Bisimulation Metrics are Optimal Transport Distances,
and Can be Computed Efficiently

Sergio Calo Anders Jonsson Gergely Neu Ludovic Schwartz Javier Segovia-Aguas
Universitat Pompeu Fabra, Barcelona, Spain
{sergio.calo,anders. jonsson,gergely.neu,ludovic.schwartz, javier.segovia}@upf.edu

Abstract

We propose a new framework for formulating optimal transport distances between
Markov chains. Previously known formulations studied couplings between the
entire joint distribution induced by the chains, and derived solutions via a reduction
to dynamic programming (DP) in an appropriately defined Markov decision process.
This formulation has, however, not led to particularly efficient algorithms so far,
since computing the associated DP operators requires fully solving a static optimal
transport problem, and these operators need to be applied numerous times during
the overall optimization process. In this work, we develop an alternative perspective
by considering couplings between a “flattened” version of the joint distributions
that we call discounted occupancy couplings, and show that calculating optimal
transport distances in the full space of joint distributions can be equivalently
formulated as solving a linear program (LP) in this reduced space. This LP
formulation allows us to port several algorithmic ideas from other areas of optimal
transport theory. In particular, our formulation makes it possible to introduce an
appropriate notion of entropy regularization into the optimization problem, which
in turn enables us to directly calculate optimal transport distances via a Sinkhorn-
like method we call Sinkhorn Value Iteration (SVI). We show both theoretically and
empirically that this method converges quickly to an optimal coupling, essentially
at the same computational cost of running vanilla Sinkhorn in each pair of states.
Along the way, we point out that our optimal transport distance exactly matches
the common notion of bisimulation metrics between Markov chains, and thus our
results also apply to computing such metrics, and in fact our algorithm turns out to
be significantly more efficient than the best known methods developed so far for
this purpose.

1 Introduction

Measuring distances between structured objects and sequences is an important problem in a variety
of areas of science. The more structured the objects become, the harder it gets to define appropriate
notions of distances, as good notions of proximity need to take into account the possibly complex
relationships between the constituent parts of each object. The possibility that the objects in question
may be random further complicates the picture, and in such cases it becomes more natural to measure
distances between the underlying joint probability distributions. Within the specific context of
comparing stochastic processes, two natural notions of distance have emerged over the past decades:
the notion of probabilistic bisimulation metrics that takes its root in modal logic and theoretical
computer science [Sangiorgi, [2009} |Abatel |2013]], and the notion of optimal-transport distances that
originates from probability theory [[Villani, 2009} |Peyré and Cuturi, [2019]. In this paper, we show
that bisimulation metrics are in fact optimal-transport distances, and we make use of this observation
to derive efficient algorithms for computing distances between stochastic processes.
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The two distance notions have found strikingly different applications. Bisimulation emerged within the
area of theoretical computer science as one of the most important important concepts in concurrency
theory and formal verification of computer systems [Parkl (1981} [Milner, 1989], and has been extended
to probabilistic transition systems by Larsen and Skou|[[1989]]. Within machine learning, bisimulation
metrics have become especially popular in the context of reinforcement learning (RL) due to the work
of [Ferns et al.|[2004], and have become one of the few standard tools of representation learning [Jiang
2018, 2024]. In particular, the work of |[Ferns et al.|[2004] advocates for using bisimilarity as a basis
for state aggregation, measuring similarities of states in terms of similarities of two chains My and
My, that only differ in their initial state. While this approach has inspired numerous follow-up works
[Gelada et al., 2019, |Castro, [2020| |Agarwal et al., 2021bl Zhang et al., 2021} Hansen-Estruch et al.,
2022, |Castro et al., 2022]], ultimately this line of work has failed to discover efficient algorithms for
computing bisimulation metrics and has largely resorted to heuristics for computing similarity metrics.

On the other hand, optimal transport (OT) has found numerous applications in areas as diverse as
economics [Galichonl [2016]], signal processing [Kolouri et al.l 2017]], or genomics [Schiebinger
et al., 2019]. Within machine learning, it has been used for the similarly diverse areas of domain
adaptation [Courty et al.,[2016]], generative modeling [Arjovsky et al., 2017, Song et al., 2020} Shi
et al., [2024], representation learning [Courty et al.,[2018]], and, perhaps most relevant to our work, as
a way of measuring distances between graphs [Titouan et al., 2019} |Chen et al., 2022} |(Chuang and
Jegelkal [2022]]. The recent works of Y1 et al.|[2021]], Brugere et al.|[2024] propose to define graph
distances via studying the behavior of random walks defined on the graph, thus reducing the problem
of comparing graphs to comparing stochastic processes—exactly the subject of the present paper.
Other applications of OT between stochastic processes include generative modeling for sequential
data [Xu et al.| 2020], pricing and hedging in mathematical finance [Backhoff-Veraguas et al.,[2017],
and analyzing multistage stochastic optimization problems [Pflugl 2010, Bartl and Wiesel, [2022].
It appears however that the literature on optimal transport for stochastic processes has apparently
not yet discovered connections with bisimulation metrics and the rich intellectual history behind it.
Also, applications of optimal transport for representation learning within the context of reinforcement
learning appear to be nonexistent.

In this paper we observe that, despite their apparent differences, bisimulation metrics and optimal
transport distances are one and the same. Furthermore, we provide a new perspective on both OT
distances and bisimulation metrics by formulating the distance metric as the solution of a linear
program (LP) in the space of “occupancy couplings”, a finite-dimensional projection of the infinite-
dimensional process laws. Building on tools from computational optimal transport [Peyré and Cuturil
2019] and entropy-regularized Markov decision processes [Neu et al.,[2017||Geist et al.,2019], we
design an algorithm that effectively combines Sinkhorn’s algorithm [Sinkhorn and Knoppl (1967,
Cuturi, 2013]] with an entropy-regularized version of the classic Value Iteration algorithm [Bellman,
1957, Neu et al.l [2017]]. Building on recent work on computational optimal transport [Altschuler|
et al.l 2017, Ballu and Berthet, |2023]], we provide theoretical guarantees for the resulting algorithm
(called Sinkhorn Value Iteration) and perform numerical studies that demonstrate its effectiveness for
computing distances between Markov chains.

Notations. For a finite set S, we use Ag to denote the set of all probability distributions over
S. We will denote infinite sequences by T = (g, z1, .. . ) and the corresponding subsequences as
T, = (x0,%1,...,%,). For two sets X and ), we will often write X'} to abbreviate the direct-
product notation X x )/, and for two indices = and y and a function f : XY — Z, we will often
write f(xy) instead of f(z,y) to save space. Also, we will denote scalar products by (-, -) and use
| ||, as the £,-norm.

2 Preliminaries

We study the problem of measuring distances between pairs of finite Markov chains. Specifically, we
consider two stationary Markov processes My = (X, Py, v x) and My = (Y, Py, 1y,y), where
* X and ) are the finite state spaces with cardinalities m = |X| and n = |Y|,
e Py: X — Ay and Py : Y — Ay are the transition kernels that determine the evolution of the
states as Py (2'|x) =P [Xy11=12'| Xy =2] and Py (y'|y) = P[Yi41 =v'| Yz =y] for all ¢, and
* vg,x and v y are the initial-state distributions with X ~ vy x and Yy ~ vp 5.




Without significant loss of generality, we will suppose that the initial states are fixed almost surely
as Xo = xo and Yy = yp, and refer to their corresponding joint distribution as vy = 05, ,,,- These
objects together define a sequence of joint distributions P [(Xg, X1,...,X,) = (zo, 21,...,Zn)]
and P[(Yo,Y1,...,Ys) = (yo,¥1,--.,¥n)| for each n, which together define respective the laws
of the infinite sequences X = (X1, X»,...)and Y = (Y7,Y>,...) via Kolmogorov’s extension
theorem. With a slight abuse of notation, we will use My and My to denote the corresponding
measures that satisfy Mx(z,) = P[X, =Z,] and My(y,) = P[Y, =7,] forany T € X,
7 € Y™ and n. The corresponding conditional distributions are denoted as My (z,|Tp—1) =
P [Xn = xp|Xp-1 = fnfl] and My (yYn|¥,,—1) =P [Yn = Yn|Yn-1= ?n—l]

2.1 Optimal transport between Markov chains

Our main object of interest in this work is a notion of optimal transport distance between infinite-
horizon Markov chains. Several previous works have studied such distances (which are discussed
in detail in Appendix [A), and our precise definition we give below is closest to [Moulos| [2021]],
O’Connor et al.[[2022] and Brugere et al.| [2024]. We consider Markov chains on state spaces where
a “ground metric” (or “ground cost”) ¢ : X x ) — R is available to measure distances between any
two individual states z € X and y € ), with the distance denoted as ¢(x, y). For any two sequences
T = (x1,%2,...)and g = (y1,y2,- .. ), we define the discounted total cost

= A'elwmr), e))
t=0

where v € (0, 1) is the discount factor that expresses the preference that two sequences be considered
further apart if they exhibit differences at earlier times in terms of the ground cost c. Following the
optimal-transport literature, we will consider distances between the stochastic processes My and My,
via the notion of couplings. To this end, we define a coupling of M and My as a stochastic process
evolving on the joint space X', with its law defined for all n as My (Z,,7,,) = P r n=2=Tn, Y=

yn} , required to satisfy Zﬂne)i" Myy(ZTny,,) = Mx(T,) and Z%exn Mxy(Zny,,) = My(7,,)
We will define the set of all such couplings as II.

The notion of couplings defined above does not respect the temporal structure of the Markov chains
M and My, appropriately: while by definition the distribution of state X,, may only be causally
influenced by past states X, with & < n, the general notion of coupling above allows the state X, to
be influenced by future states Yj, with & > n as well. To rule out this possibility (and following past
works mentioned in the introduction), we will introduce the notion of bicausal couplings. A coupling
My is called bicausal if and only if it satisfies

D May(@nynl@a1T-1) = Mx(@a|Tp1) and Y May(@nyn[To17n-1) = My (Yn[F,_1)
Yn Tn

for all sequences z,y € X x Y and all n. Denoting the set of all bicausal couplings by Il., we
define our optimal transport distance as

Wo(Mx, My;c,xo,y0) =  inf /CW(Y,?) dMxy(X,Y), 2)

Mxy €y
where we emphasize the dependence of the distance on g, yo explicitly with our notation.

By noticing that the optimization problem outlined above can be reformulated as a Markov decision
process (MDP), |Moulos| [[2021]] has shown that the infimum in is achieved within the family of
Markovian couplings that satisfy

Z May(@nYn|Tn-1Yp_1) = Px(an|rn-1) and Z My (2nyn|Tn-1Tn-1) = Py(Ynlyn-1)

Yn Tn

for all sequences of state pairs and all values of n. Furthermore, it can be seen that Markovian
couplings are fully specified in terms of transition couplings of the form 7 : XY — Axy, with
m(a'y'|zy) standing for P [ (X411, Yig1) = (2, ¢')| (Xt, Y:) = (24, y¢)] under the law induced by
the coupling. We say that a transition coupling is valid if it satisfies the marginal constraints
>y (@'Y |zy) = Px(2|x) and 3, w(2"y'[zy) = Py (y'|y). Deﬁning the set of such valid tran-

sition couplings in state pair zy by I, = {p € Axy : Yoy p(EY) = Px(a'|z), >, p(a'y') =



Py (y'|y) }.Moulos [2021] introduces an MDP M with an infinite action set corresponding to picking

the joint next-state couplings in II;,. An optimal transition coupling can be found by solving the
following Bellman optimality equations of the MDP M:

V* — . f /.7 V* 1,7 . 3

(zy) = c(ey) + inf %p(ﬂc yIV*('y) 3)

The infimum on the right-hand side is achieved by an optimal transition coupling 7*(-|zy) =

arg mincyy Zz/y, p(z'y)V*(2'y"). The solution V* is unique and can be shown to satisfy

V¥ (zy) = W, (Mxy, My;c,z,y) for all zy € XY. For completeness, we include the precise
definition of the MDP M and the proofs of these results in Appendix [B]

2.2 Bisimulation metrics

The notion of bisimulation metrics has been introduced by [Desharnais et al.| [[1999, 2004]] and
van Breugel and Worrell| [2001]], with the purpose of defining distances between Markov chains,
using a methodology rooted in modal logic that at first may appear entirely different from the
optimal-transport framework described above. We only give a very high-level overview of the classic
logic-based characterization here (as the fine details are irrelevant to the final conclusion that this
section is headed to), and refer the reader to the additional discussion in Appendix [A] for further
reading. Desharnais et al.|[[1999, [2004] considered labeled Markov chains where a labeling function
r: X U)Y — R assigns labels to each state, and defined bisimulation metrics via

dy(Mx, My;7,20,y0) = sup |fa (o) — fary (Y0)l s “)
FeF,
where F is a family of functional expressions generated by a certain grammar, and fys, : X = R
and far,, 1 V — R are the respective “interpretations” of each f € F on the Markov chains My and
My Building on this formulation, [van Breugel and Worrell| [2001]] have shown that the distance
metric can be equivalently characterized by the solution of a fixed-point equation, whose expression
was subsequently used by [Ferns et al.|[2004]] to define bisimulation metrics for Markov decision
processes where 7 takes the role of a reward function, and the evolution of states may be influenced
by actions. The case of having no actions available corresponds to our setting, where their definition
of a bisimulation metric simplifies to the solution of the fixed-point equation

U(ay) = A =lr@@) —r(y)l +7 wf > p(a'y)U(2y). Q)

v

The solution to this system is unique and satisfies U*(xy) = d,(Mx, My;r,x,y). Putting this
result side-by-side with Equation (3, one can immediately realize that bisimulation metrics and
our notion of optimal transport distances coincide when picking the ground cost function c(xy) =
(1 = ~)|r(z) — r(y)|- To our knowledge, this remarkable observation has not been publicly made
anywhere in either the optimal-transport or the bisimulation-metric literature. This connection has
several important implications, which we have already discussed at some length in Section[I] We
relegate further discussion of these metrics in the light of this observation to Appendix [A]

3 Optimal transport between Markov chains as a linear program

Optimal transport problems can typically be formulated as linear programs (LPs), since couplings
can be characterized as joint distributions satisfying a set of easily-expressed linear constraints (see,
e.g., Chapter 3 in |Peyré and Cuturi/2019). Our problem is no exception, and in fact the original
problem statement of Equation [2| can be expressed in this form: the constraints defining Il are
all linear in M xy. However, Mxy is an infinite-dimensional object and thus this formulation is
not instructive for developing computationally tractable algorithms. We address this problem in
this section, where we define an equivalent LP formulation that replaces the infinite-dimensional
optimization variable with an appropriate low-dimensional projection. Our framework builds on
the classic LP formulation of optimal control in MDPs first proposed in the 1960’s [Manne}, |1960,
de Ghellinckl [1960} [d’Epenoux, |1963| |Denardo, |1970]], and covered thoroughly in several standard
textbooks (e.g., Section 6.9 of |Puterman|1994).

In order to set things up, we need to start with some important definitions. We say that a transition
coupling 7 : XY — Ayy generates a trajectory (Xo, Yy, X1, Y7,...) if (Xo,Yp) ~ vy and the



subsequent state-pairs are drawn independently from the transition coupling as (X;y1, Yit1) ~
(| X¢, Yy) for all t. Then, we define the occupancy coupling ;™ associated with this process as a
distribution over XY x X'}, with each of its entries xy, 'y’ defined as

p"(zy,2'y’) = (1 —7)Er
t=0

where E [] emphasizes that the trajectory of state-pairs has been generated by 7. In words,
u™ (zy, x'y’) is the discounted number of times that the quadruple (zy, z'y’) is visited by the process.
With this definition, it is easy to notice that the objective optimized in Equation (2)) can be rewritten
as a linear function of ™. Indeed, suppose that My is the law of the process generated by 7 as
described above, so that we can write

o0
ZVtﬂﬂxt,m—(w,y)xxm,ml)—(wxy')}] :

/ o, (X,Y) dMy (X,Y) = _E,

Z’Y (X, Y7)

t=0

Z’Y ZH{ Xo,Yi)= zy)}c(xy)‘|

t=0 Ty

1 x !
thﬂ{(xt,m_(z,y)}] cley) = 17— > w(wy 2y )e(wy) = <

t=0 zy,z'y’

(6)
We say that an occupancy coupling y is valid if it is generated by a valid transition coupling. It is easy
to verify that every valid occupancy coupling pt € Axyx xy satisfies the following three constraints:

> ey, 'y 72# 2y wy) + (1= Nwo(ry)  (Vay € XY), )

aj,yl

Zu(wygy y') = Z w(xy, z"y") Py (2'|z) (Vz,z' € X x X), 8)
! x//7y//

> ulwyay') = Y wlay 2"y )Py ly)  (Yy.y €Y x V). ©)

x/ I”gy”

We refer to the first equality constraint as the flow constraint and the second and third ones as the
transition coherence constraints for My and My, respectivelyﬂ We show in the following lemma
that the above conditions uniquely characterize the set of valid occupancy couplings.

Lemma 1. A distribution u € Axyxxy is a valid occupancy coupling associated with some
transition coupling 7w : XY — Axy if and only if it satisfies Equations {I)—(©).

One important consequence of this result is that for each transition coupling, one can associate a
transition coupling 7, with p™ = p, with entries satisfying .., » p(zy, 2"y" )7, (2'y'|vy) =
w(zy, z'y"). A proof is provided in Appendix Having established in the previous section that
stationary occupancy couplings are sufficient to achieve the supremum in the definition of the OT
distance of Equation (2)), this result immediately implies the following.

Theorem 1. Let B, Sx and Sy respectively stand for the sets of all distributions ;1 € Axyx xy that
satisfy equations (@), @), and ©). Then,
1

W (M, My; ¢, zo,y0) = T~ .[LEBF%EEQS:V {1, ).

Since the constraints on p in the above reformulation are all linear, the optimization problem
stated above is obviously a linear program. Notably, the resulting LP is not the standard dual to
the LP associated with the MDP formulation introduced in Section [2.1} which would result in an
infinite-dimensional LP with one constraint associated with each of the continuously-valued actions.
Such an infinite-dimensional reformulation was previously considered by |Chen et al.| [2012] in the
context of computing bisimulation metrics, who used it as a tool for analysis rather than algorithm
design. Notably, our formulation results in a finite-dimensional LP with |X|* || variables and
|X12 4 |X| || + |Y|? constraints. Building on the celebrated result of [Ye| [2011] (and similarly to
the work of |Chen et al., 2012 mentioned above), one can show that our LP can be solved in strongly
polynomial time via an appropriate adaptation of the simplex method or the classic policy iteration
method of Howard, [[1960]]. We propose an alternative methodology in the next section.

'When = 1, the first condition is known as detailed balance within statistical physics. Altogether, the
constraints closely resemble what are often called the “Bellman flow constraints” in today’s RL literature.



4 Sinkhorn Value Iteration

Solving optimal-transport problems via standard LP solvers (like variations of the simplex method or
interior-point methods) is known to be empirically hard, and thus we seek alternatives to this approach
towards optimizing our own LP defined in the previous section. In computational optimal transport, a
paradigm shift was initiated by |Cuturi [2013]] who successfully applied entropic regularization to
the classic LP objective of optimal transport, and solved the resulting optimization method through
an iterative algorithm called the Sinkhorn—Knopp method (sometimes simply called Sinkhorn’s
algorithm, due to|Sinkhorn and Knoppl [1967). This method is based on finding a feasible point in
a two-constraint problem by alternately satisfying one and the other, and has resulted in practical
algorithms that were orders of magnitude faster than all previously studied methods. Entropy regular-
ization and Sinkhorn’s algorithm have thus became the most important cornerstones of computational
optimal transport. Drawing on the same principles as well as the theory of entropy-regularized
Markov decision processes [Neu et al.| 2017} |Geist et al.l |2019], we develop a computationally
effective algorithm for computing optimal transport distances between Markov chains below.

4.1 Formal definition: Mirror Sinkhorn on the space of occupancy couplings

Our method is an adaptation of a version of Sinkhorn’s algorithm called Mirror Sinkhorn, first
proposed and analyzed by [Ballu and Berthet [2023]]. This method combines mirror-descent-style
updates [Nemirovski and Yudin| [1983| [Beck and Teboulle, 2003]] with alternating projections to
two convex sets whose intersection corresponds to the feasible set we seek to optimize over. In our
adaptation, we choose the two sets as

Zu vy a'y') = | v Y @y wy) + (1= yw(ay) | Pr(a|z)  (Yay,a') o,

I”y”

that can be seen to be the set of distributions p that satisfy both Equations (7) and (8)), and

Zu (wy,2'y') = (v D w@"y" wy) + (1= Nwo(y) | Py(y'ly) (Voy,y)

’t”y”

which is the set of distributions y that satisfy both Equations (7) and (9). Naturally, the intersection
of the two sets corresponds to valid occupancy couplings. It remains to define an appropriate notion
of entropy for the purpose of regularization. Following Neu et al.|[2017]], we will use the conditional
relative entropy defined between two joint distributions p, i’ € Axyxy as

1,11

1wy, 'y )] Dy i@y, "y
Wy, x'y") ) D W (@Y, 2"y")

Hplle)= > plzya'y')log
zy,x'y’
1,0
= > (g, 2"y log TV ).

zy,z'y’ ﬂ-ﬂ/ (xlyllxy)

It is an easy exercise to show that 7 is a Bregman divergence that is convex in its first argument (see,
e.g., Appendix A.1 of Neu et al., 2017). Note however that H (u||u') can be zero even if u # p' and
thus it is not strongly convex in p.

With these ingredients, we symbolically define our algorithm as calculating the sequence of updates

. 1
= argmin{ .0+ L2 ) | (10)
HEBy n
foreach k = 1,..., K — 1, where p; is the occupancy coupling associated to the trivial coupling

m1(-|zy) = Px(-|x) ® Py(-|y) for each state pair zy € XY, n > 0 is a stepsize (or learning-rate)
parameter and By, is chosen to be By in odd rounds and By in even rounds. By adapting tools from
the theory of entropy-regularized Markov decision processes, the updates can be computed in closed
form by solving a system of equations closely resembling the regularized Bellman equations. In
particular, we define the Bellman—Sinkhorn operators for a given transition coupling 7 as the operators



TE : RYYXY 5 RYVXY and T -
Vy € RYYXY respectively as

RYY*Y — RYYXV acting on functions Vy € RYY*Y and

(TEVae) (o) = —210g 3 SV oo (o (eoy) 44 Pela e Vala'y/ 2”)
V) oy} = =108 ) T =)
and
X
(T3 Vy) (zy,y) 10 > Py‘:'yy exp | —n | c(zy) + 7Y Py |y )Wy, y")
I/ y//

Then, for odd rounds, the updates can be calculated by solving the fixed- point equations Vie =T+ Vi,
defining the shorthand Q. (zy, 2'y’) = c(xy) + v ./ Px (2" |2")Vi(2'y’, 2"), and subsequently
updating the transition coupling 7 multiplicatively as

Tk (2'y'|xy) exp (=nQk(zy, z'y")) (

z'|x).
S el ly) exp (—nQu(ay, o) <)

(1)

T (2'y'|2y) =
Itis easy to verify that this transition coupling satisfies >, mi+1(2"y’|zy) = P(2'|z). The updates
for even rounds are computed analogously with the roles of X and ) swapped. We respectively refer
to the fixed-point equations Vi, = T¢*Vj, and Vi, = 7'3;”“ Vi as the Bellman—Sinkhorn equations for
M and My, and the functions V4, and @, as value functions. The following proposition (proved in
Appendix [E.T) formally establishes the equivalence between the two update rules.

Proposition 1. Let iy, 1 and 7,41 be specified for each k as in Equations (I0) and (T1)), respectively.
Then, i1 = p™*+1 holds for all k.

4.2 Practical implementation

The algorithm described above can be seen as
performing online Mirror Sinkhorn updates in
each state pair zy with a sequence of cost func-

Algorithm 1: Sinkhorn Value Iteration
Input: Px, Py,c,n,v, K, m

tions @)y, which are computed via solving the

Initialise: 7 < Py ® Py;

Bellman—Sinkhorn equations. Since 77 and forfﬂ =1.,K—1do

Ty¥ are easily seen to be contractive with re- if v is odd thenk m o
spect to the supremum norm with contraction | Va < (T3*)" Va: {Bx projection.}
factor v (as shown by a standard calculation in- else ” o
cluded in Appendix [E.3), these equations can ‘ Vy « (Tfk) Vy; {By projection. }
be solved by an adaptation of the classic Value end

Iteration method of Bellman| [[1957]]. Concretely, Tr41 < update(my); {Equation E]}
we repeatedly apply the Bellman—Sinkhorn op- end

erators until the fixed point is reached up to — % Zle(;ﬂk);

sufficient precision (controlled by thc; number of 7 -« round (7, );

update steps m). We call the resulting method /7o + evaluate (7oy);

Sinkhorn Value Iteration (SVI), and provide its  Qutput: 7oy, V7o {Final coupling}

pseudocode as Algorithm [I]

Notably, while SVI is defined in its abstract form as a sequence of updates in the space of occupancy
couplings py, its implementation only works with transition couplings 7. The final output of

SVI is a transition coupling .y, obtained by computing the average i, = % Zle w™F of all
occupancy couplings, computing 7z, and then rounding the result to a valid transition coupling.
In particular we apply a simple rounding procedure due to|Altschuler et al [2017]] individually on
7, (-|zy) for each state- palr xy—rfor the full details, see Appendix Besides 7oy, SVI also
outputs an estimate of V* in the form of the value function V™, as de ned in Equation (12) in
Appendix [B.T] This function can be computed efficiently by solving the linear system of Bellman

equations V™ (zy) = c(xy) + 7 341, Tou(z'y' |zy) Vo (2'y).

A number of small simplifying steps can be made to make the algorithm easier to implement. First,
instead of obtaining 7, via the computationally expensive procedure described above, one can
simply run the rounding procedure on the final transition coupling 7 and output the result. Second,



while theoretical analysis suggests setting m = oo in order to make sure that all projection steps
are perfect, such exact computation may be unnecessary and inefficient in practice, and thus (much)
smaller values can be used instead. Third, for small values of 7 the softmax function used in the
definition of the Bellman—Sinkhorn operator can be accurately approximated by an average with
respect to 7, (2'y’|zy) / Px (2'|2), which suggests a simple alternative to the projection steps. This
approximates SVI similarly as to how the Mirror Descent Modified Policy Iteration method of |Geist
et al.[[2019] approximates the mirror descent method of |[Neu et al.|[2017] (see also|Azar et al., 2012).
The resulting method (that we refer to as Sinkhorn Policy Iteration, or SPI) is presented in detail
along with its theoretical analysis in Appendix [D] We study effects of these implementation choices
via a sequence of experiments in Section 3]

4.3 Convergence guarantees

The following theorem establishes a guarantee on the number of iterations necessary for V™ (zy) be
an e-accurate approximation of the transport cost W, (Mx, My; ¢, x,y) for any z, y.

Theorem 2. Suppose that Sinkhorn Value Iteration is run for K steps with regularization pa-

[(1—~)3 P . . .
rameter 1 = 4Hclll (1= llgg ‘X‘ly‘, and initialized with the uniform coupling defined for each

xy, 2’y as m (2'y|zy) = ﬁ Then, for any xoyo € XY, the output satisfies V™ (zoyo) <

W (Mx, Myj;c, xo,yo) + € if the number of iterations is at least

2
o 324 cl% log 1)1V
ST e

The proof is relegated to Section [C| and we present a similar performance guarantee for SPI in
Appendix [D] Importantly, these guarantees technically only hold when setting m = oo, which is a
limitation we discuss in more detail in Section[6] The condition that 7r; is chosen as the uniform
coupling is not necessary and simply made to make the statement easier to state. A more detailed
statement of the bound is provided in Appendix [C.4]

S Experiments

We have conducted a range of experiments on some simple environments with the purpose of
illustrating the numerical properties of our algorithms and some aspects of the distance metrics we
studied. Due to space restrictions, we only report a small subsample of the results below, and refer
the reader to Appendix [F for the complete suite.

One set of experiments we report here addresses the biggest open question left behind our theory:
the effect of the choice of m on the quality of the updates. For this experiment, we use the classic
“4-rooms” environment first studied by [Sutton et al| [1999], and run both SVI (Algorithm[I)) and SPI
(Algorithm[2)) for a range of different choices of m, and a fixed v = 0.95. The results of this study
are shown in Figure[I] The plots indicate that the estimates produced by both algorithms converge
towards the true distance at a rate that is basically unaffected by m, and in particular even a value
of m = 1 remains competitive. This observation is consistent across all of our experiments. Also,
the output of SPI appears to converge slightly more slowly towards the optimum in this experiment,
but this observation is not entirely consistent and can be likely ascribed to the fact that the learning
rate was not optimized to favor either algorithm in this experiment. In most experiments, the two
algorithms performed very similarly, up to some small occasional differences.

We have also conducted a experiments to illustrate the potential of optimal-transport distances for
comparing Markov chains of different sizes and transition functions. In the experiment we show
here, we compare two Markov chains illustrated in Figure[2] The first Markov chain My is a simple,
nine-state “gridworld” environment, which has its initial state in the upper left corner (denoted as sg)
and a reward of +1 in the lower left corner (shown in blue). The second, My, is an instance of the
4-rooms environment, where each room is a rotation of the aforementioned small grid. The transition
kernels in both environments are uniform distributions over the adjacent cells in the four principal
directions. The plot shows the distances between the two chains as a function of the initial state of
My, revealing an intuitive pattern of similarities that captures the symmetries of My,.
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Figure 1: Estimated transport cost as a function k, for various choices of m and n = 1.
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Figure 2: Visual representation of the distances computed between the chains My and My,.

6 Discussion
We discuss some further aspects of our framework and results below.

Representation learning for reinforcement learning. Among the numerous applications listed in
Section [T]and Appendix [A] the most interesting for us is using our metrics for representation learning
in RL. As mentioned earlier, bisimulation metrics have been extensively used for this purpose in the
past. In particular, almost all such work uses bisimulation metrics to compare states within the same
MDP and use the resulting similarity metrics for merging states that are at low distance (an approach
called “state aggregation”). As our results highlight, this is a rather narrow view of what bisimulation
metrics are capable of: they can define similarity metrics between processes that live on potentially
different state spaces, which in particular can be used to select representations by minimizing the
distance between a high-dimensional process and a set of low-dimensional representations. Curiously,
our LP formulation may allow differentiating the distances with respect to the transition kernels, which
we believe will be an important property for future developments in representation learning for RL.

Limitations of the theory. In their current form, our theoretical guarantees in Theorems 2] and [6]
only apply to perfect projection and evaluation steps, corresponding to setting m = co. We conjecture
that this limitation can be addressed with a more careful analysis, and results similar to those of
Theorems [2] and [] can be shown, potentially at the price of a worse dependence on the effective

horizon 1/(1 — ~) [Scherrer et al.l 2012,[2015]l, by making use of the techniques of [2019]

and Moulin and Neu| [2023|] for analyzing regularized dynamic-programming algorithms.

From dynamic programming to learning from data. This paper focuses on computing distances
between known Markov processes via dynamic-programming-style methods. In the most interesting
applications however, the transition kernels are unknown, which requires the development of new
tools. We are confident that our framework can serve as a solid basis for such developments, and in
particular that one can port many ideas from the field of reinforcement learning that is essentially all
about turning dynamic-programming methods into algorithms that can learn from interaction data.
Additionally, we believe that our LP formulation in Section [3|makes it much easier to import further
ideas from computational optimal transport, and in particular that stochastic optimization methods
like those of |Genevay et al.| [2016]] can be adapted to solving our linear programs.
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A Extended discussion of related work

In this appendix we include a discussion of related work that could not be accommodated in the main
text due to space limitations.

A.1 Bisimulation

The concept of bisimulation originated independently in modal logic [van Benthem) [1983]], computer
science [Park, [1981] [Milner, |1989] and set theory [Forti and Honselll {1983} |Aczell |1988]], with firm
roots in fixed-point theory. Bisimulation was originally devised as a tool for determining whether
or not two processes are behaviorally equivalent in the sense that no test can distinguish between
the labels they generate. Being a much less demanding notion of equivalence than isomorphism
(which is generally NP-hard to verify), the notion of bisimulation has had significant impact in
concurrency theory and formal verification of computer systems, and has become a standard tool for
model checking. We refer the reader to the very enjoyable paper of |Sangiorgi|[2009] for a detailed
history of bisimulation and related concepts.

Larsen and Skoul[[1989] developed a theory of probabilistic bisimulation between stochastic processes.
Their approach is based on comparing interpretations of logical formulas on stochastic processes,
roughly saying that two processes are probabilistically bisimilar if all formulas acting on the sequence
of labels encountered along the corresponding random trajectories follow the same probability
distribution. Their definition can be most simply presented when the two processes live on the same
state space and follow the same transition kernel, but are initialized at two different states. In this
setup, bisimulation reduces to a relation between individual states, which can be described formally
as follows. Given a stationary Markov process My = (X, Py, 19, x) as defined in Sectionand a
label function £ : X — R, a probabilistic bisimulation R is a relation on X x X that satisfies the
following property: two states  and a’ are bisimilar (denoted x Ra’) if and only if £(z) = L(2)
and for each subset C in the partition X' \ R induced by R, it holds that

Z Py(2"|2) = Z Py (2"|2").

z’eC xzeC

Jonsson and Larsen| [[1991]] define another similarity notion called “satisfaction relation” based on
couplings, and prove that probabilistic bisimilarity and satisfaction are equivalent notions of similarity.
These works show that bisimulation is indeed an equivalence relation, and that when two processes
are initialized from two states within the same equivalence class (i.e., they are bisimilar), then they
will not only transition to bisimilar states in the next step but will in fact continue to evolve in a way
that is indistinguishable based on the labels (in the sense that they will produce the same distribution
over sequences of labes).

Giacalone et al.|[1990], Desharnais et al.|[1999, 2004] and jvan Breugel and Worrell|[2001] relax the
restrictive notion of exact probabilistic bisimulation and introduce real-valued pseudometrics that
measure the degree of bisimilarity between two states. These notions rely on real-valued labeling
functions. |Giacalone et al.| [1990] gives a notion of e-bisimulation which relaxes the condition
L(xz) = L(2') in the definition of the hard bisimulation relation given above, and only requires
equality to hold up to some € > 0. |Desharnais et al.|[1999]2004]| go further and define a genuinely
real-valued extension of bisimulation relations by defining bisimulation metrics as described in the
main text (and particularly Equation (d)). A fixed-point characterization of these bisimulation metrics
was established by [van Breugel and Worrell [2001]] and |Desharnais et al.|[2002]. These works show
that the resulting distance notion is in fact a pseudometric, and two processes are bisimilar if and
only if they are at distance zero. This justifies seeing bisimilarity metrics as “soft” extensions of the
binary relation of bisimilarity.

Interestingly, the first bisimulation metrics all make use of concepts from optimal transport in some
way or another: Desharnais et al.|[[1999} 2002] already note that their definition is inspired by the
Wasserstein distance (which they call the “Hutchinson metric”), and the fixed-point characterization of
van Breugel and Worrell|[2001]] also make use of this distance to compare transition kernels (cf. Equa-
tion[3). Precisely, their definition that we recalled as Equation (4) is admittedly inspired by the Kan-
torovich dual representation of the Wasserstein distance between probability distributions over metric
spaces. To our knowledge, this connection with optimal transport has not been explored further in the
literature, and in particular no “primal” counterpart based on couplings has been discovered so far.
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Givan et al.|[2003] adapt probabilistic bisimulation to Markov decision processes (MDPs), requiring
states (or state-action pairs) to have identical rewards and transition probabilities for two MDPs to be
bisimilar. [Ferns et al.|[2004} 2006] introduce bisimulation metrics for MDPs, essentially using the
fixed-point characterization of van Breugel and Worrell| [2001]] as a starting point for their definition.
Once again, their definition makes use of the Wasserstein distance between the transition kernels
(called Kantorovich metric in the paper), but no deeper connection between bisimulation metrics and
optimal transport is discussed. |Castro|[2020] defines bisimulation metrics for MDPs with respect to a
given policy 7, which thus falls back to the standard definition of bisimulation metrics for Markov
chains as studied in the works of |Desharnais et al.| [[1999} 2004] and ivan Breugel and Worrell| [2001].
Kemertas and Jepson| [2022] adjusts the definition of [Ferns et al.| [2004, |2006]] by replacing the
Wasserstein distance with the entropy-regularized Wasserstein distance proposed by (Cuturi [2013]],
which allows them to apply the Sinkhorn algorithm to compute bisimulation metrics for MDPs. The
resulting approach can be seen to be nearly identical to the methods proposed by |O’Connor et al.
[2022]] and [Brugere et al|[2024] for approximately solving the fixed-point equations (3) in the context
of optimal transport—see Section [A.2]for further discussion of these works.

Chen et al.|[2012] study the computational complexity of computing bisimulation metrics. Similar
to our work, the authors formulate a linear program that characterizes bisimulation metrics in an
equivalent way to other common definitions, though the linear program has one constraint per
next-state coupling, which makes their LP intractable as stated. They use their LP formulation
as an analytic tool to show the existence of a polynomial-time algorithm to solve the fixed-point
equations (3)) (which essentially amounts to Bellman’s value iteration algorithm implemented in the
MDP we describe in Appendix [B). Each step of the resulting algorithm solves one optimal-transport
problem per state pair via the network simplex algorithm, which is known to be impractical for
this purpose in comparison with Sinkhorn-style methods [Cuturil 2013]. In the context of optimal
transport, a closely related linear program has been discovered by Backhoff-Veraguas et al.|[2017],
whose framework is more general in that it mostly focuses on general (potentially non-Markovian)
stochastic processes, but with the limitation that only finite horizons are considered. We discuss
further developments on this topic in Section[A.72]

Finally, Bian and Abate| [2017] show that e-bisimilar Markov processes generate distributions over
finite-length trajectories that are close in total variation distance. Since this distance is a special case
of the Wasserstein distance (with the Hamming metric over sequences as ground metric), this result
can be seen to establish some relation between OT distances and bisimulation, but the link is rather
weak in the sense that no equivalence is shown between the two notions. Indeed, these results only
imply that nearly-bisimilar processes generate nearly-identical trajectory distributions, but the reverse
implication is not shown to hold.

A.2  Optimal Transport

Optimal transport [[Villani, 2009] studies the problem of transporting mass between two density
functions p and ¢, given a cost function that measures the transport distance between any pair of
points. In the classic formulation of |Kantorovich| [1942], the vehicle used to transport mass is
a coupling, that is, a joint probability distribution whose marginals equal p and q. The problem
of finding an optimal coupling that minimizes the total transport distance can be formulated as
a linear program. Historically, the resulting LPs have been solved via standard solvers like the
network simplex method or interior-point methods, which lead to algorithms with polynomial runtime
guarantees but rather poor empirical performance. |Cuturi| [2013| successfully advocated for adding
entropy regularization to the standard LP objective, which enabled algorithms that are orders of
magnitude faster than previously proposed methods.

In this work we consider a problem of optimal transport between stochastic processes with a temporal
dimension. This topic has recently started to receive attention in the OT literature, mostly focusing
on stochastic processes with finite horizon [Pflug and Pichler, 2012} Backhoff-Veraguas et al.| 2017,
Lassallel [2018]]. In this setting (often called “adapted transport”, “causal transport”, or “bicausal
transport”), the problem is to transport mass between joint distributions of sequences of elements,
which can be formulated as an optimization problem over the set of causal couplings (i.e., the
set of couplings over joint distributions over sequences that respect the temporal order inherent
in the process). Backhoff-Veraguas et al.| [2017] have observed that, due to the linearity of the
causality constraints, this optimization problem can be phrased as a linear program, which however is
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infinite-dimensional and thus intractable to solve directly. They complement this view by providing
dynamic-programming principles for characterizing the structure of the optimal coupling, which,
in the special case of Markov processes, boils down to the finite-horizon version of the fixed point
equations (3). This development essentially mirrors the LP formulation and dynamic-programming
principles put forth by |Chen et al.|[2012] in the context of computing bisimulation metrics (cf. the
discussion in Section [A.T).

Still on the front of computing optimal transport distances, a notable contribution is due to [Eckstein
and Pammer][[2024]], who propose and analyze a version of Sinkhorn’s algorithm for optimal transport
on the space of stochastic processes. When specialized to Markov processes, their algorithm can
be seen to be very closely related to ours, the technical explanation being that in finite-horizon
Markov processes the entropy of path distributions that they use as regularization can be seen to be
equal to the conditional entropy that our method uses for the same purpose. The resulting algorithm
performs iterative Bregman projections via backward recursion over the finite time horizon, with
computational steps that are essentially identical to applying our Bellman—Sinkhorn operators. That
said, their analysis relies very heavily on the finite-horizon structure of the problem and as such it is
not applicable in our considerably more challenging infinite-horizon problem setting.

The more recent works of Moulos| [[2021]],|O’Connor et al.|[2022]], Bayraktar and Han|[2023]] and
Brugere et al.|[2024] have investigated optimal-transport distances between infinite-horizon Markov
chains. |O’Connor et al.|[2022] considered the undiscounted version of our problem and proposed to
compute optimal transition couplings via an adaptation of approximate policy iteration (cf. Scherrer|
2013) to an appropriately adjusted version of the MDP we describe in Appendix [B] Their key
algorithmic idea is approximating the greedy policy update steps by running Sinkhorn’s algorithm
for each pair of states. Essentially the same idea was used by Brugere et al.| [2024] to solve the
discounted problem that is the subject of the present paper, with the difference that their method takes
approximate value iteration as its starting point. Both of these approaches are closely related to the
alternative fixed-point definition of bisimulation metrics using Sinkhorn divergences due to [Kemertas
and Jepson| [2022]), as mentioned in Section[A.T] While these approaches are nearly as effective as
our Sinkhorn Value Iteration method in practice, their black-box use of Sinkhorn’s algorithm make
them difficult to analyze theoretically, and difficult to build further theory on.

To wrap up, let us mention some results that in a sense have already foreshadowed our observation
about the relation of OT distances and bisimulation metrics. First, we note that Y1 et al. [2021]],
Brugere et al.|[2024] proposed to study optimal transport distances of Markov chains defined over
graphs as a means of studying the similarity of the underlying graphs. The purpose of these works
was to define a notion of distance that is less demanding than isomorphism, but is still grounded in
fundamental theory and can be computed effectively—which is precisely the reason that the notion
of bisimulation was originally introduced in the 1980s in the context of formal verification by Park
[1981]] and [Milner| [1989]. Finally, the work of Backhoff-Veraguas et al.|[2020] has established that
“all adapted topologies are equal” on the space of laws of stochastic processes, understood in the sense
that a large number of topologies (including the one induced by optimal-transport metrics defined in
terms of bicausal couplings) are in fact identical. While one may argue with their sweeping claim
that all such topologies are equal, it may not be surprising in light of their results that the topology
induced by bisimulation metrics is also identical to these well-studied topologies (as revealed to be
true by our observations in this paper).

B Optimal Transport as a Markov Decision Process

Consider the two Markov processes My and M,y with initial states x¢ and yo, respectively. To
compute the optimal transport cost W., (M, My; ¢, 2o, yo) and the optimal transition coupling 7*,
we can introduce a Markov decision process M = (XY, A, q,~, ¢, vg) where:

* XY is the state space, defined as the set of joint states of My and My,

» A(zy) = II,, is the set of applicable actions in state zy € XY, corresponding to the set of
valid couplings of Py (-|z) and Py (-|y),

* ¢(+|xy,a) = a is the transition probability distribution, which is fully determined by the
action a € Il;y,

* ~ is the discount factor,
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* ¢: XY — [0,00) is the cost function that maps joint states to positive real numbers,
* 1y = gy, is the initial state distribution.

The objective of the agent in this MDP is to select its sequence of actions Ag, Ay, ... in a way that
minimizes the total discounted cost E [Y"° ) v'¢(X¢, Y;)], where each state pair is drawn according
to the action taken by the agent as (X, Y;) ~ A;. The sequence of actions is generated by a sequence
of history dependent policies m; € Ilup : H; — Au(x,,y,) Where H; = (Xo,Yo,..., X, Y}).
A first remark is that we can restrict ourselves to deterministic policies. Indeed, the action set is
convex at every time step and both the reward and the transition probability distributions are linear
in the action. A second remark is that bicausal couplings correspond exactly to history-dependent
deterministic policies. Indeed, by bicausality, the bicausal coupling M xy is generated by the policy
Mxy(Tn, Yn|Tn—19n—1). We will denote this policy by 7z,

Of special interest are stationary deterministic (or Markovian) policies of the form 7 : XY — A,
mapping joint states (X, Y;) to actions in A(Xy,Y;) as Ay = m(X4, Y:). Such policies correspond
exactly with transition couplings as defined in the main text as mappings 7 : XY — A yy of the same
type. Accordingly, we will sometimes write 7 (-|zy) to refer to the distribution 7(xy) € A(zy) below.

B.1 Value functions, optimal policies, and sufficiency of transition couplings

Each policy 7 induces a value function V'™, defined in each state xy € X') as

Vi(zy) =E, [Z (X Yy)

t=0

XoYo = xy] , (12)

where the expectation is taken with respect to the stochastic process induced by the policy 7. Here,
X; and Y; are random variables representing the state of the two processes at time ¢. In particular, we
have that for any bicausal coupling My € I,

/C,Y(X,Y)dM)-QY = /Z'ytc(Xt,Yt)dMXy(X, Y)
t=0

oo
=Erarny lZ’YtC(Xt, Yy)| XoYo = ﬂﬁoyo]
=0

= V™M (20, Y0).

And as a result we can relate the optimal transport cost to the optimal value function of the MDP

W,Y(Mx,My;C, xo,yo) = A4Xi;1£1'[b./c’y(y’?) dMX)}(Y,?)

inf  V™xy (2y0)
M2y €l

= mleanHD V™ (zoyo)-

Building on classic results of MDP theory, it can be shown that there exists an optimal Markovian
policy 7* whose value function V* = V™ satisfies V*(xy) < V™ (zy) for all policies 7 and joint
states xy, and said optimal value function V'* satisfies the Bellman optimality equations

Vi(xy) = TV (zy),

where 7 is the Bellman operator acting on a function V' € RYY as

TV (zy) = c(xy) + vpérrllf (@'Y )\V(z'y)  (Vay).

zy
‘/1:/ ’

This is precisely the set of equations in Equation (3). Since V* is optimal, V*(zy) equals the optimal
transport cost W, (Mx, My; ¢, z,y) for each state zy. An optimal policy 7* achieves the infimum

in each state xy, with associated value function V™ = V*. These claims are summarized in the
following theorem, stated in nearly identical form by Moulos| [2021]].
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Theorem 3 (cf. Theorem 1 in|Moulos|[2021). Under the above conditions, the following claims hold:

e There exists an optimal Markovian transition coupling ©* such that for any policy m € Ilgp
and any joint states xy, V™ (xy) < V7 (xy).

* The value function of 7* satisfies W.,(Mx, My;c,x,y) = V™ (zy).
o There exists a unique solution to the Bellman optimality equation (3)) denoted V* € R*Y.

o We have that V* = V™.

The above theorem justifies considering Markovian transition couplings when computing the optimal
transport cost W (Mx, My; ¢, o, o).

Proof. One can straightforwardly check that our setting is an instance of optimal control prob-
lems with additive cost functional studied in |Bertsekas| [1977]]. In particular, the contraction
assumption, assumption C in the paper mentioned above, is satisfied. We define pointwise
V*(zy) = infrem,, V™ (zy), and Proposition 1 of Bertsekas| [1977] shows that V* is the unique
solution to the Bellman optimality equation.

Now, for the existence of an optimal stationary policy or transition coupling in our terminology,
an additional technical condition on the action set must be carefully verified. For every xy € XY,
¢ € [0,00) and k, we define the set

Uk(zy, A) = {a € A(zy) : c(z,y) + W/T’“V(w’y’)da(x'y’) < A}

This set is compact as the intersection of the compact set A(xy) with a closed set, the preimage of
a closed set by a continuous application. Knowing that Uy (xy, \) is compact, we can then apply
Proposition 14 of Bertsekas|[[1977]] and that gives us the existence of an optimal Markovian transition
coupling 7* that satisfies V™ = V*. In particular, for any policy 7 € Ilyp and joint state zy, we
have that V™" (zy) = V*(zy) < V7 (zy) by definition of V*. O

B.2 Occupancy measures and occupancy couplings

In a finite Markov decision process, occupancy measures express the discounted number of times that
a given state and action are visited on expectation by the controlled stochastic process. This notion is
not meaningfully applicable in the MDP formulation of our optimal-transport problem, given that the
action space is infinite. However, the closely related notion of occupancy coupling can be seen to
play a similar role in that it allows expressing the total-discounted-cost objective as a linear function,
and that the set of valid occupancy couplings can be fully characterized in terms of a finite number of
linear constraints. In what follows, we prove this latter key property of occupancy couplings, stated
as Lemma[T]in the main text.

Proof of Lemmal[l] We begin by showing that the occupancy coupling p™ associated with any transi-
tion coupling 7 € Il yy satisfies the following system of equations (sometimes called the “Bellman
flow equations™):

p(y,2'y') = 7@y |wy) [ v D 0@y 2y) + (1= y)wvolzy) | - (13)

z”y”
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Indeed, this can be shown to follow from the definition of occupancy couplings as

o0
Py, a'y') = (1=7) Y7 Pr [XiY; = 2y, X141 Vig = 2'y/]
t=0

thﬂ Y [xy)Pr [X,Y; = 2y]

= 7(z"y’|vy) ((1 —wolzy) + (1—=7) > _7'Pr [X;Y; = fvy]>

t=1

oo
=72’y lwy) | L =volzy) +7 Y (1= Y 7" 'Pe [Xi1Yion = 2"y, XiY; = ay]
x!y'! t=1

= w(@'y|ey) | (1= wolay) +7 D> w" @y zy) |,

17”y”

where in the first step we used the stationarity of the transition coupling , then the definition of vy,
followed by the law of total probability, and finally the stationarity of the Markov chain that allowed
us to recognize u”™ (z"y", xy) in the last step. Now, summing both sides of Equation (T3) for all
x'y’, we can confirm that 4™ indeed satisfies Equation (7). Furthermore, summing the two sides of

Equation (T3] over all 2/, we get
> o (wy,a'y') = w(@y|ay) | (1= ywoley) +v ) w2y, zy)
1/ II T
= Zﬂ(w’y’lxy > i (zy,a"y")

Ty
x!y'

=Py(y'ly) > u(zy,"y"),

:L’”y”

where the first step in the second line follows from Equation[7] and the 4th line comes from the fact
that 7(-|zy) is a coupling of Py (-|z) and Py (-|y). This verifies that u™ satisfies Equation (9)), and
the same reasoning can be used to verify that it also satisfies Equation 8]

Conversely, suppose that i € Rfy **Y satisfies Equations (7), @), and ©). Define v, (zy) =
> ary W@y, 2'y’) and let

Wﬂ(xly/kyy) = v, (2y) if Vu(Iy) # 0,
Py (2'|z)Py(y'|ly) otherwise .

We will verify that 7, defines a valid Markovian coupling and that 4 is the state action occupancy

measure of . If v, (zy) = 0, then >, 7, (2'y |zy) = Py(y'|y) >, Px(2'|x) = Py(y'|ly). If
v, (zy) # 0, then we have

1 1
> mula'y|ey) = PRE] D ulzy, 'y = —— > p(xy,a'y")Py(y/ly)
z! I z!

(o) 2
= o) Py ) = Pyt ).

where we have used that y satisfies the constraint of Equation (9). In any case, we have that
Yoo (@'Y |zy) = Py(y'ly). By symmetry, using that p satisfies Equation (), we also have
> 1(z'y'|zy) = Px(2'|z). Hence we have demonstrated that , is a valid Markovian coupling of
Py and Py. To proceed, observe that the occupancy coupling associated with 7, satisfies

doum(ay,aly’) = Y pm(a"y wy) + (1= 7)wo(ay).

:c”y”
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We will verify that 4™ = p by showing that this system of equations has a unique solution. In order
to see this, let us recall the definition of v,, and reorder Equation as

" //)

(1= woley) = vu(ey) =7 3 vu(@"y" ) (wyla

ZIZ”y”

Introducing the matrix Z € RIXIVIXIXIV] with entries Z(zy, 2'y’) = 7, (2'y’|zy) and representing
the functions v and v, in matrix form, this system of equations can be written as

I—=yvo={U—v2)v,.

Now, thanks to the Perron—-Frobenius theorem, the matrix Z has spectral radius 1, and thus (I — v2)
is invertible, meaning that there is a unique solution v, = (1 —~)(I —vZ)~'14. This in turn implies
that © = p™, thus verifying that x is indeed an occupancy coupling induced by a valid transition
coupling 7, if it satisfies Equations (7)-(9). This concludes the proof. O

C The proof of Theorem 2]

The proof is composed of two main parts: showing a bound on the regret of the iterates p1, o, . - . , Lx,
and then accounting for the errors incurred when rounding the average iterate i = % 25:1 e
to a feasible occupancy coupling. We start by stating some general results that will be useful
throughout the analysis, and then study the two sources of error mentioned above separately. For any

€ RYYXYY we define Eu(zy) = 3, w(z"y', 2y), E'p(zy) = 32,0 0 play, z'y') and

Tu(2'y lzy) = HP(J%(QC»LZ)) it B p(wy) # 0,
: Py (2'|z) Py(y'|y) otherwise.

In particular, we always have that pu(zy, z'y’) = E"u(zy)m,(z'y'|zy). Furthermore, for any 7 :
XY — Axy, we will denote by @ = p(r) the rounded transition coupling obtained by adapting
the rounding procedure of Altschuler et al.| [2017], and we will let p(1) denote the corresponding
occupancy coupling u™» (cf. SectlonEfor the description and analysis of this method). In particular,
7 will always be a valid transition coupling associated with Py, Py . Finally we define 7y = p(w# K)
and foye = ™, and we let p* be an optimal occupancy coupling achieving the minimum in the
problem formulation of Theorem I}

With these notations, we decompose the overall error of the output as

1 K

<,u0ut - ,u*7 C> = <,Ufout — g, C> + <ﬁK - /1'*7 C> = </~Lout - ﬁ[ﬁ Nk — MK ,C
k::1

The first sum on the right-hand side corresponds to the rounding error, and the second one to the so-
called regret of the sequence of iterates ;. This latter sum can be controlled by adapting arguments
from the classic analysis of mirror-descent methods [Nemirovski and Yudin,|1983| Beck and Teboulle,
2003]], with some ideas adopted from the Mirror Sinkhorn analysis of Ballu and Berthet|[2023]] that
will also come in handy for analyzing the rounding errors. We state these tools first below, and then
analyze the two terms in the above decomposition separately.

C.1 General tools

We begin with a version of the classic “three-point identity” for mirror-descent methods (e.g.,
Lemma 4.1 of Beck and Teboulle, 2003) adapted to our specific setting that involves alternating
projections to the sets By and By. The result is similar to Lemma A.3 of [Ballu and Berthet| [2023]],
which we reprove here with a more standard methodology (as used for proving, e.g., Theorem 28.4
of [Lattimore and Szepesvaril, 2020).

Lemma 2. Let u* € Bx N By be arbitrary. Then,

H(p" |lpw) — H (0| pry1) —H (ukﬂlluk)_
J

</J’k+1 - ,LL*, C> <

21



Proof. We first recall that H is the Bregman divergence associated with the conditional entropy
function C(p) = 3°,, 1,y (7Y, 2'y") log % (cf. Appendix A.1 in|Neu et al.[2017).
For the actual proof, let us consider the case of k odd when tr+1 € Ba. Then, by definition, we have
that g1+ 1 is the minimizer of Uy 1 (u) = 1 (u, ¢) + H (u|| ) on this set. Noticing that the gradient
of Uy at p is written as VWp 11 (1) = ne + VC (1) — VC(uy), the first-order optimality condition
over the convex set By implies that the following inequality holds for any ;1 € By:

(ne + VC(pk+1) — VC(pk)s o — piges1) > 0.

In particular, using this result for ;4 = p* (which is indeed in By), the claim follows from using the
standard three-point identity of Bregman divergences that states

(VC(prr1) = VC(pw) 1" — pig1) = H (" ) — H (1™ prg1) = H (e[ ) -

Repeating the same argument for even rounds (and noticing that the comparator also satisfies u* € By
as needed for that case) completes the proof. O

The following standard lemma will also be useful for studying various notions of distances between
occupancy couplings: the total variation distance [|n — ', = >, ., [1(xy, 2'y") — W/ (zy, 2"y')],

the relative entropy D (ul|p') = 3=, v, i(xy, 2'y’) log % and the conditional relative

entropy introduced earlier.

Lemma 3. For any two occupancy couplings 1 and 11/, we have

H (ullm)

1 12 ’
“lp— <D <
5 Il =wlly < D (ulln’) < T

Proof. The first inequality is Pinsker’s. For proving the second inequality, we let v = E7 'y and
v/ = ET 1/ be the state occupancies associated with z and 1/, respectively. Then, we write the
following:

D (ulle") =D W) +H ()
(by the chain rule of the relative entropy)
=D (1 =vo +vEp(1 = v)vo +vEp) + H (ull1)
(using that  and ' are valid occupancy couplings)
< (1 =)D (vollvo) + 4D (Bl Ep') +H (ull)
(using the joint convexity of the relative entropy)
<D (pllp') +H (pll')

where the final step follows from using the data-processing inequality for the relative entropy.
Reordering the terms concludes the proof. O

C.2 Constraint violations

Let us begin with some definitions. First of all we introduce a quantity that measures the extent to
which an occupancy coupling p violates the transition coherence constraints. Specifically, we will
measure the violations of the X-constraints by

Sx(u) = vulay) Pr (@ Zu (zy, 2'y')

zyx!
and the violations of the ))-constraints by
Sy() =Y [vulzy) Py(y'ly) — Zu zy,z'y)
zyz’

and the overall constraint violations will be written as

6(p) = dx(p) + 6y (n).
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Note that we have dx (1) = 0 for odd rounds and 6y,(x) = 0 for even rounds by definition of the
updates. We also define the rounding error associated with an occupancy coupling p as the average
total variation distance between the transition coupling 7, and its rounded counterpart 7, = p(m,,):

Alp) =Y play, &'y) |Fuley) — muley)l, -

The first statement establishes a link between the quality of an occupancy coupling and the occupancy
coupling obtained after rounding the transition coupling to satisfy the constraints.

Lemma 4. For any u satisfying Equation ({7), we have

Proof. Let @, = p(m,), i = p(u), vy, = E'p, and vz = ET[i. Furthermore, let us define the
shorthand notation v o 7 to denote the composition of the state-pair distribution v with the transition
coupling 7 as (v o 7)(zy, z'y’) = w(z'y'|zy)v(xy). Then, we have
la—plly = llvp oy —vpomull, = llvg oy + v oy —vp oy — vy omully
= [[(vg —vu) omy + v o (T, —m)lly
< i =) o mully + v o (T — m)lly
(using the triangle inequality)
= [lvi = vull, + Aw)
(using the definition of A)
=7IIEL = Eplly + Ap)
(using v, = (1 — 7)vo +vEp)
<llE = plly + A,

where in the last step we used that F is non-expansive with respect to the £;-norm. Reordering gives

- A(p)
_ < =77
7=l < T2
and putting everything together proves the claim of the lemma. O

The next result relates the rounding errors to the constraint violations.

Lemma 5. Forany ;1 € Axyxxy, we have
1
AW < 0(p)

The proof of this result builds on the error analysis of the rounding procedure of |Altschuler et al.
[2017], and can be found in Appendix [E.2] Finally, the last technical lemma (inspired by Lemma A.4
of Ballu and Berthet, [2023)) bounds the rounding errors in terms of the change rate of the occupancy
couplings.

Lemma 6. Forany k > 1,

O(px) < 2min(|[pur — prsally s 1w — pr—1lly)-

Proof. We study the case where the kth update is a By projection. For this proof, it will be convenient
to introduce the following notation. We define Zy : RY¥Y*¥Y 5 RYYXX and (with some abuse

of notation), Py : R*Y**Y _ RYYXX a5 the linear operators that respectively act on j via the
1", .1

assignment (Zxp)(zy,2') = >°,, pxy,2'y’) and (P p)(zy, ') = 32,0 0 iy, 2"y") P (2| 2).
This allows us to write dx (1) = ||(Zx — Px )p|;. so that we have the expression

O(pr) = O (pur) + 0y (pr) = || Zapr — P pure|l; »
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where we have also used dy () = 0 that holds thanks to the fact that k is even. Moreover, the
(k 4+ 1)st update is a By -projection and thus we have Zxy pip+1 = Py 41 Hence,

6(pk) = [ Zxpi — Py
= | Zxpr — L pit1 + Prpings1r — Prperly
< T (e = w01y + [1Px (prgr — o)y
< 2|k — prrally
where we have used the fact that both Zy and Py are non-expansions for the /1-norm in the last line,
which follows from the data-processing inequality for the total variation distance. We then conclude

the analysis for the even rounds by replacing j,+1 with g1 in the argument above, and repeating
the same reasoning for odd rounds completes the overall proof. [

Having established these elementary results, we now turn to addressing the main technical hurdle:
bounding the cumulative rounding errors.

Theorem 4. The cumulative constraint violations of the iterates produced by Sinkhorn Value Iteration

satisfy
K

(1 —)H (plpr) 167 ||c]l K
2 0m) < Tt Ty

k=1

Proof. We start by applying Lemma@to show (pg) < 2 ||k — por+1]];. which reduces our task to
bounding Zszl |tk — pie+1ll;- We do this as follows, for any fixed o > 0:

i 1k — presally < o + i s = prrafy el
k=1 T 2 k=1 20

(by the inequality of arithmetic and geometric means)

K
aK D (s
+ Z (1l k)

<
-2 «
k=1
(Pinsker’s inequality)
K
K H
< oK 0y (t1 |l 1)
2 — (1-—9)a
(Lemma3)
K K
ak (o) = H ([l o1 U \
S + + C b — k1
2 ;% (1= =PI +
(Lemma2)
K
ol H(pm) —H (W lnre)
<
-5+ ol =) kZ:l ¢ p(Bk+1) — He41)
(since <u*7c> = < (:uk+1)70>)
K
ol H(pllp) nHCII
< — A(
=9 Oé(l — 7) 2 Zl /’Lk+1
(Lemma [4)
K
aK  Hplp) | 2nll]
< —+ + = ) 125
> Falion) (- 2 O
(Lemma[3)

K
ok H(p ) | Anllcl 3
< — o.S) —

=9 a(l — 7) a(l — 7)2 ||:u‘k ,uk-‘rlHl y
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where we have finally used that § (s, 1) < 2 ||pur — pa41/l; (Lemmal6). Now, we need to make sure
that j?l”ﬂ/")‘)? < 1 to turn this into a meaningful result. In particular, setting o = ?ﬂcj)"g guarantees

that the constant in question equals % so that we can reorder the terms to obtain

K
2H (prllpn) _ Snllelle K (L= )H (" [[1a)
e = prsally < K + = =5t :
,;1 ' a(l—7) (1-7)? An [|ef]
This concludes the proof. O

C.3 Regret analysis

In this section, we bound the regret of the iterates produced by Sinkhorn Value Iteration.
Theorem 5. The regret of the mirror Sinkhorn procedure satisfies

K

. H (" ||
(e — it < PN g ey
k=1 N
Proof. We first apply Lemma 2]to obtain the bound
“ H - H - H
ik — i) < (12l 1) (el perev1) (poresn Il pene) {0y o — k) - (14)

Ui
Adding up both sides forall k = 1,2,..., K, we get

K K
N H —-H > 1 H
i — ) < (pllpa) (ullumi) 2opmr H (i) (e pircss — in)
k=1 !
H
< (/’LHNI) _"_2“6”00
Ui
This concludes the proof. O

C.4 The proof of Theorem 2]

The proof follows from applying the above results to bounding the rounding errors and the regret.
The first of these is handled as follows:

_ An oz

<:u0ut_:quc> S HC”oo 1(_1,()/) S 2”6001(_[;/)
< 2 ef. it 0m) M) | 32 llels,
=% e =)y T Ky (L=m)3"

where the first and second inequalities respectively come from Lemmas [4] and [5} the third one from
the convexity of d, and the last inequality comes from the application of Theorem 4]

The regret is then bounded using Theorem [5 as
1K

_ . o (1" |l pa1)
</’LK /’I’ 7c> - K P

H 2
—ur e < = .
1 (up — p*,c) < I + 72 el

Putting both bounds together, we obtain

<:u0ut - /"L*7 C> = <ILL0Ut — i, C> + <ﬁK - /1'*7 C>

* 2
2M (p*lp1) | 32nlells |, 2lello
Kn (L—9)3 K

IN
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Now, to prove the actual claim of the theorem, we now let 7; be the uniform transition coupling and
11 be the associated occupancy coupling. In this case, the conditional relative entropy can be upper
bounded as H (p*||141) < log |X||)|, and we can further bound

2log |X|1V] | 320 el | 2]el
Kn (1—=7)? K

log |[X[|V] | 2cllo
K1—~73 K

| log | X[ ||
< 18lefl KA —~)?

where the second to last line is obtained by picking n = 4H01H [(1—v)3 113g [ X1Vl and the last line is

obtained by noticing that % < % holds whenever K > 1, |X| > 2,|Y| > 2and v € (0,1).

<Uout - N*a C> <

<16lello

Finally, note that

1 log | X||Y|
Vﬂ'uul — W (M M- = — —u* <18 — =
(330?!0) "/( X, My; ¢, J307?40) v <H0ut H 7C> = HC”oo K(l —’7)5

1 —
Now, it can be directly verified that the right-hand side is indeed at most € whenever K is greater
than the expression given in the theorem, thus concluding the proof. O

D Sinkhorn Policy Iteration

We describe here a simple alternative to Sinkhorn Value Iteration called Sinkhorn Policy Iteration
(SPI). After introducing this method heuristically, we provide a formal performance analysis, and
finally explain its relation to SVI.

The core concept underlying the definition of SPI is the notion of Q-functions, defined analogously
to action-value functions in an MDP. The Q-function associated with a transition coupling 7 is a
function Q™ : XY x XY — R, with each of its entries defined as

D A (X, Vi) | (Xo, Vo) = (w,), (X1, Y1) = (2'y)

t=0

Q" (zy,2'y") = E,

Analogously to the results presented in Section [B.T] it is possible to show that the Q-function of a
given transition coupling 7 satisfies the Bellman equations

Q" (zy,2'y) = clwy) + Y w(@"y"[a'y)Q™ (', 2" y"),
aj/, 1"

Y

and that the Q-value function of the optimal transition coupling Q* = Q™ satisfies the Bellman
optimality equations

0 (gjy7 x’y’) = c(;ty) + ’ypeillllf Z p(x//y//)Q* (l‘/y/, x//, y//).

Lol
x
Y a://y//

These are respectively the fixed points of the Bellman operator 7™ : RYY*XY _ RYYXXY defined

via
(T”f)(:cy,x’y’) _ c(acy) + 7 Z 7T(:1:”y”|x’y/)f(x’y’,sc”,y”)

m//y//
and the Bellman optimality operator 7 : RYYX*Y — RYYXAXY defined via
(TH(xy.a'y) = cley) +~_inf D pla"y") f(@'y 2" y").

pEHl./y/ x!y’

The system of equations 7 Q* = @Q* is essentially as hard to solve (or even harder) than the Bellman
optimality equations for V* stated earlier. However, one can develop an algorithmic approach toward
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finding an optimal transition coupling by drawing inspiration from the literature on regularized
dynamic programming.

In particular, we develop below an analogue of an entropy-regularized policy iteration scheme that
is known under many names in the RL literature: Natural Policy Gradients by Kakade|[2001]] and
Agarwal et al.|[2021a], MDP-Expert by |[Even-Dar et al.|[2009], Mirror-Descent Policy Iteration by
Geist et al.[[2019], POLITEX by |Abbasi-Yadkori et al.| [2019]], Policy Mirror Descent by |/Agarwal
et al. [2021a], and the list goes on. This method can be directly adapted to our setting as follows.
Starting from an arbitrary initial transition coupling 71, SPI performs the following sequence of
updates foreach k = 1,2,..., K:

* Round the transition coupling 7, to 71, = p(7x),
« update the Q-function by solving the fixed-point equation Qi = 7™+ Qx,

* if k is odd, then update the transition coupling as

k(@'Y |xy) exp(=nQ(zy, 2'y")) /
Tt 2y [oy) = Px(a'|x),
’ >y k(@'Y |l2y) exp(—nQk (zy, 2'y"))
* else if k is even, then update the transition coupling as

7 (2'y'|2y) exp(—nQr(zy, 2'y’))
o Tk(@"Y |zy) exp(—nQk(zy, 2"y"))

Trp1(2'y |y) = > Py(y'ly).

As in the case of SVI, it is easy to verify that these transition couplings satisfy the required marginal
constraints. We discuss various aspects of this algorithm below.

D.1 Practical implementation

Like SVI, this method can be seen as perform-

Algorithm 2: Sinkhorn Policy Iterati
ing online Mirror Sinkhorn updates in each state sorfm [xTorn Foley Tefation

Input: Px, Py,c,n,v, K, m

pair zy with a sequence of cost functions Qy,
which are computed via solving the linear sys-
tem of Bellman equations Q; = T "*Qy. The
occupancy couplings produced by SPI are de-
noted by zir, = ™", and the final output of the

Initialise: 7 < Py ® Py;
fork=1,...,. K —1do
T < p(mk)s

Q— (T7)"Q:

method is produced by averaging these occupan- Tr+1 < update(rmi, Q);  {Equation[TT]}
cies as Loy = % Zszl [ir, and then extracting end

the transition coupling mou = 7. Notably, jio + + 21{11 ks

there is no need to round this transition coupling 7, =+ T o

since each fi, satisfies all constraints by con- 7/ Tou evaluate(moy);

struction, and so does their average fion due to  Qutput: 7oy, V7™ {Final coupling}

the linearity of the constraints.

One advantage of SPI over SVI is that finding an exact solution for the fixed-point equation @ =
T™ Q) is easier than computing the fixed points required by SVI, thanks to the fact that this is a
linear system of equations. A downside of the method is that it requires to run the rounding procedure
after each update, at least for the theoretical guarantees to remain valid. The impact of these steps
may however be negligible in practical implementations. Similarly to SVI, the ideal updates of SPI
can be approximated by applying the Bellman operator to the Q-functions only a small number of
times m, with m = oo corresponding to the ideal implementation analyzed above. We present a
pseudocode for SPI as Algorithm 2]

D.2 Convergence guarantees

In what follows, we show the following performance guarantee for SPI.
Theorem 6. Suppose that Sinkhorn Policy Iteration is run for K steps with regularization pa-

3@\7 A/ 81og¥c\\y|’ and initialized with the uniform coupling defined for each

xy, 'y as m (2'y|zy) = \Xllly\' Then, for any xoyo € XY, the output satisfies V™ (zqyg) <

rameter 1 =
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W (Mx, My;c, xo,y0) + € if the number of iterations is at least

2
5 [lells log | X[IY]

K>
T (=t

As the analyses of all regularized policy iteration methods listed above, this one also starts with
establishing the following claim that corresponds to the classic performance difference lemma (often
attributed to |Kakade and Langford, 2002, but proposed much earlier in works like (Cao, [{1999|and
even Howard, |1960). To state the result, we define Vi, (zy) = >_ ., 7 (2'y'|2y)Qk (zy, 2"y’) and

the operators £, : R¥Y*XXY 4 RYY and E_ : R*Y*YY s RYY with each element given by
(E_V)(zy,2'y") = V(zy) and (E4+V)(zy,2'y’) = V(2'y’). Then, the following bound holds on
the instantaneous regret of SPI in round k.

Lemma7. (i, — p*,¢c) = (u*, E_Vj, — Qp).

Proof. The proof follows from elementary properties of occupancy couplings. First, note that by the
definition of the value function V},, we have

(ks ¢) = (1 =) {vo, V) -

Furthermore, by multiplying both sides of the Bellman equations Q) = ¢ + vE, V}, with p* and
using the flow constraints £} u* = yET u* + (1 — 7)o, we obtain

(" Qr) = (W c+vEL Vi) = (0 e+ E-Vi) — (1 =) (vo, Vi) -

The result follows after reordering the terms. O

Given the above lemma, we can readily express the regret of SPI as follows:

K
- Z y*(;cy Z |a:y - 7Tk( |$y) Qk(xyv )> ,
Ty k=1

where we can recognize the regret of Mirror Sinkhorn in each state pair zy € X'). Thus, applying
the bound of Theorem 3.1 of Ballu and Berthet| [2023]] to each of these terms (while noting that
1Qkll < llell, /(1 —~) holds for all k) gives

Dy, (n* (|zy) |m1 (lzy)) | 9nlle|? K
’; ‘C(Jy - ﬂ—k( |xy) Qk(mya )> > n + 8(1 _7)2

and thus putting the bounds together we obtain

K 2
N 1 - . H (" 1) 97 |||l
out — 9 = 7F7 - 9 <_ I‘y
(tout — 1, €) E (g, — p*, c) p +8(1 )2

Now, setting 71 as the uniform coupling, we can further upper bound the conditional relative entropy
as H (u*||p1) < log|X||Y|, and after setting n = 3ﬁc_‘|7 . Slog?wl, the bound becomes

6llello , /log X1V
% < o0 .
(Hou = 7, €) < 1—vy 8K
Finally, note that

- 1 N 6lc log | X||Y
Vo) — W (M, My 0,0) = 1 (o = ) < Aol 8V,

Using a crude upper bound 36/8 < 5 verifies the claim of Theorem@
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D.3 Relation to Sinkhorn Value Iteration

While on the surface, SPI may seem only loosely related to SVI, a closer connection can be drawn
by making the following observations. First, observe that the transition-coupling updates exactly
match the updates of Sinkhorn Value Iteration, although there is an apparent difference in how the
Q-functions are defined. To expose the similarity between the two methods better, let us consider
an even round in which ;, satisfies the X'-marginal conditions 3 , mx(2'y’|zy) = P(z'|z). Thus,

introducing the notation Vx (zy, ") = 3° , mpﬂgﬁylgy) Qx(zy, x'y’), we can multiply the Bellman

equations by i (2'y’|zy)/P(«'|z) and sum them up to obtain

e (x'y |x
Vx(zy,2') = W c(zy) + v Z k(2" y" |2y ) Qi (2'y, 2"y
y/

m//y//

o kay|xy "t I
Z Blarl) (c(xvaZP(x )WV (a'y, @ ))

x!!

~_ %log 3 W exp <—77 (e(xy) +7 Y P(a"2)Va(a'y, x))) :

y’ !/
where the approximation is accurate as 7 approaches zero. Thus, for small values of 7, the Sinkhorn—
Bellman operator used by Sinkhorn Value Iteration is an accurate approximation of the Bellman opera-
tor used by Sinkhorn Policy Iteration, and thus one may reasonably expect their respective fixed points
to be close as well (this intuition may, however easily fail and is not necessary for our analysis above).

E Auxiliary proofs and technical results

In this appendix we prove several technical results from the main text.

E.1 Proof of Proposition ]

We prove the claim by showing that the solution of the constrained optimization problem of Equa-
tion (I0) is equivalent to the transition-coupling update rule specified in Equation (II). To this
end, we study the Lagrangian of the optimization problem (I0) corresponding to the update for odd
rounds, By, and note that the update rule for even rounds, By, can be worked out analogously. By
introducing Lagrange multipliers Vi (zy, ') for each constraint in By, we obtain the Lagrangian

L0 Vi) = (i) + %H (i)

+ Y Valay, o) | (7 D0 wla"y" ay) + (1= wo(zy) | Pela'lz) =Y plry,2'y')

’ 114,01 ’
TY,T vy Yy

= Y wayay) (C(xy)+VZPx(x”lw’)Vx(I’y’,x”) Vx(ww'))

zy,x’y’ x!!

(1) S volay) P (e |o)Va ey, 2') + %H (i) -

zy,z’

A quick calculation (cf. Appendix A.1 of Neu et al.,2017) shows that the derivative of H (u||ux)
satisfies

OM (pllper)

Op(zy, z'y’)
where we have used that 7, = 7 holds by definition of 1, and 7. To proceed, for a fixed Vi, we
set the gradient of the Lagrangian to zero and solve for the transition coupling 71, which gives

= log m,(z'y'|zy) — log 7y, (¢'y'|xy) = log 7, (2"y |xy) — log m (2'y |2y),

Ti1(2'y lzy) = T (2y' |vy) exp (—77 <C(zy) +7 ) Pr(a”|2)Va(2'y', &") = Va(wy, x’))) ~

x!
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Then, the correct choice of Vix has to be such that the constraint  ;, , 711 (2'y'|2y) = Px(2'|2) is
satisfied. To see this, suppose that this condition is indeed verified and that yi;; is the occupancy
coupling associated with mj41. We need to show that p 1 indeed verifies the condition defining By .
To this end, notice that pj11 satisfies Equation (7), and thus the condition can be simply written as

D mnaley,aly’) = | Y pea(wy,2"y") | Pr(a'|z),
' @'y

wzy,z'y")

S plwya7y7) CAn be indeed seen to hold if
z'ly

which, after recalling the relation 741 (2'y/|zy) =
>y M1 (@'Y [xy) = Pr(a'[x) is true.

Enforcing this constraint gives the following expression for Vy (zy, z'):

Va(zy,a') = Z”’“”,'jy exp (—n (C(xy)+7ZPX(x//|$')VX($'y/a$”)>)~

x!

To conclude, we need to ensure that this system of equations has a unique solution. In order to do
this, we recall the definition of the Bellman—Sinkhorn operator 73 * : RYY*Y — RYYXY ‘acting on
a function f as

(TR Ny a") = Loy 3 T e <—?7 <c<xy> £ 3 Pula”la) @'y >>> .

y/ x!!

With this notation, we can directly verify that Vy satisfies T;’“ Vi = V. Furthermore, it can
be shown that the operator 71" is a y-contraction in supremum norm (cf. Lemma , and thus
it has a unique fixed point by the Banach fixed-point theorem. We finally note that defining
Qur(zy,2'y) = (c(zy) + v, Pr(a"|2")Vx(a'y', ")), the transition-coupling update derived
above can be rewritten as

(@'Y |xy) exp (=nQk(zy, 7'y)) (z'|z). (15)

T (2'y [2y) =
>y (@'Y |zy) exp (—nQk (zy, 2'y"))

This concludes the proof. O

E.2 Rounding procedure and proof of Lemma

We adapt the rounding procedure stated as Al-
gorithm 2 of |Altschuler et al.| [2017]] and repro-
duced here as Algorithm [3| (where / denotes
element-wise division in th.e pseudocode). For- X ,  diag(min(p/(F - 1),1));

mally, for two probability distributions p € £ < X%

A(X) and ¢ € A(Y), the set of valid cou- Y//(_ d1a/g(m1n(q/(F’T -1),1));
plings is U, , = {P € RYY : P-1 = p; P Y , -
PT .1 = ¢}. For a nonnegative matrix F € Tp =P — F7-1, ety =g _TF L
R, the rounding procedure outputs a valid Output: G < F” + erperr, / |lerry |,
coupling p(F,p, q) € U, 4 which, by Lemma 7

of |Altschuler et al.|[2017]], satisfies

lp(F,p,q) = Flly <2 (I1F -1 =pll, +[[F"-1—q],) .

Algorithm 3: Rounding procedure for couplings

Input: approximate coupling F', margins p, q

We will now define the rounding procedure for a (not necessarily valid) transition coupling m €
RYY*YY by using the aforementioned rounding procedure at each state pair as

w(-lwy) = p(m(-lzy), Px(:|z), Py(-[y))-

With some abuse of notation, we will write the resulting transition coupling as 7 = p(m) and the

associated occupancy coupling as ji = u™ = p(u). Because of the correctness of the original
rounding procedure, this transition coupling is valid, and so is the associated occupancy coupling.
We can now proceed to the proof of Lemma 5]
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Proof of Lemmald] Let p € Rfyxxy, and as before define v, (zy) = Zr’y/ p(zy, 2'y’) and
T (@'Y lry) = _vley) if v, (zy) #0, '
Px(2'|z)Py(y'|y) otherwise.

For arbitrary state pairs xy, we use Lemma 7 of |Altschuler et al.|[2017] to obtain that

170 Clzy) = muClay)ll, <2 D | Pela|z) = Y mu(a'ylzy)| +

Py(y'ly) = > mu(2'ylvy)

!

Now, multiplying by v, (zy) and summing over zy, we get
> vulay) 7 (ley) = muCley)ll,
xy

<2 Z vu(zy) |P Zﬂ'“ (z'y |zy)| + Z vu(zy)

Pnyy Zﬂ-u-ryu‘y

| zyz’ zyy’
=2 ey Pe(@'|e) =Y play, «'y) | + D |vuley) Py |y) — Zu vy, 2'y)
zyx’ Y’ zyy’

= 26x(p) + y(p) = 26(p),

where we used the fact that p(zy, 2'y") = v, (xy)m,(2'y’|xy) for any 2y, 2’y’, and the definitions d v,
6y and 4. Finally, we notice that A(u) = >°, vu(zy) (|7 (-|zy) — mu(-|zy)l;, which concludes
the proof. O

E.3 The contraction property of the Bellman-Sinkhorn operator

Lemma 8. Let 7 : XY — Axy be arbitrary and consider the associated Bellman—Sinkhorn
operator T™ acting on a function f : XY x Y — Ras

(T 1)y o") =~ log Y W exp (—n <c<xy> 14 S P ) >>> .

y/ x!

Then, T™ is a y-contraction for the supremum norm ||-|| _ , that is, for any two functions fi, fs :
XY x X, we have
1T/ =T (f)lloe <711 = follo

Proof. The claim easily follows from using the standard fact that the function g,(z) =
log>_, p(y')e*(y') is 1-smooth with respect to the supremum norm, so that for any two vec-
tors z, we have |g,(z) — gp(2)| < ||z —2'[|. To apply this result, we define q(y'|zy) =
m('y'|lvy) /P (a'|x) and 21 (zy, 2'y') = c(zy) + 72,0 P(2"|2") fi(a"y', 2”) and z(zy, 2'y') =
c(zy) +v >, P(a"]2") fo(a"y’, 2"), so that we can write

1T f1 = T" fall = max (z1(zy,2")) = Gq( o) (22(zy, 2"))|

= %a;fnzl(xy,x ) = 22wy = 121 = 22lloe < VI~ fell
where the last step follows from the straightforward calculation

l21 = 22l = s P Ay 2") — fola'y ) < L fi — Foll

x!!

This concludes the proof. O

F Additional experimental results

In this appendix we present the results of additional experiments not included in the main text.
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Figure 3: Estimated transport cost as a function &, for various choices of 7.

F.1 TImpact of the regularization parameter 7,

Besides the parameter m that we have already studied experimentally in Section[5] the only tuning
parameter of SVI and SPI is the regularization parameter 7, which takes the role of a learning rate.
We perform this experiment on two different instances of 4-room environments [Sutton et al., [1999],
each with distinct reward distributions. The results of this study for K = 2 - 10* iterations are shown
in Figure[3] The error is computed as the difference between the distance estimate produced by the
algorithm and a near-optimal distance obtained by running Algorithm(I|for a very small value of 7 and
a large number of iterations. We observe that higher values of 1 correspond to faster error reduction
in the initial steps, however they converge to suboptimal solutions. In contrast, choosing smaller
learning rates enables convergence to better solutions, at the cost of making slower progress initially.
An intuitive explanation for this is that for larger values of 7, the iterates converge rapidly to the broad
proximity of an optimal solution, but then reach a cycle where they continue to perform large updates
to the transition coupling which results in large constraint violations, which necessitate large updates,
and so on. This is formally verified by the fact that our bound on the constraint violation terms in
Theorem [ are increasing for large values of 7. Notably, employing a time-dependent learning-rate
schedule (inspired by Ballu and Berthet [2023])) with n, ~ 1/ V'k leads to the best performance. This
strategy leverages faster convergence initially and, for sufficiently large number of iterations, also
achieves near-optimal solutions.

F.2 Computational complexity

We now turn to study computational complexity of our algorithms. To do so, we will analyze how
the computational cost per iteration scales as a function of the size of the Markov chains involved.
As we can see in Figure [4] the computational time per iteration of the proposed algorithm grows
asymptotically at a rate of n?, being n the number of states of the Markov chains. Both of the
proposed algorithms exhibit similar computational complexity. This is not surprising given how
applying the Bellman—Sinkhorn operators and updating the transition couplings requires | X'|?|)|?
operations. This computational cost can be improved by leveraging the sparsity of transition kernels:
in particular, if at most m states are reachable with positive probability in both of the chains, the
complexity of the updates can be trivially improved to | X'||V|m?. We did not pursue this direction in
our experiments that were mainly designed to serve illustrative purposes.

It is now a natural question to ask how the efficiency of SVI and SPI compares to existing methods.
To understand this, we have performed additional experiments with two previously proposed methods:
EntropicOTC [O’Connor et al.| 2022]] and dWL [Brugere et al., |2024]]. Note that, while dWL studies
the discounted setting as in this paper, EntropicOTC tackles the average-reward setting. To compare
with the latter, we can set the discount factor v tending to 1. In the case of EntropicOTC, which
employs a policy iteration approach, it needs fewer iterations than our method to converge, but each
iteration is much more expensive, since it requires a complete policy evaluation and policy update
step. Overall, we have been able to empirically verify that our method finds optimal couplings
much more efficiently, about 10 times faster than the competing methods that we studied. The
hyperparameters of these methods were often more difficult to tune as well. In particular, the dWL
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Figure 4: Computational time per iteration for Markov chains with different number of states. The
figure corresponds to the case m = 1.

algorithm of Brugere et al.| [2024] makes use of regularized Sinkhorn iterations to approximate
the Bellman optimality operator in Equation (3, which comes with a hard-to-tune hyperparameter.
Increasing the regularization makes this algorithm very efficient initially, but at the same time the
result degenerates very quickly due to the propagation of errors. This problem becomes even more
visible for cases where the discount factor is large (say close to 1), which is typically required to
find meaningful differences between two chains with large mixing times. As far as computational
complexity is concerned, we have observed that the comparison depends very much on the amount of
regularization we add to dWL, making it difficult to draw a general conclusion in this respect. In
addition, dWL only outputs an estimate of the optimal transport cost, not a coupling that can be used
to verify the output.
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