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Abstract

We consider episodic reinforcement learning in
reward-mixing Markov decision processes (RM-
MDPs): at the beginning of every episode na-
ture randomly picks a latent reward model among
M candidates and an agent interacts with the
MDP throughout the episode for H time steps.
Our goal is to learn a near-optimal policy that
nearly maximizes the H time-step cumulative
rewards in such a model. Prior work (Kwon
et al., 2021a) established an upper bound for
RMMDPs with M = 2. In this work, we
resolve several open questions for the general
RMMDP setting. We consider an arbitrary
M > 2 and provide a sample-efficient algorithm—
EM2 —that outputs an e-optimal policy using
O (e72-S%A? . poly(H, Z)*) episodes, where
S, A are the number of states and actions respec-
tively, H is the time-horizon, Z is the support size
of reward distributions and d = O(min(M, H)).

We also provide a (SA)2(VM) /2 Jower bound,
supporting that super-polynomial sample com-
plexity in M is necessary.

1. Introduction

We consider the framework of Latent MDPs (LMDPs),
which has been studied in several prior works (Chades et al.,
2012; Brunskill & Li, 2013; Hallak et al., 2015; Steimle
et al., 2018; Kwon et al., 2021b) and can be understood
as an extension of probabilistic mixture models to the se-
quential decision making setting. In LMDPs, one MDP is
randomly chosen from M possible candidate models at the
beginning of every episode, and an agent interacts with the
chosen MDP for H time steps of an episode. However, the
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identity of the chosen MDP is unknown to the agent. We
call this the latent context. This models the setting where
the decision-maker is unable to measure or perhaps even es-
timate an important identifying feature of the environment.

This problem falls into the general partially observable
Markov decision process (POMDP) framework. While ver-
satile, POMDPs are generally hard to learn, primarily be-
cause the optimal policy depends on the entire history of the
process (Smallwood & Sondik, 1973; Krishnamurthy et al.,
2016). To learn near-optimal policies with latent contexts,
existing POMDP solutions would require strong assump-
tions on reachability of the system (e.g., Azizzadenesheli
et al. (2016); Guo et al. (2016)) or certain separability as-
sumptions (e.g., see conditions proposed in Liu et al. (2022);
Golowich et al. (2022); Kwon et al. (2021b)). However,
these assumptions do not necessarily align with the applica-
tions (e.g., dynamic web application (Hallak et al., 2015),
medical treatment (Steimle et al., 2018), transfer learning
(Brunskill & Li, 2013)).

In Kwon et al. (2021a) the authors developed a sample-
efficient algorithm in the special case of two reward-mixing
MDPs (RMMDPs): when the state transition models are
shared across different MDPs, the number of latent contexts
is M = 2.While that work requires no additional assump-
tions (notably, reachability and separability), the techniques
are specific to M = 2. The more general M > 2 RMMDP
setting is yet to be studied and no provable guarantees are
known to date.

1.1. Our Contributions

In this work we develop new techniques to resolve several
open questions for learning near-optimal policies in RM-
MDPs with M > 2. We summarize our main results:

1. We design an algorithm that learns an e-optimal
policy for an RMMDP with M > 2 that inter-
acts with the environment at most O(poly(M, H) -
SA)min(2M=LH) /2 episodes.

2. For the special case that all the probability distribution
of the reward is a strict integral of the base probability,
we show that the exponent of S and A can be improved
from O(M) to O(log M). Examples of such cases
include the case when all rewards are deterministic
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conditioned on latent contexts.

3. For general instances of RMMDPs, we establish a
lower bound of (S A)Q(m) /€2, justifying that a super-
polynomial sample complexity in M is necessary. This
is the first lower bound for the general RMMDP setting.

Our approach is based on constructing the latent reward
model from the O(min(M, H)) first moments of the reward
function in different state-action pairs, while estimating
the shared transition model using reward-free exploration
techniques (Kaufmann et al., 2021). By estimating these
quantities we construct an RMMDP which approximates
the underlying and unknown RMMDP sufficiently well.
Further, we show that the optimal policy of the approximate
RMMDP is near optimal for the unknown RMMDP.

1.2. Key Challenge: Circumventing Unidentifiability

Moment matching based algorithms are well known in their
ability to learn latent mixture models (see e.g., Moitra &
Valiant (2010); Doss et al. (2020) and references therein).
Towards applying this technique to the RMMDP setting, sup-
pose we can estimate a correlation of rewards at g-different
state-actions & = (s;,a;)7_;, which we refer as a reward
moment. If we can estimate reward-moments for all  up to
some degree d € N, then we can recover the latent reward
model. This is the well-known moment-matching technique
in literature on learning finite mixture models.

The RMMDP setting has a fundamental difference: the
agent can only access the environment by sampling trajec-
tories. In this case there are many trajectories that simply
cannot be realized and have zero probability to be observed
under any sampling policy, and the reward moments along
this trajectory cannot be estimated. For example, in a loop-
free system, any state-action (s;, a;) cannot be visited more
than once in the same episode, in which case we cannot get
any samples of the higher-order moment that repeats the
same state more than once. In such a case, the true latent
reward model is not identifiable.

This model unidentifiability issue can also be found in —
seemingly unrelated — literature of learning mixtures of
discrete product distributions (Freund & Mansour, 1999;
Feldman et al., 2008; Chen & Moitra, 2019). There, the task
of learning latent mixture parameters is also challenging
due to the model unidentifiability issue, since higher-order
statistics with multiplicity cannot be estimated. Hence, most
work in this direction focused on the density estimation
which minimizes the statistical distance between observa-
tions, rather than insisting on recovering latent parameters
(there are a few exceptions, e.g., Gordon et al. (2021)). In
the RMMDP setting, instead of focusing on model identifi-
abllity, we cast the following fundamental question:

How can we efficiently learn a near optimal policy of the
RMMDP model?

or, analogously, we ask whether identifiability of the latent
model is truly necessary if our ultimate goal is only finding
a good policy.

In this work, we answer this question affirmatively. We
design a model-based approach that recovers a latent reward
model that matches the measurable higher order reward mo-
ments. We show this is sufficient to recover an RMMDP
model that approximates the trajectory distributions for all
policies with a requirement to recover the true underlying
latent reward model. With this in hand, it is then straightfor-
ward to find a near optimal policy for the true underlying
RMMDP.

1.3. Related Work

Recent years have witnessed a substantial progress in devel-
oping efficient RL algorithms for a number of challenging
tasks arising from both theory and practice (e.g., Jaksch et al.
(2010); Mnih et al. (2013); Silver et al. (2018); Kober et al.
(2013); Bellemare et al. (2016); Azar et al. (2017); Tang
et al. (2017)). The standard framework for RL assumes a
Markovian environment, where full information on the cur-
rent state is provided, and the optimal policy depends only
on the current observation. In contrast, little is understood
on partially observed systems where the underlying state
cannot be directly decoded from current observations. Due
to the vast volume of literature, we only discuss a few works
that are most relevant to us.

Prior work on RMMDPs. The most relevant work to
ours is Kwon et al. (2021a). There, the authors considered
the RMMDP setting with M = 2 and with uniform priors,
and designed an algorithm that learns a near optimal policy
for this setting. Their approach relies heavily on partial
parameter recovery guarantees, which is not possible for
M > 3. In this work, we develop new techniques to tackle
RMMDPs with M > 3 problems, that avoid any parameters
estimation. As a further benefit to our different approach
that does not attempt to partially estimate parameters, we
also improve upon their results for M = 2, improving
the sample complexity from O(e~*) to the optimal O(e~?2)
dependence.

Solutions for general POMDPs. As a special case of
POMDPs, we may consider applying existing algorithms
that learn a near optimal policy of a generic POMDP to the
RMMDPs. There is a growing body of work that focuses on
the case when single or multiple-step observations from test
action sequences are sufficient statistics of the environment
(e.g., Boots et al. (2011); Krishnamurthy et al. (2016); Az-
izzadenesheli et al. (2016); Golowich et al. (2022); Efroni
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et al. (2022); Liu et al. (2022); Zhan et al. (2022)). In such a
scenario, latent model parameters can be learned up to some
parameter transformations when the system is irreducible
or optimistically explored. This approach has been applied
to function approximation settings in some recent work un-
der similar sufficient statistic assumptions (e.g., Cai et al.
(2022); Zhan et al. (2022); Uehara et al. (2022)). However,
RMMDP instances do not necessarily satisfy the statistical
sufficiency of test-observation sequences: the latent context
cannot necessarily be decoded even in hindsight. Thus, their
results do not apply for RMMDPs.

Multitask RL. RMMDP can be considered as a special
case of multitask reinforcement learning in MDP environ-
ments (Taylor & Stone, 2009; Brunskill & Li, 2013; Liu
et al., 2016; Hallak et al., 2015) with a different reward func-
tion to each task. If we are given a sufficiently long time
horizon (and some separation between contexts) for an indi-
vidual task to identify the context, then we can efficiently
learn the latent model by clustering the trajectories. Then,
if we can learn the latent model, we can easily learn a near-
optimal policy from an estimated model. However, for such
condition to hold, we need very long time horizon H > S A.
In many scenarios such as dynamic web applications or med-
ical treatments (Hallak et al., 2015; Steimle et al., 2018),
we have a relatively short time-horizon H = O(1) for each
task and thus cannot identify the latent context or the latent
model. We do not make any assumptions about the length
of time-horizon within an episode, or about seperability.

Miscellaneous While we assume that episodes start in a
sequential order, in other applications such as in recommen-
dation systems, episodes can proceed in parallel without
limit on the time-horizon (Maillard & Mannor, 2014; Gen-
tile et al., 2014; Hu et al., 2021; Kwon et al., 2022). In
such problems, the goal is to learn an optimal policy for
each episode (or task) as quickly as possible exploiting the
similarity between tasks. In contrast, the goal in RMMDP is
to learn an optimal adaptive, i.e., history-dependent policy
within the limited time horizon.

2. Preliminaries

The reward-mixing Markov decision processes is defined as
follows.

Definition 2.1 (Reward-Mixing Markov Decision Pro-
cess (RMMDP)). An RMMDP M consists of a tuple
(S, A, T, v, {w, m }M_1) with a state space S; action
space A; a shared transition model T : S x Ax S — [0,1]
that maps a state-action pair and a next state to a probabil-
ity; v is a common initial state distribution; {wz}fvil are the
mixing weights such that at the beginning of every episode a
reward model (i, is chosen with probability W, [y, is the
model parameter that describes a reward distribution, i.e.,

P, (r|a) :=P(r|m,a), according to an action a € A
conditioning on a latent context m.

We further assume the reward values are finite and bounded.

Assumption 2.2 (Discrete Rewards). The reward distribu-
tion has finite and bounded support. The reward attains a
value in the set Z. We assume that for all z € Z we have
|z| < 1. We denote the cardinality of Z as Z.

As an example, the Bernoulli distribution satisfies Assump-
tion 2.2 with Z = {0,1} and Z = 2. We denote the
probability of observing a reward value z by executing an
action a at a state s, as fi,;, (s, a,2) == P(r = z | m,s,a) in
a context m. We consider a policy class II which contains
all history-dependent policies 7 : (S, A4, Z)* x S — A.
We are interested in finding a near-optimal policy 7 € II
that is e-optimal with respect to the optimal value: V3§ :=

maxyem Ex {Zi 1 rt] , where E[-] is expectation taken
over the model M with a policy .

Notation We use [d] :={1,...,d} and [d] := {0} U[d].
We often denote a state-action pair (s,a) as one symbol
x = (s,a) € S x A. For any length ¢ part of a trajectory
(y1, Y2, ---, Yt ), we often simplify the notation as y;... We
use || for the length of sequence @. For a subset of indices
T C [d], we write &1 := (2;);ez to refer to a subsequence
of x at positions Z. We define V{; as an expected cumula-
tive reward for model M with policy 7. Lastly, we denote
the cardinality of the state and action space as S := |S| and

A=A

3. Algorithm

The idea for learning a near-optimal policy of an RMMDP
for the special case of M = 2 with equal mixing weights
was developed in Kwon et al. (2021a). With techniques
that seem specialized for M = 2, the authors show that
estimates of the second-order correlation of rewards, mea-
sured between different time-steps, is sufficient to find a
near-optimal policy. We develop new techniques to address
this problem, and extend it beyond the M = 2 case.

3.1. Recovering Latent Model from Higher Order
Moments

For a general RMMDPs, we define the moment of rewards
of degree ¢ < d for some d € N as follows:

M(w,z) = 2%21 wmnleum(ﬂ%zi), (D

for every x = (2;)_, € (Sx A)®%and z = (»)!_, €
Z® 4. To empirically estimate these higher order moments
we observe they can be cast as a conditional expectation. Let
7 be a policy that does not depend on the reward observation.
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Algorithm 1 Estimate and Match Moments (EM2)

Imput: d € N, e, € (0,1),.. >0

// Estimate transition model, initial distribution, moments
of latent reward and their uncertainty by pure exploration
(T,0,My(-,-),n(-)) + EstimateMoments(d,e,n)
(see Appendix C, Algorithm 2).

/l Construct reward latent model with matching moments
Find {wWy,, fim }M_, such that

IM(x, 2) — My (2, 2)| < Vic/n()

forallg € [d], z € (S x A)®a 2 € Z®a,
Empirical RMMDP: M = (8, A, T', 0, {0y, fim } p1)-
Return an optimal policy of M.

Assume that P (x observed) > 0 where x observed is the
event that there exists some 1 < t; < ... < t; < H such
that z;, = x;, i.e., all state-actions in x are visited in the
same episode. Then M(x, z) can be estimated from the
conditional expectation:

M(z, z) = E.[II7_, 1 {ry, = z;} |x observed].  (2)

Since this is an expectation of observable quantities, we can
estimate them from sample trajectories if a roll-in policy can
visit & with good probability. We use n(x) to denote the
number of samples (trajectories) used to estimate M (z, -).

The key challenge arises when not all  can be visited in
the same trajectory, or they can be visited with significantly
different probabilities. To quantify this challenge, let &(x)
be the maximum visitation probability of x:

&(x) := max, e P (a observed). 3)

In the extreme, this quantity can be zero for many x’s. For
such &, we cannot expect to estimate M(x, -) even with in-
finite sample trajectories. This results in the unidentifiability
of the latent reward model.

It turns out that we only need an estimated moment M(az, 9
to be accurate proportionally to (). Intuitively, the smaller
&(x) is the less accurate estimate of M (z, -) is required. In
our analysis, we show that if we can explore the environment
to collect samples of higher-order moments in such a way,
then trajectory distributions of all policies are uniformly
close to the true model, even though higher-order moment
estimates are non-uniformly accurate.

3.2. Algorithm Overview

The algorithm we introduce and analyze is the Estimate
and Match Moments (EM? ) procedure, depicted in Al-
gorithm 1. EM? consists of two stages: (i) collect sam-
ples to estimate the transition model, initial distribution

and the d-order moments of the reward models for all se-
quences x € (S x A)® i.e., estimate M, (x, z) for all
x € (Sx A®and z € 2O (see definition in equa-
tion (1)), (ii) find an approximate RMMDP model M whose
reward moments up to degree d match within confidence in-
tervals of < y/1/n(x). One such model is assured to exist
since the underlying true model satisfies these constraints.

Remark 3.1 (Estimation of T" and v). The transition model
and initial state distribution can be estimated with pure-
exploration schemes e.g., (Kaufmann et al., 2021). They can
be either separately estimated or estimated simultaneously
with the reward moments.

Next we elaborate on the estimation of higher-order mo-
ments in stage (i), and on finding a latent reward model with
matching moments in stage (ii).

3.3. Pure Exploration of Higher-Order Moments

The estimation of M(zx, -) can be carried out in multiple
ways. A naive approach for doing that is to iterate over all
moments up to degree ¢ < d , all z € Ul_; (S x A)®1
such that £(x) is larger than some threshold, and estimate
the conditional mean via equation (2): by executing roll-in
policy that maximizes the probability of observing . Note
that the roll-in policy and £ () can be approximately com-
puted after estimating the transition dynamics. Although
simple, this approach requires many trajectories for collect-
ing samples of moments that are hard to reach, resulting in
total sample-complexity of O(SA)24.

A more involved but more systematic way for estimating
the higher-order moments M(x, -) is to employ a pure ex-
ploration scheme (Kaufmann et al., 2021) on a higher-order
MDP, analogously to the idea developed in Kwon et al.
(2021a) for M = 2. For completeness, we restate the formal
definition of the higher order MDP and the pure-exploration
mechanism we use in Appendix C. This procedure allows
us to estimate the higher order moments in a more sample
efficient manner, relatively to the naive algorithm; the total
sample-complexity reduces from O(SA)%4 to O(SA)“.

Once the pure exploration phase ends, we have a collection
of samples for all moments of degree at most d. Then, for
any degree ¢ < d, moment z € (S X A)® 1 with any
paired sequence z € Z®9, let the quantity M, (z, z) be
the empirical estimate of M(x, z) (see Algorithm 2 for
more details). We remark that we choose our roll-in policy
to be independent of past reward observations, and thus we
can simply take the average of samples to get M, (x, z).
Using a standard measure of concentration for martingales
(Wainwright, 2019), we can show that

M(x,z) — M, (x, 2)| < Vi/n(x).

The above holds for all combinations of & and z with
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probability at least 1 — 7 by an application of the union
bound, when the logarithmic constant is given as ¢, =

O(dlog(SAZ/n)).

3.4. Finding Latent Model with Matched Moments

Once we obtain the empirical moments M,,(,")
from the exploration phase, we can search over all
the RMMDP models to find an empirical model
M = (S, AT, D, {tg, i }M_,)  that satisfies
‘M(m,z)—Mn(w,z)' <
guaranteed that

te/n(x), then we are

‘M(m,z) - M(m,z)‘ < 2v/te/n(x),
V(x, z) € Ul (S x A)®1 x 2®4. 4)

That is, we find an RMMDP model where its first d moments
approximately match the ones of the true model.

Computational Challenges for the Model Recovery
Solving equation (4) is a hard computational task. Brute-
force approaches, which iterate over all possible candidates,
may take time exponential in O(SA). Even for a simpler
setting of learning mixtures of discrete n product distribu-
tions, it is not obvious how to find the latent parameters
that matches all multilinear moments (i.e., moments without
any multiplicity) (Feldman et al., 2008; Chen & Moitra,
2019). The best known computational complexity for that
problem, with uniform uncertainties, is O (n/e)°M *) due
to Chen & Moitra (2019). However, since we have non-
uniform uncertainties across all moments, we expect that
solving equation (4) is computationally harder problem. We
leave these computational challenges as future work, and
henceforth focus on the sample-complexity upper bound of
learning near optimal policy of RMMDP.

4. Upper Bounds

In this section we highlight the key tools with which we
establish a sample complexity guarantee for EM2. To sim-
plify the discussion, we momentarily assume that transition
models are known, i.e., T" and v are given. This section fo-
cuses on analyzing the performance difference between two
RMMDP models M) and M@, where M) is the true
RMMDP model, and M ?) is an empirical RMMDP model
with the same transition and initial state probabilities 7" and
v, but different latent reward model and mixing weights, i.e.,
T@ =T,y =y, and w? = wmug) = fim. We note
that prior knowledge of 7" and v is not required in our final
result (see Appendix C).

As mentioned earlier, the difference between the value
of any fixed policy m € II measured on two RMMDPs
can be bounded by the [;-statistical distance in trajectory

distributions. Consider the set of all possible trajectories
T =(SxAx Z)®H , that is, any state-action-reward
sequence of length H. Then,

Vi = Ve | < H - (P — PO (2, 7)) |11

=H-Y, 7 PV () PP (7)], 5

For any policy # € 1II, our goal is to show that
ey [P (1) = PP (1) < O(e/H), ie., the true and
empirical models are close in /; -statistical distance for all
history-dependent policies.

In particular, we need to bound the [; distance of length H
trajectories as a function of the distance between the first
O(min(M, H)) reward moments of M) and M), and
without exponential dependence on H.

The accuracy with which we estimate moment M (z, -) de-
pends on n(x), the number of trajectories that visit . We
divide the level of uncertainties of trajectories based on the
number of samples collected for each moment. We define
the following sets:

X ={z el (Sx A®|n(z)>n},
E={r1ne(SxA®H |vg<d:
V1<t <...<ty<H, (x,)_, € X}, (6)

for a decreasing sequence (n;)f ; which we give in Lemma
4.3. Here, & is a set of length at most d state-actions in
which every subsequence has been sampled at least n; times.
Further, observe that &, C & C --- C &;,. We split the set
of trajectories into disjoint sets & = &, £, = £f and
& =& Né&andforl € [L], i.e., asetof trajectories with
all correlations of degree at most d sampled more than n;
and at least one set of correlation explored less than n;_4
times.

With this definition, we can rewrite the above bound on the
11 statistical distance between all trajectories for any policy:

L+1
PO PP =" Y [PY(E) PP (1)
1=0 7211 €E]
L+1
< Z sup P (21, € &) - O(ey), (7)
mell

=0

where IPSFU (z1.m € &), is the probability that a random
trajectory 7 observed with a roll-in policy 7 belongs to
&/, and ¢ is the overall statistical distance of trajectory
distributions (conditioned on &/) at level [. The first relation
in equation (7) holds since any trajectory 7 belongs to one of
the sets &/. The main challenge of the analysis is to bound
€1, as a function of the moment distance. We can define this
more carefully using the sets above: let §; be the maximum
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error between the dt”* order reachable moments in level [:

5 = M(l) - M(Q) .
1 ma/.\)é maxd mz?x] ((BI, ZI) (iL’I, ZI)
(8)

The essential content of Lemma 4.1 and Theorem 4.2 is to
show that ¢; and §; are linearly related, with a term that does
not grow exponentially with .

Lemma 4.1 (Eventwise Total Variance Discrepancy). Let
01 be defined as in equation (8), i.e., the maximum mismatch
in moments up to degree d = min(2M — 1, H). For any
I € [L]4 and any history-dependent policy 7 € 1, we have:

> rarmeg; PE (1) = PR (7))

< sup PW(zy.q € &) - (4HZ) - 6. 9)
TE

Thus, Lemma 4.1 implies the second relation in equation (7),
setting ¢, = (4H Z)™n(M-1.H) . 5, Moreover, it general-
izes an analogous result that was proved for the M = 2 case
(see Kwon et al. (2021a), Lemma 4.1). There are several
notable differences between these results:

1. The threshold value 7, is set to the order of 6, 2. In
contrast, in Kwon et al. (2021a), n; was set to be of the
order of §;” 4. Thanks to this improvement, we obtain
the optimal dependence in € in our final result, namely,
O(e2) as opposed to O(e~4).

2. We do not rely on a parameter recovery guarantee,
which cannot be attained for an RMMDP, without
strong identifiability assumptions. Instead, we directly
convert the closeness in moments to closeness in to-
tal variation distance of the trajectory distributions for
all history-dependent policies. We prove this result
by an induction argument on the number of contexts
and time-horizon. In Chen & Moitra (2019), a similar
induction idea is used for showing the robust identi-
fiability of mixtures of discrete product distributions
directly from closeness in moments (see Lemma 5.5
in Chen & Moitra (2019)).

To prove this result, we in fact prove a more general result
which may be of independent interest:

Theorem 4.2 (Bound on Total Variation from Moment
Closeness). Let § > 0 and let MY, M@ be two RM-
MDPs. Assume that MY and M have the same transi-
tion kernel and initial state distribution, but have different
latent reward models, and potentially different number M,
and M of latent contexts. Define X to be the set of length
d := min(H, My + My — 1) state-action sequences that
have nearly matched moments

Xy ::{az e (Sx A®lyz e z®.

max ’M(l)(wz, z7) — M® (z1, ZI)‘ < 5}
ZC[d)

Let Eior, be the set of trajectories for which all subsequences
of length d are in Xy, i.e., Evor is the set of all well-explored
trajectories:

Eiot i = {$1;H|V thh <...<tgq: ({th)gzl € Xd} .

Then for any subset of well-explored trajectories £ C Eiot,
for any history-dependent policy , we have

ZTZILHGE |IP£r1) (T) - IPSE) (T)l

<sup P (z1.y € &) - (4HZ) - 6.
mell

This result then, bounds the total variation distance between
two models with possibly different number of latent con-
texts, as long as their moments are close. The proof pro-
ceeds by induction on the total number of contexts M7 + M.
Lemma 4.1 is a direct corollary of Theorem 4.2. We refer
the reader to Appendix A for the details.

The results thus far translate bounds in moment distance, to
bounds in total-variation distance. The next result bounds
the sample complexity required to control the moment dis-
tance, i.e., given 4, the sample complexity required to con-
trol the probability that a given trajectory belongs to the sets
&l

Lemma 4.3. Consider the sets defined in (6) where we set
no = K/(SA)Y njp1 = ny/dforl =0,1,...,L, and L
such that ny, > 1. and np+1 < .. Then, there exists a
pure-exploration algorithm which takes e, > 0 as an input
parameter, such that with probability (w.p.) at least 1 — n,
using at most K episodes, for

K > C - (5A)%,2 log(K/n), (10)
with some absolute constant C' > 0, we have
SupIPﬁ(xl:H65{)§O<Hdepe~\/m/%). (11)

mell

The proof of Lemma 4.3 is given in Appendix C.1.

Now using the above Lemma, Equation (4) to translate it
to a moment bound, and Equation (7) and Lemma 4.1, we
can bound the difference in expected value between the true
and empirical models for an arbitrary history-dependent
policy 7:

Vi = Vi | < H- (PO = PE) (1)l
<HY - H? Olepe) - (4HZ).

Combining the above results, and taking €,e =
¢/(HL(4H?Z)Y), L = O(log(ng)) < O(log K), and
d = min(2M —1, h), our main result follows, and establish-
ing a sample complexity guarantee for EM? (see Appendix A

for the full proof):
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Theorem 4.4 (Sample Complexity of Learning RMMDPs
with M > 2). Let d = min(2M — 1, H). There exists a
universal constant C > 0 such that there exists an algorithm
using at most K episodes where,

A d
K>C- (Sez) - poly(d, H, Z)* - poly log(K /1),

and outputs an e-optimal policy w.p. at least 1 — n.

4.1. Improved Upper Bound with Integral Probabilities

We have shown that for general instances of RMMDPs, we
can learn an e-optimal policy using O(SA)?M ~! samples.
This upper bound can be significantly improved if we make
an additional assumption on latent reward models. Suppose
that forany m € [M],z € Sx A,z € Z, um(x, 2) can take
a value from a finitely discretized set P = {0,1/P,...,1}
for some positive integer P € N . Under this assumption,
we show that estimating d = [2P log M| are sufficient to
learn a near optimal policy. This translates to an improved
(SA)CUoe M) /2 sample complexity for under this assump-
tion. An interesting special case of such scenario is when
the reward is deterministic conditioned on a context, i.e.,
tm(x, 2) takes value from P = {0,1} with P = 1.

This is a reminiscent of quasi-polynomial sample-
complexity for learning a mixture of subcubes (Chen &
Moitra, 2019), i.e., learning a mixture of binary product
distributions Z = {0,1} when the latent model parame-
ters can only take values from P = {0,1/2,1}. While not
used for a more general setting, we show that their main
identifiability (of distribution from moments) results can
be similarly applied to RMMDP problems with general
observation support Z and integral probability set P.

Lemma 4.5 (Modified Lemma 4.1 for Integral Probabil-
ities). Suppose pm,(x,z) takes values only from P =
{0,1/P,...,1} forallm € [M],z € X and z € Z. Let
01 be defined as in equation (8) for the maximum mismatch
in moments up to degree d = min([2Plog M|, H). For
anyl € {0,1, ..., L + 1} and any history-dependent policy
7w € II, we have

Y PO —PR(7)

TiwHEE]
< sup PW (. y € &) - MOMPloeP) .5, (12)
well

See Appendix B.4 for the proof. Combining Lemma 4.5
with Lemma 4.3, we get the following quasi-polynomial
sample-complexity result for integral reward probabilities:

Theorem 4.6. Suppose (i, (x, z) takes values only from
P =A{0,1/P,..., 1} forallm € [M],x € X and z € Z
where P € N is an absolute constant. If H > 2P log M,
then there exists a universal constant C > 0 such that there

exists an algorithm using at most K episodes where,

(SA)2P log M

K>C- .

: - MO poly (H, log(K /1)),

and outputs an e-optimal policy w.p. at least 1 — n.

Note that for the case of deterministic rewards, we can
instantiate the above theorem with P = 1.

5. Lower Bound

In previous sections, we designed an algorithm that learns
a near-optimal policy for general instances of RMMDPs
with discrete rewards given O ((SA)©™)) samples. In this
section, we complement this upper bound by showing that a
super polynomial dependence on S and A is necessary for
M = w(1) from information-theoretic standpoint. Specifi-
cally, we show that there exists a class of instances which

cannot avoid (S A)Q(m) sample complexity.

To show this lower bound, we construct the family of hard
instances where each instance M is defined as follows.
All the instances share the same dynamics: at every time
step t € [H], the environment visits a unique state s;. At
every state s; = s; (or time step ?), all actions except one
correct action af € A returns a reward sampled from a
uniform distribution over a binary alphabet {0, 1}. In this
section, we only consider binary rewards, and we omit the
z-part for indexing p,,, with (x, 2), i.e., use pu, () to denote
tm(z,1) = E[1 {r = 1} |z]. We also denote M(x) as

M () = Yoy Wi I i (7).

We want to construct an example such that for all but the
correct sequence of actions a1.y = aj.y;, distributions of
observed reward sequences are not statistically distinguish-
able from playing uniform actions. Such an example can be
constructed by finding a moment-matching correct actions.
Specifically, let d = H = Q(v/M) be the desired degree of
matching moments that we need for the construction of hard
instances. For simplicity, let z*, € R? be the restriction
of puy, to correct actions, i.e., pk, (t) = pm(si,a;) for all
t € [d]. We set the family of hard instances of the latent
reward model by borrowing a construction from Chen &
Moitra (2019).

Lemma 5.1 (Result of Section 4.3 in Chen & Moitra (2019)).
There exists some d = Q(/M ) such that for any e <
(2d) =24, there exists a realization {11}, }M_, and mixing
weights {w, }M_,, such that all degree q < d multilinear
moments of [, is equal to (1/2)2:

SM ez, (1) = (1/2)9,

Furthermore, the degree-d moment is e-away from the uni-
form distribution:

M wn I i, () > (1/2)% + .

VICd):|Z]=q
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Intuitively, the moment-matching example (up to degree
d — 1) would require to explore almost all possible length
d = H sequence of actions, since there would be no infor-
mation gain if a wrong sequence of actions a1.x # a. g
is played. We show that any e-optimal policy for any
€ < (2d)~24 needs to play the correct sequence with non-
negligible probability:

Lemma 5.2. Let M be the lower-bound instance con-
structed with Lemma 5.1 with ¢ < (2d) 2% and d > 4. The
optimal cumulative rewards for M is at least (d/2)+€-2972.
Furthermore, let . be an e-optimal policy for M with , then
we have P _(a1.p = a¥.y) > 1/4.

Note that (2d)~2¢ = M ~O(VM) can still be significantly
larger than (SA)~2(VM)_ To formalize the lower bound
argument, we can use the fundamental equality on infor-

mation gain with bandit feedback (Garivier et al., 2019)
modified to the RMMDP setting :

Lemma 5.3. Let 1) be any exploration strategy in RMMDPs
for K episodes. Let M) and M®) be two RMMDPs
with the same transition and initial state probabilities. Let
Ny 21,0 (K) be the number of times that a trajectory T ends
up with a sequence of state-actions x1.y for K episodes.
Then,

Z E(l) [N’l/J@LH(K)] - KL (P(l)('|xl:H)7P<2)('|xl:H))

T1:H

::KL(ngTLwangLKD, (13)

where P, (755 is a distribution of K trajectories obtained
with 1), and P (-|x1.p) is a marginal probability of a reward
sequence 1.y obtained from a fixed test x1.py.

We convert this result to an information-theoretic lower
bound for learning RMMDPs. Specifically, let M) be the
base system where rewards are always uniformly distributed
over {0,1}, and M(® = M be the moment-matching sys-
tem from Lemma 5.1. If we can give an upper bound to
equation (13), then by Pinsker’s inequality and Le Cam’s
two-point method (LeCam, 1973), we can argue that two
systems from trajectory observations are not distinguishable,
and thus we cannot learn the optimal policy for M ().

To see this, note that the left hand side of equation (13)
is 0 except for the correct state-action sequence 7.
On the other hand, all information from the first model
is symmetric over all sequences of (state)-actions, and
thus for any exploration strategy 1, there must exist at

least one a:'f:H sequence such that E(") N, (K)} <
A~—H . K. Thus for the moment-matching instance M (?)
with 2%, ; = ¥, at least K = Q(A) episodes are nec-
essary to distinguish the two systems from trajectory ob-
servations 71X, We can translate this argument into an

b
1.l

Q(AH) lower bound for learning general RMMDPs, and
using the action-amplification argument used in Kwon et al.
(2021b), we can obtain an (SA)2(V™M) Jower bound with
d=H=Q(/M).

Theorem 5.4 (Lower Bound for RMMDPs). There exists a
universal constant C' > 0 and a class of RMMDPs such that
to obtain an e-optimal policy for € < M=CVM \ve need at
least (SA)2VM) /¢2 episodes.

The proof of Theorem 5.4 follows from Lemma 5.1-5.3, and
the full proof can be found in Appendix D.4.

6. Conclusion

In this work, we resolve several major open questions con-
cerning the learnability of the RMMDP setting. We design
the £EM? algorithm and establish an O(SA)°M) /e upper
bound for learning an e-optimal policy of a general RM-
MDP. Hence, a near optimal policy of an RMMDP can be
efficiently learned for M = O(1). We compliment our
upper bound with (S A)2(V2M) /¢2 Jower bound.

One natural question is whether our results can be extended
to a more general framework of Latent MDP (Kwon et al.,
2021b), where the transition dynamics can also depend on
latent contexts. We note that dealing with non-identical
transitions imposes additional significant challenges. The
main bottleneck is that the target higher-order statistics are
not easily accessible anymore, since now the way to ex-
plore higher order reward (and transition) moments must be
learned as well. We believe this is an important question to
be addressed in future.

Other future research questions include investigating the
gap between the upper and lower bounds, suggesting natural
assumptions that can assist in reducing the sample complex-
ity further, and considering the case where M is unknown.
Finally, designing a practical algorithm that can operate in
large-scale RMMDP problems is an interesting next step to
take.
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A. Proof of Main Theorem 4.4

A.1. Proof of Lemma 4.1

Note that invoking Theorem 4.2, it directly follows that & C &, with setting § := ¢; for X;. Lemma 4.1 follows from the
conclusion of Theorem 4.2 with M; = My = M and d = min(2M — 1, H).

A.2. Proof of Theorem 4.2

We start by unfolding the expression of statistical distance:

Yo PO@) PR =) Y {awn € EFv(s)I T (sen s, ar) - T m(aglhy)

Ty, g €EE T1:H T1:H

My
1 H (1) 2)171H

E wgn)th xt Tt E :’LUS” H 1/u‘m (xhrt) .

m=1

X

This can be established by directly using the RMMDP model assumption, the Markovian underlying dynamics and the fact
that T'(s¢41 | 8¢, a¢) and 7(ay | hy) are positive.

With a slight abuse of notation, we compactly define T7.; := v(sq) - Hi,_:llT(sturl |ser,ar) and 1. := 1L _ w(aw | he ).
Let by := ((8,a,7)1.4—1, 5¢) be a history before taking an action at the t'" time step. The above can be rewritten as:

Z |P£r1)(7) - Pgrz)(T” = Z Z 1 {8} Tl:H *T1:H * M(l)(zl:Hvrle) - M(Q)(Jfl;H,Tl;H) )

Ty, g €EE T1:H T1:H

where the equality holds by the definition of the higher-order moments (equation (1)).

The proof proceeds by induction on the number of latent contexts. A similar idea was employed in Chen & Moitra (2019)
for a related problem of learning mixtures of product distributions. Specifically, the authors in Chen & Moitra (2019) have
shown the statistical closeness between mixtures of product distributions from matching higher-order multilinear moments.
The key to proceed with the mathematical induction is to reduce the number of contexts or the length of sequence at least by
one whenever we process one time-step event.

To apply induction, we first need to check the base case. The base case for Theorem 4.2 is when M; = My = 1 or
H < M + Ms. Before we proceed, we define a few definitions on the probability of encountering trajectories of interest.

Additional Notation Let us denote the maximum probability of ending up with a trajectory 7 conditioned on a history h,
such that the z1. part belongs to £ as:

P*(&|h) := sup P (&E]h). (14)
mell

By definition, we have the following inequalities, for history h; = ((s, a,7)1.¢—1, s¢) at time ¢, action a; and any history-
dependent policy 7, we have

]P*(gth)ZZ]I{Q?LHES}TF(CLHVLH), t:H, (15)
P*(E|hs) > Z]P* Elhe, ar)m(aglhy), t< H, (16)
g|h,t,(lt Z ]P (€|ht+1 st+1|st,at), t< H. (17)

St+1
Also, since leg() only depends on the occurance of x1.77, any two RMMDP models with the same transition and initial
distribution have the same value for IP%:

P:(h) = sup P (E]R) = sup PP (E|h).
well mell

Hence when we consider the same transition model, we often omit (1) and (2) in superscript from P (Elh) or P (Elh).
Also note that P (hy) = Pz (21.4—1, 5¢) and P%(h¢, a;) = P%(x1.+) since PE only depends on the state-action part of the
history.

11



Reward-Mixing MDPs with Few Contexts are Learnable

Base Case I: When M; = M> = 1, note that
M(z1.m,7m1:0) = HtH:Lu(xtv Tt)s
where we can omit the subscript m for reward models p since there is only one latent context. Then,

Z |IPSF1)(T) o IPS?) (m) = Z Z &y maTim ‘H£1M(1)(xta r) — Hf:lU(Q)(xtht)‘

T g EE T1:H T1:H

< Z Z 1{&}m. HT1H‘HfI T (2, 1) -t ) (@4, 74 ‘ (Zu( Nxp,ry >

T1:H T1:H—1

+Z Z ]l{g}m:HTliH( =1 H m,n) Z‘,U(l TH,TH) (2)(1‘H,7’H)‘-

T1:H T"1:H—1

By the moment-closeness condition, note that we have ’u(l)(a: wrr) — u (zy, rH)] < . We also know that for any
vy €S x A wehave ) p Y (zg,75) = 1. On one hand, it is easy to verify that

Z Z 1{E mun T 1P (2, me)

T1:H T1:H—-1

= > Y maaTer a5 w® (g, ZT sH|rH-1 21{5} (ar|hm)

T1:H—1T1:H—-1

< Z Z mg—1 T 0 (%»H)ZT(SHWH%)]PE(}‘H)
T1:H—1T1:H—1 SH

< > > maaTira (H,{;QM(Q)(%,H)) Pi(hm-v,am-1) D W (r-1,75-1)
T1:H—-1T1:H-2 TH-1

= > > muaTura (Hf:QM(Q) (-'L't;'rt)) Pi(hp-1,am-1) < ... <P(0) = sup P (&),

well
L1:H—1T1:H-2

where the inequalities come from equation (17) and equation (15). We also have

> ﬂ{g}ﬂlHTlH‘Ht D (@, re) = T 0@ (@, 7)

ZT1:H T1:H—1

Z Z Pi(ha—1,am—1)mag—1T1.m- 1‘1_[ p D (g, 7)) — T @ (4, )|

T1:H—1T1:H—1

Applying the same argument recursively, we can proceed from ¢t = H to ¢ = 1 and get:

>3 1 {E mna Tun (B i) = T 1@ (w,70)| < PO HZS,

T1:H T1:H
Base Case II: If H < M; + M5 — 1, then by the moment-closeness condition,

Yo PV =P =YY 1{E maTin ‘M(l)($1;H7T1:H) - M(2)($1:H7T1:H)‘

T:x1.HEE T1:H T1:H
<4 Z Z]I{E}m;HTl:H
T1:H T1:H
=0- Z Z T 1T - 121{5} (alhm)T(smlsm—1,am-1) ) 1
<z5- Y Y mmaTinPilhg_i,ap—1) < ... <Pp(0)- 275 = sup Pr(€) - 275,

mell
T1:H—1T1:H—1

where inequalities hold due to the moment matching condition and inequalities for P% (-).

12
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Induction on H and M; + Ms. Suppose that the inductive assumption is true for all two RMMDP models when the total
number of latent contexts is less than My + M, or when the length of episode is less than H. Let [(z, z) be the smallest
probability among all latent contexts, i.e.,

l(x,z) :==min | min ()a:z min Ua:,z).
(e, = min (im0 (o.2). i 2,2
Note that the moment-closeness condition says that forany 1 <t <ty < ... <ty < H,

Mo

Z w(l 1lu‘m Z 'LU(2 1p’m (xtquq)

m=1

S 57 vxl:H S 57 {Zq}3:1 € Z®d7

and similarly for degree d— 1 moments of any parts of trajectories in £. Call the event that occurred at ¢t = 1 (z1,r1). Without

loss of generality, suppose that the minimum for [(z1,71) is achieved from the first RMMDP model M ™). Define p(*) :=
ZMl (1) (ug)(xl,rl) — (x4, r1)> and p® .= Ml Lw w2 (,ugn) (1,71) — l(xl,rl)). By the moment closeness

m=1W

condition, | pM) — p(2)‘ < 4. Note that in each model, we can decompose the probability of each trajectory 7 = (x,r)1.5 as

M,
mea T Y wiT pl) (e, ry)

m=1
M,

= ]Pgrl)(zlaTl)l(x17rl)772:HT1:H—1 : Z wS)H{iwg) (ze,7¢)
m=1

M,y
+ P (w1, ) mo Trem -1 - Z wi () (w1,71) = Wy, r)) o pl) (21, 7).

m=1

Let us define two auxiliary models M) and M®) as follows:

1. M®) has the transition model T (-) := T(1)(.), initial state distribution () (-) := T (-|s{, 1), latent reward

models ,ug;j’)() = u%)(-), and mixing weights w,(s) = (1) wS,ﬁ(u&t) (x1,71) — l(z1,71)).

2. MW is defined similarly as M®) from M2, except for the mixing weights wid = (12) w'? (u%)(zl, r1) —
l(fl?l, 7'1)).

Note that M) has at most M; — 1 non-zero mixing weights, since / (21, r1) must match at least one of reward probabilities

{p(l (z1,71)}M1 | Hence we can leave out only non-zero mixing weights in {w(?’)}

M, — 1 latent contexts in M®),

L, and consider as if there are only

Let us define &, := {@2.m|(x1,22.r) € £}, a subset of trajectories in & starting from x1. Note that P™ (2o, € £, |21) <
P%(x1). We can decompose the statistical distance of trajectories as the following:

1\41 A42
Z Z 1{&}ym.aT1.n Z w(l)HH (1) (¢,71) Z w(2)HH (2) (l‘t )
T1:H T1:H m=1
S Z ]Pl’ﬂ(xl)l(l'l,rl) . Z 1 {gm1}7T2:HT2:H ’M(l (wQ:HaT2:H) - M<2)(£2:H7TQ:H)‘
1,71 T2:H,T2:H
+ Z PYT(2y) - Z 1{&, } monTom - ’p(l)M(B)(xZHvTQ:H) - p<2)M(4)($2:H77"2:H)‘ .
1,71 T2:H,"2:H

We observe that in the first term, the summation starting from ¢ = 2 to H can be considered as a statistical difference
between two RMMDP models M (") and M (?) with a new common initial state distribution (-) := T'(|s1, a;) in a shorter
time-horizon of length H — 1. A new policy 7'(+|h) is w(-|h, 71, 21) in this setup. Note that the moment-closeness condition
remains the same, and therefore by inductive assumption on H, we have

Z 1 {gxl}WQ:HTZ:H M(l)(‘rZ:Hy TZ:H) - M(2) (x2:H7 TQ:H) S Pz‘(xl) : (4(H - ]-)Z)d(;

T2:H,T2:H

13
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For the second term, we show in Section A.2.1 that

Z 1 {gml } 7T2;HT2;H : ‘p(l)M(g) (xQ:Ha T2:H) - P(2)M(4) (I'Q:Ha TZ:H)’

T2:H,T2:H
<Pi(z1)-4- (4(H —1)2)* 6. (18)
Assuming this, we have
My
DY U E menTin | Y w L ) (i, me) Z T (24, m4)
T1:H T1:H m=1

<D PO (@)Pi(z1) - Y (4H —1)2)%6 - U1, 1)
+) PO (@) Pi(x1) - Y 4+ (4(H —1)2)7'5.

Note that > I(z1,71) <), /h(%) (z1,71) < 1 for any fixed m € [M], and thus the above can be further bounded by
S(4(H —1))d-1ze. <ZIP 1) (1) P m) (4(H — 1) +4) < PE(0) - (4HZ)%,

which proves the result for M;, My, H. Applying the same argument inductively for all increasing M7, M» and H, the
above also holds for M7 = My = M and d = min(2M — 1, H).

A.2.1. PROOF OF EQUATION (18)

We first separate a subtle issue of mismatch between p(!) and p(2):

> 1{&,} monTon - ‘p(l)M(g) (wo:p1, 72:i1) — PP M (wo.11, 7"2:H)’

T2:H,T2: H

<pMe > 1{&, Y manTon ‘M(3)($2:H77’2:H) — MW (9.1, Tz:H)‘

T2:H,T2:H

+ |p(1) —p(2)| : Z 1 {5951}7T2:HT2:HM(4)($2:H,7”2:H)-

X2:H,T2:H

Since |[p") — p®)| < §, we have

P —pP - > (&, Y manToa M@ (wopr, i) < PE(21)0.

X2:HT2:H

For the remaining term, we examine the moment-closeness condition for the auxiliary model M®) and MY If M, = 1,
then we must have p(*) = 0 and thus the remaining term is 0. Hence we focus on the case that M; > 1. We can consider
two cases: if p(!) < 44, then instead of using the moment-closeness condition, we apply

P > & Y ranTon ‘M(S) (@2:m, r2:m) — MY (2., T2:H)‘
T2:H,T2:H

S 46 - Z 1 {gxl}ﬂ-Z:HTQ:H (M(S)(x21H7T2:H) + M(4) ($2:H7T2:H))

T2:H,T2:H
< IP;} (331) . 85,
and we are done as long as (4(H —1)Z)?~! > 8. Otherwise, let us compare the moments of degree up to d — 1 in M) and

M@ Consider any moments consisting of ¢ < d — 1 pairs of state-actions in any trajectory z2.;7 € &, at non-overlapping
time-steps 2 <1 < ... <t, < H.Forany z = 21,4 € ZQ4d withx = (xtq,)g,:l, we can check that

M (@, 2) - M@ (, 2)| = [0 w0l @0, 2) = T2y w0l e, 20)|.

14



Reward-Mixing MDPs with Few Contexts are Learnable

Recall that
M;—1 My
Z w(3)Hq’—1 (3)(q"t R4 p(l Z w(l) (1) $1 Tl) —l(.’IIl,’rl))H = 1/’[/1(71)(1‘%/”211/)7
m=1

and similarly for the moments in M%) . Hence we can decompose the moment difference as the following:

’M(?’) (z,z) — M(4)(w,z)’

M,
1
< oy [ 20 wh i g (22 Z w@u® (g, rO_ P (r,,2g)
m=1
l(l‘l,Tl) < ()79 (1) L (2) 71749 (2)
+ p(l) Z wm Hq/:llum (J?tq/,zq/) — Z wm H 7= 1/,Lm (Z‘tq/7zq/)
m=1 m=1
M,
‘p(l 7p(2 Zw @ (z,71) — l(xl,rl))Hg/zlugﬁ)(xtqmzq/) .

By the moment-closeness condition for M) and M () up to degree d, the first two terms can be easily bounded by -2 (1) .
For the last term, note that

M, My
> w@ (P (@) = Wy, r))E_y uD (e, 20) <> w () (@1,m1) = Uwr,m)) < p@,
m=1 m=1

and also [p™") — p(®| < ¢, and thus the last term is bounded by §/p("). Therefore, we can conclude that M) and
M satisfies the moment-closeness condition (regarding trajectories in &,,) with &' = 35/p"). Applying the inductive
assumption for M7 — 1, M5 and H — 1, we have

P > & men T 1 [ M® (20, ra) = MW (@21, 72:11)

Z2:HT2:H

< Pi(ar) - 3- (4(H - 1)2)"" 5.

Finally, we can apply the results to

> & menTin 1 pY [pPIMP (o, vo) — PO MY (@041, 70.0)

Z2:HT2:H

<Pi(z1)(6+3-(4(H —1)2)%71.6) < PEi(x1) -4- (4(H - 1)2)4 1 6.
This proves (18), and thus completes Lemma 4.1.
A.3. Proof of Theorem 4.4

‘We first note that

L+1

(SxAx2Z)®" = ]¢g.

Thus, we can split the sum over all trajectories into L + 2 levels, to bound the statistical distance between trajectory
distributions (reiterating equation (7)):

L+1 L+1
@D -PO)Y)=> > | —PE(r) <> sup PW(w1.h € &) - Oler).
1=0 7:a1. 1 EE] 1—o "€

15
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Note that this holds for all history-dependent policies. Then we apply the results from Lemma 4.1 and 4.3, which yields

L+1
1P =P (1)l < Y sup PO (214 € &) - Oar)
1—o 7€l
L+1
< Z Heeper/ny/1.- (AHZ)* - O (\/Lc/nl)
1=0

< O(L)H%,.(4HZ)".
Now using €0 = €/(HL(4H?Z)?), we get ||(IP$T1) - IP§T2))(T)||1 < O(e/H), which in turn gives
Vi = Vi < H-[(BY =P ((x,r)1a)]1 < O(e),

as desired.

B. Additional Theoretical Results
B.1. Improved Results for M = 2

The work of Kwon et al. (2021a) considers the problem of learning RMMDPs for M = 2. There, the authors analyze the
case in which the mixing weights are balanced, i.e., w1 = wy = 1/2. They design an algorithm with sample complexity
of O(poly(H,Z)(SA)?/e*). We now show that for the special setting considered in Kwon et al. (2021a) Theorem 4.4
can be improved to yield an upper bound of O(poly(H, Z)(SA)?/€?): strictly improving the dependence from their ¢ ~*
dependence without resulting in any degradation in the polynomial dependence of (SA).

The following lemma is key to the improved result.
Lemma B.1. For any RMMDP with M = 2 and wy = wy = 1/2, the following holds: for any length three sequences of
state-action x = (x;)3_, and rewards z = (2;)3_,,
M(z, z) = —2M(z (1}, 2(1}) - M2}, 2(2}) - M@ (3, Z(33) + M( (1}, 2(1}) - M(Z (2,3}, Z(2,3})
+ M(z (2}, 2(2}) - Ml (1,3}, Z(1,3)) + M(@ sy, 2(33) - M2 (1,2}, 2(1,2})-

That is, for this special case, if the first and second moments nearly match, then the third moments are also guaranteed to
match. Equipped with the above lemma along with Theorem 4.4, we can get a corollary that strictly improves the result of
Kwon et al. (2021a):

Corollary B.2 (Improved Sample Complexity for Balanced 2-RMMDPs). There exists a universal constant C > 0 such
that if M = 2 and w1 = we = 1/2, then there exists an algorithm that produces an e-optimal policy with probability at
least 1 — ), using at most K episodes, for

SA)2
K> 0 B2 poy(, ) -poiyloa(k /).

We believe the idea of expressing the third-order moment using lower-order moments can also be applied when the prior is
unknown with extra exploration procedures (see, e.g., Appendix E in Kwon et al. (2021a)). We leave this as future work.

B.2. Proof of Lemma B.1

This equation directly comes from unfolding the expression:

-2 é(ﬂl(aﬁh 21) + pa(w1, 21)) (1 (22, 22) + pa(z2, 22)) (1 (73, 23) + p2(ws, 23))

—_

+ —(pa (@1, 21) + po(@1, 21)) (11 (22, 22) 1 (23, 23) + pa(z2, 22)pa(3, 23)) + . ..

— W

=5 (1 (1, 21) 1 (2, 22) 1 (T3, 23) + pa(1, 21) p2 (T2, 22) po (3, 23))

after canceling out cross-context multiplied terms.
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B.3. Proof of Corollary B.2

With Lemma B.1, we can directly verify that all trajectories in & defined with d = 2 satisfies the moment closeness condition
(8) up to degree 3 with §; = O (\ /ie] nl>. That is, we only need to explore up to second-order moments of the system, but

the guarantee on the moment-closeness can be given up to the third-order degree. Thus, we can invoke Lemma 4.1 with
d = 3, and combine that with Lemma 4.3 with d = 2, which gives

L+1
I =) (1) < 3 sup P (awn € &) - Oler)
=0 well
L+1
< Z Here\/m/Lc (4HZ)? -0 (\/Lc/m)
=0

< O(L)H?€pe(4HZ)?,
where €0 = €/(HOL(42)?). Plugging this to the first part of Lemma 4.3, after K exploration episodes where
(SA)?

2
pe

K>C-

tos(K/m) = € - S2X . poly(H. 2) - poly log(ic /).

we obtain an O (e)-optimal policy.

B.4. Proof of Lemma 4.5

The proofs here are largely adapted from Chen & Moitra (2019) (see their Lemma 3.1 and 3.8 for the proof of distributional
identifiability from low-degree moments). We first define some notation.

We often use a single letter y to denote a pair of state-action and reward (x, z), and thus we use (i, (y) = pm (2, 2). Yy bea
q power set of state-action-rewards:

Vo= {y= W 9|1, yg) € (S x Ax 2)®1),

Let Yo = {0} be a null sequence set, and let ) := Uleyq be a set of at most length H sequence (with possible repetitions)
of state-action-rewards. Then we define a latent moment matrix M € RIYI*M whose rows are indexed by y € Y such that

M(y,m) := 1Y i ().

By convention, M((), m) = 1. Forany Y C ), let My be a row restriction of M to Y. We also denote a single row vector
M,, indexed by y. We denote a length of sequence y as |y|. For any J C [y|], y is a subsequence of y restricted to J. If
J = 0, then y; means ().

Now for two RMMDP models M) and M @ with the same transition and initial state probabilities, lei\/l(l) and M) be
latent moment matrices respectively, and let M € RIYI*2M pe a column-concatenation of two matrices M = (MM |M(2)] )

We first show that for any row of M corresponding to a sequence y of length larger than d = O(log M), M, is in the row
span of My () where Y (y) is a set of at most d pairs in y

Y(y) :=={ysVJ C[ly]] : [J] < d}.

Formally, we show the following lemma:
Lemma B.3. Foranyy € Y with |y| > d = [2Plog M, the rows ofﬂy(y) span all rows in My.

The proof of Lemma B.3 is deferred to Section B.4.1. The implication of Lemma B.3 is crucial: it implies that if we can
match up to all degree d = O(log M) moments exactly, then we can predict probabilities of arbitrary length of trajectories
exactly. This means two RMMDP models are identical in terms of trajectory distributions. Of course, we always have a
sampling noise in our estimates, and the main challenge is to understand how much the overall statistical error is amplified.

We first observe that the statistical distance between two RMMDP models for any history-dependent policy 7 can be
represented as the following:

Y IPD(r) —PP(r)| = [DMy,w|, ,

Tix1.HEE]

17



Reward-Mixing MDPs with Few Contexts are Learnable

where D is a diagonal matrix whose diagonal element is defined as:
D (y = (Sa a, T)liH) =1 {Sl/} 7Tl:Hjjl:Hy

: . T - —
and w € R?M is a vector concatenating w*) and —w® such that w := [w®| — w?] . Let N be a row restriction of M
to pairs of degree < d that are explored in &, i.e., N := Mfz where

yl = UTE&Y(T)'
Here we consider 7 in the form of y of length . By the moment closeness condition, note that

(INw||oo < &;.

The remaining steps follow the proof of Lemma 3.8 in Chen & Moitra (2019), and again we rewrite the major procedures
for the completeness of the paper. We show by contradiction that if HDMwaH1 > P, (D) - €, then it must hold that

|[Nwl||o > M~ . ¢ This concludes Lemma 4.5 by plugging ¢ = MOM) . §,.

To show this, let  := rank(IN) be the rank of N, and let N, be the column restriction of N to r linearly independent
columns. Since the columns of N,. span all columns of N, we can find w, := w + v such that v € ker(N) and w, is only
supported on the 7 coordinates corresponding to columns selected by IN,.. Since N, is full rank, 5%, (N,.) > 0 where
020 (A) := min,, || Au||eo/||tt||co for a matrix A. If we can give proper lower bounds for 022, (N,.) and ||w, ||, then we

can bound ||[Nw||e > 052, (N;.) - [[wy]|co. Now this follows from the two following lemmas.
Lemma B.4. If a matrix A € R"** is a full column rank with n. > k, and if all elements of A are integral multiples of
some p > 0, then 055, (A) > pk - k=OK),

Note that all entries of N,. are integral multiples of 1/P¢, and thus we have that

o>° (NT) Z Pidrrfo('r') 2 M*O(MPlogP).

min

Since P = O(1), this is bounded below by M~9(M) The proof of Lemma B.4 is given in Section B.4.2. On the other
hand, we can show that ||w,||s > €¢/M.

Lemma B.5. If | DMy, w|, > ]P*{((Z)) - €, then for any v € ker(N), ||w + v||o0 > €/(2M).

Proof. Let w, = w + v. Note that by Lemma B.3, all rows of DMy, are spanned by the rows of N: for any 7 € &/, then
M is in the span of My ;) and thus spanned by the rows of N, and otherwise D(7) = 0 by definition and thus the row of

DMy, corresponding to 7 is 0. Obviously, 0 vector is in the span of the rows of N. Now since v € ker(N), DMy, v = 0
for any v € ker(N). Therefore we have

DMy, w]|; = [DMy, wy||; < DMy, ; llwrlls,

where ||DM3;H H1 , is the absolute sum of all elements in DM,y,,,. Note that the sum of the m*" column of DMy, is
equal to

Z L&} ma T ) (2, 7e) < Pe; (@),
(z,7)1:1

and similar inequalities hold for the (M +m)" column for m € [M]. Since there are 2M columns,

DMy, ||1‘1 is further
bounded by 2M IP*/ (D). Finally, by a contradicting assumption, we have

P} (0) < 2MP (0) v, | o,

which proves the lemma. O

Combining Lemma B.4 and B.5, we obtain the desired contradiction that [|[Nw|| s > M ~O(M)¢, By letting e = MOM)§;,
we can conclude that || DMy, w||, < P (0)- MOM)§, and we can conclude that

> PV(r) ~ PP (r)| = DMy, w|, < P (0) MO5,

Tl HEE]
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B.4.1. PROOF OF LEMMA B.3

This largely follows from the proof of Lemma 3.1 in Chen & Moitra (2019), and we rewrite the major procedures in there for
the completeness of the paper. We show this lemma by mathematical induction on the length of sequence. For convenience,
let n = |y| be the length of target sequence. We show that there exists non-trivial coefficients {cs} sc[,) such that

Z OéJMyJ: .

JC[n]

and that ay,,) is nonzero. If we can do this inductively from n = d + 1, then we are done by mathematical induction. We
construct an auxiliary polynomial function f of n variables z = {x;}7_, such that:

flx) =117, Z ajlljerz,

for some {\;}"/_;. Note that the coefficient a,,) is always 1. The strategy is to construct a polynomial f such that f(z) = 0
atallz = {,ug,l;) (y;)}j=, forall m € [M] and b = 1,2. Note that any column of ZJCM a M, corresponds to one of

(b) m__ . The existence of such polynomial f guarantees that M, is in the span of the rows of lower degree pairs in
Hm j=1 poly g y p gree p
the same sequence, which inductively implies the lemma.

To construct f, we start with fo(z) = 1 at t = 0 and inductively construct f; 11 from f; where f;(z) = II5_; (z; — Aj).

At any time step ¢, define a set of surviving columns R; = { (b,m |ft ({u(b)( ) ;’:1) # 0} Since u(b)( -) can take
values only from the candidate probability set P, by the pigeonhole principle, we can choose A;y; € P such that
|Riy1] < K - P%rl) \Rt|J Since |Ry| = 2M, once t reach (P + 1) log(2M), there will be no surviving columns and
we find the desired polynomial f = f;(x) - II7_,  ; x;.

B.4.2. PROOF OF LEMMA B .4

This is reminiscent of Lemma 3.7 in Chen & Moitra (2019). We can ple k rows of A such that a row restriction of A to the

selected rows, which we denote as Ay, is full rank. By definition, 002} (A) > 022, (Ay). Now Ay, is a k x k square matrix
and det(Ay) > 0, and thus we can equivalently say
A ) ! [eS) ! S 1 1
szn(Ak) = IIllIl || ku” = HliIl ||iL1H/ Z HliIl —1||u || / 2 7. —1 )
vl WA W e T v A lscsollt Il T AL loc .00

where || A} || 0,00 is the largest element of A, '. The determinant of any (k — 1) x (k — 1) minor is at most (k — 1)! = kO,
and det(Ay) is some nonzero integral multiple of p*. Using the Cramer’s matrix inversion formula, we can conclude that
HAIZI lloc,00 < p_kk’o(k)-

B.5. Proof of Theorem 4.6

Similarly to the proof of Theorem 4.4 (which can be found in Section A.3), we can show that

L+1

@O P =Y > [PU(r)—PP ()]
=0 7:z1.HEE]
L+1

< Z Hdepe ) /nl/Lc . MOWMPlogP) ( /r/nl)
1=0
< LH%%pe MO,

where we used Lemma 4.5 and Lemma 4.3 with d = 2P log M since H > 2P log M. Plugging e, = ¢/(HLMOM)),
we have

Vi = Vi | < H - (P —PP)(7)[|l1 < Oe).
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Algorithm 2
1: Function: Est imateMoments(d, €,n)
2: Let epe = ¢/(HL(4H?Z)%))
3: Initialize Qv(.)(-) =Vo=1n(z)=0foralz e szl(s x A)®q,
4: Initialize T'(-) = 2(-) = 0, np(-) = 0.
5: while ‘70 > €pe do
6:  Get an initial state s; for the k" episode. Letv; = (0,...,0),i =1,7, =1
7. fort=1,2,...,H do B
8: Pick (at, by) = arg max, e 1 Q+((it, ve, 8¢), (a,b)).
9: Play action a;, observe next state s;4; and reward 7.
10: if 1t < d and bt # 0 then
11: Record z;, =y
12: end if
13: Update (4441, V¢+1, St+1) according to the choice of a; and b, following the rule in (19)
14: ifiy <dandi; 1 = d+ 1then
15: T = (vlg) o1 Ze = (25)5
16: end if
17:  end for
18:  ifigy1 = d+ 1then
19: n(xe) < n(x:) +1
20: M, (x, z) < (1 = 1/n(z.)) M, (e, 2) + 1 {z = 2.} /n(x.) for all z € Z&length(x)
21:  endif
22:  Update T, and ny from a trajectory (s1, a1, 82,02, ..., SH, aH)

23:  Update Q(.y and V using (20), (21)
24: end whilf:
25: Return T, 0, M,,, n

C. Reward Free Pure-Exploration for Higher-Order Moments

Recall that our goal in the exploration phase is to obtain a collection of samples to estimate reward-moments. In this section,
we describe a systematic way of collecting samples using the reward-free exploration scheme. The underlying idea is simple:
for each ¢ = (x;)!_, for some ¢ < d, we want to visit all state-actions in @ in order. We construct a d*"-order MDP where
each state is a combination of some state-action sequence and the current state. In this system, if we have visited up to i*"
elements in x at time-step ¢, and if the (i + 1)** element in z is reached at time ¢ + 1, then we can advance a state from
((1y ey i), 8t) to (21, ..., T4y Tit1), St+1). Then we can simplify the goal to reach (x, -) at the end of the episode as much
as possible in this system.

We can formalize the above idea. This part mostly follows Kwon et al. (2021a), and we restate most of the definitions for
completeness. We employ the reward-free exploration idea for d*"-order MDPs, which is defined as the following:

Definition C.1 (d*"*-Order MDPs). A d'"*-order MDP Mis defined on a state-space S and action-space A where
S= {(i,v,s)| ield+1,v: (W)L, € (Sx AU{PH® s e s},
A={(a,b)|ae Abe{0,1,-1}}.

In Mv, an augmented state (i, vy, ¢ ) evolves under an action (ay, z¢) as follows:

n=1v=(0,...,0),s1 ~v(), str1~T(:|st,as), vfﬂ = vf Vi e [d]/{i+},

d+1 ifby=-1 )
) . . W J(sea) ifby#0 .
i1 =0 +1 elseifby =1landiy <d, v’ = i . when i; < d. (19)
v, else
n else t

In short, additional state variables ¢ and v select which state-actions to include in a moment to estimate in the current episode.
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Additional action variable b selects whether to include or skip the current state-action, or decide a moment to sample with
currently saved state-actions in v.

Let us define the upper confidence action-value function @ and value function V that is defined as in the form of Bellman-
equation w.r.t. M with pure-exploration bonus:

4:((1,v,5),(a,)) = 1{(i <) N (' =d +1)} - (M )) ar(s.0) = (M nTT)

n(w (s,a)
Qu((5,v,5),(a,)) = 1A (e((3,0,5), (00)) + By g0y [Virr (70 8] + ar(s,a) ) (20)

and
I7t(i,v7s):(a{r;fa;ij@t((i,v,s),(aﬂb’)), Vo =V [k + 3, 0(s) - Vi(1,01,5), @1

Here, i’ and v’ are the first and second coordinates of the next state following the (deterministic) transition rule (19)
foriand v. 1{(i <d)N (' =d+ 1)} is an indicator of whether to finish and collect samples for correlations stored
in v’. By convention, we let @ m+1(-) = 0. K is the total number of episodes to be explored. The logarithmic factor
te = O(dlog(SAZ/n)) is properly set confidence interval parameters. The pure-exploration bonus ¢. encourages to collect
samples for the moments that have not been sufficiently explored yet. This is controlled by the number n(x.) of collected
samples for z, = ((v7 );;11, (s,a)). Variables nr, gr are defined for estimating transition models which we describe below,
where ny (s, a) is the number of total times that (s, a) has been visited, and g1 (s, a) is pure-exploration bonus for visiting

(s,a).

Exploration for Estimating Moments In every episode, we take a greedy augmented action (a;, b;) that maximizes
ét at every time step ¢ € [H]. We continue this pure-exploration process for K episodes until ‘70 < €pe With a threshold
parameter €, for the pure exploration. The pure-exploration procedure is summarized in Algorithm 2. The main purpose of
Algorithm 2 is to auto-balance the amount of samples for moments proportional to each moment’s reachability.

Estimate Transition Models The transition models and initial state distributions can be easily estimated in the pure-
exploration phase. In equation (20), g7 (-) is an exploration bonus term for the uncertainty in transition probabilities, and
tr = O(Slog(K/n)) and ¢, = O(Slog(K/n)) are properly set confidence constants. Specifically, we can add bonus terms
gr(-) and /¢, /k to upper-confidence functions Q and Vo to encourage the exploration to estimate transition model T and
initial state distribution © simultaneously with higher-order moments of latent reward models. The update step (line 2) can
be implemented in a straight-forward manner.

Additional Notation We denote 1,{x} as a random variable indicating whether x is visited at the k*" episode. Let
II: S — A be the class of stationary policies in d*"-order MDPs. 7, be the policy (greedy with respect to @) executed
in the k*" episode. Let ny(x) := Zz;ll 1% {x} and the expected quantities 7 (x) := ],z, 11 E7x [14 {x}]. We define a
desired high probability event £, for martingale sums:

1
m(@) 2 Jin(@) — - dlog(SAK/m), vk € [K],@ € Uj_y(S x A)®7, 22)
for some absolute constant ¢; > 0. With a standard measure of concentration argument for martingale sums (Wainwright,
2019), and taking union bound on all k£ and @, we can show that P(&E,.) > 1 —1n

We denote Tk, vy, for the empirically estimated transition and initial distribution models at the beginning of k*" episode.
Similarly to ng (), let ng(s, a), 7ix (s, a) be the actual and expected visit count for a single state-action (s, a) € (S x A),
and let # (s, a) be the random variable that the number of times that (s, a) is visited at the k*" episode. This is for tracking
the uncertainties in 7} Similarly to equation (22), it holds that

fig(s,a) — ¢ - log(SAK/n), Vk € [K], (s,a) € (S x A),

l\')\)—l

ni(s,a) >
with probability at least 1 — 7.
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C.1. Proof of Lemma 4.3

Proof of equation (10): We first show that Algorithm 2 terminates after at most K episodes with probability at least 1 —n
where

K > C - (SA)%,? - log(K/n),

for some absolute constant C' > 0. Let us examine Vj at the k" episode. This can be decomposed as

=Vi/ +Zl/k VA (i1, v1,8)
<V /k+ ||og(s) — ||1+Z . maX Q1((ir,v1,5), (a, b))

€A
<2V [k +Es, [Ql((z’l,vl,smk(n,m,sl)) :

where in the last inequality we used ||7, — v(s)||1 < /¢, /k by standard martingale inequalities. Then, we can recursively

bound expectation of Q, for ¢ > 1. For convenience, let us denote =, = ((v] );‘:_11,

sampled at the current time step, and
Ere |Qu((is v s0), (a0, ) |

= Er, [0 (30,0, 1), (a0, b)) + ar (v, a0)] + B, |3

(st, at)) be the moment that can be

Seit Ti(ses1lse, ar) - Vigr (g1, vega, 5t+1):|

< Ex, [@t-&-l((it—&-l» Vig1,541)s (@eg1, bt+1))}

. . Le LT
Mx |1 {iy <dNipe; =d+1} (1A, —C— Mx (1A — T |
* [ lie < d Qi = d 1) ( m(asn)]* { m(st,an}

where in the last inequality, we used that || T(-|s;, a;) — T'(-|s¢, a¢)||1 < \/t7/nk(se, az) by martingale concentration, and
|Q¢+1()] < 1. Note that the indicator 1 {i; < dNi;;1 = d + 1} means whether we collect the sample at the t*" time step,
i.e., 1 {collect at t}. Putting together, at the th episode, we have

H
‘N/OSQ\/LV/kﬁ—QZE%k Kl/\ LT>—|—]l{collectatt}<1/\ Lpﬂ

(e, ar) ny (@)

_2m+22(l/\ e a)> % [#1(s,0)] +2Z(1/\ -

(s,a)

= )) Es, [L{z)].

k

From equation (22), we have that

> (1 A nk(;)) En (o)) 23y (e @)~ (@)

+ Z 1{ng(x) <4-adlog(SAK/n)} (gt (@) — g (2)),

where we used by definition that Ez, [1x{x}] = (fig,+1(x) — 7 ). Similarly, we also have

k(
Z(l/\ n( )> . [#r(s,a)] <2Z”1+nksa (ik41(8,a) — k(s a))
(s,a)

+H Z 1{ak(s,a) < 4-clog(SAK/n)} (fiky1(s,a) — fig(s,a)).
(s,a)

using an integral inequality Zle /(1 + ng)(nge1 —nx) < [ 1/xdz for any non-decreasing sequence (ny)i_,, we
can sum over all K episodes until V5 > €, and thus, we have

Kepe < 4v/1, K + O(c;dH(SA) log(KSA/n)) + 8 Z Virikii(s,a —|—82 Vg (x

(s,a)
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We now note that > . ix41(s,a) = HEK and ) i1 () < K. Using a Cauchy-Schwartz inequality, we get

Kepe <O <\/L,,K +dH(SA) M og(KSA/n) + /ir HSAK + LC(SA)dK) .

The bound on K is concluded by plugging the confidence parameters, which ensures that K should satisfy
K <O (Hd(SA)%,2 log(KSA/n)),
until we terminate Algorithm 2 after at most K episodes with probability at least 1 — 7).

Proof of equation (11): To prove this part, we first note that by union bound, we have

sup Py (2.5 € &) = SupIP U U (), e XN,

mell q=11<t1<...<ty<H

d
< Z Z sup Pr ((2,){_; € X2,).
—

11<t<.. <ty<H ™€

For each fixed ¢ and t = (;)7_,, we consider a sub-class of pure-exploration policies II(t) : (S x [H]) — A such that each
7 € II(t) takes b, = 1 when t = ¢, for some ¢ < ¢, by = —1 when ¢ = t,, and otherwise takes b, = 0. Within this policy
class, define the value function V'* and action-value function Q* with respect to I1(¢) as the following:

ar(s,a) = (1 A nleT(sa)) 7

Gt,c((4,0,8), (a,0) =1 {t =gNz. € X} - (1 A n;(:l(a:)) ’

QH((5,0,9), (a,5) = 1A (40el(0, 0, ), (0,0)) + By gy ) | Va0, 8] + ar(s,0)
and

‘Zt(i7v>s) maﬁf@t((l v S) (avbt)>7 VO Y LV/K"_Z Vl (1 V1,8 )

ac

with Qvﬁl, 11 = 0. By construction, V is an upper confidence bound of 170”:
epe > Vo = V7,

since ‘N/Ot is computed with more restriction on policies. Note that the exploration-bonus from collecting a sample of moments
qt,c is always larger than \/t./n;_1. On the other hand, sup, P, ((mt )?=1 S Xf_l) can be computed through the same

dynamic programming on @* with slight changes of exploration bonus:
r,e((i,v,8), (a, b)) =1 {t =qNm. € X},
Q; ((i,v, ), (a, —qtc+ZT (5']s,0) - Vi (@', 0/, 9),

and

Vi (i, v, s) fmaj(Qt((i,v,s),(a,bt)).

ac

Then,

Vi = Zy(s) V(1 vy, 8) = 757161?[ Pr ((z,)i, € X74).
S
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Finally, with the setting of confidence interval parameters ¢ for transition errors, we can inductively show that

QL > Q- ie/ru_1, VESVE i mi.

This implies that

€pe > ‘70t > \/te/ni—1 - sup Py ((:Uti)le € Xﬁl) .

mell

We conclude the final result (equation (11)):

d
sup Pr(z1.4 € &) < Z Z sup Pr ((24,)1_, € X7 1)
well q=11<t,<..<ty<H €I

( €pe * V/ N 1/LC).

D. Proofs for the Lower Bound
D.1. Proof of Lemma 5.1

This construction follows from the result in Section 4.3 in Chen & Moitra (2019), and in particular, their Lemma 4.8 with
a slight change in constants (e.g., let Ay = —\; oc —e - 27¢). We refer the readers to Chen & Moitra (2019) for detailed
constructions.

D.2. Proof of Lemma 5.2

The optimal policy 7* is the one which always plays optimal actions up to time step d — 1, and select the last action
depending on the conditional expectation of the last reward. Specifically, suppose we played a sequence of actions (a; );1—11
and the received a reward sequence (rt) . It is not difficult to verify that the conditional probability of last reward

according to aj; is given as follows:

1/2+€-2971 if 0711 —ry) is even

, 23
1/2 —€-2971  otherwise (23)

E [ral(ati=1, (=1, 03] — {

That is, the number of 0 in a sequence (rt)fz_ll is even, then the probability of getting 1 is larger, and otherwise the probability
of getting O is larger. Thus, the optimal policy can play ay = aj; if the number of 0 is even, and play anything else
otherwise. Cumulative rewards of the optimal policy is given as follows:

Ere |0 7| = En [ 20 n} +E [E [raf(@)i=) = @), (oist aa~ 7] |

>(d—1)/2+ = (1/2+ 2d—1)+%(1/2)
=d/2+e- 29 2,

where in the second equality, we used the fact that all reward sequences of length d — 1 has the same marginal probability.

Now for any history-dependent policy 7, we note that
Er [Si ] = (@=1)/2+ Ex[ra] S dj2+ €271 Pr(ara = ai,y).
Thus, for any e-optimal policy 7. with € < (2d)~2%, we have
dj2+e€-272 —e<d/2+ € 277 Pr(arg = aly),
which in turn implies P (a1.4 = al,;) > 1/2 —1/2¢71 > 1/4.
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D.3. Proof of Lemma 5.3

This is a fundamental equality whose bandit version can be found in e.g., Cesa-Bianchi & Lugosi (2006), Garivier et al.
(2019). We start by unfolding the expression for KL-divergence:

PW (1
(2 00t ) o) s (0

K)
PS)(Tl:K_l) pr (TK‘leK—l)
log <P$)(71:K—1)> log (IP( (7_ |r LK1 '

Note that for any 75 = (2, r£ ),
PO (P K ) = (L T(sE |2 ) (af |hE 7HE1)) - PO (78 el )

—E( +EY

and similarly, for IPE; )

PP (P8 7Y = (ML T (sE |2 ) (aff |hE 756 1)) - PO (78 el )

which implies

IP(I)(TKlTl:K—l) 7’ |x )
E(l) lo ¥ :E(l) 1) lo 1H 1:H 1 {EK = 2. ‘ 1:K—1
2 g <]PEZJ2)(TK|T1:K_1) ) g;{ 0og IP(Q) |LL’1 ) { 1:H 1.H} T
Z E(l) ( B) (ritulon H)) 1{afty = Il:H}]
—_ ) (rfy o)
~ YKL (IP“) Clevn), P@ (lzy, H)) ED [1 {2y = z10}]
T1:H

where the second equality is an application of the tower rule. Applying this recursively in K, we can show that

K
KL (]Pﬁj)( 1) PP ) 3 KL (]P< (lz1.m) , P® (~|:c1:H)) .E) LZ]l {2k = xLH}l .
=1

T1:H

By definition of Ny, ., ,, (K), we have

E)

Z]l{le_le}‘| Nd}ﬂ?lHK)
Plugging the above, we get the desired result.

D.4. Proof of Theorem 5.4

Let {1, }M_| be the specific set of vectors in R? satisfying Lemma 5.1 with d = Q(v/M) > 5 being an odd number
satisfying the condition in Lemma 5.1. Suppose the transition model follows the construction in Section 5: at every time step
t € [H], we deterministicially move to a unique state s;, and the reward values are binary, i.e., Z = {0, 1}. At every state
s¢ = sy (or time step t), all actions except one correct action a; € A returns a reward sampled from a uniform distribution
over {0, 1}. The correct actions a; can be any action in A.

Consider two base systems M) and M®): in M), reward distributions from all state-actions are uniform over {0, 1}.
In M@, .. (s¥,af) = p,(t), and otherwise uniform over {0, 1} similarly. As we can see in Lemma 5.2, the optimal
expected cumulative reward in M () is 1/2, whereas in M(?) optimal value is greater than 1 /2 + e - 2972 Suppose there
exists a PAC-algorithm % such that for any RMMDP instances, 1) can output an e-optimal policy 7 after K episodes with
probability greater than 2/3. Then, we can use 1 to test whether the system is M) or M(?), for any chosen optimal
actions with probability greater than 2/3.
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However, note that for any state-action sequence 1.y # 7.,
KL (P(l)('|x1:d); IE:.(2)(|5E1d)) = Oa

and

* * * IP(I)(Tl;d|$*_ )
KL (P(l)('|x1:d)7 P(2)(‘|x1:d)> = ZIP(l)(Tlidlxlzd) . log (IP(Q)(rldec*l‘d))
T1:d : 1:d

d
1 PO (rglzt. g m1:d-1)
_ 1 . 1 1:d> :
(2) Z 08 (P(2>(Td|$f:darl:d—l)>

T1:d

- (;>d+1 . g;log <1/;/j€0> s (1/;/—260>
1 d+1 l
~(3) To-o

T1:d

where €y = € - 297! due to (23). Let 1/’ be an augmented exploration strategy that first runs 1) for K episodes and run the
returned policy for O(1/€3) extra episodes. Let K’ = K + O(1/€3) be the total number of episodes. We can apply Lemma
5.3 to obtain that after running an algorithm v’ for K’ episodes in both systems, we get

E® [Nw’,IT;H(K/)] : O(Gg) =KL (IPS;/) (TI:K')’ IPE/)?/)(TI:K/)) '

By Pinsker’s inequality, it holds that

LTl LK 1 ’ /
TV (IPE;/)(TLK )leEpQ')(TLK )) < 2\/KL (]Pz(bl’) (T1:K )’]Pgl?') (T1:K ))
Note that since everything is symmetric in system M (1), there exists at least one x7. such that the expected number of the
sequence being executed is small:
—d

Ny i (K)) < A0 K
Therefore, due to LeCam’s two point method (LeCam, 1973), K’ must satisfy that

AT K- O(ed) = Q(1).
This implies that K/ > Q(A?/e2) — O(1/€2) = Q(A?/e?).

Using the action amplification argument in Kwon et al. (2021b) (see their lower bound construction in their Appendix), we
can effectively construct the system with O(SA/(H log 4 S))-actions (in this system, each action selection happens through
O(log 4 S)-steps). As long as S = O(poly(A)), this gives a lower bound ((%)d . }2) As we can take d = Q(v/M)
from Lemma 5.1, we are done.

26



