given an initialization (W(0), U(0),¢c) as in
Definition and a vector p = (pw,pu) | € ]R2>O of projection radii, we define the compactly-supported set
of weights Q,,, C R™4+1) as

Qpm = {@ e R™HD . max Wi — Wi (0)] < L max U = Ui(0)]| < P } (22)

vm vm

Given any symmetric random initialization (W(0), U(0),¢) and p € R2, the set Q,,, is a compact and
convex subset of R™(4+1) and for any © € Qp.m, we have

max |Wi; — W;;(0)] <

>y

1<i<m
max (Ui — Ui (0)] < i
Let
Proj,,  [0] = arg min |[Wii — wsl, arg min 1U; — wi|2 (23)
weBs (Wi (0), £ ) u,€Bs (U3 (0), 4% ) e lm]

As such, the projection operator Projg,, . [-] onto Q, ., is called the max-norm projection (or regularization).

Note that we have [|[W —=W(0)|2 < pw, [U=U(0)|]2 < py and ||© —6(0)||2 < ||p||2 in the 2 geometry for any
O € Q, . Therefore, although the max-norm parameter class Q,,,, C {© € R™1 . |@ - 0(0)|2 < |pll2},
the /3-projected |Cai et al.| (2019); Wang et al.| (2019); [Liu et al.[ (2019)) and max-norm projected |Cayci et al.
(2024b)) optimization algorithms recover exactly the same function class (i.e., RKHS associated with the
neural tangent kernel studied in Ji et al.| (2019)); | Telgarsky| (2021)), see Section .

B Proofs for Section
An important quantity in the analysis of recurrent neural networks is the following;:

for any hidden unit i € [m] and © € R™@+1). The following Lipschitzness and smoothness results for
0; — HV(%,;0) and ©; — T\"(%,;0).
Lemma B.1 (Local continuity of hidden states; Lemma 1-2 in [Cayci & Eryilmaz| (2025)). Given p € R2

(«)

e O, — Ht(i)(ét; ©) is Ly-Lipschitz continuous with Ly = (03 + 1)03 - p?(amo1),

<1,teNandiec [m],

and o > 0, let o, = v + p—\/;fn Then, for any Z € (Y x A)Z+ with SUP; ey
2

e O, — Ht(i)(ét; ©) is Bi-smooth with By = O (d - pr(amer) - ¢(amor)),
e O, — ng)(it; 0) is Ay-Lipschitz with Ay = v/2(00 + 1 + amLy),

« O, — rﬁ“(zt; ©) is x¢-smooth with x; = V2(L + amB),
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n Qpm. Consequently, for any © € Qpm,

sup max |Fi(z;0)| < Ly - |Ipll2, T €N, (24)
zeh,, 9St=T
. _ 2
sup |F"(2:0) — Fy(5;0)] < T(sz\ +o1x)[0 = 0(0)3, teN, (25)
zeHo
< 2821ell3

zcH

; (26)

5

with probability 1 over the symmetric random initialization (W(0), U(0),c) ~ (.

The following result builds on Proposition 3.8 in (Cayci & Eryilmagz| (2025)), and identifies the approximation
error for approximating f* € % by using randomly-initialized IndRNNs of width m. Unlike the supervised
learning setting in Cayci & Eryilmaz| (2025), the approximation error in the RL setting is P/ -norm.

Lemma B.2 (Approximation error between RNN-NTRF and RNN-NTK). Let f* € F with the transportation
mapping v € J, and let

%civ(ei(o)),i & [m]. (27)
for the initialization (W(0), U(0),c) ~ (o in Def. [3.1 Let
Fy"(50) = Vo Fy(:6(0) - (0 — 6(0)).

0; = 0;(0) +

If_P;’“ induces a compactly-supported marginal distribution for X, t € N such that || X¢ll2 < 1 a.s. and
{Z; : t € N} is independent from the random initialization (W(0), U(0), ¢), then we have

E {]EZ [(ft*(zt) _FtLin(Zt;é))2H < 2|lv[I3(1 + 0§)p; (a01) (28)

)
m

where the outer expectation is with respect to the random initialization (W(0), U(0),¢c) ~ (.

Proof. For any hidden unit ¢ € [m], let

¢ (4)
H Z
P = v@iO, WiikO(tkl tkl’ ) 7 Z 3 'O )
¢ <<<>>k§_0: (0) o IIHH (0)
Then, it is straightforward to see that
FLm Zta E <7,7 (29)

and E[(;|Z:] = E[f(Z:)|Z;] almost surely. Note that {¢; : i € [m/2]} is independent and identically
distributed and {; = (i1, 2 for any i € [m/2]. Also, with probability 1 we have

¢ g®
61 2 @ ol Sk (Fiok G )quzt 70.0)]

2
(%
< |v(© ||2Zak 1+ e,
©) ;
< |vll2- o1 /1+ 0% pe(cor),

where (#) follows from Cauchy-Schwarz inequality, (&) follows from the uniform bound sup,cp [0(2)] < 01
and almost-sure bounds || Xg|l2 <1 and |[W;;(0)| < a, and (&) follows from v € .7%,. From these bounds,

Var(Gi) < E[ER[GI]] < [v]301(1 + 00)?p (c01), i € [m]. (30)

20



Under review as submission to TMLR

Therefore,

B (&7 (20 - R (2 0))]| = |2 || 3 (G- Bl ||

m/2

=E] |E —Z E[GIZ)| ||

m/2m/2

:WEZZZE E[GIZ4]) (¢ — ElG;1 Z)]

m/2
4 2
= 7EL D Var(G) < lvliEel (1 + 00)*pi (),

where the first identity is from Fubini’s theorem, the second identity is from the symmetricity of the random
initialization, the fourth identity is due to the independent initialization for ¢ < m/2, and the inequality is
from the bound in equation

O

Proposition B.3 (Non-stationary Bellman equation). For 7 € Ilym, we have

Q7 (1) = B [1(Si, A1) + 1971 (Zes1)

7, = ét} =FE" [T‘(St, Ap) + WV (Ziga)

Zy = ét} )
foranyteZ,.

Proof of Theorem[5.4} Since {QF : ¢t € N} € .Z, let the point of attraction © be defined as in equation
and the potential function be defined as

5112
v(©) = -0z (31)
Then, from the non-expansivity of the projection operator onto the convex set 2, ,, we have the following
inequality:

T-1
V(O(k+1)) < U(OK) +20 ) 7'6:(Z)1; Ok)) (VE(Z)3 ©(K)), O(k) — ©) +17 [ VR (Z5; ©(K))II3. (32)
t=0

Let B¥[] := E[|©(k),...,©(0), ZF]. Then, we obtain

E[U(O(k + 1) ~ W(O(k))] < 20E] 3 o B (7 O] (VE(ZE: 0(1),O00) - 6)]

t=0

™)
+PE||VRr(Z5;0(k)[l5 . (33)
*)

Bounding E(#);. By using the Bellman equation in the non-stationary setting (cf. Proposition|B.3)), notice
that

Ef6:(Zf,150(k)) = B [rf + v Fo1(ZE,1;0(k)] - Fi(ZE; (),
=B} [Fra(ZE1;0(k) — Q11 (Z250)] + QT (Z1) — Fu(Zf; ©(k)).
Secondly, we perform a change-of-feature as follows:

(VF(Z};0(k),0(k) — ) = (VEF,(Z};6(0)),0(k) — ©) +errl), (34)
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where

2871lpll3 _ 287 oll3

erl!) .= (VF,(Z};0(k)) — VF(ZF;0(0)),0(k) — ©), and |err)| <

ymo Sy
by Lemma [B.I] Furthermore,
(VF{(Zf;0(0)),8(k) — ©) = FF"(Z};0(k)) — Ff™(Z};©), (35)
= Ft(Ztk; O(k)) — OF (Zk) + errg 12 + err(s) (36)
where
erry’) = FH"(ZF;0(k) — Fi(ZE; 0(k)),
ety = —F"(Z};0) + Q7 (2}).
Thus,

(W) = —(QF(ZF) = Fi(Zf50(K)))? +9Ef [Fiea(Zf1:0(k)) — Qi (Z10)] - (QF (ZF) — Fu(ZF;0(k)))

3
+ ks, Zf_H, Z rrijlz.

By equation [24] we have

sup [0¢(Ze41; O(k))| < roc + 2L7||pll2 =: dmax
zel,

Now, let wy ), == (E[(QF (ZF) — Ft(Zf;@(k)))z])l/Q, where the expectation is over the joint distribution of
O(k) and Z%. Then,

E[(#)e] < —w7), + Ywr11,5Wek + Omax ZE|err(J)
j=1

From equation [25] we have
2
2
Blerr| < —= (02 + evxa)l ol

From the approximation bound in Lemma we get

2 1 2.
Elerr()| < \/Ejerr?)|2 < 22 to pr(ao)

Also, note that wiiq gwer < %(wfﬁk + wt2+17k). Putting these together, we obtain the following bound for

every t € {0,1,...,T —1}:

Cr

E[(M)] < —w?, + 1 T

9 (Wt2+1,k + th,k) + Omax -

where
Cr :=267|pl3 + 2(02A% + o1x2)llpl3 + 2lIvll2\/ 1 + 03 - pr(cor).

Hence, we obtain the following upper bound:

T-1
- Cr 1 t+1, 2
ZV]E[( )i < —(1—7/2) Z’thk""mai"_ *Z’Y+Wt+1,k
t=0 t<T MVm 2 t<T
S%(ZKT ’thf,k+’yTw%,k)
1 -9 CT 6max
<——Zwtk+ SV Wt (37)
= (1 =y)y/m
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Bounding E[(&)]. Using the triangle inequality, we obtain:

1Y A6 ZE 15 OR)VE(Z; 0(k) 2 < YA 16:(ZE 1 O(R))| - IV Fy(Zi; O(R)) |2

t<T t<T

Since O(k) € Q, ,,, for every k € N as a consequence of the max-norm regularization, we have
166(Z 8415 O(K))| < dmax = To0 + 2L pll2,

IVF.(ZF;0(k)|3 = — leveH (ZF©(k)|3 < L? < L%,

for every t < T with probability 1 since ©; Ht(i) (Z4; ©;) is Ly-Lipschitz continuous by Lemma Hence,
we obtain:
5maxLT

IVRz(Z3; 0(k)l2 < —

(38)

Final step. Now, taking expectation over (ZF,O(k)) in equation and substituting equation |37 and
equation [38] we obtain:

!

-1

E[(O(k +1)) = U(O(K))] < —n(l —7) D v'wiy+m why + 7

2
6m3X i CT 2 6max

AN

for every k € N. Note that ¥(0(0)) < |lv||3. Thus, telescoping sum over k = 0,1,..., K — 1 yields

i
=

K-1

1 W3 003lh , OnacCr 2
Rr(0(k)) < + T " 2
k=0 r(O) nl—-yK (1-7)3 (1 —7)2\/7 1K kZ:O Tk (39)

The final inequality in the proof stems from the linearization result Lemma and directly follows from

. (;{ Z @(k)) < % Z Rr(O(k)) + % (QQAQT + QlXT) ||P||§7

k<K

which directly follows from |Cayci & Eryilmaz (2025), Corollary 1. O

In the following, we study the error under mean-path Rec-TD learning algorithm.
Theorem B.4 (Finite-time bounds for mean-path Rec-TD). For K € N, with the step-size choice n =

(1—“72)2
GALZ.

E l}( > REO(K)

k<K

mean-path Rec-TD learning achieves the following error bound:

2||V||§ ’YTwTk C’T(Smax ((C%)Z 2T 14 2 2
< + — + +7 + 167" Ly (|lpll5 + [lv ,
TR Ry TR (1013 + I1B)

where Cl, and Ly are terms that do not depend on K.

Theorem %indicates that if a noiseless semi-gradient is used in Rec-TD, then the rate can be improved

from O ( to O ( ) indicating the potential limits of using variance-reduction schemes.

Proof of Theorem[B.4} At any iteration k € N, let
VR1(O(k)) = B} [VR(ZE;0(k) |, (40)
be the mean-path semi-gradient. First, note that

IVRr(©(k))|I3 < 2IVRr(0(k)) — VR (©)|3 + 2|VRT(9)]I3. (41)
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Bounding ||[VR7(0)||3. For any k € N, ¢ < T, we have
]E[f;t(Ztkﬁé (:))|Zf7®( ) ] = 'YE[Ft+1(Zt+17 0) - i t+1)|Ztkv (0),d + Qf(ztk) - Ft(Ztk;é)-
Since ||V Fy(%;©)]]2 < Ly, the following inequality holds:
|E[6:(ZF1:©)VE(Z:0)]|, < E|E[6:(Zf1;0)|ZF,0(0),c| VE(Zf; 0)|,
< LrE [E[6:(Z¢,1:©)1Zf,0(0). ]|,
< Ly (VE [Fe1(Zf150) — Q7 (ZE)| + E|Q(ZF) - Fi(Z;:0)]),  (42)

where we used Jensen’s inequality, the law of iterated expectations, and triangle inequality. From the above
inequality, we obtain
R €) I o
IVRz(©)ll2 < DA [E[0:(Z1: ©)VE(Z):0)]

t=0

>

@ I
SLT’YZ’YtMFtH(ZfH;@)_ %TH( t41) |+LTZ’7tE|QTr( ) Ft(Zfa@)‘

t<T t<T

@ Lt 9 t 7k. Q w(7kY|2

< \/7? ~7E Z’Y ‘Ft+1( t+15 ) Qt+1( t+1)| +E ZV |Ft(Zt §@) -9 (Zt)l )
t<T t<T

@ LT k. I k

< = EZWIFm( £150) = Qr(ZE)1P +  JEY AF(ZE:0) - QF (ZH)? ] |
t<T t<T

® va(+9)Lr Hvll L+ 03 -pr(eio)

\/7 vm

where (1) follows from triangle inequality, (2) follows from equation (3@) follows from Cauchy-Schwarz
inequality and the monotonicity of the geometric series T — Y, 7", (@) follows from Jensen’s inequality,
and finally (5) follows from Lemma Hence, we obtain

P (B 8L7|[v[3(1 + 08)p7(010)
2 < T 2 0/8°T
[VRz(©)lz < T=7)m : (43)

Bounding ||[VR7(0(k)) — VR7(0)|3. First, note that

IVR2(O(k)) = VR2(O)ll2 = [E[ D7 (21 OR)VFL(ZE 0(R) = 0u( 2Ly 1 O)V Fi(ZE:0) [

t<T

We make the following decomposition for each ¢t < T":
0e(Zf1; O(R) V(215 O () — 6u(Z,13 ©)VE(Zf5©) = 81(Zf,13 O (k) (VF(Z; O(k)) — VE(Z{:6))
+ VE(ZF;0(k) (0:(Z),1:0) — 6:(ZF,1;0(k)))  (44)

By Lemma we have |6,(ZF, 1;0)| < dmax and ||VE(ZF;O)|1 < Ly < Ly almost surely for any © € Q, ,n,
which holds for ©(k) (due to the max-norm projection) and ©. As such, by triangle inequality,

- 2E|lO(k) — 6
9RO ~ TR2(O)l < 3" (o LU= 1 1 sz, ) - 52850000 ).
t<T
6maxﬁ2( P 2+ v 5 = 7k a 7
rele V) | 3 50102800) - bl | )
t=0
ol

om
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Note that
> 10 ZE 1 O)) = 8u(ZE130) = 302" (1P (Z62:0) = Fia (ZE,0:0(0)| + |Fi(ZF; ©) = Fi(ZE: 0(R))),
t<T t<T

(Z£:0) = F(Z};0(k))| + " Lr|O(k) - Oz, (46)

t<T

where the second line follows from the Lipschitz continuity of © — Fi(-;©). Then, adding and subtracting
Q7 to each term, we obtain

D 16(ZE 15 0(k)) = 0:(Z141:©) <2 A (|F(ZE:0) — QF (Z1)] + 197 (ZF) — Fu(Z)5 0(k)))

t<T t<T
+TLr|O(k) — Oll2.  (47)

Taking expectation, we obtain

B3 0(2H2500) =8 ZEiB)] < ﬂ%JE[;wm@f;e(k»—gﬂ‘fw

+9" Lr||©(k) — Ol|2.

2 _ _
+ = B | S AtF(ZF;6) — OF (ZF)]2
\/ﬁ$ l; | (A7 ) t t)l
By Lemma [B:2] and equation 25| we have
o 4
E|F(Z4;0) - QF (ZF) < *||VH291(1 +00)°p} (1) + E(QQA% +o1xr)? [l

for any t < T'. Thus,

E;7t|5t(25+1;@(k)) = 0:(Z;4150)] < \/%\J E l;7t|Ft(Zf;@(k)) - or(zh))?

+ % \/(1%7)3 (IIvll201(1 + 00)pr(aor) + (02A% + o1x7)lpl13)) +7" L1 |©(k) — O] -

<lell2+lvl2

=:C,E,13)
This results in the following bound:

(3)
B [18(2H15000) ~ i Z2: O] < = VRIO) + =1 Lalpl + vl (48)

Substituting the local smoothness result in equation (48] into equation [45] we obtain

— (4
IVRz(O(k)) = VR1(O)l2 < Lt ( =VR + —= +7TLT(HPH2 + (W]l )) G

Thus, we obtain

4O L2 + 4(CD)?

[VRr(©(k)) — VRr(O)l5 < -

+ 8T LT(Ioll3 + [vI13)-  (49)

RT(G(k)) +

16L3.
1-

Using equation [3] and equation [49] together, we obtain
IVRr(8(k)|I5 < 2[[VR7(8(k)) — VR(0)|3 + 2 VR (0)]3,

_ B2U3Rr(O(k))
< T

(Cp)? 16+2T 1A 2 2 50
+ - + 169 L (|pllz + [lv[12)- (50)
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In the final step, we use equation equation [37] and equation [50| together:

C’Tcsmax
(I=v)vm

(Cr)? 16~2T 4 2 2 51
+ =+ 16y Lr(llellz + lIv]2) ) (51)

E[¥(6(k +1)) = ¥(O(k))] < —n(1 = NER7(O(k)) + 1 wr ke +1

) (32L2TERT(@(k))

L=~
where the expectation is over the random initialization. Choosing n = (é 1 L2) , we obtain
77(1 - 7) T CTémax
EWOk+1)) —¥(Ok))] < ————ER7(60(k —_—
[P(O(k+1)) —¥(O(k))] < 5 7(©(k)) +ny wrk T

2 ((C1)* 16~2T 4 2 2 52
o | = 16y L(llellz +llvli2) ) - (52)

Telescoping sum over kK =0,1,..., K — 1, and re-arranging terms, we obtain:
1 2|lvll3 Y wrk Crdmax (C/T)2 2T 14 2 2
— Rr(O(k : 167" L . (53
7 2 ReO0)| < o+ T R (S 4 160 LUl + 11D ) 59

O

C Numerical Experiments for Rec-TD

In the following, we will demonstrate the numerical performance of Rec-TD for a given non-stationary policy
7Tglreedy.

POMDP setting. We consider a randomly-generated finite POMDP instance with [S| = |Y| =8, |A| =4,
r(s,a) ~ Unif[0,1] for all (s,a) € S x A. For a fixed ambient dimension d = 8, we use a random feature
mapping (y, a) = ¢(y, a) ~ N(0, la), Y(y,a) ~ Y x A.

e-greedy policy. Let

Jj () € arg orgax TS,

be the instance before ¢ at which the maximum reward was obtained, and let
1 )
e—greedy 7,) — TA] W.p. mln{ 1—5t ,pexp}a 54
e (a‘ t) - . 24t ( )
]la:Aj*(t)a W.p. 1-—- mln{ 10 apexp}a

be the greedy policy with a user-specified exploration probability pes, € (0,1). The long-term dependencies
in this greedy policy is obviously controlled by peg: a small exploration probability will make the policy
(thus, the corresponding O-functions) more history-dependent. Since the exact computation of (QF)ien
is highly intractable for POMDPs, we use (empirical) mean-squared temporal difference (MSTD) E| as a
surrogate loss.

Example 1 (Short-term memory). We first consider the performance of Rec-TD with learning rate
1 = 0.05, discount factor v = 0.9 and RNNs with various choices of network width m. For pey, = 0.8, the
performance of Rec-TD is demonstrated in Figure Consistent with the theoretical results in Theorem
Rec-TD (1) achieves smaller error with larger network width m, (2) requires smaller deviation from the
random initialization ©(0), which is known as the lazy training phenomenon.

Example 2 (Long-term memory). In the second example, we consider the same POMDP with same
random samples, and an RNN with the same neural network initialization. The exploration probability is
reduced to pexp = 0.25, which leads to longer dependency on the history. This impact can be observed in
Figure which implies a larger spectral radius compared to Example 1 (in comparison with Figure .

2the empirical mean of independently sampled {% E 7%}[)(9(5)) 1k e N} where 7A€TD Et o 'yt§2 ZF; 0(k)).

s<k
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Figure 2: Mean-squared TD and (mean) parameter deviation under Rec-TD for the case pmin = 0.8 and
v =0.9. The mean curve and confidence intervals (90%) stem from 5 trials.
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(a) Mean-squared TD, T = 8 (b) =5, IU(k) = Us(0)]], T = 8. (¢) =3, Wii(k) — Wi (0)], T = 8.

Figure 3: Mean-squared TD and (mean) parameter deviation under Rec-TD for the case pmin = 0.25 and
~v = 0.9. The mean curve and confidence intervals (90%) stem from 5 trials.

In Figure [] we investigate the impact of the truncation level 7" on the MSTD performance with pes, = 0.25,
which implies long-term dependency, for an RNN with m = 256 units. Increasing T' implies a larger MSTD
due to long-term dependencies, validating the theoretical results.

D Policy Gradients under Partial Observability

In this section, we will provide basic results for policy gradients under POMDPs, which is critical to develop
the natural policy gradient method for POMDPs.

Proposition D.1. Let ' € IIym be an admissible policy, and let Zr ~ P;f/’“. Then, for any t < T,
conditional distribution of S; given Z; is independent of 7'. Furthermore, for any 7 € Ilym, the conditional
distribution of v(St, Ay) + YV 1(Zi41) given Zy is independent of m'.

— T=8
— T=16
T=24

~ ~ w w
5 & ° &

Mean-squared temporal difference

&

5000 10000 15000 20000 25000 30000 35000 40000
Iterations (k)

Figure 4: MSTD performance with m = 256 with various sequence lengths T" with pe,, = 0.25. Increasing T'
implies larger MSTD.
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Proof of Prop. [D.1 Let the belief at time ¢ € N be defined as

For any non-stationary admissible policy 7, the belief function is policy-independent. To see this, note that

t—1
P(S; = 1,2 = 2) = Z P(So = s0|Yo = y)mo(ao|20) H P(sk+1lsks ar)(Yr41]Sk+1)Trt1 (ak41|2541),
(80,...,8¢—1)€ESt k=0
¢ t—1
= (H Wk(ak|zk)> > P(So=50[Yo =) [] Plswsilsn, ar)d(silsisr),
k=0 (805-..,8t—1)€ESt k=0
since HZ:O 7k (ak|zx) does not depend on the summands (sg,...,s:—1) — note that we use the notation

P(Sk+1|5k, ar) = P(sk, ak, {Sk+1 = sk+1}) and ¢(yx|sk) = ¢(sk, {Yx = yx}). Thus,

2 (0,50 yest P(So = s0[Yo = y) [Tzt P (ks |sks ar) (Yt |sr41)
1 )
Z(s' sl sl)EStH P(So = sp[Yo =y) 2:0 P11k k) (Yrt1l8),11)

t—1°

bt (St) =

independent of w. As such, we have

E™ [re + W™ (Zie1)| 21 = Y b(S)E™ 1+ V1 (Zisa)| 20 = 2, S0 = 8],
seS

D> bilse) (rse, Ae) + YP(seralse, A)d(ylser 1) Vi1 (Ze, yein)) s

st,5¢41ESYEY

=Elre + Wi (Zega)| Ze = 2],

in other words, the conditional distribution of r(Sy, A;) +YVF, 1 (Zi41) given {Z; = z} is independent of 7.
We also know from Prop. [B23] that

E™ [ + AV (Zes1)| Ze = 2] = E[re + Vit (Ze)| 2o = 2] = OF (2).
O

The next result generalizes the policy gradient theorem to POMDPs. We note that there is an extension
of REINFORCE-type policy gradient for POMDPs in Wierstra et al. (2010). The following result is a
different and improved version as it (1) provides a variance-reduced unbiased estimate of the policy gradient
for POMDPs, and more importantly (2) yields the compatible function approximation (Prop. that yields
natural policy gradient (NPG) for POMDPs.

Proposition D.2 (Policy gradient - POMDPs). For any ® € R™4+D  we have

VoV™ () =B | 4" 0 (Z, Ar) - Ve lnmf (4] Z) | (56)
t=0

for any p € A(Y).
Proof of Prop. [D.2. For any t € N, we have

Vi () = 3w (arlz) QF (21, ar), (57)

by Prop. Thus, we obtain

Vqu)(zt) = wa’(at|zt)V1n w?(aﬂzt)Qf@ (zt,a¢) + Zﬂf’(aﬂzt)VQf@ (z¢,at),

at ay

=B [VInwd (A Z0) Q7 (Ze, Ae) + VO (Z1, 44)| Z = ). (58)
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Now, note that

Q?(P (zt,a:) = E[r(Se, A) + ’YVZf1(Zt+1)|Zt = (2, a¢)],

= bu(s) | r(sta0) 7Y Plsiaalsian) Y S(yes1|ser) Vi (2141 |

St+1 Yt+1

where 2,11 = (2¢, at, y14+1). As a consequence of Prop. we have Vg Zs,, bi(s¢)r(se, ar) = 0, and also

Vel (a1,a;) = Y belse) Y Plsiralstan) S(Wes1lse1)Va Vi (241),

St St41 Y41

P P —
=VEVIn Ty (A1|Ze41) Q1 (Zig1, Avr) + Vo QF 1 (Zig1, Avi1)| 21 = (20, a4)),

=" [ Y 4V, 1m,§(Ak|z,€)Qg‘P(z,€,Ak)‘Zt = (z1,01)].
k=t+1

Using the above recursive formula for Vg qu) along with the law of iterated expectations in equation we
obtain

VoV (z0) = E7 [ Y24 Ve nwl (Al Z0) Q7 (Zi, Ar)| 20 = 2. (59)
k=t
Since we have V™ := V7T, and also VoV™ (1) = Ve > s 120V (20) = > (1(20) Vo V™ (z0) by the
linearity of gradient, we conclude the proof.
Note on the baseline. Similar to the case of fully-observable MDPs, adding a baseline q{“q)(zt)

to the O-function does not change the policy gradients since Y., m:(alz)VIna?(alz:)qf (}(zt) =
ar” (z) >, VrE(alz) = ar (z)V >, 7 (alz:) = 0. Thus, we also have

VoV™ (0) =E5 | S A AT (Ze, An)Ve Inaf (A Z1) | (60)
t=0
which uses ¢f ' = VI " as the baseline, akin to the fully-observable case. O

The following result extends the compatible function approximation theorem in [Kakade, (2001) to POMDPs.

Proof of Prop. [6-1] The proof is identical to Kakade (2001). By first-order condition for optimality, we have

BT 34V Innl(4,|2,) (VT In7® (A Zy)w* — qu’(zt)) —9 (Gﬂ(tb)w* Vi (u)) —0,
t=0

which concludes the proof. [

E Theoretical Analysis of Rec-NPG
First, we prove structural results for RNNs in the kernel regime, which will be key in the analysis later.

E.1 Log-Linearization of SOFTMAX Policies Parameterized by RNNs

The key idea behind the neural tangent kernel (NTK) analysis is linearization around the random initializa-
tion. To that end, let

FHn(z,,0) = (VE(2;0(0)),0 — 6(0)), (61)
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for any © € R™@+1) We define the log-linearized policy as follows:

exp(FF" (2, a; ®))
Daren XP(F (24,0 @)

72 (alz) == t €N. (62)

The first result bounds the Kullback-Leibler divergence between 7§ and its log-linearized version 7. In the
case of FNNs with ReLU activation functions, a similar result was presented in |Cayci et al. (2024b)). The
following result extends this idea to (i) RNNs, and (ii) smooth activation functions.

Proposition E.1 (Log-linearization error). For anyt € N and (2;,a) € (Y x A)'!, we have

6

< 7= (Afoz + xi01) [|@ — 2(0)|13, (63)

In 7t (alz)
7w (alz)

for any t € N. Consequently, we have m¢(-|zt) < Tt(-|2t) and 7t (+|z) < m(+|2e), and

sup
(z1,0)€(YxA)HT

max { Zu (m (120 |77 (122)), Do (77 (lze) |7 (L))} < T

(Afox +xeor) [ — @(0)[3,  (64)
for all z € (Y x A)**! and t € N.

Proof. Fix (z¢,a) € (Y x A)!T!. By the log-sum inequality (Cover & Thomas| (2006)), we have

Z exp(FLm Zt,a (I)
1 d) — F ;D)) .
! >, exp(Fi(ze, a; @)) ;E%Wt (alze) (FF (24,05 @) — Fy(24,a; D))
Using the same argument, we obtain
ex FLIn z ’a; @ } )
’hl Za p(Fy" (2 ) ’ < Z (W?(G|Zt) + W;I)(a|2t)> . ‘FtL (z¢,a; @) — Fy(zt, a; @)’ . (65)

> op(Fi(za;9)) |~ 2

Thus, we have

72 (alz) o > Lin L&) )
In =220 < (14 &0 (alze) + 7 (alze)) | F" (20, a5 @) — Fy(24, 0 9)]

i (alz)

By using Lemma we have Sup;, ¢ (yxa)t+1 |[FHn (215 @) — Fy(2:9)| < %(A?QQ + x:01)||® — ®(0)||3. By
using the last two inequalities together, and noting that 1+ 7 (alz;) + 72 (alz:) < 3, we conclude that

7 (alz)
In =0 < —— (A7 ® — (0|2
‘nﬂf(apt) \/*( t02 + xt01)| )2

Since the righthand-side of the above inequality is independent of (z;,a), we deduce that the result holds for
all (z¢,a), thus concluding the proof. O

The following result will be important in establishing the Lyapunov drift analysis of Rec-NPG.
Proposition E.2 (Smoothness of In 7 (alz;)). For any t € N, we have

sup ||V1n7??(a|zt) —Vin 7??)/ (alzp)]]2 < Lf||4> — @',
(z¢,a)E(YxA)t+T

for any ®,®" e RMd+1)
Proof. Consider a general log-linear parameterization

po(x) o exp(p, ), © € X.
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Then, if sup,cx [|¢z]l2 < B < oo, then 6 — Inpy(z) has B?-Lipschitz continuous gradients for each x € X
Agarwal et al. (2020). The remaining part is to prove a uniform upper bound for |V Fi(Z; ®(0))|]2. To
that end, notice that

1 .
Vo, Fy(z; ®(0)) = ﬁciVHt(l)(Zt; 3(0)), z € (Y x AL i € [m].

From the local Lipschitz continuity result in Lemma IB.1] we have
SUDZ, max, <, [|(y.a;) 2 <1 ||V@1Ht(l)(2t; ®(0))||2 < Ly for any i € [m]. Thus, for any Zz;, we have

Ve Fy(Z; ®(0))]13 = Z Ve, H (2; 0(0))]I3 < L7. (66)

E.2 Theoretical Analysis of Rec-NPG

For any 7 € IIym, we define the potential function as

T—1
L(r) = > VD (w120 | (1 Z)) (67)
t=0
Then, we have the following drift inequality.
Proposition E.3 (Drift inequality). For any n € N, the drift can be bounded as follows:
T—1
®(n+1) d(n) a2 m* t T @(n) 72
L(r ) = L (@) < —npg (VT (1) = VT (1) —mongER [ DA (VT I, " (Al Zewn — AT (Z)
t=0
@
et T—1 T
n o* ~d(n d(n
b gL Y1 AT (2) B Y2 (VA (A2 — Vil (4120)) o,
t=T t=0

©) ®@

1 S g2 120003
t=0 t=0

Proof. First, note that the drift can be expressed as

P(n+1) * ,n_;b(”) (At|Zt)
t=0 ach T (A¢]Z1)

Then, with a log-linear transformation,

L) P (r ) = ET 27 S (Al 20) (

WAz A2z lﬁ?<"“><At|Zt>>.
t=0 a€h

n n
D " Az w®Alz) w42

By using the log-linearization bound in Prop. [E-] twice in the above inequality, we obtain

P(n+1) w* ~;I>(") (At‘Zt) 12 = 2
L(r )—ZL(r7") <Ej ZW > (A Zy) In GG, 4 170 7\FZ Y (Ao +x:01)lpll3- (68)
t=0 a€A T (At‘Zt) t=0
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By the smoothness result in Prop. we have

(+)(

~ n ~ n 1
" (arlz) = alz) = VInw ™ (alz) (2 +1) = @(m)] < S L[ 80 + 1) = 2(n)]3.

Thus, we obtain

2 74y .2 2 14 2 (I)( )(at‘zt)
_nnngt Hp”Q < _nnngt ||w7l||2 —In <I>(n+1)( ‘ )
|zt

because of the max-norm gradient clipping that yields |lwy|l2 < ||pll2 and &(n + 1) = ®(n) + Nnpgwy, for any
n € N. Using this in equation 68 we get

— pgV T 77 ™ (ag|2)wn,

T-1

n n T ~ 1
L(EP T L (M) < —npgBE > AV ™ (a020) e ZV Ao txeo)lpl3+5mapg L oI5
t=0
(69)
An important technical result that will be useful in our analysis is the pathwise performance difference
lemma, which was originally developed in |[Kakade & Langford| (2002)) for fully-observable MDPs.

Lemma E.4 (Pathwise Performance Difference Lemma). Let ®,®" € R™+V) pe two parameters. Then, we
have

™ ¥ 71'4)/ = t gm®
V() = VT () =K Y AAT (Ze, Av).

t=0

The proof of Lemma is an extension of |Agarwal et al.| (2020]) to non-stationary policies, and can be found
at the end of this subsection.

Using Lemma [E4] in equation [69] we obtain

T-1

(1) =opg®y D2 (VT I anfzi)eon — A7 (22)
t=0
T-1

®(n) , =

1
(Ze) + T > A (AZoa + xio)llpl3 + 3 Mpg Lt o3 (70)
t=0

®(n)

g(ﬂq>(n+1))7$(7r<l>(n)) < 777npg(v ( ) vT

oo
+ nnngz* Z Af

t=T

Finally, we replace the term VIn 7?;1) (n)(at\zt) with Vin w? (n) (at|z:) by including the corresponding error
term, and conclude the proof by considering the telescoping sum, and noting that & (ﬂ"b(o)) = log |A| since
F;(-;®(0)) = 0 by symmetric initialization. O
Proof of Theorem[6.3 We prove Theorem [6.3] by bounding the numbered terms in Prop. [E-3]

Bounding (2) in Prop. Recall that pr(y) = >_,_77". Then, by using Jensen’s inequality,

T—1 ~ -1 _ 2
Ep YA (VT lnm (A 2w, — AT (20)) <\ |prO)ER Y A LA Z e — ATT(Z)]
t=0 t=0
= pT(V) \/ nga(q)(n)’ wn)’
@(n)

*
where £ yields a change-of-measure argment from Pp " to Py .

Bounding (2) in Prop. sup, , [7(s,a)| < oo, therefore |A7(z)] < f’j‘; for any ¢t € N,z € (Y x
A)H—l, and 7 € IIym.

Bounding (3) in Prop. For any t € N, Cauchy-Schwarz inequality implies

.
(v In 72 (a]2,) — Vinre™ (at|zt)) wn < [IVIn72™ (ay]2) — VIna™ (ag]z0) 2] |2
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Recall that
Vin 7 (as|z) = VE (2, at; ® Zﬂ't "2t)VEy(z,a'; ©(0)),

Vinr?(at|z) = VFi(2, a1, ® Zﬂ't "12t)VEy(z,a; D).
First, from local B;-Lipschitzness of ®; — VHt(i)(Et; ;) for € Q, ,, by Lemma we have

Vo, Fy(Z: @(n) — Vo, F (7 2(0)) |2 = ——=|Va, H (23 ®:(n)) — Vo, H” (1 2:(0)) |2,
SﬂthHQ,

Elly

3

for any n € N since max; |®;(n) — ®;(0)|2 < ”\ﬁ% by max-norm projection. Thus,

Bellpll2
Jm

Vo Fy(Z; ®(n)) — Vo Fy (3 8(0))|2 <  teN. (71)

Thus,

IV 72 (ag) ) — V In w2 (ag|2)]lz < ﬁt”””%Zu (alz2) — 2 (a]2) [V Fi(2: 2(0))
+Zw Va2V Fy (20, a; ®(n)) — VE,(2, a; (0))| 2.

From equation [66] we have

2Bellell2
e

where %7y denotes the total-variation distance between two probability measures. By Pinsker’s inequality
Cover & Thomas| (2006]), we obtain

IV " (aglz) = Vi (ar)z)] < + 2Ly (w17 (=)

~ n n 2 n ~ n
V1072 o) = Vinn? D adan)e < 2L 1 Bz, Jo (20 C0). (72)

By the log-linearization result in Prop. we have

~®(n n 2 A20 +
1910770 (al2) — Vi (a0l < /iﬁn’;” + VLol (73)

Thus, we have

- T 26 VA2 + xi01
®(n) _ ®(n) 2 i t
(V In7, " (a¢|z) — Vinm, (at|zt)) wn, < |Ipll5 (ﬁ +V12L, pyr .

Proof of Lemma[E-j} For any yo € Y, we have:

V™ (o) = V(o) = Ef | 32 7"e| Zo = wo] = V" (w0),
t=0

- IEZ/ {ivt (rt + V] (Z;) — V{r(Zt)) ‘Zo = yo} = V(o)

t=0

=Er {Z V(e + Wi (Zera) = Vi (Z0)
t=0

A =y0}7
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where r, = r(S¢, A;) and the last identity holds since

D AVE(z) = Vi (20) 1D vV ().

t=0

Then, letting 7 = r(s¢, a;) and by using law of iterated expectations,

V7 (a0) =V (00) = 5 [ 204 (87 9V (Ze)l 2 51— V(20 20 = ). (74)
t=0

which holds because ) - ) -
E™ [ry + YV (Zi11)|Ze] = E™ [y + AV (Zi41) 2, Zo)-

The conditional expectation of r; + yV[, given {Z; = %} is independent of 7’:

E™ [r + 4V (Zes1)| 24 = D bu($)E™ [re + Wi (Ze1)| Ze = 7, Si = 5],
seS

Z th 5¢) StyAt) + P (st41l5t, Ae)o (y|8t+1)V§r+1(Zt,yt+1))7

St,5t41€SyEY
=Elre + Wi (Zega)| Ze = 2,

based on Prop. [D.I] We also know from Prop. [B:3] that

E™ [r + Vi1 (Zes1)| Ze = 2] = Elry + Wi (Zer)|Ze = 2] = OF (2).

Using the above identity in equation [74] we obtain
V™ (o) = V(o) = B5 | 321" (QF(Z0) V(7)) 20 = o), (75)
t=0

which concludes the proof. O

Proof of Prop. [6.6, For any w, we have

&(n)

(e 0(), @) < 2003 D(1), QW) + 257 (AT (22, A) — AP (Ze, A (76)
t=0

Let G, := o(®(k), k <n) and H,, := (0™ &(k), k < n). Then, since

esgdn = Ellr(wn; ®(n), O™ H,] —  inf  E[lr(w; ®(n), O™)|H,),
weB™) (0,p)

we obtain

@ (n)

E[tr (w3 ®(n), Q") [H] < 2E| inf E[lr(w; ®(n), Q™)|H,]

gn] + 2(é\td,n + 5sgd,n)7 (77)

which uses the fact that Var(X|G,) < E[|X|?|G,] for any square-integrable X. We also have

i Bty B(n), Q) #,] < 2l Eltr (w1 0(n), @ #1423 (AT (21, A=A (20 AP, (78)

t=0

which further implies that

7 2(n)

Efinf E[(7 (w; D(n), Q)|Hn]|Gn] < 2E[inf E[lr(w; ®(n), Q" )|Hal|Gn] + 26td.n-

34



Under review as submission to TMLR

o E[lr(wp; ®(n), Q™ )| Hn] < 4E[ing[€T(w;<I>(n) ™) 194,,] gn] + 6Etd.n + 2eegdn. (79)
For any w € Bgf;l((), o),
E[er(w; ®(n), Q" )Ml < E[Y A (VEF(Zi: ®(n)w — QF " (Z))*[Ha],
t<T
<O A(VIF(Z ®(0)w — QF " (Z0)? + (VE(Ze; B(n)) — VE(Z1; 8(0) Tw)?[ Mo,
t<T

which implies that

<I (n)

inf Eftr (w: 2(n), Q)] < 2+ 2plBELY IV Zi: () — VE,(Ze: B(0) 3],

t<T

<9 n 2|pll3 thﬁg
— app,n m to

t<T

using equation [71} Hence,

e 1e0)

8 4
)|H ] Hn’;”2 Z ’Ytﬁtz + 8Eapp,n + 65td,n + 255gd,m
t<T

Ellr(wn; ®(n), Q
concluding the proof. O

Proof of Prop. [6.8 Under Assumption consider £ (z,) := E[y)] (z1; do)v) (¢0)] for v € 5 . Let

, 1 ‘
o) = e @), =12 m, (80)

for any j € J. Since ||w |y < ||v||2 and p = v, we have

inf |V F(z:900)w — £ (z)
WEB;T; (07p)

< [V Rz 20)w? - £9(z)] . (81)
Thus, we aim to find a uniform upper bound for the second term over j € J. For each z;, we have

. 1 & 0 .
VT E(z @) = 37 Ve HY (2 24(0)01)(#:(0)),

thus E[V T Fy(z; ®(0))w)] = ft(j)(ét). Furthermore, from Lemma since ®(0) € 2, ,,, obviously, we have

ax (Vg H (2 2:(0) 0 (@:(0) 2 < Lullvlla < Lullpll, as.

Thus, by McDiarmid’s inequality [Mohri et al.| (2018, we have with probability at least 1 — 4,

— ; 1), — z 10 2 5
sup [77 i s 0(0))?) — £ ()| < 2R (GF) + Ll 2, (2)
VIS
for each ¢t < T and Zz;. By union bound,
. ; log(2T|Y x AJt+1/§
supmaX‘VTFt(Zt;‘I)(O))w(j) —ft(j)(ét)‘ < 2max Rad,, (G7*) + L¢| pll2 \/og [ > A[™/ ), (83)
jeg zt m

. log(2TY x AT /§
<2 max maxRadm(Gf‘)+LT||P||2\/ oB(2TY x AP/ ), (84)
0<t<T 2z m
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simultaneously for all ¢ < T" with probability > 1 — 4. Therefore,

. 720 = j i JCO) - ; i
mfE; YAV R(Zs 00w — P <EF Y o sup [V (Z @(0)wY) — £,
t<T i< JEJ

2
1 : log (2T [Y x A|T
S _— <2 max IILaXRadm(Gft) +LT||p||2\/ Og( | mx | /5)> .

0<t<T z¢

O
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