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ABSTRACT

Multi-agent reinforcement learning has made substantial empirical progresses in
solving games with a large number of players. However, theoretically, the best
known sample complexity for finding a Nash equilibrium in general-sum games
scales exponentially in the number of players due to the size of the joint action
space, and there is a matching exponential lower bound. This paper investigates
what learning goals admit better sample complexities in the setting of m-player
general-sum Markov games with H steps, S states, and A; actions per player.
First, we design algorithms for learning an e-Coarse Correlated Equilibrium (CCE)

in O(H®S max; <, A;/e?) episodes, and an e-Correlated Equilibrium (CE) in
O(H%S max;<., A?/?) episodes. This is the first line of results for learning CCE
and CE with sample complexities polynomial in max;<,, A;. Our algorithm for
learning CE integrates an adversarial bandit subroutine which minimizes a weighted
swap regret, along with several novel designs in the outer loop. Second, we consider

the important special case of Markov Potential Games, and design an algorithm
that learns an e-approximate Nash equilibrium within O(S' Y e Ai/€%) episodes
(when only highlighting the dependence on S, A;, and ¢), which only depends
linearly in ) .~ A; and significantly improves over existing efficient algorithms
in the € dependence. Overall, our results shed light on what equilibria or structural
assumptions on the game may enable sample-efficient learning with many players.

1 INTRODUCTION

Multi-agent reinforcement learning (RL) has achieved substantial recent successes in solving artificial
intelligence challenges such as GO (Silver et al., 2016; 2018), multi-player games with team play
such as Starcraft (Vinyals et al., 2019) and Dota2 (Berner et al., 2019), behavior learning in social
interactions (Baker et al., 2019), and economic simulation (Zheng et al., 2020; Trott et al., 2021). In
many applications, multi-agent RL is able to yield high quality policies for multi-player games with a
large number of players (Wang et al., 2016; Yang et al., 2018).

Despite these empirical progresses, theoretical understanding of when we can sample-efficiently
solve multi-player games with a large number of players remains elusive, especially in the setting of
multi-player Markov games. A main bottleneck here is the exponential blow-up of the joint action
space—The total number of joint actions in a generic game with simultaneous plays is equal to
the product of the number of actions for each player, which scales exponentially in the number of
players. Such an exponential dependence is indeed known to be unavoidable in the worst-case for
certain standard problems. For example, for learning an approximate Nash equilibrium from payoff
queries in an one-step multi-player general-sum game, the query complexity lower bound of Chen
et al. (2015) and Rubinstein (2016) shows that at least exponentially many queries (samples) is
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required, even when each player only has two possible actions and the query is noiseless. Moreover,
for learning Nash equilibrium in Markov games, the best existing sample complexity upper bound
also scales with the size of the joint action space (Liu et al., 2021).

Nevertheless, these exponential lower bounds do not completely rule out interesting theoretical
inquiries—there may well be other notions of equilibria or additional structures within the game that
allow us to learn with a better sample complexity. This motivates us to ask the following

Question: When can we solve general-sum Markov games with sample complexity
milder than exponential in the number of players?

This paper makes steps towards answering the above question by considering multi-player general-
sum Markov games (MGs) with m players, H steps, S states, and A; actions per player. We make two
lines of investigations: (1) Can we learn alternative notions of equilibria with better sample complexity
than learning Nash; (2) Can the Nash equilibrium be learned with better sample complexity under
additional structural assumptions on the game. This paper makes contributions on both ends, which
we summarize as follows.

* We first design an algorithm that learns the e-approximate Coarse Correlated Equilibrium
(CCE) with O(H®S max;c[m) A; /) episodes of play (Section 3). Our algorithm CCE-V-
LEARNING is a multi-player adaptation of the Nash V-Learning algorithm of Bai et al. (2020).

* We design an algorithm CE-V-LEARNING which learns the stricter notion of c-approximate
Correlated Equilibrium (CE) with O(H®S max; e[, A7 /e?) episodes of play (Section 4). For
Markov games, these are the first line of sample complexity results for learning CE and CCE that
only scales polynomially with max;c[,,,) A;, and improves significantly in the A; dependency
over the current best algorithm which scales with [, ¢(,,,; Ai-

 Technically, our algorithm CE-V-LEARNING makes several major modifications over CCE-
V-LEARNING in order to learn the CE (Section 4.2). Notably, inspired by the connection
between CE and low swap-regret learning, we use a mixed-expert Follow-The-Regularized
Leader algorithm within its inner loop to achieve low swap-regret for a particular adversarial
bandit problem. Our analysis also contains new results for adversarial bandits on weighted swap
regret and weighted regret with predicable weights, which may be of independent interest.

* Finally, we consider learning Nash equilibrium in Markov Potential Games (MPGs), an important
subclass of general-sum Markov games. By a reduction to single-agent RL, we design an
algorithm NASH-CA that achieves O(® ., H?S D iem) Ai/ e3) sample complexity, where
®.hax < Hm is the bound on the potential function (Section 5). Compared with the recent result
of Leonardos et al. (2021), we significantly improves the £ dependence from their 1/¢5.

1.1 RELATED WORK

Learning equilibria in general-sum games The sample (query) complexity of learning Nash,
CE, and CCE from samples in one-step (i.e. normal form) general-sum games with m players
and A; actions per player has been studied extensively in literature (Hart & Mas-Colell, 2000;
Hart, 2005; Stoltz, 2005; Cesa-Bianchi & Lugosi, 2006; Blum & Mansour, 2007; Fearnley et al.,
2015; Babichenko & Barman, 2015; Chen et al., 2015; Fearnley & Savani, 2016; Goldberg & Roth,
2016; Babichenko, 2016; Rubinstein, 2016; Hart & Nisan, 2018). It is known that learning Nash
equilibrium requires exponential in m samples in the worst case (Rubinstein, 2016), whereas CE and
CCE admit efficient poly (m, max;<,, A;)-sample complexity algorithms by independent no-regret
learning (Hart & Mas-Colell, 2000; Hart, 2005; Syrgkanis et al., 2015; Goldberg & Roth, 2016;
Chen & Peng, 2020; Daskalakis et al., 2021). Our results for learning CE and CCE can be seen as
extension of these works into Markov games. We remark that even when the game is fully known, the
computational complexity for finding Nash in general-sum games is PPAD-hard (Daskalakis, 2013).

Markov games Markov games (Shapley, 1953; Littman, 1994) is a widely used framework for
game playing with sequential decision making, e.g. in multi-agent reinforcement learning. Algorithms
with asymptotic convergence have been proposed in the early works of Hu & Wellman (2003); Littman
(2001); Hansen et al. (2013). A recent line of work studies the non-asymptotic sample complexity for
learning Nash in two-player zero-sum Markov games (Bai & Jin, 2020; Xie et al., 2020; Bai et al.,
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2020; Zhang et al., 2020; Liu et al., 2021; Chen et al., 2021; Jin et al., 2021; Huang et al., 2021)
and learning various equilibria in general-sum Markov games (Liu et al., 2021; Bai et al., 2021),
building on techniques for learning single-agent Markov Decision Processes sample-efficiently (Azar
et al., 2017; Jin et al., 2018). Learning the Nash equilibrium in general-sum Markov games are much
harder than that in zero-sum Markov games. Liu et al. (2021) present the first line of results for
learning Nash, CE, and CCE in general-sum Markov games; however their sample complexity scales
with [, ., Ai due to the model-based nature of their algorithm. Algorithms for computing CE in
extensive-form games has been widely studied (Von Stengel & Forges, 2008; Celli et al., 2020; Farina
et al., 2021; Morrill et al., 2021), though we remark Markov games and extensive-form games are
different frameworks and our results do not imply each other.

Markov potential games Lastly, a recent line of works considers Markov potential games (Macua
et al., 2018; Leonardos et al., 2021; Zhang et al., 2021), a subset of general-sum Markov games
in which the Nash equilibrium admits more efficient algorithms. Leonardos et al. (2021) gives a
sample-efficient algorithm based on the policy gradient method (Agarwal et al., 2021). The special
case of Markov cooperative games is studied empirically in e.g. Lowe et al. (2017); Yu et al. (2021).
For one step potential games, Kleinberg et al. (2009); Palaiopanos et al. (2017); Cohen et al. (2017a)
show the convergence to Nash equilibria of no-regret dynamics.

2 PRELIMINARIES

We present preliminaries for multi-player general-sum Markov games as well as the solution concept
of (approximate) Nash equilibrium. Alternative solution concepts and other concrete subclasses of
Markov games considered in this paper will be defined in the later sections.

Markov games A multi-player general sum Markov game (MG; Shapley (1953); Littman (1994))
with m players can be described by a tuple MG(H, S, {A;}.", ,P,{r;}.~,), where H is the episode
length, S is the state space with |S| = S, A; is the action space for the i player with |A;| = A;.
Without loss of generality, we assume A4; = [A;]. We let @ := (a1, - ,ay,) denote the vector
of joint actions taken by all the players and A = A; x --- X A, denote the joint action space.
Throughout this paper we assume that S and A; are finite. The transition probability P = {P },¢ [
is the collection of transition matrices, where P, (:|s,a) € As denotes the distribution of the next
state when actions a are taken at state s at step h. The rewards r; = {rp_;} he[H],ic[m] 1S the collection
of reward functions for the i player, where 74, ;(s, a) € [0, 1] gives the deterministic' reward of i
player if actions a are taken at state s at step h. Without loss of generality, we assume the initial state
s1 is deterministic. A key feature of general-sum games is that the rewards r; are in general different
for each player 7, and the goal of each player is to maximize her own cumulative reward.

Markov product policy, value function A product policy is a collection of m policies m =
{mi}icim) Where m; is the general (potentially history-dependent) policy for the i-th player. We
first focus on the case of Markov product policies, in which m; = {7 : & — Au, }ne(n), and
7h,:(ai|s) is the probability for the i player to take action a; at state s at step h. For a policy
and i € [m], weuse m_; := {m;}, c[m),ji 10 denote the policy of all but the i player. The value
function V;™,(s) : S — R is defined as the expected cumulative reward for the i player when policy
m is taken siarting from state s and step h:

H

Z Thi(Snrs @)

h'=h

Viri(s) = Eg

Sp = s] . (1)

Best response & Nash equilibrium For any product policy 7 = {m;} the best response for

i€[m]’
-th . N . t 71'1\771',,; ‘n',/i,ﬂ',i

the 7" player against 7_; is defined as any policy 7' such that V", """ (s1) = sup, V; ;" " (s1).

For any Markov product policy, this best response is guaranteed to exist (and be Markov) as the above

maximization problem is equivalent to solving a Markov Decision Process (MDP) for the " player.

. [
We will also use the notation VJ’;T“ (s1) to denote the above value function V", " (s1).

'Our results can be straightforwardly generalized to Markov games with stochastic rewards.



Published as a conference paper at ICLR 2022

We say = is a Nash equilibrium (e.g. Nash (1951); Pérolat et al. (2017)) if all players play the best
response against other players, i.e., for all i € [m],

Vii(s1) = Vi (s0):
Note that in general-sum MGs, there may exist multiple Nash equilibrium policies with different

value functions, unlike in two-player zero-sum MGs (Shapley, 1953). To measure the suboptimality
of any policy 7, we define the NE-gap as

NE-gap(m) := max |sup Vi 1™ (s1) — Viy(s1) |
i€lm] | u; ’ ’
For any € > 0, we say 7 is e-approximate Nash equilibrium (¢-Nash) if NE-gap(7) < e.

General correlated policy & Its best response A general correlated policy 7 is a set of H maps
7i={m : Ox (Ex A1 xS — Autnerm)- The first argument of , is a random variable
w € ) sampled from some underlying distribution, and the other arguments contain all the history
information and the current state information (unlike Markov policies in which the policies only
depend on the current state information). The output of 7, is a general distribution of actions in
A = A; x---x Ay, (unlike product policies in which the action distribution is a product distribution).

For any correlated policy 7 = {mp,} ne[m and any player 4, we can define a marginal policy 7_;
as aset of H maps m_; = {mp_; : @ x (S x A" xS = Ay }bneim where A_; =
Ay <o x Aimg X Ajgpr X -+ X Ay, and the output of 7y, _; is defined as the marginal distribution
of the output of 7y, restricted to the space .A_,. For any general correlated policy 7, we can define its
initial state value function foi(81) similar as (1). The best response value of the i" player against 7

is Vﬁf’i (s1) = sup,, V7" (s1), where V{";""~*(s1) is the value function of the policy (p;,7_;)

(the i player plays according to general policy 1;, and all other players play according to 7_;), and
the supremum is taken over all general policy p; of the i player.

Learning setting Throughout this paper we consider the interactive learning (i.e. exploration)
setting where algorithms are able to play episodes within the MG and observe the realized transitions
and rewards. Our focus is on the PAC sample complexity (i.e. number of episodes of play) for any
learning algorithm to output an approximate equilibrium.

2.1 EXPONENTIAL LOWER BOUND FOR LEARNING APPROXIMATE NASH EQUILIBRIUM

The focus of this paper is the setting where the number of players m is large. Intuitively, as the
joint action space has size |A| =[]/, A; which scales exponentially in m (if each A; > 2), naive
algorithms for learning Nash equilibrium may learn all r;(a) by enumeratively querying all a € A,
and this costs exponential in m samples. Unfortunately, recent work shows that such exponential in
m dependence is unavoidable in the worst-case for any algorithm—there is an exp(€2(m)) sample
complexity lower bound for learning approximate Nash, even in one-step general-sum games (Chen
et al., 2015; Rubinstein, 2016) (see Proposition A.2 for formal statement).

This suggests that the Nash equilibrium as a solution concept may be too hard to learn efficiently
for MGs with a large number of players, and calls for alternative solution concepts or additional
structural assumptions on the game in order to achieve an improved m dependence.

3 EFFICIENT LEARNING OF COARSE CORRELATED EQUILIBRIA (CCE)

Given the difficulty of learning Nash when the number of players m is large , we consider learning
other relaxed notions of equilibria for general-sum MGs. Two standard notions of equilibria for
games are the Correlated Equilibrium (CE) and Coarse Correlated Equilibrium (CCE), and they
satisfy {Nash} C {CE} C {CCE} for general-sum MGs (Nisan et al., 2007).

We begin by considering learning CCE (most relaxed notion above) for Markov games.
Definition 1 (¢-approximate CCE for general-sum MGs). We say a (general) correlated policy  is
an e-approximate Coarse Correlated Equilibrium (e-CCE) if

max (Vﬂ’f’i(sl) - Vfi(sl)) <e.

1€[m]



Published as a conference paper at ICLR 2022

We say m is an (exact) CCE if the above is satisfied with € = 0.

The following result shows that there exists an algorithm that can learn an e-approximate CCE in
general-sum Markov games within O(H®S max; [, A; /) episodes of play.
Theorem 2 (Learning c-approximate CCE for general-sum MGs). Suppose we run the CCE-V-
LEARNING algorithm (Algorithm 4) for all m players and
H5S maxXe(pm] Ait H*S.3

g2 - €

K=o

episodes (1 = log(m max;¢[m) A HSK/(pe)) is a log factor). Then with probability at least 1 — p,
the certified policy T defined in Algorithm 2 is an e-CCE, i.e. maX;e[m] (Vﬁ’f’i (s1) — Vfi(sl)) <e

Mild dependence on action space For small enough ¢, the sample complexity featured in Theo-

rem 2 scales as O(H®S max; e, Ai/e?). Most notably, this is the first algorithm that scales with
max;e[m] Ai, and exhibits a sharp difference in learning Nash and learning CCE in view of the
exp(€2(m)) lower bound for learning Nash in Proposition A.2. Indeed, existing algorithms such as

Multi-Nash-VI Algorithm with CCE subroutine (Liu et al., 2021) does require O(H* 52 [T, A /e?)
episodes of play, which scales with [, e[ml A; due to its model-based nature. We achieve significantly

better dependence on A; and also S, though slightly worse H dependence.

Overview of algorithm and techniques Our CCE-V-LEARNING algorithm (deferred to Ap-
pendix B.1 due to space limit) is a multi-player adaptation of the Nash V-Learning algorithm
of Bai et al. (2020); Tian et al. (2021) for learning Nash equilibria in two-player zero-sum MGs.
Similar as Bai et al. (2020), we show that this algorithm enjoys a “no-regret” like guarantee for each
player at each (h, s) (Lemma B.3). We also adopted the choice of hyperparameters in Tian et al.
(2021) so that the sample complexity has a slightly better dependence in H. When combined with the
“certified correlated policy” procedure (Algorithm 2), our algorithm outputs a policy that is e-CCE.
Our certified policy procedure is adapted from the certified policy of Bai et al. (2020), and differs in
that ours output a correlated policy for all the players whereas Bai et al. (2020) outputs a product
policy. The key feature enabling this max;¢(,,,) A; dependence is that this algorithm uses decentral-
ized learning for each player to learn the value function (1), instead of learning the () function (as
in Liu et al. (2021)) that requires sample size scales as Hie[m] A;. The proof of Theorem 2 is in

Appendix B.

4  EFFICIENT LEARNING OF CORRELATED EQUILIBRIA (CE)

In this section, we move on to considering the harder problem of learning Correlated Equilibria (CE).
We first present the definition of CE in Markov games.

Definition 3 (Strategy modification for i player). A strategy modification ¢ := {¢n s} (hs)E[H] xS

for player i is a set of H x S functions ¢ s : (S x A"~ x A; — A;. A strategy modification ¢
can be composed with any policy 7 to give a modified policy ¢ ¢ 7 defined as follows: At any step
h and state s with the history information 7,1 = (s1,a1,"+* ,Sp—1,@xr—1), if ™ chooses to play
a = (ai1,...,ay), the modified policy ¢ o m will play (a1, ..., ai—1, n,s(Th=1, @), Qit1s - -, Q).
We use ®; denote the set of all possible strategy modifications for player 1.

Definition 4 (¢-approximate CE for general-sum MGs). We say a (general) correlated policy m is an
e-approximate CE (¢-CE) if

max sup (Vfﬂ”(sl) Vfrl-(sl)) <e.
i€lm] g, '

We say m is an (exact) CE if the above is satisfied with € = (.

Our definition of CE follows (Liu et al., 2021) and is a natural generalization of the CE for the
well-studied special case of one-step (i.e. normal form) games (Nisan et al., 2007).
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4.1 ALGORITHM DESCRIPTION

Our algorithm CE-V-LEARNING (Algorithm 1) builds further on top of CCE-V-LEARNING and
Nash V-Learning, and makes several novel modifications in order to learn the CE. The key feature of
CE-V-LEARNING is that it uses a weighted swap regret algorithm (mixed-expert FTRL) for every
(s, h,i). At a high-level, CE-V-LEARNING consists of the following steps:

* Line 6-11 (Sample action using mixed-expert FTRL): For each (h, s) we maintain A; “sub-
experts” indexed by b’ € [A;] (Each sub-expert represents an independent “expert” that runs
her own FTRL algorithm). Sub-expert b’ first computes an action distribution qb/ (1) € Ay, via
Follow-the-Regularized-Leader (FTRL; Line 8). Then we employ a two-step sampling procedure
to obtain the action: First sample a sub-expert b from a suitable distribution ;¢ computed from
{¢"” }yeqa,) then sample the actual action ay, ; from ¢”.

* Line 13-17 (Take action and record observations): Player 7 takes action ay, ; and observes other
player’s actions, the reward, and the next state. Sub-expert b then computes a loss estimator and
weight according to the observations, which will be used in future FTRL updates.

* Line 19 (Optimistic value update): Updates the optimistic estimate of the value V', ; using
step-size a;; and bonus f3,.

Finally, after executing Algorithm 1 for K episodes, we use the certified correlated policy procedure
(Algorithm 2) to obtain our final output policy 7. This procedure is a direct modification of the
certified policy procedure of (Bai et al., 2020) and outputs a correlated policy (because the randomly
sampled k and [ in line 1 and line 4 of Algorithm 2 are used by all the players) instead of product
policy. The same procedure is also used for learning CCEs earlier in Section 3.

Here we specify the hyperparameters used in Algorithm 1:

o= (H+1)/(H+t), n=1/(Ait), B, =cH?*A\/1/t +2cH?i/t. (2)

The constants a{ used in Algorithm 2 is defined as
¢ j ¢
ag = Hk:l (1—ag), a‘g =y Hk:j+1 (1—ag). (3)

Note that for any ¢ > 1, {a} }1<;<; sums to one and defines a distribution over [t].

4.2 OVERVIEW OF TECHNIQUES

Here we briefly overview the techniques used in Algorithm 1.

Minimizing swap regret via mixed-expert FTRL The key technical advance in our Algorithm 1
over CCE-V-LEARNING and Nash V-Learning is the use of mixed-expert FTRL (Line 6-11). The
purpose of this is to allow the algorithm to achieve low swap regret at each (h, s) in a suitable
sense—For one-step (normal form) games, it is known that combining low-swap-regret learning for
each player leads to an approximate CE (Stoltz, 2005; Cesa-Bianchi & Lugosi, 2006). To integrate
this into Markov games, we utilize a celebrated reduction from low-swap-regret learning to usual
low-regret learning (Blum & Mansour, 2007), which for any bandit problem with A; actions maintains
A; sub-experts each running its own FTRL algorithm. Our particular application builds upon the
two-step randomization scheme of Ito (2020) which first samples a sub-expert b and the action from
this sub-expert. The distribution p(-) for sampling the sub-expert is carefully chosen by solving a
linear system (Line 10) so that y also coincides with the (marginal) distribution of the sampled action,
from which the reduction follows.

FTRL with predictable weights Applied naively, the above reduction does not directly work for
our purpose, as our analysis requires minimizing the weighted swap regret with weights o, whereas
the reduction of Ito (2020) relies crucially on the vanilla (average) regret. We address this challenge
by using a slightly modified FTRL algorithm for each sub-expert that takes in random but predictable
weights (i.e. depending fully on prior information and “external” randomness). We present the
analysis for such FTRL algorithm in Appendix F.4, and the consequent analysis for the weighted
swap regret in Appendix F.1-F.3, both of which may be of independent interest.

Proposal distributions Finally, a nuanced but important new design in CE-V-LEARNING is that all
sub-experts compute a proposal action distribution to sample the sub-expert and the associated action.
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Algorithm 1 CE-V-LEARNING for general-sum MGs (i-th player’s version)

Require: Hyperparameters: {ag}lgétg(, {athi<i<r. {m}1<i<k, {Bt}1§t§K~
1: Initialize: For any (s, a, h), set V}, ;(s) < H, Np(s) < 0. Set up(als) < 1/A;, ¢¢ (als) +
1/A;, 5 (als) < 0, NP (s) < 0 forall (', a,h, s,t) € [A;] x [A;] x [H] x S x [K].

2. for episode k =1,..., K do

3 Receive s;.

4 forsteph=1,...,H do

5 /I Compute proposal action distributions by FTRL

6: Update accumulator ¢ := Np,(s5,) <= Np(sp) + 1. Setuy < al/af.
7 Let ty < NY (sp,) forall b’ € [A] for shorthand.

8 Compute the action distribution for all sub-experts b’ € [4;]:

qp (alsn) <a exp (= (ne,, /ue) S0y wh-(V]sn)0 - (alsp)).

9: // Sample sub-expert b and action from ¢°(-)
10: Compute 5 (s1,) € Apa,) by solving pur (-|sn) = gy (V' |sn)a), (-|sn).
11: Sample sub-expert b ~ 15,(+|sp), and then action ay, ; ~ g% (+|sp).
12: // Take action and feed the observations to sub-expert b
13: Take action ay, ;, observe the actions ay, _; from all other players.
14: Observe reward 1y, ; = 71, ;(Sh, @h,i, @n,—;) and the next state sj41 from the environment.
15: Update accumulator for the sampled sub-expert: ¢, := N} (sp) <= N2(sp) + 1.
16: Compute and update loss estimator

[H —h + 1-— (’fhﬂ‘ + min{7h+17i(s;L+1), H — h})] /H -1 {a}m = a}
ay(alsn) + 1, '

Ch 1, (alsn) <

17: Set wp, ¢, (b]sn) + wy.
18: // Optimistic value update - B
19: Vi (sn) < (1= ae) Vi (sn) + o (hi (Shy @hiy @h—i) + Vgt (She1) + By).

Algorithm 2 Certified correlated policy 7 for general-sum MGs

1: Sample k < Uniform([K]).

2: forsteph=1,...,H do

3:  Observe s, and set t < N (sp,) (the value of N}, (sp,) at the beginning of the k’th episode).
Sample | € [t] with P(I = j) = o (c.f. Eq. (3)).
Update k < k! (s5,) (the episode at the end of which the state sy, is observed exactly [ times).
Jointly take action (ap,1,an.2,- .., Ahm) ~ [[ieg lel’i('|5h)’ where uf”(|5h) is the policy
tn,i(+|sp) at the beginning of the &’th episode.

AN AN

Then, only the sampled sub-expert takes this action, and all other proposal distributions are discarded.
This is different from the original algorithms of (Blum & Mansour, 2007; Ito, 2020) in which the
FTRL update come after the sub-expert sampling and only happens for the sampled sub-expert. Our
design is required here as otherwise the sub-experts are required to predict the next time when it is
sampled in order to compute the weighted FTRL update, which is impossible.

4.3 THEORETICAL GUARANTEE

We are now ready to present the theoretical guarantee for our CE-V-LEARNING algorithm.

Theorem 5 (Learning e-approximate CE for general-sum MGs). Suppose we run the CE-V-
LEARNING algorithm (Algorithm 1) for all m players for

K>0 HSS mMaX;em) A% N H4S maxX;e m) A3
- g? €
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episodes (1 = log(mmax;cp,) AiHSK/(pe)) is a log factor). Then with probability
at least 1 — p, the certified correlated policy 7 defined in Algorithm 2 is an ¢-CE, i.e.

max;e ) SuPgeq, (Vi (s1) — Viy(s1)) < e

Discussions To the best of our knowledge, Theorem 5 presents the first result for learning CE that
scales polynomially with max;e [, Ai, which is significantly better than the best known existing
algorithm of Multi-Nash-VI with CE subroutine (Liu et al., 2021) whose sample complexity scales
with [ ], e[m) Ai- Similar as in Theorem 2, this follows as our CE-V-LEARNING uses decentralized
learning for each player to learn the value function (V') . We also observe that our sample complexity
for learning CE is higher than for learning CCE by a factor of O(H max;c[n] A;); the additional
max;e[m) A; factor is expected as CE is a strictly harder notion of equilibrium. The proof of
Theorem 5 can be found in Appendix C.

5 LEARNING NASH EQUILIBRIA IN MARKOV POTENTIAL GAMES

In this section, we consider learning Nash equilibria in Markov Potential Games (MPGs), an important
subclass of general-sum MGs. Despite the curse of number of players of learning Nash in general-sum
MGs, recent work shows that learning Nash in MPGs does not require sample size exponential in m,
by using stochastic policy gradient based algorithms (Leonardos et al., 2021; Zhang et al., 2021). In
this section, we provide an alternative algorithm NASH-CA that also achieves a mild dependence on
m and an improved dependence on ¢ by a simple reduction to single-agent learning.

5.1 MARKOV POTENTIAL GAMES

We first present the definition of MPGs. Our definition is the finite-horizon variant> of the definitions
of Macua et al. (2018); Leonardos et al. (2021); Zhang et al. (2021) and is slightly more general as
we only require (4) on the total return. Throughout this section, 7= denotes a Markov product policy.

Definition 6. (Markov potential games) A general-sum Markov game is a Markov potential game if
there exists a potential function ® mapping any product policy to a real number in [0, @p,.x], such
that for any i € [m], any two policies 7;, 7. of the i"™ player, and any policy m_; of other players, the
difference of the value functions of the i player with policies (m;, m_;) and (7}, 7_;) is equals the
difference of the potential function on the same policies, i.e.,

Vi (s1) = V0T (s1) = @(my, moi) — (mg, mog). “4)

Note that the range of the potential function @, admits a trivial upper bound ®,,,,, < mH (this
can be seen by varying 7; for one ¢ at a time). An important example of MPGs is Markov Cooperative
Games (MCGs) where all players share the same reward r; = r.

5.2 ALGORITHM AND THEORETICAL GUARANTEE

We present a simple algorithm NASH-CA (Nash Coordinate Ascent) for learning an e-Nash in MPGs.
As its name suggests, the algorithm operates by solving single-agent Markov Decision Processes
(MDPs) one player at a time, and intrinsically performing coordinate ascent on the potential function
of the Markov game. Due to the potential structure of MPGs and the boundedness of the potential
function, the local improvements of players across the steps can have an accumulative effect on the
potential function, and the algorithm is guaranteed to stop after a bounded number of steps. We
give the full description of the NASH-CA in Algorithm 3. We remark that NASH-CA is additionally
guaranteed to output a pure-strategy Nash equilibrium (cf. Appendix D for definition).

Theorem 7 (Sample complexity for NASH-CA). For Markov potential games, with probability
at least 1 — p, Algorithm 3 terminates within 4®,,,./c steps of the while loop, and outputs an
e-approximate (pure-strategy) Nash equilibrium. The total episodes of play is at most
K—0 Prnax H3S Y im  Ajt Prax H3S2 YT | Ayl
N g3 + g2 ’

(mHSK max; <i<m Ai
ep
2Qur results can easily adapted to the discounted infinite time horizon setup.

where 1 = log ) is a log factor.
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Algorithm 3 NASH-CA for Markov potential games
Require: Error tolerance £
1: Initialize: 7™ = {ﬂ—i}ie[m]’ where m; = {7rh7i}(h7i)€[H]
2: while true do ) R
3:  Execute policy 7 for N = @(%) episodes and obtain V; ;(7) which is the empirical average
of the total return under policy 7.

«[m)] for some deterministic policy 7, ;.

. forplayer:=1,...,mdo
5: Fix 7_;, and let the 7" player run UCBVI-UPLOW (Algorithm 7) for K; = @(% +
M) episodes and get a new deterministic policy ;.
6: Execute policy (7;, 7—;) for N = O( ’Zzb) episodes and obtain 1717(%,, 7_;) which is the

empirical average of the total return under policy (7;, 7—;).

7: Set AZ — ‘71’1'(%2',71',1') —f/\vLi(ﬂ').

8  if max;cpm) A; > /2 then

9: Update 7; < 7; where j = arg max;em) ;.
10:  else

11: return 7

Discussions For small enough ¢, the sample complexity for the NASH-CA algorithm in the above
theorem is O(P o H3S Y oiem Aif £3). As ®pax < mH, this at most scales with the number of
players as m >, A;, which is much better than the exponential in m sample complexity for
general-sum MGs without additional structures. Compared with recent results on learning Nash via
policy gradients (Leonardos et al., 2021; Zhang et al., 2021), the NASH-CA algorithm also achieves
poly(m, max;<,, A;) dependence, and significantly improves on the ¢ dependence from their ¢ ~°
to ¢ 3. In addition, our algorithm does not require assumptions on bounded distribution mismatch
coefficient as they do, due to the exploration nature of our single-agent MDP subroutine.

Also, compared with the sample complexity bound O(H*S?[]", A;/e?) of the Nash-VI algo-
rithm (Liu et al., 2021) for general-sum MGs (not restricted to MPGs), our NASH-CA algo-
rithm doesn’t suffer from the exponential dependence on m thanks to the MPG structure. We
do achieve a looser in the dependence on ¢, yet overall our sample complexity is still better un-
lesse < (30", A;)/(TT:~, A;) is exponentially small. The proof of Theorem 7 can be found in
Appendix D.

A lower bound To accompany Theorem 7, we establish a sample complexity lower bound of
Q(H?Y" | A;/e?) for learning pure-strategy Nash in MCGs and hence MPGs (Theorem E.1 in
Appendix E). This lower bound improves in the A; dependence over the naive reduction to single-
player MDPs (Domingues et al., 2021), which gives Q(H?S max; [, A;/e?), though is loose on
the S, H dependence. The improved A; dependence is achieved by constructing a novel class of hard
instances of on one-step games (Lemma E.2), which may be of further technical interest. However,
there is still a large gap between these lower bounds and the best current upper bound of either our

O(S7, Ai/e?) orthe O(]", A;/e?) of Liu et al. (2021), which we leave as future work.

6 CONCLUSION

This paper investigates the question of when can we solve general-sum Markov games (MGs) sample-
efficiently with a mild dependence on the number of players. Our results show that this is possible
for learning approximate (Coarse) Correlated Equilibria in general-sum MGs, as well as learning
approximate Nash equilibrium in Markov potential games. In both cases, our sample complexity
bounds improve over existing results in many aspects. Our work opens up many interesting directions
for future work, such as sharper algorithms for both problems, sample complexity lower bounds,
or how to perform sample-efficient learning in general-sum MGs with function approximations. In
addition to Markov potential games, it would also be interesting to explore alternative structural
assumptions that permit sample-efficient learning.
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A  EXPONENTIAL IN m LOWER BOUND FOR LEARNING NASH IN
GENERAL-SUM MGS

In this section, we give a sample complexity lower bound for computing approximate Nash equi-
librium in one-step binary-action general-sum MGs (H = 1, S = 1 and A; = 2) which has an
exponential dependence in m, the number of players. The result is built on the lower bound of query
complexity in Rubinstein (2016).

We use G to denote the one-step Markov game (H = 1 and S = 1), in which there are m players and
A = 2 actions for each player. We index the players by [m] = {1,...,m} and denote the actions
space of each player by [A] = {1,2}. Since we restricted attention to binary-action games (i.e.
A = 2), the total number of joint actions is 2.

We define a (exact) query as the procedure where the algorithm queries a joint action a € [A]™ and
observes the (deterministic) reward r;(a) € [0, 1]. We define the query complexity (Chen et al., 2015)
for learning e-approximate Nash equilibrium (ANE) as the following.

Definition A.1 (Query complexity). The query complexity QC,(ANE(m, ¢)) for learning c-ANE is
defined as the smallest n such that there exists a randomized oracle algorithm A satisfying the
following: for any binary-action, m-player game G, the algorithm A can use no more than n
sequential queries of the reward to output an e-ANE with probability at least 1 — p.

In one-step MGs with deterministic reward, the query complexity is equivalent to the sample com-
plexity, since each query obtains a reward entry. The following result in Rubinstein (2016) gives a
222(m) query complexity lower bound for learning £9-ANE in m-player binary action games.
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Algorithm 4 CCE-V-Learning for General-sum MGs (i-th player’s version)

Require: Hyperparameters: {o }1<i<k. {mf1i<i<i, {Bt}1<i<k-
1: Initialize: For any (s,a,h), set Vi i(s) <= H, V, (s) <= 0, Lp; + 0, pn(als) «+ 1/A;,
Nh(s) +— 0.
2: forepisode k =1,..., K do
3 Receive s;.
4 forsteph=1,...,H do
5: Take action ay, ~ up(+|sp,), observe the action ay, —; from the other players.
6: Observe reward 7, ; = 7, ;(Sp, @n, @p,—;) and next state s,41 from the environment.
7
8
9
0
1

Update accumulators: ¢ := Np(sp) <= Nu(sp) + 1. o _
Vi (sn) < (1= ar) Vi (sn) + o (i (sny ans @n—i) + Vigr,i (Snt1) +§t)
Vii(sn) = (L=a) Vi i (sn) + e (i (snyany an—i) + Vi (sni1) — By)

1 forall a € A; do o

1 Zh’i(sh, CL) — %[H—h-i—l —Th,i —min{vh+17i(8h+1), H— h}]l {ah = a} /[,uh(ah|sh) +77t]-
12: Ln,i(sn,a) = (1 = au)Lni(sn, a) + arLn,i(sn, a)

13: Set pp (+|sn) o exp|—(ne/ct) Lni(sn,-)]-

Proposition A.2 (Corollary 4.5, (Rubinstein, 2016)). There exists absolute constants €y > 0 and
c > 0, such that for all m,

QC,(ANE(m, g¢)) = 2%m) ywhere p = 27°™,

This result shows that it is impossible for any algorithm to learn an £3-ANE for every binary action
game with probability at least (1 — p) using poly(m,log(1/p)) samples: such an algorithm with
p = 27" would only use poly(m,log(2°")) = poly(m) samples, yet the sample complexity lower
bound in Proposition A.2 requires at least 22("™) = exp(Q(m)) samples. Since Proposition A.2
allows eg = ©(1), this also rules out the possibility of learning -ANE with poly(m, log(1/p),1/¢)
samples for all small ¢.

B PROOFS FOR SECTION 3

B.1 ALGORITHM FOR LEARNING CCE IN GENERAL-SUM MARKOV GAMES

Our algorithm used to learn CCE in general-sum MGs is a combination of Algorithm 4 and Algorithm
2. In particular, Algorithm 4 computes a set of policies and plays these policies in each episode.
Algorithm 2 used the full history in Algorithm 4 to produce a certified, general correlated policy
which we will show to be a CCE (we will also use the same Algorithm 2 to produce the certified
policy in the algorithm of learning CE). During the execution of Algorithm 2, if the index ¢ is 0 at
some step h, the certified policy can choose any action at and after step h.

In Algorithm 4, we choose the hyper-parameters as follows:

a—H+1 _ [He 3 = H3AZ'L+2CH2L
e TV Ay TN T t

. axXicim) AiHSK | . .
where ¢ > 0 is some absolute constant, and ¢ = log(%) is a log factor. The choice

of 1, follows the V-OL algorithm in Tian et al. (2021) which helps to shave off an H factor in the
sample complexity compared with the original Nash V-Learning algorithm in Bai et al. (2020).

; A;HSK
Here, we have a short comment on the log factor ¢. In fact, we need ¢ to be C' log(%)

for some absolute constant C. For the cleanness of the results, in this paper, we ignore this difference
since this would not harm the correctness of all the results we present.
B.2 PROOF OF THEOREM 2

We begin with an auxiliary lemma on oz{ (its definition is in (3)).
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Lemma B.1 (Lemma 4.1 in Jin et al. (2018)). The following properties hold for a{ :
<Z] 1\f \[foreveryt>1

2. max;epy) I < 28 andzj 1(04) < 22 foreveryt > 1.

3. Z;’ija{ =1+ % foreveryj > 1

4. Zz 1 7{ > L foreveryt > 1.

Property 4 above does not appear in (Jin et al., 2018), for which we provide a quick proof here:

t t t
PILEID DRIV DR R o
=i Ay i=1t/2) =1

Here, (i) uses ozg is increasing in j for fixed ¢. O

Some notations The following notations will be used repeatedly (throughout this section and the
next section). At the beginning of any episode k for a particular state sy, we denote k} (sp) < -+ <
k

szlv" (sn) (s1) < k to be all the episodes that the state s;, was visited, where N (sy,) is the times the
state s, has been visited before the start of k-th episode. When there is no confusion, we sometimes
will write k7 = k{b(sh) in short. For player 7, we let Kf” Vﬁz u¥ denote the values and policies
maintained by Algorithm 4 at the beginning of k-th episode, and aﬁ denote taken action at step i and
episode k. For any joint policy uy, (over all players), reward function  and value function V', we
define the operators P, and D, as

[ ]( ) =Ey '~Pp(¢]s, a)V( ) )]
]D)Mh, [T + th]( ) Eq ap~pn [ (‘97 ah) + E3h+1~]P’h('\S@h,)V(Sthl)]' (6)

Towards proving Theorem 2, we begin with a simple consequence of the update rule in Algorithm 4,
which will be used several times later.

Lemma B.2 (Update rule). Fix a state s in time step h and fix an episode k, lett = N, h( s) and
suppose s was previously visited at episodes k' < --- < k' < k at the h-th step. The update rules in
Algorithm 4 gives the following equations:

me( )= atH+Zat {Thz (S af’,ay 71) +Vh+lz (5h+1) +B; }

j=1

Zat {7“;” (3 afy »ah >+Vh+1z (5h+1) B}

We next present and prove the following lemma which helps to explain why our choice of the bonus
term is 3,. The constant c in 3, is actually the same with the constant c in this lemma.

Lemma B.3 (Per-state guarantee). Fix a state s in time step h and fix an episode k, lett = N, h( s)
and suppose s was previously visited at episodes k' < --- < k' < k at the h-th step. With probability
at least 1 — &, for any (i, s, h,t) € [m] x S x [H] x [K} there exist a constant c s.t.

"
Mlengx Z aiDMXW v (?"h,z‘ +Prpmin{V, 4y ,, H — h}) (s)
A K3

t .
- Za{ {rh’i (3’ aﬁjaalfj—i) + min{vi}l,i(siiﬁa H - h}} < o/ HP A/t + cH?u/t.

j=1
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Proof of Lemma B.3  First, we decompose
t . — kI
mgle agDuXuﬁf_,, (Th,z‘ +Ppmin{V;, 4 ;, H — h}) (s)

t X
j ki kI — kI
- E oy {Th,i (saah 7ah,fi) +min{Vy 1 ;(shiq), H — h}
j=1

into R*(¢, s, h,t) + U(i, s, h, t) where

t .
R*(i,s,h,t) == max > ag‘DHXM%_ (m + Py min{V:iHyi, H— h}) (s)

t

e i
_ ZatD B ek (rhﬂ; + Py, mln{Vh_H,i,H - h}> (s),

and

t

(i,8,h,t) ZQt]D) B el <Th,¢ + P min{VfH_u,H — h}) (s)

t

_Zai {rhl (s af’ ,ah )—|—m1n{Vh+1Z(sh+1) H - h}}

Jj=1

We first bound Ui, s, h, t). Define F; as the o-algebra generated by all the random variables up
to the time when sy, is observed at the I-th episode. Recall that for j > 1, k% = k{l(s) = inf{l >
ki=1 : sis visited at step h in episode [} (with convention ¥ = 0). Then {k7};>1 is a sequence of
increasing stopping times w.r.t. {F;};>1. Define G; = Fpj+1. So {G,} ;>0 is also a filtration. Under
G;—1 (= Fyi), by the definition of operator ID and IP, we have

E|:rh,i (5 alfz aalﬁ )+m1n{vh+11(5h+1) H - h}‘gy 1]

. — k7
=D ,; ki <Th,i + Py mln{vh+1,iaH - h}) (3)

Ky i XHp,

So we can apply Azuma-Hoeffding inequality. Note that Z e 7)2 < 2H /t by Lemma B.1. Using

Azuma-Hoeffding inequality, we have with probability at least 1 — tter

=
U(i, s, h,t) Z%D 5 oubd | <7’h,i +Ppmin{V, .y ,, H — h}> (s)

. : N . 7]6.7' ;
_ Z af [Th,i (s, a¥’, a’fbj_i) + mm{VhH,i(slfL;l), H - h}]

j=1

-~

< (| 2H?log(4mHSK [p) Y "(af)? < 2¢/H3./

Jj=1
After taking a union bound, we have the following statement is true with probability at least 1 — p/4,
U(i,s,h,t) < 24/H3./t forall (i,s,h,t) € [m] xS x [H] x [K].

Then we bound R* (4, s, h, t). For fixed (4, s, h), if we define the loss function

li(a)=—=E _ wi [H—h+1—1,(s,a) =P, min{VZ:_M, H — h}(s)] € [0,1],

H ai=a,a_i~p
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Algorithm 5 Correlated policy %ﬁ for general-sum Markov games
1: forsteph/ = h,...,H do
2:  Observe s, and set t N}’f, (snr)-
Sample [ € [t] with P(I = j) = o.
Update k < k! (sp/).
Jointly take action (an/,1,@n 2, - -, @h'm) ~ [ L1y uh, (|snr)-

AN

then R*(¢,s, h,t) = H max, 25:1 o <u — u’gfi, €j> becomes the weighted regret with weight

. Note that the update rule for uﬁjl (+|s) is essentially performing Follow-the-Regularized-Leader
(FTRL) algorithm with changing step size for each state s and each step h to solve an adversarial
bandit problem. Lemma 17 in (Bai et al., 2020)* bounds the weight regret with high probability.
Using that lemma, we have with probability at least 1 — -F7=,

t

Haollog A;  3HA; < ,
ot L Y

R*(i, s, h,t) < Py j:177‘at +H ZL;(O‘gF + 51?g§<aib+H1§12§<aiL/m
simultaneously for all ¢ € [K] . By Lemma B.1 and n; = A ~, we have with probability at least

1- 4mZ}IS
R*(i,8,h,t) < 2¢/H3A;/t + 3/ H3 A/t + 20/ H3 [t + H*Jt + 2/ H3 A/t
< 10y/H3A;/t +10H?./t forallt € [K].

Again, taking a union bound in all (i, s, h) € [m] x & x [H], we have with probability at least
1—p/4,

R*(i,s,h,t) < 10\/H3A;0/t + 10H?/t forall (i,5,h,t) € [m] x S x [H] x [K].

Finally, we concluded that with probability at least 1 — p/2, we have
Uli,s,h,t) + R*(i,8,h,t) < e/H3 A/t + cH?/t forall (i,s,h,t) € [m] x S x [H] x [K]

for some absolute constant c. O

Recall that the certified policy 7 as in Algorithm 2 is a nested mixture of policies. We further define
policies {7} }ne [, ker) in Algorithm 5. By construction, the relationship between 7 and 7} is
that when players jointly play policy the 7, they first sample & from Uniform([K]), then they play
together the policy 7F (Algorithm 5 for h = 1) with the same sampled k. As a result, we have the
following relationship:

K
Vi (s1) Z (7

Definition B.4 (Policy starting from the h-th step). We define the policy starting from the h-th step
for player i as w>p, ; == {mp ; : Q@ x (S x A)h"h xS — Aa, }E_,. Ateach step h' > h, w>p ;i
samples action based on current state, the history starting from the h-th step and a random number
w € ). We use 11>y, ; to denote all policies for player i starting from the h-th step. Similar to Section
2, we can define general correlated policy starting from the h-th step (where the random numbers
may be correlated for different players), and we use 11>}, to denote all such general correlated policy
starting from the h-th step.

3A very similar result is Lemma F.3 in our paper. However, here we need Lemma 17 in (Bai et al., 2020) to
get the optimal H dependency.
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For m € II>},, we can define the value function starting from the h-th step as:

H
> rwilsn = s]. ®)

h'=h

V;ZZ(S) =Er

We also define the value function of the best response as:

V,j,’:h”i(s) ‘= max V}Z;ﬁxm"i(s).
pi€ll>p i

One example of a policy starting from the h-th step is 7% defined in Algorithm 5, so that we can
define Vh%g (s) and VJ7’fE"i (s).
Lemma B.5 (Valid upper and lower bounds). We have

Vi) 2 VI (), V(o) < VTEGs)

h,i

forall (i,s,h,k) € [m] x § x [H] x [K] with probability at least 1 — p.

Proof of Lemma B.5  We prove this lemma by backward induction over h € [H + 1]. The base
case of h = H + 1 is true as all the value functions equal 0 by definition. Suppose the claim is true

zk . .

for h + 1. We begin with upper bounding VhTZ "~'(s). Lett = Nf(s) and k7 = ki (s) for1 < j <t
to be the j’th time that s is previously visited. By the definition of certified policies 7?}"; , and by the
value iteration formula of MGs, we have for any policy ji; € II>, ;,

t .
~k ~kJ
HirsTh, g _ J ) . (Brt1:m,i]8,a), R0 0
Vh,i (S) - Z atEaNMn,i xur’_, |:T'h’1(8, a) + ES,NPh('|Sv‘1)Vh+1>i (8 )
j=1 ’

t
~kJ
j ) ) T g1, —i gt
= Z atEaNUfhaiXN}Iij,fi {Th’z(s’ @)+ ES/NP”('ls’a)V’L+1J (s )} .
j=1

Here, yuy, ; is the policy p; at the h-th step, and (pp+1.17,:|5, @) is the policy p; from time h + 1 to H
with history information at h-th step to be s, = s and a;, = a. By the definition of I, ;, we have
(th+1:H,:]8, @) € II>p41,; which implies the inequality in the equation above. By taking supremum
over (; € Il ; and using the definition of the operator ID in (6), we have

t
~k )
VTt < sup S odD

Hi€ha; 5

~kJ

Ts i
i Xl"}i{—i [Th’i + PthJrﬂ—l}tjl) ](S)

Conditional on the high probability event in Lemma B.3, we use the inductive hypothesis to obtain

+ =~k ¢ . —k7
v moi(s) < supz ag]]])mxuﬁjii [rhi + Ppmin{Vy_q;, H — h}](s)

i j=1

< Za{ {rh,i (s,aﬁj,ai_i) + min{V:'_s_M(sﬁ:_l), H - h}} + e/ H3A )t + cH?uJt

I
R

; ] 1% 1% . ij %) H—h -
Thi (S, ap sap ;) +min{V, 1 (shyq), }+B;

ki kI —k7 K
Th,i (svah 7a’h,7i) + Vi1 <3h+1) + ﬁj:|

IN
Q
S,
[

. . -3 3A. 2 t J t 204
Here, (i) uses our choice of 3; = c,/H#A” + QCH].L and % <>io %,% <>io %
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Meanwhile, for Kfm (s), by the definition of certified policy and inductive hypothesis,

Zat ki [h,i + IP’th+1 iJ(s)
> 3 el v + Bumas{VEsy  01(6)
j=1

i K %) K 1%
Then we note that {Duﬁj [P +Pp max{zﬁlu, 0}](s) — [Th,i <s, a", ah’f—z) + max{V;", ;(s;5 1), 0}} }
i>1

is a martingale difference w.r.t. the filtration {G,};>¢, which is deﬁned in the proof of Lemma B.3.

So by Azuma-Hoeffding inequality, with probability at least 1 — m

t

Z Oéﬂ) IcJ Th i+ HDh maX{Vh-l-l 2l O}]( )
9
t . . .
> S ad | (st ) max(uih, (000 -2y T
j=1

On this event, we have

]~

Q{Duﬁj [Th,i + P, max {K’fbiu, O}}(s)
1

¢ kI J J —
Zoz [r <S a, ,a: )—Fmax{VhHl(s:H) O} - ]}

=1

Here, (i) uses Z] Lalp; > 223 1Oét\/H3L/] > 2\/H3./t.

As a result, the backward induction would work well for all i as long as the inequalities in
Lemma B.3 and (9) hold for all (¢, s, h, k) € [m] x S x [H] x [K]. Taking a union bound in all
(i,8,h,k) € [m] x § x [H] x [K], we have with probability at least 1 — p/2, the inequality in (9) is
true simultaneously for all (¢, s, h, k) € [m] x S x [H] x [K]. Therefore the inequalities in Lemma
B.3 and (9) hold simultaneously for all (7, s, h, k) € [m] x & x [H] x [K] with probability at least
1 — p. This finishes the proof of this lemma. O

A
Ve o

Il
< 5

Equipped with these lemmas, we are ready to prove Theorem 2.

Proof of Theorem 2  Conditional on the high probability event in Lemma B.5 (this happens with
probability at least 1 — p), we have

Vhi(9) 2 VT ), Vhi(o) < Vi)
forall (i,s,h,k) € [m] x S x [H] x [K]. Then, choosing h = 1 and s = s1, we have
T’T1 —i "fl'\f —k k
Vi, i (51) — Vlz (51) < V1,z‘(31) _Kl,i(sl)‘

Moreover, by (7), value function of certified policy can be decomposed as

K
7 1 7k ﬁ_ ,“/1 7 ,l
Vi(s) = & Vi), W % Z '
k=1

where the decomposition is due to the first line in the Algorithm 2: sample k < Uniform([K]).
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So we have

To prove 7 is an approximate CCE, we only need to bound Zszl (V’;Z—(sl) — K’f,i(«ﬁ)). Letting

651 = th(sh) V5 i(sk)and t = NJ(sf). Suppose sf was previously visited at episodes
k', ... k' at the h-th step. By the update rule,

5h i Vh Z(Sh) Vh z(sh)

J J —
= ofH + Z of Vh+1 i(shin) — Kﬁ-&-l,i(slfi-i-l) + 28]
j=1

—atH—i—ZatéhHZ—&—ZQa

—atH—i—ZatéhHZ—}—QcZa”/ ! 1 4e Zat

We can use Lemma B.1 which gives Z _, o] /G <2/t and max;<; o] < 2H/t to get

621<atH+Zozt6h+“+4c\/H3A L/t + 8cH> (1 + logt)/t,

Jj=1
where we also uses Z;=1 1/ <1+ logt.

Taking the summation w.r.t. k, we begin by the first two terms;

K K K
> afH =) H1{t=0} =) H1{Nf(sf) =0} < SH.
k=1 k=1 k=1

K Npi(sh) oo

5 h < 5 N;L (S;L ) (“ 5
E , 0‘ N h+1 i E h+1 i E : Q; E h+1 i
k=1 j=1 k’'=1 j= Nk’(s )+1 k'=1

where (i) is by changing the order of summation and (ii) is by Lemma B.1.

So
Z&hL<SH+(1+ )Z5h+1t+4cx/H3ALZ +8cH? ZM.
k=1 h()

By pigeonhole argument,

Ko NE(s)
Z DVSK.

k=1 \/NF(s) ses n=1

IA

<=

Similarly,

i 1+ log Nk (s)

NGy < O+ log(K)S(1-+ log(K/S))) < O()S(+1%) < O(1)S:*
h S

k=1
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where we assume ¢ > 1. So we have

Z5h1<5H+<1+ >25h+12+(’) )V H3ASKe+ O(1)SH?.2.

k=1

Recursing this argument for h € [H] gives

K
S 6k, < eH2S + O(1)V/H A,SKi + O(1)SH*?.

k=1
To conclude,

K

K
VI (s1) = Vi(s1) sgz(v“sn Vi(s0) = 2 0k,

k=1

<OM)SHY?/K + O (\/H5S max A; L/K>

i€[m]

5 ” . ~
Therefore, K > O(Z Sma:';elm] At 4 SH:‘S) guarantees that we have Vﬁ; “(s1) = Vi(s1) < ¢
for all ¢ € [m]. This complete the proof of Theorem 2. O

C PROOFS FOR SECTION 4

In this section we prove Theorem 5. We first define a set of lower value estimates Z;“M-(s) (along
with the upper estimates used in Algorithm 1) via the following update rule:

Vii(sn) < (L=au) Vi i (sn) + ar (Thii (shyan, an—i) + Vi (she1) — By) - (10)

We emphasize that K]fi,i (s) are analyses quantities only for simplifying the proof, and are not used by
the algorithm.

We restate and use several notations we introduced in the last section. At the beginning of any episode

k(g

k for a particular state s;,, we denote k. (sp,) < - -+ < k,llvh (sn) (sn) < k to be all the episodes that the
state s, was visited, where NV ,’f(sh) is the times the state sj, has been visited before the start of k-th
episode. When there is no confusion, we sometimes will write k7 = k] (sp,) in short. For player 4,

we let Zﬁ’i, V];M-, u¥ denote the values and policies maintained by Algorithm 4 at the beginning of

k-th episode, and aﬁ denote taken action at step h and episode k. For any joint policy uy, (over all
players), reward function r and value function V', we define the operators P, and D,,,, as

[ ](5 a) = ES’NPh( s, a)V( )
]D):U'h, [7” + th]( ) E hNHh[ (37 ah) + ES;1+1~]P’h,('\57ah)v(sh+1)]'

The following lemma is the same as Lemma B.2 in the CCE case (except that for a different algorithm).

Lemma C.1 (Update rule). Fix a state s in time step h and fix an episode k, let t = NJ(s) and
suppose s was previously visited at episodes k' < --- < k' < k at the h-th step. The update rule for
Vni(s) and V,, ;(s) in Algorithm 1 and (10) gives thefollowing equations:

LCERTES o SO R e

V,” Zat [rh,<s ah,a,L_Z)+Vh+1l<sh+1> B]

Jj=1
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We next prove the following lemma which helps explain our choice of the bonus term 3,. The constant
cin 3, is the same with the constant c in this lemma. For any policy modification ; : A; — A;
for the i player and one-step policy 75 : S — A4 for any h, the modified policy ; ¢ 7, is
defined as follows: if 7, chooses to play a = (aq,. .., a), the modified policy ¢; ¢ 7, will play
(@1,...,ai—1,9i(a;), Git1, . . ., am). Moreover, for m, ; : S — A 4,, policy ¢; o 7, ; chooses @;(a)
when 7, ; chooses a.

Lemma C.2 (Per-state guarantee). Fix a state s in time step h and fix an episode k, lett = N} 2 (s)
and suppose s was previously visited at episodes k' < --- < k' < k at the h-th step. With probability
B, forany (i,s,h,t) € [m] x S x [H] x [K], there exist a constant c s.t.

;upA Zo‘iﬂ)@ ok (rh i + Py m1n{Vh+“,H h}) (s)
PiALT

t v
— Z a{ [rm (8, aﬁj , af:ﬂ.) + min{Vﬁll’i(siil), H— h}} < CHQAi\/ZL/t + CHQAiL/t.
=1

Proof of Lemma C.2  First, like the prove in Lemma B.3, we decompose

iupA Zai]@@ ok (rhl—f—]P’h mln{VhHwH h}) (s)
Sab ‘l_> i ‘_

- o {rh,,- (s.ah’sab!_.) +min{Vy,y o (sh0), H — h}}
j=1
into R*(¢, s, h,t) + U(i, s, h,t) where

R*(i, s, h,t) == sup Zagﬂ% ot (rhl—i—Ph mm{vhm,ﬂ h})( )
491 7_> T ‘

t )
_E : J . ) K7 ) R B
at]Eafri~MZ'?7ri |:rh’2 (S7ah ’aﬂ) T ]Eé}LJrlN]P’h( Is, ah a— mm{vh+1vi(sh+1)’H h} ’
Jj=1

and

t .
. i J X
Ui, s, h,t) = Z O‘iEafwuﬁj,i [TM (5, af; ,a_i> + E5h+1~Ph( 15,089 a_ mln{Vh+17i(5h,+1),H - h}]

—

]:
j Kk kI . (77 1%
- E g [Th,i (Saah ﬂh,—i) +m1n{vh+1,i(3h+l)7H —h}l.

We first bound U (i, s, h,t). By the same reason in proof of Lemma B.3, we can apply Azuma-
Hoeffding inequality. Note that Z§=l(a§ )2 < 2H/t by Lemma B.1. Using Azuma-Hoeffding

inequality, we have with probability at least 1 — —F=,

t

Uli,s,h,t) < | 2H2log(4mHSK /p) Z )2 < 2\/H3/

j=1
After taking a union bound, the following statement is true with probability at least 1 — p/4,
U(i,s,h,t) < 2+4/H3/t forall (i,s,h,t) € [m] xS x [H] x [K].
Then we bound R*(4, s, h, t). For fixed (i, s, h), we define loss function

1 ——
gj(a’) = EEai:aya—iNHﬁj,i [H —h+1- Th,i(57 a‘) - ]ES;L+1~]P’;L(~\s,a,a,i) mln{vh+1,i(5h+1)7 H— h}]
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Algorithm 6 Correlated policy 7 for general-sum Markov games
1: forsteph/ = h,...,H do
2:  Observe s, and set t N}’f, (snr)-
Sample [ € [t] with P(I = j) = o.
Update k < k! (sp/).
Jointly take action (an/,1,@n 2, - -, @h'm) ~ [ L1y uh, (|snr)-

AN

Then we have /;(a) € [0, 1] for all a and the realized loss function:
P 1
Zj(alfb]) = E[H_h+1 rhi(s, ar, aak i) = mln{Vh+1z(5h+1) H —h}] €[0,1]

is an unbiased estimator of £, (a¥ ) Then R*(i, s, h, t) can be written as

R*(i757h’t) sup Zat ah z <<)0i Oﬂﬁf’mgjﬂ'
witAi—A;

Now, for any fixed step & and state s, the distributions {gj (-|s)}, and visitation counts { N} (s)},

are only updated at episodes k& (s), ..., k! (s). Further, these updates are exactly equivalent to the
mixed-expert FTRL update algorithm which we describe in Algorithm 8. Therefore, the R*(i, s, h, )
above can be bounded by the weighted swap regret bound of Lemma F.1 (choosing the log term as
t=4log M) to yield that

sup Zat a,” (cplo,uhwﬁ V] < 40H?A;\/1/t +40H? A/t forallt € [K]
Pt A1_>A'Lj 1

with probability at least 1 — p/(4mSH). Taking a union bound over all (i, s,h) € [m] x S x [H],
we have with probability at least 1 — p/4,

R*(i,s,h,t) < 40H?A; /1)t +40H? A/t forall (i, s, h,t) € [m] x S x [H] x [K].
Finally, we conclude that with probability at least 1 — p/2, we have
Ui, s, h,t) + R*(i, 5, h,t) < cH*Aj\/u/t + cH? A/t forall (i,s,h,t) € [m] x S x [H] x [K]

for some absolute constant c. O

We define the auxiliary certified policies ir\fl’ in Algorithm 6 (same as Algorithm 5 for the CCE case
but repeated here for clarity). Again, we have the following relationship:

K
~ 1 =k
Vii(s) = e ZVul (s)- (11)
k=1

Definition C.3 (Policy modification starting from the h-th step). A strategy modification starting
from the h-th step ¢>p, = {thf)s}(h,7s)e{h7h+17___7H}XSforplayerz' isasetof S x (H—h+1)
functions ¢pr s 1 (S % A)h/ hx A; — A;. This strategy modification ¢y, can be composed
with any pollcy m € II>y, (as in Definition B.4) to give a modified policy ¢>p, ¢ m defined as
follows: At any step h' > h and state s with the history information starting from the h-th step
Thih'—1 = (Shy Qhy -+ Sw—1,Qp—1), Iif T chooses to play a = (a1, ..., an,), the modified policy
pomwill play (a1, ..., 0i—1,On s (Thih/—1, i)y Git1, - - -, Q). We use D>y, ; denote the set of all
such possible strategy modifications for player i.

Forany ¢ € &>y, i, 9 © %}j also doesn’t depend on the history before the h-th step, so ¢ ¢ 7?5 € Il>y,
~k
which implies that V;¢ ™" (s) is well-defined in (8).
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Lemma C.4 (Valid upper and lower bounds). We have

Vak POT T, k 7
Vii(s) > sup V7™ (s), Vi i(s) S Vi (s)
PEPL>h ;

Sorall (i,k,h,s) € [m] x [K] x [H] x S with probability at least 1 — p/2.

Proof of Lemma C.4 We prove this lemma by backward induction over h € [H + 1]. The base
case of h = H + 1 is true as all the value functions equal 0. Suppose the claim is true for h + 1. We
begin with upper bounding sup,cq., , Vhdfw"(s). Lett = Nf(s)and k/ =k} (s) for1 < j <tto
be the j’th time that s is previously visited. By the definition of certified policies ﬁ}’f’i and by the
value iteration formula of MGs, we have for any ¢ € ®>, ;,

t ]
o7k j (¢n41ls.a)0F
Vh,iWh(s) = Z agEQN@MQW [Th,i(& a) + ES'NIP’h(-\s,a)VhHZH (s
=1
t

j ¢<>%Z'j+1 /
é Z a.g]and)h -Oukj Thvi(s’ a) + ES/NP}L("Sva‘) Sup ‘/}L"Fl i (S ) ’
; TR PELS 11 ’

]:1 >h+1,i

Here, ¢y, ; is the strategy modification function ¢ at the h-th step, and (¢>p,+1|s, @) is the modification
¢ from the h + 1-th step with history information to be s, = s and a;, = a. By the definition of
Oy, we have (¢>p41]s,a) € P>pq1,; which implies the above inequality. By taking supremum
over ¢ € O, ; and using the definition of the operator DD in (6), we have

¢ ¥
poTE i poRy
sup V., "(s) < sup Za{ﬂ)%ww [rhi +Pn sup  V, 5(s).
PEP>h i pitAi—A; i=1 h PEP> 110

Condition on the high probability event (with probability at least 1 — p/2) in Lemma C.2, we can use
the inductive hypothesis to obtain
L pork?
ipi:i‘:EAi ; agD%w,ﬁj [Th,i + Pn ¢€§giu Vh+1,i+1]<s>
t
< sup Z ag D

. kI
s Th,i+ Ph mln{vh+1,i7 H — h}](s)
PiAi AL j=1

Saioﬂ;ij [

t r .
<Y af | (s.ab’sal o) + min{V 0 i(6F0), H - h}] o+ cH A /o]t + cH At
=1

D~ T o i ; _
< Z of |Thi (57 ay’, aﬁj,—i) + min{vh-‘,—l,i(silij—i-l)v H —h}+ 5j]
= L

t r .
j kI %) —kJ =
< E Qy |Thy (Sﬂah 7ah,7i) + Vi1t 85
=L

—k
:Vh,i(s)'
Here, (i) uses our choice of Bj = cHQAi\/g + 20% and % < Z;Zl \(’/—%, 1< Z;Zl QTOZ, SO
that cH2A;\/u/t + cH? A/t < Y- o B,
Meanwhile, for Zﬁﬂ- (s), by the definition of certified policy and inductive hypothesis,
=k t . %kj
Vh7}¢l(s) = Z agDNﬁj [Th’i + PhV}L_:_LIli](S)

J=1

t
> Z aiD#ﬁj [Th,i + Py maX{K]FCL]-i-l,ia 0}(s).
=1
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Note that {]D)#,ﬁj [Thi + P max {Kﬁjﬂﬂ», O}](s) — [Th,i (3, a:i,aff‘J + maX{KfLil’i(leal), O}] } .
J

is a martingale difference sequence w.r.t. the filtration {G,};>0, which is defined in the proof of
Lemma B.3. So by Azuma-Hoeffding inequality, with probability at least 1 — 5—L—,

t

ZO@D K Thz + P max{vh-i—l 170}]( )

t , . . 73 12
= Z {rhz <5 Cp ’alfi ) +maX{VZi1’i(s:Jf‘H),O}} -2 TL

On this event, we have

t
ZaiD % [Thz + Py, maX{Vh+1 i }}(S)
=1
t j k] kj k‘j k] —
> o] [ (s,ay" @y ) Fmaxy Vih ) (s3h),00 = B,

. kj k;j k —
J . h h
> ) o [Th,z <S7ah ’a’h7—i) + Vh+1 ((sp0) — [3]}
1

Here, (i) uses >0y of 8; > 2357, af \/H3/j > 2/H3/t.

As a result, the backward induction would work well for all & as long as the inequalities in
Lemma C.2 and (12) hold for all (4, s, h, k) € [m] x S x [H| x [K]. Taking a union bound in all
(i,8,h,k) € [m] x S x [H] x [K], we have with probability at least 1 — p/2, the inequality in (12) is
true simultaneously for all (i, s, h, k) € [m] x S x [H| x [K]. Therefore the inequalities in Lemma
B.3 and (12) hold simultaneously for all (3, s, h, k) € [m] x S x [H] x [K] with probability at least
1 — p. This finishes the proof of this lemma. O

Equipped with these lemmas, we are ready to prove Theorem 5.

Proof of Theorem 5  Conditional on the high probability event in Lemma C.4 (this happens with
probability at least 1 — p), we have

—k ¢<>7rh ﬁ,’i
Vii(s) > sup V7™ (s), Vi i(s) <V, (s)
PEP>h i

forall (i,s,h,k) € [m] x S x [H] x [K]. Then, choosing h = 1 and s = s1, we have
7r ok
;ug Vl i ( 1) — Vii (s1) < Vl,i(sl) *K]f,i(sl)~
€

Moreover, by (11), value function of certified policy can be decomposed as

. 51 Z Vv17r741 ’ V¢<>7T Z V¢<>7r1

where the decomposition is due to the first line in the Algorithm 2: sample k& <+ Uniform([K]).

V1

Therefore we have the following bound on sup ¢4, Vf’ff T(s1) — V@ (s1):

poT ¢<>7'r
sule S1 Vlslzsup—gv o stl
scd,; 1 ( ) 1 ( bed; K 1 ( )
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K K

Z sup V7 (51) = Vi (1) ) < 22 20 (Vo) = Vh i (60)

— \ e, Kk:

By Lemma C.4 Letting 6 ; := Vh A(sF) = V7§ .(sk) and t = NF(sF). By the update rule, we have
551 = Vh i(sh) — th(sﬁ)

= afH + Zat Vh+1 1(5h+1) Viiri(sien) + 255
Jj=1

t
—atH—i—ZaiéhHl—i—ZZozi ;

_atH—i-ZaiéhHl—i—QcA HQZ \/7—5—40204,5

j=1

Taking the summation w.r.t. k, by the same argument in the proof of Theorem 2, we can get

%ngiz ( 1) — V1z51 KZ(‘/lzsl 1131): Z

< 0(1)SH* max A;.* /K + O (\/HﬁS max A?L/K) :

i€[m] €[m]

. H%S . A2 HS st Asl® ~
Therefore, if K > O mazf[m] ity maX;E[”] “), we have maxsca Vfbfﬂ(sl) —

Vfi(sl) < ¢ holds for all i € [m], which means 7 is an e-approximate CE. This completes the proof
of Theorem 2. O

D PROOFS FOR SECTION 5

Here, we first define pure-strategy Nash equilibrium. We say policy 7 is a pure strategy (deterministic
policy) if and only if for any (h, 4, s) € [H] % [m] X S, 7 ;(a;|s) = Lu,=a; (s) for some aj, ;(s). We
say 7 a pure-strategy Nash equilibrium if 7 is a pure-strategy and is a Nash equlhbrlum Similarly, we
say 7 is a pure strategy e-approximate Nash equilibrium if 7 is a pure strategy and NE-gap(7) < e.
Pure-strategy Nash equilibrium does not always exist in general-sum MGs, but is guaranteed to exist
(as we will see) in Markov Potential Games.

D.1 EXISTENCE OF PURE-STRATEGY NASH EQUILIBRIA IN MARKOV POTENTIAL GAMES

A particular property of MPGs is that, there always exists a pure-strategy Nash equilibrium. Such
a property does not hold for every general-sum MG. Pure-strategy Nash equilibria are preferred in
many scenarios since each player can take deterministic actions.

Proposition D.1. For any Markov potential games, there exists a pure-strategy Nash equilibrium.

See Theorem 3.1 in Leonardos et al. (2021) or Proposition 1 in Zhang et al. (2021) for a proof of
Proposition D.1.

D.2 THE UCBVI-UPLOW SUB-ROUTINE

In this subsection we consider the problem of learning a near optimal policy in the fixed horizon
stochastic reward RL problem MDP(H, S, A, P, ). The setting is standard (c.f. Jin et al. (2018))
and is a special case of Markov games (c.f. Section 2) by setting the number of agents m = 1. We
will use the same notations including policies and value functions as that of the Markov games as
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Algorithm 7 UCB-VI with Upper and Lower Confidence Bounds (UCBVI-UPLOW)
1: Initialize: For any (s,a,h,s’): Q,(s,a) < H, Q,(s;a) « 0, Np(s) = Np(s,a) =
Np(s,a,s") + 0.

2: forepisode k =1,..., K do

3 forsteph=H,...,1do

4 for (s,a) € S x Ado

5: Sett < Np(s,a).

6: if £ > 0 then R

7 B < BONUS(t, Vy, [(Vh+1 +V5,11)/2](s,a)) (cf. Eq. (13))
8 v (¢/H) - Pr(Vig = Vyp1)(s,0).

9 Q) (s,a) + min { rh+Pth+1)(s,a)+'y+ﬁ,H
10: @, (5,a) = max { (1, + BrV11)(s5,0) =7 — 5,0}
11: for s € S do o

12: mh(8) < argmax,c 4 Q1 (s,a).

13: Vi(s) < Quls,ma(s)); Vo (s) < Q, (s, 7n(s))-

14:  Receive the initial state s; from the MDP.
15 forsteph=1,...,H do

16: Take action aj, = 7p,(sy,), observe reward rj, and next state spy.
17: Increment Nh(Sh), Nh(sh, ah), and Nh(Sh, ap, Sh+1) by 1.
18: IP’h(~|sh,ah) eNh(sh,ahg)/Nh(sh,ah).

19: Let (VZ, KZ, 7%) denote the value estimates and policy at the beginning of episode .
20: return Policy 7"+ where k, = arg minyc (g (V’f(sl) — Vk(s1)).

introduced in Section 2, except that we will omit the sub-scripts 7’s since here we just have a single
agent.

We consider the UCBVI-UPLOW algorithm (Algorithm 7), which is adapted from (Xie et al., 2021;
Liu et al., 2021), for learning approximate optimal policy in reinforcement learning problems. Such an
algorithm is used as a sub-routine in Algorithm 3 to learn approximate pure-strategy Nash equilibria
in MPGs. We remark that although in Algorithm 3 we propose to use the UCBVI-UPLOW algorithm
to search for a near optimal policy, many alternative algorithms can be used to find the near optimal
policy (e.g., UCBVI (Azar et al., 2017) or Q-learning (Jin et al., 2018)). Here we choose the UCBVI-
UPLOW algorithm because 1) it has a tight sample complexity bound; 2) it outputs a deterministic
policy which can be used to find a pure-strategy approximate Nash equilibrium.

In the description of Algorithm 7, the ]IA”h quantity appeared in lines 8,9,10, and 18 can be viewed
either as a set of empirical probability distributions or as an operator: for any fixed (s, ay,), we can
view IE”h( |sh,an) as a probability distribution over S; for any given function V' : § — R, we can
view P, as an operator by defining (IP’h V)(s,a) :=E, 1B (]5,0) [V (s')]. The V. operator in line 7 is

the empirical variance operator defined as VWV =B,V2 — (I@h V)2, The BONUS function in the
algorithm is chosen to be the Bernstein type bonus function

BONUS(t = c(\/a2/t + H?Su/t). (13)
We have the following sample complexity guarantee for the UCBVI-UPLOW algorithm returning
an e-approximate optimal policy.

Lemma D.2. The UCBVI-UPLOW algorithm always returns a deterministic policy 7. Moreover;
forany p € (0,1], letting v = log(SAH K /p) and taking the number of episodes

K > O(H3SAu/e? + H3S? A% /e),

then with probability at least 1 — p, the returned policy T+ is e-approximate optimal, i.e.,
ks
sup, V{*(s1) = Vi" " (s1) < e

Proof of Lemma D.2  First, 7%+ is obviously deterministic from line 12 of Algorithm 7.
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The sample complexity guarantee of the UCBVI-UPLOW algorithm is a consequence of the sample
complexity guarantee of the Nash-VI algorithm for learning Nash in zero-sum Markov games as
proved in Liu et al. (2021).

More specifically, we denote the rewards and transition matrices by {rp(s,a)}peig) and P =
{Pn(Sh+1|8h, an)theim for the MDP(H,S, A,P,r). Such a MDP can be viewed as a zero-sum
Markov game MG (H, S, A, B, P, 7), in which (H,S, A) are the same as that of the MDP, the action
space for the min-player is a singleton B = 1 so that the rewards 7, (s, a,b) = rp(s, a) do not depend

on the action of the min-player and the transition matrices P, (|s, a, b) = P (+|s, a1) do not depend
on the action of the min-player either. Then, for any e-approximate Nash equilibrium (u, ) of the
associated zero-sum Markov game, the max-player’s policy p must be e-approximate optimal for the
original MDP.

By this correspondence, the UCB VI-UPLOW algorithm is actually a specific version of the Nash-VI
algorithm in Liu et al. (2021), and Line 12 in UCBVI-UPLOW is actually a specific version of
line 12 in Nash-VI in Liu et al. (2021): this is because in this specific Markov game, Q(s, a,b) and

Q(s, a,b) only depend on s and a, so that 7 (s) = arg max,¢ 4 @}, (s, a) is actually in the CCE set

CCE(@h(Sa a, b)v Qh(sa a, b))

By this reduction and by Theorem 4 in Liu et al. (2021), this lemma is proved. O

D.3 PROOF OF THEOREM 7

We use superscript ¢ to represent variables at the ¢-th step (before 7 is updated) of the while loop.

HSK i Ai, : >
Because we can choose the log factor as ¢« = 4log(%) (this doesn’t affect the

correctness of the theorem), for each execution of UCBVI-UPLOW, by Lemma D.2, it return a
¢/4-optimal deterministic policy with probability at least 1 — £54. Taking a union bound, we have

maxVLi(,ui,wt,i) - ‘/1’1(/71::,7#72) § 6/4 (14)
Hi

simultaneously for all ¢ € [m] and ¢ < 4mH /e with probability at least 1 — p/2. For the empirical
estimator V ;, it’s bounded in [0, H]. Thus by Hoeffding’s inequality, for fixed i € [m] and ¢

~ Ne?
Lyt > < - ).
IF)(|Vv1,z Vv171| - 5/8) —= 2€Xp ( 32H2>

Choosing N = C'H?1/&? for some large constant C, we have

it t Ep
]P)(Wu - Vl,z" >¢/8) < 16m2H

Apply this inequality to 171{14(7?}, 7' ,) and Vi ;(x') and taking a union bound, we have
Vi@ 7l = Vi@l )l < ef8, [V(at) = Vig(a')| < e/8 (15)

simultaneously for all ¢ € [m] and ¢ < @ with probability at least 1 — p/2. As a result, by (14)
and (15), we have

IILE?X VLi(,ui,wt,i) - Vl,i(%f,’irt,i) < 5/4

VL7 7ls) = Vaa(@l ) < /8 (16)
V(') = Via(r')| < ¢/8
simultaneously for all ¢ € [m] and ¢ < 4mH /e with probability at least 1 — p. On this event,
Ai = ﬁtl(%f7 Wt—z) - ‘Zt,i(ﬂt)
< Vi@, mhy) = Via(n') + e /4.
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If the while loop doesn’t end after the ¢-th iteration and ¢ < 4mH /e, there exists j* s.t. A;t >e/2,
so we have

o(r'th) — o(x') = ®(7h, 7" ;i) — (n)
(2) ~
= Vi e (T, ml i) = Vije(nh)

t _
> Ajr — e/d=¢e/4.
Here, (i) follows the definition of potential function. Because ® is bounded, the while loop ends
within 4@y, /e < 4mH /e steps. Therefore, (16) holds simultaneously for all ¢ € [m] and ¢ before

the end of while loop with probability at least 1 — p. Again, on this event, if the while loop stops at
the end of ¢-th step, we have Max;e(m] A§ < ¢/2, then

max Vy,i(ui, ;) — Vi (') = max Vi (py, 72) = Via(7i, mly) + Vi (77, mly) — V()
Hi Hi

<e/d+ ‘Zt,i(%gvﬂt—i) - ‘A/f,i(ﬂt) +2¢/8

=¢/2+ Al

<e.
So the returned policy 7t is a e-approximate Nash equilibrium. Moreover, since UCBVI-UPLOW
outputs a pure-strategy policy and our initial policy is also a pure-strategy policy, we can conclude

that with probability at least 1 — p, within 4P,/ steps of the while loop, Algorithm 3 outputs an
e-approximate (pure-strategy) Nash equilibrium.

Finally, the number of episodes within each step of the while loop is

H3SZ?;1 A;.  H3S? Z:;l A2 H?mu
g2 + +

€ g2

NS (K4 N)=0

i=1

o <H3SZ;’11 A | HS? ZZZIAM) |

g2 €

So the total sample complexity (episodes) is at most

K _ O (‘I)maxH3S Z:ll Al‘L + @maxHSSQ Z;ll AiLz)
g3 €2 '

This concludes the proof. O

E LOWER BOUND OF FINDING APPROXIMATE PURE-STRATEGY NASH
EQUILIBRIUM

In this section, we present an result on the sample complexity lower bound for learning a pure-strategy
Nash equilibrium in MPGs (a harder task than learning Nash as pure-strategy Nash is a stricter notion).
We remark that our lower bounds are actually constructed on Markov Cooperative Games (MCGs)
which is a subset of MPGs. Note that for MCGs, the potential function @ is bounded in [0, H], so by
Theorem 7, the sample complexity of Nash-CA (Algorithm 3) is O(>"" | A, /e*) highlighting the
dependency on e, m and A4;, i = 1,...,m. We would show this Z?;l A; dependency is inevitable
for learning e-approximate pure-strategy Nash equilibrium in MCGs by proving an Q3" | A;/ ?)
lower bound.

We first present our main theorem:

Theorem E.1 (Lower bound for learning pure-strategy Nash in MCGs). Suppose A; = 2k, i =

1,....m, H>2 82>3and m > 4. Then, there exists an absolute constant cq such that for any

e < 0.4 and any online finetuning algorithm M that outputs a pure-strategy policy T = (1, ..., Tm),

if the number of episodes

H2Y" A, . 2kmH?
= Co

K< Co
- g2 g2

)
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then there exists general-sum Markov cooperative game M G on which the algorithm M suffers from
e/4-suboptimality, i.e.

EnNE-gap() > €/4,
where the expectation E ) is w.r.t. the randomness during the algorithm’s execution within Markov
game MG.

This theorem can be viewed as a corollary of the following lemma by a simple reduction. We would
prove this theorem in the next subsection. One-step (general-sum) game is a game with only one state
and one step. In a one-step game, each player chooses an action simultaneously and then receive it’s
own reward. The Nash equilibrium and NE-gap can be defined similarly in one-step games.

Lemma E.2 (Lower bound for one-step game). Suppose A; =2k, i =1,...,m and m > 4. Then,
there exists an absolute constant cy such that for any € < 0.4 and any online finetuning algorithm
that outputs a pure strategy 7T = (1, . .., Tm), if the number of samples
m
A 2km
’TLSC(')ZZiQ1 Z:CO 2
€ €

then there exists a one-step game M with stochastic reward, on which the algorithm suffers from
e/4-suboptimality, i.e.

EpNE-Gap(7) = Epy max |max w;(m;, 7—;) — ui(7) | > €/4,
1 T
where the expectation Ky is w.r.t. the randomness during the algorithm’s execution within game M.
w; () is the expected reward of the i player when strategy m are taken for each player.

The proof of this lemma is also in the next subsection. In the proof, we first construct a class of
one-step games which reward is Bernoulli(%) or Bernoulli(% +¢) depending on the taken joint-action.
The proportion of joint-actions with reward Bernoulli(% + ¢) is relatively small. Most importantly,
every pure-strategy e-approximate Nash equilibrium has reward Bemoulli(% + &). So in order to
find an e-approximate pure-strategy Nash equilibrium, we must explore sufficient joint-actions. The
number of the joint-actions with reward Bernoulli(% -+ ) can be bounded by the covering number of
[2k]™ under Hamming distance. Then we use KL divergence decomposition (Lemma E.5) to argue
rigorously that we need to explore sufficient joint-actions to get an e-approximate pure-strategy Nash
equilibrium.

The rest of this section is organized as follows: We first prove Lemma E.2 in Section E.1, and then
prove the main Theorem E.1 in Section E.2.

Discussions of Theorem E.1 There’s >/ | A; dependency” in the lower bound of sample com-
plexity for finding a pure-strategy e-approximate Nash equilibrium in MCGs. This bound is novel
and improves the existing result. The existing proof in sample complexity’s lower bound of Markov
games (Bai & Jin (2020)) relies on an reduction from Markov games to single-agent MDPs, so the
existing lower bound’s dependency on A; (i = 1,...,m) is max;e[m) A; .

Here, we don’t include S factor in our lower bound. The difficulty is that the NE-gap only depends on
the player with the most suboptimality. For a single-agent MDP, if the player can change the policy
at each state to improve the expected cumulative reward by ¢, then the player can change policy at all
state to improve the expected cumulative reward to the utmost extent. In general-sum Markov games,
at different state, maybe different players can change the policy for this state to improve his expected
cumulative reward by €. However, the definition NE-gap only allows one player to change the policy.
This difference in nature makes .S and ZZ’;I A; incompatible in the lower bound.

If we consider another notion of suboptimality, i.e., changing maximum to summation:
NE-gap’ () := Z [sup VT (s1) = V(s1) |-
1€[m] Ha

This definition of NE-gap is different from the previous definition. With NE-gap’, if each player
can change his policy to improve his expected cumulative reward by ¢, the NE-gap’ would be at

*We only prove this lower bound when A; all equal to 2k. This case is representative.
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least me. Then we can similarly define e-approximate Nash equilibrium as the policy 7 such that
NE-gap’(7) < . We simply point out that with this new definition of NE-gap’ and e-approximate
Nash equilibrium, mimicking the proof of Theorem 2 in Dann & Brunskill (2015), we can prove the
sample complexity’s lower bound for learning a pure-strategy e-approximate Nash equilibrium in
Markov (cooperative) games is Q(H2S Y 1" | A;/<?).

E.1 PROOF OF LEMMA E.2

For convenience, we call the joint-action (in one-step game) that is a Nash equilibrium a Nash strategy.
We begin with a special case of Lemma E.2, i.e. the case when A; = 2 for all i € [m].

Lemma E.3. Suppose A; =2,i=1,...,m and m > 4. Then, there exists an absolute constant cg
such that for any £ < 0.4 and any algorithm that outputs a pure strategy T = (T1, ..., Tm), if the
number of samples
m
n S 60727
€

then there exists a one step game M with stochastic reward on which the algorithm suffers from
& /4-suboptimality, i.e.,

EnNE-gap(7) = Ep max |max u; (m;, T—;) — ui () | > €/4,
7 T

where the expectation I is w.r.t. the randomness during the algorithm’s execution within game M.

u;i(7) is the expected reward of the i"™ player when strategy m are taken for each player.

The proof of this lemma further relies on the following lemma.

Lemma E.4. There exists a one-step game for m players where each player has two actions. The
2m,+1
m

deterministic reward is 0 or 1 and the number of joint actions that have 1 is at most . Moreover,

the only pure-strategy Nash equilibria are these joint actions which have reward 1.

Proof of Lemma E.4  We use 7(a) to denote the reward of (joint) actions @ € {1,2}™ and define
hamming distance d(a, a’) = #{i : a; # a}. To ensure that pure-strategy Nash equilibria must
have reward 1, we only need to ensure that fora @ € {1,2}™, there exists one @’ € {1,2}™ such that

r(a’)=1, d(a,a’)<1.

In other words, the set {a : r(a) = 1} is a 1-net of {1,2}™ under the distance d(-,-). By the
definition of covering number, we only need to prove

2m+1

N({1,2}™,d,1) <

Define K(m,1) = MN({1,2}™,d,1). By hamming code (Hamming (1950)), we know that for any
integer k > 1,

K(2F —1,1) = 22" k-1,
Moreover, we also have K (n,1) < 2K (n — 1,1) by adding 0 and 1 behind the 1-net of {0, 1}~ 1.
Taking largest k such that 2 — 1 < n and iterating this construction on the Hamming code we get
K(m, 1) < 2m—loa2(m+] < 2% Thig ends the proof. O

The next lemma is KL divergence decomposition (Lemma 15.1 of (Lattimore & Szepesvari, 2020)]),
we restate it in one-step games.

Lemma E.5 (KL divergence decomposition in one-step games). For any one-step games with
stochastic reward and any algorithm. Let X = (a1,71,a2,72, ..., Qn, ), where ay, is the action
(adaptively) chosen by the algorithm at the k™ round and vy, is the reward received at the k™ round
after ay, is taken. P and Q are two probability measure for the stochastic reward. Let N (a) be the
total number of actions a in the first n rounds. Then

KL(X[p[| X|g) = D Ee[N(a)[KL(P(|a)||Q(|a)).
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Then we return to the proof of Lemma E.3. Suppose a game M satisfies the condition in Lemma
E.4, by permuting the actions of M, we get 2™ games. They all satisfy the condition in Lemma E.4.
Suppose the reward of the i-th game is () (-) (i = 1,--- ,2™).

We consider the following family of one-step games with stochastic reward: Let a =
(a1,a2,...,am).

m

. ) 1 )
M(e) = {MD € R12" with M (a) = 5T r(a)e, i =1,2,...,2™},

where in one-step game M (), the reward is sampled from Bernoulli(M () (a)) if the joint action

isa = (ay,as,...,a,). Moreover, we define MO a5 a game whose reward is sampled from
Bernoulli(}) independent of the action.

We further let v denote the uniform distribution on {1, 2,...,2™}.

Proof of Lemma E.3  Fix a one-step game M) € Mi(e), by Lemma E.4, it’s clear that pure-
strategy Nash equilibria form a set D) := a € {a : (Y (a) = 1}. We have #D() < 2m+1 /m,
For any online finetuning algorithm A that outputs a pure strategy 7. Suppose 7 takes joint-action
a = (ay,as, -+ , 4y ). From the structure of the 9M(e), we know

NE-Gap(7) = ¢P;(a ¢ DY),

where P; is w.r.t. the randomness of the algorithm and game M (). So we only need to use 7, the
number of samples to give a lower bound of P;(a ¢ D).

Since X = {a1,r1,- -+ ,an,r,} is a sufficient statistics for the posterior distribution D@ we have

EiwPi(@ & DY) > inf E; o, P;(g(X) & DW)
g

(4) )
> lnf EivuPo (g(X) g D(U) - EiNVTV(XhP’m Xl]:PL)

(i1) 1
> - —E;w, TV(X|p,, X

—Eiw. \/ —KL(
M\/ > Ep, [N(a)]KL(Py(-|a)|Pi(-|a)).
Above, (i) follows from the definition of total variation distance; (ii) uses the fact that under Py, we

, &)
can’t get any information about a*, so E;,Po(g(X) & D(l)) =1- ‘gm | 2 ; (iii) uses Pinsker’s
inequality; (iv) uses KL divergence decomposition (Lemma E.5).

P;)

(/)

22
>

Pi)

1\3\'—‘ N

For a € D™, we have

KL(FoCla)Picla) =KL (3.5 )1(3 -2 5 +¢))

1 1
T2 8T 42
< 4¢?
if e € (0,0.4]. Fora ¢ D@, KL(Py (- |a)||IP(|a)):O. So

L1
EiPi(@ & DY) >3- EW\/ > Ep,[N

aeD®
(1) 1
Z 5 2E’L~V Z IE]P’o
acD()
@1 fonDY]
2 2m
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Above, (i) uses Jensen’s inequality, (7¢) uses the fact that Ep, [N (a)] is independent of ¢ which gives

B Y En[N(@)] = 5 Y Br [N(@)] Y 1

acD() ica€ D)
1
= 771|D(1) |a
2771

where . cp@ 1 = \D(1)| is because of the permutation. Finally, we choose ¢y = 3—12, ifn < é 25—2“,
then

P NI

EiNVPi(a ¢ D ) > 1

So there’s a game instance M () on which the algorithm suffer from & /4 sub-optimality. O

The difference between Lemma E.3 and E.2 is the size of action space. To prove the A; = 2k case,
we need to generalized E.4 to the case each player have 2k actions.

Lemma E.6. For all positive integers m and k. There exists a one-step game for m players where
each player has 2k actions. The deterministic reward is O or 1 and the number of joint actions that
have 1 is at most %
which has reward 1.

. Moreover; the only pure-strategy Nash equilibria are these joint actions

Proof of Lemma E.6 'We would prove this lemma by induction. Without loss of generality, we
suppose the action for each playeris 1,2, ..., 2k. First, we define the hamming distance between

two vectors.
d(z,y) := #{i: (i) # y())}.
The joint action space is [2k]™ = {1,2,...,2k}™. Suppose we have an 1-net of [2k]™, D, which
means for every y € [2k]™, we can findax € D, s.t. d(z,y) < 1. If the reward of a game satisfy:
r(a) =1 forall a € D, and r(a)=0 forall a & D.

Then for every pure strategy a which has reward 0, we can find another pure strategy a’ s.t. r(a’) = 1
and d(a,a’) = 1. This means that one player can change to obtain higher reward. So a is not a
pure-strategy Nash equilibrium.

As aresult, we can construct a game based on the 1-net. The only thing left to be verified is that the

number of joint actions that have reward 1 is at most %

that have reward 1 is actually | D|, so we need to prove

2 (2k)™
km

. Note that the number of joint actions

N([2k]™,d, 1) < , 17)

where N (-, d, €) denotes the covering number.

For k = 1, from the proof of Lemma E.4, (17) is true. For k& > 1, we first decompose [2k]™ into k™
smaller blocks, i.e.

Q(ll,lg,. . ;lm> = {211 — 1,2l1} X {2[2 — 1,2l2} Xoeee X{le — 172lm};

where {l1,l2,...,ln} € [k]™. Among these k™ blocks, we choose the blocks which satisfy
K|ly +1a+ - - +1,,. Apparently, there are k™~ blocks satisfying m|l; + Iz + - - - +I,,,. Because (17)
is true for k = 1, we can pick a 1-net of (1,1, ..., 1) with at most % elements. By a translation,

(all elements add a constant vector), we can pick a 1-net of each block with at most % elements.

Totally there are at most Z'QMflm_l = 2'(§2m elements. These elements form a set P. We would

prove P is a 1-net of [2k]™.

In fact, for any @ € [2k]™, suppose @ is in Q(l1,ls,...,ln). After translating this block to
Q(1,1,...,1), « is coincided with xq.
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@/®
e

Figure 1: A class of hard-to-learn MDPs where s and s_ are absorbing state.

If o € P, change [y to I} such that k|l{ + ls + --- + l,,. Suppose @’ is the vector in block
O(14,12, ..., 1) that corresponds to g in 2(1,1,...,1). This gives &’ € P. Moreover, d(x, ') <
1 because the translation from Q(l1,ls, ..., Ly, ) to Q(l}, 12, ..., 1) only changes the first component.

If ¢y ¢ P, we can find «(, in P N Q(1,1,...,1) such that d(xo, x;) = 1 because Plo11,... 1)
is a 1-net. Suppose xo and x, differs at the j-th component. We can change /; to l; s.t. k|l +
lo+ -+ 1lj—1+1;+1jy1 + -+ . Suppose zq corresponds to =’ in Q(I1, ..., 1) and " in
Q51,15 g1, - - -, I ). By the definition of P, we know & € P. Moreover,  and &’ only
differ at the j-th component because of translation and the fact that o and @, only differ at the j-th
component. ' and x” also only differ at the j-th component because of translation. So we have x
and &’ may only differ at the j-th component, i.e. d(x,2”) < 1.

Recall that " € P. To conclude, we can always find another vector y € P such that d(x,y) < 1,
this means P is a 1-net of [2k]™. So (17) is proved. O

Using this fundamental lemma and suppose a game M satisfies the condition in Lemma E.6, by
permuting the actions of M, we get (2k)™ games. They all satisfy the condition in Lemma E.6.
Suppose the reward of the i-th game is 7(9 () (i = 1,--- , (2k)™) .

We consider the following family of one-step games with stochastic reward: Let a =
(a1,a2,...,am).

M(e) = {MD e REH" with M (a) = % +rD(a)e, i=1,2,...,(2K)"},  (18)

where in one-step game M (), the reward is sampled from Bernoulli(M (¥ (a)) if the joint action
is a = (ay,as,...,am). Moreover, we define M(?) as a game whose reward is sampled from
Bernoulli(3) independent of the action.

Then by the same argument in proof of Lemma E.3, we can easily prove Lemma E.2.

E.2 PROOF OF THEOREM E.1

We are now ready to prove Theorem E.1 based on Lemma E.2.

Because S > 3, we construct a class of general-sum Markov games as follows (see figure 1): the set
of all joint-actions A can be divided into two sets AT an A~.

Transition Starting from s1, for a € AT, Pi(s |s1,a) = % + ﬁ and Py(s_|s1,a) =
%f m Fora € A™, Pi(si]s1,a) = Pi(s_|s1,a) = % Forallh > 1and a € A,
Pr(s+|s4,a) =1and Py(s_|s_,a) = 1.

Rewards Foranyaandi € [m],71,(s,a) =07 ;(sy,a) =1andry;(s—,a) =0, where h > 1.
This also implies the Markov game is cooperative.

If we choose A™ as the joint action with reward Bernoulli( + ) in M defined in (18). By the
construction, for any pure-strategy policy 7, if the joint actions taken at step 1is a & A™, we have
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Algorithm 8 Mixed-expert FTRL for weighted adversarial bandits

Require: Hyper-parameters {7}, <;<p, {Vt},<;<7- Sequence {a§}1<i<t<T.
1: Initialize: Accumulators ¢, < 0 for all b’ € [A].
2: fort=1,2,...,T do
3:  Compute weight u; <+ ol /a}.
4:  Compute action distributions for all sub-experts b’ € [A] by FTRL:

¢” (a) o¢q exp (—(vztb, Jug) > wT(b’)?‘l(a))

Compute p* € A4 by solving the linear system p(-) = 23:1 ()" ().
Sample sub-expert b ~ p'.

Sample action a’ ~ ¢® from sub-expert b.

Play the action a’, and observe the (bandit-feedback) loss Z;(a').

Update accumulator for sub-expert b: ¢, < t; + 1.

10:  Compute the loss estimate @t’b (-) € R4, as

Rl A

11: Set wtb(b) < Ug.

NE-gap(7) > €. The only useful information in each episode is the transition at step 1. Transition
from s; to s can be viewed as getting a 1 reward and transition from s; to s_ can be viewed as
getting a 0 reward. So learning pure-strategy Nash equilibrium of this class of Markov games is
equivalent to learning pure-strategy Nash equilibrium of a game for m players with stochastic reward.
As a result, by Lemma E.2, if the number of episodes

S A HEYT A,
< 1= 1=
K_COEQ/(H—1)2 - g2 ’

then there exists general-sum Markov cooperative game M G on which the algorithm suffers from
€/4-suboptimality, i.e.
EpNE-gap(w) > /4.

This finish the proof of Theorem E.1. O

F ADVERSARIAL BANDIT WITH LOW WEIGHTED SWAP REGRET

In this section, we describe and analyze our main algorithm for adversarial bandits with low weighted
swap regret. Our Algorithm, Mixed-expert Follow-The-Regularized-Leader (FTRL) for weighted
adversarial bandits, is described in Algorithm 8.

Problem setting Throughout this section, we consider a standard (adversarial) bandit problem
with action space is [A] = {1,..., A} for some A > 1. We assume that the realized loss values

0y € [0,1]4, and let 4,(a) := E,[¢;(a)] denote the expected loss conditioned on (as usual) all
information before the sampling of the action a® in Line 6 & 7. The hyperparameters in Algorithm 8
are chosen as

="y = /t/(At),

where the log factor

L :=4log(8H AT /p). (19)
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F.1 MAIN RESULT FOR ADVERSARIAL BANDIT WITH LOW WEIGHTED SWAP REGRET

We first define a strategy modification. A strategy modification is a function F' : [A] — [A] which
can also be applied to any action distribution pz € A 4, such that F' o p gives the swap distribution
which takes action F'(a) with probability 1(a).

The swap regret (Blum & Mansour, 2007; Ito, 2020) measures the difference between the cumulative
realized loss for the algorithm and that for swapped action sequences generated by an arbitrary strategy
modification F'. Here, we consider a weighted version of the swap regret with some non-negative
weights {ai}qu, defined as

Rawap(t) := max Zat — 4 (F(a%))). (20)

F:[A]—[A

We will also consider a slightly modified version of the swap regret used in our analyses for learning
CE, defined as

Rewap(t) : F[AHA]Z% —(Fop', 4, (21)

where p? is ¢-th action distribution (from which the action a® is sampled from) played by the algorithm.

We now state our main result of this section.

Lemma F.1 (Bound on weighted swap regret). If we execute Algorithm 8 for T’ rounds and the
weights {ai} are chosen according to (2), then with probability at least 1 — p/2, we have the
Sollowing bounds on the swap regret simultaneously for all t € [T):

Rovap(t) = | max Zaf — G(F(a)] < CHAV/JE + HAD),

A]l—[A]

t

ﬁswap(t) = max ]Zai[ﬁi(ai) —(Fop' )] < C(HA/ L/t + HAuL/t),
' i=1

where C > 0 is some absolute constant.

The rest of this section is devoted to proving Lemma F.1, organized as follows. We first present some
important properties of Algorithm 8 in Section F.2. We then prove Lemma F.1 in Section F.3 using
new auxiliary results on weighted adversarial bandits with predictable weights. Lastly, these auxiliary
results are stated and proved in Appendix F.4.

F.2 PROPERTIES OF ALGORITHM &

Solution of the linear system In Line 5, we need to compute p' € A4 by solving the linear
system p'(-) = Zb, L (0")g" (). Such p*(-) can be interpreted as the stationary distribution of a
Markov chain over [A] with transition probability P(bla) = ¢(b). This guarantees the existence of

p" € Apj such that p'(-) = Z; Lt (0)q" (). Moreover, p*(-) can be computed efficiently (see
e.g. Cohen et al. (2017b)).

FTRL update for each sub-expert Here we show that, the updates for any particular sub-expert
b € [A] in Algorithm 8 is exactly equivalent to an FTRL update (with loss sequence being the ones
only over the episodes in which b is sampled) which we summarize in Algorithm 9. This is important
as our proof relies on reducing the weighted swap regret to a linear combination of weighted regrets
for each sub-expert b € [A].

To see this, fix any b € [A]. When b is sampled in Line 6 at episode ¢, we have accumulator ¢, and
weight wy, (b) = u; = al/a} at the end of episode ¢. Action a’ is chosen from distribution

tpy—1
¢"(a) oq exp (—(mb/wtb) > wr(b')lﬂ';(a)>

T=1
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after wy, (b) = uy = a! /a; is observed. The loss estimate Etb is

Y4 1{a=al
Z?gb(a)% tb(ab’) {a’ a‘}.
q (a) + Tty
So from the sub-expert b’s perspective, she is performing FTRL (follow the regularized leader) with
changing step size and random weight (We summarize this in Algorithm 9). Suppose the sub-expert b

is chosen at episode t = ky, k2, . . ., ky, , then the weighted regret for sub-expert b becomes
ty
Ry(b) = sup | > wr(b)(k. (a"7) = (6%,4x,)) |- (22)
0*€Aa —

Bounded weight w;(b) Recall {ai} is chosen as in (2). We have the following bound:

al I 1 _(H+2)(H+3)---(H+t) 1
A S T wmll—m) (=) L2 (= 1) < (H -+

So for any ¢ < T, we have
abjoy < (H+T)* =w. (23)
The weight w,,, (b) = a!/a;} have a (non-random) upper bound W.

F.3 PROOF OF LEMMA F.1

We use b* to denote the sampled sub-expert b at the i-th episode. Define G; as the o-algebra generated
by all the random variables observed up to the end of the i-th episode.

First observe that for Rgyap(t) we have the bound

Bswap(t) = F: [A —>[A Z a}[¢ —i(F(a"))]
< B Z ailtia’) = GEG)] + max Z o[t (F()) — (P (@)

I II

also, for Eswap (t) we have the bound

]§swap(tL A]—)[A Zat F()p 6 >]
< F[I}xla—)f[A Zat — L (F(b))] I}]&E{A]Zat <F opt, >]

I II

Term II and II can be bounded by concentration in a similar fashion; here we first focus on term TI.
Observe that at the i-th episode, as p* obtained in Line 5 solves the equation

A
a)=>_ p't')q" (a)
b'=1
we have b® ~ p(-) and a’ ~ ¢%'(-) has the same marginal distribution conditioned on G;_1, where
G;—1 denote the o-algebra generated by /; and all the random variables in the first i—1 episodes. There-
fore, fixing any strategy modification F' : [A] — [A], we have {a}[(;(F (b)) — £;(F(a'))] }1<i<t is
a bounded martingale difference sequence w.r.t. the filtration {G;}, so by Azuma-Hoeffding inequality

and S (o) < 2011,
(Zat ~t(F >>]>2\/Hl°fl“’><p
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As there is at most A4 strategy modifications, we can substitute p with p/(4A“T), and take a union
bound to get

t

M= max Y of[t;s(F(b)) — (F(a"))] < 2¢/HAlog(AT/p)/t < C\/HALJt — (24)

Fi[A]-[4] £

simultaneously for all ¢ € [T'] with probability at least 1 — p/4. We also note that, by a similar
argument (as b’ is also distributed according to p® conditioned on the past), we have that

t

T RS z —(Fop' ;)] < CVHALL. (25)
=1

Therefore for bounding both Ryyap(t) and ﬁswap (t), it suffices to bound term I.

We next bound term I. Define U, := {z €| N b} and let ni be the value of t; at the end of
the ¢-th episode, i.e. n} = #{z bt = b} We also suppose the sub-expert b was chosen at episode
t=kb kS, ... kP, up to episode t. Then we have

b

t

Zai[&(ai) —GFEO))] =Y Y ailtia’) — L(F ()]

be Aiel,

= Z Zat Ekb *) - gkﬁ(F(b))]

beAT=1

—Zzath ke (") — b (F(B))].

beAT=1

b b
Here the last equation is because our choice of w,(b) = oz:g Jag, = ozf 7 /ai which is a simple
corollary from the definition of oz% in Eq. (3).

Then because

S e (0) £ (a*) = i (FO))] < max S w0 (0) [l (07) = (045,07)] = Ri(),

where R;(b) defined in (22) is the weighted regret R;(b) for sub-expert b, we can use our result on

weighted adversarial bandits with predictable weights (Lemma F.2) to bound this term (The upper

bound W of the weight w, (b) can be taken as (H + T)* by the calculation of (23). Moreover,
b .

w,(b) = a,’f " /ai and {of }5_, is increasing, so {w,(b)}r>1 is non-decreasing.). Recall that our

choice of log term is ¢ = 4 log % ATlog, W1 here p/ < p/(4A). Thus by Lemma F.2,

with probability at least 1 — p/(4A),

= log

R:(b) < 15 max w,(b) |:\/ATLZL + L:| forall ¢t € [T7.

T<n}
Taking a union bound, we get
Ry(b) <15 max w(b) [\/ARZL + L:| forall (¢,b) € [T x [A] (26)
T<ny
with probability at least 1 — p/4.

On this event, we have

t

t ny
max atfl;(a®) — 6;(F(b"))] = max alw, (b)[¢ a"t) — 0, (F(b
g 2o )~ GO = s 55 ol )l () (PO
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< b (@) — L
o Zath s ( ’) Cry (F(D))]
beA

<> ofRy(b)
be A

< Zat mawa( )(154/ An}i + 150)

<

be A -
k",
@ Z 5/ Anji+150)
beA
< Z 5/ Anji + 150).
acA

Here, (i) uses (26), (ii) uses the af is increasing w.r.t. ¢’ and (iii) uses maxg<y <y af < 2H/t.
Finally, because ), 41 = t, by the concavity of z — \/z, we have with probability at least

1—p/4,

= 35§A]Zat G(F(b))] < g : (Z(\/ATLZH L))

be A
< AV + AL)

=30HA+/¢/t +30HAL/t.
Combining this with (24) and (25), we finish the proof. O

F.4 AUXILIARY LEMMAS FOR WEIGHTED ADVERSARIAL BANDIT WITH PREDICTABLE
WEIGHTS

In this subsection, we consider the Follow the Regularized Leader (FTRL) algorithm (Lattimore &
Szepesvari, 2020) with

1. changing step size,
2. weighted regret with F;_;-measurable weights and loss distributions,

3. high probability regret bound.

We present these results because the predictable weights we would use are potentially unbounded
from above; if weights are predictable and also bounded, then there may be an easier analysis.

Interaction protocol We first describe the interaction protocol between the environment and the
player for this problem. At each episode ¢, the environment adversarially choose a weight w; which
takes values in R+ o, and distributions (Eat)ae[ A]» where each L.+ 1s a distribution that takes values
in P([0,1]) (the space of distributions supported on [0, 1]). Then the player receives the weight
wy, chooses an action a;, and observes a loss Zt(at) ~ Lg, +. The action chosen a; can be based
on all the information in D; = {(a;, w;, fi(ai))igt,l, wy }. Then, the environment can observe the

player’s action a; and the incurred loss realization ¢; (a; ), and use these information and some external
randomness z; to choose the weight and distributions (w1, (La,¢+1)ae(4]) Of the next episode. We
will consider the following variant of FTRL algorithm for the player.

We denote ¢, = (E;_, [g])ae[,q] € [0,1]* which is a random vector but is o((Lat)ac(a))-
measurable. For some 6* € R4, the regret of the player up to episode ¢ is defined as

Ry =) wi(li(a;) — (07,43)).
i=1
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Algorithm 9 FTRL for Weighted Regret with Changing Step Size and Predictable Weights
1: for episodet =1,...,7 do
2:  Observe w; > 0 R
3 0i(a) o< exp(—(ne/we) X2y wili(a)).
4:  Take action a; ~ 6:(-), and observe loss ¢;(az).
5. l(a) < by(a)l{a; = a} /(6,(a) + ;) for all a.

Let (2;):>1 be a sequence of external random variables which are identically and independently
distributed as Unif([0, 1]) and are independent of all other random variables. We define F; =

o({a;, th zi ti<t) to be the sigma algebra generated by the random chosen action a;, the random loss

?;(a;), and the external random variables z; by episode ¢. We assume that the random weights and
the random loss distributions (w¢, (Lat)ac(a])t>1 are a (Fy)¢>1-predictable sequence, in the sense
that (w¢, (Lat)ac(a)) is Fi—1-measurable. Then F; contains all information (random chosen action,
random observed loss, random weight, and random loss distributions) before action a;; is taken.

We assume the predictable sequence (wt)1<t < have a global (non-random) upper bound W. Then
we define the log term ¢ = log(AT [log, W /p). We set
o L
e ="=1/7 .

F.4.1 REGRET BOUND

In the following, we consider to give a high probability weighted regret bound for Algorithm 9.

Lemma F.2. Let (w, (Lat)ac)a))t>1 be any Fy-predictable sequence satisfying 1 < min;<; w; <
max;<¢ w; < W for some constant (non-random) W > 0 almost surely. Moreover, suppose w is
non-decreasing. Then, following Algorithm 9, with probability at least 1 — 4p, for any 6* € A* and
t < T we have

t
> wilti(a’) = (6°,6:)) < 15maxw; - [VAL -+,
.71 17

where . = log(AT [log, W1 /p).

Proof. This lemma follows from the bound in Lemma F.3 and a concentration step that we establish
below.

Define M = [log, W1, and w;(k) = w;1 {w; < 2¥}. Then w;(k) is also F;_; measurable. We
Consider sequence {w;(k)(¢;(a") — <0i’£i>)}i>1' Since w; is JF;_i-measurable, E[w;(¢;(a’) —
(0:,£;))|Fi—1] = 0, which means {wi(k)(&-(ai)_— (0, €i>)}i>1 is a martingale difference sequence
w.r.t. filtration (F;). So by Azuma-Hoeffding inequality,

(Z wi(k)(li(a') — (0, 4:)) < /2~ Lt(gk)2> >1-— %

Taking a union bound, we have
]P’(Vk: el Zw Li(a®) = (0;,4;)) < 2’%/2u> >1—p/T. (27)

Denote k' = [log, max;<¢ wi], then we have

[k e [M], S wilk)(i(a’) — (61, 63)) < 22t}

i=1

{Zwl Gia') = (0,,0)) < 2V Q{Zwl } 92,€>)§2r£1§a§<wi\/ﬁ}.
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Then probability bound gives

(Zwl i —{0;,4)) < ngg(wi\/%L) >1—p/T.

Taking a union bound, we get
E wi(€;(a’) — (0;,4:)) < 2m3xwi\/2tL forall t € [T
1<t

with probability at least 1 — p. Summing the above and the regret bound shown in Lemma F.3, we
finish the proof. O

Lemma F.3. Let (wy, (Lat)ac)a))t>1 be any Fi-predictable sequence satisfying 1 < min;<; w; <
max;<¢ w; < W for some constant (non-random) W > 0 almost surely. Moreover, suppose wj is

non-decreasing. Then, following Algorithm 9, with probability at least 1 — 3p, for any 0* € A? and
t < T we have

t
Zwi (0; — 0%, ¢;) < IOI?Satxwi' {\/@JrL},

i=1

where . = log(AT [log, W1 /p).

Proof. The regret R;(6*) can be decomposed into three terms
t
:Zwi (0; — 0%, ;)
i=1

t

¢ t
:;w (6:—0".7:) +;w (06 =) + > wi (075 — 1)

i=1

(A) (B) ©)
and we bound (A) in Lemma F.5, (B) in Lemma F.6 and (C) in Lemma F.7.

Setting n; = v; = /4, the conditions in Lemma F.5 and Lemma F.7 are satisfied. Putting them
together and take union bound, we have with probability 1 — 3p

logA A i
R (607) <wt o8 + 5 W, + maxsz + A E Yiw; + Qmaxwl\/ 2t + 2maxwlb/'yt
Mt =1 =1
3\/
<maxw; | VA g — + v+ 2V2t 4+ 2V At
ist =1 \[

<10 max w; [\/ Ate + L} forall ¢t € [T
1=

This proves the lemma. O

The rest of this section is devoted to the proofs of the Lemmas used in the proofs of Lemma F.3.
We begin the following useful lemma adapted from Lemma 1 in Neu (2015), which is crucial in
constructing high probability guarantees.

Lemma F4. For any predictable sequence of coefficients ci,ca, ... ¢t s.t. ¢; € [0, 2%]‘4 W.EL.
(Fi)i>1 and fixing t, we have with probability at least 1 — p/(AT),

t
E w; <cl, i > < 2maxw;t
i<t

=1
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Proof. Define M = [log, W1, and w;(k) = w;1 {w; < 2*}. By definition,

w;(k)0; () _wi(k)li (a)1{ai =a} _ _ wi(k)li(a)1{a; = a}

0; (a) + i " 0 (a) + Wb eza)
2 W4 k ZI a a;=a ~
e (k)L 9( ()1){ i ® ok ( 2%wi(k)€i (a)1{a; = a})
o ; W, a;=a} kQ.
2i 1 4 2iwilk >2k(§ ()1){ } 27 2k0; (a)

where (i) is because <log(1+ z) forall z > 0.

e 1+2/2
Defining the sum

& wik) ) -~ w; (k)
S; = ok <ci;€i> , S = ok <Ci7£i> )

Then S; is F;_1-measurable since w;, ¢;, ¢; are F;_;-measurable. Using E;[-] to denote the condi-
tional expectation E[-|F;], we have

¢ (a 2v;w;i(k); (a) 1{a; = a
exp(E —Q(i)log (1+ ik ()Qkél)m){ })>1
(1) ¢i (@) wi(k)l; (a)1{a; = a
<E; ll | <1+ (@) (Q)kgf(i) { }>]

a

1_'_202 ()l{az—a}]

E; 1 [GXP (gz):| <E; 1

0i (a)

=1+8; < eXp(Sz')

where () is because 21 log (1 + 22) < log (1 + z123) forany 0 < 2z; < 1 and 25 > —1. Here we
are using the condition ¢; (a) < 2+; to guarantee the condition is satisfied.

Equipped with the above bound, we can now prove the concentration result.

Pli(@—&)zblgp Zt:(§—5)

i=1 =

ATM
>

exp

t
p
SwEtfl exp Z

(
e oo ]
(

L i=1 d
- i -
<L g, exp S; — Si)
= ATM -
<..<_ P
- - ATM

So we have

(Zw <c1, L ei> < 2’%) > 1 p/(ATM).

Taking a union bound,

t

(Vk € Z <c“ zi> < 2’%) > 1 p/(AT). (28)
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Denote k' = [log, max;<; w; |, and note that

{Vk c [M},Zt:wi(k) <ci,2i - zi> < 2’%}

t=

=

t

C {sz(k’) <ci,lz- — €i> < 2k/L} C {iwi <c,~,l2- —€¢> < 2m<atxwib}.

t=1 t=1

Therefore, we have

This proves the lemma. O

Using Lemma F.4, we can bound the (A)(B)(C') separately as below.

Lemma F.5. Ifn; < 2v; foralli <t and {n;/w;};>1 is non-increasing, with probability 1 — p, for
anyt € [T] and 0* € A4,

¢
~ locA A 1
g w; <9i — 9*,Zi> < Wi 08 A + = naw; + = max wit.
5 Mt 2 = 2 i<t

Proof. We use the standard analysis of FTRL with changing step size, see for example Exercise
28.12(b) in Lattimore & Szepesvéri (2020). Notice the essential step size is 7;/w; which is non-

increasing and the essential loss vector is w;/f;, we have

t

o _ox 7\ o WilogA in o0 4 _KL(9H1||92»)]
;wl@z 9,a>g , +;wz{<9z fuan ) =~

We claim that

(000 ) - S < 5 (0.),

In fact, applying Theorem 26.13 in Lattimore & Szepesvari (2020) gives that

<0i - 91‘+1,€i> _ KLOia]10) < % <Ui9i +(1- Ui)9¢+1,z?> ,
i

for some u; € [0, 1]. Note that our l; only have at most one non-zero entry, i.e. ZZ (a) > 0 if and only
ifa= a;. If Ql(al) > 9i+1(ai), we have

ZZ <Uz9 +(1 - uz)9i+1»@> = %[ng(ai) + (1= u;)0i41(a:)] ()2
;i > 2 T o
< 0.(a:(a:)? = 1~ AN
< Toia)lilan)? = 2 (0. 72)
Otherwise, 97(611) < 91'_;,_1(0,1'), so we have <91 - 91+1,Zi> = [0,(a,) — 014_1(&1)}@(&7) S 0 and
—KL(0;11]16;)/m:; < 0. In both cases, (29) is correct. As a result,

S (0= ) < A LS ()
i=1 l 2 o o v
wtlogA 122771106

i=1 ac A

(1) wy lo, A 1

< W og A szwll era}(wZ
i=1 acA
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< Wi wy log A n é

> 1 B niw; + m<ax wil
t

=1

where () is by using Lemma F.4 with ¢;(a) = 7;. The any-time guarantee is justified by taking union
bound. O

Lemma F.6. With probability 1 — p, for any t € [T,

t
Zw, <01,€ > <AZ’ylwl+2maxwz\/§

=1

Proof. We further decompose the left side into

iwi@i,a«, > Z <e,,1z 7]>+Zwi<9i,113i_1[@}_@>.

i=1 i=1 =1

0;
wz<9“€ ot l€>
Vi :
i 0i 7——0i ) < A Wi
w<,0i+%_€> ;fyw

To bound the second term, we use similar argument in the proof of Lemma F.4 , we define w =
max;<; Wy, M = |_10g2 W—l and ’U}Z(k) =w;1 {wi < Qk}, notice

<9i,2\i> ZH l{at_'_’y}_Zl{ai—a}—l,

¢ acA

~+

The first term is bounded by

> wi (06~ Eialli]) =

i=1

<. .
”MH_ ||Mﬁ
[ [

thus {w; (k) <9i, E;,—4 [Z -4 >}Z 1 18 a bounded martingale difference sequence w.r.t. the filtration
{F;},_,. By Azuma-Hoeffding inequality,

zt:wz(k) <9i,Ei—1[€Ai] —E> < 2Liwi(k)2

with probability at least 1 — p/T M. Taking a union bound, we get

2, - t(2k)2

zt:w,(k:) <91,IEZ W[6:] - > < V2 -12% | forall (¢, k) € [T] x [M]

with probability at least 1 — p. On this event, choosing &’ = [log, w], we have

t
> wi (0, Biall A} sz ) (01, 1[Z]—e2>
i=1
VoI t<2 max w;V 2 -
This ends the proof. O

Lemma F.7. With probability 1 — p, for any t € [T] and any 0* € A, if ; is non-increasing in i,

¢
Zwi <9*,Zi - £i> < 2m<atxwib/%.

i=1
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Proof. Define a basis {e; };4:1 of R4 by

lifa=j,
ej(a):{

0 otherwise.

Then for all the j € [A], apply Lemma F.4 with ¢; = v,e;. Since now ¢;(a) < 7 < ;, the condition
in Lemma F.4 is satisfied. As a result, for any ¢ € [T'] and j € [A], we have with probability at least
1 —p/(TA) that

t
Z w; <ej, Zz - €i> <2 m<atxwiL/’yt.
i=1 =

Taking a union bound, we have with probability at least 1 — p,

t

Zwi <ej,t2 —€i> < 2m3txwiL/% for all (j,t) € [m] x [T7.
i=1 =

Since any 6* is a convex combination of {e; };":1’ on this event, we also have
Zwi <0*,Z,; — E,;> < 2m<axw,;L/'yt forallt € [T].
i<t

i=1

This finishes the proof. O
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