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Abstract

Policymakers often use recursive binary split
rules to partition populations based on bi-
nary outcomes and target subpopulations
whose probability of this adverse binary
event exceeds a threshold. We call such
problems Latent Probability Classification
(LPC). Practitioners typically employ Clas-
sification and Regression Trees (CART) for
LPC. We prove that, in the context of LPC,
classic CART and the knowledge distilla-
tion method, in which the student model
is a CART (referred to as KD-CART), are
suboptimal. We propose Maximizing Dis-
tance Final Split (MDFS), which generates
split rules that strictly dominate CART/KD-
CART under the unique intersect assump-
tion. Under this assumption, MDFS iden-
tifies the unique best split rule. Conse-
quently, it targets more vulnerable subpopu-
lations than CART/KD-CART, where “more
vulnerable” is defined as a higher probability
of the adverse binary event. To further relax
the assumption, we propose Penalized Final
Split (PFS) and weighted Empirical risk Fi-
nal Split (wEFS). Through extensive simula-
tion studies, we demonstrate that the pro-
posed methods predominantly outperform
CART/KD-CART using two risk metrics.
When applied to real-world datasets, MDFS
generates policies that target more vulner-
able subpopulations than the CART/KD-
CART.
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1 INTRODUCTION

Recursive binary split rules appeal to policymakers
and researchers due to their transparency and non-
parametric flexibility. These rules partition a popula-
tion based on a binary outcome Y ∈ {0, 1} and target
subpopulations with a probability of Y = 1 greater
than 50% when implementing a policy. We call such
policy targeting problems Latent Probability Classifi-
cation (LPC). Practically, CART is often employed for
LPC. For example, Andini et al. (2018) uses CART to
find subpopulations with a higher than 50% probabil-
ity of being financially constrained and recommends
targeting these households with a tax credit program.
In Appendix A.1, we cite 23 empirical cases of using
CART for various LPC problems to demonstrate the
broad applicability of the setup that this paper in-
vestigates. In these studies, researchers typically use
CART to divide the samples into many nodes, esti-
mate the probability of Y = 1 for each node, and
target those nodes with estimated probabilities higher
than a threshold of 50%, denoted as c = 0.5. This ap-
proach, though intuitive, is not optimal for LPC. Here,
we provide a toy example in Figure 1a to illustrate the
limitation of using CART for an LPC problem.

A toy example: Suppose the latent probability
of a binary event Y = 1 is a sinusoidal func-
tion of an observable variable X, P(Y = 1|X) =
sin(2πX)+1

3 where X ∼ Unif[0, 1]. Figure 1a shows the
function, where the green segment represents the sub-
population that should be targeted, and the orange
segments represent the subpopulation that should not
be targeted. In this example, we impose that the pol-
icymaker can only split the population once based on
the value of X. CART splits at X = 0.5, denoted as
sCART in Figure 1a. The left node has P(Y = 1|X ≤
0.5) = 2

3 (0.5 + 1
π ) > 0.5, whereas the right node has

P(Y = 1|X > 0.5) = 2
3 (0.5−

1
π ) ≤ 0.5. Consequently,

we target the subpopulation byX ≤ 0.5, i.e., left node.
To demonstrate why sCART is suboptimal for the LPC
problem, consider an alternative split at s∗ = 5

12 . The
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left node still has P(Y = 1|X ≤ 5
12 ) ≈ 0.571 > 0.5,

right node has P(Y = 1|X > 5
12 ) ≈ 0.164 < 0.5.

Only the left node (X ≤ 5
12 ) is targeted. All sub-

groups that are correctly targeted/not targeted by
sCART are also correctly targeted/not targeted by s∗.
Moreover, s∗ excludes the group with 5

12 < X < 0.5
whose P(Y = 1|X) < 0.5 from being targeted whereas
sCART incorrectly targets this subgroup. We say that
s∗ strictly dominates sCART . Section 3 formally de-
fines strict domination.

Proposed methods: This paper proposes methods
that generate improved split rules. First, we replace
the CART impurity function with a weighted sum of
the distances between node means and the threshold
c. This method is called Maximizing Distance Final
Split (MDFS). Assuming the existence of a unique in-
tersection between P(Y = 1|X) and c, MDFS iden-
tifies the unique optimal split (hence, strictly domi-
nating CART). The second method, Penalized Final
Split (PFS), is a generalization of MDFS. It relaxes
the unique intersect assumption and still strictly dom-
inates CART. The third method, weighted Empirical
risk Final Split (wEFS), adapts the weighted loss func-
tion from the cost-sensitive binary classification liter-
ature to our setup.

Generalizing the threshold from c = 0.5 to c ∈
(0, 1): Though most of the LPC studies use 50% as the
threshold (c = 0.5 corresponds to the classic 0-1 loss),
there are more general choices. For example, Sarkar
et al. (2024) uses CART to determine which forest zone
has a higher than c = 61% probability of forest fire
to implement early warning systems. In some other
cases, a policymaker may face budget constraints and
hence decides to adopt a threshold that is close to 1
(Hassanzadeh et al., 2021). In the rest of this paper,
we use c ∈ (0, 1) to denote the threshold. We assume
that c is fixed before implementing our methods. In
particular, policymakers can first tune c with CART
and then implement our methods with the chosen c.
In this scenario, our methods still improve over CART
because our theoretical results apply broadly to any
fixed c ∈ (0, 1).

Extending to knowledge distillation: Knowledge
distillation (KD) refers to a two-step learning algo-
rithm. The first step trains a teacher model with a
higher learning capacity, e.g., a neural network or a
random forest, to learn P(Y = 1|X). The second step
uses the learned P(Y = 1|X) as the response variable
to train a simpler student model. The goal of the stu-
dent model is to output a simple and interpretable rep-
resentation of the teacher model’s knowledge. In our
case, the student model is a CART. We refer to the KD
method with a CART student model as KD-CART.
We apply the MDFS method to improve KD-CART

and refer to our proposed method as KD-MDFS. This
generalizes our contribution to a larger class of ad-
vanced tree-based methods.

Summary of contributions: Section 3 formulates
the LPC problem from a wide range of empirical
works and shows that the split rule generated by
CART/KD-CART is strictly dominated. Section 4
proposes MDFS, which point-identifies the unique op-
timal split rule assuming a unique intersection between
P(Y = 1|X) and c. In addition, we propose a consis-
tent estimator for the MDFS split rule. Section 4.4
shows that MDFS generates policies that target more
vulnerable subpopulations. To relax the unique inter-
section assumption, we further propose PFS and wEFS
in Section 5. Lastly, in Section 6, we demonstrate
that the proposed methods outperform their respec-
tive baselines and target more vulnerable subpopula-
tions, using simulations with synthetic and real-world
datasets.

2 RELATED LITERATURE

The novelty of our problem setup can be best estab-
lished by comparing our work with various strands of
existing frontier literature.

Nonparametric binary classification: Nonpara-
metric binary classifiers are often not designed for
transparent policymaking. Babii et al. (2024)’s the-
orems apply to uninterpretable deep learning. Singh
and Khim (2022) outputs stochastic decision rules,
which raise fairness concerns. Our output policy is
nonparametric, interpretable, and deterministic.

Policy targeting: Most of the existing policy target-
ing literature has been developed within the causal
inference framework Kitagawa and Tetenov (2018);
Athey andWager (2021); Mbakop and Tabord-Meehan
(2021). Such causal inference methods are incompat-
ible with the LPC setup, where the treatment might
not have been tested in real life. We include a policy
learning method from Zhou et al. (2023) as a baseline
in our simulation studies to demonstrate that our pro-
posed methods’ strengths over policy learning methods
for LPC problems. Two more detailed comparisons be-
tween LPC and policy learning literature are provided
in Section 7 and Appendix A.2.

Tree-based methods’ consistency: The tree-based
method literature has a vested interest in consistency.
Wager and Athey (2018); Zheng et al. (2023) show
that different tree-based methods are consistent for
estimating P(Y = 1|X). This work is interested in
a different type of consistency. We show that our es-
timator consistently estimates the MDFS split rule.

Knowledge distillation with CART as student:
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Figure 1: Illustrative examples comparing sCART with s∗

Liu et al. (2018); Dao et al. (2021) use CART as the
student model in knowledge distillation, termed as
KD-CART in our paper. We show that the theoretical
results we develop for MDFS apply to KD-CART.

3 PRELIMINARIES: (OSF)LPC

We first restrict the theoretical discussion to the
following one-split, one-feature (OSF) LPC problem
characterized as follows. Let X = [0, 1] and Y = {0, 1}
be the univariate feature space and label space, respec-
tively. Let f : X −→ R+ be a probability density func-
tion that is continuous on X , F be its corresponding
cumulative distribution function, and η(x) := P(Y =
1|X = x) be continuous. Consider a dataset com-
prising n i.i.d. samples, (Xi, Yi), i = 1, . . . , n, where
Xi ∼ f and Yi|Xi ∼ Bernoulli(η(Xi)). A policymaker
is allowed to split the feature space one time (i.e.,
one-split) using the univariate feature X (i.e., one-
feature). After the split, policymakers target those
node(s) whose node mean is greater than c.

3.1 CART is strictly dominated

The most common criterion function optimized
by CART to determine the split sCART is the
weighted sum of variances of the two child
nodes, i.e., sCART = argmins∈(0,1) GCART (s)

where GCART (s) = F (s)(µL(s) − µ2
L(s)) + (1 −

F (s))(µR(s) − µ2
R(s)), µL(s) =

∫ s

0
η(x)dF (x)/F (s)

and µR(s) =
∫ 1

s
η(x)dF (x)/(1 − F (s)) are the left

and right node mean, respectively.

To illustrate that sCART is strictly dominated, we first
introduce the following definition of strict dominance
for comparing two splitting rules s and s′. The defini-
tion is adapted from dominating decision rule in clas-
sic decision theory. To guide our readers through the
dense notation in Definition 3.1, we provide an intu-
itive explanation after introducing the definition.

Definition 3.1 (Strict dominance). If ∃ {s, s′} ∈
[0, 1]2 such that ∀ x ∈ [0, 1],µt(x)(s) > c =⇒

µt(x)(s
′) > c when η(x) > c, and µt(x)(s) ≤ c =⇒

µt(x)(s
′) ≤ c when η(x) ≤ c, where µt(x)(s) =

µL(s) if x ≤ s and µt(x)(s) = µR(s) if x > s, and there
exists a set A with a nonzero measure such that, ∀ x ∈
A, either one (or both) of the following conditions is
true: (i) µt(x)(s) ≤ c, µt(x)(s

′) > c when η(x) > c;
and (ii) µt(x)(s) > c, µt(x)(s

′) ≤ c when η(x) ≤ c.
Then we say that splitting rule s′ strictly dominates
splitting rule s.

Despite its dense notation, Definition 3.1 has a
straightforward interpretation: split rule s′ strictly
dominates s if it performs no worse than s for all x ∈
[0, 1] and strictly better than s for all x ∈ A ⊆ [0, 1],
where A has nonzero measure.1

We show that under very general conditions, there ex-
ist some rules that strictly dominate CART’s split rule
in Theorem 3.2. Proofs of all lemmas and theorems are
collected in Appendix B.

Theorem 3.2. Suppose c ∈ [cmin, cmax] where
cmin = min(µL(s

CART ), µR(s
CART )) and cmax =

max(µL(s
CART ), µR(s

CART )) and η(sCART ) ̸= c.
Then there exists

s∗ =


argmin

s∈(0,sCART ),η(s)=c

(sCART − s) if ζ > 0,

argmin
s∈(sCART ,1),η(s)=c

(s− sCART ) if ζ < 0.

where ζ = (η(sCART )− c)(µR(s
CART )− µL(s

CART )).

Further, all s ∈
(
(s∗ ∧ sCART ), (s∗ ∨ sCART )

)
,

strictly dominates sCART .

The key challenge in understanding Theorem 3.2 is the
interpretation of s∗. Figure 1a provides a graphical il-
lustration for interpreting s∗. Given that η(sCART ) <
c = 0.5 and µL(s

CART ) > µR(s
CART ), Figure 1a

1“No worse” means that if s targets/not target correctly
at a point, then s′ must also target/not target correctly at
that point; “strictly better” means that at some points
where s target/not target incorrectly, s′ targets/not target
correctly at those points.
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corresponds to the first minimization problem in the
definition of s∗. The minimization problem searches
for s∗ over the intersection of s ∈ (0, sCART ) and
s ∈ {s : η(s) = c}, where sCART = 0.5. In Fig-
ure 1a, there are two candidate values, s = 1

12 and
s = 5

12 , between which s = 5
12 is closer to sCART , and

hence s∗ = 5
12 . The graphical illustration is generaliz-

able: sCART determines which of the two minimization
problems is used to determine s∗, then η(s) = c pins
down a set of candidate values of s∗, and lastly, s∗ is
set to be the one that is closest to sCART among all
candidate values.

3.2 KD-CART is strictly dominated

In the LPC setup, a teacher model learns η(x), x ∈
[0, 1]. Prediction based on the teacher model is de-
noted as η̂(x). In the LPC setup, the student model
is a CART that takes in η̂(x) as the response and
learns to partition the population based on η̂(x). One
can show that Theorem 3.2 also applies to KD-CART,
meaning there exist split rules that strictly dominate
the split rule generated by KD-CART. Details are pro-
vided in Lemma B.4 in Appendix B.

4 MDFS

The suboptimality of CART for solving the OSF LPC
problem motivates our proposed method MDFS, which
point-identifies s∗. The optimality of s∗ is discussed
in Section 4.2. Since our theoretical results apply to
OSF LPC, we advocate using our methods at the final
splits with features identified by CART.2 Restricting
modifications to the last splits may appear trivial at
first. However, note that as the tree grows deeper, the
number of final splits increases exponentially, leading
to non-trivial modifications to the policy designs. We
substantiate this claim with empirical applications in
Section 6.2.

4.1 Unique intersection assumption

Our theoretical results in Section 4 rely on the follow-
ing assumption, which is quite plausible in our context.
We will further relax this assumption in Section 5.

Assumption 4.1 (Unique intersection between η(X)
and c). For X ∼ Unif[0, 1], there exists a unique
s∗ such that η(s∗) = c, and η(X) is strictly mono-
tonic and differentiable on [s∗ − ϵ, s∗ + ϵ] for some
ϵ ∈ (0,min(s∗, 1− s∗)).

2Though we focus on explaining MDFS in this section,
all the theorems in this section easily extend to KD-MDFS,
i.e., replacing the final splits’ split criterion function of KD-
CART with MDFS.

With a unique intersection between η(X) and c, the
definition of s∗ is simply the X value that corresponds
to the unique intersection. We argue for the plausibil-
ity of Assumption 4.1.

Uniform X. The set of quantile statistics for any
continuous feature follows a uniform distribution, so
we can convert a continuous variable to its quantile
statistics. For a discrete X, the LPC problem is sim-
pler. We defer the explanation to Appendix B.

The unique intersection condition is weaker than
monotonicity, which is assumed by some theoretical
works on CART (Blanc et al., 2020). Moreover, in
many real-life applications, the monotonicity of η(X)
is a reasonable assumption. For example, in our real-
world dataset application in Section 6.2, a final node
is split based on blood glucose level, and the binary
outcome Y is diabetic status. It is reasonable to as-
sume that the probability of diabetes increases with
blood glucose level. Nevertheless, monotonicity is not
necessary, see Figure 1b as a non-monotonic example
that satisfies Assumption 4.1.

Further, when we apply MDFS to the final nodes, the
splitting feature is determined by CART. CART se-
lects the splitting feature that gives the greatest reduc-
tion in variances (i.e., the greatest increase in purity in
binary classification). Hence, when many features are
available, CART is likely to pick some features that
exhibit a salient trend (e.g., monotonicity), ruling out
features that are more likely to violate the unique in-
tersect assumption. Also, as we go down the tree,
the domain of all nodes becomes smaller and smaller,
making Assumption 4.1 easier to satisfy. For example,
take Figure 1a as an example. It violates the unique
intersect assumption. However, if we split the popula-
tion at X = 0.3, then both child nodes will satisfy the
unique intersection assumption.

4.2 Optimality of s∗

To characterize the optimality of s∗, we formalize the
following definition.

Definition 4.2 (SD-optimal). A split rule is said to
be SD-optimal if it strictly dominates any other rule.

Remark 4.3. Under Assumption 4.1, s∗ is SD-
optimal.

Proof of this Remark can be found in Appendix B.

4.3 Identification and estimation of MDFS

Theorem 4.4. Under Assumption 4.1,
argmaxs G∗(s, c) identifies s∗, where G∗(s, c) =
s |µL − c|+ (1− s) |µR − c|.
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The proof of Theorem 4.4 can be largely decomposed
into two steps: first, we show that there exists an
interval containing s∗ in which first-order condition
guarantees that s∗ is the local minimum; second, we
show that for all s outside of the interval, G∗(s, c) <
G∗(s∗, c).

Theorem 4.4 states that s∗ maximizes the population
objective function G∗(s, c). In the finite sample regime
(denote sample size as n), we can estimate the sample
version of s∗ using {(Xi, Yi)}ni=1 by maximizing the
sample analogue of G∗(s, c). Following from Assump-
tion 4.1, we have s∗ ∈ (ϵ, 1 − ϵ). Define the MDFS
final split estimator ŝ as

ŝ = argmax
s∈(ϵ,1−ϵ)

Ĝ∗(s, c),

where Ĝ∗(s, c) = s

∣∣∣∣∣∑n
i=1 Yi1{Xi≤s}∑n
i=1 1{Xi≤s} − c

∣∣∣∣∣ + (1 −

s)

∣∣∣∣∣∑n
i=1 Yi1{Xi>s}∑n
i=1 1{Xi>s} −c

∣∣∣∣∣ is the estimator of G∗(s, c). The

following theorem states that ŝ is a consistent non-
parametric estimator for s∗.

Theorem 4.5. Under Assumption 4.1, ŝ
p→ s∗

4.4 Policy significance of MDFS

This section relaxes the OSF LPC setup and consid-
ers the policy relevance of MDFS under many-node
many-feature setup. We demonstrate two advantages
of MDFS policies: (i) targeting more vulnerable sub-
populations than CART by using the same amount of
resources and (ii) uncovering subgroups with a higher-
than-threshold probability of event Y = 1 that CART
ignores.

Suppose there are two nodes {t1, t2} with the same
amount of population and corresponding features
X1, X2 ∼ Unif(0, 1). We depict η1(X1) for node t1
in Figure 1b and η2(X2) for node t2 in Figure 1c.
The analytical forms of η1(X1) and η2(X2) are pro-
vided in Appendix B. Here, we compare the targeted
population using MDFS policy versus CART policy.
Splitting nodes t1 and t2 individually at sCART versus
s∗ results in different target subpopulations: sCART :
Target {X1 < 1

2} in t1. s∗: Target {X1 < 5
12}

in t1 and { 1112 < X2 < 1} in t2. The two sets of
policies target the same proportion of the popula-
tion, but η1(x1) < 0.75 for x1 ∈ { 5

12 < X1 < 1
2},

which is targeted by sCART , whereas η2(x2) > 0.75 for
x2 ∈ { 1112 < X2 < 1}, which is targeted by s∗. There-
fore, policies based on LPC target amore vulnerable
subpopulation than CART/KD-CART policy.

Admittedly, the fact that LPC and CART policies
target the same proportion of the population in the

previous example is by construction. It is also pos-
sible that the proportion of the population targeted
by the MDFS policy is bigger than that by CART
or KD-CART. In this scenario, comparing the effec-
tiveness of the two sets of policies is not straightfor-
ward. Nonetheless, LPC still has policy significance.
It discovers new latent groups with a higher-than-c
probability of an adversarial event happening to them
(i.e., vulnerable subpopulations), e.g., η2(x2) > 0.75
for 11

12 < x2 < 1.

We make two remarks to formalize the two advantages
that the MDFS policy offers. Assuming a homoge-
neous targeting cost per unit of population, the target-
ing cost of a policy is the percentage of the subpop-
ulation targeted. Denote all M final splitting nodes
as {t1, t2, . . . , tM} and M = {1, 2, . . . ,M}. For node
m, we denote the feature selected by CART as X(m)

and the CDF of X(m) as Fm and let ηm(x) = P(Y =
1|X(m) = x). The costs of CART and MDFS policies
are

CCART =
∑

m∈M

∫ 1

0

1{µt(x)(s
CART
m ) > c}dFm(x)

C∗ =
∑

m∈M

∫ 1

0

1{µt(x)(s
∗
m) > c}dFm(x)

Assume that for some m ∈M, sCART
m ̸= s∗m.

Remark 4.6. If CCART = C∗, then MDFS policy tar-
gets strictly more vulnerable subpopulation than CART
using the same targeting resources, where “more vul-
nerable” is defined as greater ηm(X(m)).

Remark 4.7. If CCART < C∗, then MDFS policy
uncovers latent subgroups in some node m with selected
feature X(m) = x whose ηm(x) > c that CART ignores.

5 PFS AND WEFS

To relax Assumption 4.1, we propose two additional
methods: PFS and wEFS.

5.1 PFS

Intuitively, if µL is close to c and it is slightly higher
than c, by the continuity assumption on η(x), it’s likely
that there is a considerable amount of subpopulation
from the left node with η(x) < c, see 0 < x < 1

12
and 5

12 < x < 1
2 in Figure 1a as examples. This can

substantially increase misclassification cases because
µL and η(x) are on different sides of c for all these x
values. Following this intuition, we consider adding a
penalty to GCART that pushes µL and µR away from
c. Let

GPFS(s, c) = GCART + λJ (1)
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where J = F (s)W (|µL − c|) + (1 − F (s))W (|µR − c|)
and W : R+∪0→ R+∪0 is a decreasing function that
penalizes small distances between the node means (i.e.,
µL and µR) and c, and λ ≥ 0 controls the weight of the
penalty term, which we denoted as J . The following
theorem states that under some regularity conditions
of the function W and weight λ, the split rule that
minimizes GPFS , denoted as sPFS , strictly dominates
sCART .

Theorem 5.1. Suppose W : R+ −→ R+ is con-
vex, monotone decreasing, and upper bounded in
second derivative. If sCART is the unique mini-
mizer for GCART and η(sCART ) ̸= c, then there ex-
ists a Λ > 0, such that ∀λ ∈ (0,Λ), sPFS :=
argmins∈[0,1] GPFS(s, c) strictly dominates sCART .

We provide an intuitive explanation for Theorem 5.1
in Appendix B. Note that MDFS is a special case of
PFS whose λ =∞ and W is the identity function.

5.2 wEFS

We adapt the cost-sensitive classifier from Koyejo et al.
(2014) to our setup and name it weighted Empirical Fi-
nal Split (wEFS). Due to the lack of theoretical back-
ing, we do not elaborate on wEFS. We defer the expla-
nation for the lack of the theoretical results to Section
7. Details about wEFS can be found in Algorithm 5
in Appendix C.2.

6 EXPERIMENTS

In this section, we conduct comprehensive numerical
experiments to compare the performance of our pro-
posed methods and the classic CART under both reg-
ular and KD frameworks. Under the regular frame-
work, we compare the classic CART with MDFS, PFS,
and wEFS. Under the KD framework, we compare RF-
CART with RF-MDFS. We replace KD with RF be-
cause the teacher model is a Random Forest.

6.1 Synthetic data

Settings: We simulate synthetic datasets using
8 different data generation processes (DGP), e.g.,
the Friedman synthetic datasets (Friedman, 1991;
Breiman, 1996). These setups are designed to capture
various aspects of real-world data complexities and
challenges commonly encountered when using tree-
based methods, such as nonlinear relationships, fea-
ture interactions, collinearity, and noises (subtitles in
Figure 2). Detailed descriptions of the DGP are pro-
vided in Appendix C.1. For each DGP, we consider a
threshold of interest c ∈ {0.5, 0.6, 0.7, 0.8}, resulting in
32 unique tasks.

We set two stopping rules for growing the tree: (i)
a max depth of m ∈ {4, 5, 6, 7}, (ii) a minimal leaf
node size of ρn, where ρ ∈ {1%, 2%, 3%} and n is the
sample size. We set n = 5000. The fitting procedures
stop once either of the rules is met. These give us 12
configurations for each task. For each of the 32×12 =
384 settings, we do 50 replicates of experiments.

Evaluation metrics: We define false positives (FP)
and false negatives (FN) before defining the two per-
formance metrics that we use in the synthetic data
simulations.

FP =

n∑
i=1

1{T̂ (Xi) ≤ c}1{η(Xi) > c}

FN =

n∑
i=1

1{T̂ (Xi) > c}1{η(Xi) ≤ c}

where Xi is the multivariate feature vector which in-
cludes all features in the simulation and T̂ (Xi) is the
tree-estimate of η(Xi).

We use two metrics to evaluate the performance and
robustness of all methods: misclassification rate (MR)
and F1 score (F1). MR and F1 are defined as

MR =
1

n
(FP + FN)

F1 =
1

n

2(n− FP )

2(n− FP ) + FP + FN

Given that our theorems state that split rules gener-
ated by (RF-)MDFS and PFS strictly dominate (RF-
)CART, we expect that our proposed methods outper-
form their counterpart in both metrics.

Model fitting procedures: As we mentioned in Sec-
tion 4, our methods and their counterparts only differ
in the splits at the final level (final splits). We first
implement CART until the final split is reached based
on the stopping rules. Once the final split is identi-
fied, we select the splitting feature using CART, then
implement MDFS, PFS and wEFS with the selected
splitting feature. MDFS and PFS decide the split by
optimizing G∗ and GPFS , respectively, while wEFS se-
lects the split by identifying s such that the minimum
weighted empirical risk is obtained.

For W in GPFS from (1), we choose W (d) = 1 − d.
This choice of W satisfies conditions specified in The-
orem 5.1. We also experiment with alternative choices,
such as W (d) = (1−d)2 and W (d) = exp(−d), but ob-
served similar performance across these choices. Based
on Theorem 5.1, we set λ = 0.1, a sufficiently small
value that presumably satisfies the conditions of the
theorem while maintaining practical effectiveness. We
also propose a standard λ selection procedure inspired
by cross-validation and the honest approach (Athey
and Imbens, 2016) (see details in Appendix C.3).
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Comparison against respective baselines: Fig-
ure 2 provides a pairwise evaluation of MR differences
between CART and its three refinements—MDFS,
PFS and wEFS, and between RF-CART and RF-
MDFS. Each boxplot depicts the distribution of the
MR difference for a single DGP across 50 replicates,
with m = 7, ρ = 2%, c = 0.5. Tables beneath the
boxplots report one-sided p-values from paired t-tests
(mean < 0) and Wilcoxon signed-rank tests (median <
0). Except for a few cases in Ball, Friedman #1, and
Ring, MDFS and RF-MDFS reduce both the mean and
the median MR relative to their counterparts, CART
and RF-CART, at the 5% significance level. PFS and
wEFS outperform CART in most cases, but have less
stability than MDFS, as evidenced by their large p-
values in a few cases.

The comparison in terms of F1 is similar. All proposed
methods largely outperform their counterparts at the
5% significance level. We defer this result to Appendix
C.4.

RF-MDFS has the strongest performance
among six methods: Our methods have a clear ad-
vantage over their respective baselines, as shown by
Figure 2. In addition, we compare all six methods to-
gether, instead of a pair-wise comparison. RF-MDFS
performs the best out of all six methods on 26 out
of the 32 tasks in terms of MR, 27 out of 32 tasks
in terms of F1, as shown by Table 1 and Table 2 in
Appendix C.4. These results highlight the strength
of combining MDFS with KD-CART, a frontier tree-
based algorithm.

Comparison with policytree: We further compare
our tree-based classification algorithm with Zhou et al.
(2023), referred to as policytree, implemented using
R package policytree (Sverdrup et al., 2020). Our
methods outperform policytree by a very large mar-
gin. See Section 7 for how we adapt policy learning to
our framework and why our methods outperform pol-
icytree. See Appendix C.4 for the numerical results
comparison between our methods and policytree.

6.2 Real-world datasets

We implement CART, MDFS, RF-CART and RF-
MDFS with the Pima Indians Diabetes dataset (Smith
et al., 1988) to demonstrate the policy significance of
our proposed methods.3 The Pima Indians Diabetes
dataset measures health factors among Pima Indian
women with the response variable being a binary in-
dicator of diabetes status: 34.9% of the sample is di-
abetic. It contains 768 observations and 8 features:

3We supplement an additional forest fire empirical
study in Appendix D to showcase the wide applicability
of our paper.

number of pregnancies, glucose level, blood pressure,
skin thickness, insulin level, BMI, family diabetes his-
tory index, and age. We use these eight features to
search for subpopulations whose probability of hav-
ing diabetes is above 60% with depth of trees fixed
at m = 3. We pick these hyperparameter values so
that one set of the empirical results matches Remark
4.6. We also experimented with other hyperparameter
values. The results from these additional experiments
align with Remark 4.7.

CART vs MDFS: As shown in Figure 3, CART and
MDFS commonly target those with Glucose > 129.5
and BMI > 29.95, which consists of 188 observations.
The two methods’ targeting policies differ in two ways:
CART additionally targets 127.5 < Glucose ≤ 129.5
and BMI > 29.95. This subgroup consists of 19 obser-
vations. MDFS additionally targets Glucose > 166.5
and BMI ≤ 29.95. This subgroup consists of 12 ob-
servations. The difference between the sizes of these
two subgroups is 7, which is small relative to 188, i.e.,
the size of the subgroup commonly targeted by both
policies. Assuming that the sample is representative of
the population of all Pima Indian women, then the two
sets of policies will incur a similar amount of targeting
resources. The additional group targeted by CART
has a 57.9% probability of having diabetes, whereas
the additional group targeted by MDFS has a 66.7%
probability of having diabetes. MDFS targets a sub-
population that is more prone to diabetes. This cor-
responds to Remark 4.6.

RF-CART vs RF-MDFS: As shown in Figure
3, both RF-CART and RF-MDFS commonly target
Glucose > 157.5 and BMI > 29.95, a subgroup consist-
ing of 92 observations. RF-MDFS additionally targets
two subgroups: Glucose > 166.5 and BMI ≤ 29.95
consisted of 12 observations and 129.5 < Glucose ≤
157.5 and BMI > 29.95, which consisted of 96 obser-
vations. RF-MDFS targets a much greater number
of observations than RF-CART. If the sample is rep-
resentative of the population, then RF-MDFS would
use much more targeting resources than RF-CART.
Nevertheless, RF-MDFS is useful in uncovering groups
with higher than 60% probability of having diabetes
that RF-CART is unable to find. For example, the
first group that RF-MDFS additionally targets has a
63.6% probability of having diabetes. This aligns with
Remark 4.7.

7 DISCUSSION

We discuss some additional literature that relates to
this paper and then conclude.

Cost-sensitive binary classification: LPC can be
related to the cost-sensitive binary classification prob-
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Figure 2: Boxplots of MR differences relative to baseline models. For each panel, the first three boxplots compare
CART with MDFS, PFS and wEFS, and the last boxplot compares RF-CART with RF-MDFS. Negative values
in the boxplots denote improvement in MR. Embedded tables list one-sided paired t-test and Wilcoxon signed-
rank p-values for mean and median MR differences, respectively. See the boxplot for F1 scores in Appendix C.4.

lem, further highlighting the policy significance of the
LPC problem. Nan et al. (2012); Menon et al. (2013);
Koyejo et al. (2014) show that the optimal classi-
fier of a cost-sensitive binary classification problem
is determined by whether the latent probability is
above some performance-metric-dependent threshold.
Whether the theoretical results in the cost-sensitive
classification literature carry over to our setup is un-
clear. For example, Nan et al. (2012) shows risk consis-
tency with uniform convergence of the empirical risk.
In our setup, {µL(s), µR(s)} appear inside the indi-
cator functions, and uniform convergence of empirical
risk is not guaranteed even with a large sample.

Subgroup discovery: Lavrač et al. (2004); Herrera
et al. (2011); Atzmueller (2015); Helal (2016) discuss
a widely-used quality measure, called Weighted Rel-
ative Accuracy (WRAcc), in the subgroup discovery
literature. Under the assumption that X ∼ Unif[0, 1],

WRAccL = F (s)

(∫ s

0
η(x)dx

s
−
∫ 1

0

η(x)dx

)

where the subscript L indicates it is the WRAcc mea-
sure associated with the left node. G∗ is a general-
ization of WRAccL +WRAccR. Hence, Theorem 4.4
applies to a combination of CART and WRAcc.

Remark 7.1. Under Assumption 4.1, a CART algo-
rithm that uses WRAccL + WRAccR as the objective

function is a special case of G∗ whose c = s̈ where

η(s̈) =
∫ 1

0
η(x)dx.

Corollary 7.2. Under Assumption 4.1, a CART al-
gorithm that uses WRAccL +WRAccR identifies s̈.

Policy learning: We show that there is an equiva-
lence between the policy learning problem and LPC
and then explain how we can adapt a policy learning
algorithm to our context. In addition, we explain why
our methods should work better than adapting policy
learning to LPC.

Equivalence between policy learning and LPC : Con-
sider potential outcomes Yi(0) | Xi ∼ Bernoulli(c) and
Yi(1) | Xi ∼ Bernoulli(η(Xi)).

Remark 7.3. maxπ(Xi)E[Yi(π(Xi))], where π(Xi) is
the treatment allocation rule, is equivalent to an LPC
treatment allocation rule with threshold c.

Proof.

E[Yi(π(Xi))]

=E[E[Yi(π(Xi)) | Xi]]

=E
[
1{π(Xi) = 1}E[Yi(1) | Xi]

+ 1{π(Xi) = 0}E[Yi(0) | Xi]
]

=E
[
1{π(Xi) = 1}η(Xi) + 1{π(Xi) = 0}c

]
From the last line of the equation, it is not hard to see
that maximizing E[Yi(π(Xi))] means that π(Xi) = 1
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CART

if Glucose > 127.5

if BMI <= 29.95

if Glucose <= 145.5

value: 0.146, samples: 41

value: 0.514, samples: 35

if Glucose <= 157.5

value: 0.609, samples: 115

value: 0.870, samples: 92

MDFS

if Glucose > 127.5

if BMI <= 29.95

if Glucose <= 166.5

value: 0.250, samples: 64

value: 0.667, samples: 12

if Glucose <= 129.5

value: 0.579, samples: 19

value: 0.739, samples: 188

RF-CART

if Glucose > 127.5

if BMI <= 29.95

if Glucose <= 145.5

value: 0.193, samples: 41

value: 0.511, samples: 35

if Glucose <= 157.5

value: 0.595, samples: 115

value: 0.830, samples: 92

RF-MDFS

if Glucose > 127.5

if BMI <= 29.95

if Glucose <= 166.5

value: 0.284, samples: 64

value: 0.636, samples: 12

if Glucose <= 129.5

value: 0.573, samples: 19

value: 0.713, samples: 188

Figure 3: The targeting policies generated by CART, MDFS, RF-CART, RF-MDFS. The red groups are the
targeted subpopulations predicted to a higher than 60% probability of being diabetic. We present nodes that
differ by targeting decisions due to page limit, see the full trees in Appendix D.

when η(Xi) > c, and π(Xi) = 0 otherwise. This is
precisely the LPC treatment allocation rule.

How to adapt policy learning to LPC : In our prob-
lem setup, observe that Yi | Xi ∼ Bernoulli(η(Xi)),
which exactly corresponds to the potential outcome of
treated units Yi(1) | Xi in the policy learning problem.
Moreover, despite not observing any control unit in
the data, we know that the distribution of the control
unit follows Bernoulli(c). Hence, we can simply draw
Yi(0) from this known distribution and input both the
treated units (observed (Yi, Xi) with treatment status
Di = 1) and control units (observed Xi and randomly
drawn Yi with treatment status Di = 0) into any pol-
icy learning algorithm.

Why our methods should outperform policy learning :
We characterize these two types of methodologies
(classification vs policy learning) at a high level to
demonstrate the theoretical advantage of our methods
in the context of LPC.

Classification methods, including CART, MDFS, PFS,
and wEFS, have a two-step procedure. First step, di-
vide the population into nodes and learn each node’s
P(Y = 1 | X). Second step, compare each node’s
estimated conditional probability of Y = 1, denoted
as P̂(Y = 1 | X), with the threshold c to decide the
targeting rule.

Policy learning algorithms, including policytree, have
a three-step procedure. We take policytree as an exam-
ple. First step, we randomly draw Yi(0). Second step,
policytree divides the population into nodes and learn
each node’s P(Y (1) = 1 | X) and P(Y (0) = 1 | X).

Third step, target those nodes with P̂(Y (1) = 1 |
X) > P̂(Y (0) = 1 | X).

These two high-level characterizations allude to why
we expect that classification methods work better for
LPC than policy learning. Classification methods
treat the threshold c as a known quantity. In con-
trast, policy learning methods treat P(Y (0) = 1 | X)
as an unknown quantity and estimate it for all nodes,
ignoring that P(Y (0) = 1 | X) = c for all nodes.4 The
simulation results in Appendix C.4 align with this ex-
pectation.

Conclusion: Our paper points out that classic
CART/KD-CART is suboptimal for LPC in each split.
Based on different assumptions, we propose three al-
ternative methods: MDFS, PFS, and wEFS. MDFS
and PFS generate policy rules that strictly dominate
CART. When brought to the data, our proposed meth-
ods outperform their counterparts in terms of two risk
metrics with synthetic data and target more vulnera-
ble subpopulations with real-world data.

4Technically, we can draw infinitely many Yi(0) to back
out the information that P(Y (0) = 1 | X) = c for all nodes.
Unfortunately, such an infinitely-many-draws strategy will
make the policy learning algorithm computationally infea-
sible.
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models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Yes]

(b) The license information of the assets, if ap-
plicable. [Not Applicable]

(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Not Applica-
ble]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
ipant compensation. [Not Applicable]
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We summarize the content of the appendices as follows:

A.1 Twenty-three examples of using CART for LPC problems.

A.2 Comparison between LPC and policy learning.

B Proofs for all theoretical results in the paper.

C Additional details of the simulation studies, including data generation process (C.1), full algorithms and
implementation details (C.2), choice of hyperparameter λ (C.3), additional simulation results (C.4) and
computational complexity analysis (C.5).

D Additional real-world data application results.

A Additional literature reivew

A.1 Extensive use of CART for LPC setups

Traffic safety: da Cruz Figueira et al. (2017) identifies potential sites of serious accidents in Brazil using
different decision tree algorithms. Policymakers may choose to take more safety precautions at dangerous traffic
spots whose probability of having a fatal accident is above a threshold. Other research that uses decision trees to
identify dangerous traffic situations includes Clarke et al. (1998); Kashani and Mohaymany (2011); Obereigner
et al. (2021).

Fraud detection: Sahin et al. (2013); Save et al. (2017); Lakshmi and Kavilla (2018) find conditions under
which credit card fraudulent usage is likely to happen. Credit card companies can inform card owners when the
probability of fraudulent usage is above a pre-specified threshold.

Mortgage lending: Feldman and Gross (2005); Çığşar and Ünal (2019); Madaan et al. (2021) predict different
subpopulations’ mortgage (and other types of loan) default rates using a decision tree. Mortgage loan lenders
can use the result to determine whether to deny a loan request. Another stream of literature on mortgage lending
using decision trees focuses on racial discrimination (Varian, 2014; Lee and Floridi, 2021; Zou and Khern-am
nuai, 2023). Policymakers may want to intervene in situations where with high enough probability race seems
to play a role in determining whether mortgage lending is denied and the probability of denial is high.

Health intervention: Mann et al. (2008); Shouman et al. (2011); Crowe et al. (2017); Speiser et al. (2018);
Toth et al. (2021); Mahendran et al. (2022) classify diabetes (or other diseases) using relevant risk factors. Such
classification result leads to different health interventions. Doctors may recommend various treatments based on
whether the subpopulation a patient belongs to is more likely to be classified as type I or type II diabetes.

Water management: One of the objectives of Herman and Giuliani (2018) is to manage flood control and
output a threshold-based water resources management policy. The authors output a set of conditions that define
the subpopulation whose probability of flooding is high enough to justify policy intervention. Many other studies
also use decision trees to classify whether the water quality is satisfactory, resulting in important implications
to water management policies (Waheed et al., 2006; Saghebian et al., 2014; Hannan and Anmala, 2021).

A.2 Comparing LPC and policy learning/causal subgroup/individualized treatment rules

Policy targeting can be largely divided into two cases: policy targeting with treatment testing and policy tar-
geting without treatment testing. The former is a burgeoning literature termed policy learning/causal sub-
group/individualized treatment rules. The LPC framework falls under the latter, imposing no requirement on
treatment testing. Here we provide two common scenarios where LPC is useful but policy learning is not possible.

What if the treatment cannot be/has not yet been tested in real life?

Our methods do not need a randomized control trial/quasi-experiment/instrumental variable for unconfounded-
ness, which is a key assumption for the policy learning literature. Experimental data (or observational data that
satisfies unconfoundedness) is not always available.

For instance, in the case of tax credit programs (the example in our introduction), it is nearly impossible to
experiment since the tax credit program is a one-time, urgent assistance package for households during financial
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crisis. Policymakers are unlikely to test out the assistance package with a random set of households and then
evaluate how to allocate these assistance packages at the population level. There are two reasons. One, such
an experiment is ethically questionable; two, by the time such an experiment is completed, the financial crisis
might have already been over.

In such cases, classic policy learning is impractical. LPC can help refine policy design by identifying and targeting
the subgroups that are more likely to be financially constrained. It is much faster for the policymakers (in this
case, the Italian central bank) to collect data on households’ financial information (e.g., whether the household
is financially constrained) than to experiment.

What if the policymakers do not have a specific treatment in mind?

Another scenario that happens often is that the policymakers may decide the treatment after finding the vul-
nerable subgroups. In this case, testing the treatment is not possible, since there is no treatment to begin
with.

Example 1: traffic safety

da Cruz Figueira et al. (2017) uses CART to find out that for the northern part of BR-116 (a highway in Sao
Paulo, Brazil), the severe traffic rate (FSI in the paper) is higher than 50% (severe means involving human
injury/death, the rate is the number of severe events divided by the total number of accidents). In contrast,
the southern part of BR-116 has a higher than 50% FSI during the peak hours (12 pm to 6 pm) when there is
drizzle. Policymakers can analyze these two geographic regions separately and use different interventions for the
northern and southern parts of BR-116.

For the northern part, there might be some geographic features (maybe curvy turns) that make the road danger-
ous at all times, then installing traffic mirrors/stop signs/traffic lights at curvy turns would be good solutions.
For the southern part, since it is during specific times, then sending out more traffic police during those hours
to check on the speed limit would work better with minimal disruption to ongoing traffic.

Example 2: welfare take-up

Another example is Wang and Ahn (2025), in their paper, they find subgroups among eligible households for
WIC (a welfare program) who have a low probability of choosing to participate in WIC (they use random forest
instead of CART). They then analyze which subgroup is less likely to participate for what reason: unawareness,
limited usefulness, hassle or stigma. For different reasons, different interventions are suggested. For example, an
information campaign is suggested for higher-educated subgroups, and choice-inducing strategies are suggested
for those who are already in the programs.

In both examples, the treatment is decided after the subgroups are found. This is inherently contradictory to
the premise of policy learning that treatment has to be tested before finding the targeting subgroups.

B Mathematical appendix

We state a property of the CART splitting rule in Lemma B.1. This is useful for establishing the rest of the
theoretical results.

Lemma B.1. 2η(sCART )− µL(s
CART )− µR(s

CART ) = 0 and µL(s
CART ) ̸= µR(s

CART ),

Proof of Lemma B.1 needs the following lemma, which is proved after the proof of Lemma B.1.

Lemma B.2. Given the problem setup, for any node t, assume that η(X) is continuous and not a constant,
∂GCART (s)

∂s = 0 is a necessary condition for s to be an optimal split point.

Proof for Lemma B.1.

Proof. For a fixed s ∈ [0, 1], the impurity score after the split is given as:

GCART (s) = (µL − µ2
L)F (s) + (µR − µ2

R)(1− F (s)) (2)

= Et − µ2
LF (s)− µ2

R(1− F (s)),
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where Et =
∫ 1

0
η(x)f(x)dx is free of s. Moreover,

∂µL

∂s
=

∂
∫ s

0
η(x)f(x)dx/F (s)

∂s
=

f(s)

F (s)
(η(s)− µL) (3)

∂µR

∂s
=

∂
∫ 1

s
η(x)f(x)dx/(1− F (s))

∂s
=

f(s)

1− F (s)
(−η(s) + µR) , (4)

Using (3) and (4), we simplify the first-order derivative

∂GCART (s)

∂s
= − 2µLF (s)

∂µL

∂s
− µ2

Lf(s)− 2µR(1− F (s))
∂µR

∂s
+ µ2

Rf(s)

= f(s)
(
−2µL (η(s)− µL)− µ2

L − 2µR (−η(s) + µR) + µ2
R

)
= f(s)(−2µLη(s) + E2

tL + 2µRη(s)− E2
tR)

= f(s)(2η(s)− µL − µR)(µR − µL) (5)

∝ (2η(s)− µL − µR)(µR − µL).

By Lemma B.2, ∂GCART (s)
∂s = 0 is a necessary condition for s to be an optimal split point.

Given that f is strictly positive, we have that ∂GCART (s)
∂s = 0 iff (2η(s)− µL − µR)(µR − µL) = 0. The next step

is to rule out the possibility that µR − µL = 0 outputs a local maximum.

∂2GCART (s)

∂s2
= (2η(s)− µL − µR)(µR − µL)︸ ︷︷ ︸

=0 by the first-order condition

∂f(s)

∂s
+

∂(2η(s)− µL − µR)(µR − µL)

∂s
f(s)

=
∂(2η(s)− µL − µR)(µR − µL)

∂s
f(s)

∝ ∂(2η(s)− µL − µR)(µR − µL)

∂s

Consider the second derivative of G(s) with respect to s with µL = µR, by (3) and (4):

∂2GCART (s)

∂s2
∝ ∂(2η(s)− µL − µR)

∂s
(µR − µL)︸ ︷︷ ︸

=0

+(2η(s)− µL − µR)

(
∂µR

∂s
− ∂µL

∂s

)

∝ (2η(s)− µL − µR)

(
− η(s)

1− F (s)
+

µR

(1− F (s))
− η(s)

F (s)
+

µL

F (s)

)
=

2η(s)− µL − µR

F (s)(1− F (s))
(−η(s) + µL(1− F (s)) + µRF (s))

If µL = µR,

∂2GCART (s)

∂s2
∝ (2η(s)− µL − µR)(−η(s) + µL) = −2(η(s)− µL)

2.

For s s.t. 2η(s, t) − µL − µR ̸= 0 and µL = µR,
∂GCART (s)

∂s = 0 and ∂2GCART (s)
∂s2 < 0: GCART (s) reaches its local

maximum, which cannot be a global minimum. Such s is not the optimal split.

Global minimum must have (2η(s)−µL−µR)(µR−µL) = 0 and µR−µL ̸= 0. Therefore, 2η(s, t)−µL−µR = 0
holds for optimal split s in any node t and dimension p.

Proof for Lemma B.2.

Proof. We first rule out the possibility that the optimal splitting happens at the boundary point.
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Consider s = 0, then we write the impurity score as

GCART (0) = (µL(0)− µ2
L(0))F (0) + (µR(0)− µ2

R(0))(1− F (0))

= µR(0)− µ2
R(0) = η̄ − η̄2

where η̄ denotes the mean probability of Y = 1 for the entire node t.

Since η(X) is not a constant, we can find s = s′ such that µL(s
′) ̸= µR(s

′) and in general η̄ = µL(s
′)F (s′) +

µR(s
′)(1− F (s′)), where 0 < F (s′) < 1. The impurity score for s = s′ is

GCART (s′) = (µL(s
′)− µ2

L(s
′))F (s′) + (µR(s

′)− µ2
R(s

′))(1− F (s′))

Using the equality η̄ = µL(s
′)F (s′) + µR(s

′)(1− F (s′)), we can rewrite G(0) and show that it is strictly greater
than G(s′).

GCART (0) = µL(s
′)F (s′) + µR(s

′)(1− F (s′))− (µL(s
′)F (s′) + µR(s

′)(1− F (s′)))2

= µL(s
′)F (s′) + µR(s

′)(1− F (s′))− (µL(s
′)F (s′))2 − ((µR(s

′)(1− F (s′)))2

− 2(µL(s
′)F (s′))(µR(s

′)(1− F (s′)))

= µL(s
′)F (s′) + µR(s

′)(1− F (s′))− (µL(s
′)F (s′))2 − ((µR(s

′)(1− F (s′)))2

− µ2
L(s

′)F (s′)(1− F (s′))− µ2
R(s

′)F (s′)(1− F (s′))

+ µ2
L(s

′)F (s′)(1− F (s′)) + µ2
R(s

′)F (s′)(1− F (s′))

− 2(µL(s
′)F (s′))(µR(s

′)(1− F (s′)))

= GCART (s′) + µ2
L(s

′)F (s′)(1− F (s′)) + µ2
R(s

′)F (s′)(1− F (s′))

− 2(µL(s
′)F (s′))(µR(s

′)(1− F (s′)))

= GCART (s′) + (µL(s
′)− µR(s

′))2F (s′))(1− F (s′)) > G(s′)

The inequality means that s = 0 can never be the optimal split. The proof for the case of s = 1 is similar.
Hence, we show that the optimal split is not the boundary point.

Given that GCART (s) is differentiable, its domain is closed and compact, and the boundary points are not the
optimal splits. The first-order condition must be satisfied at all interior local optima (including the global
minimum whose argument is the optimal splitting).

Lemma B.3. If splitting rule s′ strictly dominates s, then R(s′) < R(s).

Proof for Lemma B.3

Proof. Using Definition 3.1 and contrapositive,

• when η(x) > c, µt(x)(s
′) ≤ c =⇒ µt(x)(s) ≤ c and

• when η(x) ≤ c, µt(x)(s
′) > c =⇒ µt(x)(s) > c.

Therefore, ∀ x ∈ [0, 1],

1{η(x) > c}1{µt(x)(s
′) ≤ c} ≤ 1{η(x) > c}1{µt(x)(s) ≤ c}

1{η(x) ≤ c}1{µt(x)(s
′) > c} ≤ 1{η(x) ≤ c}1{µt(x)(s) > c}

Also, there exists a set A ⊆ [0, 1] with nonzero measure such that, ∀ x ∈ A, either (or both) of the following
conditions is true

1{η(x) > c}1{µt(x)(s
′) ≤ c} < 1{η(x) > c}1{µt(x)(s) ≤ c}

1{η(x) ≤ c}1{µt(x)(s
′) > c} < 1{η(x) ≤ c}1{µt(x)(s) > c}
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R(s′) =

∫ Ẍt

Ẋt

(
1{η(x) > c}1{µt(x)(s

′) ≤ c}+ 1{η(x) ≤ c}1{µt(x)(s
′) > c}

)
f(x)dx

<

∫ Ẍt

Ẋt

(
1{η(x) > c}1{µt(x)(s) ≤ c}+ 1{η(x) ≤ c}1{µt(x)(s) > c}

)
f(x)dx = Rt(s)

Proof for Theorem 3.2

Proof. By Lemma B.1, without loss of generality5, assume

µL(s
CART ) < η(sCART ) =

µL(s
CART ) + µR(s

CART )

2
< µR(s

CART ).

We sequentially prove the two claims in the lemma: the existence of s∗ and strict dominance.

Existence of s∗ When η(sCART , t) > c, we have (η(sCART )− c)(µR(s
CART )− µL(s

CART )) > 0, so we want to
show that ∃ s ∈ (0, sCART ) such that η(s) = c.

µL = min(µL, µR) ≤ c =⇒ ∃ s̃ ∈ [0, sCART ] such that η(s̃) ≤ c

If η(s̃) = c, then the existence of s∗ is proven. If η(s̃) < c, then by intermediate value theorem, ∃ s ∈ (s̃, sCART )
such that η(s) = c, the proof for existence of s∗ is complete for η(sCART , t) > c. The case when η(sCART , t) ≤ c
can be proved using the same logic.

We showed that when η(sCART , t) > c, there exists s∗ and the s∗ is in the range (0, sCART ). By continuity of
η and the definition of s∗, ∀ s ∈ (s∗, sCART ), η(s) > c. By the same logic, we have that when η(sCART , t) ≤ c,
∀ s ∈ (sCART , s∗), η(s) ≤ c.

Strict dominance We compare risks led by sCART and s∗:
1. If η(sCART ) ≤ c, for any s ∈ (sCART , s∗), we have η(s) ≤ c and

µL(s) =

∫ s

0

η(x)f(x)dx/F (s) =

∫ sCART

0
η(x)f(x)dx+

∫ s∗

sCART η(x)f(x)dx

F (s)

<

∫ sCART

0
η(x)f(x)dx+ c

∫ s∗

sCART f(x)dx

F (s)
=

µL(s
CART )F (sCART ) + c(F (s)− F (sCART ))

F (s)
< c

µR(s) >
µR(s

CART )(1− F (sCART ))− c(F (s)− F (sCART ))

1− F (s)
> c.

Since the order that µL(s) ≤ c < µR(s) does not change and ∀ s ∈ (sCART , s∗), η(s) ≤ c, we have that
when X ∈ [0, sCART ], splitting rules s and sCART are equivalent in classifying the latent probability; when
X ∈ (sCART , s) which has a nonzero measure, splitting rule s performs strictly better than sCART in classifying
the latent probability; when X ∈ [s, 1], splitting rules s and sCART are equivalent in classifying the latent
probability. Therefore, s strictly dominates sCART .
2. If η(sCART ) > c, for s ∈ (s∗, sCART ), we have η(s) > c, s strictly dominates sCART .

Theoretical property of KD-CART

To explore the theoretical property of KD-CART, we treat it as a CART that takes true η(x) as input and
splits the population based on η(x). KD-CART uses criterion function GKD := FX(s)Var(η(X)|X ≤ s) + (1 −
FX(s))Var(η(X)|X > s).

Lemma B.4. Define sKD := argmins∈(0,1) GKD(s). 2η(sKD) − µL(s
KD) − µR(s

KD) = 0 and µL(s
KD) ̸=

µR(s
KD).

5Proof for the case µR(s
CART ) < η(sCART ) < µL(s

CART ) is similar.
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The proof of Lemma B.4 is almost identical to Lemma B.1 and is omitted here. The key take away is Theorem 3.2
also applies to sKD, as proof of Theorem 3.2 only requires that η(sCART ) is strictly between µL and µR, Lemma
B.4 shows that η(sKD) satisfies this condition. As a result, KD-CART does not minimize the misclassification
risk.

Proof of Remark 4.3

The proof mostly consists of proving two claims.

WLOG, µL(s
∗) ≤ c < µR(s

∗).

Claim 1: ∀x ∈ [0, 1], s∗ targets correctly.

Proof.

By the uniqueness of intersection between η(X) and c, we have that ∀x ∈ [0, s∗), η(x) < c and that ∀x ∈
(s∗, 1], η(x) > c.

Consider left node,

µL(s
∗) =

1

s∗

∫ s∗

0

η(x) dx <
1

s∗

∫ s∗

0

c dx = c.

Hence, we do not target the left node. All x ∈ [0, s∗] are correctly NOT targeted.

Similarly, we can show that all x ∈ (s∗, 1] are correctly targeted. This completes the proof of Claim 1.

Claim 2: ∀s′ ̸= s∗, s∗ strictly dominates s′.

Proof.

WLOG, s′ < s∗.

• Case 1: If µR(s
′) > c, then we target the right node. For all x ∈ (s′, s∗), their η(x) < c, these points are

incorrectly targeted. (Using the notation from Definition 3.1, A = (s′, s∗) in Case 1)

• Case 2: If µR(s
′) ≤ c, then we do not target the right node. For all x ∈ (s∗, 1], their η(x) > c, these points

are incorrectly not targeted. (Using the notation from Definition 3.1, A = (s∗, 1] in Case 2)

In either case, s∗ strictly dominates s′. This completes the proof for Claim 2.

Explanation for discrete X

Say X ∈ {a1, a2, . . . , aK} where a1, a2, . . . , aK are ordered and a1 < a2 < · · · < aK . Assumption 4.1 (a discrete
X version) would guarantee that for one unique split rule, for all possible values of X in the left node, η(X) > c
and for all possible values of X in the right node, η(X) < c, or vice versa. We can identify this unique rule by
simply comparing η(ak) and c for k = 1, 2, . . . ,K. Estimation boils down to estimating η(X) for finitely many
X, which is trivial.

We find it clearer to prove Corollary B.5 and then plug in some of the steps in the proof for Corollary B.5 into
proof for Theorem 4.4. Hence, we first present the proof for Corollary B.5.

Corollary B.5. If X ∼ Unif[0, 1], and η(X) is monotonic ∀ X ∈ [0, 1] and is strictly monotonic and differen-
tiable in a neighborhood of s∗, then argmaxs G∗(s, c) identifies s∗.

Proof for Corollary B.5

Proof. WLOG, assume η is monotonically increasing with respect to x. The proof for the monotonically decreas-
ing case is similar. We will first discuss two distinct cases: µL < µR ≤ c and c ≤ µL < µR and show that for
both cases G∗ is constant. Then, we consider the case where µL ≤ c ≤ µR and show that s∗ maximizes G∗ in
this case. We complete the proof by showing that G∗(s∗, c) is larger than the two constant G∗ for the first two
cases.
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i. µL < µR ≤ c, we can write G∗ as

s

(
c−

∫ s

0
η(x)dx

s

)
+ (1− s)

(
c−

∫ 1

s
η(x)dx

1− s

)
= c−

∫ 1

0

η(x)dx

Note that in this case, G∗ is a constant.

ii. c ≤ µL < µR, we can write G∗ as

s

(∫ s

0
η(x)dx

s
− c

)
+ (1− s)

(∫ 1

s
η(x)dx

1− s
− c

)
=

∫ 1

0

η(x)dx− c

Note that in this case, G∗ is a constant.

iii. µL ≤ c ≤ µR, we can write maxs G∗ as

max
s

s

(
c−

∫ s

0
η(x)dx

s

)
+ (1− s)

(∫ 1

s
η(x)dx

1− s
− c

)

The first-order condition is c − η(s) − η(s) + c = 0. We solve η(s) = c, hence, s∗ is a local optima. Moreover,
second order derivative is −2η′(s∗) which is negative given that η is strictly increasing and differentiable in a
neighborhood of s∗. Hence, s∗ is a local maxima. Since G∗ is continuous in s, we need to show that G∗(s∗) is
larger than the boundary points for the case µL ≤ c ≤ µR to claim s∗ as the global maxima for case iii. There
are two possibilities for the boundary points

Possibility 1: Consider s1 and s2 and their associated G∗(s1) and G∗(s2) where µL(s1) = c and µR(s2) = c.
Since s1 is included in case ii; whereas s2 is included in case i, once we show that G∗(s∗) > G∗(s1),G∗(s2), we
can claim s∗ to be the unique global maxima among all possible s.

G∗(s∗) =s∗c−
∫ s∗

0

η(x)dx+

∫ 1

s∗
η(x)dx− (1− s∗)c

>s∗c−
∫ s∗

0

η(x)dx+ (1− s∗)c−
∫ 1

s∗
η(x)dx

=c−
∫ 1

0

η(x)dx = G∗(s2)

G∗(s∗) =s∗c−
∫ s∗

0

η(x)dx+

∫ 1

s∗
η(x)dx− (1− s∗)c

>

∫ s∗

0

η(x)dx− s∗c+ (1− s∗)c− (1− s∗)c

=

∫ 1

0

η(x)dx− c = G∗(s1)

Possibility 2: Even at the boundary point, µL ≤ c ≤ µR still holds. Then, the boundary points for case iii are
s = 0 and s = 1.

G̃(0) =

∫ 1

0

η(x)dx− c < G∗(s∗)

G̃(1) =c−
∫ 1

0

η(x)dx < G∗(s∗)

Since under Possibility 2 case iii spans the entire domain of X, s∗ is the unique global maxima. Note that
Assumption 4.1 implies that ∃ ϵ > 0, such that s∗ ∈ [ϵ, 1− ϵ] ⊂ [0, 1]. Therefore, s∗ is the global maxima among
all possible s.
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Proof for Theorem 4.4

Proof. Again, assume that η is monotonically increasing in the neighborhood of s∗, the proof for the monotoni-
cally decreasing case is the same. Assumption 4.1 guarantees ∀s < s∗, η(X) < c, ∀s > s∗, η(X) > c.

Let [s∗− ϵ1, s
∗+ ϵ1] denote the monotonically increasing η neighborhood of s∗, where ϵ1 > 0. Let [s∗− ϵ2, s

∗+ ϵ2]
denote an interval that contains s∗ in which ∀s ∈ [s∗ − ϵ2, s

∗ + ϵ2], µL < c < µR and ϵ2 > 0. The existence
of [s∗ − ϵ2, s

∗ + ϵ2] is guaranteed because both µL and µR are continuous in s and given Assumption 4.1,
µL(s

∗) < c < µR(s
∗).

Consider s ∈ [s∗−ϵ1, s∗+ϵ1]∩[s∗−ϵ2, s∗+ϵ2] = [a, b], where a = max(s∗−ϵ1, s∗−ϵ2) and b = min(s∗+ϵ1, s
∗+ϵ2).

This case is equivalent to case iii in the proof for Corollary B.5. Hence, s∗ is a local maxima for the interval [a, b]
and G∗ is

s∗c−
∫ s∗

0

η(x)dx+

∫ 1

s∗
η(x)dx− (1− s∗)c.

Consider s ≤ a. When µR ≤ c, G∗ is c−
∫ 1

0
η(x)dx, the proof is identical to case i in the proof for Corollary B.5.

When µR > c,

G∗ =sc−
∫ s

0

η(x)dx+

∫ 1

s

η(x)dx− (1− s)c

=sc+

∫ s∗

s

η(x)dx−
∫ s∗

0

η(x)dx+

∫ 1

s∗
η(x)dx+

∫ s∗

s

η(x)dx− (1− s)c

<sc+ (s∗ − s)c−
∫ s∗

0

η(x)dx+

∫ 1

s∗
η(x)dx+ (s∗ − s)c− (1− s)c

=s∗c−
∫ s∗

0

η(x)dx+

∫ 1

s∗
η(x)dx− (1− s∗)c

The proof for when s ≥ b is similar, those s results in higher G∗.

Since s∗ is the unique point in the interval [a, b] which meets the first-order condition and the boundary points
{a, b} have lower G∗ than s∗, s∗ is the unique maxima in the interval [a, b]. Moreover, s ∈ [0, a] ∪ [b, 1] also have
lower G∗ than s∗, hence, s∗ is the unique global maxima.

Proof for Theorem 4.5

Proof. Outline: We leverage tools for studying asymptotic properties of M-estimator. To show ŝ
p→ s∗, we take

two steps:

1. Under Assumption 4.1, we show uniform convergence of the estimator of cost function Ĝ∗ to its population

target G∗, i.e., sups∈(ϵ,1−ϵ) |G∗(s, c)− Ĝ∗(s, c)|
p→ 0 as n→∞.

2. Combining with Theorem 4.4, we can apply Theorem 5.7 of Van der Vaart (2000) and get the desired result.



Lei Bill Wang, Zhenbang Jiao, Fangyi Wang

Step 1. For any given c ∈ (0, 1) and ϵ0 > 0, we have

P

(
sup

s∈(ϵ,1−ϵ)

|G∗(s, c)− Ĝ∗(s, c)| ≥ ϵ0

)

= P

(
sup

s∈(ϵ,1−ϵ)

∣∣∣∣∣s
∣∣∣∣∑n

i=1 Yi1{Xi ≤ s}∑n
i=1 1{Xi ≤ s}

− c

∣∣∣∣− s|µL − c|

+ (1− s)

∣∣∣∣∑n
i=1 Yi1{Xi > s}∑n
i=1 1{Xi > s}

− c

∣∣∣∣− (1− s)|µR − c|

∣∣∣∣∣ ≥ ϵ0

)

≤ P

(
sup

s∈(ϵ,1−ϵ)

s

∣∣∣∣∣
∑n

i=1 Yi1{Xi ≤ s}∑n
i=1 1{Xi ≤ s}

− µL

∣∣∣∣∣ ≥ ϵ0/2

)
(6)

+ P

(
sup

s∈(ϵ,1−ϵ)

(1− s)

∣∣∣∣∣
∑n

i=1 Yi1{Xi > s}∑n
i=1 1{Xi > s}

− µR

∣∣∣∣∣ ≥ ϵ0/2

)
(7)

We focus on showing (6) goes to 0 as n→∞, the proof for (7) is exactly the same.

For any δ > 0, denote event E = infs∈(ϵ,1−ϵ) n
−1
∑n

i=1 1{Xi≤s} ≥ δ. We have

P

(
sup

s∈(ϵ,1−ϵ)

s

∣∣∣∣∣
∑n

i=1 Yi1{Xi ≤ s}∑n
i=1 1{Xi ≤ s}

− µL

∣∣∣∣∣ ≥ ϵ0/2

)

≤ P

(
sup

s∈(ϵ,1−ϵ)

s

(∣∣n−1
∑n

i=1 Yi1{Xi ≤ s} − sµL

∣∣
n−1

∑n
i=1 1{Xi ≤ s}

+
µL

∣∣n−1
∑n

i=1 1{Xi ≤ s} − s
∣∣

n−1
∑n

i=1 1{Xi ≤ s}

)
≥ ϵ0/2

)

≤ P

(
sup

s∈(ϵ,1−ϵ)

s
∣∣n−1

∑n
i=1 Yi1{Xi ≤ s} − sµL

∣∣
n−1

∑n
i=1 1{Xi ≤ s}

≥ ϵ0/4

)
+ P

(
sup

s∈(ϵ,1−ϵ)

µL

∣∣n−1
∑n

i=1 1{Xi ≤ s} − s
∣∣

n−1
∑n

i=1 1{Xi ≤ s}
≥ ϵ0/4

)

≤ P

(
sups∈(ϵ,1−ϵ) s

∣∣n−1
∑n

i=1 Yi1{Xi ≤ s} − sµL

∣∣
infs∈(ϵ,1−ϵ) n−1

∑n
i=1 1{Xi ≤ s}

≥ ϵ0/4

)
+ P

(
sups∈(ϵ,1−ϵ) µL

∣∣n−1
∑n

i=1 1{Xi ≤ s} − s
∣∣

infs∈(ϵ,1−ϵ) n−1
∑n

i=1 1{Xi ≤ s}
≥ ϵ0/4

)

≤ P

(
sups∈(ϵ,1−ϵ) s

∣∣n−1
∑n

i=1 Yi1{Xi ≤ s} − sµL

∣∣
infs∈(ϵ,1−ϵ) n−1

∑n
i=1 1{Xi ≤ s}

≥ ϵ0/4, E

)
+

P

(
sups∈(ϵ,1−ϵ) s

∣∣n−1
∑n

i=1 Yi1{Xi ≤ s} − sµL

∣∣
infs∈(ϵ,1−ϵ) n−1

∑n
i=1 1{Xi ≤ s}

≥ ϵ0/4, Ec
)
+

P

(
sups∈(ϵ,1−ϵ) µL

∣∣n−1
∑n

i=1 1{Xi ≤ s} − s
∣∣

infs∈(ϵ,1−ϵ) n−1
∑n

i=1 1{Xi ≤ s}
≥ ϵ0/4, E

)
+

P

(
sups∈(ϵ,1−ϵ) µL

∣∣n−1
∑n

i=1 1{Xi ≤ s} − s
∣∣

infs∈(ϵ,1−ϵ) n−1
∑n

i=1 1{Xi ≤ s}
≥ ϵ0/4, Ec

)
(8)

≤ P

(
sup

s∈(ϵ,1−ϵ)

s
∣∣∣n−1

n∑
i=1

Yi1{Xi ≤ s} − sµL

∣∣∣ ≥ (ϵ0δ)/4

)
+ P(Ec) (9)

+ P

(
sup

s∈(ϵ,1−ϵ)

µL

∣∣∣n−1
n∑

i=1

1{Xi ≤ s} − s
∣∣∣ ≥ (ϵ0δ)/4

)
+ P(Ec), (10)

where (8) is by law of total probability. For the first term in (9), let Zi = (Xi, Yi), i = 1, . . . , n and f(Zi, s) =
Yi1{Xi≤s}. Notice E[f(Z, s)] = sµL, f(Z, s) is continuous at each s ∈ (0, 1) for almost all Z, since discontinuity
occurs at Xi = s, which has measure zero for Xi ∼ Unif(0, 1). Also, f(Z, s) ≤ 1{0≤X≤1} with E[1{0≤X≤1}] =
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1 ≤ ∞. Applying uniform law of large numbers:

P

(
sup

s∈(ϵ,1−ϵ)

s
∣∣n−1

n∑
i=1

Yi1{Xi ≤ s} − sµL

∣∣ ≥ (ϵ0δ)/4

)

≤ P

(
sup

s∈(ϵ,1−ϵ)

∣∣n−1
n∑

i=1

Yi1{Xi ≤ s} − sµL

∣∣ ≥ (ϵ0δ)/4

)

≤ P

(
sup

s∈(0,1)

∣∣n−1
n∑

i=1

Yi1{Xi ≤ s} − sµL

∣∣ ≥ (ϵ0δ)/4

)
→ 0, (11)

as n→∞. For the first term in (10), notice Fn(s) = n−1
∑n

i=1 1{Xi ≤ s} is the empirical CDF of X ∼ Unif(0, 1),
with CDF FX(s) = s for s ∈ (0, 1). Applying Dvoretzky–Kiefer–Wolfowitz inequality, we have

P

(
sup

s∈(ϵ,1−ϵ)

µL

∣∣n−1
n∑

i=1

1{Xi ≤ s} − s
∣∣ ≥ (ϵ0δ)/4

)

(µL ∈ [0, 1]) ≤ P

(
sup

s∈(ϵ,1−ϵ)

∣∣n−1
n∑

i=1

1{Xi ≤ s} − s
∣∣ ≥ (ϵ0δ)/4

)

≤ P

(
sup

s∈(0,1)

∣∣n−1
n∑

i=1

1{Xi ≤ s} − s
∣∣ ≥ (ϵ0δ)/4

)
→ 0, (12)

as n→∞.

For the second terms in (9) and (10), we want to show P(Ec) → 0 as n → ∞. By Glivenko–Cantelli theorem,

we have sups∈(0,1) |Fn(s) − FX(s)| a.s.→ 0, which implies sups∈(ϵ,1−ϵ) |Fn(s) − s| a.s.→ 0. The uniform convergence
means for all s ∈ (ϵ, 1 − ϵ) and any ϵ′ > 0, there exists N such that for all n ≥ N , we have |Fn(s) − s| < ϵ′,

which implies | infs∈(ϵ,1−ϵ) Fn(s)− infs∈(ϵ,1−ϵ) s| = | infs∈(ϵ,1−ϵ) Fn(s)− ϵ| < ϵ′. This shows infs∈(ϵ,1−ϵ) Fn(s)
p→ ϵ.

Finally, setting δ = ϵ/2, we have infs∈(ϵ,1−ϵ) Fn(s) − δ
p→ ϵ/2. Hence P(Ec) = P(infs∈(ϵ,1−ϵ) Fn(s) − δ < 0) → 0

as n→∞.

Combining (9) and (10), we can show (6) goes to 0 as n→∞. Similarly, (7) goes to 0 as n→∞. This gives us

P(sups∈(ϵ,1−ϵ) |G∗(s)− Ĝ∗(s)| ≥ ϵ0)→ 0 as n→∞, which completes the proof of Step 1.

Step 2. By Theorem 4.4, we have for any ϵ > 0, sups:d(s,s∗)>ϵ G∗(s, c) < G∗(s∗, c). Combining with

sups∈(ϵ,1−ϵ) |G∗(s, c)− Ĝ∗(s, c)|
p→ 0, we apply Theorem 5.7 of Van der Vaart (2000) and conclude ŝ

p→ s∗.

Intuition for Theorem 5.1

CART

sCART

J

PFS

sPFS

0.0 0.2 0.4 0.6 0.8 1.0
X

R s*

Figure 4: Visualization of the different loss components
of PFS.

We use Figure 4 to illustrate the intuition behind
Theorem 5.1 based on the same setting as that in
Figure 1a. From top to bottom, Figure 4 depicts
GCART , penalty term J , GPFS and LPC misclassifi-
cation risk R as functions of feature X. The green
curve shows that GCART is minimized at sCART .
The green curve is also very flat around sCART . In
contrast, the blue curve shows that penalty J in-
creases sharply at X = sCART . Minimizing J would
shift the split rule from sCART to the left, as indi-
cated by the arrow. Since GPFS = GCART +λJ , the
gradient of GPFS at sCART is largely determined by
the gradient of J , given how flat GCART is at sCART

(See the black curve). Hence, minimizing GPFS also
shifts the split rule from sCART to the left (i.e., to-
wards s∗, the minimizer of the LPC misclassification
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risk as shown by the red curve). Our formal proof
in Appendix B shows that the flatness of GPFS and
sharp change in J at X = sCART and shifting sCART towards s∗ are not coincidences; they are generally true
under the assumptions in Theorem 5.1.

Proof for Theorem 5.1

Proof. Consider

∂GPFS(s, c)

∂s
=

∂GCART (s, c) + λW (|µL − c|)F (s) + λW (|µR − c|)(1− F (s))

∂s
.

We focus on the new term ∂W (|µL−c|)F (s)
∂s and ∂W (|µR−c|)(1−F (s))

∂s . By (3) and (4),

∂W (|µL − c|)F (s)

∂s
= f(s)W (|µL − c|) + ∂W (|µL − c|)

∂µL

∂µL

∂s
F (s)

= f(s)

(
W (|µL − c|) + ∂W (|µL − c|)

∂µL
(η(s)− µL)

)
∂W (|µR − c|)(1− F (s))

∂s
= − f(s)W (|µR − c|) + ∂W (|µR − c|)

∂µR

∂µR

∂s
(1− F (s))

= f(s)

(
−W (|µR − c|) + ∂W (|µR − c|)

∂µR
(µR − η(s))

)
.

With GPFS(s, c)’s derivative with respect to s, we evaluate how ∂GPFS(s,c)
∂s behaves at sCART , i.e., when 2η(s)−

µL − µR = 0 and at s∗, i.e., when η(s) = c respectively:

1

λf(s)

∂GPFS(s, c)

∂s

∣∣∣∣
s=sCART

= W (|µL − c|)−W (|µR − c|)

+

(
∂W (|µL − c|)

∂µL
+

∂W (|µR − c|)
∂µR

)
(η(sCART )− µL) (13)

1

f(s)

∂GPFS(s, c)

∂s

∣∣∣∣
s=s∗

= (2c− µL − µR)(µR − µL) + λ(W (|µL − c|)−W (|µR − c|))

+ λ

(
∂W (|µL − c|)

∂µL
(c− µL) +

∂W (|µR − c|)
∂µR

(µR − c)

)
. (14)

Note that s∗ in (14) is only guaranteed to exist when the condition of c in Theorem 3.2 is met. We will address
this in the latter part of the proof. Next, consider all five possible scenarios of c’s location separately. (Still,
without loss of generality, assume µL(s

CART ) < η(sCART ) < µR(s
CART ).)

i. µL(s
CART ) ≤ c < η(sCART ) < µR(s

CART ).

By Lemma B.1,|µR(s
CART )− c| > |µL(s

CART )− c|. W (|µL − c|) > W (|µR − c|) by the monotonicity of W and
∂W (|µL−c|)

∂µL
+ ∂W (|µR−c|)

∂µR
≥ 0 by the convexity of W . Thus, by (13),

∂GPFS(s, c)

∂s

∣∣∣∣
s=sCART

> 0. (15)

By Lemma B.1, and continuity of η, µL and µR,

(2η(s)− µL − µR)(µR − µL) < 0, s ∈ (ssp, sCART ),

where ssp := max{s : s < sCART , (2η(s)−µL−µR)(µR−µL) = 0}. If there is no such ssp > 0 exists, let ssp = 0.
When s ∈ (max(s∗, ssp), sCART ), by Theorem 3.2, µL < c and µR > c.

When s∗ > ssp, define dL := c− µL and dR := µR − c and we have

0 > (2c− µL(s
∗)− µR(s

∗))(µR(s
∗)− µL(s

∗)) = (dL − dR)(dL + dR),
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which directly suggests that dL < dR. Let W2(d) = d2 + λ (W (d)− dW ′(d)). We can rewrite (14) as:

1

f(s)

∂GPFS(s, c)

∂s

∣∣∣∣
s=s∗

= d2L + λ

(
W (dL)− dL

∂W (dL)

∂dL

)
− d2R − λ

(
W (dR)− dR

∂W (dR)

∂dR

)
= W2(dL)−W2(dR).

Note that W
′

2(d) = d(2−λW ′′
(d)). By the bounded second derivative assumption, set Λ1 = 1

max{W ′′ (dL),W ′′ (dR)} .

Since 0 < dL < dR, when λ < Λ1, W2(dL) < W2(dR),

1

f(s)

∂GPFS(s, c)

∂s

∣∣∣∣
s=s∗

< 0.

When s∗ < ssp, there exists sin ∈ (ssp, sCART ) and c > 0 s.t.

(2η(s)− µL − µR)(µR − µL) < −c,

by unique global minimum assumption and continuity. With Λ1 = c
W (0)+W ′ (0)

, we have

1

f(s)

∂GPFS(s, c)

∂s

∣∣∣∣
s=sin

< 0.

Thus, for 0 < λ < Λ1, there exists a s ∈ [s∗, sCART ) s.t.

∂GPFS(s, c)

∂s
< 0. (16)

Considering (15) and (16) jointly with the continuity of the derivative, we can conclude that there exists a

s∗∗ ∈ (s∗, sCART ) such that ∂GPFS(s,c)
∂s

∣∣∣
s=s∗∗

= 0. s∗∗ is a local minimizer of GPFS(s, c) and is guaranteed to

give a smaller risk than sCART by Theorem 3.2.

Next, we argue that with some additional bound for λ, s∗∗ is also the global optimal split under the penalized
impurity measure. To simplify the notation in the rest of the proof, let sin be s∗ if s∗ < ssp. Then, we want to
show GPFS(s∗∗, c) < GPFS(s, c) for s ̸= s∗∗:

(a). Consider s such that there is at least one ssp in between s and s∗∗. By unique optimizer assumption for G,
if there is more than one local minimum, i.e., multiple s that have 2η(s, t)− µL − µR = 0, we assume the global
minimum and the second smallest local minimum, gives by ssc, different by ∆. Let Λ2 = ∆

W (0)−min(W (c),W (1−c)) .

For 0 < λ < Λ2,

GPFS(s∗∗, c) < GPFS(sCART , c)

= G(sCART , c) + λ (W (|µL − c|)F (s) +W (|µR − c|)(1− F (s)))

≤ G(sCART , c) + λW (0)

≤ G(ssc, c) + λmin{W (c),W (1− c)} ≤ GPFS(s, c)

(b). Consider s such that there is no ssp in between s and s∗∗.

When s ∈ (s∗, sCART ), GPFS(s∗∗, c) < GPFS(s, c) by definition.

When s < s∗, by (16) and continuity of ∂GPFS(s,c)
∂s , there can be two possible scenarios. One, there exist a s0 < s∗

such that ∂GPFS(s,c)
∂s = 0 and GPFS(s0, c)− GPFS(s∗∗, c) := ∆L > 0. Then, define Λ3 = ∆L

W (0)−min(W (c),W (1−c)) .

For 0 < λ < Λ3, GPFS(s∗∗, c) < GPFS(s, c) when s0 ≤ s < s∗ by definition. When s < s0:

GPFS(s∗∗, c) = GPFS(s0, c)−∆L

= G(s0, c) + λ (W (|µL − c|)F (s) +W (|µR − c|)(1− F (s)))−∆L

≤ G(s0, c) + λW (0)−∆L

≤ G(s0, c) + λmin{W (c),W (1− c)}
≤ G(s, c) + λ (W (|µL − c|)F (s) +W (|µR − c|)(1− F (s))) = GPFS(s, c).
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Two, ∂GPFS(s,c)
∂s < 0. Then GPFS(s∗∗, c) < GPFS(s, c) for s < s∗ follows.

When s > sCART , we can follow the same procedure as when s < s∗. If there exists a s1 > s∗ such that
∂GPFS(s,c)

∂s = 0 and GPFS(s1, c) − GPFS(s∗∗, c) := ∆R > 0. We can define Λ4 = ∆R

W (0)−min(W (c),W (1−c)) and

everything else follows.

To conclude, for 0 < λ ≤ Λ = min{Λ1,Λ2,Λ3,Λ4}, the theoretical optimal split chosen with respect to GPFS

leads to a risk smaller than sCART when µL(s
CART ) ≤ c < η(sCART ) < µR(s

CART ).

ii. µL(s
CART ) < η(sCART ) < c ≤ µR(s

CART ). This scenario is symmetric to i and is also considered
in Theorem 3.2. It can be proved following the same logic as in i.

iii. c < µL(s
CART ) < η(sCART ) < µR(s

CART ).

In this scenario, consider two split points located on each side of sCART respectively: let sc1 be the largest split
less than sCART such that µL(sc1) = c, sc2 be the smallest split greater than sCART such that µL(sc2) = c, sL
be the largest split less than sCART such that η(sL) ≥ µL(s

CART ) and sR be the smallest split greater than
sCART such that η(sR) = µR(s

CART ). Let sc1 = 0 or sc2 = 1 if no such sc1 or sc2 exists. Both sL and sR’s
existence is guaranteed by the intermediate value theorem which we used once in Theorem 3.2.

We argue for any s ∈ (max(sL, sc1),min(sR, sc2)), risk is no greater than sCART .

For s ∈ (max(sL, sc1), s
CART ), it is a piece of x that has η(x) > µL(s

CART ) being split to right.

µR(s) >
µR(s

CART )(1− F (sCART )) + µL(s
CART )(F (sCART )− F (s))

1− F (s)
> µL(s

CART ) > c

c < µL(s) <
µL(s

CART )F (sCART )− µL(s
CART )(F (sCART )− F (s))

F (s)
= µL(s

CART ).

Since c < µL(s) < µL(s
CART ) < µR(s), the expectations on both sides remain greater than c and the risk is

the same as split sCART . When s ∈ (sCART ,min(sR, sc2)), c < µL(s) < µR(s
CART ) < µR(s) can be obtained

similarly and the risk also remains.

Note that µR(s) > µL(s) all the way when s ∈ (max(sL, sc1),min(sR, sc2)). We can then define ∆ the same as
in scenario i, ∆L = GPFS(max(sL, sc1), c), and ∆R = GPFS(min(sR, sc2), c). Λ2,Λ3,Λ4 are defined accordingly.
For 0 < λ ≤ Λ = min{Λ2,Λ3,Λ4}, the theoretical optimal split chosen with respect to GPFS leads to the same
risk as sCART when c < µL(s

CART ) < η(sCART ) < µR(s
CART ).

iv. µL(s
CART ) < η(sCART ) < µR(s

CART ) < c. This scenario is symmetric to iii. It can be proved
following the same logic in iii.
v. µL(s

CART ) < η(sCART ) = c < µR(s
CART ). This scenario can be considered a special case of i and ii. By

appropriate choice of Λ, it’s trivial to show that the original sCART remains the global optimizer and the risk
stays the same.

Mathematical details for Figure 1b and 1c

Imagine there are two final splitting nodes {t1, t2} with the same mass of population. CART selects features
{X1, X2} for nodes {t1, t2}, respectively. The pdf of X1 and X2 in the {t1, t2} are both uniform, respectively:
f1(x) = 1 and f2(x) = 1 ∀ x ∈ [0, 1].

In node t1,

P (Y = 1|X1) =: η1(X1) =


1, when X1 ∈ [0, 1

4 ]
sin(2πX1)+1

2 , when X1 ∈ ( 14 ,
3
4 )

0, when X1 ∈ [ 34 , 1]

We depict η1(X1) in Figure 1b. Since η1(X1) is reflectional symmetric around η1(0.5), s
cart = 0.5. Splitting

scart, policymakers target the left node X1 ≤ 0.5 only, the calculation is similar to Figure 1a in the introduction.
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The unique optimal LPC solution is s∗ = 5
12 . By shifting from sCART to s∗, the policymaker excludes sub-

population { 5
12 < X1 < 1

2 |t1} from the targeted group. Again, the mathematics is similar to Figure 1a in the
introduction.

In node t2,

P (Y = 1|X2) =: η2(X2) =
9

11
X2

The other node t2 is depicted by Figure 1c. CART will split t2 at sCART = 0.5 because η2(X2) is reflectional
symmetric around η2(0.5). This would not target any subpopulations from t2, as both the left node mean and
right node mean are smaller than 0.75.

P (Y = 1|X2 < 0.5) =

∫ 0.5

0
9
11xdx

0.5
=

9

44
< 0.75

P (Y = 1|X2 > 0.5) =

∫ 1

0.5
9
11xdx

0.5
=

27

44
< 0.75

On the other hand, the optimal split for LPC is s∗ = 11
12 . This splits t2 into two groups, the left node is entirely

below the threshold whereas the right node is entirely above, as illustrated by the orange and green segment in
Figure 1c, respectively. As a result, splitting at s∗ targets subpopulation { 1112 < X2 < 1|t2}.

To summarize, splitting nodes t1 and t2 individually at sCART versus s∗ results in different target subpopulations:
(i) sCART : Target {X1 < 1

2 |t1}; (ii) s∗: Target {X1 < 5
12 |t1} and { 1112 < X2 < 1|t2}. Assuming that both t1

and t2 contain the same amount of population, the two sets of policies target the same proportion of the
population, but η(x, t1) < 0.75 for x ∈ { 5

12 < X1 < 1
2}, which is targeted by sCART , whereas η(x, t2) > 0.75 for

x ∈ { 1112 < X2 < 1}, which is targeted by s∗. Therefore, policies based on LPC, i.e., s∗ policy, target a more
vulnerable subpopulation than policies based on observed Y classification, i.e., sCART policy or CART/KD-
CART policy. This idea appears in our diabetes empirical study, which we detail in Section 6.2.

Proof of Remark 7.1

GWRacc =WRacc of left node +WRacc of right node

=F (s)

∣∣∣∣∣
∫ s

0
η(x)dF (x)

F (s)
−
∫ 1

0

η(x)dF (x)

∣∣∣∣∣+ (1− F (s))

∣∣∣∣∣
∫ 1

s
η(x)dF (x)

1− F (s)
−
∫ 1

0

η(x)dF (x)

∣∣∣∣∣
=F (s)

∣∣∣∣µL −
∫ 1

0

η(x)dF (x)

∣∣∣∣+ (1− F (s))

∣∣∣∣µR −
∫ 1

0

η(x)dF (x)

∣∣∣∣
=s

∣∣∣∣µL −
∫ 1

0

η(x)dx

∣∣∣∣+ (1− s)

∣∣∣∣µR −
∫ 1

0

η(x)dx

∣∣∣∣ Under Assumption 4.1

C Synthetic data simulation studies

C.1 Data generation processes

1. Generate features: Xi ∼ U(0, 1), i ∈ {1, 2, 3, 4, 5}.

2. • Ball: f(X) =
∑3

i=1 X
2
i .

• Friedman #1: f(X) = 10 sin(πX1X2) + 20(X3 − 0.5)2 + 10X4 + 5X5

• Friedman #2:

– Make transformations: Z1 = 100X1, Z2 = 40π + 520πX2, Z4 = 10X4 + 1

– Generate responses: f(X) =
√
Z2
1 + (Z2X3 − 1

Z2Z4
)2.

• Friedman #3:

– Make transformations: Z1 = 100X1, Z2 = 40π + 520πX2, Z4 = 10X4 + 1

– Generate responses: f(X) = arctan
(
(Z2X3 − 1

Z2Z4
)/Z1

)
.

• Poly #1: f(X) = 4X1 + 3X2
2 + 2X3

3 +X4
4
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• Poly #2: f(X) = X4
1 + 2X3

2 + 3X2
3 + 4X1.

• Ring: f(X) = |
∑3

i=1 X
2
i − 1|.

• Collinear:

– Create correlated features: Xi+3 = Xi + 0.1 · N (0, 1), where i ∈ {1, 2, 3}.
– Generate responses: f(X) =

∑6
i=1 Xi.

3. Map it to probabilities: η = Sigmoid (f(X)− E(f(X))).

4. Generate labels: y ∼ Bernoulli(η).

C.2 Full algorithms

We provide pseudo codes for CART, PFS, MDFS, wEFS, RF-CART, and RF-MDFS. In Algorithm 1, setting
‘method’ to CART, PFS, MDFS, or wEFS invokes the corresponding procedure. Likewise, in Algorithm 2,
choosing method = CART or MDFS produces RF-CART and RF-MDFS, respectively. The rest of the algorithms
are all helper functions used in Algorithms 1 and 2.
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Algorithm 1 Grow Tree

Fit the tree-based model to (X,y) when η or η̂ is not provided.

Input:X,y, c, current depth, method, depth, min samples
if current depth = depth or n(unique(y)) = 1 or n(y) <min samples then

Output:mean(y)
end if
best feature, best split ← FindBestSplit(X,y)
mask ← (xbest feature < best split)
left X, right X ← X[mask], X[!mask]
left y, right y ← y[mask],y[!mask]
if current depth = depth - 1 or min{n(left y), n(right y)|} <min samples or method!=‘CART’ then

if method = ‘MDFS’ then
new best split ← Find PFS BestSplit(xbest feature,y, c, 1)

else if method = ‘PFS’ then
new best split ← Find PFS BestSplit(xbest feature,y, c, 0.1)

else if method = ‘wEFS’ then
new best split ← Find wEFS BestSplit(xbest feature,y, c)

end if
mask ← (xbest feature < new best split)
left tree, right tree ← mean(y[mask]), mean(y[!mask])
Output:best feature, new best split, left tree, right tree

else
left tree = Grow Tree(left X, left y, current depth + 1, method, depth, min samples)
right tree = Grow Tree(right X, right y, current depth + 1, method, depth, min samples)
Output:best feature, best split, left tree, right tree

end if

Algorithm 2 Grow Tree wP

Fit the tree-based model to (X,y) and η̂ provided by Knowledge-Distillation.

Input:X,y,p, c, current depth, method, depth, min samples
if current depth = depth or (min(p) > c or max(p) < c) or n(y) <min samples then

Output:mean(p)
end if
best feature, best split ← FindBestSplit(X,p)
mask ← (xbest feature < best split)
left X, right X ← X[mask], X[!mask]
left y, right y ← y[mask],y[!mask]
left p, right p ← p[mask],p[!mask]
if current depth = depth - 1 or min{n(left p), n(right p)|} <min samples or method!=‘CART’ then

if method = ‘MDFS’ then
new best split ← Find PFS BestSplit(xbest feature,y, c, 1)

else if method = ‘PFS’ then
new best split ← Find PFS BestSplit(xbest feature,y, c, 0.1)

else if method = ‘wEFS’ then
new best split ← Find wEFS BestSplit(xbest feature,p, c)

end if
mask ← (xbest feature < new best split)
left tree, right tree ← mean(p[mask]), mean(p[!mask])
Output:best feature, new best split, left tree, right tree

else
left tree = Grow Tree P(left X, left y, left p, current depth + 1, method, depth, min samples)
right tree = Grow Tree P(right X, right y, right p, current depth + 1, method, depth, min samples)
Output:best feature, best split, left tree, right tree
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end if

Algorithm 3 Calculate impurity

Calculate sample impurity ĜCART .

Input: x,y, x
yl ← y[x ≤ x],yr ← y[x > x]

G ← Var(yl)
|yl|
n +Var(yr)

|yr|
n

Output: G

Algorithm 4 Calculate distance

Calculate the second term in (1) and Ĝ∗.
Input: x,y, x, c
yl ← y[x ≤ x],yr ← y[x > x]

G ← (1− |c− ȳl|) |yl|
n + (1− |c− ȳr|) |yr|

n
Output: G

Algorithm 5 Calculate weighted risk

Calculate sample loss function of wEFS.

Input:x,y, x, c
yl ← y[x ≤ x],yr ← y[x > x]
rl ← |yl[yl > c]|, rr ← |yr[yr > c]|
R ← (1{ȳl > c}(|yl| − rl) + 1{ȳr > c}(|yr| − rr))c+ (1{ȳl ≤ c}rl + 1{ȳr ≤ c}rr)(1− c)
Output: R

Algorithm 6 FindBestSplit

Take in data from the parent node and outputs the best feature, split point in terms of GCART .

Input:X,y
best impurity, best split, best feature ← 0, None, None
for each feature xi in X, i from 1 to p do

sort X in terms of xi

for x in ordered samples in xi do
impurity ← Calculate impurity(xi,y, x)
if impurity < best impurity then

best impurity ← impurity
best split ← x
best feature ← i

end if
end for

end for
Output:best split, best feature
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Algorithm 7 Find PFS BestSplit

Take in data from the parent node and outputs the best feature, split point in terms of GPFS(λ).

Input:x,y, c, λ
best G PFS, best split ← 0, None
sort x
for x in sorted x do

G PFS ← (1− λ) Calculate impurity(x,y, x) + λ Calculate distance(x,y, x, c)
if G PFS < best G PFS then

best G PFS ← G PFS
best split ← x

end if
end for
Output:best split

Algorithm 8 Find wEFS BestSplit

Take in data from the parent node and outputs the best feature, split point in terms of the weighted empirical risk.

Input:x,y, c
best risk, best split ← 0, None
sort x
for x in sorted x do

risk ← Calculate weighted risk(x,y, x, c)
if risk < best risk then

best risk ← risk
best split ← x

end if
end for
Output:best split
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How to implement KD-CART/KD-MDFS: We first use RandomForestClassifier from sklearn (Pedregosa
et al., 2011) to train a random forest with the entire sample. All user-defined parameters of the random forest
follow the default settings. Then, we grow an RF-CART and an RF-MDFS tree with the predicted probability
output by the random forest as the response variable.

C.3 Choice of hyperparameter λ

Our simulations regarding PFS choose a small λ value of 0.1, and overall, this choice leads to lower misclassifi-
cation error than CART. To identify an appropriate λ in practice, we had a standard procedure: we select the λ
value using an approach that combines the idea of cross-validation and the honest approach (Athey and Imbens,
2016):

1. Divide the data into K = 5 folds. For a fixed candidate λ value, by leaving out fold k ∈ {1, 2, 3, 4, 5}, we
can construct 5 trees, T−k. Denote T−k’s estimate for X as T−k(X).

2. Obtain an unbiased estimate of η for each node by feeding the left-out fold to T−k. Denote this estimate
for X as η̂k(X).

3. Calculate misclassification score (MS) (i.e., honest approach),

MS =

5∑
k=1

∑
i∈fold k

1
{
(T−k(Xi)− c)(η̂k(Xi)− c) < 0

}
.

4. Choose λ value that minimizes MS.

We implemented this approach in simulation for PFS, the results are comparable to setting λ = 0.1.

C.4 Additional simulation results

Refer to Figure 5, Table 1, and Table 2. Figure 5 shows the F1 score comparison across all six methods under
the configuration of m = 7, ρ = 2%, and c = 0.5. Table 1 and Table 2 show all six methods’ MR and F1 scores,
respectively, across all tasks. For each task, only the best configuration is included in the two tables.

We further include a comparison of the tree-based classification algorithms and other typical baselines: logistic
regression and policytree, a leading policy learning algorithm. The simulation setup is identifical to Figure 2 and
Figure 5. The MR and F1 scores are summarized in Table 3 and Table 4, respectively. Our methods outperform
logistic regression and policytree by a very large margin.

C.5 Computational complexity analysis

Since our proposed algorithm only operates at the last split, the tree-building processes are identical in upper
levels among 4 strategies. Next, we evaluate the computational complexity of the final split, i.e., split at the
final level.

Suppose the sample size in a node at the second to last level is n and the number of features is p. In CART,
the dominant step is to sort the samples based on each feature. With p features to consider, the computational
complexity is O(pNlogN). PFS, MDFS, and wEFS all determine the feature to split on using CART. The
split point decision requires another O(N) of time which is still dominated by the sorting process.

D Additional empirical study details

We use publicly available data from our empirical studies. The Pima Indian Diabetes dataset can be down-
loaded at https://www.kaggle.com/datasets/uciml/pima-indians-diabetes-database. The Montesinho
Park forest fire dataset can be downloaded at https://archive.ics.uci.edu/dataset/162/forest+fires.

In this section, we use forest fire dataset to illustrate an application of our methods MDFS and RF-MDFS, and
compare them to CART and RF-CART respectively.

https://www.kaggle.com/datasets/uciml/pima-indians-diabetes-database
https://archive.ics.uci.edu/dataset/162/forest+fires
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mean 0.0002 0.0084 0.0011 0.0058
median 0.0001 0.0057 0.0017 0.0002
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e Ball

0.0021 0.0254 0.0445 0.0003
0.0063 0.0412 0.0665 0.0001

Colinear

0.0811 0.0309 0.0642 0.4503
0.0829 0.0215 0.0744 0.4279

Friedman #1

0.1606 0.0179 0.0504 0.0010
0.2916 0.0149 0.1123 0.0039

Friedman #2

mean 0.0000 0.1183 0.0000 0.0000
median 0.0000 0.0808 0.0000 0.0000

MDFS PFS wEFS
RF-MDFS
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F1
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×
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e Friedman #3

0.0003 0.0004 0.0038 0.2025
0.0006 0.0006 0.0079 0.1790

MDFS PFS wEFS
RF-MDFS

Poly #1

0.0187 0.5230 0.0441 0.0743
0.0187 0.4096 0.0317 0.0957

MDFS PFS wEFS
RF-MDFS

Poly #2

0.0000 0.0008 0.0000 0.0006
0.0000 0.0015 0.0000 0.0012

MDFS PFS wEFS
RF-MDFS

Ring

Figure 5: Boxplots of F1 differences relative to baseline models. For each panel, the first three boxplots compare
CART with PFS, MDFS, and wEFS, and the last boxplot compares RF-CART with RF-MDFS. Positive values
in the boxplots denote improvement in F1. Embedded tables list one-sided paired t-test and Wilcoxon signed-
rank p-values for mean and median F1 differences, respectively.

The UCI Forest Fire dataset measures the characteristics of different forest fires in Montesinho Park with the
response variable being the area burnt by a forest fire. We binarize the response by labeling those observations
with a burnt area larger than 5 as 1, and 0 otherwise. 1 indicates a “big” forest fire. We search for conditions
under which the probability of having a big forest fire is above 1/3. We use the following features in the dataset for
this task: X and Y-axis spatial coordinates, month, FFMC, DMC, DC, ISI, temperature, RH (relative humidity),
wind, and rain. All the acronyms except for RH are measures that positively correlate with the probability of a
big forest fire. With a moderate sample size of 517, we set m = 3.

D.1 CART vs MDFS

As shown by Figure 3, the two sets of policies target many common groups except for the subgroup consisting
of 43 observations defined by FFMC > 85.85, temp ≤ 26.0, DC > 766.2. This group that MDFS additionally
targets has a 37.2% probability of catching a big forest fire, higher than the threshold. This finding aligns with
Remark 4.7.

D.2 RF-CART vs RF-MDFS

As shown by Figure 3, RF-MDFS also additionally targets the subgroup consisting of 43 observations defined
by FFMC > 85.85, temp ≤ 26.0, DC > 766.2. Hence, the comparison between RF-CART and RF-MDFS here
also aligns with Remark 4.7.

Interestingly, both RF-CART and RF-MDFS (compared to CART and MDFS respectively) additionally target
the subgroup FFMC > 85.85, temp > 26.0, RH ≤ 24.5.

D.3 Full CART/MDFS/RF-CART/MDFS for the diabetes example
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CART

if FFMC <= 85.85

if temp <= 5.15

if X <= 5.0

value: 1.000, samples: 8

value: 0.600, samples: 5

if temp <= 18.55

value: 0.172, samples: 29

value: 0.667, samples: 9

if temp <= 26.0

if DC <= 673.2

value: 0.208, samples: 216

value: 0.310, samples: 200

if RH <= 24.5

value: 0.125, samples: 8

value: 0.500, samples: 42

MDFS

if FFMC <= 85.85

if temp <= 5.15

if X <= 3.5

value: 1.000, samples: 2

value: 0.818, samples: 11

if temp <= 18.55

value: 0.172, samples: 29

value: 0.667, samples: 9

if temp <= 26.0

if DC <= 766.2

value: 0.244 samples: 216

value: 0.372, samples: 43

if RH <= 24.5

value: 0.125, samples: 8

value: 0.500, samples: 42

RF-CART

if FFMC <= 85.85

if temp <= 5.15

if wind <= 7.15

value: 0.638, samples: 6

value: 0.964, samples: 7

if temp <= 18.55

value: 0.229, samples: 29

value: 0.594, samples: 9

if temp <= 26.0

if DC <= 673.2

value: 0.220 samples: 216

value: 0.308, samples: 200

if FFMC <= 95.85

value: 0.381, samples: 43

value: 0.649, samples: 7

RF-MDFS

if FFMC <= 85.85

if temp <= 5.15

value: 0.814, samples: 13

if temp <= 18.55

value: 0.229, samples: 29

value: 0.594, samples: 9

if temp <= 26.0

if DC <= 766.2

value: 0.250 samples: 373

value: 0.368, samples: 43

if FFMC <= 91.95

value: 0.578, samples: 4

value: 0.404, samples: 46

Figure 6: The targeting policies generated by CART, MDFS, RF-CART, RF-MDFS. The red groups are the
targeted subpopulations predicted to have a higher than 1/3 probability of catching a big forest fire.
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DGP c CART PFS MDFS WRACC wEFS RF-CART RF-MDFS

Ball 0.8 9.7 (1.8) 9.2 (1.7) 9.2 (1.5) 8.9 (1.4) 8.8 (1.3) 8.8 (1.8) 8.5 (1.2)
0.7 13.8 (2.6) 13.7 (2.3) 13.3 (2.2) 13.8 (2.7) 14.0 (2.5) 12.8 (2.1) 12.6 (2.0)
0.6 14.4 (2.2) 14.0 (1.8) 13.8 (1.8) 14.2 (2.2) 13.9 (1.7) 13.6 (1.4) 13.0 (1.4)
0.5 11.3 (1.8) 11.0 (1.9) 10.7 (1.7) 10.7 (1.6) 10.7 (1.6) 10.5 (1.7) 10.2 (1.6)

Friedman #1 0.8 6.7 (1.3) 6.5 (1.4) 6.4 (1.4) 6.2 (1.2) 6.0 (1.1) 6.0 (1.0) 6.3 (1.0)
0.7 12.5 (1.6) 12.2 (1.7) 12.2 (1.3) 12.6 (1.4) 12.6 (1.7) 11.5 (1.2) 11.5 (1.1)
0.6 18.5 (1.7) 18.1 (1.6) 18.0 (1.4) 18.4 (1.6) 18.5 (1.6) 17.6 (1.4) 17.2 (1.6)
0.5 20.4 (2.0) 20.3 (1.5) 20.2 (1.4) 20.3 (1.4) 20.1 (1.4) 19.3 (1.3) 19.8 (1.3)

Friedman #2 0.8 8.6 (2.0) 7.8 (1.4) 7.2 (1.3) 8.2 (1.9) 8.2 (1.9) 8.4 (1.7) 7.3 (1.4)
0.7 8.0 (1.7) 7.6 (1.6) 7.4 (1.4) 7.8 (1.6) 7.9 (1.5) 7.8 (2.0) 7.1 (1.6)
0.6 6.9 (1.7) 6.6 (1.4) 6.4 (1.5) 6.8 (1.6) 6.4 (1.4) 6.5 (1.8) 6.0 (1.5)
0.5 5.2 (1.5) 5.0 (1.4) 5.0 (1.2) 5.0 (1.3) 5.0 (1.3) 5.0 (1.5) 4.6 (1.0)

Friedman #3 0.8 1.9 (0.4) 2.0 (0.4) 1.8 (0.4) 2.2 (0.5) 2.1 (0.5) 1.8 (0.4) 1.8 (0.4)
0.7 2.6 (0.6) 2.5 (0.5) 2.3 (0.4) 2.9 (0.7) 2.5 (0.5) 2.4 (0.5) 2.4 (0.4)
0.6 3.2 (0.7) 3.2 (0.6) 2.9 (0.6) 3.5 (0.6) 2.9 (0.5) 3.1 (0.5) 3.0 (0.5)
0.5 4.0 (0.7) 3.9 (0.7) 3.6 (0.5) 3.6 (0.5) 3.6 (0.5) 3.8 (0.7) 3.6 (0.5)

Poly #1 0.8 7.3 (1.4) 7.2 (1.3) 7.3 (1.3) 7.4 (1.3) 7.4 (1.2) 7.1 (1.5) 6.8 (1.5)
0.7 10.6 (2.0) 10.4 (2.0) 10.1 (1.7) 10.4 (1.9) 10.6 (2.1) 9.8 (1.9) 9.3 (1.6)
0.6 12.5 (1.8) 12.4 (2.8) 12.2 (2.6) 12.9 (2.5) 12.9 (2.2) 11.8 (2.0) 11.8 (2.2)
0.5 13.0 (1.9) 12.3 (2.0) 12.3 (1.9) 12.3 (1.7) 12.3 (1.7) 12.2 (2.1) 12.0 (1.7)

Poly #2 0.8 10.0 (2.1) 9.7 (1.9) 9.7 (1.9) 9.9 (2.1) 9.9 (2.1) 9.3 (2.1) 9.0 (2.0)
0.7 9.7 (2.1) 9.5 (2.0) 9.4 (1.9) 9.7 (2.0) 9.9 (1.9) 9.5 (2.0) 9.3 (1.8)
0.6 8.2 (1.6) 8.1 (1.6) 7.9 (1.6) 8.1 (1.9) 8.0 (1.8) 7.8 (1.4) 7.6 (1.3)
0.5 6.9 (1.5) 6.9 (1.5) 6.7 (1.3) 6.6 (1.4) 6.6 (1.4) 6.3 (1.6) 6.2 (1.4)

Ring 0.8 17.1 (2.0) 17.0 (2.0) 16.6 (2.0) 17.4 (1.8) 17.5 (1.8) 16.1 (1.7) 15.9 (1.6)
0.7 14.5 (1.7) 14.4 (1.4) 14.3 (1.5) 15.1 (1.4) 14.9 (1.4) 13.7 (1.3) 13.3 (1.2)
0.6 12.7 (1.4) 12.5 (1.4) 11.9 (1.3) 12.6 (1.4) 12.2 (1.3) 11.8 (1.2) 11.4 (1.1)
0.5 10.7 (1.6) 10.4 (1.5) 9.8 (0.9) 9.8 (0.9) 9.8 (0.9) 10.0 (1.2) 9.5 (1.1)

Colinear 0.8 6.5 (1.4) 6.3 (1.3) 5.8 (1.2) 6.7 (1.3) 6.6 (1.3) 6.2 (1.2) 5.8 (1.1)
0.7 7.8 (1.4) 7.7 (1.4) 7.3 (1.1) 8.1 (1.4) 8.2 (1.4) 7.3 (1.6) 7.0 (1.2)
0.6 8.3 (1.4) 8.2 (1.3) 8.0 (1.2) 9.1 (1.6) 8.6 (1.6) 8.2 (1.5) 7.7 (1.2)
0.5 8.5 (1.6) 8.4 (1.5) 8.1 (1.5) 8.2 (1.4) 8.2 (1.4) 8.2 (1.4) 7.7 (1.2)

Table 1: MR comparison of misclassification rate among all six methods. CART, PFS, MDFS, and wEFS use
raw data input; CART and MDFS use random forest as a KD tool. Each entry presents the average and standard
error (in parentheses) of the misclassification rate over 50 replicates. Note that the standard error is mostly from
the data generation randomness, not the variability of the methods. To check for statistical significance, one
should check out the t-test and rank sum test p-values in Figure 2. The complete simulation results for the
simulation setups presented in Table 1 are provided in the supplemental files.
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DGP c CART PFS MDFS WRACC wEFS RF-CART RF-MDFS

Ball 0.2 78.9 (4.0) 79.5 (3.4) 80.0 (3.4) 80.1 (3.3) 80.3 (3.3) 80.4 (3.4) 80.8 (3.6)
0.3 83.7 (2.6) 83.8 (2.6) 84.1 (2.6) 83.6 (2.9) 83.4 (2.8) 84.8 (2.6) 85.1 (2.4)
0.4 88.4 (1.9) 88.7 (1.7) 88.9 (1.1) 88.7 (2.0) 89.1 (1.4) 89.0 (1.3) 89.6 (1.2)
0.5 92.8 (1.3) 93.0 (1.3) 93.2 (1.2) 93.1 (1.1) 93.1 (1.1) 93.3 (1.2) 93.5 (1.1)

Friedman #1 0.2 45.6 (5.7) 46.2 (5.7) 46.7 (5.4) 43.1 (6.1) 45.9 (6.0) 49.4 (5.4) 48.4 (5.4)
0.3 61.8 (3.7) 62.5 (4.8) 63.0 (2.8) 61.5 (3.0) 62.3 (3.0) 63.3 (3.8) 63.8 (3.1)
0.4 71.4 (2.5) 71.7 (2.7) 71.7 (2.4) 71.7 (2.4) 72.5 (2.2) 72.6 (2.3) 73.0 (2.4)
0.5 80.6 (2.1) 80.6 (1.7) 80.8 (1.7) 80.6 (1.7) 80.8 (1.7) 81.6 (1.7) 81.2 (1.6)

Friedman #2 0.2 91.0 (2.3) 91.8 (1.5) 92.5 (1.4) 91.5 (1.9) 91.5 (1.9) 91.2 (1.7) 92.4 (1.4)
0.3 93.7 (1.4) 94.0 (1.3) 94.2 (1.1) 93.8 (1.3) 93.7 (1.3) 93.8 (1.7) 94.3 (1.3)
0.4 95.3 (1.2) 95.5 (1.0) 95.7 (1.0) 95.5 (1.1) 95.8 (0.9) 95.6 (1.3) 96.0 (1.1)
0.5 96.9 (0.9) 97.0 (0.9) 96.9 (0.7) 97.0 (0.8) 97.0 (0.8) 96.9 (0.9) 97.2 (0.6)

Friedman #3 0.2 63.1 (7.7) 61.8 (13.4) 64.7 (9.5) 50.2 (24.4) 59.2 (15.6) 63.8 (10.6) 62.1 (13.6)
0.3 69.3 (5.0) 70.2 (5.2) 71.6 (5.5) 66.3 (10.8) 71.4 (5.2) 70.1 (5.5) 70.7 (6.3)
0.4 73.6 (4.4) 74.2 (4.3) 75.9 (4.1) 73.6 (3.7) 75.7 (3.8) 74.3 (3.3) 75.1 (3.8)
0.5 76.2 (3.3) 76.5 (3.0) 77.7 (3.0) 77.2 (3.2) 77.2 (3.2) 76.9 (3.2) 77.7 (2.6)

Poly #1 0.2 74.7 (3.9) 75.9 (4.5) 76.3 (3.8) 75.2 (6.6) 75.5 (4.5) 75.9 (5.2) 76.6 (5.4)
0.3 81.9 (3.3) 82.4 (3.4) 82.7 (2.9) 82.2 (3.2) 82.0 (3.3) 83.0 (3.5) 83.9 (2.7)
0.4 86.7 (1.9) 86.8 (2.9) 87.1 (2.5) 86.8 (2.5) 86.9 (2.0) 87.3 (2.3) 87.5 (2.2)
0.5 90.0 (1.5) 90.5 (1.6) 90.5 (1.5) 90.5 (1.4) 90.5 (1.4) 90.6 (1.7) 90.7 (1.4)

Poly #2 0.2 90.3 (2.1) 90.4 (1.9) 90.4 (1.9) 90.2 (2.2) 90.2 (2.1) 90.8 (2.0) 91.1 (1.8)
0.3 92.7 (1.6) 92.9 (1.5) 92.9 (1.4) 92.7 (1.4) 92.6 (1.4) 92.8 (1.5) 93.0 (1.3)
0.4 94.9 (1.0) 94.9 (1.0) 95.0 (1.0) 95.0 (1.2) 95.0 (1.1) 95.1 (0.9) 95.2 (0.9)
0.5 96.1 (0.9) 96.1 (0.9) 96.2 (0.8) 96.2 (0.8) 96.2 (0.8) 96.4 (0.9) 96.5 (0.8)

Ring 0.2 70.2 (3.1) 71.0 (3.4) 71.4 (3.2) 69.8 (2.9) 70.2 (2.9) 71.9 (2.9) 72.4 (2.7)
0.3 82.5 (2.0) 82.6 (1.5) 82.8 (1.7) 82.3 (1.5) 82.6 (1.4) 83.4 (1.6) 83.8 (1.4)
0.4 88.1 (1.3) 88.3 (1.3) 89.0 (1.2) 88.6 (1.2) 88.8 (1.1) 89.0 (1.2) 89.4 (1.1)
0.5 91.7 (1.3) 92.0 (1.2) 92.5 (0.7) 92.5 (0.7) 92.5 (0.7) 92.3 (0.9) 92.7 (0.8)

Colinear 0.2 81.3 (3.8) 81.5 (3.6) 82.9 (3.3) 80.6 (3.4) 80.8 (3.3) 81.8 (3.5) 83.3 (3.0)
0.3 85.9 (2.5) 86.3 (2.5) 86.8 (2.2) 85.6 (2.6) 85.5 (2.5) 86.9 (2.8) 87.3 (2.2)
0.4 89.2 (1.9) 89.4 (1.8) 89.7 (1.6) 88.8 (1.9) 89.3 (1.8) 89.6 (1.7) 90.2 (1.6)
0.5 91.5 (1.7) 91.6 (1.7) 91.9 (1.5) 91.7 (1.5) 91.7 (1.5) 91.8 (1.5) 92.2 (1.2)

Table 2: F1 comparison of misclassification rate among all six methods. CART, PFS, MDFS, and wEFS use raw
data input; CART and MDFS use random forest as a KD tool. Each entry presents the average and standard
error (in parentheses) of the misclassification rate over 50 replicates. Note that the standard error is mostly
from the data generation randomness, not the variability of the methods. To check for statistical significance,
one should check out the t-test and rank sum test p-values in Figure 5. The complete simulation results for the
simulation setups presented in Table 2 are provided in the supplemental files.

Table 3: Misclassification Rate (MR) – Lower is Better

Method ball collinear friedman1 friedman2 friedman3 poly1 poly2 ring

logistics 0.307 0.274 0.372 0.221 0.136 0.334 0.221 0.279
hybrid policy tree 0.203 0.175 0.276 0.142 0.090 0.229 0.137 0.189
classic cart 0.113 0.085 0.204 0.052 0.040 0.130 0.069 0.107
mdfs 0.107 0.081 0.202 0.050 0.036 0.123 0.067 0.098
pfs 0.110 0.084 0.203 0.050 0.039 0.123 0.069 0.104
wefs 0.107 0.082 0.201 0.050 0.036 0.123 0.066 0.098
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Table 4: F1 Score – Higher is Better

Method ball collinear friedman1 friedman2 friedman3 poly1 poly2 ring

logistics 0.785 0.725 0.644 0.857 0.388 0.729 0.866 0.778
hybrid policy tree 0.866 0.823 0.733 0.912 0.555 0.820 0.920 0.850
classic cart 0.928 0.915 0.806 0.969 0.762 0.900 0.961 0.917
mdfs 0.932 0.919 0.807 0.969 0.777 0.905 0.962 0.925
pfs 0.930 0.916 0.806 0.970 0.760 0.905 0.961 0.920
wefs 0.931 0.917 0.808 0.970 0.772 0.905 0.962 0.925

CART

if Glucose <= 127.5

if Age <= 28.5

if BMI <= 30.95

value: 0.013, samples: 151

value: 0.175, samples: 120

if BMI <= 26.35

value: 0.049, samples: 41

value: 0.399, samples: 173

if BMI <= 29.95

if Glucose <= 145.5

value: 0.146, samples: 41

value: 0.514, samples: 35

if Glucose <= 157.5

value: 0.609, samples: 115

value: 0.870, samples: 92

MDFS

if Glucose <= 127.5

if Age <= 28.5

if BMI <= 22.25

value: 0.000, samples: 35

value: 0.097, samples: 236

if BMI <= 28.25

value: 0.222, samples: 63

value: 0.377, samples: 151

if BMI <= 29.95

if Glucose <= 166.5

value: 0.250, samples: 64

value: 0.667, samples: 12

if Glucose <= 129.5

value: 0.579, samples: 19

value: 0.739, samples: 188

RF-CART

if Glucose <= 127.5

if Age <= 28.5

if BMI <= 30.95

value: 0.028, samples: 151

value: 0.186, samples: 120

if BMI <= 26.95

value: 0.104, samples: 45

value: 0.396, samples: 169

if BMI <= 29.95

if Glucose <= 145.5

value: 0.193, samples: 41

value: 0.511, samples: 35

if Glucose <= 157.5

value: 0.595, samples: 115

value: 0.830, samples: 92

RF-MDFS

if Glucose <= 127.5

if Age <= 28.5

if BMI <= 22.25

value: 0.010, samples: 35

value: 0.111, samples: 236

if BMI <= 28.25

value: 0.225, samples: 63

value: 0.380, samples: 151

if BMI <= 29.95

if Glucose <= 166.5

value: 0.284, samples: 64

value: 0.636, samples: 12

if Glucose <= 129.5

value: 0.573, samples: 19

value: 0.713, samples: 188

Figure 7: The targeting policies generated by CART, MDFS, RF-CART, RF-MDFS. The red groups are the
targeted subpopulations predicted to a higher than 60% probability of being diabetic.


