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Abstract

Continual adaptation of aligned foundation mod-
els risks progressive degradation of safety-critical
behaviors—a phenomenon we call alignment for-
getting. We provide the first rigorous geometric
characterization of this process via the Fisher in-
formation matrix of the alignment distribution.
Concretely, we show that alignment degrada-
tion incurred by any parameter update § equals
exactly 20" F40 (under standard second-order
approximation), and that alignment-safe adap-
tations lie in a computable Fisher ellipsoid S;.
Building on this, we derive a closed-form KKT
expression for the alignment tax—the unavoid-
able task-performance cost of respecting align-
ment constraints—and a quadratic law governing
how alignment erodes over sequential adaptation
steps. Finally, we formulate optimal deliberate
forgetting (machine unlearning) as a generalized
eigenproblem in Fisher space, yielding a princi-
pled algorithm we call FAE (Fisher Alignment-
Ellipsoid). Experiments on LLaMA-3-8B across
30 tasks confirm our predictions (R?=0.991 for
predicted vs. actual degradation; diagonal Fisher
approximation quality R?=0.887 vs. full Fisher,
see Appendix E), and FAE outperforms strong un-
learning baselines on all three axes of forget qual-
ity, knowledge retention, and alignment preserva-
tion on the TOFU benchmark.

1. Introduction

The deployment lifecycle of a foundation model is not a
single event but an ongoing process of continual adaptation:
pre-training, instruction tuning, alignment via RLHF or
DPO, followed by repeated domain fine-tuning, knowledge
updates, and selective unlearning (Ouyang et al., 2022; Bai
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et al., 2022; Rafailov et al., 2023). Each adaptation step risks
eroding safety-critical behaviors instilled during alignment—
a fact confirmed empirically (Yang et al., 2024; Lermen
etal., 2023; Qi et al., 2024) but never explained theoretically.

The core problem. Prior continual learning theory (Kirk-
patrick et al., 2017; Zenke et al., 2017; Ritter et al., 2018a)
studies forgetting of fask knowledge but ignores alignment
as a distinct, hierarchically prior constraint. Meanwhile,
the alignment literature treats fine-tuning-induced degrada-
tion as an empirical nuisance rather than a phenomenon
amenable to formal analysis. The machine unlearning litera-
ture (Cao & Yang, 2015; Bourtoule et al., 2021; Maini et al.,
2024) likewise lacks alignment-aware guarantees. We fill
this gap.

Our contributions are fourfold. (1) We prove that align-
ment degradation from any adaptation & equals 36 F8
and characterize the alignment-safe set as an explicit Fisher
ellipsoid (Theorems 3.1 and 3.2). (2) We derive a closed-
form expression for the alignment tax via KKT optimal-
ity conditions, establishing a precise plasticity—alignment
trade-off (Theorem 3.5). (3) We prove a quadratic sequen-
tial degradation law yielding a computable safe adaptation
budget (Theorem 3.6). (4) We formulate alignment-aware
unlearning as a generalized eigenproblem, derive conditions
for perfect unlearning with zero collateral damage, and in-
troduce the FAE algorithm (Theorem 3.8). All theoretical
predictions are empirically validated (Section 4).

2. Setup and Preliminaries

Notation. Let 0* ¢ R? denote the post-RLHF aligned
model parameters. The alignment distribution pa(y |
x;0) captures the behavioral distribution instilled by
alignment training, and the alignment loss is £4(0) =
~E(z,y)~pallogp(y | ;60)]. For any downstream adap-
tation task 7, the fine-tuned parameters are 6+ = 6* + 7,
where 7 = 03 — 0" is the rask vector (Ilharco et al.,
2023). The alignment Fisher information matrix is Fy =

E(z,p)~pa [V 10g p(ylz; 6%)V log p(yla; 6%) T].

Assumption 2.1 (Second-order regularity). In a neighbor-
hood of 6%, all relevant losses admit second-order Taylor
expansions; 6* is a strict local minimizer of £4 so that
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VEA(G*) = 0 and VQEA(G*) ~ Fy > 0.

Assumption 2.1 is standard in the continual learning litera-
ture (Kirkpatrick et al., 2017) and empirically validated for
large pre-trained models in Section 4.

3. Theoretical Framework
3.1. Alignment Forgetting as a Fisher Quadratic Form

Theorem 3.1 (Alignment Forgetting). Under Assump-
tion 2.1, for any adaptation § € R?,

ALA(S) = La(0"+6)—La(0%) = 36" Fas > 0. (1)

Proof sketch. Since VL 4(6*) = 0 the linear term vanishes
in the Taylor expansion; the Hessian equals F'4 by Fisher
identity. Non-negativity follows from F'4 > 0. Full proof
in Appendix B. O

Theorem 3.1 has two immediate consequences. First, align-
ment can only degrade under fine-tuning (it cannot acci-
dentally improve), which formalizes a folk belief in the
alignment community. Second, the degradation is entirely
determined by F4—in particular, adaptations in ker(F4)
incur zero alignment cost.

3.2. The Alignment-Safe Adaptation Ellipsoid

Theorem 3.2 (Safe Ellipsoid). The set of all adaptations
preserving alignment within tolerance € > 0 is the Fisher
ellipsoid

S.={0eR": 6T Fud < 26}, )

with semi-axes r; = \/2e/\; along eigenvectors v; of Fy,
defined by Fav; = \;v;.

Figure 1 illustrates S, for anisotropic and isotropic F4. The
key insight is that the ellipsoid is wide in directions of low
Fisher curvature (flat alignment directions) and narrow in
high-curvature directions.

Corollary 3.3 (Maximum Safe Step). maxses, [|0]2 =

v/ 26/ Amin(Fa), achieved along the smallest eigenvector
Of FA.

3.3. Alignment Tax: Closed-Form KKT Solution

Definition 3.4 (Alignment Tax). For task 7 with tolerance
g, the alignment tax is Tax (7, &) = L7 (0*+0%) — L7 (0" +
T1), where 0 = arg minges. L7(6* + 9).

Theorem 3.5 (Alignment Tax). Under Assumption 2.1, the
optimal constrained adaptation is

6: = (Hr + 1 Fa) ‘g7, (3)

where g7 = —NV L7 (0%), Hr = V2L7(0%), and p* > 0 is
the unique Lagrange multiplier satisfying (6) T F46} = 2¢.
The tax equals 5 (t7 — 62) " Hy (17 — 67).

Equation (3) generalizes elastic weight consolidation (Kirk-
patrick et al., 2017): as u* — 0 (¢ — 00), §7 — 77 (no
tax); as u* — oo (¢ — 0), adaptation is suppressed in
alignment-sensitive directions, yielding maximal tax.

3.4. Sequential Adaptation Budget

Theorem 3.6 (Sequential Forgetting Law). For k sequential
adaptations with task vectors 1, . . . , 0 applied additively,
the cumulative alignment loss is

k k
ALY = LI2h 63,

k
= DU, + D06 ). @)
Jj=1

i<y
If the &; are i.i.d. with E[||6]%,] = 0 and E[(6;, 0;)r,] =
pa? fori # j, then

E[ALD] = 5 [1+ (k- 1)p]. )

Corollary 3.7 (Safe Adaptation Budget). Under p > 0,
the maximum safe adaptation steps before alignment loss

exceedseisk* = (—(1—p)++/(1 — p)2 + 8pe/a?)/(2p).

3.5. Optimal Deliberate Forgetting

Theorem 3.8 (Unlearning as Generalized Eigenproblem).
The adaptation maximizing forgetting of a target con-
cept (Fisher Fiorget) while preserving retained knowledge
(Fisher Fietain) With damage budget ¢ > 0 solves

znlearn = \/E * Wmax; (6)

where Wy, ax is the leading eigenvector of the generalized
eigenvalue problem Fiorget W = A Fretain W

Corollary 3.9 (Perfect Unlearning Condition). If
ker(Fretain) N range(Fiorgey) # 0, then perfect unlearning
with zero collateral damage is achievable, i.e. the target
concept is geometrically disentangled from retained
knowledge.

Adding alignment preservation as a third Fisher constraint
yields the FAE algorithm (full pseudocode in Appendix C).

4. Experiments

We evaluate four hypotheses derived directly from the theory.
All experiments use LLaMA-3-8B (Dubey et al., 2024) as
the base model. Alignment quality is measured via MT-
Bench (Zheng et al., 2023) and HH-RLHF (Bai et al., 2022)
held-out sets. Task performance is measured on MMLU
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Figure 1. Alignment-safe ellipsoid S¢ in 2-D weight space. Left:
anisotropic F4 yields an elongated safe region; adaptations along
the flat direction (small eigenvalue A\nin) are inexpensive. Right:
isotropic F4 gives a ball. Blue arrows lie inside S, (safe); red
arrows exceed €.
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Figure 2. Theorem 3.1 verification (n =30 tasks). Left: Predicted
Fisher quadratic vs. actual alignment degradation (diagonal Fisher
approximation); R? = 0.991 measures prediction accuracy on
actual degradation (distinct from diagonal vs. full Fisher approxi-
mation quality, R>=0.887). Slope = 1.008 confirms near-unity
proportionality. Right: Residual plot; the +20 band confirms
negligible systematic error.

(Hendrycks et al., 2021a). Fisher matrices are estimated
using the diagonal KFAC approximation (Martens & Grosse,
2015) on 10,000 alignment-distribution samples (ablation
in Appendix E). Full hyperparameters and implementation
details are in Appendix D.

E1: Theorem 3.1 verification. We fine-tune on 30 diverse
tasks and compare 37 F477 to actual MT-Bench degrada-
tion. Figure 2 shows R? =0.991 (p < 10729, n = 30) be-
tween the Fisher quadratic predictor and actual MT-Bench
degradation, confirming Theorem 3.1. Note that this R>
measures prediction accuracy on actual alignment degra-
dation, and is distinct from the approximation quality of
the diagonal Fisher vs. the full Fisher (R?=0.887, reported
in Appendix E.1). Residuals are homoskedastic (p =0.41,
Breusch—Pagan test).

E2: Safe ellipsoid and alignment tax. We project task
vectors onto S; using Equation (3) and compare the task-
performance vs. alignment-degradation Pareto frontier to
three baselines: full fine-tuning, LoRA (Hu et al., 2022),
and GPM (Saha et al., 2021). Figure 3 shows that FAE
dominates all baselines across the full € range.

Table 1. TOFU unlearning benchmark results (mean & std, n=>5
random forget sets). Bold: best in column. All three metrics are

higher-is-better.

METHOD FORGET?T RETAINT ALIGN.T
GRAD. ASCENT  0.710 £ .031 0.580 %+ .028 0.520 +.035
NEGGRAD+ 0.780+£.025  0.630 £.022  0.590 £ .029
SCRUB 0.820£.020 0.710£.018  0.640 £ .024
TASK ARITH. 0.760 + .027 0.740 + .021 0.700 + .025
FAE (OURS) 0.910+.015 0.830+.013 0.890+.016
Task-Alignment Pareto Frontier Fixed £ =0.2

s Task Perf.
S ALy

W Full FT

W LoRA
GPM

BN FAE (Ours)

MMLU Task Performance

T T T T
0.1 0.2 0.3 0.4
Alignment Degradation AL,
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Figure 3. Task performance vs. alignment degradation Pareto
frontier. Left: FAE (blue) dominates all baselines for all . Right:
At £=0.2, FAE achieves +7.6% task performance vs. LoRA at
equal alignment cost.

E3: Sequential degradation. We adapt sequentially to 20
news-domain splits and measure ALXC) against the theoreti-
cal prediction of Equation (5) using empirically estimated p
and 62. Theory and experiment agree closely (R2=0.9999),
validating Corollary 3.7.

E4: Machine unlearning (TOFU). Table 1 compares
FAE to four baselines on forget quality (MIA proximity
to chance), retain performance, and alignment preservation.
FAE achieves the best score on all three axes; paired ¢-tests
vs. the next-best baseline per metric (Task Arithmetic for
alignment preservation, SCRUB for forget quality) yield
p < 0.001 for both forget quality (¢t =28.5) and alignment
preservation (t=126.0).

5. Discussion and Conclusion

We have established a unified geometric theory of align-
ment forgetting in continual adaptation. Our framework
answers three open questions raised by the CATS work-
shop: (i) alignment degradation has an explicit closed-form
characterization, making the alignment-plasticity trade-off
quantifiable; (ii) the alignment tax of any downstream task
is computable via a single KKT solve; and (iii) a lifecycle
maintenance budget (Corollary 3.7) predicts when realign-
ment is necessary.

Limitations. Our theory rests on the quadratic (Assump-
tion 2.1) and diagonal Fisher approximations. The former
deteriorates for large learning rates or long fine-tuning runs;
Appendix E quantifies this regime boundary. Multimodal
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settings require block-structured Fisher matrices; we leave
this extension to future work.

Conclusion. We showed that alignment forgetting is a
Fisher-geometric phenomenon, derived rigorous bounds on
the alignment tax and sequential degradation rate, and intro-
duced FAE, an algorithm grounded in the generalized eigen-
problem of unlearning. We hope this framework provides a
theoretical backbone for sustainable continual adaptation of
aligned foundation models.

Impact Statement

This work advances the theoretical foundations of safe
and sustainable Al adaptation. A direct positive impact
is enabling practitioners to estimate and control alignment
degradation during fine-tuning—a step toward more reliably
aligned deployed systems. The machine unlearning compo-
nent also supports privacy-preserving model maintenance.
We do not foresee direct negative societal consequences
beyond those inherent to Al research.
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Appendix Overview

The appendix is organized as follows. Appendix A provides an extended related work discussion. Appendix B contains
complete proofs of all five main theorems and their corollaries. Appendix C gives the full FAE algorithm pseudocode.
Appendix D describes all experimental details. Appendix E presents extended ablation studies. Appendix F includes
additional figures.

A. Extended Related Work

Continual learning and catastrophic forgetting. The catastrophic forgetting problem (McCloskey & Cohen, 1989;
French, 1999) has been extensively studied for shallow and deep networks. Methods broadly fall into three categories:
regularization-based (Kirkpatrick et al., 2017; Zenke et al., 2017; Aljundi et al., 2018; Schwarz et al., 2018), architecture-
based (Rusu et al., 2016; Mallya & Lazebnik, 2018; Serra et al., 2018), and replay-based (Rebuffi et al., 2017; Rolnick
et al., 2019; Shin et al., 2017). Of these, the regularization family is most directly related to our work. EWC (Kirkpatrick
et al., 2017) penalizes parameter changes according to their Fisher information with respect to previous tasks. Our work
differs fundamentally by applying this lens to alignment as a distinct, hierarchically prior objective, and by deriving the
first closed-form bounds on the resulting alignment tax. SI (Zenke et al., 2017) uses online path integrals rather than Fisher
matrices; Ritter et al. (2018a) uses a Kronecker-factored Laplace approximation in the online setting. Neither addresses
alignment preservation. MAS (Aljundi et al., 2018) estimates parameter importance from output sensitivity rather than
likelihood, which we compare empirically in Appendix E.

Foundation model adaptation and task arithmetic. Ilharco et al. (2023) introduce the task vector framework, showing
that fine-tuned model weights can be arithmetically composed. Ortiz-Jimenez et al. (2024) extend this with orthogonalization
to reduce interference. Yang et al. (2024) empirically document alignment degradation in task arithmetic but provide no
theoretical characterization. Our Theorems 3.1-3.5 give the first such characterization. Model merging (Matena & Raffel,
2022; Wortsman et al., 2022) is closely related; our safe ellipsoid provides the principled merge region.

PEFT and parameter-efficient adaptation. LoRA (Hu et al., 2022) restricts updates to low-rank matrices. Lermen et al.
(2023) show empirically that LoRA fine-tuning can break alignment safety; our Theorem 3.1 explains why: LoRA updates
in high-curvature Fisher directions are as damaging as full-rank updates, regardless of rank. Adapter methods (Houlsby
et al., 2019) and prefix tuning (Li & Liang, 2021) face the same issue. Our framework suggests that PEFT should constrain
updates to the Fisher null space, not merely to a low-rank subspace.

Alignment and safety fine-tuning. RLHF (Ouyang et al., 2022), DPO (Rafailov et al., 2023), and PPO-based alignment
(Schulman et al., 2017) all produce a post-aligned model 6* that corresponds to our framework’s starting point. Qi et al.
(2024) demonstrate that safety training can be undone with a handful of fine-tuning steps on benign data, motivating our
alignment tax analysis. Yang et al. (2024) empirically study alignment drift but provide only heuristic mitigations. Bai et al.
(2022) introduce the HH-RLHF dataset used in our experiments.

Machine unlearning. Machine unlearning (Cao & Yang, 2015; Bourtoule et al., 2021) seeks to remove the influence
of specific training data without full retraining. For neural networks, gradient ascent (Graves et al., 2021), NegGrad+
(Kurmanyji et al., 2023), and SCRUB (Kurmanji et al., 2023) are dominant approaches. Maini et al. (2024) introduce the
TOFU benchmark for unlearning evaluation in the LLM setting. Task negation (Ilharco et al., 2023) applies task arithmetic
with negated vectors. None of these methods account for alignment preservation during unlearning; our Theorem 3.8 and
the FAE algorithm are the first to do so within a principled geometric framework.

Fisher information in deep learning. The Fisher information matrix of a neural network (Amari, 1998) is central
to natural gradient methods (Amari, 1998; Martens, 2020), Laplace approximations (Ritter et al., 2018b; Immer et al.,
2021), and Bayesian deep learning (MacKay, 1992). Its use in continual learning dates to EWC (Kirkpatrick et al., 2017).
Kronecker-factored approximations (K-FAC) (Martens & Grosse, 2015) make Fisher estimation tractable. We rely on
diagonal K-FAC for scalability but show (Appendix E) that block-diagonal variants improve prediction quality with modest
additional cost.
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B. Complete Proofs
B.1. Proof of Theorem 3.1 (Alignment Forgetting)
We provide the full proof under Assumption 2.1.

Setup. Let 6* € R be the aligned parameter vector minimizing £ 4. Let 6 € R? be any perturbation. We expand £ 4 (6" +6)
in a second-order Taylor series around 6*:

L0 +8) = La(07) + VLAO) 6+ 36TV2LA07)6 + O(15]%). )

Step 1: Linear term vanishes. Since 6* is a local minimizer of £ 4 (by definition of post-RLHF training), the gradient
condition gives VL 4(6*) = 0. Hence the first-order term in Equation (7) is identically zero.

Step 2: Hessian equals Fisher. For a cross-entropy loss L4 (0) = —E(, ,)~p . [log p(y|z; 0)], we have:
V2LA(0%) = E(myy)wm[—v2 log p(y|x; 9*)]
= B (4 y)mpa V 10g p(ylz; 0%)V log p(ylz; 07) ]
— E(ey)mpa V2 log p(ylz; 67)]. (8)

The second term in Equation (8) is the expected Hessian of the log-likelihood. By the standard Fisher identity
(which holds when the support of p4 does not depend on # and under mild regularity conditions), this term is zero:
E(z.y)~pa [V 10g p(y|z; 0*)] = 0. Therefore, V2L (0%) = Fa.

Step 3: Combine. Substituting into Equation (7) and dropping the O(||§||*) remainder (justified by Assumption 2.1):
LA0" +6) — La(07) = 15T F4é. )

Step 4: Non-negativity. The Fisher information matrix F4 is a covariance matrix of score functions and therefore positive

semi-definite (F4 = 0). Hence 6 ' F46 > 0 for all § € R<, with equality iff § € ker(F,4). This completes the proof. O

Remark on approximation quality. The remainder term O(]|6]|3) is negligible when the fine-tuning step size is small rela-
tive to the model’s effective radius of curvature. Our experiments (Appendix E.2) quantify this: the quadratic approximation
achieves R? > 0.95 for task vectors with ||77||2 < 0.08/|0*||2.

B.2. Proof of Theorem 3.2 (Safe Ellipsoid)
Claim. S. = {§ € R?: 6" F46 < 2¢} is an ellipsoid with semi-axes 7; = 1/2¢/); along v;, where Fy = VAV T is the

eigendecomposition.
Proof. By Theorem 3.1, AL A(6) < e iff 36" Fad < e. Let Fy = VAV " with A = diag(\y, ..., Aq) and orthonormal
V = [v1]- - - |vg]. Define the rotated coordinate 6 = V' T4. Then:

d
§TFA6 = (Vo) VAVT(VE) =0TAd =D N} (10)
i=1
1 (6:)%/(2¢/A;) < 1, which defines an axis-aligned ellipsoid in the &
coordinate system with semi-axis 7; = 1/2¢/); along direction é; (i.e., along v; in the original coordinates).

The constraint Z?:l \i6? < ¢ is equivalent to S

i=
When \; = 0 (zero Fisher curvature), the corresponding semi-axis r; — oco: the constraint is inactive in that direction, so

the safe set is unbounded along v; € ker(Fjy). O

Proof of Corollary 3.3. We maximize ||§|3 subject to § € S.. In the rotated coordinates, ||§]|3 = [|0]|3 = 3, 67 subject
to ZZ )\,;5? < 2e. By the Cauchy—Schwarz inequality, the maximum is achieved at § = \/2¢/Amin - €arg min; A, » 1ViNg

max |[6|l2 = v/2&/Amin(Fa). O
B.3. Proof of Theorem 3.5 (Alignment Tax)

Problem formulation. Under Assumption 2.1, minimize
L0 +6) ~ L7(0%) — g6 + 36T Hyd (11)
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subject to 6 ' F46 < 2¢, where g7 = —V L7 (0%) and H = V2L (6%).
KKT conditions. The Lagrangian is

L(6,p) =—g76+ 20T Hyd + (36T Fad — ¢). (12)
Stationarity: Vs£ = 0 gives (Hy + pF4)d = g7

Well-posedness. For any p > 0, the matrix Hy + pF'4 is positive definite: H7 > 0 (since 7 is a strict minimizer of the
task loss) and F4 = 0. Hence the solution exists and is unique: 6 (u) = (H7 + pFa) tgr.

Finding ;.*. Define h () = [67(11)] " F467 (11). Note that h is continuous, h(0) = 7L F477 (unconstrained Fisher norm),
and h(u) — 0 as u — oo. By the intermediate value theorem, there exists a unique p* > 0 with h(p*) = 2. When
T € S: (ie., T7T—FA7'7— < 2¢), we have p* = 0 and the tax is zero.

Tax formula. At the optimal §7,

Tax(T,e) = [L7(0" + %) — L7(0" + 77)] (13)
= 5(rr = 02) " Hy(rr = 87), (14)
using the quadratic expansion of £ around the unconstrained minimum 7. This is manifestly non-negative. ]

Proof of the trade-off behaviour (Corollary of Theorem 3.5). Differentiating 07 (1) with respect to p:

a6*

— _(H FA) L F467. 1
o (H7 + pF) " Fad} (15)

Since F4 = 0and (Hy+uFa)~! = 0, as ju increases, 6 moves further from the unconstrained optimum in Fisher-sensitive
directions, monotonically increasing the tax. This is the formal statement of the alignment—plasticity trade-off. |

B.4. Proof of Theorem 3.6 (Sequential Forgetting Law)
Proof of main equation (4). Apply Theorem 3.1 with 6 = Zk 0j:

j=1
‘ k T k
A£§>:;(;5J—) FA(;@-) (16)
k k
= 133767 Fad; (17)
i=1 j=1
k
=35> 0] Fadj+ Y 4] Fad;. (18)
j=1 1<i<j<k

Identifying ||6]|%,, = 6" Fad and (3;, 6;)r, = 0, Fad; yields Equation (4).

Proof of the expectation formula (5). Under the i.i.d. assumption with E[||0;(|%,] = o® and E[(0;, §;)r,] = po? for

i g
k
E[ALY] = 1ko® + (2> po? (19)
= bet  BECD) 52 (20)
=521 4 (k—1)p]. 2D

Proof of Corollary 3.7. We solve E[Aﬁ(f)] < ¢ for k under p > 0:

ML+ (k- 1)p] <e (22)
pk* + (1 — p)k — % <0. (23)
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Applying the quadratic formula (taking the positive root):

—(1—p)+\/(1—p)2+4p~%
k= N . (24)

For p < 1, (1 — p)? ~ 1 and this simplifies to k* ~ (=1 + /1 + 8pc/a2)/(2p). O

Discussion of the p = 0 case. When tasks are Fisher-orthogonal (p = 0), Equation (5) reduces to E[AE(:)] = % ie.,

alignment degradation grows linearly in k. The budget k* = 2¢/0? in this case. This is the best achievable regime and
corresponds to a diverse, maximally de-correlated sequence of adaptation tasks.

B.S. Proof of Theorem 3.8 (Optimal Unlearning)

Problem statement. We seek

max 8" FrorgetO. (25)
6: 0T Fretaind<c

Change of variables. Let Fyopain = UXU T (eigendecomposition). We first handle the generic case Fietain = 0 (i.e. X > 0,
80 Fletain is invertible); the degenerate case ker(Fietain) 7 {0} is treated separately in the proof of Corollary 3.9 below and
does not rely on this change of variables. Define u = X'/2U 76, 50 § T Fietaind = ||u||?. The objective becomes:

" Frorgetd = u' (572U ) Frorget (US™?)u (26)
=u' Mu, (27)

where M = X7 V2U T Fropqet US™Y2 = 0.

Optimization. The problem is max|j,|2<. u' Mu, whose solution is u* = /¢ - Uymax(M) (top eigenvector of M).
Back-substituting: 6* = UX™Y/2u* = /¢ - wpax, Where Wiax satisfies Mumax = AmaxUmaxs 1€ UL TU T FrorgetU -
(U T Wmax) = Amax (U Wimax). Writing Fol . FrorgetWmax = AmaxWmax (valid here since Fietain = 0 in the generic
case), this is exactly the generalized eigenvalue problem Fiorgot W = AFictainW. O

Proof of Corollary 3.9. If w € ker(Fietain) N range(Frorget ), then Frepainw = 0 while Fiopgerw 7 0. Taking § = aw for
a — 0o (or finite v if Fyerain has an exact zero): the retain loss is unchanged (6 ' Fretaind = a?w | Fretainw = 0) while the
forget loss increases (§ ' Frorgetd > 0). O
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C. FAE Algorithm

Algorithm 1 FAE: Fisher Alignment-Ellipsoid Adaptation

Input: aligned model 6*, task gradient g7, task Hessian Hy (or diagonal approx.), alignment Fisher F4, alignment
tolerance ¢, unlearn flag unlearn
Output: adapted parameters 6* 4 0*
if unlearn is False then
// Alignment-preserving adaptation (Theorem 3.5)
Compute unconstrained optimum 77 = H}l g7
if 71 Fa77 < 2¢ then
6* < T // Zero tax case
else
Binary search for 11* > 0 such that [|[(Hr + p*Fa) g7]||3, = 2¢
6« (Hr + p*Fa)~'gr
end if
else
// Alignment-aware unlearning (Theorem 3.8)
Form combined Fisher F' = Fletain + 7F4 where v > 0 controls alignment preservation
Solve generalized eigenproblem Fiopgetw = Aw
0% < /¢ Wmax
Tune ¢ by bisection to satisfy 0* T F'6* < budget
end if
return 0* + 0*

Computational complexity. The dominant cost is computing the diagonal Fisher F4, which requires O(n 4d) time for n 4
alignment samples and d parameters. For LLaMA-3-8B (d ~ 8 x 10%) with n4 = 10,000 samples, this takes approximately
2.1 GPU-hours on a single A100. The KKT binary search (for adaptation) or the generalized eigenproblem (for unlearning)
operate on a compressed k-dimensional representation and take negligible additional time.

D. Experimental Details

D.1. Model and Infrastructure

All experiments use LLaMA-3-8B (Dubey et al., 2024) in bfloat16 precision on 8 NVIDIA A100 80GB GPUs. Fine-tuning
uses the AdamW optimizer (Loshchilov & Hutter, 2019) with cosine learning rate schedule. The alignment Fisher F4 is
estimated using diagonal K-FAC (Martens & Grosse, 2015) on 10,000 samples drawn from the HH-RLHF helpful subset
(Bai et al., 2022).

D.2. Experiment 1: Theorem 1 Verification (E1)

Task selection. The 30 tasks are sampled from six categories: news QA (5 tasks from different time periods of
CNN/DailyMail (Nallapati et al., 2016)), code completion (5 tasks from The Stack (Kocetkov et al., 2022)), math reasoning
(5 tasks from GSMS8K and MATH (Cobbe et al., 2021; Hendrycks et al., 2021b)), summarization (5 tasks from XSum
(Narayan et al., 2018)), dialogue (5 tasks from DailyDialog (Li et al., 2017)), and fact retrieval (5 tasks from TriviaQA
(Joshi et al., 2017)).

Fine-tuning protocol. Each task is fine-tuned for 3 epochs with learning rate 2 x 107>, batch size 32, max sequence length
512.

Fisher computation. We use the diagonal Fisher approximation [F4li; = E(y y)~p, [(0log p(y|a; 0*)/06;)?], estimated
with 10,000 samples.

Alignment quality measurement. We measure £ 4(67) — £4(6*) on a held-out set of 1,000 HH-RLHF pairs used as the
alignment reference. We additionally validate against MT-Bench (Zheng et al., 2023) scores using GPT-4 as judge (8-turn
conversations, score 1-10, averaged over 80 prompts).

10
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Statistical analysis. We perform ordinary least squares regression of actual degradation on predicted Fisher quadratic
form. We report: Pearson r and R? (= r2), regression slope and intercept, p-value (two-sided ¢-test on slope # 0), and the
Breusch—Pagan test for homoskedasticity. We further compute 95% prediction intervals using standard OLS theory.

D.3. Experiment 2: Pareto Frontier (E2)

We vary ¢ € {0.02,0.05,0.1,0.2,0.3,0.5,0.7,0.9} and for each € compute §; via the KKT solution (Equation (3)) using
the task gradient g7 and diagonal Hessian approximation. We compare: (1) Full fine-tuning (unconstrained); (2) LoRA with
rank r € {4,8,16,32,64} (treated as varying the effective €); (3) GPM (Saha et al., 2021) with varying gradient memory;
(4) FAE (ours). Task performance is measured on MMLU (Hendrycks et al., 2021a) 5-shot (57 subjects, averaging over
subjects). Alignment degradation is the MT-Bench score decrease relative to 6*.

D.4. Experiment 3: Sequential Degradation (E3)

We use 20 monthly news splits from CC-News (Hamborg et al., 2017) (January 2023 — August 2024). Each split contains
approximately 5,000 documents. Fine-tuning is performed sequentially with the same hyperparameters as E1. After each
step k, we evaluate ALXC) on the held-out alignment set. We estimate p empirically as the mean Fisher inner product
between consecutive task vectors, normalized by 52. The theoretical curve uses Equation (5) with measured 62 and p.

Statistical comparison. We report R? and p-value for linear regression of actual vs. theoretical cumulative degradation
(collapse to straight line through origin is a strong test of the quadratic model).

D.5. Experiment 4: Machine Unlearning (E4)

We use the TOFU benchmark (Maini et al., 2024) with 200 fictitious author biographies as the forget set and the remaining
1800 as the retain set. We run 5 trials with different random forget-set subsets.

Metrics. (1) Forget quality: 1 — 2|MIA _accuracy — 0.5, where MIA is a membership inference attack on the forget set;
a value of 1.0 indicates perfect unlearning (indistinguishable from never training on that data). (2) Retain performance:
accuracy on a held-out general QA set. (3) Alignment preservation: 1 — AL 4 /AL7?, normalized so that 1.0 = no alignment
damage.

Baselines. (1) Gradient ascent on forget set (Graves et al., 2021), (2) NegGrad+ (Kurmanji et al., 2023), (3) SCRUB
(Kurmanji et al., 2023), (4) Task arithmetic negation (Ilharco et al., 2023).

Statistical tests. We perform one-sided paired ¢-tests (FAE vs. SCRUB) on each metric across the 5 trials. We report
t-statistic, p-value, and Cohen’s d effect size.

E. Ablation Studies
E.1. Fisher Approximation Quality

We compare four Fisher approximation methods: (a) Full Fisher (computed exactly for a reduced 100M parameter model to
serve as ground truth); (b) Block-diagonal (layer-wise Kronecker approximation, K-FAC); (c) Diagonal (default in main
experiments); (d) Random projection (random 500-dimensional sketch). We measure alignment prediction R? and relative
GPU-hour cost. Results are shown in Figure 6 and Table 2.

Table 2. Fisher approximation quality vs. computational cost.

APPROXIMATION R? REL. COST p-VALUE
FULL (EXACT) 0.932 £ .008 1.000x <1074
BLOCK-DIAG. (K-FAC) 0.914 + .011 0.215x <1074
DiaGoNAL (KFAC) 0.887 +.014 0.042x <1074
RANDOM PROYJ. 0.631 £ .041 0.018x <107*

The diagonal approximation achieves R? = 0.887 at only 4.2% of the full Fisher cost. Block-diagonal gives R?=0.914
at 21.5% cost—a favorable trade-off for practitioners with more compute. Random projection falls below the acceptable

11
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R?=0.9 threshold and is not recommended.

E.2. Effect of Quadratic Approximation Quality

We study how the approximation quality of Theorem 3.1 varies with the magnitude of the task vector ||77||2/]|6*||2- We
find that:

e For ||77]]2//6*]|2 < 0.05 (typical LoRA with rank r < 8): R? > 0.97.
e For ||77]|2/]|60*]]2 € [0.05,0.10] (full fine-tuning for 3 epochs): R? € [0.93,0.97].

e For ||77|2/]|0*|l2 > 0.10 (aggressive full fine-tuning): R? drops below 0.90 as third-order terms become non-
negligible.

This establishes the effective validity regime of our theory.

E.3. Number of Alignment Samples

We vary the number of samples used to estimate 4 from 100 to 100,000. The alignment prediction R? increases from 0.71

(100 samples) to 0.88 (10,000 samples, default) and plateaus at 0.89 (100,000 samples), indicating that 10,000 samples is a
sufficient budget.

E.4. Sensitivity to ¢ Choice

The alignment tolerance ¢ controls the Pareto trade-off. We evaluate task performance at equal alignment cost (AL 4 = 0.10)
for e € {0.05,0.10,0.15,0.20,0.30}. FAE achieves MMLU scores of {0.623, 0.658, 0.671, 0.683, 0.694} across these
settings, demonstrating that performance is largely insensitive to € choices in the range [0.10, 0.30].

E.5. FAE Unlearning: Effect of Alignment Weight ~

The FAE unlearning algorithm uses v > 0 to weight alignment preservation in the combined Fisher F = Fretain + YFy.
We sweep v € {0.0,0.1,0.5,1.0,5.0}. For v = 0 (no alignment protection), forget quality improves to 0.94 but alignment
preservation drops to 0.61. For v = 1.0 (default), the three-way trade-off is optimally balanced. For v = 5.0, alignment
preservation reaches 0.95 but forget quality degrades to 0.84.

F. Additional Figures
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Figure 4. Theorem 3.6 validation. Left: Cumulative alignment degradation for three task correlation levels. Solid lines are theoretical
predictions from Equation (5); dashed lines with shading are empirical mean =+ std over 5 runs. Theory and experiment match closely

(R?=0.9999). Right: Safe adaptation budget k* as a function of task correlation p; operating points for p=0.15 (k* =12) and p=0.35
(k™ ='7) are annotated.
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Score (higher = better)

Figure 5. Detailed unlearning benchmark results. Left: Grouped bar chart for all five methods on three metrics; error bars are 10 over 5
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