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Abstract
Few-shot learning (FSL) aims at distilling transferable knowledge on existing con-
cepts to cope with novel concepts for which only a few labeled data are available. 
Most of the popular FSL methods acquire this knowledge by learning on large-scale 
supervised data from the existing concepts. Considering obtaining supervised data 
might sometimes be difficult and heavy-burden, we pursue a relatively mild prereq-
uisite for FSL, that is, using unsupervised instead of supervised data to acquire the 
transferable knowledge. We propose a novel easy-to-implement FSL framework, 
Unsupervised Tractive Momentum (UTM), composed of modular dual encod-
ers, a combinatorial loss mechanism, and a classifier that together form a reusable 
and extensible learning system, that only requires unsupervised data of existing 
concepts. UTM randomly samples unsupervised data and augments them to cre-
ate many synthetic query-key matching tasks on-the-fly, and deploys two differ-
ent encoders while possessing identical architecture, named traction encoder and 
momentum encoder, to learn a representation space by a combinatorial parameter 
updating manner. The representation space learned on unsupervised data is expected 
to be a good fit to few-shot recognition on novel concepts. UTM is composed of 
parallelizable dual encoders and optimized for scalable training in GPU-based high-
performance computing environments. Theoretical convergence and bound analy-
sis further support its deployment in distributed systems. Theoretical justifications 
of the parameter updating mechanism in UTM are given from the perspective of 
convergence, and a theoretical loss bound for UTM is proved, which mathemati-
cally quantifies the relationship between our self-supervised UTM and the vanilla 
supervised method. Extensive experimental evaluation on several benchmark data-
sets demonstrates that UTM yields significant improvement to state-of-the-art unsu-
pervised methods even very close to supervised methods, which can also be well 
explained using our theory.
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1  Introduction

   In the past decade, artificial intelligence techniques represented by deep learning 
[1] have scored great achievements in a broad spectrum of research fields includ-
ing language [2], vision [3], and speech [4], but they usually entails massive super-
vised training data. Comparatively speaking, one impressive hallmark of human 
is the ability of learning and generalizing from very few samples, which is widely 
considered as one of the noticeable demarcations separating artificial intelligence 
and human intelligence, since humans can readily establish their cognition to novel 
concept from just a single or a handful of examples [5–7], whereas machine learning 
algorithms typically require hundreds or thousands of supervised samples to guar-
antee generalization. However, many realistic application scenarios do not allow us 
access to sufficient labeled training data due to some factors including privacy, secu-
rity or high labeling costs for data, etc. Therefore, few-shot learning (FSL) becomes 
an eagerly-awaited goal pursued by many machine learning researchers recently 
[8–22], which is also usually regarded as a necessary trip to develop universal artifi-
cial intelligence [23].

In the typical N-way K-shot setting of FSL problems, one support dataset 
{(xs

i
, ys

i
)}NK

i=1
 is given, which corresponds to N novel concepts with only K labeled 

data per concept (K is very small), and the goal is to correctly classify future query 
data xq into one of the N novel concepts. In order to acquire some transferable 
knowledge conducive to classification on novel concepts, ones are encouraged to 
capitalize on an auxiliary dataset A = {(xi, yi)}

n
i=1

 corresponding to some existing 
concepts with sufficient supervised data per concept (the label space of ys and y do 
not overlap). Many FSL methods create their model on this supervised A and then 
transfer it to the target task on novel concepts. Unfortunately, the large-scale super-
vised A not only burdens human with heavy manual labor on collecting and labeling 
it but also places limits on the popularization and use of the currently popular FSL 
methods that build on supervised auxiliary data.

Thus, we pursue a relatively mild condition for performing FSL. Apparently, col-
lecting an unlabeled auxiliary set A = {xi}

n
i=1

 corresponding to some previously 
seen concepts is more easy-to-implement (e.g., one can readily acquire a large num-
ber of unsupervised images via web crawler in the big data era), even if it is still a 
requirement that the data in the unsupervised auxiliary set are drawn from the same 
distribution as the data of novel concepts to be classified (i.e., no domain gap exists).

We propose a novel FSL method, Unsupervised Tractive Momentum (UTM), 
that conducts representation learning on an unsupervised auxiliary set and performs 
few-shot classification for novel concepts in the learned representation space. The 
representation learning process of UTM is illustrated in Fig.  1(a). Given a large-
scale unsupervised auxiliary set A , UTM randomly samples some unsupervised data 
and augments them to create many query-key matching tasks on-the-fly. Then, two 
encoders called traction encoder and momentum encoder that possess the identical 



Unsupervised tractive momentum: a novel unsupervised few‑shot… Page 3 of 24  1281

architecture but different parameters are used for extracting the representation of 
query and keys, respectively, followed by a task-specific metric loss. Importantly, the 
two parameterized encoders are updated with different rules: (1) Traction encoder 
is updated via gradient-based back propagation (BP) after tackling each match-
ing task, and a traction update is performed on it after every NT matching tasks to 
avoid excessive deviation between the two encoders. (2) Momentum encoder always 
moves toward the traction encoder in a momentum manner after each matching task. 
From a high-level perspective, the traction encoder, mainly driven by the task-level 
metric loss, works as one engine that offers traction to the momentum encoder.

During the phase of few-shot classification, as shown in Fig. 1(b), the momentum 
encoder that is well trained on the unsupervised dataset is used for representing the 
support data and query data in the learned representation space, where the represen-
tations belonging to the same concept are expected to cluster close but those belong-
ing to the different concept far apart so that query representation can be classified by 
a simple nearest neighbor classifier.

In addition to the above, we give a convergence analysis to justify the combina-
torial parameter updating mechanism between the two encoders of UTM, and also 
prove a theoretical loss bound for UTM, which mathematically quantifies the rela-
tionship between our unsupervised UTM and the vanilla supervised method. These 
theoretical analysis can explain our final experimental results well. Experimental 
evaluation on two popular FSL benchmark datasets, Omniglot and miniImageNet, 
demonstrates that UTM not only yields significant performance improvement to 
state-of-the-art unsupervised methods, but also achieves appealing results that are 

Fig. 1   Framework of UTM. a Phase of self-supervised representation learning. Aug(x) and Aug�(x) , con-
sidered from one same concept, are two different synthetic data randomly augmented from x. b Phase of 
few-shot classification
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very close to supervised methods. For instance, our unsupervised UTM reaches the 
accuracy 98.09% for 5-way 5-shot classification on Omniglot, which is quite com-
petitive compared to 98.83% achieved by supervised Model-agnostic meta-learning 
method (MAML) [10]. Our method is effective for unsupervised few-shot learning 
and achieves competitive performance. UTM is built with modular dual encoders 
that can be trained asynchronously, enabling scalable deployment on high-perfor-
mance GPU clusters. This structure also allows real-time pretraining on large unla-
beled datasets in parallel.

Overall, our main contribution is thus fourfold: 

(1)	 A novel unsupervised few-shot learning framework, UTM, is proposed. This 
framework deploys two different encoders, traction encoder and momentum 
encoder, and adopts a combinatorial parameter updating strategy, which can 
lead to a good feature representation space for few-shot learning.

(2)	 A convergence analysis is provided to justify the combinatorial parameter updat-
ing strategy in our UTM.

(3)	 A theoretical loss bound for UTM is successfully derived. This bound math-
ematically quantifies the performance gap between our unsupervised UTM and 
the vanilla supervised method, and it also clarifies the factors affecting this gap.

(4)	 An extensive experimental evaluation on various benchmark datasets of image 
recognition shows that our UTM obtains the state-of-the-art performance for 
most N-way K-shot settings and even competitive performance compared with 
some supervised FSL methods.

The rest of this paper is organized as follows. We review related work in Section 2. 
The proposed UTM framework and the convergence analysis are detailed in Sec-
tion 3. In Section 4, we comprehensively analyze the theoretical loss bound of UTM. 
We report the experimental results in Section 5 and conclude our work in Section 6.

2 � Related work

2.1 � Supervised methods for FSL

Compared with common machine learning paradigm that involves large-scale 
labeled training data, the development of FSL is tardy due to its intrinsic difficulty. 
Early efforts for FSL were based on generative model that sought to build Bayesian 
probabilistic frameworks [24, 25]. As deep learning grew in popularity, more and 
more attentions were paid on meta-learning [26, 27]. We generally summarize cur-
rent meta-learning methods for few-shot learning problems into five sub-categories: 
learn-to-measure, learn-to-finetune, learn-to-remember, learn-to-parameterize and 
learn-to-adjust.

The learn-to-measure methods attempt to learn to measure intra-class similar-
ity and inter-class difference across different tasks, which include Matching Nets 
[9], ProtoNets [11], Mean Average Precision Networks (mAP Nets) [28], Relation 
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Nets [29], Task-dependent Adaptive Metric for Meta-learning (TADAM) [12] and 
Meta-learning with differentiable convex optimization (MetaOptNet) [30], etc. The 
learn-to-finetune methods suggest to fine-tune the base learner using the few support 
data and make the base learner converge fast on the few support data within several 
weight update steps, such as Meta-Learner LSTM [31], MAML [10], Latent Embed-
ding Optimization (LEO) [32] and Meta Transfer Learning (MTL) [16], etc. The 
learn-to-remember methods include Memory-Augmented Neural Network (MANN) 
[33], Attentive recurrent comparators (ARCs) [34], Simple Neural Attentive Meta-
Learner (SNAIL) [35] and Adaptive Posterior Learning (APL) [36], etc, and their 
primary idea is to model the support dataset as a sequence and formulate the FSL 
task as a sequence learning task, where the query data is required to match with the 
support data. The learn-to-parameterize methods learn to parameterize the module 
in the base learner to adapt to the novel tasks, and several typical methods include 
Model Regression Nets [37], Dynamic Nets [38], Acts2Params [39] and LGM-Net 
[40]. The learn-to-adjust methods advocate a task-specific adaptation by learning 
fast weights or learning neuron shifts, and several representative include Meta Net-
works [41], Metalearning with hebbian fast weights (MetaHebb) [42], Rapid Adap-
tation with Conditionally Shifted Neurons (CSN) [43], and Meta classifier-Predictor 
Module (MPM) [44], etc. The above methods, however, consistently need creating 
meta-training tasks on a large-scale supervised auxiliary dataset to obtain a FSL 
model.

2.2 � Self‑supervised/unsupervised methods for FSL

Compared to supervised FSL methods, the unsupervised FSL methods reduced 
the requirements for auxiliary data and they only leverage some unlabeled aux-
iliary data to forge the FSL model. Before our work, several methods, such as 
Clustering-based Pseudo-Labeling for Unsupervised Few-shot Learning (CAC-
TUs) [45] and Unsupervised Meta-learning with Tasks Constructed by Random 
Labels (UMTRA) [46], provided insights to unsupervised solutions for FSL. 
CACTUs developed a two-stage strategy: constructing meta-training tasks on 
an unsupervised set by clustering algorithms and then running MAML [10] 
or ProtoNets [11] on the constructed tasks. Since the meta-training tasks are 
derived from unsupervised representations and the final FSL models are domi-
nated by these tasks, CACTUs exhibit a strong dependence on unsupervised 
representation learning methods and clustering algorithms as well. Compara-
bly, UMTRA proposed to construct meta-training tasks through augmenting 
the unsupervised data and treating the ancestor, on which augmentation is per-
formed, and the corresponding augmented data as the same-concept data, which 
is followed by the ready-made MAML model. Both CACTUs and UMTRA, 
essentially, focused on how to allocate pseudo labels to unsupervised data such 
that the existing supervised FSL models can work without modification. Dif-
ferently, our UTM does not hinge on any existing supervised FSL models, and 
instead it pursues a representation space from the unsupervised set wherein 
FSL can be conducted by a simple nearest neighbor classifier. It should be 
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noted that several self-supervised methods have been proposed recently, such 
as [47, 48], and they also used some unlabeled auxiliary data to facilitate the 
meta-train process, but they still rely on labeled auxiliary data and focus on 
semi-supervised FSL setting [21].

2.3 � Unsupervised representation learning

Our UTM is based on unsupervised representation learning, a classical machine 
learning topic [49] which aims to acquire a pre-trained representation space 
from unsupervised data and works as a pre-bedding for downstream supervised 
learning tasks. In our work, several representative unsupervised representation 
learning methods developed recently, including BiGAN [50], ACAI [51] and 
DeepCluster [52], have been studied and compared with our UTM under the 
FSL testbed. Another unsupervised learning method similar in spirit to ours 
is Momentum Contrast (MoCo) [53], which contained a similar momentum 
update and entails complicated technical tricks to ensure its pretraining capa-
bility. Differently, we make a combination of momentum update with traction 
update and illustrate our advantage by a theoretical convergence analysis. It 
should be highlighted that we are the first to develop an unsupervised represen-
tation learning method customized for FSL problem.

3 � Unsupervised tractive momentum

Instead of a labeled auxiliary set A = {(xi, yi)}
n
i=1

 , we postulate that only an 
unlabeled A = {xi}

n
i=1

 is attainable. The goal of UTM is to learn a representa-
tion space from the unlabeled A such that few-shot classification for novel con-
cepts can be conducted via a simple nearest neighbor classifier. UTM contains 
two functional encoders, the traction encoder fT  parameterized by �T  and the 
momentum encoder fM parameterized by �M , who possess identical architec-
ture but different parameters as well as different parameter updating rules. The 
traction encoder fT  and the momentum encoder fM are both designed to extract 
representations from input images. We adopt the same architecture for both 
encoders to ensure consistent representational space and symmetric param-
eterization, which improves the stability of contrastive learning and facilitates 
encoder alignment. They map raw image x into normalized representation vec-
tor, that is, ||fT (x|�T )||2 = 1 and ||fM(x|�M)||2 = 1 , ∀x . The output representations 
from both encoders are L2-normalized before computing similarity scores. 
This design ensures that the learned feature vectors are constrained on a hyper-
sphere, enabling cosine similarity computation without scale distortion. Such 
normalization stabilizes contrastive gradients and aligns with common practice 
in self-supervised methods like SimCLR [54] and MoCo [53].
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Algorithm 1   Unsupervised Tractive Momentum (UTM)

3.1 � Self‑supervised training on unsupervised data

The detailed algorithm of UTM is described in Algorithm  1. Given an unlabeled 
A , UTM creates many synthetic query-key matching tasks on-the-fly by randomly 
sampling NK data at a time and then augmenting them. A basic consideration is that 
two synthetic data, Aug(x) and Aug�(x) , who are augmented from the same ancestor 
x, hold the same class label. In this case, one of the NK data is randomly selected 
to be the positive data, and its two augmented data are cast as the query and the 
positive key, respectively, while the synthetic data augmented from the remainder 
NK − 1 data are treated as negative keys. After that, the traction encoder fT maps the 
query into q, and the momentum encoder fM maps the positive key and the negative 
keys into k+ and k−

i
 , i = 1,… ,NK − 1 , respectively, followed by a metric loss:

where � is a learnable metric scaling scalar [12] in the hope of facilitating metric 
training. The scalar � functions as a temperature parameter to scale the cosine simi-
larity, adjusting the sharpness of the distribution in Softmax, thereby modulating 
gradient magnitudes and influencing the contrastive learning dynamics. Combined 
with feature normalization, it helps prevent mode collapse and facilitates stable 
alignment between the two encoders, ultimately improving training robustness and 
performance. As a note, in our experiments, the metric loss L is evaluated based on 
multiple query data in a mini-batch manner.

(1)L = − log
exp(� ⋅ qTk+)

exp(� ⋅ qTk+ +
∑NK−1

i=1
� ⋅ qTk−

i
)
,
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3.1.1 � Parameter updating mechanism

One straightforward idea is to make fT and fM parameter-sharing and synchronously 
update them based on metric loss, which collapses to an unsupervised version of Pro-
toNets [11]. However, it will easily render encoders sensitive to augmentation function 
rather than the underlying inter-concept divergence. We propose a combinatorial updating 
mechanism between �T and �M , as shown in line 11, 12 and 14 of Algorithm 1. For clar-
ity, the parameter updating trajectory of two encoders is qualitatively depicted in Fig. 2. 
UTM makes fT work like one engine that is driven by the metric loss L and intended to 
provide continuous traction to fM , while keeps fM updating in a slow momentum manner. 
To avoid excessive deviation between fT and fM after many matching tasks, UTM per-
forms a traction update periodically to partly reset the fT , which is updated violently, into 
the fM , which moves forward steadily.

3.1.2 � Way/shot‑agnostic training

Most of supervised FSL methods, especially for meta-learning-based methods like 
MAML and ProtoNets, or the up-to-date unsupervised FSL methods like CACTUs and 
UMTRA, all need to customize their training configuration in light of each specific N-
way K-shot setting to be tested. By contrast, our UTM is more elegant since its training 
is kept unaware of the specific form of test and it merely needs to be run once for each 
benchmark dataset.

Fig. 2   Parameter updating trajectory (brown: traction encoder, blue: momentum encoder). The �t=i 
denotes the parameters that are computed after i tasks. Numbers (violet) along with arrows show the 
order of parameter updates
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3.2 � Convergence analysis

Given the momentum update manner �t
M
− �t

T
= �(�t−1

M
− �t

T
) , it can be easily derived 

that, as t → ∞ , both �t
M

 and �t
T
 tend to converge together, otherwise the gap between 

them will continuously lead to parameter updating until convergence. We reorganize the 
momentum update rule into �t

M
− �t

T
= �(�t−1

M
− �t−1

T
) + �Δ�t

T
 with Δ�t

T
= �t−1

T
− �t

T
 . 

Then,

By Eq.  (2), we can formalize the gap between fT and fM within NT BP/momen-
tum update steps between [tn−1, t−n ] (see Fig. 3 for notation of update step index) as 
follows

where � =
�(1−�NT )

1−�
 , �tn = max

{
||Δ�t

T
||2, t ∈ (tn−1, t

−
n
]
}
 . Next, we consider the whole 

update process between [t0, tn] including traction update �tn
T
= ��

t−
n

T
+ (1 − �)�

t−
n

M
 , 

where �t
−
n

M
= �

tn
M

 . The traction update can reduce the gap between two encoders 
momentarily since �tn

M
− �

tn
T
= �(�

t−
n

M
− �

t−
n

T
) . Then, Eq.  (3) can be further extended 

into

Obviously, limn→∞ �n−1�nNT ||�t0
M
− �

t0
T
||2 = 0 . For small i (in early training phase), its 

�ti is considerable since the training of fT just starts, but limn→∞,i→0 (��
NT )(n−i) = 0 . 

For large i, limn,i→∞ (��NT )(n−i) = 1 , but limi→∞ �ti = 0 since fT is near saturation. 
Then, the second term of Eq.  (4) satisfies limn→∞

∑n

i=1
(��NT )(n−i)��ti = 0 . Conse-

quently, we obtain limn→∞ ||�tn
M
− �

tn
T
||2 = 0 . It shows that the updating mechanism 

of UTM can guarantee a good convergence.
Comparably, if no traction update exists, we can get the following inequality by sim-

ply modifying step index in Eq. (3)

(2)||||�
t
M
− �t

T
||||2 ≤ �||||�

t−1
M

− �t−1
T

||||2 + �||||Δ�
t
T
||||2.

(3)||||�
t−
n

M
− �

t−
n

T
||||2 ≤ �NT ||||�

tn−1
M

− �
tn−1
T

||||2 + ��tn ,

(4)

||||�
t−
n

M
− �

t−
n

T
||||2 ≤ �NT ||||�

tn−1
M

− �
tn−1
T

||||2 + ��tn

= ��NT ||||�
t−
n−1

M
− �

t−
n−1

T
||||2 + ��tn ≤ ⋯

≤ �n−1�nNT ||||�
t0
M
− �

t0
T
||||2 +

n∑

i=1

(��NT )(n−i)��ti .

(5)||||�
tn
M
− �

tn
T
||||2 ≤ �n||||�

t0
M
− �

t0
T
||||2 + ��,

Fig. 3   Notations for parameter update step index
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where � =
�(1−�n)

1−�
 , � = max

{
||Δ�t

T
||2, t ∈ (t0, tn]

}
 ( � is a considerable value that 

likely occurs during early training). Thus, limn→∞ ||�tn
M
− �

tn
T
||2 ≤

�

1−�
� , which 

underperforms the upper bound of convergence achieved by adding traction update.
We prove that the expected loss of UTM converges to a bound under mild condi-

tions. Importantly, this convergence analysis provides insights into how UTM can 
maintain representational stability during parallel and asynchronous updates on multi-
GPU architectures. The bounded divergence between encoder trajectories ensures that 
independent updates across GPUs remain within acceptable error margins, thus miti-
gating mode collapse in distributed learning scenarios.

3.3 � Inference phase

Suppose the unsupervised training on the unlabeled A is completed, the stable 
momentum encoder fM will be frozen to handle the N-way K-shot task in the near-
est-neighbor form:

where c ∈ {c1,… , cN} is class label, ŷq is the predicted label, and S(⋅, ⋅) is a simi-
larity metric (we adopt dot product). Although using fT separately or the combina-
tion of fT and fM to make inference are two alternate choices, they leads to slightly 
attenuated performance (see ablation in Section 5).

4 � Bound analysis

Assume A to be supervised, our framework can be trained in a supervised manner 
using this A . We will show that the loss by UTM is an upper bound for the loss by 
supervised training, and prove that minimizing unsupervised loss makes sense.

Loss for Supervised Training. Let C denote the set of class label with prior dis-
tribution � . Assume that the augumented data x ∈ X  is drawn from the data distribu-
tion Dc , where c ∼ � . Now considering one N-way task Tsup on N different classes 
Csup = {c1,… , cN} , its multi-class classifier is denoted as the function g ∶ X → ℝ

N . 
The softmax-based cross-entropy loss on data pair (x, y) can be rewritten as

where g(x)y is the y-th element of the vector g(x). To qualify the two encoders 
fT , fM , we choose the classifier as g(x)c = �qTpc , where � is a scaling scalar and 
q = fT (x|�M) is the query representation, and pc = �x∼Dc

[fM(x|�M)] is the mean of 
representation of inputs with label c. Then, the expected supervised loss in terms of 
fT , fM on N-way tasks is

(6)
pc =

1

K

NK∑

i=1

1(ys
i
== c)fM(x

s
i
|𝜃M),

ŷq = argmax
c

S(fM(x
q|𝜃M), pc),

(7)Lsup(g, x, y) = log(1 +
∑

y�≠y

exp(g(x)y� − g(x)y)),
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Loss for UTM UTM assumes access to unsupervised task T  with augumented data 
{xq, x+, x−

1
,… , x−

NK−1
} . We mark their ground-truth labels by 

CU = {cq, c+, c−
1
,… , c−

NK−1
} , respectively. Note that xq and x+ are drawn from the 

same data distribution Dc+ (since cq = c+ ) while negative x−
i
 are from Dc−

i
 . Let 

I = {1,… ,NK − 1} be the set of indices of negative data, the unsupervised loss in 
Eq. (1) can be rewritten as

It can be seen that Eq. (9) has a similar form with Eq. (8). As a first step, we show 
that LU bounds the Lsup in an ideal situation. This conclusion might indicates that it 
makes sense to minimize the unsupervised UTM loss LU . We represent the upper 
bound for the supervised loss Lsup by:

Theorem 1  ∀fT , fM ∈ F ,

where �0 , � are constants depending on the class distribution � . When � is uniform 
and |C| → ∞ , then �0 → 1 , � → 0.

Proof  The key point for proof is the use of Jensen’s inequality since 
�(v) = log(1 +

∑
i exp(vi)),∀v ∈ ℝ

NK−1 is a convex function ( vi is the i-th element 
of v ), that is,

However, CU may contains duplicate classes and even false negative classes. 
Clearly, we divide I into two disjoint subsets, true negative index set 
I− = {i ∈ I|c−

i
≠ c+} and false negative index set I+ = {i ∈ I|c−

i
= c+} . We 

define Cuni as the label set after de-duplicating class labels in CU , Cuni ⊆ CU . Since 
�({vi}i∈I1∪I2 ) ∶= log(1 +

∑
i∈I1∪I2

exp(vi)) ≥ �({vi}i∈I1 ) , ∀ I1, I2 ⊆ I , we could 
decompose Eq. (A4) into

The first expectation in Eq.  (A5) is actually the supervised loss Lsup in Eq.  (8) by 
regarding Csup ∶= Cuni . Combining this result with Eq.  (A4)  (A5), we obtain the 

(8)Lsup = �
c∼�,x∼Dc

log(1 +
∑

c�≠c

exp(�qTpc� − �qTpc)).

(9)LU = �
q,k+,k−

i

log(1 +
∑

i∈I

exp(�qTk−
i
− �qTk+)).

(10)Lsup ≤ �0LU + �,

(11)
LU = �

q
�

k+,k−
i

log(1 +
∑

i∈I exp(�q
Tk−

i
− �qTk+))

≥ �
q,c+,c−

i

log(1 +
∑

i∈I exp(�q
Tpc−

i
− �qTpc+)).

(12)

�
q,c+,c−

i

log(1 +
∑

i∈I exp(�q
Tpc−

i
− �qTpc+))

≥ P(I+ = �) �
q,c+

�
�
�
{�qTpc − �qTpc+}c∈Cuni�c+

�
�I+ = �

�

+P(I+ ≠ �)�
c+

�
log(1 + �I+�)�I+ ≠ �

�
.
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inequality in Theorem  1 with �0 =
1

P(I+=�)
 , � = −

P(I+≠�)

P(I+=�)
�
c+

[
log(1 + |I+|)|I+ ≠ �

]
 . 

When � is uniform and |C| → ∞ , then P(I+ ≠ �) → 0 . 	�  ◻

Although we derive the above encouraging result about the relation-
ship between UTM loss and supervised loss, however, for the task scenar-
ios whose label space |C| is small (e.g., miniImageNet), the P(I+ ≠ �) can 
never be close to zero and even the proportion of false negative data is con-
siderable. In this case, minimizing LU will meet a theoretical bottleneck since 
LU ≥ P(I+ ≠ �)�c+

[
log(1 + |I+|)|I+ ≠ �

]
 . Besides, Theorem 1 does not shed light 

into the explicit gap between Lsup and LU as well as the underlying factor caus-
ing the gap. To overcome this issue, we further decompose the UTM loss LU into 
two terms: (1) L−

U
 , the loss on all true negative data x−

i
, i ∈ I− . (2) L+

U
 , the loss on 

all false negative data x−
i
, i ∈ I+ . We define a notation of intra-class deviation as 

s(fM) ∶= �c[�x∈Dc
‖fM(x��M) − pc‖22]

1∕2 , and show that s(fM) can bound L+
U

 . Then, 
we get a new bound:

Theorem 2  ∀fT , fM ∈ F ,

where �0 , �1 are constants depending on the class distribution � . When � is uniform 
and |C| → ∞ , then �0 → 1 , �1 → 0.

Proof  The key point for proof is that 
�({vi}i∈I1∪I2 ) ≤ �({vi}i∈I1 ) + �({vi}i∈I2 ),∀I1, I2 ⊆ I,

where the first expectation is L−
U
 and the second one is L+

U
 (imagining that true 

negative data and false negative data have been separated during training). With 
the following inequalities �({vi}i∈I1 ) ≤ log(1 + |I1|) +max{max{vi}i∈I1 , 0} , and 
max{vi}i∈I1 ≤ �max{vi}i∈I1 � ≤ max{�vi�}i∈I1 ≤

∑
i∈I1

�vi� , we can get the following 
inequality:

By combining Eq. (10) with Eq. (A11) and Eq. (15), we get

(13)Lsup ≤ �0L
−
U
+ �1s(fM),

(14)

LU ≤ �
q,k+,k−

i

log(1 +
∑

i∈I− exp(�q
Tk−

i
− �qTk+))

+ �
q,k+,k−

i

log(1 +
∑

i∈I+ exp(�q
Tk−

i
− �qTk+))

∶= L
−
U
+ L

+
U
,

(15)

L
+
U
≤ �

q,k+,k−
i

�
log(1 + �I+�) +

∑
i∈I+(��qTk−i − �qTk+�)

�

= P(I+ ≠ �)�
c+

�
log(1 + �I+�)�I+ ≠ �

�

+ �
q,k+,k−

i

�∑
i∈I+ ��qTk−i − �qTk+�

�
.
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When the class distribution � is uniform, we have �|I+| = (NK − 1)∕|C| for any 
class. Considering that the representations are normalized to satisfy ‖q‖2 = 1 , thus 
the right expectation in Eq. (16) can be bound by s(fM) , that is,

Combining Eq. (16) and Eq. (17), Theorem 2 can be proved, where �1 =
√
2�0(NK−1)

�C�  , 

�0 =
1

P(I+=�)
 . When � is uniform and |C| → ∞ , then P(I+ ≠ �) → 0 , �0 → 1 , �1 → 0.

Compared to Theorem  1, Theorem  2 indicates that the supervised loss Lsup is 
bounded by two explicit parts. The first one is L−

U
 , which measures the similarity 

between the query data with the congener data as well as the difference between the 
query data with other distinct data. The second is s(fM) , which acts as the penalty for 
representation ability by measuring the intra-class representation deviation. Moreo-
ver, the �1s(fM) is an explicit gap distancing unsupervised UTM loss from super-
vised loss. Theoretically, if given an unsupervised set with infinite classes and data, 
the performance achieved by UTM can be very close to that by supervised training. 	
� ◻

5 � Experiments

5.1 � Datasets

We evaluate UTM on two FSL benchmark datasets, Omniglot [25] and miniIma-
geNet [9]. Omniglot is a character image dataset containing 1623 handwritten 
characters from 50 alphabets. Each character contains 20 gray images drawn by 
different writers. Following the standard few-shot learning protocol [25], we resize 
raw images into size of 28 × 28 and rotate each character by 0◦ , 90◦ , 180◦ and 270◦ 
to form 4 different classes. The 1200 characters with rotations (4800 classes) are 
for training, 100 characters (400 classes) for validation and 323 characters (1292 
classes) for testing. miniImageNet is a downsampled image subset of the large-
scale ImageNet [55]. It consists of 100 classes with 600 RGB images of size 84 × 84 
per class, where 64 classes are for training, 16 classes for validation and 20 classes 
for testing. The above splits all keep the same with those used by CACTUs [45] 
and UMTRA [46] for comparison fairness. Certainly, the labels of data in train-
ing classes have been stripped to form the unsupervised auxiliary set A . While 
mini ImageNet, a widely adopted benchmark in few-shot learning, is selected due 
to its standardized benchmarks and computational tractability, this does not reflect 

(16)

Lsup ≤ �0(L
−
U
+ L

+
U
) + �

≤ �0L
−
U
+ �0 �

q,k+,k−
i

�∑
i∈I+ ��qTk−i − �qTk+�

�

= �0L
−
U
+ �0�

c+
�

xq,x
+,x−

i
∼Dc+

�∑
i∈I+ ��qTk−i − �qTk+�

�
.

(17)�
c+

�
xq,x

+,x−
i
∼Dc+

[
�

i∈I+

��qTk−
i
− �qTk+�] ≤

√
2��I+� ⋅ s(fM).
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limitations in our method. UTM is inherently scalable thanks to its dual-encoder 
design and supports parallel training on multi-GPU platforms, making it suitable for 
large-scale datasets.

5.2 � Setup

For fairness, the architecture of encoder fT , fM keeps aligned with that used by 
CACTUs and UMTRA, as well as the supervised methods like MAML and Pro-
toNets. It is comprised of 4 convolutional blocks, each of which is a sequential 
combination of 64-channel 3 × 3 convolution, batch normalization, ReLU and 2 × 2 
max-pooling. The last block is followed by a flattening and a normalization to form 
the feature representation, which leads to 64-/1600-dimensional representations for 
the images from Omniglot/miniImageNet, respectively. We set � = 0.99 , � = 0.999 
by monitoring validation performance. For augmentation Aug(⋅) , we keep consist-
ent with UMTRA: for Omniglot by randomly zeroing pixels and randomly shifting, 
while for miniImageNet by the ready-made Auto-Augmentation [56] model. The 
SGD optimizer is used for BP update for fT . All experiments are implemented in 
PyTorch and executed on an 8 ×A100 (40GB) GPU cluster using the NVIDIA Col-
lective Communications Library for efficient multi-GPU communication. We adopt 
a distributed data parallel setup in which each GPU updates the traction encoder 
fT independently, with periodic synchronization of the momentum encoder fM . The 
UTM framework supports asynchronous computation, enabling scalable and stable 
contrastive pretraining across HPC resources.

5.3 � Compared methods

Compared methods are explicitly divided into unsupervised group, supervised group 
and ablation group. Previous unsupervised FSL methods like CACTUs [45] and 
UMTRA [46], combined with representative unsupervised representation learning 
methods including BiGAN [50], ACAI [51] and DeepCluster [52], are compared 
with UTM. The supervised methods, MAML [10] and ProtoNets [11], are consid-
ered as the ceiling limit of the unsupervised methods. In ablation group, to explore 
the effectiveness of the parameter updating mechanism in UTM, four model vari-
ants in terms of parameter updating mechanism are studied: (1) Two encoders share 
the parameters and are updated synchronously (i.e., �T = �M ). (2) Two encoders are 
updated separately via metric loss and no interaction exists between them. (3) fT is 
fully reset into fM after every NT matching tasks (i.e., � = 0 ). (4) fT will never be 
reset towards fM (i.e., � = 1 ). In addition, we investigate two other ablation models 
that share the training phase with standard UTM but make inference by the single fT 
or the combination of two encoders ( fT for query data, fM for support data).

5.4 � Results on Omniglot

Contrast results on Omniglot in Table 1 demonstrate that UTM completely surpasses 
CACTUs-MAML, CACTUs-ProtoNets, UMTRA and other alternate unsupervised 
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methods, yielding dramatic improvements regardless of (N,K) settings: the best 
UTM model (i.e., standard UTM) outperforms previously state-of-the-art unsuper-
vised performance by 8.20%, 2.66%, 5.74% and 2.01% for four settings, respectively. 
Another noticeable observation is the much smaller performance gap between UTM 
with supervised MAML and ProtoNets. For (5,5) setting, especially, UTM real-
izes accuracy 98.09% that is very close to accuracy 98.83% by supervised MAML, 
although it needs to use (4800×20+5× 5) labeled data, whereas our UTM relies on 
only 5 × 5 labeled images for each (5,5) classification task.

5.5 � Results on miniImageNet

Table  2 contrasts UTM to other methods on miniImageNet. Compared to Omni-
glot, the underlying complexity and ambiguity of the real-world image objects in 
miniImageNet cause relatively lower classification accuracy. Nonetheless, for all the 
four settings, UTM still overmatches the previously best accuracy maintained by 
UMTRA or CACTUs-MAML, and obtains quite a competitive result to supervised 
FSL methods. These results provided a convincing proof for the effectiveness of the 
representation space learned by UTM.

Table 1   Classification accuracy 
(%) on Omniglot (averaged over 
1000 N-way K-shot (N,K) test 
tasks. ∙ : best, ⋆ : previous best)

Methods (5,1) (5,5) (20,1) (20,5)

Training from scratch 52.50 74.78 24.91 47.62
BiGAN k

nn
-nearest neighbors 49.55 68.06 27.37 46.70

BiGAN linear classifier 48.28 68.72 27.80 45.82
BiGAN MLP with dropout 40.54 62.56 19.92 40.71
BiGAN cluster matching 43.96 58.62 21.54 31.06
BiGAN CACTUs-MAML 58.18 78.66 35.56 58.62
BiGAN CACTUs-ProtoNets 54.74 71.69 33.40 50.62
ACAI k

nn
-nearest neighbors 57.46 81.16 39.73 66.38

ACAI linear classifier 61.08 81.82 43.20 66.33
ACAI MLP with dropout 51.95 77.20 30.65 58.62
ACAI cluster matching 54.94 71.09 32.19 45.93
ACAI CACTUs-MAML 68.84 87.78 48.09 76.36
ACAI CACTUs-ProtoNets 68.12 83.58 47.75 66.27
UMTRA​ ⋆83.80 ⋆95.43 ⋆74.25 ⋆92.12
UTM ( �

T
= �

M
) 86.13 94.30 67.83 83.67

UTM (no interaction) 84.72 93.46 66.01 81.62
UTM (fully reset �

T
) 91.73 97.95 79.74 93.70

UTM (never reset �
T
) 91.47 97.90 79.09 93.59

UTM (standard) ∙92.00 ∙98.09 ∙79.99 ∙94.13
UTM (infer. by f

T
) 90.71 97.76 77.58 93.32

UTM (infer. by f
T
+ f

M
) 91.30 97.73 78.91 93.00

Supervised MAML 94.46 98.83 84.60 96.29
Supervised ProtoNets 98.35 99.58 95.31 98.81
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5.6 � Analysis on discrepant advantage

We observe that the performance gap between UTM and supervised methods 
on Omniglot is relatively smaller than that on miniImageNet. The reason can be 
partly blamed on the different |C| for two datasets. Concretely, the unsupervised 
A of miniImageNet only contains 64 classes while that of Omniglot involves 
up to 4800 classes, which leads to a smaller �1 for Omniglot (larger |C| implies 
larger P(I+ = �) , larger P(I+ = �) implies smaller �0 , larger |C| + smaller �0 imply 
smaller �1 ). Assume that there is no significant difference about the representa-
tion ability of UTM on two datasets (even if the intra-class deviation on Omniglot 
is intuitively smaller than that on miniImageNet since Omniglot is more easy), 
the gap �1s(fM) on Omniglot is smaller than that on miniImageNet. Certainly, the 
great disparity in data complexity between real-world miniImageNet and gray-
scale Omniglot is also one potential factor causing the discrepant advantage.

Table 2   Classification accuracy (%) on miniImageNet (averaged over 1000 N-way K-shot (N,K) test 
tasks. ∙ : best, ⋆ : previous best)

Methods (5,1) (5,5) (5,20) (5,50)

Training from scratch 27.59 38.48 51.53 59.63
BiGAN k

nn
-nearest neighbors 25.56 31.10 37.31 43.60

BiGAN linear classifier 27.08 33.91 44.00 50.41
BiGAN MLP with dropout 22.91 29.06 40.06 48.36
BiGAN cluster matching 24.63 29.49 33.89 36.13
BiGAN CACTUs-MAML 36.24 51.28 61.33 66.91
BiGAN CACTUs-ProtoNets 36.62 50.16 59.56 63.27
DeepCluster k

nn
-nearest neighbors 28.90 42.25 56.44 63.90

DeepCluster linear classifier 29.44 39.79 56.19 65.28
DeepCluster MLP with dropout 29.03 39.67 52.71 60.95
DeepCluster cluster matching 22.20 23.50 24.97 26.87
DeepCluster CACTUs-MAML 39.90 ⋆53.97 ⋆63.84 ⋆69.64
DeepCluster CACTUs-ProtoNets 39.18 53.36 61.54 63.55
UMTRA​ ⋆39.93 50.73 61.11 67.15
UTM ( �

T
= �

M
) 27.27 39.82 48.31 51.94

UTM (no interaction) 27.58 37.07 44.39 47.53
UTM (fully reset �

T
) 38.29 54.44 64.77 68.04

UTM (never reset �
T
) 38.27 54.92 64.73 68.04

UTM (standard) ∙42.58 ∙59.13 ∙68.87 ∙71.92
UTM (infer. by f

T
) 41.23 57.85 67.62 70.53

UTM (infer. by f
T
+ f

M
) 41.59 58.63 67.78 69.74

Supervised MAML 46.81 62.13 71.03 75.54
Supervised ProtoNets 46.56 62.29 70.05 72.04
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5.7 � Ablation study

Ablation results are given in the penultimate part of Table 1 and 2. Especially, the 
first ablation model is equal to an unsupervised version of ProtoNets. It can be seen 
that the proposed parameter updating mechanism acquires the best accuracy among 
all alternate updating mechanisms. Another observation is that in most cases making 
inference by single fM slightly outperforms that by single fT or by the combination 
of fT and fM , which might benefit from the stable parameter updating and represen-
tation ability of fM.

6 � Conclusion and future works

In this work, we focus on weakening the prerequisite for creating a few-shot learner 
by distilling transferable knowledge in an unsupervised fashion. A novel unsuper-
vised learning framework, Unsupervised Tractive Momentum (UTM) tailored for 
few-shot learning, is proposed. Convergence and bound analysis are given to prove 
the rationality of this novel learning paradigm from the theoretical perspective. 
Experimental results on two FSL benchmarks Omniglot and miniImageNet show our 
method leads to significant improvement to state-of-the-art CACTUs and UMTRA, 
approaching supervised MAML and ProtoNets, albeit with only several labeled data. 
A limitation of this work is the ideal assumption that unsupervised auxiliary data 
and target FSL data come from the same data distribution domain. However, when 
the two come from different data domains, how to further optimize the UTM frame-
work to tackle the unsupervised few-shot learning under cross-domain conditions 
will be a key direction for our future exploration.

7 Appendix Proof details

Proof of Theorem 1.
We first leverage the convexity of � to get a lower bound of unsupervised loss LU 

in Eq. A4. Then we decompose the lower bound into a supervised loss Lsup plus a 
degenerate term in Eq. A8.

Step 1. Convexity. �(v) = log(1 +
∑

i e
vi),∀v ∈ ℝ

NK−1 is a convex function. 
Because, ∀t ∈ ℝ, z, v ∈ ℝ

NK−1,

we have,

(A1)

g(t) = �(z + tv) = log(1 +
∑

i e
zi+tvi)

g�(t) =
∑

i vie
zi+tvi

1+
∑

i e
zi+tvi

g��(t) =
(
∑

i v
2
i
ezi+tvi)(1+

∑
i e

zi+tvi)−(
∑

i vie
zi+tvi)

2

(1+
∑

i e
zi+tvi)

2 ,
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and Cauchy inequality,

Thus, g��(t) are always non-negative. �(v) is a convex function.
Step 2. Jensen’s inequality. The key point in the proof is the use of Jensen’s 

inequality since �(v) = log(1 +
∑

i exp(vi)),∀v ∈ ℝ
NK−1 is a convex function.

Note that in the upper bounded quantity, the random classes c−
i
 may be false negative 

classes, that is, c−
i
= c+.

Step 3. Decompose the lower bound. We divide all negative classes c−
i
 set into 

two disjoint subsets, true negative classes and false negative classes. Clearly, we 
divide I into two unjoint subsets: I− = {i ∈ I|c−

i
≠ c+} and I+ = {i ∈ I|c−

i
= c+}.

We define Cuni as the label set after de-duplicating class labels in the tuple 
CU (all labels including positive and negative classes). Since we have 
�({vi}i∈I1∪I2 ) ∶= log(1 +

∑
i∈I1∪I2

exp(vi)) ≥ �({vi}i∈I1 ),∀I1, I2 ⊆ I , we can decom-
pose the above quantity to handle repeated classes. If I+ = � , then I = I− , we can 
choose all de-duplicating negative class indexes as Iuni . Thus Iuni ⊆ I− = I , and 
�({vi}i∈I) ≥ �({vi}i∈Iuni ) . That is,

(A2)
∑

i

v
2
i
ezi+tvi ≥ 0,

(A3)

(
∑

i

v
2
i
ezi+tvi

)(
∑

i

ezi+tvi

)
≥

(
∑

i

vie
zi+tvi

)2

.

(A4)

LU = �
q,k+,k−

i

log(1 +
∑
i∈I

exp(�qTk−
i
− �qTk+))

= �
q,c+,c−

i

�
k+∼c+,k−

i
∼c−

i

log(1 +
∑
i∈I

exp(�qTk−
i
− �qTk+))

≥ �
q,c+,c−

i

log(1 +
∑
i∈I

exp( �
k+∼c+,k−

i
∼c−

i

(�qTk−
i
− �qTk+)))

= �
q,c+,c−

i

log(1 +
∑
i∈I

exp(�qTpc−
i
− �qTpc+)).

(A5)

�
q,c+,c−

i

log(1 +
∑
i∈I

exp(�qTpc−
i
− �qTpc+))

= �
q,c+,c−

i

�({�qTpc−
i
− �qTpc+}i∈I)

= P(I+ = �) �
q,c+,c−

i

�
�({�qTpc−

i
− �qTpc+}i∈I)�I+ = �

�

+P(I+ ≠ �) �
q,c+,c−

i

�
�({�qTpc−

i
− �qTpc+}i∈I)�I+ ≠ �

�
,

(A6)

�
q,c+,c−

i

[
�({�qTpc−

i
− �qTpc+}i∈I)|I+ = �

]

≥ �
q,c+,c−

i

[
�({�qTpc−

i
− �qTpc+}i∈Iuni )|I

+ = �
]

= �
q,c+

[
�({�qTpc − �qTpc+}c∈Cuni�c+)|I

+ = �
]
.



Unsupervised tractive momentum: a novel unsupervised few‑shot… Page 19 of 24  1281

Observe that the last expectation in Eq. A6 is actually the supervised loss Lsup by 
regarding Csup ∶= Cuni . The loss is based on the de-duplicating classes in our UTM.

If I+ ≠ � , all indexes in I+ have the same labels as the positive class c+ , then 
pc−

i
= pc+ . Since I+ ⊆ I , and �({vi}i∈I) ≥ �({vi}i∈I+) . That is,

From Eq. A5, Eq. A6 and Eq. A7, we get

Combining Eq. A8 with Eq. A4, we have,

Thus we have proved the Theorem  1 using the fact that �0 =
1

P(I+=�)
 , 

� = −
P(I+≠�)

P(I+=�)
�
c+

[
log(1 + |I+|)|I+ ≠ �

]
.

Proof of Theorem 2.
First, we decompose the unsupervised loss into true negative samples loss L−

U
 and 

false negative samples loss L+
U
 by the property of Eq. A10, and further give an upper 

bound for the false negative samples loss L+
U
 by the property of Eq. A13. Finally, we 

get a bound for our UTM in Eq. A17 and prove Theorem 2.
Step 1. Inequality 1 of � . We note that the function � satisfy the following con-

stants: �({vi}i∈I1∪I2 ) ≤ �({vi}i∈I1 ) + �({vi}i∈I2 ),∀I1, I2 ⊆ I . Because,

Step 2. Decompose the unsupervised loss. We have already divide all negative 
classes into two disjoint subsets and gotten their index sets I−, I+ . I− is for the true 

(A7)

�
q,c+,c−

i

[
�({�qTpc−

i
− �qTpc+}i∈I)|I+ ≠ �

]

≥ �
q,c+,c−

i

[
�({�qTpc−

i
− �qTpc+}i∈I+)|I+ ≠ �

]

= �
q,c+,c−

i

[
�({0}i∈I+)|I+ ≠ �

]

= �
q,c+,c−

i

[
log(1 + |I+|)|I+ ≠ �

]

= �
c+

[
log(1 + |I+|)|I+ ≠ �

]
.

(A8)
�

q,c+,c−
i

log(1 +
∑
i∈I

exp(�qTpc−
i
− �qTpc+))

≥ P(I+ = �)Lsup + P(I+ ≠ �)�
c+

�
log(1 + �I+�)�I+ ≠ �

�
.

(A9)LU ≥ P(I+ = �)Lsup + P(I+ ≠ �)�
c+

[
log(1 + |I+|)|I+ ≠ �

]
.

(A10)

�({vi}i∈I1∪I2 ) = log(1 +
∑

i∈I1∪I2

evi)

≤ log(1 +
∑
i∈I1

evi +
∑
i∈I2

evi)

≤ log[(1 +
∑
i∈I1

evi )(1 +
∑
i∈I2

evi)]

= log(1 +
∑
i∈I1

evi ) + log(1 +
∑
i∈I2

evi)

= �({vi}i∈I1 ) + �({vi}i∈I2 ).
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negative samples while I+ is for the false negative samples. According to these index 
sets and the property in Eq A10, we have,

where the first expectation is L− and the second is L+ ( imagining that the true nega-
tive data and false negative data have been separated during training).

Step 3. Inequality 2 of � . If the maximum value vmax ∶= max{vi}i∈I1 > 0 , we have

Otherwise, vi ≤ vmax ≤ 0,∀i ∈ I1 , we have 
�({vi}i∈I1 ) = log(1 +

∑
i∈I1

evi) ≤ log(1 + �I1�) . Thus we get the inequality,

Step 4. The upper bound of L+
U
 . Using the property for the function � in Eq. A13, 

we can get an upper bound for L+
U
,

where the second term acts as the penalty for representation ability by measuring the 
intra-class representation deviation.

(A11)

LU = �
q,k+,k−

i

log(1 +
∑
i∈I

exp(�qTk−
i
− �qTk+))

= �
q,k+,k−

i

�({�qTk−
i
− �qTk+}i∈I)

≤ �
q,k+,k−

i

�
�({�qTk−

i
− �qTk+}i∈I−)

+�({�qTk−
i
− �qTk+}i∈I+)

�

= �
q,k+,k−

i

�
�({�qTk−

i
− �qTk+}i∈I−)

�

+ �
q,k+,k−

i

�
�({�qTk−

i
− �qTk+}i∈I+)

�

∶= L
−
U
+ L

+
U
,

(A12)

�({vi}i∈I1 ) = log(1 +
∑
i∈I1

evi)

≤ log(1 + �I1�evmax )

= log(1 + �I1�) + log(evmax +
1−evmax

1+�I1�
)

≤ log(1 + �I1�) + vmax.

(A13)
�({vi}i∈I1 ) ≤ log(1 + �I1�) +max{vmax, 0}

≤ log(1 + �I1�) +
∑
i∈I1

�vi�.

(A14)

L
+
U
= �

q,k+,k−
i

�
�({�qTk−

i
− �qTk+}i∈I+)

�

≤ �
q,k+,k−

i

�
log

�
1 + �I+�

�
+

∑
i∈I+

����q
Tk−

i
− �qTk+

���

�
,
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All samples with indexes in I+ have the same label c+ , then the expectation in 
Eq.  A15 show that the intra-class representation deviation. Mark the deviation as 
s(fM) = ��� �

k+,k−
i
,i∈I+

�
‖pc+ − k+‖2

2
= ����

c+
�
k+

�
‖pc+ − k+‖2

2
 . We have a uniform class 

distribution, then �
q,k+,k−

i

|I+| = (NK − 1)∕|C| . Considering that the representations are 

normalized to satisfy ‖q‖2 = 1 , thus, the right expectation in Eq. A15 can be bound 
by s(fM) , that is,

Combining Eq. A16, Eq. A14 and Eq. A11, we have

and we have

Combining Eq.  A17, Eq.  A18 and Theorem  1, we have proved Theorem  2 since 
�1 =

√
2�0(NK − 1)∕�C�.
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