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Abstract

We study the problem of parameter-free stochastic
optimization, inquiring whether, and under what
conditions, do fully parameter-free methods ex-
ist: these are methods that achieve convergence
rates competitive with optimally tuned methods,
without requiring significant knowledge of the
true problem parameters. Existing parameter-
free methods can only be considered “partially”
parameter-free, as they require some non-trivial
knowledge of the true problem parameters, such
as a bound on the stochastic gradient norms, a
bound on the distance to a minimizer, etc. In the
non-convex setting, we demonstrate that a simple
hyperparameter search technique results in a fully
parameter-free method that outperforms more so-
phisticated state-of-the-art algorithms. We also
provide a similar result in the convex setting with
access to noisy function values under mild noise
assumptions. Finally, assuming only access to
stochastic gradients, we establish a lower bound
that renders fully parameter-free stochastic con-
vex optimization infeasible, and provide a method
which is (partially) parameter-free up to the limit
indicated by our lower bound.

1. Introduction

Stochastic first-order optimization is a cornerstone of
modern machine learning, with stochastic gradient de-
scent (SGD, Robbins & Monro, 1951) as the go-to method
for addressing statistical learning problems. The tuning of
algorithmic parameters, particularly those associated with
SGD such as the step-size, proves to be a challenging task,
both theoretically and in practice (e.g., Bottou, 2012; Schaul
et al., 2013), especially when the problem parameters are
unknown. The present paper focuses on theoretical aspects
of this challenge.
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Addressing the challenge, a variety of methods emerged
over the years, with the goal of minimizing knowledge
about problem parameters required for tuning, while main-
taining performance competitive with carefully tuned algo-
rithms. These include the so-called adaptive methods, such
as AdaGrad and Adam (e.g., Duchi et al., 2011; Kingma &
Ba, 2015) and their recent theoretical advancements (Reddi
et al., 2018; Tran et al., 2019; Kavis et al., 2019; Alacaoglu
et al., 2020; Faw et al., 2022; Kavis et al., 2022; Attia &
Koren, 2023; Liu et al., 2023), that self-tune learning rates
based on gradient statistics; parameter-free methods (e.g.,
Chaudhuri et al., 2009; Streeter & McMahan, 2012; Luo
& Schapire, 2015; Orabona & Pal, 2021; Carmon & Hin-
der, 2022) that focus primarily on automatically adapting
to the complexity of (i.e., distance to) an optimal solution;
and advanced techniques from the literature on online learn-
ing (Orabona & Pil, 2016; Cutkosky & Orabona, 2018)
that can be used in a stochastic optimization setting via an
online-to-batch reduction. More recently, several works
have achieved advancements in improving practical perfor-
mance, narrowing the gap to finely-tuned methods (Orabona
& Tommasi, 2017; Chen et al., 2020; Ivgi et al., 2023; De-
fazio & Mishchenko, 2023; Mishchenko & Defazio, 2023).

While adaptive and parameter-free methods enjoy strong the-
oretical guarantees, each of the aforementioned approaches
still demands some level of non-trivial knowledge regard-
ing problem parameters. This includes knowledge about
the smoothness parameter and the initial suboptimality for
non-convex adaptive and self-tuning methods, or a bound
on either the stochastic gradient norms or on the distance
to an optimal solution for parameter-free convex (including
online) optimization algorithms. To the best of our knowl-
edge, in the absence of such non-trivial assumptions, no
method in the literature is fully parameter-free, in either the
non-convex or convex, smooth or non-smooth cases.

This paper explores the following question: in what stochas-
tic optimization scenarios, and under what conditions, do
fully parameter-free optimization algorithms exist? In this
context, we note that direct hyperparameter tuning, which
parameter-free self-tuning methods aim to eschew, could
be considered a valid approach for designing parameter-
free algorithms. Consequently, we also examine the ques-
tion: can self-tuning optimization algorithms actually out-
perform direct tuning methods based on simple hyperparam-
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eter search?

We begin our inquiry in the general setting of non-convex
(smooth) optimization. We observe that a simple hyperpa-
rameter search technique for tuning of fixed stepsize SGD re-
sults in a fully parameter-free method with convergence rate
that matches optimally tuned SGD up to poly-logarithmic
factors. While extremely straightforward, this approach out-
performs the state-of-the-art bounds for adaptive methods
in this context (Faw et al., 2022; Kavis et al., 2022; Attia
& Koren, 2023; Liu et al., 2023) that require non-trivial
knowledge on the smoothness parameter and the initial sub-
optimality for optimal tuning.

Moving on to the convex optimization setting, we observe
that a similar hyperparameter search technique can be used
to design a simple and efficient parameter-free algorithm,
provided access to noisy function value queries to the objec-
tive. Under very mild assumptions on the scale of noise in
the value queries, the obtained algorithm is fully parameter-
free with convergence rate matching that of perfectly tuned
SGD (up to poly-log factors), in both the smooth and non-
smooth convex cases. This algorithm thus outperforms ex-
isting results in the literature, albeit under an additional as-
sumption of a reasonably-behaved stochastic function value
oracle. Indeed, an inspection of previous studies in this
context reveals that they neglect access to function values
and only rely on stochastic gradient queries (even though
function value access is often readily available in practical
applications of these methods).

Our last area of focus is therefore the convex optimization
setting with access solely to stochastic gradients (and no
access whatsoever to function values), which emerges as the
only general stochastic optimization setting where achieving
parameter-freeness is potentially non-trivial. Indeed, and
perhaps somewhat surprisingly, we identify in this setting
a limitation to obtaining a fully parameter-free algorithm:
we establish a lower bound showing that any optimization
method cannot be parameter-free unless it is provided with
either the gradient-noise magnitude or the distance to a min-
imizer, each up to a (multiplicative) factor of O(VT) where
T is the number of optimization steps. The bound sheds
light on why prior methods require non-trivial knowledge
of problem parameters, yet still leaves room for improve-
ment: state-of-the-art results in this context (e.g., Carmon &
Hinder, 2022; Ivgi et al., 2023) assume knowledge on the
magnitude of the stochastic gradients, whereas our lower
bound only necessitates knowledge on the magnitude of the
noise component in the gradient estimates.

Our final contribution complements the lower bound and in-
troduces a parameter-free method in the convex non-smooth
(Lipschitz) setting, achieving the same rate as of optimally-
tuned SGD, up to poly-log factors and an unavoidable term
prescribed by our lower bound. When given a bound on

the noise in the stochastic gradients accurate up to a O (VT)
factor, our method becomes fully parameter-free. The same
method achieves a similar parameter-free guarantee in the
setting of convex smooth optimization, nearly matching the
rate of tuned SGD in this case.

1.1. Summary of contributions

To summarize our results in some more detail, let us first
specify the setup of parameter-free optimization slightly
more concretely. In all cases, we consider unconstrained
optimization of an objective function f : R — R. Rather
than directly receiving the ground-true problem parame-
ters (e.g., smoothness parameter, Lipschitz constant, etc.),
the algorithms are provided with a range (lower and upper
bounds) containing each parameter. We refer to a method
as parameter-free if its convergence rate matches a bench-
mark rate (e.g., that of optimally-tuned SGD), up to poly-
logarithmic factors in the ranges parameters (as well as in
the number of steps 7' and the probability margin 6).

Non-convex setting: fully parameter-free algorithm.
We give a fully parameter-free method with the same conver-
gence rate as tuned SGD up to poly-log factors. Given an ini-
tialization w; € R?, number of queries T, probability mar-
gin ¢ and a range [7min, Pmax | containing the theoretically-
tuned SGD stepsize (the latter can be computed from the
problem parameter ranges), the algorithm produces w € R¢
such that with probability at least 1 — 9,

— ﬂ F, +0—2 % W Mmax
IV G < (S + 22 2 olylog (3, ),

where 4 is the smoothness parameter, F, = f(w;) —
min f(w), and o is a noise bound of the stochastic gra-
dients. While the algorithm is based on simple observations,
it is fully parameter-free and provides stronger guarantees
with a simpler analysis compared to existing adaptive or
self-tuning methods in this setting.

Convex setting: fully parameter-free algorithm with
noisy function values. Moving to the convex case, we
first consider the canonical setting with access to noisy func-
tion values. We devise a simple parameter-free method,
that given wy, T, § and a range [fmin, max | cONtaining the
theoretically-tuned SGD stepsize, produces w € R such
that with probability > 1 — 6,

Dy /G2 + o2 o 1

_t— polylog( ‘"*_‘X,—),
T T Tmin * 6

where G is the Lipschitz constant, Dy = ||lw; — w*|| (w*

is a minimizer of f), and oy and o are noise bounds of the
function and gradient oracles respectively. Under very mild

fw) - f(wH) <
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assumptions on the function values noise oy, the method
is fully parameter-free and achieves the same rate as tuned
SGD up to poly-log factors.

Convex setting: impossibility without function values.
Next we consider the convex setting without any access
to function values. We establish that without further as-
sumptions, no convex optimization method can be fully
parameter-free while nearly matching the rate of tuned SGD.
We show that for any a € [1, %\/T ] and every T-queries
deterministic algorithm receiving ranges [%Dmax, Dax],

[mlﬁo'mdx, Omax] and known G, = (2T o there exist Dy
and o, that belong to the ranges (resp.), a convex and
G .-Lipschitz function f with a minimizer w* such that
[[w*|| = Dy, and a ox-bounded first-order oracle such that
with constant probability, the output of the algorithm, w,

satisfy

Dy (Gy + oy > D 0max
oNT - 6T

Thus, without non-trivial prior knowledge on the parameter
ranges, no algorithm can match the performance of runed
SGD and must include a term linear in oyax.

fW) = f(w*) 2

Parameter-free algorithm for the convex non-smooth
setting. Assuming only gradient access, we propose a
method which requires knowledge of Dpin, Dmaxs Gmax
and omax such that Dyin < Dy = w1 = w*|| € Dmax,
Gy < Gmax and 0w < 0max and produces w such that with
probability at least 1 — 9,

D*(G* +0'*) D*o'max

NT )

where C = poly log( g‘“‘f‘* , G max> Omax» %). The method is
parameter-free if o-maxmlfs provided up to a tolerance of
O(NT), in which case it achieves the same rate of con-
vergence as funed SGD up to logarithmic factors. This is
the maximal tolerance possible in light of our lower bound,
which shows that the additional oy,x /7 term is unavoidable
without further assumptions.

fwm-fr<C

Parameter-free algorithm for the convex smooth setting.
Assuming that the objective is B,-smooth rather than Lips-
chitz, the same convex optimization method with parameters
D min, Dmax> Bmax and omax such that Diin < Dy < Diax,
Bsx < Bmax and 0y < Tmax, produce w € R¥ such that with

probability at least 1 — 9,

BxD * D*O'*

N

where C = poly log(Dmax, 75— D , Bmax> Omax» 5) To the best
of our knowledge, this is the first parameter-free method

Dy Omax

f@@)-1* =€ Toax ),

for stochastic convex and smooth optimization (in the case
where o is provided up to O (VT) tolerance, which is again
required to account for the unavoidable term prescribed by
our lower bound).

1.2. Additional related work

Adaptive stochastic non-convex optimization. A long
line of work focus on the analysis of SGD with AdaGrad-
type stepsizes (Ward et al., 2019; Li & Orabona, 2019;
Kavis et al., 2022; Faw et al., 2022; Attia & Koren, 2023;
Liu et al., 2023), which we refer to as AdaSGD (also known
as AdaGrad-norm, e.g., Ward et al. 2019; Faw et al. 2022).
AdaSGD enjoys high-probability guarantees and rate inter-
polation for small noise (Attia & Koren, 2023; Liu et al.,
2023). Compared to our tuning-based fully parameter-free
method, the analysis of AdaSGD is cumbersome and sub-
optimal without knowing the smoothness and function sub-
optimality.

Parameter-free and adaptive stochastic convex optimiza-
tion methods. Existing methods assume either known
diameter or known stochastic gradient norm bound. As-
suming a known diameter, (Kavis et al., 2019) presented a
method with an (almost) optimal rate for convex optimiza-
tion and an accelerated rate for convex smooth optimization.
It is an open question whether parameter-free acceleration
is possible. Given a a bound of the stochastic gradient norm,
Carmon & Hinder (2022) provided the first method which
achieve the optimal rate up to a double-logarithmic fac-
tor in the diameter range by utilizing an efficient bisection
procedure to find a good SGD stepsize. Ivgi et al. (2023)
introduced a parameter-free method which use dynamic
stepsizes for SGD, and demonstrated strong practical per-
formance. Both methods are parameter-free if the bound of
the stochastic gradients norm is given up to a tolerance of
O (NT), while our method and analysis require only such
bound for the noise of the stochastic gradients; this distinc-
tion is crucial to our guarantee in the convex and smooth
case, where the gradients are unbounded.

Parameter-free deterministic optimization methods.
While our focus here is on parameter-free stochastic opti-
mization, in the context of deterministic optimization several
fully parameter-free methods were previously suggested.
The adaptive Polyak method of Hazan & Kakade (2019)
achieves almost the same rate as tuned gradient descent for
convex Lipschitz and convex smooth problems. For convex
smooth problems, Beck & Teboulle (2009) and Nesterov
(2015) use line-search techniques to obtain the optimal (ac-
celerated) rate. It is also worth mentioning the tuning-free
methods of Defazio & Mishchenko (2023); Mishchenko &
Defazio (2023), which are not fully parameter-free (they
need knowledge of the Lipschitz constant) yet demonstrate
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strong practical performance without tuning.

Parameter-free online convex optimization. In the set-
ting of online convex optimization (OCO), several works
concerned themselves with parameter-free (e.g., McMa-
han & Orabona, 2014; Orabona & Pél, 2016; Cutkosky
& Orabona, 2018; Mhammedi & Koolen, 2020) and scale-
free (e.g., Orabona & Pal, 2018; Mhammedi & Koolen,
2020) methods. The parameter-free OCO literature as-
sume known gradient norm bound and achieve regret
of O(||u||Gmaxv/T log|lul]) where u,Gmax and T are an
arbitrary comparator, gradient norm bound and number
of rounds respectively (McMahan & Orabona, 2014).
Cutkosky & Boahen (2016; 2017) established lower bounds
which rule out such regret bounds if both the comparator
and gradient norm bounds are unknown. Sidestepping the
lower bound, several works designed parameter-free meth-
ods (with unknown Lipschitz bound and comparator norm),
suffering an additional O (J|u]]? Gmax) term (Cutkosky, 2019;
Mhammedi & Koolen, 2020). Considering online-to-batch
conversions, online parameter-free methods with known
gradient norm bound still require a non-trivial bound of the
stochastic gradient norms, not only the noise bound. Jun
& Orabona (2019) relaxed the bounded gradients assump-
tion using stochastic gradients, but requires a known bound
of the expected gradient norms instead. We note that the
method of Cutkosky (2019) can use crude range bounds
for a guarantee of 5(D*G*/ﬁ + Dinax G« /T?/*), which
is parameter-free when Dyax/Dmin = O(T'*). Diameter
tolerance is a promising future research direction, as most
current studies focus on gradient norm/noise tolerance.

Classical analyses of stochastic gradient descent.
Ghadimi & Lan (2013) were the first to examine stochastic
gradient descent in the smooth non-convex setting and ob-
tain tight convergence. They demonstrated that a properly
tuned SGD with T steps achieves a rate of O(1/T + o /NT)
under the assumption of uniformly bounded variance o-2; Ar-
jevani et al. (2022) provided a tight lower bound. Assuming
sub-Gaussian noise, Ghadimi & Lan (2013) provided a high-
probability convergence rate of O(1/T + o2 /T + o /NT) by
amplifying the success probability using multiple runs of
SGD, while Liu et al. (2023) established a similar rate for
a single run of SGD. For the convex setting, Lan (2012)
provided convergence guarantees for stochastic gradient
descent in composite stochastic optimization, establish-
ing a convergence rate of O((G + o) /VT) for convex and
G-Lipschitz objectives and O(1/T + o /\T) for convex
smooth objectives, assuming uniformly bounded variance
of 2. Classical non-asymptotic analyses of SGD and mini-
max lower bounds in stochastic optimization trace back to
Nemirovskij & Yudin (1983).

Addendum: concurrent work on parameter-free stochas-
tic optimization. Shortly after the present manuscript first
appeared on arXiv (Attia & Koren, 2024a), other works
appeared which explore similar questions in parameter-free
stochastic optimization. Carmon & Hinder (2024) study the
“price of adaptivity” to uncertainty in problem parameters
in stochastic convex problems, with focus on characterizing
the tight penalty (i.e., poly-logarithmic factors in the bound)
one must pay for being parameter-free. They provide several
lower bounds for different uncertainty scenarios, including
stochastic gradients with bounded norms and stochastic gra-
dients with a bounded second moment, as well as a result
similar to our Theorem 6 that quantifies the price of uncer-
tainty in both diameter and stochastic gradient norms. In
contrast, our primary focus is on studying conditions under
which parameter-free algorithms are possible in various op-
timization scenarios, modulo poly-logarithmic factors in the
convergence bounds.

In an independent work, Khaled & Jin (2024) study
parameter-free optimization in the non-convex and convex
settings and establish a set of results closely related to ours.
For non-convex smooth optimization, they provide an upper
bound similar to our Theorem 1 (they also give a lower
bound for the in-expectation rate of SGD, showing that it
is unattainable by parameter-free methods). For convex
optimization, they prove that full parameter-freeness is in
general impossible, while showing a convergence result that
inversely depends (polynomially) on a certain SNR parame-
ter, that for favorable noise distributions is bounded away
from zero, in which case the algorithm is parameter-free.
Comparing to our lower bound in Theorem 6, we provide a
detailed characterization of the cost of being parameter-free
in this setting, showing how convergence of parameter-free
methods degrades with the degree of uncertainty in the gradi-
ent noise parameter. In terms of upper bounds, we establish
feasibility of parameter-free convex optimization with no
dependence on SNR (that can be arbitrarily small even for
bounded noise distributions), with rates matching our lower
bound up to poly-log factors. In addition, we establish an
analogous upper upper bound for convex smooth problems,
which is, to our knowledge, the first parameter-free result in
this setting.

2. Preliminaries

Notation. Throughout, we use log to denote the base 2
logarithm and log, (-) = 1 +log(+). O and O are asymptotic
notations that suppress logarithmic and doubly-logarithmic
factors respectively (in addition to constant factors).

2.1. Optimization setup

Our focus is unconstrained stochastic optimization in d-
dimensional Euclidean space R4 with the ¢, norm, denoted
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[|-]]. We assume a stochastic first-order access to a differen-
tiable objective function f : R? — R through a randomized
oracle O. We will consider two variants of such access,
common to the literature on stochastic optimization:

(i) Stochastic first-order oracle: The oracle O gener-
ates, given any w € R, unbiased value and gradi-
ent samples for f at the point w, namely O(w) =
(f(w),g(w)) such that for all w € R?, E[f(w)] =
f(w) and E[g(w)] = Vf(w). We will make the stan-
dard assumption that f and g have uniformly bounded
noise,! that is, for some parameters o > 0 and o > 0,

VweR? . Pr(|f(w)— f(w)| <op) =1
and  Pr([lg(w) - Vf(w)|l <o) = 1.

(ii) Stochastic gradient oracle: The oracle O only gen-
erates a stochastic gradient sample with o -bounded
noise for f given a point w; namely O(w) = (g(w))
such that for all w € R?, E[g(w)] = Vf(w) and

Pr(llg(w) = Vfw)ll <o) = 1.

In this framework, we distinguish between several different
optimization scenarios:

(i) Non-convex setting. In this case we will assume the
objective is not necessarily convex but is 8,-smooth.?
We further assume that the function is lower bounded
by some f* € R and denote F, = f(w;) — f* fora
given reference point w; € R¢. The goal in the setting
is, given T queries to the stochastic oracle and 6 > 0, is
to find a point w € R¢ such that ||Vf(w)||2 < € with
probability at least 1 -9, for € as small as possible (as a
function of the problem parameters By, Fx, 0%, 0 and
T,9).

(i) Convex non-smooth setting. Here we assume f is
convex, Gy-Lipschitz and admits a minimizer w* €
argmin,, cga f(w) with value f* = f(w*). We de-
note Dy £ ||w; — w*|| for a reference point w; € R<.
The goal is, given T queries to the stochastic oracle
and § > 0, is to produce a point w € R? such that
f(w) — f* < e with probability at least 1 — &, for € as
small as possible (in terms of the problem parameters
Gyu,Dy,04,00and T, 9).

The bounded noise assumption is made here for simplicity
and can be relaxed to a sub-Gaussian assumption on the noise; see,
for example, Attia & Koren (2024b) or Appendix C of Attia &
Koren (2023) for further details.

ZA function f R?Y - R is said to be B-smooth if
IVL(x) = VLI < Bllx -yl for all x,y € RZ. In particular,
this implies that |f(y) = f(w) = Vf(x) - (y = )| < 5lly - x|
forallx,y e R4,

(iii) Convex and smooth setting. This scenario is identical
to the former, but here we assume that f is B,-smooth
rather than G ,-Lipschitz. The convergence rate € is
then given in terms of the parameters By, Dx, 0, 00
and T, 6.

2.2. Parameter-free algorithmic setup

Since our focus is on parameter-free optimization, it is
crucial to specify what algorithms in this setting are al-
lowed to receive as input. First, we will always assume
that the number of steps 7, the failure probability 6 and
the reference point w are given as inputs.> The remain-
ing problem parameters are not known ahead of time and
thus are not received as inputs; however, we will assume
that algorithms do receive, for each ground-truth parame-
ter, a crude range (i.e., lower and upper bounds) in which
it lies. Namely, for any of the relevant parameters among
Bxs Fx, Gu, Dy, 04, algorithms receive respective ranges
such that 5, € [ﬂmin, ﬂmax]s Fy € [Fuin, Fmax], G+ €
[Gmins Gmax] , Dy € [Dmin, Dmax]’ Ox € [O-min, ‘Tmax] (a
range for the parameter oy is not used in any of our meth-
ods). We refer to a method as parameter-free, with respect
to a well-tuned benchmark algorithm, if its convergence
rate matches that of the benchmark, up to poly-logarithmic
factors in the range parameters as well as in 7 and 1/§. (We
do not include a more formal definition here, since it will
not be required for the statement of any of our results.)

2.3. Tuned benchmarks

Our benchmark rates, for both convex and non-convex
optimization, are those of tuned (fixed stepsize, possibly
projected) Stochastic Gradient Descent (SGD). Starting at
w1 € R, the update step of SGD is w;,; = w; —1g;, where
n is the stepsize parameter, g, = g(w,) is the stochastic
gradient at step ¢, evaluated at w,. The update of projected
SGDis wyy1 = g (w; — ng;), where Il (+) is the Euclidean
projection onto a convex domain Q C R¢. With a tuned
stepsize parameter, this method achieves the best known rate
in the non-convex setting and the optimal rate in convex non-
smooth setting (accelerated methods achieve a slightly better
rate in the convex and smooth setting). The benchmark rates
of SGD in the optimization scenarios described above are
detailed in Table 1. Note that SGD is not parameter-free
with respect to tuned SGD, unless the range parameters
are such that the ground-true parameters are known up to a
constant factor.

3A standard doubling trick can be used to handle an unknown
T while keeping the same rate of convergence up to log-factors.
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Table 1. Benchmark high-probability rates of tuned SGD, ignoring
log-factors.

SETTING BENCHMARK RATE

BsFu |, O3 BuFyo2
Non-convex e +\/7T

(Ghadimi & Lan, 2013)

Convex, Lipschitz % (Lan, 2012)
BaD2 D, o,
Convex, smooth T+ e (Lan, 2012)

3. Parameter-Free Non-convex Optimization

We begin with the general non-convex smooth case, pro-
viding a fully parameter-free method which achieves the
same rate of tuned SGD up to poly-logarithmic factors. Our
approach is based on a simple observation that has also been
used in the two-phase SGD approach of Ghadimi & Lan
(2013). Our parameter-free method performs grid search
over multiple SGD stepsizes and for each sequence of SGD
iterations randomly samples a small portion of the iterations.
Then the method picks the solution with the minimal ap-
proximate gradient norm based on stochastic gradients. For
the full algorithm statement see Appendix A. Here we only
states its guarantees.

Theorem 1. Assume that f is Bs-smooth and lower
bounded by some f* and g is a ox-bounded unbiased gra-
dient oracle of f. Let Nmin, Mmax > 0 such that

F.
B. (:ZT} < Tmax
*

. 1
Nmin < T = mm{sz*’

where Fy = f(w1) — f*. Then for any 6 € (0, %), given
w1, T, 6, Nmin and Nmax, Algorithm 2 performs T gradient
queries and produce w such that with probability > 1 — 9,

log, (122) log, () (B« Fy + 07 l0g 5)

IVFG@I? =0 -

Mmin

\NT

0uyBe P log, (£22) log, ()
+

First, we note that the rate of Algorithm 2 match the rate of
Sfully-tuned SGD up to logarithmic factors. Note that valid
Tmin» NTmax €an be determined using ranges of the problem pa-
rameters (details at Appendix A). Additionally, the method
produce a single point instead of the obscure average norm
guarantee of SGD, a product of comparing multiple itera-
tions of SGD. Comparing the result to recent advances in
the analysis of adaptive SGD with AdaGrad-like stepsizes
(Faw et al., 2022; Attia & Koren, 2023; Liu et al., 2023),
Algorithm 2 has only logarithmic dependency in the specifi-
cation of the parameters 1min and nmax While adaptive SGD
require tight knowledge of F, /B, for tuning or suffer a sub-
optimal polynomial dependency on problem parameters. In
addition, the proof technique of Theorem 1 is simple and

straightforward compared to the cumbersome analysis of
adaptive SGD with AdaGrad-like stepsizes.

Due to the simplicity of the analysis, we defer the full proof
to Appendix A and provide here the general guidelines.
The proof uses standard techniques (which are also used
in the original analysis of Ghadimi & Lan 2013). As njx €
[7min> Mmax | the algorithm’s grid search execute SGD with
some 1, ~ 14, and with high probability, obtains (among
other candidates) at least one point with a similar guarantee
to tuned SGD. A concentration of the stochastic gradient
norms ensures that we can select a good candidate with high
probability.

4. Parameter-Free Convex Optimization

We proceed to consider convex problems, where the objec-
tive is either convex Lipschitz or convex smooth. The first
result in this section assumes access via a first-order ora-
cle (which includes access to noisy function values), while
later results deal with the case of stochastic gradient oracle
access.

4.1. Optimization with a stochastic first-order oracle

In this setting we assume access using a first-order oracle
O(w) = (f(w), g(w)) with bounded noise. Stochastic func-
tion value access (with a reasonable level of noise variance)
is often a valid and natural assumption since (i) it is often the
case that stochastic gradients are obtained by random sam-
ples and those can be used for both function and gradient
evaluation; and (ii) the practice of tuning using a validation
set implicitly assume this exact assumption. We present a
fully parameter-free method which utilize the function value
oracle to perform model selection, similar to the use of the
gradient oracle for model selection in Algorithm 2. The
algorithm is detailed in Appendix B and following is its con-
vergence result. Due to the similarities between the method
and Algorithm 2, the proof is also deferred to Appendix B.

Theorem 2. Let f : R?Y — R be a differentiable,

G x-Lipschitz and convex function, admitting a minimizer

w* € argmin,ga f(w). Let f be a oo-bounded unbi-

ased zero-oracle of f and g be a o«-bounded unbiased
gradient oracle of f. Let Nmin, Mmax > 0 such that Nmin <

w1 — w*||/[ (G2 + 02T < Nax for some wy € RY. Then

Algorithm 3 performs T queries and produce w such that
with probability at least 1 — 26,

o log(5) flog(Zme)
VT
llwi = w* Iy (G2 + o) log(222) log($)
7 .

fw) - fw* =0

+
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Algorithm 3 obtains the same rate of convergence as funed
SGD up to logarithmic factors and a term of order o7/ VT,
being parameter-free given the mild assumption that oy =
O(D4 (G + 0%)). Similarly to Algorithm 2, the inputs
Tmin> Tmax May be replaced by problem parameters ranges
(details at Appendix B). We note that Algorithm 3 achieves
an analogous guarantee for convex smooth objectives (via
a proper setting of 7min, Pmax USINE D min, Dmax> Bmins Bmax
and Oimin, Omax)-

4.2. Optimization with a stochastic gradient oracle

While function value access is a reasonable assumption
which leads to a simple parameter-free method, much of
the existing work on adaptive, self-tuning optimization only
assume access to stochastic gradient queries. In this section
we present a parameter-free method, using only stochas-
tic gradient access, which match the convergence rate of
tuned SGD up to a lower-order term O (omax/T) and poly-
logarithmic factors. Our proposed method (Algorithm 1)
is based on tuning the diameter of the projected variant
of Stochastic Gradient Descent with AdaGrad-like step-
sizes method (AdaPSGD). For a given diameter, the update
step of AdaSGD is w41 = Proj,,, p(w; —1:8:), where
Proj,,, p(-) is the Euclidean projection onto the D-ball cen-
tered at the initialization wy, g, = g(w,) is the stochastic
gradient at step ¢, and for some @ > 0 and y > 0,

aD

N7+ 2 el

Our method performs multiple runs of AdaPSGD with an
exponential grid of diameters and stops when all iterations
are fully within the D-ball. The method may be consid-
ered as a middle ground between Carmon & Hinder (2022)
and Ivgi et al. (2023) as it combines tuning and dynamic
stepsizes.

ne =

Following is the convergence result of our method.

Theorem 3. Ler f : RY — R be a differentiable, G-
Lipschitz and convex function, admitting a minimizer w* €
arg min,, cga f(w). Let g be an unbiased gradient oracle
of f with o«-bounded noise, and let wi € R4, Then Al-
gorithm 1 with parameters Dpin < ||[wi — w*|| < Dmax,
Gmax = Gx and omax = Oy performs at most T'log 7= D"’“‘X

gradient queries and produce w € R¢ such that with proba-
bility at least 1 — 6 log == D““*

W[ (Gx + %)

\T

)mw%éﬁjél

f@%fWﬂs““‘

w1 = w*||omax
T

Observing the convergence rate in Theorem 3, Algorithm 1
achieve the same rate of convergence as fully-tuned SGD

Algorithm 1: Adaptive projected SGD tuning

Input: Dmln’ D axs Gmax»> Omax» T and 0
K «— log max

Y < \[So-max log%
0T,5 «— log M

@ — (4810g(1 + M) +32log(1+7) +

507 log S

-1
2
128\/97510g(1+T)+ BNT)
Slog 5
fork < 1,2,...,Kdo
Dy « 22D i
w L w® — AdaPSGD(Dy, @, y, w1, T)

lfmaXt<T||W - w1|| < Dy then

t+1

‘ return w%) — ZT 1 wfk)
end

end

return w > Failure case

up to logarithmic factors and an additional lower order term
of O (o4 /T).* Hence, in case the ratio omax/(0min + Gmin)
is O(VT), Algorithm 1 is parameter-free compared to the
rate of tuned SGD. Previous parameter-free results for SCO
(Carmon & Hinder, 2022; Ivgi et al., 2023) suffer a similar
lower order term, while our result depends only on the
noise bound and not a bound of the norm of stochastic
gradients which encapsulate both a noise and gradient norm
bound, a property that stems from a careful combination of
“decorrelated” stepsizes and martingale analysis instead of
using the crude bound of stochastic gradients norm. (This
point will subsequently prove critical in the convex smooth
case where gradients are not directly bounded.) We also
note that the bisection technique of Carmon & Hinder (2022)
can improve the poly-logarithmic dependency; we abstain
from using such a technique in favour of making the tuning
procedure straightforward and leave improvements of the
logarithmic factors to future work.

The convergence result of Algorithm 1 holds in fact holds
more generally, assuming the gradient and noise bounds are
satisfied only inside a ball of radius 8||lw; — w*||. We will
prove a more general version and Theorem 3 will follow
as a corollary at Appendix C. The refined result will be
relevant later when we use the convergence guarantee for
convex smooth objectives where a global gradient norm
bound does not hold. To that end we define Ggy, g« € Ry
as the minimal parameters satisfying, for all w € R? such

4In Theorem 6 we show that such a term is unavoidable with-
out further assumptions and in Appendix D we provide a further
assumption which mitigate the excess term.
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that [lw —wi || < 8[lwy —w*|l,

IV < Gsx, Pr(llig(w) = VW)l < 05s) = 1. (1)

Following is the general version of Theorem 3.

Theorem 4. Let f : RY — R be a differentiable and convex
Sfunction, admitting a minimizer w* € argmin f(w). Let g
be an unbiased gradient oracle of f such that ogy, < o
(see Equation (1)), and let w; € R%. Then Algorithm 1
with parameters Dpin < |[w1 — w*|| < Dmax» Gmax = Gsx
and Omax = Ogx, Where Gy, and o3, are defined by
Equation (1), performs at most T log Dina gradlent queries

and produce Wy = Z W )fOV some k € [log Dm“]

such that with probability at least 1 — 6log 3 Dr““x , Dy <
8|lwi — w*|| and

Diyin

FWR) - f* < Z Fwhy -

¢
s~ w7l (\/zng“”n%am 1og§))

max k
log(% + %) and g,( )

=0

where C =

at w,(k).

is the observed gradient

The bound of the general version uses the norms of the
observed stochastic gradients instead of the gradient norm
and noise bounds, and a simple translation appearing in
Appendix C yields Theorem 3.

In order to prove Theorem 4, we first provide several in-
termediate results for 7-steps AdaPSGD for some D <
8||w1 — w*|| at Lemmas 1 to 3 (in which case the bounds
Gs,« and o, hold for all the projected domain). We de-
fer their proofs to Appendix C. Differently from common
analyses of projected methods, we are interested in both the
local minimizer inside the D-ball and the global minimizer
in R?. To that end, let w}, = argmin,,,, . 1<p S (W)
such that [[w; —wi | < [[w; —w*||.° The first lemma es-
tablishes a convergence guarantee with respect to the global
minimizer given the following two events. The first is that
all the iterates are contained (fully) within the D-ball, i.e.,
E £ {max;<r||[ws1 — wi|| < D}. The second,

o

T
<4(D +|wr - W*II)\/HT,5 D llg:ll? + 462 o, 8*},
t=1

is the concentration needed to modify the regret analysis to
a high-probability analysis.

Z(Vf(wt)—gt) (w; —w™)

w*|| < D and we may use
1.

5Such wT, exists since either [|w —

wh =w*,or lwp —will <D <[w;-w

Lemma 1. Under the event E1 N E»,

C —_ *
F 20 00) = f0") 5 (3 86 g P2

2 VEL NI
W[+ D)(2 +4y07.5) +aD)—.

T

"]

+ (U -

The second lemma bounds the distance of the iterates from
the initialization. This lemma will prove useful to show that
E| holds with high probability for a large enough D.

Lemma 2. Let a,y as defined by Algorithm 1. Then with
probability at least 1 — 26, forallt € [T],

1
lwier = will < 2[lwy —w*[| + ED'

The third lemma lower bounds the probability of E;,. Note
that the concentration bound does not depends on the gra-
dient norm bound, only the observed (noisy) gradients and
the noise bound.

Lemma 3. Pr(E;) > 1 - 26.

We are ready to prove the main result.

Proof of Theorem 4. Let w( forr e [K + 1] be the output
of Algorithm 1 (treating w; as WDy Let

i = min{k € [K] : Dx > 4]wy — w*][}.

Note that i is well defined as Dg = 4D > 4||lw; — w*||
and that by minimality of i, D; < 8||lw; — w*||. We define
the events £ l(k) and Eék) as the respective E| and E; events

for the k’th sequence of AdaPSGD, wik), e W(Tk). From
Lemma 2, with probability at least 1 — 24, for all ¢ € [T],

oo Dy = wall < 2lhwy =+ 2; < Dy,
where the last inequality follows by D; > 4|jw; — w™*]].
Hence, Pr{r <i} > Pr{r=i|7t2>i} > 1-26. By
Lemma 3, with probability at least 1 — 26K (union bound
over all k € [i], where i < K), Eék) holds for all k£ € [i].
Again using union bound with {7 < i}, with probability at
least 1 —26(K + 1), we also have that {r < i}, which means
that both E 1(7) and Eéf) hold and we can invoke Lemma 1.
Hence, with probability 1 — 25(K + 1), Algorithm 1 returns
W™ for some 7 < i for which

1 lwy —w*||+D
?Zf(wt(f))—f*s (2(_3,+89T,60'8*) T :
t=1
V=L gl
(w1 = w11+ D) (2 +4yBr.5) + @D ) S
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Using the inequalities D < D; < 8|lwj — w*||, osx <
Omax, and a standard application of Jensen’s inequality,

W || Tmax

f(W(T)) = O((af{rmax +0p )||W1 - T*

lwi = w*lIy =7, e 11
+(($+\/@)+a) : T ! )

We conclude by substituting v, noting that ¢« < 1,

VOr.5.07.6.07" = O(log(§ + ). o

O'max
4.3. Convex and smooth stochastic optimization

In this setting we assume that the objective is smooth rather
then Lipschitz. We prove that Algorithm 1 also achieve
the same rate of convergence as funed SGD for smooth
objectives, up to logarithmic factors and a lower-order term.

Theorem 5. Let f : RY > R be a Bx-smooth and convex
function, admitting a minimizer w* € argmin f(w). Let
g be an unbiased gradient oracle of f and let w, € R4,
Then Algorithm 1 with parameters Dy, < |lw) —w*|| <
Dmax, Gmax = 9Bxllw1 — *” and Omax 2 Ogx, Where
O3« 1s defined by Equation (1), performs at most T log

gradient queries and produce w such that with probabllr?ty

at least 1 — 6 log g‘m““‘: Dy < 8|lwi —w*|| and
_ C*Bullwi = w*|I*  Cllwi = w*|log
fw) - f* = : + .
T NT
~ T
Cllwi — w*|| /log &
+ Omax T ,
where C = log(% + %)

The method is parameter-free compared to tfuned SGD,
assuming omax/Omin = 0(\/7 ). Previous parameter-free
methods for stochastic convex optimization (Carmon & Hin-
der, 2022; Ivgi et al., 2023) provided only a noiseless guar-
antee for smooth objectives. Attia & Koren (2023) provided
a convergence result for adaptive SGD with AdaGrad-like
stepsizes for convex and smooth objectives, but similarly
to the non-convex case, the method is not parameter-free
compared to funed SGD.

Theorem 4 requires only a local gradients norm bound, in-
side a ball of radius 8||w; — w*||. An application of smooth-
ness with the triangle inequality yields that for all w such
that [[w — wi || < 8[lwy = w*[l [IVf(W)II < 9Bullwi = wl.
Hence, we can apply Theorem 4 and the error incurred by
the bound is merely logarithmic. Using a standard analysis
we can translate the convex rate guarantee to a convex and
smooth rate guarantee. For the full proof see Appendix C.

4.4. Information-theoretic limits to parameter freeness

Both Theorems 4 and 5 suffer an additional term of
O(|lwi = w*||0max/T) compared to tuned SGD, that pre-
vents them from being fully parameter-free compared to
SGD due to the polynomial dependence on op,x. The fol-
lowing theorem shows that without additional assumptions,
this term is in fact unavoidable and the results of Theorems 4
and 5 are essentially the best one can hope for.

Theorem 6. Let T > 4, Diyax > 0, Omax > 0, @ € [1, 3VT]
and G, = % Let A be any deterministic algorithm
which performs T gradient queries and outputs w € R. Then
there exist some D, € [Dvﬁ, Duax], o € [U:“F‘,O'mdx] a
convex and G «-Lipschitz function f : R — R which admits
a minimizer w* € argmin,, . f(w) such that ||w*|| = Dy,
and a o«-bounded unbiased sub-gradient® oracle of f, g
such that with probability at least zlt’

D (Gy + 0y S D s Omax
6NT - or

fO) = f(w*) 2

We remark that the deterministic requirement is made for
simplicity and the argument can be adapted to random-
ized algorithms. To understand the lower bound con-
sider the convergence guarantee of tuned SGD. A standard
in-expectation analysis of SGD with a funed stepsize of
n = D/(G + o)VT and an application of Markov’s inequal-
ity shows that with probability at least ?'t’ SGD produce w
with £ (W) — f(w*) = O(D4 (G« + o) /VT). Hence, when
a = w(1), the worst case analysis of SGD is strictly better
than any algorithm with the limited knowledge prescribed in
Theorem 6. In particular, a method cannot be parameter-free
and expect a comparable rate of convergence to SGD unless
one of [ Dmin, Dmax]» [Omins Omax] has ratio of 0(\/7) or the
G value is outside the range (for example if the noise bound
is small). This lower bound of Theorem 6 indeed appears in
the guarantees of Carmon & Hinder (2022); Ivgi et al. (2023)
in the form of the bound of stochastic gradients norm and
in our Theorem 4. While the term Q(||w1 — w*||omax/T)
is unavoidable, in Appendix D we show that assuming the
initialization is a “bad enough” approximate minimizer, we
can infer a reasonable bound of o, which reduce the lower
bound to a term proportional to the guarantee of tuned SGD.

We defer the proof to Appendix C and provide the general
structure of the proof. The proof is based on constructing
two problem instances which are indistinguishable with con-
stant probability using only T queries, where one instance
pretends to be the other using a large o, value. The lower
bound is established by showing that no point has good
sub-optimality for both problems.

%The function is of the form G «|w — D], and smoothing can
be used to support smooth objectives. With a slight abuse of
notation we treat Vf(w) as some sub-gradient of f such that

E[g(w)] = Vf(w).
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Algorithm 2: Non-convex SGD tuning

Input: wi, T, 6, Nmin, Tmax (sSee Equation (2) for replacing nmin, Tmax With parameter ranges)
S {}

K log( 2= fiog, (22) log. (}))

Mmin
N « loglg
T i
fork — 1,2,...,K do
Nk < 2k_lnmin
wik), e ,W(Tk) — SGD(w1,nk, T)

Uniformly at random select Wik), e ,Wf\f) from wik), R W(Tk)
Se—sumh, . wy
end
return arg minweSHZIT;l g > g;(w) is an independent stochastic gradient at w

A. Additional Details for Section 3

In this section we provide the algorithmic statement, additional details and proofs related to Theorem 1. For completeness
we re-state the theorem.

Theorem 1. Assume that f is Bx-smooth and lower bounded by some * and g is a o«-bounded unbiased gradient oracle

of f. Let Nmin, Mmax > 0 such that
Mmin < Mx = min{zﬁ%*, "Biﬁ} < Mmax

where Fy = f(w1) — f*. Then for any 6 € (0, %), given wi, T, 6, Nmin and nmax, Algorithm 2 performs T gradient queries
and produce w such that with probability > 1 — 6,

log, () log, () (B« Fx + o5 log )
T

IVf@)II* =0

Cuy[Be Fa log, (222) log, () )
=+ .

\NT

Note that Algorithm 2 receive fmin, Tmax instead of ranges [ Fiins Fmax|> [Bmin> Bmax|»> [Omin> Omax |- This is done for fram-
ing the algorithm as a form of stepsize tuning (which in practice requires only two hyperparameters instead of two
hyperparameters per problem parameter) and given the ranges the algorithm will use

Nmin = Min ! Finin and Nmax = Min ! Fmax 2
e 2Bmax ’ ,Bmaxo-r%axT - 2Bmin ’ ﬁminO—imT .

In order to prove the theorem we need the following lemmas , their proofs follow . The first is a standard convergence result
of constant stepsize SGD. Alternatively, one can use the in-expectation analysis of SGD as in the two-phase SGD method of
Ghadimi & Lan (2013).

Lemma 4 (SGD convergence with high probability). Assume that f is Bs-smooth and lower bounded by f*. Then for the
iterates of SGD with n < 1/2, it holds with probability at least 1 — 6 that

1 L 4F, 1
SUIVEwll* < T* + 120} log 1 7 +4B,02,
t=1

el

where Fy = f(wy) — f*.

12



How Free is Parameter-Free Stochastic Optimization?

Next is a standard success amplification technique for choosing between candidate solutions SGD; the precise version below
is due to Ghadimi & Lan (2013).
T

Lemma S. Given candidates wy, ..., wn, let w = argmin, ¢z 2, g:(wp)|| where g, (w) fort € [T] are independent

stochastic gradients at w. Then assuming E[g,(w)] = Vf(w) and Pr(||Vf(w) —g;(w)|| < o) = 1 for any fixed w, for any
0 € (0, 1), we have with probability at least 1 — § that

24(1+3log ¥)o?

VE@)I? <4 min [[VF£(w,)|* +
IV /G < 4 min V£ (e, -
We proceed to proving the theorem.

Proof of Theorem 1. To fix the discrepancy between 7 and 7’7, we denote

| | Felog, (=) log, (5)
2B ’ ﬁ*O'ET

’ A :
7, = min 2 N

Note that

M S < 7 < Deyfl0g, (22 Tog, ($) < fmacy/log, (22) log, (1) = 2k
Let 7 = max{k € [K] : nx < 7, }. 7 is well-defined as 1 < n’,. Hence, since 2nx > 1}, n- € (175/2,1,]. Thus, by

Lemma 4, with probability at least 1 — ¢,
1 I 4F, 1
7 2V IP < (n—* + 1207 log %); +4Bu e
1= T

8F 1
( = + 1207 log %)YT’ +4B, 02,

*

K(1+N)(1684Fy + 12072 log +) 2K+ N VBuFs
T ‘max '
\/T log+(zm) log, (§)

By Markov’s inequality, with probability at least %, a uniformly at random index k € [T’] satisfy

2 T
IV 00 < 2BV Or )P = 2 SV v )P
t=1

and as we sample log % random indices, with probability at least 1 — 6 we add at least one point with the above guarantee to

S. Hence, by a union bound with the convergence guarantee, with probability at least 1 — 26 we add to S some w,(:) with
K(1+N)(32B4Fy +2402log 1) . 24K (1 + N)ox VB Fx
T max '
T log, (222) log, (£)

The last step of the algorithm is an application of Lemma 5 (the bounded noise assumption satisfy the sub-Gaussian
requirement of Lemma 5) with the set of KN candidates, and we conclude with a union bound that with probability at least
1 — 30, w, the output of Algorithm 2 satisfy

_ KU+ N)(1288,F, + 19207 log 1) 96K (1 + N)ouvBuF
g JT 108, (222) log, (4)

in

IVfwi™HI? <

V£ (w112

5 log, () log, (+)(B«Fx + o2 log +) U*\/ﬁ*F* log, (7lmx) log, (§)
+
T \NT

For each k € [K] we perform a single T’-steps SGD execution and 7" N gradient queries to approximate the norm of the
randomly selected points, to a total of 7 = 7K (1 + N) queries. We translate the probability of 1 — 3§ to 1 — 6 for the O
notation, limiting ¢ € (0, %) O

13
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A.1. Proof of Lemma 4

In order to prove the lemma we use the following martingale concentration inequality due to Li & Orabona (2020).

Lemma 6 (Lemma 1 of Li & Orabona (2020)). Assume that Z1, Z, ..., Zr is a martingale difference sequence with respect
to &1,&2, ....¢ér and E,; [exp(th/O'f)] < exp(l) for all t, where o1, . . ., or is a sequence of random variables such that o
is measurable with respect to &1,&>, ..., &—1. Then, for any fixed A > 0 and 6 € (0, 1), with probability at least 1 — 6, it

holds that
T
>VZ <
=1

Alw

A ZT] 24 ! lo !

o+ = -
237008
Proof of Lemma 4. From smoothness,

2
FOvia) < FOv) =V o) - g+ P2 g2

Summing for ¢t = 1, ..., T and rearranging,

T _ T
> 9r () g s HTLm) B Sy e
t=1 t=1

By Lemma 6 with Z, = V.f(w;) - (Vf(w;) — g:), where | Z;| < o ||[Vf(w,)|l, and A = —L, with probability at least 1 — &,

302’
T | ) )
2 V) - (V(we) =g < 7 VI WP + 305 log 5.
=1 =1
Summing both inequalities and rearranging,
38 Fw) = fwra) | Banl <
7 2IVF0IP < ==+ 225 S g + 30 log 5.
=1 n =1
Since [lg: 1> < 2/IVf (w))|I* + 202,

+ Bt 2 NIV F (W) I* + Baoi T + 3075 log 5.

t=1

%iilvﬂwanz < SO = flwra) r
t=1 7

Asny < substituting and rearranging,

i
2B’

+ 4B, 02Ty + 1202 log %.

r 4(f(w1) = f(wry1))
Viw)|? <
;” fow)” < ;

Dividing by % and replacing f(wr4+1) > f* we conclude the proof. O

A.2. Proof of Lemma 5

In order to prove Lemma 5 we use the following martingale lemma.

Lemma 7 (Lemma 2.3 of Ghadimi & Lan (2013)). Let Zy, ..., Z, € R? be a martingale difference sequence with respect
10 &, ..., &, Assuming E[exp(|Zi||*/o2) | &1, ..., & 1] < exp(1), forany A > 0,

Pr( i Zi
i=1

Proof of Lemma 5. Denote g(w) = % XTI g (w). Let k = argmin, [y V£ (wp)ll. Using [la + b||* < 2la||* +2|b]|* and
the minimality of w,
IVFEI* < 2llgW)II* +2llg(w) = V@I < 2180w lI* + 2118 (W) = V£ (W)
< AIVFWlP +41g(wi) = V. (wi)|* + 2113 () = V£ ()11,

> V2(1 +/1)0'\/ﬁ) < exp(=12/3).

14
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Algorithm 3: Convex SGD tuning

Input: wi, T, 0, 7min, Tmax (see Eq. treating % 2 0 for replacing fmin, Tmax With parameter ranges)

S—{}
K « log:’;ﬁ
N « log%
T %
fork — 1,2,...,K do
Mk <—2k"nmm 2KN > The V2KN factor fix discrepancy between T and T’
forn—1,2,...,Ndo
W,(Cn) «— SGD(w1,n, T') > W,((n) is the average of the iterates of SGD
S suw)
end
end
return arg min,, . ¢ ZIT:'IJT,(W) > f,(w) is an independent evaluation of f(w)

Letn € [N]. By Lemma 7 (note that the bounded noise assumption satisfy the sub-Gaussian condition), for any 4 > 0,

2(1+2)%c?

Pr(lg0wa) = VA (el > =

T
) - Pr(||z(§t(wn) —V(wa))ll = V2(1 M)Uﬁ) B
1=l
Thus, under a union bound,

2(1+2)%02
% < Sexp(-1%/3).

Pr(an & N1, 10wn) = V£ (eI >

Setting A = /3 1log %, with probability at least 1 — 6, for all n € [N],

4(1 4 2202 . 4(1+3log F)o?

12 0wn) = VF (wa)I* < T < T

Thus, with probability at least 1 — 6.

V£ < 4IVLwill* +4lg(we) = VEwll* +211g(w) - V)l
24(1+3log ¥)o?

< AIVS il + -

B. Additional Details for Section 4.1

In this section we provide the algorithmic statement, additional details and proofs related to Theorem 2. For completeness

we re-state the theorem.

Theorem 2. Let f : Rj — R be a differentiable, G4-Lipschitz and convex function, admitting a minimizer w* €
argmin,, cga f(w). Let f be a oy-bounded unbiased zero-oracle of f and g be a o-bounded unbiased gradient oracle of

S Let Nmin» Mmax > 0 such that nuin < ||wi — w*||/ (Gi + O'E)T < Nmax for some wy € RY. Then Algorithm 3 performs T

queries and produce w such that with probability at least 1 — 26,

_(o0log($) Jlog(2e=)
-6
F@®) = £00) =
llwr = w¥I\(G% +o3) log(222) log ($)
+ \/T .

15
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Similarly to Algorithm 2, the inputs 7min, 7max may be replaced by problem parameters ranges by setting

_ D in _ D max
Nmin = 5 and Mmax =
V (Gmax + O—max)T (G2 O' )T
min min

Before proving Theorem 2, we need the following standard lemmas , their proofs follow. First is an in-expectation
convergence of SGD.

Lemma 8. Ler f : RY — R be a differentiable, G-Lipschitz and convex function, admitting a minimizer w* €
argmin,, pa f(w) and let g : R — R? be a oy-bounded unbiased gradient oracle of f. Given some w; € R%,
the iterates of T-steps SGD with stepsize n > 0 satisfy

U(Gz + O_*)

1 & . llwi — w*|?
[Ef(;;wt)—f(w )ls ot " 5

The second is a candidate selection lemma based on stochastic function value access.

Lemma9. Let f : RY — R and fa zero-order oracle of f such that

VweR? (E[f(w)]=f(w) and Pr(|f(w)—f(w)| < op)=1

for some oy > 0. Given candidates wy,...,wn, let

1 &~
w= argmin—Zf,(wn),
T t=1

ne[N|

where f,(wn)for t € [T] are independent function evaluations at w,. Then for any 6 € (0, 1), with probability at least

1-6,
802 log 2
=) < . ‘ 0 [ )
fw) < n?[%]f(wb)-'-\/—T

We proceed to prove the convergence result.

Proof of Theorem 2. For each pair (k,n), T’ gradient queries are made for the SGD and additional 7* function queries for
the selection step. Hence, T = 2K NT’ queries are performed. By the condition of 7y, and nmax, there is some 7 € [K]

such that
w1 —w*| w1 —w™|
nNr € s

2\/(03 + )T \/(G2 o)

Applying Markov’s inequality to Lemma 8 with 7., for all n € [N], with probability at least %,

” _ *”2 ) ) 3||W1—W*|| Gi+0‘£
+n:(G, + <
neT’ 1e(Gt o) N

") with the above guarantee. We conclude by a
oz (175) > such that with probability at least

F(F0) = £t <
Hence, by a union bound, with probability at least 1 — 8, S contains some w(
union bound of the above with Lemma 9 and substituting 7’ =
1-26,

T
2 lOg(Dmax/Dmin

3w = w1 (G2 + o) log(222) log(}) o, [810g(2EX) log(}) log(Ze=)
@) = fw*) < v
VT VT

[ w1 - *II\/(G2+0'2)10g('7“‘“)10g( ) + 09 log () /log (7m)

Tmin TImin

T

16
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B.1. Proof of Lemma 8
By the update step of SGD,
wesr = w*II? = lwe = w*|? = 2ng, - (w = w*) + 7 llg >,

Summing for ¢ = 1, ..., T and rearranging,

T * 1|12 *(2 T

_ wi = wH = flwr — w7 2
* —_—
DERCE 5 +5 el

Note that by the Lipschitz and noise assumptions, E[||g;|*] = E[llg: = V(W) I*=2V £ (w)-(Vf (wi)—g)+IVF (wo) %] <
G2 + 2. Taking expectation,
_Iwi=w*I? n(GP o)1

2n 2

T
E Z Vf(we) - (we =w*)
=1

We conclude by an application of convexity and Jensen’s inequality. o

B.2. Proof of Lemma 9

Let k = argmin, ¢ f(wy). By the minimality of w,

T
fow) = Z (W)+(f(W)— —th(W)) < _th(wk)"' (f(W) - —th(W))

1 ~ 1 ~
= fwe) + (; > i) - f(w)) - (f(W) - Zﬁ@)).
t=1 t=1
Let n € [N]. By Hoeffding’s inequality, for any € > 0,
&2
Pr( > e) < Zexp(——T)
20'0

1 & -
Pr(an €[N |f<wn) -2 >3 fiw)
=1
Setting € = /20’3 log 2TN/T, with probability at least 1 — 4, for all n € [N],

202 log Y
S\/—O g5
T

802 log 2¥

fw) < flwi) + OT- o

fwn) — = th(wn)

Thus, under a union bound,

2T

> €) < ZNCXP(—F .
oy

0

S—

1L~
|f(Wn) T Z fr(wn)
t=1

Thus, with probability at least 1 — 9,

C. Proofs of Section 4
C.1. Proof of Theorem 3

Using the identity [lu + v||* < 2||u||> + 2||v||* and the global bounds, for all w € R4,

IO < 20V F(W)II* +2[Ig(w) = VL (W)I* < 2G3 + 2072

17
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By the minimality of Gg, and 0gs, Gmax = G« = Ggx and Omax = 0% > 03, Which means that Theorem 4 is applicable.

ma

Combining Theorem 4 with the above inequality, Algorithm 1 produce wy such that with probability at least 1 — ¢ log ID)—_,

in

_ Cllwy —w*|[[ [ [
fWe) _f* =0 M (Gi"'o-i)T"'O'max log %))
We conclude by moving from big-O notation to poly-log notation, replacing the term C log % with poly log( g::z , T, %). O

C.2. Proof of Lemma 1

In order to prove the lemma we use the following standard inequality.

Lemma 10. Letay,...,a, > 0. Then

n a: n
S <2 > a. (treating J 2 0)
i=1 ,2;‘:1 a; i=1
Proof. Using the identity a> — b> = (a — b)(a + b),
o g e ) (o ET )
i=1 23':1 a; i=1 1[2;:1 a;

i=1\ \j=1 i=1
We proceed to prove the lemma.

Proof of Lemma 1. As E; holds, max,<r||ws41 — wil| < D and w4 = w; —1,g, forall ¢ € [T] (if a projection is performed
the norm will equal D). Thus,

IWes1 — W*”2 = [lw; - W*”z —2m:81 - (wy — W*) +Tl?”gt”2~
Rearranging and summing fort =1,...,7T,
L Iwi=w*I> lwra —w*I> 1 &1 1 2 1 & 2
g (W —w*) = - +5 (—— )IIW—W*II+— nellge ™
IZZI P 2 207 2 ;2 ne me) 2 ,221 e

Lett' € argmax, .p,,|lw, — w*||. Hence,

T

1 1 1
(_ - _) + 5 Z’]t”gt”z

Nt Ne-1 =1

2 2 2
WHIm  Mwrer =Xl flwe — wl 4

w1 —
c(wy —wr) <
g (wy ) 2m 27 ) 2

1P

wi =w*lI* Jlwrer —w*[* wp — W*||2( 1 1 ) 1< 2
- + — = — |+ 52 nll&ll
nr o m 2; et

2m 2nr 2
lwer = w*IP? = llwra —w* > 1 & 2
< + 5 > mellgd. (lwy =w*ll < llwer = w*D)
2777" 2 =1
Note that by the triangle inequality,
2 2
wer =w 17 = lwzer = w*II7 = (lwe = w* Il = lwzer = w* D lwer = w* I+ [wra = w*)
< 2|lwy = wra|lllwe = w*|| (triangle inequality and def of ¢”)
< 2llwy = wrall(D + [lwi = w*1]) (wer = w*ll < llwer = wall + [lwi = w*[)
<4D(D +|[lwi = w*|). (wer =wrall < llwe —=will + w1 = wrall < 2D)

18
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Plugging the above inequality,

P 2
L 2D+ [ - w¥)
nr

T T
Sinellgell < ZGD\/ZIIgzllz-
t=1 t=1

Combining the two inequalities with the inequality of E5,

T 2D(D + ||lw; — w* T
SOV F(wr) - (g —w) < 22 ','Wl D s any[S a2
t=1 t=1

T
+4(D +llw - w*n>\/‘”ﬁ 2 llgill* + 405, 67 5
t=1

2D +[lwy - w]) 3
s( d +aD +4(D + |lwi = w*DVor.s |y Dl
t=1

T 1 X )
Zgz (W —w*) Eznt”gt” .
t=1 =1

By Lemma 10 with a; = ||g; )%,

2(D + - w*
$ 2P =TT g (D ey — W o (Va+b < va+Vb)
a
d 2
= ((Iwi = w1+ D)(Z +4y07.5) + aD )y D lgrll* + (2 + 807 505, ) (lws - w* ||+ D).
=1
Dividing by T, we conclude by applying V f(w;) - (w; —w*) > f(w;) — f(w*) due to convexity. O

C.3. Proof of Lemma 2

In order to prove lemma Lemma 2 we use the following lemmas. Their proofs will be presented subsequently. The
first lemma bounds the errors that arise from potential correlation between 7, and g;. To that end we use the following
“decorrelated” stepsize (Attia & Koren, 2023),

aD

i = .
P IVl + 57 s 2

In the noiseless case we could simply replace the lemma with V f (wy) - (ws —w},) > 0 due to convexity.

Lemma 11. With probability at least 1 — 6, for any t € [T],

t 1 t 1 t B
= 2msgs - (ws =wp) < — S umlgsll® + — Sillgs = V. (ws) |
s=1 s=1 s=1

s=1

! s azDzo'gz,(é?lz(S
+8D4( 01,5 >, TIIVS(ws) — gl MR

where 0; s = log %.

Following is a standard summation lemma of methods with AdaGrad-like stepsizes.
Lemma 12. Foranyt € [T],

t
> mligsll* < a’D? log 1+

s=1

2 2
2G2,T +202T
,),2

19
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The next lemma is similar to Lemma 12, while using decorrelated stepsizes. Here, knowledge of the noise bound is required

to achieve a logarithmic summation.
Lemma 13. Assuming y* > 50'82* log %, with probability at least 1 — 6, for any t € [T],

t

2o 7illgs = VI (wo)l? < a®D?log(1+7).
s=1
Proof of Lemma 2. As w1 is the projection of wy — 17,g, onto the convex set containing w7,
||WS+1 - W;()”2 < ”W\ - WEHZ - znsg\ : (Ws - WB) + 77%”8;”2

Summing for s = 1,...,1,
t t

2 2 2 2
Iwest =will® < llwi =whlI* =2 > nsgs - (ws =wh) + > mllgs 1.

s=1 s=1

Using lemma Lemma 11, with probability at least 1 — §, for any ¢ € [T],

22,2 B2
aDo—S*Gt,(S

t
0r.0 SIS 00) = lF + ——3

Iwesr =wh I < llwi = whll* + 16D¢
s=1

t _ 2 t
# 2 D lle -l + 14+ 2) 3l
s=1 s=1

SN

Applying Lemmas 12 and 13 under a union bound, with probability at least 1 — 26, for any ¢ € [T],
2 g2

75,9 s
Werr = whl? < lwi —wihl* + 16&132\/9,,(s log(1+7) + *yzt

2G2. T +202,T
+2aD?log(1+T) +a(a +2)D*log|1 + M)
Y
2 DZ D2
(Defs of @,y at Algorithm | and @ < 1)

< _ X 2+_ =
<lwi=wpl™+ 5+ 75 * 16

1
= lwi —whll* + ZDZ.

Thus, using the triangle inequality and the fact that [|wy — w*|| > [[wi = w} I,

et =will < lwest =wipll+ W, = will < 2llwy = will+ 5D < 2[lwi = w*|[ + 5D.

In addition,
Iweer = w*l < llwesr = will + lwi = w*|| < 3[lwy —w*|| + 3D

C.4. Proof of Lemma 11
Using 7j; we can decompose the term —775g; - (Wg — W})),
—158s - (Ws — WB) = —1js8s - (Ws — WB) + (s = ns)gs - (ws — WB)

= _ﬁsvf(ws) : (Ws - WB) + ﬁs(vf(ws) - gs) : (Ws - WE) + (ﬁa - ns)gx : (Ws - WB)

< As(Vf(ws) = gs) - (ws = WZ) + (s = 15)8s * (Wy — WB),

where the last inequality follows from convexity. Thus,

- Znsgx (ws — WB) S Z fis(Vf(ws) = 8s) - (ws — WB) + Z(ﬁs —15)8s + (Ws — WZ))
s=1 s=1 s=1

The next two lemmas bounds the two sums and concludes the proof of Lemma 11. Their proofs follows.

20
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Lemma 14. With probability at least 1 — 6, for any t € [T],

t . Lo 5 azDza'g*Q? s
Z As(Vf(ws) — gs) - (ws —wp) < 8D4|0:.5 Z TV (ws) — gsll” + T
s=1

s=1

Lemma 15. Foranyt € [T],
SP * 1 &, » 1 &H o 2
> (s —15)8s - (Ws — W) < = > mallgsll + = > isllgs = VI (ws)ll>.
s=1 s=1 s=1

Combining both into Equation (3) yields the desired inequality. O

C.5. Proof of Lemma 14
While ||V f(ws) — gs|| < 034, this bound is too crude for the required martingale analysis. To this end we use the following
empirical Bernstein inequality due to Howard et al. (2021) in order to exploit the relationship between 7j; and V f(wy) — g.

Lemma 16 (Corollary 2 of Ivgi et al. (2023)). Let ¢ > 0 and X; be a martingale difference sequence adapted to F; such
that | X;| < ¢ with probability 1 for all t. Then, for all § € (0,1), and X; € F;_1 such that |X;| < ¢ with probability 1,

t
> 4\/9,,5 DX - %) 422 | <,

s=1

1

>

s=1

Pr(EIt € [T]:

where 6; s = log %.

Invoking Lemma 16 with

N 2aD?
Xs = ﬁv(vf(wv) - gs) : (Ws - WZ)7 Xs =0 and c = ﬂ,
Y

(note the use of D < 8|jw; — w*|| to bound ||V f(ws) — gs|| < 0g«) with probability at least 1 — &, for any ¢ € [T],

24 2 02
4a/Da'8*0t,6

2

< 4¢ 0,6 Z(ﬁs(vf(ws) —8&s) (ws = WB))z +
s=1

Zﬁs(vf(ws) —8s) (ws — W;)) Y
s=1

By Cauchy-Schwarz inequality and the triangle inequality (|[wy — wj || < [lws —will + [[w = w} || < 2D),

(ﬁs(vf(ws) —gs) - (wy— WB))Z < 77?||Vf(ws) - gsllzllws - WBHZ < 4ﬁf||Vf(Ws) - gs||2D2-

Hence, with probability at least 1 — §, for any ¢ € [T],

: =2 2 Q,ZDzo_g*th&
< 8D 015 2LTRIVS () = gl + —— 5. o

s=1

t
Z ﬁ.&(vf(ws) - gs) . (WS — WB)
s=1
C.6. Proof of Lemma 15

Let G, = /' _, llgs|I*. Thus,
2 2
aD|llgs|l” = IVf (wy)I7|

s —ms| = > > .
o2+ G, + IV Fwo)IP + G2 ({Jo, + G2+ o3, + IV f(wo)IP + G2_))

By the triangle inequality,

lllgs > = IV (o)l < _llgs = VAol dllgsll + VS Ows)lD)
Voo + G2 VS )IP + G2, \Jod, + GE+\Jod, + IV f(wo)l? + G2,
< llgs = Vf(woll.
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Hence, by Cauchy-Schwarz inequality,

t t - V ) ) .- *
S (s = 15)gs - (wy —wh) < aD Z llgs = V£wllllgsllllws —wil
- \/%* + Ao, + IV f(wy)|? + G2

< 2aD? Z llgs = VS wo)llllgsll

=1 o3, + GAJod, + IV F )P+ G2,
2 t
= = > ntsllgs = VA Ge)llgsll
s=1

where the second inequality follows by [|[ws — w7, || < 2D. Using the identity 2ab < a’+b?,

t . 1 t 1 t .
Z(n\ - ns)gs ' (WS - WB) < E Zﬂ%”gs”Q + E ZTI%”& - Vf(ws)”z
s=1 s=1

s=1

C.7. Proof of Lemmas 12 and 13

In order to prove the lemmas we need the following standard lemma used in the analysis of AdaGrad-like methods.

Lemma 17. Letay > Oand ay,az,...,a, > 0. Then
n noa. noa.
7 —| 13 P — 1
z : i=0 < IOg i=0
=1 J 04 a0 ao

Proof. Using the inequality 1 —x < In(1/x) for x > 0,

n _ Zi:‘ a; n SEoa; St oa; noaq;
Z .a, = 1- ! < Zln {_(1) ! =1In j=07) < log 20 s
= Zipaj i i0ai] = \Zipay o a0

where the last inequality holds since ln(Z’;:O aj/ag) = 0.

S

Proof of Lemma 12. Using Lemma 17 with ag = y? and a; = llg: >,
2 2 Nl
Zn ”g ”2 _(}'2 ZZ ”g || . < (}’2D210g 1+ s=1 2gs )
=1 Y2+ 25 ekl Y

By the inequality ||u + v||* < 2||u||> + ||v]|%, the Lipschitz assumption and the noise assumption, ||gs||> < 2G2, +202,
Thus,
S 2G2. T +202T
Z 77%||gs”2 < C¥2D2 log 1+ %)
s=1

Proof of Lemma 13. Using lemma Lemma 6, with probability at least 1 — %, forAd = ﬁ,
8x

r—1 1 )

DIVF(we) - (Vf(ws) —gs) < = ZIIVf(ws)II + 03* log .

s=1

[\.)

Thus, with probability at least 1 — %,

t—1 t—1
Sllgsll? = DIUVL W) +1lgs = VLW = 2V f (ws) - (Vf(wy) — g))
s=1 s=1

t—1

> >lgs = VF(w)lI* =30, log L,

s=1
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and since y* > 50'82* log§ and ||g; = VS (wo)|l £ 08,

. aD aD
Ns < > < >
V5o tog T S Nlgs P (203, log &+ 217k llg — V£ (wy)
aD
<

Jod, + 2L g = V£ o) I
Hence, under a union bound, with probability at least 1 — &, for any ¢ € [T],
aD

fis <
Vo2 + 5 lge = V(w1

and using Lemma 17 with ay = 0'82* anda; = ||g; — Vf(wi)llz,
5 - lgs = VF(wy)ll?
2 lgs = VFwo)l? < @’D? 3 ——= 5
=1 s o, + 20 llgs = V(w)ll
o2 + 3 llgs = VF(w)lP?

2
0-8*

< a’D?log < a’D?log(1+T). O

C.8. Proof of Lemma 3
Let

Xo=(Vf(ws) =gs)- (ws=w*),  X,=0, and ¢ =0gu(D+][lwi —w).
Note that by Cauchy-Schwarz inequality and the triangle inequality,

(V(ws) =gs) - (ws =w*) < IVF(ws) = gslllws =w* Il < IVF(ws) = gsll(ws = will + [[wi = w*1D)
<o (D +]wi —w*l) =c,

where we used the assumption that D < 8|jw; — w*|| to bound ||V f (ws) — gs||. Applying Lemma 16, with probability at
least 1 — 0,

T
<4 +|lwr - W*II)\/GT,a DMV = gll® + 08, 6% 5.

t=1

T
DV f(we) =80 - (ws —w™)
t=1

Applying Lemma 6 with Z; = Vf(w;) - (V.f (w;) — &) and A = 72, with probability at least 1 — §

2
Tgu

2 1

T 30, log
2V Owo)ll+ —2—=
t=1

30 log +

T 2 T
2 VS we) - (T (we) = g0) < — A SV (w) | + — =
t=1 =1

1
2
Hence,

T T
SV = il = 3 (llgel +29 £ (w) - (VfOwe) = 80) = [V £ w11
=1

=1
2 a 2
1
< 3oy, log 5 +Z||gt|| .
=1

Returning to the previous inequality, with probability at least 1 — 26 (union bound),

T
<4(D +|lw; - W*||)\/9T,5 >l + 97,6(3 log % + 9T,6)0'§*

t=1

T
Z(Vf(wt) —g) - (ws —=w™)
1=1

T
<4(D +|wy - w*||>\/em Sllgl? +462 o2,
=1
where the last inequality follows by 67 s > log %. Thus, Pr(E;) > 1 - 26. o
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C.9. Proof of Theorem 5

In order to show that Theorem 4 is applicable we need to show that Gpax > Ggx. Letw € R4 such that [lw—=wi] <
8|lwy — w*||. Thus, by the smoothness of f and the triangle inequality,

IVL)I < Ballw = w I < Bu(llw = will + lwi = w*[]) < 9Bullwi = w*[| < Grnax.

Hence, by Equation (1), Gimax = Gsx. Using Theorem 4, with probability at least 1 — §log 72 Dusx - we have a sequence

wi, ..., wr with
r log(% + Gmwn wi —w*]| —
_Zf(wt)_f*sc e Z”gtl + Omax 1035 “
=1 =1

for some C > 0, and for all 7, ||w; — w|| < 8|jwi — w*||. By the identity |la + b||* < 2||a||* + 2||b||* and Equation (1),

ﬂ

ligell* < 20VFwll? +2llg: = VAWII> < 20V F (wo)ll* + 208, < 4Bx(f(we) = f*) + 207, .

where the last inequality is due to the following standard smoothness argument. For any w € R and w* = w — ’B%V fw),
by the smoothness of f,

2B5(f(W) = %) 2 2B5(f(w) = F(W*) 2 2Bu (=Y f(w) - (w* = w) = B [lw* = wI®) = V£ ().

Hence, by the identities Va + b < va + Vb and ab < s=a’+4b* for 1> 0,

T T T
\/Zugt P < \/4/3* D0 = 149+ 03 VIT = 32 D(F () = %)+ 206 + 0 VIT.
t=1 =1 t=1

Setting 2 = C|lw; — w™*|| log(g + %), returning to Equation (4) and rearranging,

T C2ﬁ*||w1 W[ log? (L + Sy VBC|lwy — w|og, log(% + Somx)
T ; f(we) = T + T
2C|wy —w*|[Tog(Z + G flog
+ Omax T .
We conclude by a standard application of Jensen’s inequality. O
C.10. Proof of Theorem 6

We will define two problem instances (fi, g1, D1,G1), (f2, 82, D2, G2), which will be indistinguishable with constant

probability using only 7 gradient queries, where no solution w € R can satisfy the convergence bound for both. Let

o= r\"ﬁ, Dy = Dyax, 02 = Omax, D2 = 31"/% We define the two functions,

filw) = G«lw — Dy and fo(w) = Gylw + Dy|.

Note that both functions are G,-Lipschitz and their minimizers satisfy ||arg min,, .g f;(w)|| < D; fori € {1,2}. In addition,
we define the following two first-order oracles,

-G, ifw < -D»y;

N |G ifw> Dy;

gi1(w) = -0+ Gy ifwe (=Djy,Dy), wp. %+2(01G——*G*);
-G, ifwe (=Dy,Dy), wp. %_2(016——*&)
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and
-Gy ifw < —-Djy;
Gy if w > Dy;
g(w) =302 +Gy ifwe (—=D,,Dy), w.p. %;
—01+Gx ifwe (=Dy, D), wp. %
~Gyx  ifw e (=D2, D)), Wp. } - 55257 — 3
Note that the probabilities are within [0, 1] (and sum to 1) since 2T < % as T > 4, and for @ € [1, 3VT],
G. _ Omax/ (2T — 1) _ aNT .3 3
2001 = Gx)  2(Oman/aVT — omax /(2T = 1)) 22T —1—aVT) ~ 10T -8 ~ &
Additionally, for w € (-D;, Dy),

(O8]

~ Gy 1 Gy G*(U'l G*)
[E = _—— e — = — = - — = V
[g1(w)] = (o1 - G*) o -G 2 e -Gy p— Gi =V fi(w)
and similarly
— o+ G 2T - 1)G4++ G
Elgw)] = 229 g, - CL=D0H0 6 G, —vpm).

T B T
Hence, forall w € R, E[g (w)] = Vfi(w), E[g2(w)] = Vf2(w), and with probability 1, as G < 0] < 073,

llgi(w) = VAl <o and [[g2(w) = V(W) < 0.

We concluded the properties of f and g and we move to the lower bound. For n > 4,
1\" n \m_ 3/ n \-(-h 3 1 1
n n-1 4\n—1 4 L\l T4

where the last inequality follows by

1\ nlip—1
(1+n_1) :2+k§(k)”_l)k<2+zk(k—1) 2+Z( ) 3.

k=2

Hence, with probability at least %, the 1/T event of g, do not occur in any of the T’ queries and the two gradient oracles will
be indistinguishable from each other. Let w be the output of A(T) given that the two oracles return the exact same gradients.
We will assume by contradiction that w satisfy a convergence rate better than D; (G + 0;)a/6\T for each f; (i € {1,2}
respectively). Thus, as o = %‘/TT_” and o < VT,

A9 = £i(w*) = Guli = Dy = 21UGx ) G VT = Dl

T "D(Gy +0)a
_Di(Gy+ai)a T|w - Dy| >D1(G*+U1)a_|W—D1|
\NT Di(aNT+2T - 1) \NT 3D

which implies that w > D /2 by the convergence assumption. Similarly, as 0 = G (2T — 1),

Dy (G GNT\w+D Dy (G w+D
Jo7) ~ fo6") = Gl + Do = 22002 2 22)8 GVIIT+ Dol _ D(Gu +rer [+ Dl
\NT D1 (G + ) \NT 2D VTa

which implies that w < (aVT/3 — 1) D by the convergence assumption. But
_ D1 a\/_Dz
w > 7 =

and we obtain a contradiction. The second inequality of the convergence lower bound follows by (G« + o) > Tmax (577 +
1 Om;
> max
_ﬁ) z T for o € {0, 07}. O

> (aNT/3-1)Dy >w
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D. Assumption for Noise Upper Bound

In the convex non-smooth setting, Theorem 6 implies that a stochastic convex optimization method cannot be parameter-free
with respect to all three parameters, diameter, Lipschitz bound and noise bound, while being competitive with tuned SGD.
Next, we observe that while such a term is unavoidable without further assumptions, if a success probability of 1 — O () is
desired, the following reasonable assumption is sufficient.

Assumption: for some 6 € (0, 1) and ¢ = 4,/1 + 3 log %,

flw) = f*>

*
coxllwi —w*||
NT

In other words, wy is a “bad enough” approximate minimizer.

Let us first explain why this is a reasonable assumption. Consider the convergence rate of tuned SGD, which ensures with
probability at least 1 — § that

Cllwi = w*[[(Gy + x4 flog %)

\NT

for some constant C > 0. In that case, the assumption is weaker then assuming that the above convergence bound is sufficient
to ensure that with probability at least 1 — ¢, SGD produce a solution better than w; by some constant factor. If we aim to
compete with tuned SGD, it is reasonable to focus on the regime where SGD produce better solutions than the initialization.

fw) - f*<

We move to analyze what the assumption above yields. Using the assumption and the convexity of the objective,

coxllwy —w*||

< fw) = f* <VEw) - (wi =w*) < [V fw)lllwr = w*l.
\NT

Thus,
IVfOw)IINT
(o < —.

c

So upper bounding ||V f(w)|| produce an upper bound of 0. The simplest approach to estimate the gradient at w; € R?
is to average n stochastic samples. Let Z = % ", gi(wy) where g;(w1) fori € [n] are independent stochastic gradients.
Thus, E[Z] = Vf(w;). By Lemma 7,

Pr(llZ Vi = V201 +/l)0'/\/ﬁ) < exp(=22/3).
Let A = /31log %. Hence, with probability at least 1 — ¢,

1Z = Vf(will < V2(1 +[3log o) /v < V2(1 + y[3log DIV F (wi)IIVT /e V.
Setting n = 8(1 + 3 log lé)T/c2 = g with probability at least 1 — 6,
(4]
T~ 7/ 11 l’ %]'

IVFwoll ~ 2

Hence, using g steps we can estimate ||V f(w)|| and obtain a bound

o < IVfwDINT _ _ 2I1ZINT

¢ afl+3l0gd

which holds with probability at least 1 — ¢, and such bound is tight enough to make Theorem 6 inapplicable. Further note
that having a bound o < Timax = O(G4VT), which we obtain with high probability using this technique, is sufficient to
reduce the unavoidable lower order term presented at Theorem 4 to a term proportional to the (almost) optimal rate of tuned
SGD.
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