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ABSTRACT

Low-discrepancy point sets and digital sequences underpin quasi-Monte Carlo
(QMC) methods for high-dimensional integration. We cast two long-standing
QMC design problems as program synthesis and solve them with an LLM-guided
evolutionary loop that mutates and selects code under task-specific fitness: (i)
constructing finite 2D/3D point sets with low star discrepancy, and (ii) choosing
Sobol’ direction numbers that minimize randomized QMC error on downstream
integrands. Our two-phase procedure combines constructive code proposals with
iterative numerical refinement. On finite sets, we rediscover known optima in
small 2D cases and set new best-known 2D benchmarks for N > 40, while
matching most known 3D optima up to the proven frontier (N < 8) and reporting
improved 3D benchmarks beyond. On digital sequences, evolving Sobol” parame-
ters yields consistent reductions in randomized quasi-Monte Carlo (rQMC) mean-
squared error for several 32-dimensional option-pricing tasks relative to widely
used Joe—Kuo parameters, while preserving extensibility to any sample size and
compatibility with standard randomizations. Taken together, the results demon-
strate that LLM-driven evolutionary program synthesis can automate the discov-
ery of high-quality QMC constructions, recovering classical designs where they
are optimal and improving them where finite-N structure matters. Data and code
are available at anonymous.

1 INTRODUCTION

Numerical integration in high dimensions is a cornerstone of modern science and engineering. While
standard Monte Carlo (MC) methods offer a robust approach, their convergence rate, governed by the
Central Limit Theorem, is often insufficient for applications requiring high precision (Glasserman),
2003). Quasi-Monte Carlo (QMC) methods provide a compelling alternative by replacing pseu-
dorandom samples with deterministic, highly uniform point sets (Dick & Pillichshammer, 2010;
Owen, [1995). The uniformity of these sets is quantified by their discrepancy, with lower values
corresponding to more evenly distributed points. The Koksma—Hlawka inequality provides the the-
oretical underpinning for QMC, guaranteeing that the integration error is bounded by the product
of the variation of the integrand and the star discrepancy of the point set (Koksma, |1964; Hlawkal,
1961).

This relationship has fueled decades of research into the discovery and construction of low-
discrepancy sets. A primary challenge in this field is the “ab initio” construction of a finite point
set of IV points in d dimensions that minimizes star discrepancy. This is a problem of combinatorial
complexity, and while optimal solutions have been found in 2D for N < 21 and in 3D for N < 8
(Clément et al., [2024), the problem remains largely open for larger /V and higher dimensions.

A related challenge is the construction of infinite low-discrepancy sequences, such as those by Hal-
ton, Hammersley, and Sobol’. Among these, Sobol’ sequences are particularly prominent due to
their excellent distribution properties and efficient generation (Sobol’,|1967). However, their quality
is highly dependent on a set of integer parameters known as direction numbers, and finding optimal
parameters that ensure uniformity across all low-dimensional projections is a difficult combinatorial
search problem (Joe & Kuo, |2008)).
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Recent breakthroughs in Large Language Models (LLMs) have demonstrated their remarkable ca-
pabilities in code generation, logical reasoning, and pattern recognition (Gemini Team et al., 2025)).
This has motivated the development of automated scientific discovery systems, such as AlphaE-
volve, which leverage LLMs to navigate complex search spaces (Novikov et al.,[2025)). In this work,
we utilize the OpenEvolve framework (Sharmal 2025), an open-source implementation based on
the principles of AlphaEvolve, to tackle the aforementioned challenges in discrepancy theory. We
treat the construction of these mathematical objects as a program synthesis problem within an evo-
lutionary framework (Koza, |1994). The LLM acts as an intelligent mutation operator, iteratively
modifying code that generates candidate solutions based on feedback from a fitness function.

This paper presents the successful application of this LLM-driven evolutionary approach to two
fundamental problems:

1. Discovering finite 2D and 3D point sets with state-of-the-art low star discrepancy.

2. Searching for superior Sobol’ direction numbers to minimize randomized quasi-Monte
Carlo (rQMC) integration error in the high-dimensional context of pricing exotic financial
options (Paskov & Traubl [1995).

Our results show that this methodology can match and, in several important cases, surpass the best
known human-derived solutions, without any task-specific training of the LLM. This suggests that
LLM-driven evolutionary search is a promising new paradigm for exploration and discovery in com-
putational mathematics.

2 THEORETICAL BACKGROUND

2.1 STAR DISCREPANCY

Star discrepancy is the most common measure for quantifying the uniformity of a point set within
the d-dimensional unit hypercube, [0, 1]d (Owenl [1995). It captures the largest deviation between
the volume of an axis-aligned “anchor box™ and the fraction of points contained within it.

Definition 1 (Star Discrepancy). Let P = {xj,...,xxy} be a set of N points in [0,1]¢. An
anchor box [0, q) forany q = (g1, . - ., qa) € [0, 1] is the hyperrectangle [0, q1) X - - - x [0, g4). The
star discrepancy D7; of the set P is defined as:

#(P N[0, q))
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Here, the supremum is taken over all possible anchor boxes. A small D3, value implies that for any
anchor box, the fraction of points falling within it is a good approximation of its volume, indicating
high uniformity. The practical importance of star discrepancy for QMC is cemented by the Koksma—
Hlawka inequality (Koksma, |1964; Hlawkal [1961), which bounds the error of QMC integration:
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where V' (f) is the total variation of the function f in the sense of Hardy and Krause (Niederreiter,
1992; Dick & Pillichshammer, 2010). This inequality guarantees that point sets with lower star
discrepancy lead to smaller integration error bounds.

<V(f)- Dn(P) @)

2.2 SOBOL’ SEQUENCES AND DIRECTION NUMBERS

Sobol’ sequences are a class of low-discrepancy sequences that are particularly effective for QMC
integration (Sobol’,[1967; Dick & Pillichshammer, 2010). They are constructed using the properties
of primitive polynomials over the finite field of two elements, [F.

Definition 2 (Sobol’ Sequence Construction). For each dimension j > 1, a primitive polynomial
over [Fy of degree s; is chosen (Dick & Pillichshammer, 2010):

PJ(Z) :Zsj +U,1,j2’sj71+"'+Clsj_17j2+1 (3)
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where the coefficients ay, ; are either O or 1. From this polynomial, a sequence of positive, odd
integers called direction numbers my, ; (for k = 1,...,s;) are chosen freely.

For k > s;, subsequent direction numbers (expressed as fixed-point binary fractions vy ; =

my.;/ 2k) are generated by the canonical Sobol’ recurrence (Joe & Kuol [2008; |Dick & Pillichsham-
mer, |2010):

Uk = 10k—15 D A2jVk-—25 D o © Qs 105415 D (Vkes, ;> 85) ()

where @ denotes bitwise XOR on the binary fixed-point representation and >> s; is a right bit-shift
by s; places. For j = 1, we set vy 1 = 27F (van der Corput base-2).

The j-th coordinate of the -th point in the sequence, x; ;, is then generated using Gray-code bits:

Tij = @gkvkm WithizZika_l, g =id@E>1) = ngZk_l. 5
k>1 E>1 k>1

The quality of the Sobol’ sequence, particularly the uniformity of its low-dimensional projections,
is critically dependent on the choice of the primitive polynomials and the initial direction numbers
(m1,...,mg). The work of Joe & Kuo| (2008) provides a widely used set of these parameters that
serve as a strong baseline. In tables we encode the polynomial coefficients aj, ; as an integer A;
(binary bitmask).

3 RELATED WORK

Classical approaches for generating low-discrepancy sets are primarily number-theoretic. Founda-
tional methods include Halton, Hammersley, and Sobol” sequences, which are designed to achieve
superior asymptotic uniformity compared to random sampling. While powerful, these classical con-
structions are not always optimal for a finite number of points /N. Mathematical programming has
been used to find provably optimal sets, though these approaches are computationally intensive and
limited to small instances (Clément et al., [2024)). Heuristic methods, such as genetic algorithms and
threshold accepting, have been applied to tackle larger instances by searching the space of point
configurations (Clément et al., [2023).

More recently, machine learning techniques have been introduced to this domain. Message-Passing
Monte Carlo (MPMC) leverages Graph Neural Networks (GNN5s) to transform random initial points
into low-discrepancy configurations, achieving state-of-the-art results by directly optimizing point
coordinates (Rusch et al., 2024). Our work differs by framing the task as a program synthesis
problem rather than direct coordinate optimization.

A related line of research focuses on optimizing the parameters of Sobol’ sequences. The quality
of a Sobol’ sequence is critically dependent on a set of initialization parameters known as direction
numbers. The direction numbers published by [Joe & Kuo| (2008)) are a widely-used standard, de-
rived from an extensive computational search to find parameters that ensure high uniformity in two-
dimensional projections by minimizing a quality measure known as the ¢-value. Subsequent work
has focused on further improving these parameters or guaranteeing quality for specific projection
properties crucial for applications such as computer graphics (Bonneel et al., [2025). LatNetBuilder
(L’ecuyer & Munger, |2016) generalizes these ideas by searching the parameters of lattice rules and
digital nets to minimize user-specified criteria, such as discrepancy bounds or projection-dependent
t-values.

Our approach is most closely related to the emerging paradigm of using Large Language Models
(LLMs) for automated scientific discovery. Novikov et al.|(2025) introduces AlphaEvolve, a frame-
work that combines LLMs with an evolutionary search, treating algorithm discovery as a program
evolution problem where the LLM functions as an intelligent mutation operator and receives feed-
back from a fitness function. This method has successfully discovered novel algorithms for funda-
mental problems, from matrix multiplication (Fawzi et al., [2022)) to open mathematical conjectures
(Romera-Paredes et al.,[2024). Our work is directly inspired by these principles, applying a similar
evolutionary loop to the specific mathematical challenges of discovering low-discrepancy sets and
optimizing Sobol’ sequences.
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4 METHODOLOGY

Our approach is based on the OpenEvolve framework, an open-source implementation of the princi-
ples demonstrated by AlphaEvolve (Novikov et al.,[2025). It frames the search for novel mathemat-
ical constructs as an evolutionary search over a population of programs that generate them (Koza,
1994). The LLM serves as a sophisticated mutation operator, guided by a fitness function.

The evolutionary loop (Romera-Paredes et al., 2024)) proceeds as follows:

1. Inmitialization: The process begins with a population of “parent” programs. These pro-
grams are code snippets in Python that generate a candidate solution. The initial population
can be seeded with simple heuristics or well-known constructions.

2. Evaluation: Each program in the population is executed, and its output is evaluated by a
fitness function. The fitness function returns a scalar score quantifying the quality of the
solution (e.g., lower rQMC MSE or star discrepancy is better).

3. Selection and Prompting: High-performing programs are selected to serve as parents. A
detailed prompt is then constructed for the LLM, including the parent program’s source
code, its fitness score, and an instruction tasking the LLM with generating a variation that
will improve upon the score. The prompt also includes code from other high-performing
“inspirations” to encourage crossover as well as guidance from the user (Appendix A).

4. Generation (Mutation): The LLM receives the prompt and generates a new, modified
program. This is the core “mutation” step. The LLM’s ability to understand code syntax
and semantics allows for complex and intelligent modifications.

5. Loop: The newly generated program is evaluated, its fitness is scored, and it is added to
the population. The process then repeats, iteratively refining the population toward better
solutions.

4.1 EXPERIMENTAL SETUP

We used an LLM-guided evolutionary search over a population of Python programs (population
60, four islands with occasional migration). Parents were chosen by fitness with occasional archive
sampling; the LLM rewrote core functions each generation. We used Google’s Gemini 2.0 Flash as
the mutation operator with temperature 0.7 and top-p = 0.95. We did not train or fine-tune the LLM
in any way; it is used as an off-the-shelf code rewriter. Each evolutionary run used roughly 2000
LLM calls and a fixed budget for fitness evaluations. Full settings, including population structure,
archive, migration, and program validation checks, are given in Appendix A.

4.2 DISCOVERY OF LOW-DISCREPANCY POINT SETS
A two-phase strategy was employed to balance broad exploration with fine-tuned optimization.

* Phase I: Direct Construction: The LLM was prompted to generate Python code that
directly constructs an N-point set in a d-dimensional space. The initial parent program
in 2D implemented a simple shifted Fibonacci lattice (Appendix A, Listing 1) and in 3D
implemented a scrambled Sobol’ sequence (Appendix A, Listing 2). This phase encouraged
the LLM to explore a wide range of constructive heuristics.

* Phase II: Iterative Optimization: After a sufficient number of iterations, the LLM
was prompted to generate Python code that uses iterative optimization routines (e.g.,
scipy.optimize.minimize) to refine an initial guess. This shifted the search from
finding explicit constructions to a direct optimization of the point coordinates.

* Fitness Function: The fitness score was where D7, is the star discrepancy of the

1
1+D%
generated point set.

We compute D3, exactly by scanning extremal anchor boxes on the coordinate-induced grid (overall
O(N?/?+1)_ Implementation details are in Appendix A.
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Figure 1: Visualization of N = 16 point set generation in two dimensions. (A) Initial shifted
Fibonacci lattice (Discrepancy: 0.0962). (B) Best direct construction found in Phase I (Discrepancy:
0.0924). (C) Final optimized point set from Phase II (Discrepancy: 0.0744), which is within 0.68%
of the known optimal value of 0.0739.
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Figure 2: The Star Discrepancy D3, of Sobol’, Halton, Hammersley, Fibonacci, Rank-1-Lattice,
MPMC (message passing Monte Carlo), and LLM-evolved sets for increasing number of points
N =100...1020 in 2D.

4.3 DISCOVERY OF SOBOL’ DIRECTION NUMBERS

Program Representation: The evolved programs are Python functions that return a list
of dictionaries. Each dictionary contains the Sobol’ parameters (s, a, m_i) for a single
dimension.

Initialization: The initial population contains the following implementation of the direc-
tion numbers (Joe & Kuo, 2008]).

Fitness Function: The primary fitness metric is m where MSE is the mean squared
error of an rQMC estimate for a 32-dimensional Asian option price. The MSE is calculated
for N = 8192 points and averaged over 1000 consistent randomizations (left matrix scram-
ble followed by a Cranley—Patterson random shift, i.e., LMS+shift) to ensure robustness
and reproducibility. All rQMC comparisons are paired by using identical randomization
seeds per method and N. The diffusion paths are constructed from [0, 1]¢ via standard time
discretization of geometric Brownian motion with equal timesteps; we report this mapping
to clarify effective-dimension effects.

5 EXPERIMENTS AND RESULTS
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Figure 3: The % reduction in MSE (rQMC integration over 10000 random scrambles and shifts)
using Sobol’ direction numbers found via LLM evolutionary search vs. those of Joe & Kuo| (2008)).
The % reduction in MSE are averaged across all scenarios of that particular option (Appendix C).

Listing 1 Directly Constructed 16 Point Set (N = 16)

def construct_star() :
A = np.zeros ((N, 2))
phi=(math.sqrt (5)-1)/2
for i in range (N) :
Ali, 0]=(i+(1/math.sqrt (3
Ali, 11=((0.5+(ixphi)%1))
return A

))) /N
%1

NN R W=

5.1 DISCOVERY OF LOW-DISCREPANCY POINT SETS

We first applied our two-phase strategy to the canonical problem of discovering N-point sets in
2D and 3D with minimal star discrepancy. We illustrate the discovery process for a 2D 16-point set
(Fig.[T). The initial program, a Fibonacci lattice, had a discrepancy of 0.0962. After 243 iterations in
the direct construction phase, a new construction was found with a discrepancy of 0.0924 (Listing[T),
which consisted of fine-tuning optimal shifts to the Fibonacci lattice. After switching to the iterative
optimization phase, the framework further refined the point set, achieving a final discrepancy of
0.0744, which is within 0.68% of the known optimal value of 0.0739. The final program creates
an initial guess, consisting of a randomly jittered Fibonacci lattice, followed by a sequential least
squares programming (SLSQP) optimization loop with stochastic restarts (Listing[2).

We then benchmarked our method against Fibonacci, MPMC (Rusch et al., [2024), and known opti-
mal point sets (Clément et al.;,2024) for N = 1...100 (Table. Our method successfully rediscov-
ers the known optimal point sets for N < 10 and remains highly competitive for larger N. The most
significant results came from searching for larger point sets where optimal solutions are not known.
For 2D point sets with N > 30, LLM evolutionary search discovered new configurations with lower
star discrepancy than the best-known values from the literature. For instance, for N = 100, our
method found a point set with a discrepancy of 0.0150, a substantial improvement over the previous
best of 0.0188. For NV = 100 we further compare the full evolutionary loop against a single one-shot
prompt and a multi-turn prompting baseline without evolution, as well as against a smaller Gemini
Flash-Lite model. Over 16 seeds, evolutionary search with either LLM achieves consistently lower
discrepancy with much smaller variance than the prompting-only baselines (Appendix B), showing
that population-based evolution to be more robust than repeated prompting.

We generated 2D point sets up to N = 1020 with lower star discrepancy than previously reported
(Appendix B). In 3D, our method matched the known optimal point sets for N = 1,2,3,5,6,7
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N Fibonacci MPMC LLM Clément et al.
1 1.0000 0.6180 0.6180 0.6180
2 0.6909 0.3660 0.3660 0.3660
3 0.5880 0.2847  0.2847 0.2847
4 0.4910 0.2500  0.2500 0.2500
5 0.3528 0.2000 0.2000 0.2000
6 0.3183 0.1692  0.1667 0.1667
7 0.2728 0.1508  0.1500 0.1500
8 0.2553 0.1354  0.1328 0.1328
9 0.2270 0.1240  0.1235 0.1235
10 0.2042 0.1124 0.1111 0.1111
11 0.1857 0.1058  0.1039 0.1030
12 0.1702 0.0975 0.0960 0.0952
13 0.1571 0.0908  0.0892 0.0889
14 0.1459 0.0853 0.0844 0.0837
15 0.1390 0.0794  0.0791 0.0782
16 0.1486 0.0768  0.0745 0.0739
17 0.1398 0.0731 0.0712 0.0699
18 0.1320 0.0699  0.0676 0.0666
19 0.1251 0.0668  0.0654 0.0634
20 0.1188 0.0640 0.0611 0.0604
30 0.0792 N/A 0.0438 0.0424
40 0.0638 N/A 0.0331 0.0332
50 0.0531 N/A 0.0278 0.0280
60 0.0442 0.0273 0.0234 0.0244
100 0.0275 0.0188  0.0150 0.0193

Table 1: 2D Star Discrepancy Comparison for N = 1...100 between Fibonacci, MPMC (Message-
Passing Monte Carlo), LLM evolutionary search, and Clément et al. (provably optimal for N < 20).
Best values are bolded.

Listing 2 Iteratively Optimized 2D Point Set (N = 16)

1 def construct_star():

2 X = np.zeros ((N, 2))

3 for i in range (N) :

4 x[i, 0] = (i + np.random.rand()) / N

5 x[1i, 1] = ((1 %= 0.38196601125) % 1) + np.random.rand()/ (2xN)

6 def discrepancy_wrapper (x) :

7 points = x.reshape (N, 2)

8 return star_discrepancy (points)

9 x0 = x.flatten ()

10 bounds = [(0.0, 1.0)] * (N * 2)

11 best_result = None

12 best_discrepancy = float (' inf’)

13 for _ in range(25):

14 x0_restart = x.flatten() + np.random.normal (0, 0.01, N * 2)

15 x0_restart = np.clip(x0_restart, 0.0, 1.0)

16 result = minimize (discrepancy_wrapper, x0_restart, method=’
SLSQP’, bounds=bounds, options={’maxiter’: 30000, ’"ftol’:
le-15, ’'iprint’: 0})

17 discrepancy = discrepancy_wrapper (result.x)

18 if discrepancy < best_discrepancy:

19 best_discrepancy = discrepancy

20 best_result = result

21 optimized_points = best_result.x.reshape (N, 2)

22 return optimized_points

(Table[2) and provided explicit constructions that set new best-known star-discrepancy benchmarks
beyond the proven-optimal range for NV > 8 (Appendix B).
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N 1 2 3 4 5 6 7 8
MPMC 0.6833 0.4239 0.3491 03071 0.2669 0.2371 0.2158 0.1993
LLM 0.6823 0.4239 0.3445 03042 0.2618 0.2326 0.2090 0.1937

Clémentetal. 0.6823 0.4239 0.3445 0.3038 0.2618 0.2326 0.2090 0.1875

Table 2: 3D Star Discrepancy for N = 1...8. Lower is better; best per N is bolded.

Training Example Out-of-the-Money At-the-Money
N Sobol LILM p-value Sobol LLM p-value Sobol LLM p-value
32 0.2484 0.2523 0.9757 0.1920 0.1979 0.9757 0.3246 0.3346 0.9757
64 0.0642 0.0665 0.9980 0.0605 0.0631 0.9980 0.0873 0.0908 0.9980

128 0.0183 0.0192 0.9999 0.0220 0.0231 0.9999 0.0277 0.0282 0.9999
256 0.0056 0.0061 1.0000 0.0086 0.0089 1.0000 0.0092 0.0098 1.0000
512 0.001646  0.001614 0.2841 | 0.003469 0.003311  0.0208 | 0.003248  0.003106  0.0208
1024 | 0.000542  0.000524 0.0548 | 0.001457 0.001313 3.45e-08 | 0.001228  0.001168  0.0304
2048 | 0.000233  0.000225 0.0199 | 0.000619 0.000535 1.45e-14 | 0.000550  0.000521  0.0131
4096 | 9.876e-05 9.346e-05  0.0058 | 0.000258  0.000243 4.51e-04 | 0.000240  0.000226  0.0019
8192 | 4.523e-05 4.104e-05 7.03e-06 | 0.000117 0.000107 1.06e-06 | 0.000102  9.523e-05  0.0100

In-the-Money High Volatility Low Volatility
N Sobol LLM p-value Sobol LILM p-value Sobol LILM p-value
32 0.1398 0.1428 0.9757 2.0816 2.1493 0.9757 0.0238 0.0246 0.9757
64 0.0367 0.0382 0.9980 0.5714 0.5958 0.9980 0.0066 0.0068 0.9980

128 0.0106 0.0111 0.9999 0.1811 0.1877 0.9999 0.002174  0.002205 0.9999
256 0.003083  0.003373  1.0000 0.0598 0.0643 1.0000 0.000756  0.000803 1.0000
512 0.000868  0.000859  0.2841 0.0205 0.0196 0.0073 0.000285  0.000275 0.0208
1024 | 0.000261  0.000260 0.2581 | 0.007565 0.007060 3.38e-04 | 0.000113  0.000109 0.0717
2048 | 0.000101  0.000100 0.3878 | 0.003145 0.002867 1.75e-06 | 5.214e-05 4.961e-05  0.0056
4096 | 4.037e-05 3.949e-05 0.2180 | 0.001293  0.001233  0.0022 | 2.323e-05 2.196e-05 5.68e-04
8192 | 1.766e-05 1.683e-05  0.0047 | 0.000566 0.000532  0.0156 1.008e-05  9.300e-06 1.27e-04

Table 3: Mean Squared Error (MSE) and p-values for Asian option scenarios. The table compares
the standard Sobol’ sequence against a sequence found via LLM evolutionary search (LLM). P-
values are from a one-sided Wilcoxon signed-rank test conducted over the 10000 randomizations
with pairing by identical randomization seeds and are false discovery rate (FDR) corrected. P-
values below 0.05 are bolded.

One natural concern is that Phase II might simply be rediscovering standard coordinate-wise local
optimization, with the LLM contributing little beyond calling scipy.optimize.minimize.
To test this, we ran baselines that apply SLSQP directly to Sobol’ point sets, Fibonacci lattice,
and best Phase I sets, all with the same objective and similar iteration budgets. These SLSQP
baselines substantially improve over their respective seeds, but the LLM-evolved Phase II programs
still achieve lower star discrepancy in 22 of the 24 tested values of N with reductions of up to
15% relative to the best SLSQP-only baseline (Appendix B). This suggests the gains are not due to
SLSQP alone, but to the LLM discovering nontrivial initializations and restarts that make SLSQP
more effective.

5.2 IMPROVED DIRECTION NUMBERS

Having demonstrated the framework’s ability to construct point sets, we next applied it to the discrete
optimization problem of discovering improved Sobol’ direction numbers. After several hundred
evolutionary iterations, our LLM evolutionary search routine discovered a more performant set of
parameters, focusing its modifications on the early dimensions, which are known to explain the vast
majority of the variance in Asian option pricing. Specifically, the parameters for dimensions 4, 5,
and 6 were updated (Appendix C). All other dimensions (up to 32) remained identical to the Joe &
Kuol (2008) baseline.

To validate these new direction numbers, they were benchmarked against the standard |Joe & Kuo
(2008) parameters across a suite of six Asian option pricing scenarios with varying parameters (Ap-
pendix C). The true option price was computed by taking the average of 1000 randomly scrambled
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Sobol sequences with N = 22! points each. The rQMC MSE was evaluated over 10000 random
seeds for V = 32...8192 points. The direction numbers discovered by LLM evolutionary search
produced a significantly lower integration MSE for larger sample sizes N > 512 under one-sided
Wilcoxon signed-rank test and false discovery rate correction (Table[3).

To disentangle the role of initialization from that of the LLM-guided search, we repeated the Sobol’
experiment under three variants: (i) our main setup, warm-started from the Joe—Kuo parameters
with Gemini Flash; (ii) the same pipeline with the smaller Gemini Flash-Lite model; and (iii) the
same pipeline but initialized from random direction numbers rather than Joe—Kuo. Across six 32D
Asian-style payoffs and sample sizes NV, both Flash and Flash-Lite achieve similar MSE reductions
over Joe—Kuo for N 2> 2048, whereas the randomly initialized variant remains worse than Joe—
Kuo for most N (Appendix C). This suggests that the evolutionary search is leveraging a strong
domain-specific prior given by Joe—Kuo, and refines it, rather than solving Sobol’ design entirely
from scratch.

We also compare our evolved direction numbers against Sobol’ digital nets constructed by LATNET-
BUILDER (L’ecuyer & Munger, 2016), using its recommended random-CBC search and projection-
dependent ¢-value criterion in d = 32. For all six Asian-style payoffs and N < 1024, our direction
numbers yield substantially lower rQMC MSE than the LatNetBuilder nets, often by factors of 2-10,
with differences vanishing only for the largest N where all designs converge (Appendix C).

To ensure the evolved parameters were not merely overfitted to the Asian option’s specific payoff
structure, we tested their generalizability on a diverse suite of high-dimensional exotic options, in-
cluding Lookback, Barrier, Basket, and Bermudan options (Appendices C, D). The evolved direction
numbers demonstrated strong, generalizable performance, achieving significantly lower integration
error across this wider range of financial instruments for larger sample sizes (N > 512) with the
sole exception of Barrier options. This suggests that the evolutionary search discovered a Sobol’
sequence with fundamentally more robust and broadly applicable projection properties.

6 DISCUSSION

Using an LLM evolutionary framework, we generate 2D and 3D point sets with state-of-the-art
star discrepancy and discover Sobol’ direction numbers that lower rQMC integration error for high-
dimensional exotic financial option pricing.

Recent state-of-the-art methods, such as the mathematical programming approach of |Clément et al.
(2024) and the GNN-based MPMC framework of Rusch et al.| (2024), are designed to construct
point sets for a fixed number of points /V and dimensions d. In contrast, our approach generates the
direction numbers that define a Sobol’ sequence, offering several key advantages:

1. Extensibility to any /V: Unlike fixed approaches where a new, computationally expensive
optimization must be performed from scratch for each value of IV, a single, compact set
of discovered direction numbers can be used to generate a high-quality point set for any
desired number of points. This makes the solution immediately applicable to a wide range
of practical problems without requiring any re-computation.

2. Support for Progressive Integration: An integration can be performed with N points,
and if more accuracy is needed, the next N points from the sequence can be added to refine
the estimate while reusing all previous calculations. This is a fundamental capability that
static point set generation methods inherently lack.

3. Easy Randomization: Unlike highly optimized, deterministic point sets, the LLM opti-
mized Sobol’ sequence can make use of standard randomization techniques, such as Owen
scrambling (Owen, {1995} [1998)), to obtain unbiased error estimates of rQMC.

4. High-Dimensional Applicability: The Sobol’ framework is designed from the ground up
for high-dimensional integration. By optimizing the parameters within this framework,
our approach is directly applicable to problems such as the 32-dimensional option pricing
benchmarks used in our tests, a domain where direct coordinate optimization for a large N
would be computationally intractable.

Other more recent systems, such as ShinkaEvolve (Lange et al.|2025)), extend the same underlying
AlphaEvolve loop with additional engineering features tailored to long-horizon code benchmarks,
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such as richer parent sampling, novelty filtering, and advanced orchestration of program executions.
In our setting, each candidate’s fitness is a cheap, deterministic quantity (star discrepancy or rQMC
MSE) computed by running a short Python script, so the core evolutionary mechanism provided
by OpenEvolve is sufficient to explore the search space effectively. We deliberately avoided any
RL-style training or fine-tuning of the LLM: all improvements come from search in program space
driven by an off-the-shelf model and the numerical fitness signal.

Taken together with the broader suite of 32D lookback, basket, and Bermudan payoffs in Ap-
pendix D, these results suggest that our evolved direction numbers are genuinely useful beyond
the specific Asian option used in the fitness function: they systematically reduce MSE for a range of
smooth, path-dependent integrands, but do not help (and may slightly hurt) for highly discontinuous
integrands such as barrier options. We view this as an instance of problem-dependent Sobol’ design:
the same pipeline could in principle be re-run with an objective that mixes several payoff types to
trade off specialization and robustness.

Methodologically, our work does not introduce new evolutionary operators; our contribution is em-
pirical and conceptual: we show that a generic LLM-guided program search, applied almost out-of-
the-box, is capable of rediscovering and subtly improving long-studied QMC constructions, and we
analyze when these gains go beyond what can be achieved with standard local optimization alone.
Empirically, our evolved Sobol’ parameters work best for smooth, low-to-moderate variation inte-
grands, and do not improve performance for highly discontinuous functions such as the payoff of
barrier options.

One practical limitation of our approach is computational cost. For example, the full Sobol” search
requires roughly 2000 LLM calls and on the order of ~ 1.6 x 10'° 32-dimensional QMC samples and
payoff evaluations (Appendix A). On our CPU workstation this corresponds to about 96 wall-clock
hours per Sobol’ experiment. However, this cost is incurred once, offline: the resulting direction
numbers can then be reused across many downstream Monte Carlo tasks.

We quantify significance using paired signed-rank tests and report all seeds; however, due to com-
pute limits we performed one evolutionary run per problem, which we treat as a limitation. Future
work could explore alternative prompting techniques, optimization of evolutionary programming
hyperparameters, and meta-model methods that generate optimal direction numbers for any given
dimension d or point sets for any given dimension d or number of points N.

7 CONCLUSION

We have demonstrated the application of an LLM-driven evolutionary framework to tackle complex
discovery problems in the field of low-discrepancy sets. Our method has discovered new 2D and 3D
point sets with star discrepancy values lower than any previously published, setting new benchmarks
in a field of long-standing mathematical interest. Furthermore, it has produced novel Sobol’ direc-
tion numbers that improve the accuracy of rQMC integration for a variety of 32-dimensional finan-
cial derivatives. This work strengthens the case for using LLMs as core components in an automated
scientific discovery process, capable of generating novel and valuable mathematical knowledge.
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