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ABSTRACT

Over-parameterized residual networks are amongst the most successful convo-
lutional neural architectures for image processing. Here we study their proper-
ties through their Gaussian Process and Neural Tangent kernels. We derive ex-
plicit formulas for these kernels, analyze their spectra and provide bounds on their
implied condition numbers. Our results indicate that (1) with ReLU activation, the
eigenvalues of these residual kernels decay polynomially at a similar rate as the
same kernels when skip connections are not used, thus maintaining a similar fre-
quency bias; (2) however, residual kernels are more locally biased. Our analysis
further shows that the matrices obtained by these residual kernels yield favorable
condition numbers at finite depths than those obtained without the skip connec-
tions, enabling therefore faster convergence of training with gradient descent.

1 INTRODUCTION

In the past decade, deep convolutional neural network (CNN) architectures with hundreds and even
thousands of layers have been utilized for various image processing tasks. Theoretical work has
indicated that shallow networks may need exponentially more nodes than deep networks to achieve
the same expressive power (Telgarsky, 2016} [Poggio et al.| 2017)). A critical contribution to the
utilization of deeper networks has been the introduction of Residual Networks (He et al.,[2016).

To gain an understanding of these networks, we turn to a recent line of work that has made precise the
connection between neural networks and kernel ridge regression (KRR) when the width of a network
(the number of channels in a CNN) tends to infinity. In particular, for such a network f(x;6), KRR
with respect to the corresponding Gaussian Process Kernel (GPK) K(x,z) = Eg[f(x;0) - f(z;0)]
(also called Conjugate Kernel or NNGP Kernel) is equivalent to training the final layer while keeping
the weights of the other layers at their initial values (Lee et al., 2017). Furthermore, KRR with

respect to the neural tangent kernel © (x,z) = Ey [<%";;0>, %H is equivalent to training

the entire network (Jacot et al., 2018)). Here x and z represent input data items, 6 are the network
parameters, and expectation is computed with respect to the distribution of the initialization of the
network parameters.

We distinguish between four different models; Convolutional Gaussian Process Kernel (CGPK),
Convolutional Neural Tangent Kernel (CNTK), and ResCGPK, ResCNTK for the same kernels with
additional skip connections. |Yang| (2020); Yang & Littwin| (2021) showed that for any architec-
ture made up of convolutions, skip-connections, and ReLUs, in the infinite width limit the network
converges almost surely to its NTK. This guarantees that sufficiently over-parameterized ResNets
converge to their ResCNTK.

Lee et al.[(2019; [2020) showed that these kernels are highly predictive of finite width networks as
well. Therefore, by analyzing the spectrum and behavior of these kernels at various depths, we can
better understand the role of skip connections. Thus the question of what we can learn about skip
connections through the use of these kernels begs to be asked. In this work, we aim to do precisely
that. By analyzing the relevant kernels, we expect to gain information that is applicable to finite
width networks. Our contributions include:
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1. A precise closed form recursive formula for the Gaussian Process and Neural Tangent Ker-
nels of both equivariant and invariant convolutional ResNet architectures.

2. A spectral decomposition of these kernels with normalized input and ReLU activation,
showing that the eigenvalues decay polynomially with the frequency of the eigenfunctions.

3. A comparison of eigenvalues with non-residual CNNs, showing that ResNets resemble a
weighted ensemble of CNNGs of different depths, and thus place a larger emphasis on nearby
pixels than CNNs.

4. An analysis of the condition number associated with the kernels by relating them to the so
called double-constant kernels. We use these tools to show that skip connections speed up
the training of the GPK.

Derivations and proofs are given in the Appendix.

2 RELATED WORK

The equivalence between over-parameterized neural networks and positive definite kernels was made
precise in (Lee et al., 2017; [Jacot et al., 2018} |Allen-Zhu et al., 2019; |Lee et al., 2019; |Chizat
et al., 2019; |Yang, [2020) amongst others. |Arora et al.|(2019a) derived NTK and GPK formulas for
convolutional architectures and trained these kernels on CIFAR-10. |Arora et al. (2019b) showed
subsequently that CNTKSs can outperform standard CNNs on small data tasks.

A number of studies analyzed NTK for fully connected (FC) architectures and their associated Re-
producing Kernel Hilbert Spaces (RKHS). These works showed for training data drawn from a
uniform distribution over the hypersphere that the eigenvalues of NTK and GPK are the spherical
harmonics and with ReLU activation the eigenvalues decay polynomially with frequency (Bietti &
Bachl [2020). Bietti & Mairal| (2019) further derived explicit feature maps for these kernels. |Geif-
man et al.[|(2020) and|Chen & Xu! (2020) showed that these kernels share the same functions in their
RKHS with the Laplace Kernel, restricted to the hypersphere.

Recent works applied spectral analysis to kernels associated with standard convolutional architec-
tures that include no skip connections. (Geifman et al.,|2022) characterized the eigenfunctions and
eigenvalues of CGPK and CNTK. [Xiao| (2022)); |Cagnetta et al.| (2022) studied CNTK with non-
overlapped filters, while [ Xiao| (2022)) focused on high dimensional inputs.

Formulas for NTK for residual, fully connected networks were derived and analyzed inHuang et al.
(2020); [Tirer et al.|(2022). They further showed that, in contrast with FC-NTK and with a particular
choice of balancing parameter relating the skip and the residual connections, ResNTK does not
become degenerate as the depth tends to infinity. As we mention later in this manuscript, this result
critically depends on the assumption that the last layer is not trained. Belfer et al.| (2021) showed
that the eigenvalues of ResNTK for fully connected architectures decay polynomially at the same
rate as NTK for networks without skip connections, indicating that residual and conventional FC
architectures are subject to the same frequency bias.

In related works, (Du et al., 2019) proved that training over-parametrized convolutional ResNets
converges to a global minimum. (Balduzzi et al., 2017} Philipp et al., 2018} |Orhan & Pitkow)
2017) showed that deep residual networks better address the problems of vanishing and exploding
gradients compared to standard networks, as well as singularities that are present in these models.
Veit et al.| (2016) made the empirical observation that ResNets behave like an ensemble of networks.
This result is echoed in our proofs, which indicate that the eigenvalues of ResCNTK are made of
weighted sums of eigenvalues of CNTK for an ensemble of networks of different depths.

Below we derive explicit formulas and analyze kernels corresponding to residual, convolutional
network architectures. We provide lower and upper bounds on the eigenvalues of ResCNTK and
ResCGPK. Our results indicate that these residual kernels are subject to the same frequency bias
as their standard convolutional counterparts. However, they further indicate that residual kernels
are significantly more locally biased than non-residual kernels. Indeed, locality has recently been
attributed as a main reason for the success of convolutional networks (Shalev-Shwartz et al., [2020;
Favero et al., 2021). Moreover, we show that with the standard choice of constant balancing parame-
ter used in practical residual networks, ResCGPK attains a better condition number than the standard
CGPK, allowing it to train significantly more efficiently. This result is motivated by the work of |Lee
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et al.| (2019); [ Xiao et al.| (2020) and (Chen et al.| (2021), who related between the condition number
of NTK and the trainability of corresponding finite width networks.

3 PRELIMINARIES

We consider mutli-channel 1-D input signals x € R¢*? of length d with Cy channels. We use
1-D input signals to simplify notations and note that all our results can naturally be extended to

2-D signals. Let MS (Cy,d) = §Co—1 . x §%~1 C /dSC~1 be the multi-sphere, so x =

d times

(x1,...,%xq) € MS (Cy, d) iff Vi € [d], ||x;]| = 1. For our analysis, we assume that the input signals
are distributed uniformly on the multi-sphere.

The discrete convolution of a filter w € R? with a vector v € R? is defined as [w* v]; =

a=1
T [W]j+% [V]i+;, where 1 < ¢ < d. We use circular padding, so indices [v]; with j < 0

j=—13

and j > d are well defined.

We use multi-index notation denoted by bold letters, i.e., n, k € N, where N is the set of natural
numbers including zero. b,, Ax € R are scalars that depend on n, k, and for t € R we let t™ =
7" - ... - t;%. Asis convention, we say that n > k iff n; > k; for all ¢ € [d]. Thus, the power series

ano bnt™ should read anzo,nzzo,... by g, t1 152

We further use the following notation to denote sub-vectors and sub-matrices. Vi € N, let D; =
—1

(z+]) _g1ssothat [v], = [v],_ 1,401 Additionally, Vi,i €N, letD; » = D; X Dy, so
- 2

that for a matrix M we can write: MD g = 4=1 . _q-1. We use (slv)j = Vjti
2 ¢ 2

i— 9o It
to denote the cyclic shift of v to the left by 1 pixels.
Finally, for every kernel £ : R? x R? — R we define the normalized kernel to be K (x,z) =

— K2 Note that K (x,x) = 1,Vx € R%, and K € [—1,1].
K(x,x)K(z,z)

3.1 CONVOLUTIONAL RESNET

We consider a residual, convolutional neural network with L hidden layer (often just called ResNet).
Let x € R*? and ¢ be the filter size. We define the hidden layers of the Network as:

(o) (0) (1) (1)
fz FZVJZ Xj 9; rzwljl J (1)

£ (%) = \/TZV” ("), 1=10L i=1...C @

Ci1

@) Cw @) (1-1) .
D (x) = —— E Wk f x), 1=2,..,L, i=1,...,C|, 3
g ( ) qu—l ~ 57 fj ( ) l

where C} € N is the number of channels in the I’th layer; ¢ is a nonlinear activation function, which
in our analysis below is the ReLU function; W) ¢ R9xCi-1xC1 v () ¢ RaxCixCi W) v(0) ¢
R1*CoxC1 are the network parameters, where W1, V() are convolution filters of size 1, and
V© is fixed throughout training; ¢,,c, € R are normalizing factors set commonly as ¢, =
1/Eynr(o,1ylo(u)] (for ReLU ¢, = 2) and ¢,, = 1; « is a balancing factor typically set in applica-
tions to o = 1, however previous analyses of non-covolutional kernels also considered o = L7,
with 0 < v < 1. We will occasionally omit explicit reference to ¢, and c,, and assume in such cases
thatc, =2 and ¢, = 1.

As in|Geifman et al.| (2022)), we consider three options for the final layer of the network:

150 () 1= =W D) ()

VO
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Tr . - 1 Tr (L)
I i0) = e (WS ()
FO (x;0) 1= WO ) ()T,

T dyCL
where WF4, WOAP ¢ R1XCr WTr ¢ RCexd and 1 = (1,...,1)T € R%

fE4 is fully convolutional. Therefore, applying it to all shifted versions of the input results in a
network that is shift-equivariant. fT" implements a linear layer in the last layer and f9AP imple-
ments a global average pooling (GAP) layer, resulting in a shift invariant network. The three heads
allow us to analyze kernels corresponding to (1) shift equivariant networks (e.g., image segmen-
tation networks), (2) a convolutional network followed by a fully connected head, akin to AlexNet
(Krizhevsky et al.,[2017) (but with additional skip connections), and (3) a convnet followed by global
average pooling, akin to ResNet (He et al., 2016).

Note that f() (x) € R*? and g (x) € RE*4, § denote all the network parameters, which we
initialize from a standard Gaussian distribution as in (Jacot et al., [2018]).

3.2 MULTI-DOT PRODUCT KERNELS

Following (Geifman et al.,[2022), we call akernel IC : MS (Cy, d) xMS (Cy, d) — R multi-dot prod-
uctif K (x,2) = K (t) where t = ((XTZ)1 - (xTz)2 s (xTz)d d) € [~1,1]? (note the over-
load of notation which should be clear by coﬁtext.) Under our uniform distribution assumption on the
multi-sphere, multi-dot product kernels can be decomposed as K (x,z) = >, ; AYij (%) Yicj (2),
where k,j € N%. Y, j (x) (the eigenfunctions of K) are products of spherical harmonics in SCo—1,
Yi;(x) = H?Zl Yi, ;. (xi) with k; > 0, j; € [N(Cy, k;)], where N(Co, k;) denotes the num-
ber of harmonics of frequency k; in S“°~!. For Cy = 2 these are products of Fourier series in a
d-dimensional torus. Note that the eigenvalues \x are non-negative and do not depend on j.

Using Mercer’s Representation of RKHSs (Kanagawa et al.| [2018)), we have that the RKHS H of
Kis

5

2
Hi=<(f= Zak,ij,j | e = T O
k.j k.j
For multi-dot product kernels the normalized kernel simplifies to K (t) = % where 1 =

(1,....,1)T € RY. K and K thus differ by a constant, and so they share the same eigenfunctions
and their eigenvalues differ by a multiplicative constant.

4 KERNEL DERIVATIONS
We next provide explicit formulas for ResCGPK and ResCNTK.

4.1 RESCGPK

Given a network f(x;6), the corresponding Gaussian process kernel is defined as
Eg [f(x;0)f(z;0)]. Below we consider the network in Sec. which can have either one of three
heads, the equivariant head, trace or GAP. We denote the corresponding ResCGPK by Kéﬁ), IC%L)
and Kéﬁ}P, where L denotes the number of layers. We proceed with the following definition.

Definition 4.1. Let x,z € RE*? and f be a residual network with L layers. For every 1 <1 < L
(and 1 is an arbitrary choice of channel) denote by

) o ) 1)
5, (x,2) == Ey [gij (x) 9" (z)} , )
) X, X »®, X, Z
AY, (x,2) = {l’f( ) i b2 5)
73 Ej, ; (z,x) Ej, i (z,2)
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K;lj)., (x,2) = cyCy E [ (u) o (v)] (6)
’ (u,0)~N (O,A;l;, (x7z)>

K](,lj)., (x,2) = cyeu E [0 (u) o (v)], (7)
} (u,v)~N <O,A;l;, (x,z))

where ¢ is the derivative of the ReLU function expressed by the indicator 1,>.

Our first contribution is to give an exact formula for the ResCGPK. We refer the reader to the
appendix for the precise derivation and note here some of the key ideas. We give precise formulas
for 3, K and K and prove that

2 L
L 1 e} l
/C](Sq) (x,2) = Zgg (x,2) + —qc E tr (KY(JL (x,z)) .
wo=1

This gives us the equivariant kernel, and by showing that IC%) (x,z) = Z;l:l IC](E? (sjx,s;2)

and ICéi)P (x,2z) = d% Z;{j/:l IC](E? (ij, S/ z) we obtain precise formulas for the trace and GAP

kernels.

For clarity, we give here the case of the normalized ResCGPK with multi-sphere inputs, which we
prove to simplify significantly. The full derivation for arbitrary inputs is given in Appendix

Theorem 4.1. [Multi-Sphere Case] For any x,z € MS (Cy, d) let t = ((XTZ)1 Lo (XT2), d)

17p2+(7rfcos_1(u))u

€ [-1,1])% Fixing ¢, = 2,¢,, = 1 and let k1(u) = — . Then,
1) 1 L
ICEq (t) = 1 + a2 tl + — Z K1 (t1+k)
gt

4.2 RESCNTK

For x,z € R*9 and f(x;6) an L layer ResNet, ResCNTK is defined as E [<W, %H )
Considering the three heads in Sec. we denote the corresponding kernels by @éﬁ), @%rL) and

@(Gi)P, depending on the choice of last layer. Our second contribution is providing a formula for the
ResCNTK for arbitrary inputs.

Theorem 4.2. Let x,z € RE*? and f be a residual network with L layers. Then, the ResCNTK
for f has the form

2 L )
O (x,2) = K (x,2) + % S PO (x,2) (n» (Kg;p (x,2) 05 (x,2)+ K (x, z))) ,
=1 p=1

where V1 Sjgd,Pj(L) (x,2) = 1Zleandforl <I<L-1,

q—1 g—1
2 2 2
l I+1 a (141 1+1
CHCOREARICORE-ID DI WV ID DR s GO
k:_qgl k/:qgl

The Tr and GAP kernels are given by G(Tf) (x,2) = 3 Z?zl @,(55) (sjx,s;2z) and G(GI;&, (x,2) =
d? L
& D=1 61(&,) (ij, sj/z).
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5 SPECTRAL DECOMPOSITION

IC](E{;) and @éﬁ) are multi-dot product kernels, and therefore their eigenfunctions consist of spherical
harmonic products. Next, we derive bounds on their eigenvalues. We subsequently use a result due
to (Geifman et al., [2022)) to extend these to their trace and GAP versions.

5.1 ASYMPTOTIC BOUNDS

The next theorem provides upper and lower bounds on the eigenvalues of ICI(E? or @1(5{;).

Theorem 5.1. Let x,z € MS (Cy, d), where d denotes the number of pixels and Cy denotes the
number of input channels for each pixel. The eigenvalues Ay of either Kés) or @1(55) satisfy

—(Co+2v,—3 —(Co+2v,—3
o H kz (Co+2v, ) < Ak < o H kz (Co+2v,—3)
1€ER,k; >0 1€ER,k; >0

where v, = 2.5 and vy is 1 + %for ResCGPK and 1 + Ql—dfor ResCNTK. cq,co > 0 are constants
that depend on L. The set R denotes the receptive field, defined as the set of indices of input pixels
that affect the kernel output.

We note that these bounds are identical, up to constants, to those obtained with convolutional net-
works that do not include skip connections (Geifman et al,[2022)), although the proof for the case of
ResNet is more complex. Overall, the theorem shows that over-parameterized ResNets are biased
toward low-frequency functions. In particular, with input distributed uniformly on the multi-sphere,
the time required to train such a network to fit an eigenfunction with gradient descent (GD) is
inversely proportional to the respective eigenvalue (Basri et al., 2020). Consequently, training a net-
work to fit a high frequency function is polynomially slower than training the network to fit a low
frequency function. Note, however, that the rate of decay of the eigenvalues depends on the number
of pixels over which the target function has high frequencies. Training a target function whose high
frequencies are concentrated in a few pixels is much faster than if the same frequencies are spread
over many pixels. This can be seen in Figure 1] which shows for a target function of frequency & in
m pixels, that the exponent (depicted by the slope of the lines) grows with m. The same behaviour
is seen when the skip connections are removed. This is different from fully connected architectures,
in which the decay rate of the eigenvalues depends on the dimension of the input and is invariant to
the pixel spread of frequencies, see (Geifman et al., 2022) for a comparison of the eigenvalue decay
for standard CNNs and FC architectures.

5.2 LOCALITY BIAS AND ENSEMBLE BEHAVIOR

To better understand the difference between ResNets and vanilla CNNs we next turn to a fine-
grained analysis of the decay. Consider an [-layer CNN that is identical to our ResNet but with the
skip connections removed. Let pgl) be the number of paths from input pixel ¢ to the output in the
corresponding CGPK, or equivalently, the number of paths in the same CNN but in which there is

only one channel in each node..
Theorem 5.2. For both @%) or IC‘(E? there exist scalars A > 1 and ¢; > 0 s.t. letting cx; =
a Hle Amin(pgl)’ki)ﬁ)r everyl <1< Landcy = Zle Ck,j, it holds that

d
Ak > Ck H k;0072'
=1
k;>0

The constant cy differs significantly from that of CNTK (without skip connections) which takes the
form ck 1, (Geifman et al.l|[2022). In particular, notice that the constants in the ResCNTK are (up to
scale factors) the sum of the constants of the CNTK atdepths 1, . .., L. Thus, a major contribution of
the paper is providing theoretical justification for the following result, observed empirically in (Veit;
et al.l 2016): over-parameterized ResNets act like a weighted ensemble of CNNs of various depths.
In particular, information from smaller receptive fields is propagated through the skip connections,
resulting in larger eigenvalues for frequencies that correspond to smaller receptive fields.
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Figure 1: Left: The eigenvalues of ResCGPK (filled circles and solid lines) computed numerically
for various eigenfunctions, compared to those of CGPK (empty circles and dashed lines). Here
L = 3, q = 2, d = 4 and the output head is the equivariant one. The slopes (respectively, -5.25,
-6.8, -8.5, -9.8 for CGPK and -5.3, -6.84, -8.77, -9.85 for ResCGPK) approximate the exponent
for each pattern. Notice that the slope increases for eigenfunctions involving more pixels. Right:
Additional eigenvalues of ResCGPK. Notice that the eigenvalues for eigenfunction involving nearby
pixels (in red) are larger compared to one involving farther pixels (in blue).

10
o
o.s
o.

(a) ResCNTK (b) CNTK (c) ResNet (d) CNN

Figure 2: The effective receptive field of ResCNTK (left) compared to that of actual ResNet and to
CNTK and CNN (i.e., no skip connections). We followed (Luo et al.,[2016) in computing the ERF,
where the networks are first trained on CIFAR-10. All values are re-scaled to the [0,1] interval. We
used L = 8 in all cases.

Figure [T| shows the eigenvalues computed numerically for various frequencies, for both the CGPK
and ResCGPK. Consistent with our results, eigenfunctions with high frequencies concentrated in a
few pixels, e.g., k = (k,0,0,0) have larger eigenvalues than those with frequencies spread over
more pixels, e.g., k = (k, k, k, k). See appendixfor implementation details.

Figure [2| shows the effective receptive field (ERF) induced by ResCNTK compared to that of a
network and to the kernel and network with the skip connections removed. The ERF is defined
to be 9fF4(x;0)/0x for ResNet (Luo et al., 2016) and ©F4(x,x)/9x for ResCNTK. A similar
calculation is applied to CNN and CNTK. We see that residual networks and their kernels give rise
to an increased locality bias (more weight at the center of the receptive field (for the equivariant
architecture) or to nearby pixels (at the trace and GAP architectures).

5.3 EXTENSION TO fT® AND fOAP

Using (Geifman et al.| 2022)[Thm. 3.7], we can extend our analysis of equivariant kernels to trace
and GAP kernels. In particular, for ResCNTK, the eigenfunctions of the trace kernel are a product

of spherical harmonics. In addition, let A\x denote the eigenvalues of @](5?, then the eigenvalues of

@%) are \jI = % E?:_Ol As; k- 1.€., average over all shifts of the frequency vector k. This implies that
for the trace kernel, the eigenvalues (but not the eigenfunctions) are invariant to shift. For the GAP

kernel, the eigenfunctions are % Zj:_ol Y..x,s,5» 1.€., scaled shifted sums of spherical harmonic

products. These eigenfunctions are shift invariant and generally span all shift invariant functions.
The eigenvalues of the GAP kernel are identical to those of the Trace kernel. The eigenfunctions and
eigenvalues of the trace and GAP ResCGPK are determined in a similar way. Finally, we note that
the eigenvalues for the trace and GAP kernels decay at the same rate as their equivariant counterparts,
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and likewise they are biased in frequency and in locality. Moreover, while the equivariant kernel is
biased to prefer functions that depend on the center of the receptive field (position biased), the trace
and GAP kernels are biased to prefer functions that depend on nearby pixels.

6 STABILITY AT LARGE DEPTHS

6.1 DECAYING BALANCING PARAMETER «

We next investigate the effects of skip connections in very deep networks. Here the setting of
balancing parameter o between the skip and residual connection (2) plays a critical role. Previous
work on residual, non-convolutional kernels Huang et al.| (2020); Belfer et al.[(2021]) proposed to use
a balancing parameter of the form o = L~ for v € (0.5, 1], arguing that a decaying « contributes
to the stability of the kernel for very deep architectures. However, below we prove that in this
setting as the depth L tends to infinity, ResCNTK converges to a simple dot-product, k(x,z) =
x''z, corresponding to a 1-layer, linear neural network, which may be considered degenerate. We
subsequently further elaborate on the connection between this result and previous work and provide
a more comprehensive discussion in Appendix [F]

Theorem 6.1. Suppose o = L~ with v € (0.5,1]. Then, for any t € [—~1,1]¢ it holds that
O5 () — S0 (t) = 1 and likewise Ky, () — Ti1 (t) = t1.
L—oo ’ L—oo ’

Clearly, this limit kernel, which corresponds to a linear network with no hierarchical features if
undesired. A comparison to the previous work of [Huang et al.| (2020); Belfer et al.| (2021)), which
addressed residual kernels for fully connected architectures, is due here. This previous work proved
that FC-ResNTK converges when L tends to infinity to a two-layer FC-NTK. They however made
the additional assumption that the top-most layer is not trained. This assumption turned out to be
critical to their result — training the last layer yields a result analogous to ours, namely, that as L tends
to infinity FC-ResNTK converges to a simple dot product. Similarly, if we consider ResCNTK in
which we do not train the last layer we will get that the limit kernel is the CNTK corresponding to
a two-layer convolutional neural network. However, while a two-layer FC-NTK is universal, the set
of functions produced by a two-layer CNTK is very limited; therefore, this limit kernel is also not
desired. We conclude that the standard setting of a = 1 is preferable for convolutional architectures.

6.2 THE CONDITION NUMBER OF THE RESCGPK MATRIX WITH ov = 1

Next we investigate the properties of ResCGPK when the balancing factor is set to « = 1. For
ResCGPK and CGPK and any training distribution, we use double-constant matrices (O’Neill,
2021)) to bound the condition numbers of their kernel matrices. We further show that with any
depth, the lower bound for ResCGPK matrices is lower than that of CGPK matrices (and show em-
pirically that these bounds are close to the actual condition numbers). |Lee et al.|(2019)); Xiao et al.
(2020); |Chen et al.| (2021) argued that a smaller condition number of the NTK matrix implies that
training the corresponding neural network with GD convergences faster. Our analysis therefore in-
dicates that GD with ResCGPK should generally be faster than GD with CGPK. This phenomenon
may partly explain the advantage of residual networks over standard convolutional architectures.

Recall that the condition number of a matrix A > 0 is defined as p(A) := Anax/Amin. Consider
an n x n double-constant matrix Bj , that includes b in the diagonal entries and b in each off-
diagonal entry. The eigenvalues of BE;b are\y =b—b-+nband Ay = ... = A\, = b—b. Suppose
b= 1,0 < b < 1, then By 4 is positive semi-definite and its condition number is p(B1 ;) = 1+ 1”—_bb

This condition number diverges when either b = 1 or n tends to infinity. The following lemma relates
the condition numbers of kernel matrices with that of double-constant matrices.

Lemma 6.1. Let A € R"*" (n > 2) be a normalized kernel matrix with Z#j A;; > 0. Let

B(A) = By, withb = ﬁ > iz Aijand e = sup; >4 |Aij — B(A)ijl. Then,

1. p(B(A)) < p(A).

max A €
2. If € < Auin(B(A)) then p(A) < Jnex(BlA)te
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Figure 3: The condition number of ResCGPK-Tr (solid blue) as a function of depth compared to
that of CGPK-Tr (solid red) and the corresponding lower and upper bounds (dashed lines) computed
with n = 100.

where Amax and Amin denote the maximal and minimal eigenvalues of B(A).

The following theorem uses double-constant matrices to compare kernel matrices produced by
ResCGPK and those produced by CGPK with no skip connections.

Theorem 6.2. Let K 1(eeLs)CGPK and K, éész respectively denote kernel matrices for the normalized

trace kernels ResCGPK and CGPK of depth L. Let B (K) be a double-constant matrix defined for
a matrix K as in Lemmal6.1] Then,
o e ] o ||k =B (Réa)|, =20
ResCGPK ResCGPK ) ||| 7 0 an CGPK CGPK ) ||| [ S0 0

2. p (B (K,gfs)ccp,()> — ocoand p (B (f(éé;,a) — 00.

L—oo L—oo
3. 3Lo € Ns.t. VL > Lo, p (B (x,gg@,()) <p (B (I?égﬁ,,()).

The theorem establishes that, while the condition numbers of both B (l_( I(%I;)SC'G’ p K) and
B (Kééin() diverge as L — oo, the condition number of B (I_(I(%LEZCG p K) is smaller than that

of B (I_(éé%,]() for all L > Lg. (Lg is the minimal L s.t. the entries of the double constant matrices

are non-negative. We notice in practice that Ly ~ 2.) We can therefore use Lemma [6.1]to derive
approximate bounds for the condition numbers obtained with ResCGPK and CGPK. Figure [3]in-
deed shows that the condition number of the CGPK matrix diverges faster than that of ResCGPK
and is significantly larger at any finite depth L. The approximate bounds, particularly the lower
bounds, closely match the actual condition numbers produced by the kernels. (We note that with
training sampled from a uniform distribution on the multi-sphere, the upper bound can be somewhat
improved. In this case, the constant vector is the eigenvector of maximal eigenvalue for both A

and B(A), and thus the rows of A sum to the same value, yielding p(A) < % with

¢=1||A— B(A)|,. We used this upper bound in our plot in Figure )

~n
To the best of our knowledge, this is the first paper that establishes a relationship between skip
connections and the condition number of the kernel matrix.

7 CONCLUSION

We derived formulas for the Gaussian process and neural tangent kernels associated with convo-
lutional residual networks, analyzed their spectra, and provided bounds on their implied condition
numbers. Our results indicate that over-parameterized residual networks are subject to both fre-
quency and locality bias, and that they can be trained faster than standard convolutional networks.
In future work, we hope to gain further insight by tightening our bounds. We further intend to ap-
ply our analysis of the condition number of kernel matrices to characterize the speed of training in
various other architectures.
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APPENDIX

Below we provide derivations and proofs for our paper.

A DERIVATION OF RESCGPK

In this section, we derive explicit formulas for ResCGPK. We begin with a few preliminaries. As
in (Jacot et al.,|2018)), we assume the network parameters 6 are initialized with a standard Gaussian
distribution, § ~ N (0, I). Therefore, at initialization, for every pair of parameters, 6;, 0;,

We note that [Lee et al.| (2019) proved the convergence of a network with this initialization to its
NTK. For a vector v, we use the notation v, to denote an entry of v with arbitrary index.
A.1 A CLOSED FORMULA FOR K AND K

— -1 .
T—cos” (u) be the arc-cosine

For u € [—1, 1], let HO(’U,) = = and K (u) _ \/ﬁ‘k(ﬂ';cos* (u))u
kernels defined in (Cho & Saul|(2009). [Daniely et al.|(2016) showed that

F,(l) _ CyCu E(l) E(l) ‘E(l) 9
(::’ Z) 2 \/ (::’:i) (Z7Z)K;1 ( (:£7Z)) ( )
and

KO (x,2) = %HO (i(” (X,z)) : (10)
where K() and K are defined in (6) and (7) and c,,, ¢, are defined in Sec.

A.2 RESCGPK DERIVATION

Theorem A.1. For an L-layer neural network f and x,z € R >4,

1) — = (T
o (x,2) = A (x z)“,
g1
(2) w (1) 2 (1)
Ej,j/ (x,2) : (ZD“ (X7Z)> + ? . 271 i (K Jtkd +k (X’Z)>
==
For3 <I<I,
, i
) (1-1) a ( (-1 )
¥ (x,2) =% (x,2) + 7 Z 1 (K . (x,2)
k=—tg=
Finally, for the output layer
a? &
L 1 l
K (x2) = ) (x,2) + = S i (KD | (x.2))
Y =1

j=1
d
L L
KéA)P (x,2) pz Z ICJ(Eq) (s7x7 sjlz)
3’ =1
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Proof. We begin by deriving a formula for ©(V)(2)  The case of I = 1 is shown in Lemma (A.1).
; O] ® (-1

For 2 < | < L, the strategy is to express E [gl-j (x) 9 (z)] using E [f ( )f (z )}

and vice versa (which we can do usinF Lemma [A72). This way we derive an expresswn for

E { fc(,ll_l) (x) fc(l;l) (z)} in Lemma 1) and subsequently get:

g—1
= Ci

2o o )] ozt 2 L EEL G
k=~ 2
Cw = < (1-2)
LemmalA] qCi_1 cz:; X;IE[f ,j+k( )fc] K (Z)} +
==
DenotebyA
Cia

ot qngCz: Z Z Z [ (g(l_l) (X))c,j+k+k' 7 <g(l_1) <Z))cﬁj'+k+k'}

c=1 k_iq 119_,‘1 1

2
=AT a2% Z £ {U <g(lil) (X))*,j+k+k’ 7 (g(lil) (Z))*,j/+k+k/}

’ —1
koK =—a51

q—1
2 2

=A+ 0472 Z tr (Kgfl) ) (X,Z)) .

i gtk +k
k=—15t

If [ > 2 then using Lemma li we obtain A = E [gg b (x) g(l.,_l) (z)} = Eg,lj_,l) (x,z). Other-

vy
wise if [ = 2 then using Lemma Ii we obtain A = <=t (Eg) L (x, z)).
J.J

We leave the three output layers to lemmal[A4] O

Lemma A.1.

E[£ 015 @] =E[9) 000 @)] = 5 (x"2), ;-

Proof. For g™ we have:

1 1 1
20) (x2) =E[g]}) ) g})) 2)] = 5 ZE[ e
=1
Ly M W 1 & 1
T
- 60 Z E [Wll Wll J E [Xl,jzl’j’] ﬁ 60 le,jzl’j’ = 60 (x z)j.’j, .
L'=1 =1
For f(1) the proof is analogous, by simply replacing W) with V(0), O

LemmaA2. V2<I[<L,1<ii <C;,1<jj <d wehave:

g—1
2 Ci-1

E[of (0ol (@)] =00 2= D S E[ER6IL @]

k=—49-t c=1
2
Proof.
‘ Cia Cia
1 l w 1 1 -1
E [0 ()l ()] = B | S W V)| WY @)
B c=1 =1 v

14
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- qccfzﬂ_l Z Z [W(ZJ)H’“ ci Wl?’:»%,c/,i’} E {fc(lglllzr (x) fc(’l;’lik:’ (Zﬂ

g—1
& Ci-

Equatzor. ZZ qu 1 Z Z I |: (lJ'i‘l]z c(lj ir)k (z)i| (11)

k=—4a=1 c=1
k=—"5

LemmaA3. VI <I< L, 1< i,i/ <1< j,j/ < d, we have:

B [a (g(l) (X))*,j-‘rk 7 (g(l) <Z))w"+k} '

g—1

M () £O SENCON .
. fi; ) fi;/ (z)} {fl 1 (x >fi;’ 1 (z)} —&-azqk_;ql

Proof. Using the definition for f;; 0 (Def. , we get the expression:
E[£ 01 @] =E[£57 00 £570 @)] +

75 [ZV” o (6 @)| | +E I [ZV,H o (6 )| |+
i’ J

Denote by B Denote by Ba

o 1o IS5y h
+a?=—F v ‘*a( £l) x) V *O’( )
e [Z_) 0o (59 () _Z (2)

c= =1 j/
Denote by A

We will deal with this expression in parts. First, for B; we get:
E (G 1) V(l) ( ) ) =0
72[] . CZ |:f1] koL q+1 c,ig 9e (Z) C,jl+k ’

where the rightmost equality follows from (8] and the fact that E [V] = 0 mean in expectation in
every index. Analogously, we also get Bo = 0. Opening A and using Equation (8)) we get:

S 0 <1>
k_quI ho—tlc z—:cz_:l [ e <g (X))cﬁk Viragte s (g (Z)>c’ ,f%’}
_ = 1 E[U (19 ) (s @) ]
(8) . (12;1 Cl o c,j+k c,j +k
q;l

Overall, we obtain

g—1

0 0 -1 -1 RN
B[1) 01§ @] =B [ 0 1 ] S

__g—1
k= 2

’ [0 (g(l) (X))*,jJrk 7 (g(l) (Z)>*J’+J '
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Lemma A 4.

L o? 1)
Kl(iq) (x,2) = Zg q? Ztr (K(D1 L (x z)) .
Y=1

Proof. We start by proving the case for Kéﬁ). Observe that:

CL
[qu (X 9) qu Z 9 LL Z [ Ech ) qu(L)( ):|

../

- 3 a0 1] - 4 S e[ 00 4 0]

1,1_1

Applying Lemma[A3|recursively we obtain
Eg [f5 (x;0) f5 (2;0)]

;ij B[ 005 @)] 02 3 E[o (97 0), (o™ <z>)*wj
i=1 =—at ’ ’

- S (Bl ] ¢ (), )
i=1 b

Cr, L
Lem;m CLL Z <E [fi(fim (%) fz'(ﬁiﬂ (Z)} + o Z tr (Kgil (X,Z))) .
i=1

Applying Lemma[A3|recursively for all layers we obtain

Cr

Eo [/ (x;0) [ (2;0)] =§LZ<E 719 018 @] + wz“ (K9, x,z>))

i=1

_Egli (x,2) Ztr( gzl x,z)).

Lemma A.5.

Proof. For f™ we have:

K (x,2) = Bo [f™ (x;0) f™ (2:0)] =

i {WTr )Wz‘T’r,j’fi('?’ (Z)}
< Z [ (L) ( )( )])7

where the part inside the parentheses was shown in the previous Lemma [A4] to equal
(L)
ICEq (SjX,SjZ).

5 (2 el <>]) '

i=1
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For fOAP we analogously obtain

d
Kb (x,2) = By [fO47 (x; 0) 1O (2;0)] ::ZE}E€ > j{j E (W s ) wirrrt) (2)]

5% 45 =14,i'=1

- 3 (aXelere) -5 S (G Sel et (0]
Ji'=1 4, =1
from which the claim follows.

O

A.3 FORMULAS FOR MULTISPHERE INPUT: PROOF OF THEOREM [4.1]

Lemma A.6. For an L-layer ResNet f and x € MS (Cy, d), and for every1 <1< L,1<j,j <d

1 =1
0 _ Co ) _
Ele (X,X) - { (1+a24°v2°w )12;(2cw+a25vcw) I Z 9
0

Proof. We prove this by induction usmg the formula in Theorem (A.1)). For [ = 1, since by assump-
tion ||x;|| = 1, for every i we get that x”x is the d x d matrix W1th Tin every entry. Therefore,

(1) 1 T _ i
Em, (x,x) = Co (x X)J,j, =
Similarly, for [ = 2:
q—1
2@, (xx) = L (2] (x,%)) + o ZT: w(KL , (xx)
g X T q D,y X q? My e X))

We can plug in the induction hypothesis, and express K as in (9), obtaining

:
(2) _Cw @ CvCuw (1) (1)
D ox) = 2 > 5 () \/Ey‘+k+k’,j’+k+k (X)) Lk kg (%)
kk =—151
Cw 9 CyCyp 2w + a2cyCu
_ v N, = ,
c, T T 2C,
where we used the fact that 1 (1) = 1. The proof for [ > 3 is analogous:
g—1
o) (-1 ® (1-1)
200 =55 o)+ 5 30w (K, ()
o
g—1
a? 2 CyCu 2 CyCoy
:NL_1+(]2kk/qu 9 NL_ll'i‘/l (1): (1+a ?> NL—l
R ==""5—

(1+a2epe) ™ (e + a%eyc)
2Cy ’

O

Lemma A.7. For any L € N let Ny, be the value of E ; (x,x) from Lemma Let x,2 €
MS (Co, ), then

azcv - =(L
’C(Es) (x,2) = Egli (x,2) + 7S Z Nitr (Fcl (E%R}l (x,z))) )
=1

17
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Proof. Let L € N. We know from Theorem [A.1] that

2
K (x,2) = = (x,2) + —

qC“)

(KD, (x,2)).

I=1
By expressing K as in (9) and using Lemma@ we get

L
Kb (x,2) = =1') (x.2) +

)

(m (E(Dl)l (%, z))) .

=1

O
Corollary A.1. Fixc, = 2,¢,, = 1 then
=(L) _ Co (L)
ICEq (x,2) = m’CEq (x,2).
Proof. Using the previous lemma and the fact that k(1) = 1,
w L 1 L—2
Ky (x,%) = Eg}i (x,x) +a? ZN; Co <1 +a (1 +(1+a?) Z(l + a2)l>>
=1 1=0
1 1—(1+a?)E ! 1 (14 a2 — (14 a?)
1 1+ (1+0?)——— 1 1
CO<+O‘ <+(+a) vy )T et a2
_(I+a 2L
=G
O

Proposition A.l. For any L € N, let x,z € MS(Cy,d), and denote t =
((xTz) L1 (xTz)2 oy (xTz)d d) € [~1,1]% Suppose that « is fixed for all networks of differ-
ent depths, then:

q—1
2

2
(1) 1
Kgg (£) = ot 2enCo > k1 (tigr)

—_ g1
=73

and

q—1

5 2 ,C(L71) S t
K@=k +N Y m <Eq(k+k)

kg =—151 Ni

where Ny, be the value of E 5 (x,x) from Lemma

Proof. If « is fixed, then for all 1 < [ < L the definition of K ® (x,z) does not depend on L (just
that [ < L). Therefore, using Lemma[A.7] we obtain

2

O;;” Niptr (m (igﬂl (%, z))) .
To simplify this further, observe first that a direct consequence of Theorem [A-T]is that VL > 2

ICIE:? (x,2) = K}(Eﬁ_l) (x,2z) +

ng) Z IC(L 1) (skX, skz) .
k=—131
We therefore get
2 o
L L—-1 QA7 CyCoy (L—1)
Kéq) (x,2z) = IC](Eq ) (x,2) + 2 Np Z K1 (ICEq (Spr % sk+k/z)) .
koK' =—a72
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Corollary A.2. For any x,z € MS (Cy,d), let t = ((xTz)1 o (xTz), ., (xTz)dd) €

[~1,1]% Fix ¢, = 2, ¢,, = 1 and some « for all neural networks. Then,

q—1
—(1) 1 o
K t) = t — t
£q (t) Traz | B . k_zq_lfﬁ( 1+k)
g—1
—(I) 1 —(L-1) a? 2 —(L—1)
K =702 (K " 0+% 3 m (K (sewt)
k' =—13t

B DERIVATION OF RESCNTK

B.1 REWRITING THE NEURAL NETWORK
The convolution of w € R? with a vector v € ]Rd can be rewritten as:

W*V

M

1+]77
j:1

Therefore, let ¢ (v) € R7 be [ (V)] a¢1. Then we can rewrite the above as:

i [ ]H-J
T T
WV = (W e(v) =¢(v) w.
Using this definition, if we instead have w € R?*¢ then:
Ay i=wis vl = [p ) w] = [emTw] —Aa=wpm).
J Jt
Lastly, if we instead have w € R2%ex< and v € R¢*4 then:

’
(&

A;j ::Z[W ki % Vij Zwk © (Vi)

k=1
We can now rewrite the network architecture as:

O (%) = \/% (V) x (12)
0
]_ T
g (x) = m(WE”) x (13)
0 Fl= 1) Cv (l) T () _
FO (x) = +O“/qclz V go(o(gj (x))) I=1,....L (14
Cr1

(f](l‘” (x)) 1=2.....L, (15)

9= i X (v

and as before we have an output layer that corresponds to one of: fE4, fTr or fOAP,

B.2 NOTATIONS

We use a numerator layout notation, i.e., fory € R, A € R™*" we denote:
9y 9y ... 9y

0A OA: OAnm
RXm 5 ay | 9412 0Az2 0A 2

9y 9y ... _Oy

0A1, 0Az, 0A n

Also, let J'J, be the m x n matrix with 1 in coordinate (7, j) and 0 elsewhere. we write J* when

q+1
m,n are clear by context. Also, let J Di — Z OmeD; J;nqm A
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B.3 CHAIN RULE REMINDER
Recall that by the chain rule we know that we can decompose the Jacobian of a composition of

functions h o ¢ (v) as:
Jhoy (V) = Jn (¥ (v)) Jy (v) .
When h, 1) are scalar functions we can write

on _ on o
ov O ov’
However, if h is scalar valued and v (v) is a matrix we have
{Zﬂzow} :3ho¢: Ooh 37,/1pq:tr<8h 81#).
ov y Ovji - 0pg OV oY Ov

As such, the following definitions will come in handy:
Definition B.1. V1 <[ < L,1 < j.j <d, let

b (x) = (W;{(’l(’(‘ ?) 1, (x,2) = ;E[(b(l)T (x) b (z))m,]

Notice that f(V) (x) € RE*4 = p() (x) € RE ¥4,

Remark. There is a slight abuse of notation in the definition of b, By Lemma p(L+1)
only depends on_the weights of the last layer.  Therefore, by the recursive formula for
b® in Lemma |B.3| and plugging in Lemma ES] we get that b can be written using only
wO, o owE W yh o VE) and & (g 1)(X)) S, O (g(L)(x)), where the latter are
indicator functions that are always multiplied by some of W ... W) Wk v vy I

, ! !
is easy to see now that foranyl <1, E lbg) (X)figj’) (x)] =0=E [bsé) (X)] E figj/) (x)| and as
a result, b is uncorrelated with f©©, ... fO ¢® . ¢® x and z
B.4 PROOF OF THEOREM [£.2]IN THE MAIN TEXT
We start with a lemma that relates the trace and GAP ResCNTK to the equivariant kernel.
Lemma B.1. For an L layer ResNet,
1
L
@(T ) =7 Z s]x S;2Z)
and
@(G%D Z 61(&1) (ij S /z)
Proof.
v (L
o[/ (x0) o (zo)\] _ 1 i Zd: |/ oWEE 0 OW 15 (2)
o0 7 00 - Crd , 00 ’ 00
i, =13,7 =1
d
_ EZ]E 3qu (sj,lx;9) 8qu (ijlz;e) .
® d = 00 ’ 00
Similarly for GAP:
o [/ 219 (0) 99 (5:0) Z Z oW P (x) OWG L) (2)
00 ’ 00 CLd2 00 ’ 00

7.2-1]]-1
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LK L[/ (5m1%:0) Of™ (5,-12:6)
pel Z E [< 90 ’ a0 >:|

4’ =1

=1

O

We now return to the main proof. Using the lemma above, it remains to prove the theorem for fE4
Proposition B.1. Theorem holds for the case of f = f*4.

Proof. By linearity of the derivative operation and expectation we can rewrite:

o) (x,2) = E [<3fg;; o) 8f((?z; 0) >}

(S )] oo ) -t )

We deal with each term separately, starting with the first term.
0f (x,0) 0f (z0) (L (L) )
(21, Y] L (01 )] =kt

Next, to handle E K%SZ?% ag‘(fz(;g) >] , observe that V1 < | < L,1 < i < () we can express
0f(x;0)

o~ as follows:
V:,i,:

Of(xi6)  _ o (9f (x:0)\" G
WLem;a qu<af<l>(x)> o7 (a (gi (x)))

T CC))

Notice that Lemma[B.7]implies that the conditions of Lemma [B.6|are satisfied. Therefore,

o[ (21650 0N] _ S () e ),

q—1
2

QCUCwZHI(J[))p )Y ]E[( (Qz(l;)ﬂrk(x))) (gz(;)7+k( ))}

__g—1
k= 2

quZH ) (x,z tr(K(l) )

Note that as this does not depend on . We therefore obtain
Of (x;0) Of (z0) of (x;0) 0f (z0) 0 ( 0
E K S v ZE N oV ZH (x,2) tr (K )

The next term we deal with is E [< %J;;‘jg) , %’;(\fég) >} . Using Lemmawe have

E Kaf (x;0) 9f (z:6) >} = o zd:H](g{L (x,2)tr (Kgi’p (x,2) ® Egi’p (x, z)) .

OW® 7 W)
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Putting these together we obtain
(L) B of (x;0) Of (2;0)
@Eq (X7Z) =E |:< 90 ) 96
_E of (x;0) Of (z;0)
B OW (Eq) * 9W (Eq)

+ XL: E [< agvs)f((l?) ’ 85\552;)9) >} +E [< 82&!)0) ’ 8?)\(7Z<;l)9) >}

=1
= Ky (x.2) ZZH( x,2) (0 (KD (x2) 0%y (x2)+KE (x2))).
=1 p=1

Finally, we provide a formula for of II to Lemma and denoting P; = II; ; completes the
proof. O

Lemma B.2. Let ¢ a real valued function and X, A matrices. If Oy (h (X TA)) is well defined

oy (h(XTA)) p) r oy On(XTA)
then X = (a(xlﬁA)) AT =%, Oh(XTA),, (XTA) AT

Proof. First, by the linearity of derivatives we get that

a(XTA)ij e 00X Ay AL
8Xn'r”/ N ]C 8X7L77L N . "

Using the chain rule we get

o 8(XTA
{&X]mn Z d XTA Z d XTA

_ ZA”J {XTA)} - [(AW%A)Y} nm

8 o0 \" . 5‘h(XTA)5,t .
X <8(XTA) A Zah XTA xTa) 4

LemmaB.3. V2 <[ <L,

c 4 0) g
. 9 frn (%)
pU=1 (x) = ‘ b&)n (X) <8f(ll)()> '

m=1n=

Proof. By the definition of b~ (x) we have

T
af (x:6) \7 Cz”zda x:0) af,
0 = (3f{l(1 > ( . 3]“{1 1(<)>)

m=1n=1 afmn

m=1n=1

Cio1 d 0 T
O frmn (x)
-3yl o )

Lemma B.4.

B[00 b0 @) ] =1,

757
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Proof.

T
1 0 1
b:(,?) (X) = ( @) < Wqu:(f) (X)> =051 \/C—L

Therefore,

CrL
L 3715

E[(b@)T(x)b@)(z))j’j,}:ZE[%) ()b (2)] = OLdle[ S = 650,

LemmaB.5. V2 <[ <[,

3f(l) ( ) _ gnm « CyCy S V(l) . 1) JDnJrk—%W(l)
afi-b (x) +g C,Cr, ZZ kjm? (gj,n«kkf(%'l (X)) RO

j=1k=1

Proof. by the definition of f(*) we have

7O () = 147D () + Cfg‘j“livff}f@(a (4" 9)).-

Taking a derivative of fpn, O wirt. =1 we obtain

O] o ot C
(jf]:z 1)(() =J"" 4+ N, ; 8f(z_81) ) ((V(lj))T 7 (0 (gj(,l) (x))>>

denote by y;

mn

To simplify this, notice first that the derivative can be expressed as

sy = 3 Viswagtirgg o (o (8 19)) = 3Vt (s ).

Using the chain rule we can express the derivative of o (gj(,l) gt (x)) as follows:
SMTR— "5~

sl (WO L)

557,377 :Dn_'_k_q;l

oS (%)

®
afi-1 (x) gj,n+k—%
’"’LI’I’LI

Ci-1

@ )
= <gj k=5 (X)) Z on' i Lm'ep ko 9kl O m —n—ktq+1,j',j
i'=1

_ (D @
-7 (gj,n+k—q;1 (%)) 1 ep ko gl m —n—ktg+1,5",5"

l
8‘9](’71)1-‘,-]6— at+1 (X)

_ 2 _ - () Dn-wc—m @)
= oy = (9 e (0) T w.
In summary we obtain
afih, (x) o O [l A S0 (D) ESIPES 0]
it T TV aos & ;V’“’j’ma (5 s 09) 7 Wiea
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Lemma B.6. For any two matrices M , M' € R™%5 and N,N' € Rs*", ifMTM/ is uncorre-
lated with NN, and for every k # k' either B {(MTM/)MC/} =0orE KNN/T)k’k] =0,
then

E KMN, M/N/>] - ;E [(MTM/)MJ E [(NTN')M} ) [tr (MTM’ ® NTN')} .

Proof. Following the definition of an inner product we have

m n m n

E[(MN,M'N')| ~E > Y (MN), (MN) 1= (ZM,,NM> S M N,

i=1 j=1 i=1 j=1 \p=1 p' =1

5
NE
M:
Mm
Mm
IS
=
z
E
Mm

=1 j=1 pflp/—l p=1p'=1

ZIE) [(MTM )p’p] E {(NN’T)

Owhenp#p p,p
O
LemmaB.7. V1 <[ < L—1,1<kk <C;,1<3,j <d, it holds that
qg—1
2 2
l l I+1 I+1 Q" Cy I+1 (141
B[ 080 ()] = duwediy (B[ Gob @)+ g (| X0 W10, Gem) | 0K (e
p=— izl
Proof. By Lemma[B.3|we have
c d l+1) 8]1- l+1) ( )
@ (l) l+1) 3f l+1)
E o)) 0By, @) =E| >0 3ok u) Z > () =2t
m=1n=1 m =1n"=1 E 5

G od G d (14+1) (1)
=> > Z Z BEED () 5 () afst) (x) 0f 77 (2)
m=ln=lm'=1n'=1 " afk] afk(:/j'

()

Now as b(!*+1) (x) is uncorrelated with f”““il we get
) f( )

_ Z Z Z Z |:b(l+1) b(z+1 (Z)} E 3f(l+1 (x )8f(l+1)( )

O]
m=1n=1,,"=1n'=1 8fk}] afk/j/
By induction (where the base case is Lemma [B.4), we can assume that if m # m' or n # n’ then
E {bgrlf;l) (x )b(H_l) (x )] = 0. We therefore obtain

m’'n’

Ofmmn”) () Dfrun” (z
E {b,(f) (x) b(l) } Z ZE [ l+1) (l+1) (z)} E (l)( x) . (2)
m=1n=1 fkj afk/j,

(+1) (1+1)
afmn(l)(x) my () | 1 .emmalB.5|states that
off) ord,

afstt) (x) [c’ﬁ(l“ (x)

It remains to calculate E

af (x
afkj (x) ACON
+1 ¢
« CwC . [ (+1) (14+1)
T T Ty UL V<l+1o( x)) 1en w! .
N q\ CiCr1 = =1 e gSvP+”—qgi() 1€ ip-azt T imn—ptat Lk
Penoteby AZ”J" Denote by C
Y By (x)
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Using this notation we have:

0fmn" 69 8fnl$” (2)
ofg  ofy
We will deal with each term separately. First, we consider the first term:

mn mn
AP, = 880 18 = S50

k/j,
’
J

n

1 k=K=m

where we use the notation dgg/m = .
0 otherwise

k/]/

= Apr A +C (AR [ By | + ApnE B )+C2E | BE® (x) By (2)]

and likewise for d;;/,,. For the second term,

since V, W are 0 meaned i.i.d Gaussians (Equation @)), and ¢ is the indicator function we have

E [B,’C’;” (x)] =E [BI?'L?/ (z)} = 0, Therefore,

C (AR | By (2)] + ApnE B (x)]) = 0.
For the last term, by definition

Cria

Z Z VD 5 (0D 4 (1+1)
p,s,m? 5 n+p7¢ (X) 1]eDn+p,%W.f*n*P+Q+1:k’S

s=1 p=1
and

Cry1

n+p

(l+1 . (l+1) (I+1)
Z Z Vp s’ m s n+p’ — q+1( ) 1j/ED /,%Wj/*n*purfﬂrl,k/»s/'

s —lp—l

From (§), E {ng}%V(lH) ] = 8,,0s,s/» and since they are uncorrelated with W(+1) and g(+1)

p’,s’\m

then

E | By (x) B (2)] =

Cria

_ 2 (+1) (I+1) < (+1) (I+1)
=C Z ZE [ ( Ysmtp—att (X)) W nprarih,sO (gs,p%»nf atl (z )) W e ptat ks 1-77j'EDn+p—q2i

s=1 p=1
Crya

zzm (152 s ) (52 )] e,

s=1 p=1

FUD
= E x,z)1;;
= Ok 0jjr 20 ntp— L ntp— EL (x,2) BIEP, et

Overall,
l l
E [b,ﬁ eSLIvH (z)} _

= Z ZE {b(l“) l+1)( )} <6kk/ 0jjitm + Ok 0540 20 Z ff:; PRSI

m=1n=1

q

zaMﬁﬂ,QEﬁ%meﬂﬁjn } 2@

Now observe that

n=1p=1

j€D, .,

So we can rewrite the above as
l l
E b)) (x)0y), (z)} -

25

S S RIS VR

_ g+l
P73

X,2) 1, 5
q+1( ) ) JsJ 6Dn+pq-§1>

q-gl (X7 Z) 1j,j/€Dn+p7 a1 ) .

ar == ntp-—gsj<ntp-le=j-ptl<n<j-p+q
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_ 2 q j—ptgq
_ . (1+1) (1+1) Q" Cuw (1+1) -(1+1)
= Sy | B (b (00 (z)] + e ;n:§+lﬂn,n D) K L (x2)
_ 2 q
I+1 I+1 a~c, I+1 l+1
= Ok 051 <E _b’(ﬂj ) (x) bl(ﬂj : (Z)} T qQCu; Ztr <H(D] z)wrﬂ j—p+ IEL (x,2) © K ) )
p=1
gq—1
- OLZC 2
= S djp | E (00 (x) b (Z)] i qzé;tr Soongt) (x| okSTY (x )
) —_a-1
]

Lemma B.8. V1 < j,j/ <d,
) (x,2
3.3

and¥1 <1< L—1,1<j,j <d, it holds that:

2

1) _ s e o’
Hj,j’ (x,2) =0, | ;7 (x,2) + 7 tr

(141
i | s (x,2) | © K5V (x,2)

[
|
=
S5
s 2
S
s
ko]

Proof. First, from Lemma[B.4 we know that:

1 T 1
L [(p®7 (x5 ® _ s
E [(b (x)b (z))mj T

Cw

Now let 1 <! < L — 1. Using lemma|[B.7| we get that

1E[(b<l>T (x) b® (z) ) } ZEWJ ) by (2 ﬂ

Cu
Cy e s
1 I+1 1+1 I+1 (141
=> 0 | B 00 @] ot g | |30 TR L em) | @ KT (x2)
- e
) g—1
I1+1 @ I+1 (141
:(5]]/ H;’j )(x,z)+q—2tr Z H'(Dj+3.j+p (X,Z) @K(Dj‘j)(x,z)
g—1
p="5"

LemmaB.9. V1 <[ < [,

of (x;0) 9Of (z;0) .
EK g\gww)’ gxgvu >} ZHU) 2)ir (KD, (2 025 (x.2).

Proof. We first show the case for2 < [ < L. V2 <[ < L,1 <i < (Cj_1,1 < ¢ < (), we can

express gf (’f,fz as
af(’) (x) 0 -1 (l) "
= f( ) +a (U (g‘ (X)))
oW, oWl qcl Vi) )

mn

Since gJ(D (x) depends on W(ll)C iff ¢ = 7, we get

a0 (

Co 5y 0 9 ( 0}
l k,c,m 1 o gc,n f—atl (X))

aw( qu ow, +h-
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q
CuCy OO 9 ORI a(ESY
G101y kZ:le’c’mU <gc7n+k—“% (X)> ow KWZ) v <fi (X)ﬂ eyntk—2EL

q
CuwCy ZV(l) ; ( 0 )( T( (1-1) ))
; .
CiCi_4 P k,e,m gcm—i—k—q;l (X) P fz (X) n+k—q;17¢

Now we have

af X5 9 i i afmn( )

6W(l m=1n= 1(9f (‘3W( he

Taking the inner product we get the following expression:

of (x:0) Of (z:6 e c G a q
ot ) )] - SC(;CIC DI Z Z Z E [t (0¥, @] B[VELL VL]

E
6W:(,li),c 8VV:(,li,c m=1,, =1 n=14,'=1k=1

O] T ([ p(1-1) O] T p(1-1)
B (0 (80 09) (7 (170 ) Ly (gcm,c,,%l @) (¢ (17 @) )]
Note however that (8) implies that V,gl)c mV,(Cl/{ em! = Ok’ Omm, and Lemma implies that

E [bﬁf} (x )b(l) (z )] = 0 when n # n’. Therefore,

of (x;0) O0f (z,0)|
ow') Tow® |

E

a3 (e o ] )

n=1k=1 \m=1

:cwl_lill,)l (x,2)

E Kg( EIL% o (x )> ((pT (fi(l_l) (X)))n+k7%,: G (923%_% (Z)) (sﬁT (fi(l_l) (z)»“kq;l)]

g—1
2
ey Z Z . Z _
T 200, el Man (x k=1 [Kg) (X’Z)}kk a1 [fz(lnjl)f k! (x) fi(iwrll)ﬂ—%r“rk' (Zﬂ'

2

As a result, by linearity and the fact that this result does not depend on ¢ we obtain

E K@f (x;0) Of (Z;9)>] _

oW 7 gwWw )

)
o]
-
a
|
=

q

a?ey (z) { 0 } { (1-1) (1-1)
2Cl 1 ZH Z KDn n X Z kk ]E fl’n+k7‘12j+k/ (X) fl,n+k7h21+kl (Z) N

= k=1 k=—4az1 i=1

Using Lemma[AZ2] the last term simplifies as follows:

a—1
== Ci-a

-1 -1
Z |: z(n-‘r/)f q+1+k’( )fz(n-i-lzr q+1+k’( ):|

fr=— 951
aCi- ! ! qCi-1
= T [y a9 @] = 50 o)
. Finally we obtain
Of (x:0) f (z:0)\] _ o® <~ e 0
[ Cowir gwin )| =y b o R [, ], o ),
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Z v (x ( .gi.n (x,2) © Z(DZZM (X,z)) .

The case of [ = 1 is analogous, except that we replace ¢’ ( fi(lfl) (X)) with x/ and similarly for
z, (making minor adjustments accordingly). We therefore obtain

E K@f(X;@) 8J‘(Z;f))ﬂ _

oW 7 ogw)

q Co
mw [ﬂ> } M, 17, q}

9 d
Q—ZHW (x,z tr(K( ) (X,Z)@Eg) (x,z)).
1.5 o

C SPECTRAL DECOMPOSITION

C.1 PROOF OF THEOREM [5.1]IN THE MAIN TEXT

Proof. The strategy is to bound the Taylor expansion of the kernels. We use qualities of the Ordi-
nary Bell Polynomials for the lower bound, and use previous work on singularity analysis (Flajolet
& Sedgewick| 2009; [Chen & Xu, 2020; [Bietti & Bachl [2020; Belfer et all [2021) for the upper

bound. The details can be found in the lemmas that follow, resulting in that IC](E{;) can be written as
> n>0 bnt™ with
(211172‘5 < bn < 621'17%71

and 91(-:? can similarly be written as 3 -, bnt™ with
cn 2% <p, < 021'1727271
Thus, applying |Geifman et al.|(2022)[Theorems 3.3,3.4] completes the proof. O
Lemma C.1. IC(Es) can be written as IC,(EE) (t) = >_p>0 bnt™ with
cin™” < by,

where cy is a constant if the receptive field of ICI(ES) includes n and 0 otherwise that depends on L.

Proof. Let k1(t) = > o7 a,t™ be the power series expansion of 1 (t), where a,, ~ n~%5 (Chen
& Xul, [2020).

We prove this by induction on L, starting with L = 1:

g—1
1 o? 2 1
KW (1) = =—t > t t E E ST
%(>aﬁ+%%k?fdw>cl+%% =T

By letting e; be the multi-index with 1 in the ¢ index and O elsewhere, it is clear that we can write
the above as ) -, byt™ where

2

n=20
cho
bn = chcoan+ 5 n:nejfor—%gjg‘%landneN
0 otherwise.
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For L > 2, by the induction hypothesis IC(L b (t) = Zn>0 but™ s.t. cyn~" < by. Let Ny, be the
value of E( ) ; (x,x) from Lemmaand N = %NL

K (st T - "
K1 (EQN( : )> Zb st)" | =3 [ S b a0
L n>0 n=0""L \n>0

Using the derivations for the multivariate ordinary Bell Polynomials in|Withers & Nadarajah/(2010);
Schumann| (2019) we can rewrite the above as:

Kt (s;t) o dn 7 N\ o
/ﬁ( - :nzz:o ;@Bn’” (s,jb) £®,

where b = (En) and Bnyn denotes the ordinary Bell Polynomials. Plugging this in to our
n>0
formula for the ResCGPK from Proposition [A.T|we get
q—1
2

- < KED (s, 0t
IC,(E? (t) = ;céﬁ*“ (t) + Ny, Z K1 (Eq(’f%)

’ 1 NL
kK =—15=
qg—1 oo a
=Y (BN Y la—ilY v Ban (s,jb) to.
n>0 Jj=—q+1 n=0"1L

Let this be ) - bnt™. All the terms in by, are positive so for a lower bound, it suffices to sum up
only specific n’s and j’s. We choose n = 1, j = 0, and since Withers & Nadarajah| (2010) showed

that Bml (f)) = i)n we get that

~ Np - Zepcu
by > bt gL (1+ aja’c,ce )cln_y7
Np
where the last equality is by the induction hypothesis. O

Lemma C.2. The bound in Lemma holds for @1(25)-

Proof. Denote by by, (K) the Taylor coefficients for some kernel K. Theoremimplies that

ol (x,2) = K (x Z Z ) (tr (Ku) (x,2) O L9 (x,2) + K9 (x, z))).

=1 p=1

Denote by K’

Since for any positive definite kernel the Taylor coefficients are non negative, we get that:
(L)Y _ E ! E
bn (O8) = b (K%9) + b (K') = b (K.
O

Definition C.1. Let IC(F? be the GPK and 9%) the NTK of the bias free fully connected ResNet

defined in|Huang et al.|(2020). For x,z € S¢°~1 v« = x"'z, following the derivation in Huang et al.
(2020) and Belfer et al.|(2021) (in particular, Appendix B.1 of the latter), the normalized version of
these kernels will be:

K (u) = u
Kt () = 5 (Ko () + o% (Kb " ()

14+ a2

9§Lc)— ZLJL_lzL:vllp(l) (u)< (/c” 1>( )>+K(z 1>( ) ko (/c“ 1)( )))
=1

where v; = (1 + a2)l, PL = 1and P' (u) = P (u) (1 + a?kg (IC(Z—H) (u )))
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Lemma C.3. For u € RY, letting t1 =ty = ... = u we obtain K;LC) (u) = Kés) (t) and letting
kL) = @gq Kés we obtain @FC (u) = & )( t).

Proof. For the GPK, this is immediate from Corollary For the ResCNTK, first recall that

ol (x,2) = K (x, 2)+2 §:§:P x,2) (it (K (x,2) 035 (x,2)+Kp) (x.2))).

=1 p=1
Observe first that a direct consequence of Theorem [A.T]is that VL > 2
a-1

2
Zgﬁ) (x,2) = %” Z Kég_l) (skX,8,2) .

—_ g1
k=—45

1
and Eg% (x,2) = Ciou

Therefore, by choice of t, E(l), K® and KO have constant diagonals, and so the terms in the trace
do not depend on the index p, and we get

d

k) ( —azleH (ro (Ric ™ @) Tic " )+ (Kic ()) SO ).

p=1

Note that foreach 1 < [ < L, Zzzl PISZ) (t) = P'(u). For | = L they are both equal to 1 by
definition. Now by induction we assume for [ + 1 and now show for [.

d d 9
l I1+1) o (l+1> (1+1)
ZPIE ) Z P )+ q—2tr Z Pyt ©Kp' ()
= p=1
d 2 (1+1) q;l ( )
1+1) I+1
=3 | AT @+ o (Kre )| 32 PRI @)
p=1 k=91
q—1
¢ (1+1) 1 & [
= ZP;SZH) (t) | + ko (KFC ) - Z ZPIQ“) (t)
p=1 4 k=451 \p=1

Plugging this in the induction hypothesis we prove the induction. So overall:

L
) (6) = 0 30 N1 P (u) (0 (R () Kic V() +m (Kic (@) )
=1
Since
Niy1 = Navpg, (16)

normalizing k(%) completes the proof. O

Lemma C.4 ((Bietti & Bachl,[2020) Section 3.2). For a small t > 0,
2
ki(l—t)=1—t— ft?—i—(’)( 1.

Lemma C.5. Forall L > 0, and for a small t > 0,

K”N1—0:1—t+@(ﬁ).

Remark. This lemma and its proof are a slightly modified version of Lemma B.4 from Belfer et al.
(2021) where we tighten the bound.
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Proof. We prove this by induction. For [ = 0 ICFC (1 —1t) =1 —t, trivially satisfying the lemma.
Suppose the lemma holds for / — 1, then using Lemma|[C.4]

1_}_% (ICFC (1—1t)+ k1 (ICFC )(1_t)>>

Zﬁ(l—t—k@(t%)—&—anl<1—t+@(t%>>)
it (1 () e (1o () 52 (-0 () wo( -0 ()
-l (o (@) et (1m0 ()

_17t+®(t%)

(L)
ICFC (1 - t) =

O

Lemma C.6. K(FLC) (u) and @(FLC) (u) can be written as y - ayu™ with a, ~ n~%5 for Kl(p? and

Qp, ~ n_1'5f0r@(FLC)

Proof. Using Lemma we know that for ¢ * 1, it holds that Kl(:é) (t) = t+ f(t) where
ft) = © ((1 - t)%). Using (Flajolet & Sedgewickl 2009)[page 392 Thm. VL1] we get that f

. . . —=(L
admits a Taylor expansion Y~ a,,t" around 0 with a,, ~ n~%"®. Therefore, ICl(:C) (u) has a Taylor
expansion with coefficients that exhibit the same decay.

For @éé) (u), using (Belfer et al.,202 1)[Lemma 4.5] we know that for ¢ ,* 1, it holds that @](Jé) (t) =
14+ (1- t)% +o ((1 — t)%) for some constant ¢; < 0. Similarly to the previous case, using
(Flajolet & Sedgewick,[2009)[Thm. VI.1, page 392] we get the desired bound. [
Lemma C.7. Both Kg) (t) and @é? (t) can be written as 3, o bnt™ with

by < con™”

bl

where v = % + 1 for K(E? andv =v = ﬁ + 1 for @1(55) and co depends on L.

Proof. By Lemma ICéé)( ) = >oneoapu™ with a, ~ n~%% Moreover, we have that
IC(L) (t) = D50 bnt™. Together with lemmawe get that

Kig (6) = bat™ = Zbulnl—Zbulnl—Zu”Zb

n>0 n>0 |In|=
The uniqueness of the power series implies
g bn =a, = 0O (n72'5) .
In|=n

Plugging in Lemma D.8 From (Geifman et al.,[2022) we get that b,, < czn*% ~1 for some constant
co > 0.

For the bound for ResCNTK, since by Lemma@éé) (u) = Y07y anu™ with @, ~ n~** and

B (t) = 3,50 bnt™, we can analogously get that b, < ¢'n~2a~1 for some constant ¢ > 0. (The
difference from the different bound comes from the referenced lemma in (Geifman et al| [2022)).)

Since k(L) = @éﬁ) — K](Eﬁ), by combining the two results we get that @gﬁ) (t) can be written as
S nso but™ with by, < con=30 L, O
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D POSITIONAL BIAS OF EIGENVALUES

D.1 PROOF OF THEOREM[3.2]IN THE MAIN TEXT

We define a “stride-q” version of the ResCGPK. Let @ = {—%1 ..., %5} Ry = 02171 (e
a set that contains only the tuple 0 = (0,...,0)), and for I > 1 let R; := Q%' x {0}>(L=D
(i.e tuples where the first 2/ — 1 elements are in ) and the last 2(L — ) elements are 0). We let
[~1,1]% be elements of the form t, which are [—1,1] valued parameters indexed by tuples R;.

{Xlso, for every k,k' € Q and 1 < [ < L define Li,k, s [=1,1)8 — [—1,1]B by Lig,k, (t)a =
t(al,...,agl,g,k,k/,agl...)'

We now define the kernel k(M) : [—1,1]%1 — [—1,1] to be

- 1 ~ 1 =, -
k(l)(t) = o to + 0526 K1 (t(k,O,.wO))
=k (E) k==t
=k ()
Also, forall 2 <[ < L welet k¥ : [-1,1]% — [~1,1] be
g—1
oy 1 (=11 (% 9 1 ’ -0 (1 (3
k() T a2 k (to,0(t)) +a p K1 <k (Lk’k/ (t)))
—,_/ I g—1
=k (E) kb =—%
=k (¥)

We also define the change of variables S; : R; — [d] by S;(a) = |a] + 1 (reminder: | - | on a
multi-index means sum of all entries).

We are now ready to define a correspondence between the stride-q ResCGPK and the standard
one. Namely, for every t € [—1,1]? we let ¢(t) € [—1,1]%= be ¢(t)a := tg, (a), I claim that

=)
k) (4(t)) = Kgq (1)
First observe that for a € R! it holds that LLk, (@(t)a = tjajs1ib4n’ = A(Spypt)a (because
a € R'soag_g,a0_1 = 0). Also notice that Li@ L (0(t)) € R"1. Thus, we recursively get that for
a€ R, Lllcl,k; o...0 LéL-,k/L (P(t))a = ¢(Skl+k; o...0 SkL+k’Lt)a'

Now, for L = 1 we trivially have that k") (¢(t)) = E&) (t). So fora € RY,

[y (Lllc W Oe0 LéL,k/L (¢(t))>

1,

L (1)
_ k( ) <¢(Sk1+k; 0...0 SkL‘HC/L ))a = ICEq (Skr‘r’@;O' . 'OSkL-i-let)

a

As such, we get that

2) (,2 L +(2)
k2 (Lk W ©--: 0 LkL,k;(¢(t))>a = Kkq (Skg-;-k; o...0 skL+k/Lt)

1,/
And continuing by induction we eventually get k(~~1) (Lik/ (¢(t))) = Kgq )(Sk-',-k/t) which
implies that k() (¢(t)) = K (t).

We now move towards better understanding their Taylor expansions. For a function f(t) that can
be approximated by a Taylor series Y - ant™ let [t"] f denote the coefficient of t™ in its Taylor
series (meaning ay,). Let M;(n) = {ﬁ € Zgg | suppin C R, and Vi € [d], Zjeszl(i) n; = ni} be
the set of multi-indices which are indexed by tuples in R;, with support in R; that correspond to n.
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Soif i € M;(n) we get that for every t € [—1,1]%, ¢(t)® = t™. We get a correspondence between
the Taylor expansions of the kernel as follows:

S bat® =K (6) = kD (E) =S batt =3 | S b | tn

n>0 n>0 n>0 \neM(n)

By the uniqueness of the power series,

= 3 ba _Toﬂ STk e Y R

neMr (n) neMr_1(n) neMr (n)

Now kgL) (t) = 1+a2 (k(L 1)( t) + azk;L_l) (E)) so we can continue to apply this recursively and
eventually get:

1 N L o2\ Lt B

neMop(n) =1 neM;(n)
1 S() S e
e S (1) -
2)L —suppnC Ro 2
(1+a?) o \lta A€M (n)
Now let v = 2.5, via the proof in Lemma we know that for every 1 < | < L there is some
¢; > 0s.t.
a2 L—1+1 - (l) ~
(m) Yo R ®=a Y oA
ﬁGZVIl(n) ﬂe]\/]l(l’l)
Let p;({ |S , the number of paths from an input pixel ¢ to the output of an [ layer CGPK.

Using Gelfman et al (2022)[Lemma C.4, C.5] we get that for A > 1, some ¢; constants, and

2

L—i+1 . ~
Cn,l = C H Amm p{.n) it holds that ¢, n™" < (1+a ) ZﬁEML(n) [t“]k(l)(t),

Overall, we obtain that
L
Z Z Cp, N v,
1=0

Now consider the kernel k(%) (t) = > >0 Cn 0~ then by Geifman et al|(2022)[Lemma C.7], the
eigenvalues of this kernel satisfy B

d
A (D) > ¢y H k€02,
7fi:>10

~ (L) p. ~ .
where cx ;| = ¢ Hle Amin(; ki) for some constant &,. As for every [ the eigenvectors that corre-
spond to )\k(k(l)) are the same (given by the spherical harmonics) we get by linearity that

( (L)) chzﬂk Co—2
"0

As in Lemma , this also gives a bound on the eigenvalues of G)](Eﬁ).

E INFINITE DEPTH LIMIT

E.1 PROOF OF THEOREM [6.1]IN THE MAIN TEXT

Lemma E.l. Suppose that o = L7 for v € (0.5,1] then for any t € [-1,1]9,
(L) w1 _
Oy (t) - =\ (t)‘ <o)
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Proof. First recall that
W2 Lo
L L (1 ! !
o) (t) = K& (t) + - SN PO () (tr (K;;p t)osh () + Ky (t))) .
=1 p=1
Let k(P)(t) = % (@1(55) (t) — IC](E? (t)) so that @éﬁ) (t) = Kég) (t) + ok (t). Using our
calculations in (T6) we know that k(1) = &L(1+a?)"~1. Therefore,
L
o?k(1) = i(oﬂL)(l + o)t < i(oﬂL)(l + o)t = 2 (4L
C() - CO CO L2
-27+1

2o (e )T 2 e o ey
- C C '

0 L* 0
Consequently, ‘Géﬁ) (t) - Kéﬁ) (t)l < a?k(1) < O (L'~27). It therefore suffices to prove that
L =) _
KL (6) = S (8)] < 0 (12),

To avoid confusion, we denote by Kl(aﬁ’a) (t) the ResCGPK with a specific « (that may not necessar-
ily be L™7). Forall 2 <[ < L as aresult of Corollary we get that

kit e -x M o

g—1

1 —(1=1,L77 a2 2 —(1—=1,L77 —(1-1,L77
< TraZ ’Cl(Eq )(t) + el Z K1 (K:ng ) (sk+k/t)> - ’C]gq )(t)
kK =—a7t

q—1

| e —(1-1,L77) —(1-1,L77) a
- 1 + a2 q72 Zq71 " (’CEq (Sk+k,t)> a KEq (t) S 1 + a27

kk =—

— (- -
Where the last inequality follows because Ké; ML) € [21,1] and so s %1, This implies that

—(L,L77) —(L,L77) o?

Kl o - =) =[G e -kl o<

which completes the proof. O

<o(L),

E.2 PROOF OF THEOREM [6.2]IN THE MAIN TEXT

Our goal of this subsections is to prove the following:

Theorem E.1. Let K. 1(e£s)CGPK and K, g&},K respectively denote kernel matrices for the normalized

trace kernels ResCGPK and CGPK of depth L. Let B (K) be a double-constant matrix defined for
a matrix K as in Lemmal[6.1} Then,

(L (L (L (L
1. HKl(ees)CGPK_B (K(es)CGPK)H 7 OandHKéG)PK_B (Kécznk)H — 0.

1 L—oo 1 L—oo

2 (B (K one)) — ccand p (B (Kibhs)) — o

L—oo L—oo
3. 3Ly e Ns.t. YL > Lo, p (B (K,ng)CGPK)) <p (B (I?égﬁ,,())

Proof. We give here the main ideas and leave the dirty work to the lemmas.

By Lemmas and [E.2| both K" o and K5, tend towards By as L — oo. As such,
B (Klgi)CGPK P B4 1 and so we get (1).
’ —00
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For (2), observe that Ain (B(K b)) =1 — D) i K. .0

For (3), let Ly € N be the minimal such that the entries of B (K]geg)CGPK) and B <Kéé%,]()

are non negative and let L > Lo. By lemma we get that mzl £ K'((:G%,K >

(L)
n(nl—l) Zwﬁj KResCGPK'

Since p(By ) = 1 + nt; we get that p (B (Kégs)CGpK)> <p (B (f(éé%,]()) as desired. O
Lemma E.2. Suppose that o is a constant that does not depend on L, then for any t €

[~1,1)%, K () = Las L — oo.

Proof. Denote by " (t) the vector that is Kéﬁ) (sj—1t) in the j'th coordinate. Using Corollary
let E {K(L) (t)} denote the mean of the vector K (t), then by linearity we get:

1
1+ a2

0P 0] - — (B0 + S Y [ (K )] ).

where we let x; act point-wise on vectors. Since we can permute t without chaning the mean (i.e.,
for any j, E {K(L) (t)} =E {K(L) (sjt)}) we get:

2[00 0] = g ([ O] v [ (U W)]) o
B[ ()] + 1fa2 (B[m (£ ®)] -E[X" " ®)])
2B [E 0] ( (B0 0]) 2[RV 0))

where the last inequality is Jensen’s inequality (since 4 is convex (Daniely et al.,2016)). THerefore,
letap, =E {K(L) (t)} , we can rewrite (T8) as:
2

14+ a2
We therefore need to show that a;, — 1 as L — oco. Since ay, is monotonically increasing (k1 (u) >
u for all uw € [—1,1] (Daniely et al. 2016)) and bounded in [—1, 1] it suffices to show that for
all ¢ > 0O there exists some L € Ns.t.ar, > 1 — e. Suppose not, then let ¢ > 0s.t. for all L,
ar <1-— e As 4151 (1) = ko(u) and ko (u) € [0, 1] (Daniely et al., 2016) then h(u) := k1 (u) —u
satisfies == h(u) = ko(u)—1 < 0 with equality iff u = 1. Therefore, forany u € [—1,1—¢], h(u) >
h(1—¢€) > 0(The > 01is because k1 (u) > uforu € [—1,1—¢]). Since we assumed by contradiction
that for every L € N,ay, < 1 — €, we get that h(ar) > h(1 — €) and thus

ar > ar—1 + (k1 (ap—1) —ar_1)-

o2 o2 o2
>ar_ h(arp_1) > ar_ ——h(l—¢) > L Sh(l— .
ar, > aj, 1+1+a2 (CLL 1)_aL 1+1+042 ( 6) ap + 11 a2 ( G)L:)OOOO
However, since af, € [—1, 1] this leads to a contradiction. O

Lemma E.3. Let /() (t) = 1 2521 K10 ...0 Ky (tj), (an average of the entries of t after i compo-
—_———
L times

sitions of k1), where 11 (t) = = (V1 — 12 + (7 — arccos(t)) t). Let E(CLG)PK_T,(t) be the correspond-
ing CGPK-Tr without skip connections. Then

L T 1) > . —pO()
CGPK Tr( ) Tr = Z 1 + Oé2 L—I+1
where if t # 1 this quantity is strictly positive.
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Proof. Let k](is) (t) be the normalized CGPK-EqNet and k(™) (t) be the matrix that is kéﬁ) (s144t)

in the j index. Similarly define the matrix o (t) using El(iﬁ) (t). For convenience let ! (t) =

k() (t) = t. Note that E [k(L) (t)] = 7((3%)1>K_Tr(t) and E [K(L) (t)} = K(Tf)(t). By equation

we have that:

E [K(L) (t)} == +1a2 (]E [K(L‘” (t)} g [m (K(L‘” (t))D’

and similarly it can be readily verified that

E [k:@) (t)} —E {m (k@*l) (t))] .

(Note that the CGPK is naturally normalized so we can omit the bar.) We prove this by induction.
For L = 1 we have:

=[] -2[F0] - i (40 -).
Now assume for L — 1 € N, then

3 0] 2 [€0] =2 o (4070 0)] - (2 [€° 0] oo (147 ).

Since k, is increasing, using the induction hypothesis we know that —a’E {/@1 (K(Lfl) (t))} >
—a?E [k (k'£~Y (t))], and therefore

E [k@)(t)] ) [E(L) (t)] >

> E [ (KE7D (1)) - £ —i—la2 (B[R ®©)] + 0B [ (B0 1)])

~ 175 (B[ (0 )] -E[E TV 0)])

-k () 0] s )

Applying the induction hypothesis recursively provides the desired result. O

Lemma E.4 (Lemma in the main text). Let A € R"*"™ (n > 2) be a normalized ker-
nel matrix with 3, ,; A;; > 0. Let B(A) = B, with b = ﬁz#j Ajj and € =
sup; Zj;ﬁi ‘AU — B(A)ljl Then,

1. p(B(A)) < p(A).

2. If € < Amin(B(A)) then p(A) < 3225055

where Amax and Amin denote the maximal and minimal eigenvalues of B(A).

Proof. For (1), using|Marsli| (2015)[Theorem 4.4] we have

72(A)
p(A) > 1 (A)

where

n n

7(A) = min{% ZZA” ; %ZAM - ﬁ > Al

i=1 j=1 i=1 ]

72(A) = maX{% DY Ay, %ZAH - ﬁ > A}

i=1 j=1 i#j
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By the assumptions that the diagonal entries of A are 1 and that ), £ A;; > 0, we get that

N(A) =1— 0ty iz Aij = Amin(B(A)) and 72(A) = £ 370, Y0 Aij = Aax(B(A)).
Therefore,

72(A) - )\max(B(A))
p(A) > 71(A)  Amin(B(A))

For (2), by the Gershgorin circle theorem, since A — B(A) is a matrix with diagonal zero, every
eigenvalue A of A— B(A) must satisfy |A| < e. Since A and A— B(A) are symmetric, it holds that
Amax(A) < Amax(B(A)) + Amax(A — B(A)) and Apin(A) > Apin(B(A)) + Amin(A — B(A))
from which the lemma follows. O

— p(B(A)).

F INFINITE DEPTH DISCUSSION

Lemma states that for u € R?, letting t; = ty = ... = u, we obtain Kl(:é) (u) = K,(iﬁ)(t), and
letting k(X)) = @ég) - IC](E? we obtain @éé) (u) = [ (t), where the fully connected ResNTK and
ResGPK are defined in|Huang et al.| (2020).

One may ask why does @1(:? (u) = B (t) and not @é? (u) = @éﬁ) (t)? This is in fact a conse-
quence of Huang et al.|(2020) not training the last layer (denoted by v in their paper.) If they were to
train the parameters v, the term [E [< 0f(xi6) w >} would be added to their ResNTK expression.

ov
But this term is exactly equal to the ResGPK. Therefore, training the last layer adds the ResCGPK
to the ResNTK expression. This is indeed confirmed in (Tirer et al., [2022), who derived ResNTK
when the last layer is trained.

So if the last layer is trained, we would have @1(:? (u) = @](5{;) (t), and thus Theorem [6.1| would

imply that @Sé) (u) L::C u. Intuitively, this happens because the term u exists in the ResGPK, and

is the only term that is not multiplies by a. So if a decays quickly enough, u becomes the dominant
term.

Instead, by eliminating the ResGPK from the ResNTK expression, all the terms are multiplies by «.
So after normalizing, the two layer ResNTK becomes equivalent to the two layer FC-NTK (Belfer
et al., 2021)).

If we were to not train the last layer, we would have a similar result, where the resulting kernel would
correspond to a 2 layer CNTK. We give here a sketch proof (the details are analogous to|Belfer et al.
(2021))). Theorem [A.T|states that

g—1
2 2
() _ ( 1 ) a” ( (1) )
£ ()= ~ Sp), (8) + Z, Z;,l w(Kp' (1)
For3<I<L,
qg—1
2 2
@) _ y(-1) a” ( (I-1) )
=0 () =30 (t) + 2 o Kp (1)
b=mi3t
So for v = L™ we have that for all [ > 3,
a—1
O] _ (-1 2 (I-1) 2
‘Zj,jl(t) Ej,j/ (t)’ za Z ) tr (KD]+k.j +k (t)) s ab
k=_4=1

So ‘2‘,”,,@) —x®) (t)‘ <L.a?=L'"2,
757 757

)

In turn we also have ‘Kj(_lj)_, (t) — KJ(_zj), (t)’ = L'=?7 and ‘K](IJ), (t)— K% (t)’ = L1727,

Furthermore, by Theorem 4.2 we have:
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q—1
2 2
1+1 l o I+1 I+1
P - PO < | | | PR ) | 0 K5 (o)
_a—1
1 = o
<o?|5 3PS () goﬂ‘Pfl“) (1) (1+ a2t
q oyt
Now because it holds that:
1 1 2y 7 1—2v 1—2~
042(]."‘062) (1+ﬁ) (1+ LQ’Y)L L S GL s

Since Pj(L) (t) = 1,=; we analogously get |1;—; — Pj(2) (t)‘ < L2 LT o),

Now recall that

L d
KD = 23S RO ) (i (K8, 0058 0+ K8 )

q =1 p=1

Denote by k(&1 (t)
where by (T6) we know that k(2) (1) = azc%L(l +a?)t1

Normalizing the kernel implies

=), kP ey 1 ) @) @)
k (t) - k(L)(i*) ~k (t) ~ atr (KD1 1 ( )® ED1,1 (t) + K’D1,1 (t)> )

where C'is some normalizing constant (Note that after normalizing, k(%) (t) becomes negligible.)
For such «, iﬁ?/ (t) o 1tr (Sp,,(t)). As such, after normalizing, in the infinite depth limit, the
, N :
1,1

expression tr (Kgl), (t) ® 2(2) L (8) + Kg ) (t)) becomes the two layer CGPK (aka one hidden

R . g-1
layer, denoted by L = 1) with inputs t where ¢; = % > ki a1 Litk-
- T2

G EIGENVALUE DECAY EXPERIMENT

We use (Geifman et al.| [2022)[Lemma A.6] to numerically compute the eigenvalues. Namely, for
each frequency in Figure[I|we compute the Gegenbaur polynomials and the kernel, and numerically
integrate. Note that as this integration requires evaluating the kernel many times, we are limited to
d = 4 and L = 3. To prevent the receptive field from being much larger than d, and in order to
better match the CGPK expression from (Geifman et al.| 2022)), we slightly modify the ResCGPK
to include one convolution in every layer instead of two, where the layer ends after the ReLU. Thus
the kernel computed is withd = 4,¢ = 2, = 1 is:

ko(t) = ——=(Bti + r1(ti))

118

1 1
ki(t) = 118 <5t + K1 (2(ti +ti+1)>> ,
where 5 = 0 is the CGPK from (Geifman et al.,[2022) and 8 = 1 is the modified ResCGPK.
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