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Abstract
Federated learning (FL) for mini and minimax optimization has emerged as a powerful paradigm
for training models across distributed nodes/clients while preserving data privacy and model ro-
bustness on data heterogeneity. In this work, we delve into the decentralized implementation of
federated minimax optimization by proposing K-GT-Minimax, a novel decentralized minimax
optimization algorithm that combines local updates and gradient tracking techniques. Our analysis
showcases the algorithm’s communication efficiency and convergence rate for nonconvex-strongly-
concave (NC-SC) minimax optimization, demonstrating a superior convergence rate compared to
existing methods. K-GT-Minimax’s ability to handle data heterogeneity and ensure robustness
underscores its significance in advancing federated learning research and applications.

1. Introduction

In this paper, we delve into the realm of federated minimax optimization, focusing on a decentralized
network comprising n agents tasked with optimizing the objective function:

min
x∈Rdx

max
y∈Rdy

f(x,y) ≡ 1

n

n∑
i=1

fi(x,y) (1)

Here, fi(x,y) represents the local function associated with client i ∈ V = [n] = 1, . . . , n, whereDi

denotes the distribution of the data. Our focus lies on the challenging domain of nonconvex-strongly-
concave (NC-SC) minimax problems, particularly in the context of federated learning setups, where
f(x, y) admits µ-strong concavity with respect to y, while each local function fi(x, y) is in expec-
tation form indexed by random vector ξi. Problem (1) finds rich applications in adversarial training,
distributionally robust optimization, reinforcement learning, AUC maximization, and learning with
non-decomposable loss [3–5, 23].

Decentralized minimax optimization has emerged as a crucial area of research in machine learn-
ing, addressing complex optimization challenges within decentralized networks. In contrast to cen-
tralized methods, the decentralized approach facilitates efficient collaboration among agents while
mitigating communication bottlenecks. Recent advancements in nonconvex minimization and min-
imax optimization have led to the exploration of achieving stationary points in the primal function
Φ(x) ≡ maxy∈Rdy f(x,y), enhancing scalability and model robustness in decentralized optimiza-
tion algorithms tailored for federated learning environments. Significant advancements have been
made in addressing the unique challenges of federated minimax optimization, such as data hetero-
geneity, model robustness, and communication challenges.

© .
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The significance of decentralized minimax optimization spans diverse machine learning ap-
plications, showcasing its versatility and potential in improving learning efficiency and scalabil-
ity. Noteworthy advancements such as variants of decentralized stochastic gradient methods have
demonstrated promising results in both online and offline scenarios [2, 7, 8]. These developments
underline ongoing efforts to address communication bottlenecks and enhance collaboration effi-
ciency in decentralized optimization frameworks, paving the way for novel techniques that navigate
challenging nonconvex optimization landscapes in distributed environments.

Related Work Decentralized minimax optimization, particularly in the context of federated learn-
ing setups, has gained traction for applications like adversarial training, distributionally robust op-
timization, and reinforcement learning [3, 5, 23]. Recent theoretical-front research focuses on ϵ-
stationary points in nonconvex-strongly-concave (NC-SC) minimax problems and the importance
of distributed optimization techniques for large-scale machine learning [8]. While centralized min-
imax optimization remains prominent, particularly in adversarial training and GANs, leveraging
techniques for specific stochastic gradient complexities [9, 12, 23], decentralized minimax opti-
mization in federated learning from convex-concave to nonconvex-(non)concave objectives still
face challenges regarding decentralization and effective gradient tracking [15, 17]. Various de-
centralized optimization algorithms like SGDA, SREDA, GT-DA, and GT-GDA offer trade-offs in
computational and communication complexities [11, 14, 20, 22]. Building upon variance-reduced
minimax optimization, DREAM shows superior performance in decentralized minimax optimiza-
tion, yet a comprehensive understanding of NC-SC minimax problems remains an active research
area [2].

Addressing data heterogeneity is crucial in federated learning, prompting studies like FedPAGE,
Federated Bose-Einstein Optimization, and Federated Learning with Decentralized Gradient Track-
ing [7, 18, 24]. However, these approaches often lack decentralization and may make restrictive
gradient assumptions. Similarly, decentralized algorithms like K-GT [10] and LU-GT [13] primar-
ily target minimization tasks, limiting their applicability in federated learning. Notably, algorithms
like K-GT have shown promise in improving communication efficiency and robustness in federated
minimax optimization tasks. It is a novel decentralized tracking mechanism that improves commu-
nication efficiency in Gradient Tracking algorithms, overcoming data heterogeneity between clients,
and demonstrating model robustness in solving non-convex optimization problems, including neural
network training tasks. Our work also heavily uses gradient tracking techniques, whereas our algo-
rithm name K-GT-Minimax originates from K-GT proposed by Liu et al. [10] for decentralized
single-agent optimization, although it should not be viewed as a straightforward generalization.

Our Contribution This paper introduces K-GT-Minimax, a novel decentralized minimax opti-
mization algorithm designed specifically for federated learning environments. By combining gradi-
ent tracking and local updates, K-GT-Minimax addresses challenges related to data heterogeneity,
model robustness, and communication efficiency. Furthermore, our algorithm demonstrates superior
performance in terms of convergence rates, scalability, and stochastic gradient complexity compared
to existing methods.

Notations. Throughout this paper, we use ∥ · ∥ for norms, I for identity matrices, and 1n for a
vector of all ones. Aggregated variables are denoted by x, y, representing agents’ local variables
and gradients. We define V = [n] ≡ {1, . . . n} as the set of agents, with communication edges
denoted by E ⊆ V ×V . Additionally, we introduce d by n real matrix X̄ = [x̄, . . . , x̄] = XJ where
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Algorithm 1 Gradient Tracking for Minimax Optimization (K-GT-Minimax)
1: Initialize: Communication round T ; Number of local steps K; Local stepsize ηxc , η

y
c ; Com-

munication stepsizes ηxs , η
y
s ; Mixing matrix W = (wij)n×n; ∀i, j ∈ [n], x

(0)
i = x

(0)
j ,

y
(0)
i = y

(0)
j , c

x,(0)
i = −∇xFi

(
x(0),y(0); ξi

)
+ 1

n

∑n
j=1∇xFj

(
x(0),y(0); ξj

)
, c

y,(0)
i =

−∇yFi

(
x(0),y(0); ξi

)
+ 1

n

∑n
j=1∇yFj

(
x(0),y(0); ξj

)
2: for client i ∈ [n] parallel do

for communication: t← 0 to T − 1 do
for local step: k ← 0 to K − 1 do

3: x
(t)+k+1
i = x

(t)+k
i − ηxc

(
∇Fi(x

(t)+k
i ,y

(t)+k
i ; ξ

(t)+k
i ) + c

x,(t)
i

)
4: y

(t)+k+1
i = y

(t)+k
i + ηyc

(
∇Fi(x

(t)+k
i ,y

(t)+k
i ; ξ

(t)+k
i ) + c

y,(t)
i

)
▷ variable update

end
5: c

x,(t+1)
i = c

x,(t)
i + 1

Kηxc

∑n
j=1(δij − wij)[x

(t)+K
j − x

(t)
j ]

6: c
y,(t+1)
i = c

y,(t)
i − 1

Kηyc

∑n
j=1(δij − wij)[y

(t)+K
j − y

(t)
j ] ▷ tracking variable update

7: x
(t+1)
i =

∑n
j=1wij

(
x
(t)
j + ηxs [x

(t)+K
i − x

(t)
i ]
)

8: y
(t+1)
i =

∑n
j=1wij

(
y
(t)
j + ηys [y

(t)+K
i − y

(t)
i ]
)

▷ model parameter update

end
end

9: Output: xout = x̄(T ) ≡ 1
n

∑n
i=1 x

(T )
i for randomized T ∈ {1, 2, · · · , T}

J ≡ 1
n1n1

⊤
n and δij represents the Kronecker delta with δij = 1 if i = j and 0 otherwise. Other

notations will be introduced at their first appearances.

2. Settings and Main Results

We propose Algorithm 1 for solving this problem in a distributed manner. To prepare for our main
result, we introduce the following assumptions.

Assumption 1 (Lower Bound of Φ(·)) The function Φ(x) ≡ maxy∈Rdy f(x,y) is lower bounded,
that is

Φ∗ = inf
x

Φ(x) > −∞

Assumption 2 (Smoothness and Strong Concavity) For each i ∈ [n] let each local objective fi :
Rdx × Rdy → R be twice differentiable and L-smooth for some constant L > 0, i.e. for all x,x′ ∈
Rdx , y,y′ ∈ Rdy ∥∥∇fi(x,y)−∇fi(x′,y′)

∥∥2 ≤ L2
(
∥x− x′∥2 + ∥y − y′∥2

)
Assume further fi(x, ·) is µ-strongly concave for some shared µ > 0 across all x ∈ Rp, i.e. for all
x ∈ Rdx , y,y′ ∈ Rdy

fi(x,y
′) ≤ fi(x,y) +∇yfi(x,y)

⊤(y′ − y)− µ

2
∥y′ − y∥2

Call κ ≡ L/µ the condition number of problem (1).
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Assumption 3 (Unbiaseness and Bounded Variance) We assume that the stochastic gradients are
unbiased and have bounded variance

E [∇Fi(x,y; ξi)] = ∇fi(x,y) E∥∇Fi(x,y; ξi)−∇fi(x,y)∥2 ≤ σ2

Assumption 4 ((1− p)-Mixing) The n × n mixing matrix W is symmetric, element-wise non-
negative,1 doubly stochastic in the sense that W1n = W⊤1n = 1, and there exists a constant
p ∈ [0, 1] such that for any X ∈ Rd×n

∥XW − X̄∥2F ≤ (1− p)∥X− X̄∥2F

We are ready to present our main theorem:

Theorem 1 (Algorithm Complexity of K-GT-Minimax) Let Assumptions 1, 2, 3 and 4 hold.
There exists a global constant v > 0 such that, running K-GT-Minimax as in Algorithm 1 with
stepsizes choice ηyc = p

300v·κKL , η
x
c = ηyc

κ2 and ηxs = ηys = v · p gives E∥∇Φ(x̄(T ))∥2 ≤ ε2 for T
communication rounds, each with K local updates, where

T = O

(
σ2

nK

1

ε4
+

σ

p2
√
K

1

ε3
+

κ3

p2
1

ε2

)
· LH0 K = Ω

((
1 +

κ
√
np

)
σ

ε

)
(2)

To interpret the bound in (2), note we have when Φ(x0)−Φ∗ = O(1) that H0 = O
(
1 + 1

µ2Kκp

)
.

Further balancing T and K gives

T = O

(
κ3

p2ε2

)
LH0 K = O

(
p2σ2

κ2nε2
∨
(
1 +

κ
√
np

)
σ

ε

)
The theorem above demonstrates how the convergence rate is affected by the accuracy parame-
ter ε > 0 which ε vanishes to zero, K-GT-Minimax converges to an ε-stationary point within
T = O(1/ε2) communication rounds, each round comprising K = O(1/ε2) local updates. Such
convergence rates incorporate and balance among heterogeneity, local updates and model robust-
ness. We list a table of comparison in Table 1.

3. Conclusion

In conclusion, this work introduces K-GT-Minimax, a pioneering decentralized minimax opti-
mization algorithm for federated learning environments. By incorporating gradient tracking and lo-
cal updates, K-GT-Minimax achieves state-of-the-art theoretical communication efficiency, show-
casing its superiority over existing methods in terms of convergence rates and scalability. We hope
our work addresses the critical challenges of data heterogeneity, communication efficiency and data
heterogeneity robustness in federated learning setups.

1. Wij > 0 if and only if i and j are connected.
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Algorithm Query Communication Decentralized LU DH

MLSGDA [15] κ4/nϵ4 κ3/ϵ3 × ✓ ×
SAGDA [21] κ4/nϵ4 κ2/ϵ2 × ✓ ×

Fed-Norm-SGDA [16] κ4/nϵ4 κ2/ϵ2 × ✓ ×
DM-HSGD [19] κ3/ϵ3 κ3/ϵ3 ✓ × ✓

DREAM [2] κ3/ϵ3 κ2/ϵ2 ✓ × ✓
K-GT-Minimax (This work) κ/nϵ4 κ3/ϵ2 ✓ ✓ ✓

Table 1: Comparison of K-GT-Minimax with related algorithms for decentralized minimax opti-
mization, highlighting stochastic gradient oracle complexity, communication rounds, de-
centralization, local updates (LU) and data heterogeneity (DH) robustness.
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Appendix A. Proof of Main Theorem

To prepare for the proof, we introduce some notions.

• The client variance quantifies how much variables x and y deviate from its average model
across global steps:

Ξx
t ≡

1

n

n∑
i=1

E∥x(t)
i − x̄(t)∥2

and

Ξy
t ≡

1

n

n∑
i=1

E∥y(t)
i − ȳ(t)∥2

• The client drift quantifies how variables x and y deviate from its averaged model across local
steps:

exk,t ≡
1

n

n∑
i=1

E∥x(t)+k
i − x̄(t)∥2 Ext ≡

K−1∑
k=0

exk,t

and

eyk,t ≡
1

n

n∑
j=1

E∥y(t)+k
j − ȳ(t)∥2 Eyt ≡

K−1∑
k=0

eyk,t

where Ext characterizes the accumulation of local steps for variable x and analogously Eyt for
y.

• The quality of correction that assesses the accuracy of the gradient correction across local
steps, aiming to closely align local updates with global updates:

γxt =
1

nL2
E
∥∥∥Cx,(t) +∇xf

(
X̄(t), Ȳ(t)

)
−∇xf

(
X̄(t), Ȳ(t)

)
J
∥∥∥2
F

and
γyt =

1

nL2
E
∥∥∥Cy,(t) +∇yf

(
X̄(t), Ȳ(t)

)
−∇yf

(
X̄(t), Ȳ(t)

)
J
∥∥∥2
F

• The consensus distance for variable y which quantifies the difference between the averaged
value ȳ(t) and the optimal value (when x equals its average x̄(t)) of ŷ(t) = argmaxy∈Rdy f(x̄(t),y):

εt = ∥ȳ(t) − ŷ(t)∥2

With these notions we present recursion bounds for the aforementioned client variance and
client drift, along with the quality of correction, for both variables x and y. We finally discuss the
consensus distance specifically for variable y.

We first bound the local drift for variables x and y as

Lemma 2 Suppose ηxc , η
y
c ≤ 1

8KL we have

Ext ≤ 3KΞx
t +12K2(ηxc )

2L2Eyt +12K3(ηxc )
2L2γxt +12K3(ηxc )

2L2εt+12K3(ηxc )
2E
∥∥∥∇Φ(x̄(t))

∥∥∥2+3K2(ηxc )
2σ2

and

Eyt ≤ 3KΞy
t + 12K2(ηyc )

2L2Ext + 12K3(ηyc )
2L2γyt + 6K3(ηyc )

2L2εt + 3K2(ηyc )
2σ2
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Set ηx ≡ ηxs η
x
c and ηy ≡ ηys η

y
c . We now bound the client variance for variables x and y, as

follows

Lemma 3 We have

Ξx
t+1 ≤

(
1− p

2

)
Ξx
t +

6K(ηx)2L2

p

(
Ext + Eyt

)
+

6K2(ηx)2L2

p
γxt +K(ηx)2σ2

Ξy
t+1 ≤

(
1− p

2

)
Ξy
t +

6K(ηy)2L2

p

(
Ext + Eyt

)
+

6K2(ηy)2L2

p
γyt +K(ηy)2σ2

In the upcoming we bound the quality of correction for variables x and y

Lemma 4 Suppose ηx, ηy ≤
√
p

2
√
6KL

we have

γxt+1 ≤
(
1− p

2

)
γxt +

30

pK

(
Ext + Eyt

)
+
12K2L2

p

(
2(ηx)2 + (ηy)2

)
εt+

24K2(ηx)2

p
E
∥∥∥∇Φ(x̄(t))

∥∥∥2+ 2σ2

KL2

(3)

γyt+1 ≤
(
1− p

2

)
γyt +

30

pK

(
Ext + Eyt

)
+
12K2L2

p

(
2(ηx)2 + (ηy)2

)
εt+

24K2(ηx)2

p
E
∥∥∥∇Φ(x̄(t))

∥∥∥2+ 2σ2

KL2

(4)

In the following we bound on the consensus distance for variable y

Lemma 5 Suppose ηx ≤ ηy

4
√
6κ2 and ηy ≤ 1

KL we have

εt+1 ≤
(
1− KηyL

6κ

)
εt + 12ηyLκ

(
Ext + Eyt

)
+

16κ3K(ηx)2

ηyL
E
∥∥∥∇Φ(x̄(t))

∥∥∥2 + 8ηyκ

nL
σ2

We further have the following bound on EΦ(x̄(t+1))

Lemma 6 Suppose ηx ≤ 1
16KLκ we have the following

E
[
Φ(x̄(t+1))− Φ(x̄(t))

]
≤ −ηxK

4
E
∥∥∥∇Φ(x̄(t))

∥∥∥2 + 2ηxL2
(
Ext + Eyt

)
+ 2L2ηxKεt +

K(ηx)2Lκ

n
σ2

Let v > 1 be a global constant to be determined in our upcoming Lyapunov analysis. In light of
Lemma 6 we set the Lyapunov function as

Ht = E
[
Φ(x̄(t))− Φ(x∗)

]
+Bxηyc LΞ

x
t +Byηyc LΞ

y
t +AxK2L3(ηyc )

3γxt +AyK2L3(ηyc )
3γyt + C

1

Kκp
εt

(5)
Then we have the following recursion for (5):

Lemma 7 Suppose ηxc = ηyc
κ2 with ηyc = p

300v·κKL , ηxs = ηys = v · p, then one can choose global
constant v > 1 such that Ax = Ay = 108v3+54v

p , Bx = By = 6v
p and C = 1

24 so as to ensure
Cx
4 = Θ(1) and Cy

4 = O(1). We have

Ht+1 −Ht ≤ −Cx
4KηxE

∥∥∥∇Φ(x̄(t))
∥∥∥2 + Cy

4

p
(KL)2(ηyc )

3σ2 +
K(ηx)2Lκ

n
σ2+C

8ηy

nLKp
σ2

(6)

With all preliminary lemmas at hand we are ready for the final proof of our main theorem.
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Proof of Theorem 1. Taking telescoping sum on both sides of (6) for t = 0, 1, . . . , T − 1 gives

1

T

T−1∑
t=0

(Ht+1 −Ht) =
1

T
(HT −H0)

≤ −Cx
4Kηx

1

T

T−1∑
t=0

E
∥∥∥∇Φ(x̄(t))

∥∥∥2 + Cy
4

p
(KL)2(ηxc )

3σ2 +
K(ηx)2Lκ

n
σ2+C

8ηy

nLKp
σ2

yielding

1

T

T−1∑
t=0

E
∥∥∥∇Φ(x̄(t))

∥∥∥2 ≤ H0 −HT

TCx
4

1

Kηx
+

ηxLκ

nCx
4

σ2 +

Cy
4
p KL2(ηxc )

3

Cx
4 η

x
σ2+C

8ηy

nLCx
4K

2pηx
σ2

≤ H0

TCx
4

1

Kηx
+

ηxLκ

nCx
4

σ2 +
Cy
4KL2(ηx)2

Cx
4 v

3p4
σ2+

8Cηy

nLCx
4K

2pηx
σ2

(7)
Given desired accuracy ε > 0 since we want the expected squared gradient norm of the randomized
output 1

T

∑T−1
t=0 E

∥∥∇Φ(x̄(t))
∥∥2 ≤ 4ε2 we need to calibrate given the choice of Cx

4 , Cy
4 , ηx and

ηy. We make K ≳ κ√
np

σ
ε so the last term is bounded by ε2. Using stepsize tuning lemma exempli-

fied by Koloskova et al. [6, Lemma 17] guarantees the existence of constant stepsize such that the
average of accumulation of gradient is upper bounded by

1

T

T−1∑
t=0

E
∥∥∥∇Φ(x̄(t))

∥∥∥2 ≤ O(√σ2LH0

nKT
+

(
σLH0

p2
√
KT

) 2
3

+
κ3LH0

p2T

)

so the complexity of communication T given local steps K isO
(

σ2

nK
1
ε4

+ σ
p2

√
K

1
ε3

+ κ3

p2
1
ε2

)
·LH0.

Here since the initialization is shared across clients we have x(0) = x
(0)
i for all i ∈ [n] and the

way correction terms c
x,(0)
i , c

y,(0)
i are defined ensures H0 = O

(
f(x(0))− f(x⋆) + ε0

Kκp

)
and

ε0 = O
(

q
µ2

)
.

Appendix B. Deferred Auxiliary Proofs

B.1. Proof of Lemma 2

Lemma 8 Using Assumption 2 and Young’s Inequality we have

E
∥∥∥∇xf

(
x̄(t), ȳ(t)

)∥∥∥2 ≤ 2L2εt + 2E
∥∥∥∇Φ(x̄(t))

∥∥∥2 E
∥∥∥∇yf

(
x̄(t), ȳ(t)

)∥∥∥2 ≤ L2εt

Proof [Proof of Lemma 8] We can write

E
∥∥∥∇xf

(
x̄(t), ȳ(t)

)∥∥∥2 = E
∥∥∥∇xf

(
x̄(t), ȳ(t)

)
−∇xf

(
x̄(t), ŷ(t)

)
+∇xf

(
x̄(t), ŷ(t)

)∥∥∥2
≤ 2L2E

∥∥∥ȳ(t) − ŷ(t)
∥∥∥2 + 2E

∥∥∥∇Φ(x̄(t))
∥∥∥2 = 2L2εt + 2E

∥∥∥∇Φ(x̄(t))
∥∥∥2

10
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Moreover,

E
∥∥∥∇yf

(
x̄(t), ȳ(t)

)∥∥∥2 = E
∥∥∥∇yf

(
x̄(t), ȳ(t)

)
−∇yf

(
x̄(t), ŷ(t)

)∥∥∥2 ≤ L2εt (8)

The equality in (8) holds due to the fact that∇yf
(
x̄(t), ŷ(t)

)
= 0.

Proof [Proof of Lemma 2] For K = 1 the inequalities obviously hold since Ext = Ξx
t = 1

nE
∥∥X(t) − X̄(t)

∥∥2
F

and Eyt = Ξy
t = 1

nE
∥∥Y(t) − Ȳ(t)

∥∥2
F

and other terms on the RHSs are positive. For K ≥ 2 we have

nexk,t ≡ E
∥∥∥X(t)+k − X̄(t)

∥∥∥2
F

= E
∥∥∥X(t)+k−1 − ηxc

(
∇xF

(
X(t)+k−1,Y(t)+k−1; ξ(t)+k−1

)
+Cx,(t)

)
− X̄(t)

∥∥∥2
F

≤
(
1 +

1

K − 1

)
E
∥∥∥X(t)+k−1 − X̄(t)

∥∥∥2 + n(ηxc )
2σ2

+K(ηxc )
2E
∥∥∥∇xf

(
X(t)+k−1,Y(t)+k−1

)
−∇xf

(
X̄(t), Ȳ(t)

)
+Cx,(t)

+∇xf
(
X̄(t), Ȳ(t)

)
(I− J) +∇xf

(
X̄(t), Ȳ(t)

)
J
∥∥∥2
F

≤
(
1 +

1

K − 1
+ 4K(ηxc )

2L2

)
︸ ︷︷ ︸

≡q

E
∥∥∥X(t)+k−1 − X̄(t)

∥∥∥2
F
+ 4K(ηxc )

2L2E
∥∥∥Y(t)+k−1 − Ȳ(t)

∥∥∥2
F

+ 4K(ηxc )
2L2nγxt + 2K(ηxc )

2nE
∥∥∥∇xf

(
x̄(t), ȳ(t)

)∥∥∥2 + n(ηxc )
2σ2

≤ qkE
∥∥∥X(t) − X̄(t)

∥∥∥2
F

+
k−1∑
r=0

qr
(
4K(ηxc )

2L2E
∥∥∥Y(t)+k−1 − Ȳ(t)

∥∥∥2
F
+ 4K(ηxc )

2L2nγxt + 2K(ηxc )
2nE

∥∥∥∇xf
(
x̄(t), ȳ(t)

)∥∥∥2 + n(ηxc )
2σ2

)

If the condition ηxc ≤ 1
8KL holds, then it follows that 4K (ηxc L)

2 ≤ 1
16K < 1

16(K−1) . Given q > 1,

it can be established that qk ≤ qK ≤
(
1 + 1

K−1 + 1
16(K−1)

)K
≤ e1+

1
16 ≤ 3, and

∑k−1
r qr ≤

KqK ≤ 3K. Now, we can obtain a bound on client drift for variable x

Ext =
K−1∑
k=0

exk,t ≤ 3KΞx
t + 12K2(ηxc )

2L2Eyt + 12K3(ηxc )
2L2γxt + 6K3(ηxc )

2E
∥∥∥∇xf

(
x̄(t), ȳ(t)

)∥∥∥2 + 3K2(ηxc )
2σ2

(9)
Similarly, a bound on client drift for variable y can be formulated by

Eyt =

K−1∑
k=0

eyk,t ≤ 3KΞy
t + 12K2(ηyc )

2L2Ext + 12K3(ηyc )
2L2γyt + 6K3(ηyc )

2E
∥∥∥∇yf

(
x̄(t), ȳ(t)

)∥∥∥2 + 3K2(ηyc )
2σ2

(10)
Using Lemma 8 in (9) and (10) will complete the proof.

11
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B.2. Proof of Lemma 3
Proof [Proof of Lemma 3] Using the update rule from Algorithm 1, we can bound the client variance
for variable x

nΞx
t+1 = E

∥∥∥X(t+1) − X̄(t+1)
∥∥∥2

= E

∥∥∥∥∥
(
X(t) − ηx

K−1∑
k=0

(
∇xF

(
X(t)+k,Y(t)+k; ξ(t)+k

)
+Cx,(t)

))
(W − J)

∥∥∥∥∥
2

F

(a)

≤ (1− p)E

∥∥∥∥∥
(
X(t) − ηx

K−1∑
k=0

(
∇xf

(
X(t)+k,Y(t)+k

)
+Cx,(t)

))
(I− J)

∥∥∥∥∥
2

F

+ nK(ηx)2σ2

≤ nK(ηx)2σ2 + (1 + α)(1− p)E
∥∥∥X(t)(I− J)

∥∥∥2
F

+

(
1 +

1

α

)
(ηx)2E

∥∥∥∥∥
[
K−1∑
k=0

∇xf
(
X(t)+k,Y(t)+k

)
−K∇xf

(
X̄(t), Ȳ(t)

)
+K∇xf

(
X̄(t), Ȳ(t)

)]
(I− J) +KCx,(t)

∥∥∥∥∥
2

F

(b)

≤ nK(ηx)2σ2 +
(
1− p

2

)
E
∥∥∥X(t) − X̄(t)

∥∥∥2
F

+
6

p

(
K(ηx)2L2∥I− J∥2

(
K−1∑
k=0

∥∥∥X(t)+k − X̄(t)
∥∥∥2
F
+

K−1∑
k=0

E
∥∥∥Y(t)+k − Ȳ(t)

∥∥∥2
F

)

+K2(ηx)2E
∥∥∥∇xf

(
X̄(t), Ȳ(t)

)
(I− J) +Cx,(t)

∥∥∥2
F

)
≤
(
1− p

2

)
nΞx

t +
6K(ηx)2L2

p
n (Ext + Eyt ) +

6K2(ηx)2L2

p
nγx

t + nK(ηx)2σ2

where we used Assumption 4 in (a) and α = p
2 , p ≤ 1 in (b). Similarly, we can derive an upper

bound on client variance for variable y, thereby concluding the proof.

B.3. Proof of Lemma 4

Lemma 9 If we initialize Cx,(0) and Cy,(0) as below

c
x,(0)
i = −∇xFi

(
x(0),y(0); ξi

)
+

1

n

n∑
j=1

∇xFj

(
x(0),y(0); ξj

)
c
y,(0)
i = −∇yFi

(
x(0),y(0); ξi

)
+

1

n

n∑
j=1

∇yFj

(
x(0),y(0); ξj

) (11)

then the averaged correction for variables x and y in any communication round equals to zero.

Proof [Proof of Lemma 9] According to Algorithm 1 we have

Cx,(t+1)J = Cx,(t)J+
1

Kηxc

(
X(t) −X(t)+K

)
(W − I)J = Cx,(t)J

Using the initialization assumption in (11), we have Cx,(t)J = Cx,(0)J = 0. Similarly, we have
Cy,(t)J = Cy,(0)J = 0.

Let ∆x
t+1 ≡ E

∥∥x̄(t+1) − x̄(t)
∥∥2, ∆y

t+1 ≡ E
∥∥ȳ(t+1) − ȳ(t)

∥∥2. We have

12
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Lemma 10 The sum of averaged progress between communications for variables x and y can be
bounded by

∆x
t+1 +∆y

t+1 ≤ 2KL2
(
(ηx)2 + (ηy)2

) (
Ext + Eyt

)
+ 2K2L2

(
2(ηx)2 + (ηy)2

)
εt

+ 4K2(ηx)2E
∥∥∥∇Φ(x̄(t))∥∥∥2 + Kσ2

n

(
(ηx)2 + (ηy)2

)
Proof [Proof of Lemma 10] First, we derive an upper bound on the averaged progress for variable
x as follows

∆x
t+1 = E

∥∥∥x̄(t+1) − x̄(t)
∥∥∥2 = (ηx)2E

∥∥∥∥∥∥ 1n
∑
i,k

∇xFi

(
x
(t)+k
i ,y

(t)+k
i ; ξ(t)+k

)
+

K

n

∑
i

c
x,(t)
i

∥∥∥∥∥∥
2

(a)

≤ 2K(ηx)2

n

∑
i,k

E
∥∥∥∇xfi

(
x
(t)+k
i ,y

(t)+k
i

)
−∇xfi

(
x̄
(t)
i , ȳ

(t)
i

)∥∥∥2 + 2K2(ηx)2E
∥∥∥∇xf

(
x̄
(t)
i , ȳ

(t)
i

)∥∥∥2 + Kη2xσ
2

n

≤ 2K(ηx)2L2

n

∑
i,k

(
E
∥∥∥x(t)+k

i − x̄(t)
∥∥∥2 + E

∥∥∥yi
(t)+k − ȳ(t)

∥∥∥2)+ 2K2(ηx)2E
∥∥∥∇xf

(
x̄i

(t), ȳ
(t)
i

)∥∥∥2 + Kη2xσ
2

n

(b)

≤ 2K(ηx)2L2
(
Ext + Eyt

)
+ 2K2(ηx)2

(
2L2εt + 2E

∥∥∥∇Φ(x̄(t))
∥∥∥2)+

Kη2xσ
2

n
(12)

Similar to the above derivations, we have

∆y
t+1 = E

∥∥∥ȳ(t+1) − ȳ(t)
∥∥∥2 ≤ 2K2(ηy)2L2

(
Ext + Eyt

)
+ 2K2(ηy)2E

∥∥∥∇yf
(
x̄
(t)
i , ȳ

(t)
i

)∥∥∥2 + K(ηy)2σ2

n
(c)

≤ 2K(ηy)2L2
(
Ext + Eyt

)
+ 2K2(ηy)2L2εt +

K(ηy)2σ2

n
(13)

We used Lemma 9, 8, and 8 in (a), (b), and (c), respectively. Combining (12) and (13) completes
the proof.

13
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Proof [Proof of Lemma 4] We have

nL2γxt+1 −
nσ2

K

≡ E
∥∥∥Cx,(t+1) +∇xf

(
X̄(t+1), Ȳ(t+1)

)
(I− J)

∥∥∥2
F
− nσ2

K

= E

∥∥∥∥∥Cx,(t)W +
1

K

K−1∑
k=0

∇xF
(
X(t)+k,Y(t)+k; ξ(t)+k

)
(W − I) +∇xf

(
X̄(t+1), Ȳ(t+1)

)
(I− J)

∥∥∥∥∥
2

F

− nσ2

K

≤ E

∥∥∥∥∥(Cx,(t) +∇xf
(
X̄(t), Ȳ(t)

)
(I− J)

)
W +

(
1

K

K−1∑
k=0

∇xf
(
X(t)+k,Y(t)+k

)
−∇xf

(
X̄(t), Ȳ(t)

))
(W − I)

+
(
∇xf

(
X̄(t+1), Ȳ(t+1)

)
−∇xf

(
X̄(t), Ȳ(t)

))
(I− J)

∥∥∥2
F

(a)

≤ (1 + α)(1− p)nL2γxt

+ 2

(
1 +

1

α

)[
∥W − I∥2L

2

K

K−1∑
k=0

(
E
∥∥∥X(t)+k − X̄(t)

∥∥∥2 + E
∥∥∥Y(t)+k − Ȳ(t)

∥∥∥2)
+∥I− J∥2nL2

(
E
∥∥∥x̄(t+1) − x̄(t)

∥∥∥2 + E
∥∥∥ȳ(t+1) − ȳ(t)

∥∥∥2)]
(b)

≤
(
1− p

2

)
nL2γxt +

6

p

(
4L2n

K

(
Ext + Eyt

)
+ nL2

(
∆x

t+1 +∆y
t+1

))
where in (b) we applied α = p

2 ,
1
p ≥ 1, and in (a) we applied Assumption 4 and the fact that(

Cx,(t) +∇xf
(
X̄(t), Ȳ(t)

)
(I− J)

)
J = Cx,(t)J+∇xf

(
X̄(t), Ȳ(t)

)
(J− J) = 0

where in the last equality we used Lemma 9. Using Lemma 10 to bound ∆x
t+1 +∆y

t+1 we have

γxt+1 ≤
(
1− p

2

)
γxt +

1

p

(
24

K
+ 12K(ηx)2L2 + 12K(ηy)2L2

)(
Ext + Eyt

)
+

12K2L2

p

(
2(ηx)2 + (ηy)2

)
εt +

24K2(ηx)2

p
E
∥∥∥∇Φ(x̄(t))

∥∥∥2 + 6Kσ2
(
(ηx)2 + (ηy)2

)
np

+
σ2

KL2

Applying the conditions on the step sizes will result in (3). In a similar fashion, we can show (4).

B.4. Proof of Lemma 5

Lemma 11 Using Proposition 13 and assuming that ηy ≤ 1
KL , we have the following bound on

E
∥∥ŷ(t) − ȳ(t+1)

∥∥2 for any α > 0:

E
∥∥∥ŷ(t) − ȳ(t+1)

∥∥∥2 ≤ (1 + α) (1−Kηyµ) εt +

(
1 +

1

α

)
(ηy)2L2K (Ex + Ey) +

Kη2yσ
2

n

14
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Proof [Proof of Lemma 11] If we replace x = x̄(t), y = ȳ(t), and y′ = ŷ(t) in Proposition 13, we
have

∇yf(x̄
(t), ȳ(t))⊤(ȳ(t) − ŷ(t)) +

1

2L

∥∥∥∇yf(x̄
(t), ȳ(t))

∥∥∥2 + µ

2
∥ȳ(t) − ŷ(t)∥2 ≤ 0 (14)

We can also write that

E
∥∥∥ŷ(t) − ȳ(t) −Kηy∇yf

(
x̄(t), ȳ(t)

)∥∥∥2
= E

∥∥∥ŷ(t) − ȳ(t)
∥∥∥2 − 2KηyE

〈
ŷ(t) − ȳ(t),∇yf

(
x̄(t), ȳ(t)

)〉
+K2(ηy)2E

∥∥∥∇yf
(
x̄(t), ȳ(t)

)∥∥∥2
= E

∥∥∥ŷ(t) − ȳ(t)
∥∥∥2 + 2Kηy

(
E
〈
ȳ(t) − ŷ(t),∇yf

(
x̄(t), ȳ(t)

)〉
+

Kηy

2
E
∥∥∥∇yf

(
x̄(t), ȳ(t)

)∥∥∥2)
(a)

≤ E
∥∥∥ŷ(t) − ȳ(t)

∥∥∥2 + 2Kηy
(
−µ

2
E
∥∥∥ŷ(t) − ȳ(t)

∥∥∥2) = (1−Kηyµ) εt

In (a), we used the assumption that ηy ≤ 1
KL and (14). Now, we can write

E
∥∥∥ŷ(t) − ȳ(t+1)

∥∥∥2 − Kη2yσ
2

n

(b)
= E

∥∥∥∥∥∥ŷ(t) − ȳ(t) − ηy

n

∑
i,k

∇yFi

(
x
(t)+k
i ,y

(t)+k
i ; ξ(t)+k

)∥∥∥∥∥∥
2

−
Kη2yσ

2

n

≤ E

∥∥∥∥∥∥ŷ(t) − ȳ(t) −Kηy∇yf
(
x̄(t), ȳ(t)

)
− ηy

n

∑
i,k

∇yfi

(
x
(t)+k
i ,y

(t)+k
i

)
+

ηy

n

∑
i,k

∇yfi

(
x̄(t), ȳ(t)

)∥∥∥∥∥∥
2

≤ (1 + α)E
∥∥∥ŷ(t) − ȳ(t) −Kηy∇yf

(
x̄(t), ȳ(t)

)∥∥∥2
+

(
1 +

1

α

)
(ηy)2K

n

∑
i,k

E
∥∥∥∇yfi

(
x
(t)+k
i , y

(t)+k
i

)
−∇yfi

(
x̄(t), ȳ(t)

)∥∥∥2
≤ (1 + α) (1−Kηyµ) εt +

(
1 +

1

α

)
(ηy)2L2K (Ex + Ey)

where in step (b) we used Lemma 9 i.e., 1
n

∑
i c

y,(t)
i = 0.

15
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Proof [Proof of Lemma 5] We have

εt+1

(a)

≤ (1 + β)E
∥∥∥ŷ(t) − ȳ(t+1)

∥∥∥2 + (1 + 1

β

)
E
∥∥∥ŷ(t+1) − ŷ(t)

∥∥∥2
≤ (1 + β)(1 + α) (1−Kηyµ) εt

+ (1 + β)

(
1 +

1

α

)
(ηy)2L2K

(
Ext + Eyt

)
+ (1 +

1

β
)κ2E

∥∥∥x̄(t+1) − x̄(t)
∥∥∥2 + (1 + β)

K(ηy)2σ2

n

(b)

≤
(
1− Kηyµ

3

)
εt +

6ηyL2

µ

(
Ext + Eyt

)
+

4ηyσ2

nµ

+
4κ2

Kηyµ

(
2K(ηx)2L2

(
Ext + Eyt

)
+ 4K2L2(ηx)2εt + 4K2(ηx)2E∥∇Φ(x̄(t))∥2 + K(ηx)2σ2

n

)
=

(
1− KηyL

3κ
+

16Lκ3K(ηx)2

ηy

)
εt

+

(
8Lκ3(ηx)2

ηy
+ 6ηyLκ

)(
Ext + Eyt

)
+

16κ3K(ηx)2

ηyL
E
∥∥∥∇Φ(x̄(t))

∥∥∥2 + 4κ3(ηx)2σ2

nηyL
+

4ηyσ2κ

nL

Using the assumption ηx ≤ ηy

4
√
6κ2 completes the proof. In (a), we used the bound in Lemma 11

for the first term and Proposition 12 for the second term. In (b), we replaced α = β = Kηyµ
3 and

used (12) in Lemma 10.

B.5. Proof of Lemma 6

Proof [Proof of Lemma 6] Proposition 12 indicates that Φ(·) is 2κL-smooth, and hence yields

Φ(x̄(t+1)) = Φ

x̄(t) − ηx

n

∑
i,k

(
∇xFi

(
x
(t)+k
i ,y

(t)+k
i ; ξ

(t)+k
i

)
+ c

x,(t)
i

)
≤ Φ(x̄(t)) +

〈
∇Φ(x̄(t)),−ηx

n

∑
i,k

(
∇xFi

(
x
(t)+k
i ,y

(t)+k
i ; ξ

(t)+k
i

)
+ c

x,(t)
i

)〉
︸ ︷︷ ︸

≡U

+κLE
∥∥∥x̄(t+1) − x̄(t)

∥∥∥2

16
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Further derivation of an upper bound for E[U ] as follows gives

E[U ] ≡ E

〈
∇Φ(x̄(t)),−ηx

n

∑
i,k

(
∇xFi

(
x
(t)+k
i ,y

(t)+k
i ; ξ

(t)+k
i

)
+ c

x,(t)
i

)〉

= E

〈
∇Φ(x̄(t)),−ηx

n

∑
i,k

E
ξ
(t)+k
i

∇xFi

(
x
(t)+k
i ,y

(t)+k
i ; ξ

(t)+k
i

)〉

= −ηxE

〈
∇Φ(x̄(t)),

1

n

∑
i,k

(
∇xfi

(
x
(t)+k
i ,y

(t)+k
i

)
−∇xfi

(
x̄(t), ȳ(t)

)
+∇xfi

(
x̄(t), ȳ(t)

)
−∇xfi

(
x̄(t), ŷ(t)

)
+∇xfi

(
x̄(t), ŷ(t)

))〉
= −KηxE

∥∥∥∇Φ(x̄(t))
∥∥∥2

− ηx

n

∑
i,k

〈
∇Φ(x̄(t)),∇xfi

(
x
(t)+k
i ,y

(t)+k
i

)
−∇xfi

(
x̄(t), ȳ(t)

)
+∇xfi

(
x̄(t), ȳ(t)

)
−∇xfi

(
x̄(t), ŷ(t)

)〉
≤ −Kηx

2
E
∥∥∥∇Φ(x̄(t))

∥∥∥2
+

ηx

n

∑
i,k

(
E
∥∥∥∇xfi

(
x
(t)+k
i ,y

(t)+k
i

)
−∇xfi

(
x̄(t), ȳ(t)

)∥∥∥2 + E
∥∥∥∇xfi

(
x̄(t), ȳ(t)

)
−∇xfi

(
x̄(t), ŷ(t)

)∥∥∥2)
≤ −Kηx

2
E
∥∥∥∇Φ(x̄(t))

∥∥∥2 + ηxL2
(
Ext + Eyt

)
+KηxL2εt

Now, we apply the above upper bound for E[U ] and (12) in the proof of Lemma 10 as follows

E
[
Φ(x̄(t+1))− Φ(x̄(t))

]
≤ ηxL2

(
Ext + Eyt

)
+ L2ηxKεt −

ηxK

2
E
∥∥∥∇ϕ(x̄(t))

∥∥∥2 + κLE
∥∥∥x̄(t+1) − x̄(t)

∥∥∥2
≤ EΦ(x̄(t)) +

(
ηxL2 + 2K(ηx)2L3κ

) (
Ext + Eyt

)
+

K(ηx)2Lκσ2

n
+
(
L2ηxK + 4K2L3(ηx)2κ

)
εt +

(
4K2(ηx)2Lκ− ηxK

2

)
E
∥∥∥∇ϕ(x̄(t))

∥∥∥2
Applying the assumption ηx ≤ 1

16KLκ completes the proof.

B.6. Proof of Lemma 7
Proof [Proof of Lemma 7] According to the Lemma 2, we have

0 ≤ −Ex L

K
ηyc Ext + 3ExLηyc Ξ

x
t + 12ExK(ηxc )

2ηyc L
3Eyt + 12ExK2(ηxc )

2ηyc L
3γx

t

+ 12ExK2(ηxc )
2ηyc L

3εt + 12ExK2(ηxc )
2ηyc LE

∥∥∥∇Φ(x̄(t))
∥∥∥2 + 3ExK(ηxc )

2ηyc Lσ
2

0 ≤ −Ey L

K
ηyc E

y
t + 3EyLηyc Ξ

y
t + 12EyK(ηyc )

3L3Ext + 12EyK2(ηyc )
3L3γy

t + 6EyK2(ηyc )
3L3εt + 3EyK(ηyc )

3Lσ2

(15)

17
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By applying the definition of Ht from (5) and using (15), Lemmas 2, 3, 4, 5 and 6, we have

Ht+1 −Ht

= E
[
Φ(x̄(t+1))− Φ(x̄(t))

]
+Bxηyc L(Ξ

x
t+1 − Ξx

t ) +Byηyc L(Ξ
y
t+1 − Ξy

t )

+AxK2L3(ηyc )
3(γx

t+1 − γx
t ) +AyK2L3(ηyc )

3(γy
t+1 − γy

t )

+ C
1

Kκp
(εt+1 − εt) + 0 + 0

≤ 2ηxL2 (Ext + Eyt ) + 2L2ηxKεt −
ηxK

4
E
∥∥∥∇Φ(x̄(t))

∥∥∥2 + K(ηx)2Lσ2κ

n

+Bxηyc L

(
−p

2
Ξx
t +

6K(ηx)2L2

p
(Ext + Eyt ) +

6K2(ηx)2L2

p
γx
t +K(ηx)2σ2

)
+Byηyc L

(
−p

2
Ξy
t +

6K(ηy)2L2

p
(Ext + Eyt ) +

6K2(ηy)2L2

p
γy
t +K(ηy)2σ2

)
+AxK2L3(ηyc )

3

(
−p

2
γx
t +

30

pK
(Ext + Eyt ) +

12K2L2

p

(
2(ηx)2 + (ηy)2

)
εt +

24K2(ηx)2

p
E
∥∥∥∇Φ(x̄(t))

∥∥∥2 + 2σ2

KL2

)
+AyK2L3(ηyc )

3

(
−p

2
γy
t +

30

pK
(Ext + Eyt ) +

12K2L2

p

(
2(ηx)2 + (ηy)2

)
εt +

24K2(ηx)2

p
E
∥∥∥∇Φ(x̄(t))

∥∥∥2 + 2σ2

KL2

)
+ C

1

Kκp

(
−KηyL

6κ
εt + 12ηyLκ (Ext + Eyt ) +

16κ3K(ηx)2

ηyL
E
∥∥∥∇Φ(x̄(t))

∥∥∥2 + 8ηyσ2κ

nL

)
− Ex L

K
ηyc Ext + 3ExLηyc Ξ

x
t + 12ExK(ηxc )

2ηyc L
3Eyt + 12ExK2(ηxc )

2ηyc L
3γx

t

+ 12ExK2(ηxc )
2ηyc L

3εt + 12ExK2(ηxc )
2ηyc LE

∥∥∥∇Φ(x̄(t))
∥∥∥2 + 3ExK(ηxc )

2ηyc Lσ
2

− Ey L

K
ηyc E

y
t + 3EyLηyc Ξ

y
t + 12EyK(ηyc )

3L3Ext + 12EyK2(ηyc )
3L3γy

t + 6EyK2(ηyc )
3L3εt + 3EyK(ηyc )

3Lσ2

Further rearranging gives

Ht+1 −Ht ≤Cx
1 · (ηyc )3K2L3γxt + Cy

1 · (η
y
c )

3K2L3γyt + Cx
2 · Ξx

t η
y
c L+ Cy

2 · Ξ
y
t η

y
c L+

L

K
ηyc Ext

+ Cy
3 ·

L

K
ηyc E

y
t + Cε

4 ·
Lηyc
κ2

εt + Cx
4 ·KηxE

∥∥∥∇Φ(x̄(t))
∥∥∥2

+
Cy
4

p
·KL(ηyc )

3σ2 +
K(ηx)2Lκ

n
σ2+C

8ηy

nLKp
σ2
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where constants Cx
1 , C

y
1 , C

x
2 , C

y
2 , C

x
3 , C

ε
4 , C

x
4 and Cy

4 are chosen such that

−Ax p

2
+Bx 6(η

x
s )

2

p
+ 12Ex ≤ Cx

1

−Ay p

2
+By 6(η

y
s )

2

p
+ 12Ey ≤ Cy

1

−Bx p

2
+ 3Ex ≤ Cx

2

−By p

2
+ 3Ey ≤ Cy

2

− Ex +Bx 6K
2L2(ηx)2

p
+By 6K

2L2(ηy)2

p
+Ax 30(η

y
c )

2L2K2

p
+Ay 30(η

y
c )

2L2K2

p

+ 12EyK2L2(ηyc )
2 + 2ηxKL+ C

12ηys
p
≤ Cx

3

− C
ηys
6p

+Ax 12K
4L4

p
(ηyc )

2 · 3(ηy)2κ2 +Ay 12K
4L4

p
(ηyc )

2 · 3(ηy)2κ2

+ 12ExK2L2(ηxc )
2κ2 + 6EyK2L2(ηyc )

2κ2 + 2LKκ2 η
x

ηyc
≤ Cε

4

− 1

4
+Ax 24K

3L3

p
(ηyc )

3ηx +Ay 24K
3L3

p
(ηyc )

3ηx + C
16κ2ηx

KLηyp

+ 12ExKLηyc
ηxc
ηxs
≤ Cx

4

Bx(ηxs )
2 +By(ηys )

2 + 2Ax + 2Ay + 3Ex + 3Ey ≤ Cy
4

p

By letting Ex = Ey = v, ηyc ≤ p
300vκKL , ηxc ≤

ηyc
κ2 , ηxs = ηys = pv, Bx = By = 6v

p , Ax = Ay =
1
p(72v

3+24v), and C = 1
24 , there exists a global constant v > 1 that ensures Cx

1 , Cy
1 , Cx

2 , Cy
2 , Cx

3 ,
Cy
3 , Cε

4 ≤ 0, Cx
4 < 0 and Cy

4 ≥ 0, hence proving Lemma 7.

Appendix C. Toolbox Lemmas

We introduce some technical lemmas we will use from time to time in this paper. Proofs are either
standard or can be found in provided references.

Proposition 12 ([9]) Under Assumption 2, Φ(·) is L(1+κ)-smooth. Furthermore, y∗(·) = argmaxy∈Rdy f(·,y)
is κ-Lipschitz in the sense that for any x and x′∥∥y∗(x)− y∗(x′)

∥∥ ≤ κ
∥∥x− x′∥∥

Proposition 13 ([1]) Under Assumption 2, for every x ∈ Rdx and y,y′ ∈ Rdy , we have

∇yf(x,y)
⊤ (y − y′)+ 1

2L
∥∇yf(x,y)∥2 +

µ

2

∥∥y − y′∥∥2 ≤ f
(
x,y+

)
− f

(
x,y′)

where y+ = y − 1
L∇yf(x,y).
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Lemma 14 For a set of arbitrary vectors a1, . . . , an such that ai ∈ Rdx , we have∥∥∥∥∥ 1n
n∑

i=1

ai

∥∥∥∥∥
2

≤ 1

n

n∑
i=1

∥ai∥2

Lemma 15 (Young’s + Cauchy-Schwarz Inequality) For any vectors a, b ∈ Rdx and α > 0 we
have

2⟨a, b⟩ ≤ α∥a∥2 + 1

α
∥b∥2

and
∥a+ b∥2 ≤ (1 + α)∥a∥2 + (1 +

1

α
)∥b∥2
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