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Abstract

Large learning rates, when applied to gradient descent for nonconvex optimization,
yield various implicit biases including edge of stability [[1], balancing [2], and
catapult [3]. These phenomena cannot be well explained by classical optimization
theory. Significant theoretical progress has been made to understand these implicit
biases, but it remains unclear for which objective functions would they occur. This
paper provides an initial step in answering this question, showing that these implicit
biases are different tips of the same iceberg. To establish these results, we develop
a global convergence theory under large learning rates for two examples of noncon-
vex functions without global smoothness, departing from typical assumptions in
traditional analyses. Specifically, these phenomena are more likely to occur when
the optimization objective function has good regularity. This regularity, together
with gradient descent using a large learning rate that favors flatter regions, result in
these nontrivial dynamical behaviors. We also discuss the implications on training
neural networks, where different losses and activations can affect regularity and
lead to highly varied training dynamics.

1 Introduction

Large learning rates are often employed in deep learning practices, which is believed to improve
training efficiency and generalization [4, 3} 5} 6], while they are still theoretically under-explored. A
prevalent hypothesis states that using large learning rates results in the emergence of "flat minima,"
which in turn leads to better generalization. This belief has served as a catalyst for many novel insights
examining the ‘sharpness’ of the solution under large learning rates, i.e., the largest eigenvalue of
the Hessian matrix associated with the objective function. This perspective has given rise to diverse
implicit biases, including edge of stability (EoS) [[L], balancing [2]], and catapult [3]. Collectively,
these phenomena will hereafter be referred to as as large learning rate phenomena.

There are a lot of theoretical works that analyze EoS and balancing for specific objective functions
[7H16]. However, it was unclear whether or how these phenomena are related to each other, or what
trigger them. Two important but unsolved questions are the following:

When and why do EoS and other large learning rate phenomena occur?

To answer these questions, we consider min,, f(u) for two example functionsoptimized by gradient
descent (GD) w41 = ug — hV f(ug), where h > 0 is the learning rate. We analyze the convergence
of GD under large learning rate, where % <hg % and L is the local Lipschitz constant of V f (see
Sec. [2.3|and [2.4] for detailed definitions and discussions) and obtain the following theoretical results:
o About ‘when’. Under the two example functions, we demonstrate that large learning rate phenom-
ena depend on the regularity of the objective functions. Roughly speaking, in the case of functions

'A longer version of this paper that studies more general functions can be found in [17].
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with good regularity, EoS and balancing phenomena are more prone to appear. However, when
dealing with functions of poor regularity, these two phenomena are more likely to disappear.

e About ‘why’. Our theoretical analysis reveals that a crucial characteristics of these phenomena is
the ability of large learning rates to steer GD towards flatter regions. In other words, the sharpness
along GD iterations is influenced and controlled by how large the learning rate is. In fact, upon the
convergence of GD, which is nontrivial due to large learning rate but proved as a groundwork for our
theory, the limiting sharpness is within @(h) distance below 2/h for the function of good regularity.
For the bad one, it is bounded by 1/h and we name this nontrivial phenomenon as one-sided stability.
Moreover, when the objective function has good regularity, GD is guaranteed to enter a region with
sharpness less than its limiting sharpness (which is an early stage of progressive sharpening), and
then ‘crawl’ up in sharpness till ~ 2/h (near the edge of stability).

Notation. We use S such that a < b means a < b + € for some small ¢ > 0. We denote Si to be
the largest eigenvalue of Hessian, i.e., sharpness, at kth iteration of GD. We follow the theoretical

computer science convention and use O(-) to indicate the order of a quantity and @() for its order
omitting logarithmic dependence. We use || - | 7 to denote the Frobenius norm of a matrix.

2 Main theory

To better quantify the effect of regularity, we define the following concept:
Definition 1 (Degree of regularity). Given function F(s): R — R, its degree of regularity is

dor(F') = inf {n (|F(s)| < Chls|™, for|s| > Co with some constant Cy, Cy > O}. (1

Inspired by [2,[11}19], we analyze and compare the following two example functions of x, y
fgood(xa y) = Fgood(xy) =2(log(exp(xy — 1) + 1) +log(exp(1 - zy) + 1)), 2
Foaa(@,y) = Foaa(ay) = (1 - (zy)*)?/18. 3)

The two functions are designed for a fair comparison with the following properties:
o All the minima of these functions are global minima, located at xy = 1;
e The sharpness at any minimizer (z,y) is 22 + .

According to Def.[I] these two functions have different degrees of regularity:

dor(Fgooa) =1 < dor(Fpaq) = 6.
We prove that for good regularity function feood (%,9) = Feood(2y) (small dor), EoS and balancing
occur, while for bad regularity function fh.q(x,y) = Fhada(2y) (large dor), these phenomena
disappear. Before proceeding with the main results, we first describe the two phenomena, EoS and
balancing (and also catapult).

2.1 Description of Edge of Stability (EoS) in our framework

EoS is a large learning rate phenomenon. Its original description in [[L] contained two stages, namely
progressive sharpening, and limiting sharpness stabilization around 2/h. [9] later observed a third
stage before progressive sharpening, which will be referred to as pre-EoS, where the sharpness will
first decrease before increasing. A description of the full process is the following:

oPre-EoS (de-sharpening). This stage characterizes the situation where at the very beginning of the
iterations, the sharpness decreases sharply before the occurrence of the well-known EoS (see [9]). It
does not necessarily come with all the EoS phenomenon and only appears when the initial sharpness
is very large. Nevertheless, it helps demonstrate the behavior of GD under large learning rate.

eProgressive sharpening. This stage is governed by increasing sharpness. Due to the preparation
of the pre-EoS stage, progressive sharpening is guaranteed to start in a relatively flat region (small
sharpness), even if GD was initialized in a sharp region. Then, as GD further proceeds, the minimizer
that GD eventually converges to will have larger sharpness than the majority of sharpness values
along GD trajectory in this stage. Such behavior stems from the good regularity of the functions.

eLimiting sharpness near 2/h. Stability theory of the GD dynamics (see Appendix [A) guarantees
that the limiting sharpness has to be not exceeding 2/h, but not necessarily close to 2/h. It is the
good regularity of objective function that will drive the final sharpness towards 2/h.

2.2 Description of Balancing and Catapult in our framework

The existence of balancing phenomenon is originally proved in matrix factorization problem with ob-
jective function | A— XY |% [2], for which GD optimization can still converge when LR h exceeds



2/L, and its limiting point (Xe, Yao ) satisfies || Xoo| 7 — | Yoo | #|* < C%h — ¢, for some ¢, cq > 0.
The larger the learning rate is, the smaller the gap between the magnitudes of X and Y will be, i.e.
X and Y will become more balanced when compared to their initials. This is in stark contrast to
the behavior observed under small learning rates, where weight discrepancies remain approximately
constant [18H20]. Consequently, large learning rates bias GD towards flat minima, even when the
optimization is initiated arbitrarily close to a sharp minimum (see Corollary 3.3 in [2] and Sec. 2.3).

There are two phases in the balancing mechanism. The first phase gives rise to loss catapulting 3]
which is another intriguing empirical observation. In this phase, the loss experiences an initial increase
before subsequent decrease, due to GD escaping from the neighborhood of a sharp minimum and
then searching for a flatter region that is close to a flat minimum. Additionally, the main mechanism
of balancing (the first phase) is similar to de-sharpening (pre-EoS) in EoS.

2.3 Good regularity function

In this section, we show that for function with good regularity (2)), both EoS and balancing occur
when learning rate is large.

Theorem 1. Assume the initial condition satisfies (xo,10) € {(z,y) : V2 < zy < 4,2% + > 2
48-/12}\B, where B is a Lebesgue measure-0 set. Let the learning rate be h = ﬁify‘z for2.2<C <4
0 0

Then for feood(z,y) @), GD converges to a global minimum (2 oo, Yoo ), and:
e EoS (end of pre-EoS; preparation for progressive sharpening): There exists N € N, such that the
sharpness at the Nth iteration satisfies Sy S i(G = () Ss, which is < So for all C above.

e EoS (Limiting sharpness): The limiting sharpness satisfies % - @(h) < Seo =a2 +12 < %

* Balancing: The limit (T oo, Yoo ) satisfies (Too — Yoo )? < & (w0 —Y0)? + 2(woyo — 1).

Interpretation of EoS results. The above theorem embodies a detailed description of the whole
EoS process. More precisely, there is progressive sharpening: since there is at least one point along
the trajectory with small sharpness (smaller than limiting sharpness), the sharpness will eventually
increase to the limiting sharpness. In the end, the sharpness stabilizes near 2/h within a distance of
O(h). The pre-EoS (de-sharpening) can also occur if the initial condition (z, o) is close to the
minima. In this case, the initial sharpness S is approximately x3 + y2 and we have

1 1 2 3 1 3 1

1(6—0)500 ~ Z(G—C)E = (5 —5)(a;3+y§) ~ (5—5)50 <8y, for2.25C <4
which means the sharpness will first decrease before GD enters the progressive sharpening stage.
This also implies that the limiting sharpness is smaller than the initial sharpness, which corresponds
to the balancing phenomenon (see the discussion below).

SN S

Interpretation of balancing result. The above result states that the limiting difference (2oo — Yoo )?
is upper bounded by its initial. Moreover, if the learning rate h increases (i.e., C increases), the upper
bound of (% — Yoo )* Will be smaller. For example, when C = 4 and (g - yo)? are large, we have
(Too =Yoo )? S L (z0-0)?. Indeed, balancing can be used as an explicit characterization of sharpness.
To see this, let us first recall that at any minimizer (zy = 1), the sharpness is 2+ y2. Then at that
minimizer, we have (|z| - |y|)? = (z - y)2 = 22 + 4% - 22y = 2% + y% - 2, i.e., (x — y)? is equivalent
to the sharpness =2 + 42 up to a constant shift. Therefore, if GD starts near a sharp minimum, large
learning rate leads to smaller value of (Zoo — Yoo )2, meaning GD converges to a flatter minimum.

Interpretation of large learning rate. Here is how the h’s that we considered are large learning
rates even when there is no global Lipschitzness: given any h considered in the theorem, we showed
GD will converge. Its trajectory is thus in a bounded region. We then consider the maximum of local
Lipschitz constant of the gradient over all points in this region, denoted by L. We can show that our
h satisfies h > % and can be approximately %. Especially, if GD is initialized near the minima, the
initial sharpness is ~ 22 + y2, which is ~ L. Consequently, h ~ C/L > 2/ L. See more explanation in
our longer version.

2.4 Bad regularity function

This section shows that for bad regularity function (3), neither EoS nor balancing occurs even when
the learning rate is large.

Theorem 2. Assume the same initial conditions as Theorem Let the learning rate be h =
mforQ < C < 3. Then for foaa(z,y) @), GD converges to a global minimum



(%oo, Yoo ), and:
e No EoS: The limiting sharpness Ss, satisfies Seo = T2, + Y2, <

o No balancing: (e — Yoo )? 2 (20 - y0)? + min {2(zoyo — 1) - 2 zoy0, — oo (zoyo — 1) }.

S|
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Figure 1: No EoS or balancing for bad regularity no matter
what the learning rate is. All the figures share the same initial
condition xy = 6,yp = 1.
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sharpness is far below 2/h and
hence there is no EoS; also, we
have (oo — Yoo )? > (20 — y0)? and hence there is no balancing either.

3 Neural network implications

To relate the much-more-complicated neural network models to our theory, let’s consider a toy
example of a 3-layer neural network trained on one data point (1,1) with linear first layer
and fixed last layer (assumed to be 1). Then the training objective function is f(Wi, W) =
L(1,0(W2W1)), where W7, W, € R™ are the weights and £ is the loss. This function could
be rewritten as f(W1, W) = F(W; W) and we have dor(F') = dor(£(1,-))dor(o). This means
the regularity of this objective function depends on two parts: one is the neural network model g
whose regularity depends on that of the activation function, and the other is the loss function L.
To exemplify such differences, we consider huber loss+ReLU (dor = 1, good regularity) and ¢2
loss+cubic ReLU (dor = 6, bad regularity). As is shown in Fig.[2] the former case exhibits large
learning rate phenomena (EoS and balancing), while the latter case does not. More details can be
found in Appdx[E]and our longer version.
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A Necessary condition of convergence from stability theory

For an objective function f(u), consider the GD update in terms of a iterative map v

Ugs1 = V(ug) = up — hv f(ug).
We further consider a stationary point u* of the objective function f, i.e., Vf(u*) = 0. Then this
point u* is a fixed point of the map 1 since

u* =ut =hVf(u') =yu”).
If all the magnitudes of the eigenvalues of Jacobian matrix Vi (u*) are less than 1, u* is a stable
fixed point (see more explanation in Section 5 of [2]). Consequently, we have the following theorem

Theorem 3 (Necessary condition). Let u* be a local minimum point of f(u) and consider GD
updates. If -1 < I —hV2f(u*) <1, i.e, h< % where V2 f(u*) < L*I, we have that u* is a stable
fixed point of GD map.

Note the above theorem is a necessary condition of the convergence of GD to a minimizer. This
is due to the fact that if h > %, there exists at least one eigendirection s.t. the magnitude of its
eigenvalue is greater than 1. Namely, there will be an unstable direction of the map that prevents GD
from converging towards the point v*.

B Preparation for proofs
Before the proofs, we first take a closer look at the GD iteration for the function f(x,y) = F(xy)
(Geet) = )= () G = G ) G2)
Yk+1)  \Yk AL 0 \ye) T \=ht 1 [\ )
where £, = F'(zy;). Let uy = (5:) Then
Upprttken = (14 W26 ) ujuy, - Ahlpagys, “)
U;+2uk+2 =(1+ hggiﬂ)u;uulﬁl = 4"l 1 Tha1 Yrr1
= (L+h202,) (1 + B2 ) ujuy — Ahlyxpyy) — Ahlys The1 Yrer - 5)

Lemma 1. Under the same assumption as Theorem[I} we have
Upq Uka1 S Ut — Al (2 — Oi)

Proof. By Lemmal[3] we have
L4
Up g < 7t O(h).
Then by (@), we have
Up Uk+1 < upug — Ahl (pyy — O) + O(h%i)

O
For the update of x1y;, we have
Trr1Yee1 = (1+ BP0 2ryr — hlpugug, (6)
4
The1Yk+1 — 1 = (Tpyr — 1) (1 - hik(uzuk - hfkfl?kyk)) . 7
Tryk — 1

Let § := xzy — 1 and §y, := z,yx — 1. Then we define the following functions:
5(5)=F,(5+13, andthenék:K(ék):F'(xkyk);

q(6) = ——=, andthen ¢(d%) = B —
0 TRy — 1 0
r(ug,d) = 1-hq(8) (upur—hl(6)(6+1)), and then ry = r(uy, o)) = 1_h71(u;uk—h€kxkyk).
TpYk —
Let -

k and then 7y, 2].—qu((5]€).

q(0x)’
From Lemmal[I] we also define
L(6) =£4(6)(6+1-4£(4)), and then L(dx) = Lp(xryr — Lk )-
All the above functions also depends on a or b. If not specified, all the properties for these functions
used in the proofs are valid forall 0 < a <lorb=2n+1withn e N.



C Proof of Theorem for function f,,0q4 (2)

The following propositions show the properties of the functions defined above under this objective.

The proof is based on simple analysis and Taylor expansion and thus omitted. If not specified, these

properties are independent of a.

2 ( e’-1 )
ed+1

Proposition 1. The function £(5) =

has the following properties:
o 0(6) =—-L(-9)
* £(8)>0ford>0.

* [€(0)| <3 forall §>0.
Proposition 2. The function L() = £(6)(0 + 1 —£(0)) has the following properties:

* L(8) monotonically increases for § > 0, and L(6) > L(0) for 6 > 0.
* L(6) + L(-9) > 0 forall 6.

* L(61)+L(0) >0foré1>1andallé.

* L(0)+L(rd)20.8(1+r)dford>0and -1<r<0.

Proposition 3. The function q(8) = @ has the following properties:

 q(0) is symmetric with respect to § = 0, i.e., q(6) = g(=9).
* For 0 20, g(6) monotonically decreases as ¢ increases, and then q(0) < q(0) = 1.

e From Taylor expansion, we have

1
q(8) 21 -¢16%, where c; = The 0.

Also, when § < 1,

1
q(0) <1 - 362, where ¢y = T

e For2<(C <4,

From the above propositions, we will use 0y, = |xxyx — 1| instead of 21y, — 1 for the rest of the proofs.
C.1 Proof of convergence
Proof. By Proposition [3|and Proposition|[I]

7k = 1= hq(dr) (upur, — hpzryr) < 1.

As is discussed in Lemmafd] the initial condition set removes a null set of converging initial conditions
within finite steps, i.e., ri # 0. If 7 > 0, then |z yx — 1| will monotonically decreases. Otherwise,
1, < 0 and by Lemma for all n > k, if x,,y, > 1, then x,,41y,+1 < 1 and vice versa. Then we can
consider the kth iteration when xy; > 1 and we have xg,9, >1forn=1,--.

By Lemma 8] |z4y), — 1| is guaranteed to decrease monotonically in |zxy), — 1| < Ro, with |ry| < 1.
Therefore, GD will converge to zy = 1 (otherwise, if zxyy converges to ¢ # 1, with |ry| < 1, |zpyr — 1]
will keep decreasing, contradiction). O

C.2 Proofs of EoS

Proof of Part II: limiting sharpness. From the proof above, GD converges to a global minimum.
Throughout this proof, we will use the big O notation for complexity and distance. The proof can be
made more rigorous by considering specific constant scaling of these orders.

By the lower bound of h, ujug 2 M}:’O(h), ie., |ro(1)] = 1+O(h). Then we consider the decrease
of uj uy until GD enter the region || < 1. More precisely, we consider three regions: 1) when |9 is



small enough s.t. u; uy does not decrease every two steps. By the following bound,
U£+2uk+2 =(1+ h2£i+1)“£+1uk+1 ~4hl 1 Ths 1 Ykt
=(1+ h2fz+1)((1 + h%i)u;uk —Ahlixryr) — Al 1 Tre1 Ykt

1 1
> ujug — 4h[lraryr — §£§ + 1 Tl Y1 — §€i+1] —ARP03 Uy + DG Gugug,

1
> u;uk —4h[(1+rg)(xpyr — 1) + 5(1 + ri)(xkyk - 1)2] - 4h3€i+1€kxkyk + h%iHEiu;uk,

we have that such |d;| < O(h). 2) Starting from |6;| = O(h), consider |0y | increases to some region
that is O(h) away from 1, i.e., the rate of increase is at least 1 + O(h). In this region, it takes GD at
most O(-logh/h) steps and u  uj, may decreases every two steps, where the order of decrease is
O(h). 3) Starting from the end of 2), if the rate of increase is at least 1 + O(h), then the complexity
of entering the region |r| < 1 is at most O(1/h) which follows the same derivation as 2). Otherwise,
i.e., the rate of increase is less than 1 + O(h). Since the decrease of uuy is O(h) and q(dy)
keep decreasing before || < 1, it takes GD at most O(1/h) steps such that || is O(h) less than
1+ O(h), i.e., |ri| < 1. Therefore, the overall decrease of ujuy is at most O(1) and we still have
2/'1(1){0@)

upug > at the end of all the above processes. Also, according to Lemma@ ujug Will

decrease to at least M. Otherwise, || > 1in |2y, — 1| > Ry and therefore u; u, will keep
decreasing.

Before further discussing the complexity of GD, we still need an upper bound of x /.. Let uj uy = %
Then since 7 < 0 for all k£, we can consider the maximum ¢ s.t. 7g = 0, i.e., § = q’l(cik) < 2C by
Proposition 3] Therefore, 05, $ 2C), < 5. Here we just relax Cj, to be upper bounded by 2.5 based on
2/q(1) + O(h).

If |xyr — 1| > Ra, suppose |zxyx — 1| > 1.5 then |rg| < rx(1.5) < 0.8 + O(h?) < 0.85. Then the

% = O(1). Therefore, the step of GD entering this region

is less than the order O(1/log(r(1.5))) = O(1).

Then consider the complexity of GD entering {r < 1,|zy - 1| < 1 - O(h?)} (By Lemma Ry >
1-O(h?)). We can consider || via the map g(8) = §(Crq(5)-1), where we ignore the O(h?) terms
and fix C, = C' for some N. We would like to analyze the complexity of the map converging to O(h)
error of the fixed point §* near § = 1, i.e., (Cxq(d) - 1) = 1. Since (Crq(1-O(h?))-1) =1-0O(h),

1=Crq(6") =12 Cr(1-c1(6%)%) -1
= Ck(l —Cl) -1+ (1 - (5*)2)01601
C1-0(h) + (1= (6)2)Cher

complexity of entering d; < 1.5 is

Therefore 6* > 1 - O(h/cy).

By checking the derivative of the map, we have ¢'(§) = Crq(é) — 1 + Crdq'(6) and ¢’ () < —c; for
0.8 <4 < 1.5. Since Cy, > 2, when ¢ > §*, Ciq(d) — 1 < 1 and thus 0 < ¢'(§) < 1 — Cx0*cy. Then the
map will decrease from above to enter the region within O(h) distance of §* with the complexity of
O(-log(h)/c1). For the O(h?) terms, the error between this map and the true &), update is of the
order O(exp(h? -log(h)/c1) — 1) < O(h) and thus can be omitted. Then GD starts to decrease in
the monotone decreasing region of |z yy, — 1| with u  uy > % +0(1).

Next we consider the Nth iteration with ujuy = % + Cy, for some Cy = O(1). For k > N,
uZuk > % and z,y; > 1, we have that Cj, — Cjyo = O(h). We would like to prove that eventually
Irg| > 1 - O(h?*) when uluy, > 2, i.e., we would like to analyze the complexity of |ry| increasing to
Iyl = 1- O(2).

First not o
irst note k] = q(8k ) h(upug — hlgapye) —1 =1 - 2c16,% +2CNh + O(hQ).

Then the complexity is upper bounded by the complexity of §; decreasing to the value s.t. —2¢; 5]% +
2Cnh =0, ie., 6 = O(y/h/c1). Let ¢; = h”. By the assumption of h, we have p < 3. Therefore
hfcy = h*z". Then we analyze

On+nN :5N_2hp6?v +20NhdN _2hp5?v(1—2hp512\[+20Nh)2+~-~: O(hkTp)



We further remove all the C'y terms since the sum of them is O(h) < O(hl_Tp ). We first consider
SN — 2hP 85, — 2hP 63 (1 = 2hP63,)? + - = AP
Ignoring the O(h?) part, we have that |r| is increasing as |6;| decreases. Then
hPt = LHS § 8y — hPh*PY — hPR3Pt 4+ o = §y — g h¥P1HP < 1 — g h3P1HP
Then
ny < h~(pitp)
Iteratively, we consider dy = hP* and ps = %pl. Then

hP2 = LHS < hP* — hPR3P2 _ pPR3P2 4 ... = SN _n2h3pz+p < hP? _n2h3pz+p

Ny < ;= (Bp2+p-p1) _ p,~(3p1+p)

‘We can next solve 7 s.t.

i-1 _ logﬂ
(é) pelsio1e—m

3 2 log %

From the above, we also need to consider the Cy part and thus require
1+3
3p1 + p < min{ +2 p,l}

Then

1- 3

P 5 2 and i is at most O(logh)
2p1 2

Then the total complexity of achieving h'2" is O(h~3P1*P)) < O(h~1). Thus we will eventually
have |r| = 1 - O(h?) when uju;, > 2. For the k + 2th iteration, the increase of 1 — ¢4} is
O((1 = |rg|)62 + (1 = |rk+1])62) = O((1 = |r|)62), where one step change of || is at most O(h?)
and thus can be omitted, and the decrease of h(uj uy — hlyxLys) is O(h%65,(1—|ri])) by Lemma@
Thus when 6, > O(h?), O((1-|rg|)63) > O(R*6k(1-|rk|)), i-e., [rk| > 1-O(h?); when &, < O(h?),
from the expression of |ri|, we have |ry| = 1 — O(h?) for the kth iteration s.t. ujuy > 2 — O(h).
Therefore, |ry| > 1 - O(h?) for all the kth iteration s.t. ujuy, > 2 — O(h).

Next, consider the first step when % > ujuyn > % — O(h) and xyyn > 1 since the decrease of

ujuy, at each step is at most O(h). Then based on the expression of 7, we have |ry| < 1 - O(h?)
and additionally by Lemma EI, we have |ri| = 1 - O(h?) for all k > N. By series expansion,
(NN skYN+k = O(JT N xYN+k — 1]). Then

UN+Ic+2TUN+Ic+2 2 UN+kTUN+k - 4h[£N+kl'N+kyN+k + ZN+k+1xN+k+lyN+k+l] - O(hg)
>unsk UN+k — O (WUNREN kYN +k + IN k1 TN+ 1YN+E+1])
>unk unck = O (W[(1 = rnen])Onir])

>uy uy - O (h Zk:[(l - |T’N+¢|)5N+i])

=0

k i
>uy'uy - O (h LA -l T 7"N+j5N])
i=0 3=0

>uy uy - O (h36N iu - 0(h2))i)

=0

Take k — oo for both side and we have ul,te > ujun — O(h). O

Proof of Part I: end of pre-EoS and preparation for progressive sharpening. Let a = 1 for the rest
of the proof. Consider the Hessian V2 f. The trace is

tr(V?f) = (2 +y*)Gr(zy - 1),



where

227 log'™*(2) (log (¢ + 1) +1log (¢? + 1)) ((a-1) (€ ~1)" + 26 log (7 + 1) + 2" log (¢” + 1))

@)= (8 +1)°
~ 23-a¢0 logl_a(2) (log (e"s + 1) +log (65 + 1))a_1
) (ed+1)°
22 “(a-1) (e —1) log'™*(2) (log( +1)+log(e‘5+1))a_2
(ed +1)
26 (a-1)(e’-1)0
S0 55 ed — +a@ )(65 1) (log (e +1) + log (e® + 1))
<q(0) +q<5)<a—1>(1—%)
(@055 - (1-0)ao).
Let

B(6.0)=(2-a) o - (1-a).
Then both q1(5 a) and ¢(9) decreases as 0 i increases for 4 > 0. Also, fix d, ¢1(d,a) and ¢(6,a)
increases as a increases.

The determinant is
det(V2f) = Ga(zy - 1)

where »
Ga(6) = 42 @ (ef - )10g2 2a(2) ((log(l) +1) +log (e’ +1))
* (2(a ~DE+1) (e - 1)2 +(4°(6 +1) +¢* ~1) (log (¢ +1) +log (¢ + 1))) .
Then

Go(8) ~ O(5°*72) as § — oo, and G(0) = 0.
Thus we have that G (9) is bounded since G»(0) € C!. Therefore, by Taylor expansion, the largest
eigenvalue of Hessian (sharpness) is upper bounded by
Gi(0)a o) -0 L2},
22 +y
where |G2(zy — 1)| is bounded due to the boundedness of xoyo in the initial condition set and the
convergence of the GD trajectory (see more details in the proof of limiting sharpness).

Leth—m 5. If |ro| < 1, then

otY5
2
q(00) S ok

Otherwise, similar to the proof of part II, u  u; decreases at most @(1) before GD enters the region
where Jj, starts to decrease for the first time, i.e., |r;| < 1. Therefore, for such § = d;, we also have
2
) 1—0152§q(5)55,
where O(h) term is omitted. Then

PP Ay
d CCl
an
2 VC - 2 c-2
Gi1(0) S s (—== a)<*q1( 1),
C VCeci C C/12

where the last inequality follows easily from checking the derivative of ¢ ( \/750_(2), a) w.r.t. a. Also,
cila

Soo & % = éuguo. Based on the above discussion, u, uy < ujug - O(h'~™). Therefore,
vC -2 1
S SG1(01)uLug S g (———=,1)500 < (6 = C) S,
i J/CJ12 4
where the last inequality follows from linearization and shift. O
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C.3 Proof of balancing
Proof. By the limiting sharpness in Theorem[I]and the global minima zy = 1,

2
(Too = Yoo)? = UL Uoo — 2 < 7 2= 6(33% + Y5 — 2T0Yo) + oY -2< 5(370 ~90)* +2(zoyo - 1).
O

C.4 Supplementary lemmas

We first show a summary of the behavior of u;uk in the following lemma, which is the main idea of
the proof of convergence.

Lemma 2. Under the assumption of Theorem there exist an increasing sequence {2N };cz with
N; € Z and N1 > N, s.t., uan;,,, Uan,,, <Uuan, Uan,. More previsely, consider the even number
of iteration, i.e., k = 2i fori € Z,

* Stage I (not necessary): uj uy, increases but is bounded by % + O(h). This happens when
|zkyk — 1| is too small at the early stage of iterations (see Lemma[3));

* Stage II: uj uy, decreases every two steps when xy,, yy, is outside a ‘monotone decreasing
region’ (see Lemmal6);

o Stage III: when xy,yy, is near the ‘monotone decreasing region’, there exists N, s.t.
T ; T .
Uy, oy Uk+2N IS smaller than u, uy, (see Lemma E?])

* Stage IV: when |xy, — 1| monotonically decreases, u; uj decreases every two steps (see
Lemmal6land Lemmal8)

Lemma 3. Under the assumption of Theorerzf [Z] we have
upug < »t O(h),Vk e N.

Proof. By Lemma and Lemma@ we know that the increase of u, uy, after two step can only happen
when 7y < -land O < xpyr — 1 < 1.

WOLG assume N is the first step s.t. ujuny = 4/h + O(h). By Lemma@ we would like to show
that there exists k s.t. for z;y; > 1, we have either zpyr — 1> 1 or =1 <7 < 0.

Let 65 = |Ikyk - 1| Then
Ire] 2 4(1 = 167) = 1+ O(h?) > 4(1 - 62/4) = 1+ O(h?)
S B 2 2\y > 52 2)y.

If 6 < 1, it takes GD659+(1—‘1<§5§((530))4§%<§§S+K? g)L tz))&C 52k (13 ¢ ;n(%ghz)z ujuy already starts to
decrease every two steps. Moreover,

Ops1 2 0x(3 =07 + O(h?)) = 0y, + 20, — 03 + O(Rh?).
Therefore, d; keeps increasing for a while, staying in d; > 1. Therefore, uLuk stays in the decreasing
region with increase of at most O (h) for each step (for more detailed version, see Lemma , ie.,
ulug <+ +O(h) for all k. O

and therefore

Lemma 4. Under the assumption of Theorem GD does not converge outside {(z,y)|x>+y* < 2/h}.

Proof. We first would like to remove the initial condition that can converge in finite steps to the
minima outside of this region. It turns out that such initial conditions form a null set. The proof is
almost the same as [2l] except for some easy calculations and thus omitted. We further remove all
the initial conditions that converges to the periodic orbits, i.e., [T} 7+ 7k+2i-1 = 1 for all k and n.
By similar argument in [2] (i.e., for each k, n, this is a null set, and therefore the union of countably
many null sets is still a null set), such initial conditions also form a null set.

Assume ujuy, > 2/h + € for all k, where ¢y > 0. Consider the case when |y, — 1] < €1 = —”’260
Then
Iri| = |h(1 = O(2))(2/h + €0) + O(h%e;) -1
= |1 - 2€7 + heg + O(h%e1)]
h
=1+ —e|>0
Namely, GD cannot converge with u, uy > 2/h. O
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Lemma 5. Under the assumption of Theorem([l} if 1, < 0, then r,, < 0 for all n > k.

Proof. From Lemma we have |Cy_1 — Ci| = O(h?). Also Cy, = ;(:;2’“). If r, <0,

1_
The1 = 1 = Cri1q(p41) <1 - quku) +O(h?)
q(0x)
1-rg 2
=1- ——=qg(r o) + O(h
q(ék)q(kk) (h7)

By Proposition 3] it suffices to prove that
Ro(ék,—rk) = (]. - rk)q(—rkék) — q(5k) > 0, Vék >0
We abuse the notation and let 7,(8) = 1 — Crq(d) for fixed C > 0. By Proposition [3| 74()
monotonically increases for 6 > 0 and there is only one root denoted as dg s.t. 7,(J) = 0 (Since
ri < 0, there exists d s.t. (d) < 0 and when § is large, 7, () > 0; therefore, it has a root). When
7 (80) = ri = 0, by Proposition[3} Ro (0, -1(d0)) = Ro(60,0) =1 - q(dp) > 0. Also
Ro(0,-71(0)) = Cra(8)q ((Crq(d) - 1)) - q(5)
=q(0) [Crq ((Crq(d) - 1)) —1]

Therefore, we only need to show K (§) := (Crq(d) — 1)d < §p for § € (0,d¢). The derivative of K is

K'(8) = Crq(d) =1+ Crdq' (5) < Crq(d) - 1.
Then the maximum point of K (§) is achieved at §; < & by Proposition[3] Thus, R (d,-r(8)) > 0,

d 1
and consequently Ro@?é,%—)rk) > q(0x)(Crq(K(61))-1) >0,

e e O(h*) < =(Crq(R1(61)) - 1) + O(R*) <0,
g0k
since this O(h?) is indeed bounded by ¢ d;,h? for some universal constant ¢ > 0 and can be controlled
by the first term. O

Lemma 6. Under the assumption of Theorem[]] the following properties are the two step decrease of
uj uy, in different cases:

1. If 1, < 0 and ujuy, < % +O(h), there exists Ry(a,ry) <1, s.t., when zryr, — 1> Ry (a,ry),
we have 1 )
Up o Uk+2 < ULUE — ih +O(h3 ).

2. If -1<rp, <0and 0 < xpyr — 1 < 1, then
u;+2uk+2 < uguk =3.2h(1 + 1) (xpyr — 1).
3 Ifr <=1 ujuy < 3, and xyyy < 1, then
W] gt < ufw, - min{O(h), O(h(arye - 1))}.

Proof. First we consider the two step update of u; uy, in the following
Uy oUpro = (L+R200 1 )up, Upsr — AWl 1 Thi1 Yrrn
= (1 + h2€i+1)((1 + hQEi)uZuk - 4h£kxkyk) — 4Rl 1 T Y1
< u;uk - 4h[€kmkyk - éi + €k+1xk+1yk+1 — giJrl] — 4h3€i+1€kxkyk + h4€i+1€iu;uk + O(h‘sgirl)
= U;Uk - 4h[€k$kyk - Ei + £k+1xk+1yk+1 - giﬂ] + O(h3€i+1)~
It surffices to analyze
Ooxryn — 0 + L1 The1 Y1 — Loy = L(0k) + L(ri0x), where L(8) = £(8)(6 + 1 - £(5)).
By checking the slop and values of the above function, we have
L(5k) + L(?”k(;k) > L(l) + L(T’k) >0.14
forall r, <0,0<a<1,andd > 1.

. Also we

When 0 < 23y, — 1 < 1, in order to make —1 < r; < 0, we should at least have u%k < %

have ¢}, < xy), — 1 < 1 in this region by Proposition[3} Therefore, by Proposition
Up otk = (1+ P20 ) uuksr — 4hle T Yea
= (L+ A2, ) (1 + h2 0 ujuy, — 4Ahlyxgyy) — Ahlys The1 Y
<upug — Ah[Oraryn — 0+ b1 Ths1Uker — Lryq | — ARP0 ey + DG Grugug,
<upuy, — Ah[Garyr — O + O The1Yre1 — Crgr ]
<ujuk —3.2h(1+ 1) (zrys — 1).

12



When 7, < -1, ujuy < %, and zpyy < 1, by Taylor series and simple calculation, we have L(§) +
L(rd) > min{0.5(1 +r)d, L(-1) + L(1)}, where L(-1) + L(1) > 0.14. Then
Uf o Uiz < Uptty — AWy — On + Cri1 Thi1 Yot — Crpr ] — R0+ 3q) + O(RP G 1)
<ujug — 4hmin{0.5(1 + r) (zryr — 1), L(-1) + L(1)}.
O

Lemma 7. Under the assumption of Theoremll] if =1 < ry, <0, there exists Ra(a,r1,) > 1 - O(h?),
s.t., for |xpyr — 1| < Ro(a,ry), we have riyq > —1.

Proof. Since i, = 1 — Cq(d ), we have

1-
The1 = 1 = Cri1q(Op1) = 1 - (5 ) Q(Tk5k) + O(h?).
We denote
or(rk, 0,) =2 -
When 6y, > 0, §r(rk, I ) monotonically decreases as 0y increases. Consider
S (r Lk o)
ks k)
q(1)

This function §r (7, 1) monotonically decreases when 7, increases between -1 and 0 and 07 (-1,0) >
0. Therefore, 7,1 > —1 + O(h?) and the conclusion follows from series expansion.

Lemma 8. Under the assumption of Theorem if ri, < 0 for all k > n given some n >0, |xryr — 1
will eventually start to decrease in the region |xyy — 1| < Rs.

Proof. By Lemma @, when |zryr — 1| > Ri(a,71), ukuk keeps decreasing every two step with
certain amount away from 0. Eventually, , ujuy, will decrease until GD
enters |zpyr — 1| < Ro(a, ). Note it can be checked that Ry < 1 < 1 5 < Ry. However, |2,y — 1]
may not keep decreasing inside this region. WOLG, consider a lower bound of Ry (a,r)) to be
Ro>1- O(hQ) and we will use R» independent of iterations. From the expression of |rg|, we have
at least ukuk < 3 in this case.

First consider |xkyk — 1] > Rs. According to Lemma@and Proposition uj uy, decreases every two
steps and the function ¢ decreases when |2y, — 1| increases. Therefore there exists k s.t. |rg| < 1.
Moreover, for |ry| < 1, there exists n, s.t. LxronYk+2n < LYk and [rpion| < 1if TgionYrson — 1 > R.

Next, assume k is such that |2y, — 1| > Ra but |2g42yk+2 — 1| < Re. According to the initial
condition, there is no periodic orbit in the trajectory (see details in the proof of Lemmaf). We claim
that there exists n, s.t., [rpi2n| < 1 and |Zpi2nYn+2n — 1| < Ry. Otherwise, if u) ,upo will still
decrease every two steps, then it returns to the above cases when |z, yx — 1| > Ro. Then we analyze
the case where u;, ,ur+2 Will increase after two steps. For the first n s.t. Zri2,Yk+2n > R, if we
have |rj,on(R2)| < |1 (R2)|, this implies u; ., tk+2n < ujug Which can be either absorbed in the
above cases, or eventually fall into the following case. For the first n s.t. Tx12,Yx+2n > Ro, consider
[rkeon(R2)| > |ri(Rz2)|, with [rp40;| > 1 forall i < n and u] ., Ug+2n > ujug. Then if such process
repeats, |72, (R2)| will be larger and larger until GD either starts to decrease in |zy — 1| < Ra
or enters the two-step decreasing region of ujuy in |xy — 1| < Ry (we can use |zy — 1| > R; to
represent this region; however, R; is just a bound, meaning the actual region is larger), which will
lead to |rg42,| < 1 inside this region due to the same reasoning as the previous paragraph. Detailed
characterization of this stage can be seen in the proof of limiting sharpness.

O

D Proofs of Theorem for function (3)

Let b = 3 in this section. Let p(s) = Y073 s*. Then

1 (ay)" = (1 - ay)p(ay).
Apart from the equations in Appendix [B| we will also use the following two equations in our proofs

h B 2
The1Yke1 — 1= (zpyr — 1) |1 - g(xkyk)b "p(zryr ) ujug + — =

h _ _ h _
Up 1 Uk+1 = ULUE — g(fkyk -1) ((fﬂkyk)b "p(zryr)TRYk (4 - g(xkyk)b 1P($kyk)uluk) + E(xkyk)% QP(kayk)zuluk) :

(zryr — 1) (@eyr) 2 p(eyn) Tryn
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D.1 Proof of convergence

Proof. By Lemmafd](with a different choice of null set based on the functions), GD can only converge
to the point s.t. 2 + 52 < 2/h. Also we remove all the points (which is in a null set) s.t. they converge
in finite step. Therefore, r; + 0 for all k£ > 0.

If0<7rg <1, wehave x1y; > 1 and for any x,yx > 1,
h _ h _
u;+1uk+1 = Uiuk - E(fkyk - 1)((ffkyk)b lp(ffkyk)xkyk (4 - E(xkyk)b 1P($kyk)uiuk)

h _
+ g(l‘kyk)zb Qp(xkyk)%;uk)
< uju.

Assume 7; > 0 for i =0, ---, k. Consider

L1
Thel = (1 —h——"——(up,, Ups1 — hfk+1$k+1yk+1))
Tre1Yke1 — 1
e Yo (YO —
where (), = (@ryr) (lf”yk) D) and therefore ¢ = zkizfl = %(mkyk)bilp(xkyk)- Moreover,

W(s) = %sb’lp(s) monotonically increases when s > 1, which implies qx11 < g. Also,

0 < ujqtupsr — M1 The1Ypsr = (L+ W20 upur — 4hlpzrys — hlga Tpa Ve
<upug — hlgzpyg + h%&cxkyk = 3hlrxpyr — Ml 1 Ths1Yret
<upug — hlpzgyg.
Therefore, 1.1 > 7, > 0. Moreover, we have

€k+1
T
Tpe1 = 1- hi(ulﬁlulﬁl - h€k+1xk+lyk+l)
Thr1Yhe1 — 1

€k+1

<1-h (2T 1Yre1 — Mles1The1Yre1)

Thr1Yhe1 — 1
Sl—h(2—h€0)<1

where the second inequality follows from the value at xx1yr+1 = 1. Then z;y; — 1 exponentially
decreases until it converges.
If 7o < 0, from the upper bound of h, we have 0 < ry < 1,0 < z1y; < 1, and u{us < ujug (according
to the above discussion for zgyg > 1). Then if 0 < xpyr < 1,
up ups1 = (1+B20 ) ujuy, — 4hlyxyy
= uiuk + h|€k|(4xkyk + h|€k|u2uk)

<upug + (4 + Cujug/(buuo)) h|lk|zryk

where the inequality follows from z;y, < 1 and zgyo > 1.

Also, when 0 < zpy; < 1,

Tre1Yke1 = Tiyr + (1= 7%) (1 = zyr)
= 23Yk — hl (ugur, — hlpzryr)
> Tpyn — Mpzrye(2 — hiy)
=TrYk + h|€k|mkyk(2 + h|€k|)
> 2 Yk + 2|k | TRy

We claim that when ujuy < ulug and 0 < zy, < 1, we have w, u, < ujug + Cy forall n > k
and for constant 1—30 <(Cq < % Otherwise, consider NV s.t. u, u, < uguo + (4 fork <n < N and

14



T T
Un  UN+1 2 g + O IO <zpy, < 1,

4y
rn=1-h—"—(u up — hlpxpyn)
TnYn —
> 1 - h(u)un = hlpTnyn)
c T
- - n— hMnTpyn
g + 4y ot ™ PlnEntn)
1 USUO +C1 + h|‘€n|xnyn
- uguo +4
51— Yoo+ 15/4
uguo +4

where the first inequality follows from ¢,, < 1 for 0 < z,,y,, < 1; the second inequality follows from
the initial condition and the requirement of h; the last inequality follows from h|l,|x,yn < i for

0 < z,yn < 1 (can be easily checked from the initial condition that h < é, and the rest follows from
analyzing the expression of the function). Therefore, 0 < x,,+1yn+1 < 1 and consequently, 0 < r,, <1
forn = k,---, N. Especially, consider n = N. Then iteratively from the lower bound of x+1yN+1
above, we have N

> 2h|li|wy; < 1

i=k
and thus '
N

N 20 X 1
S (44 Cul s (bufuo) iy < (4+C (ufuo+Cr)/ (buduo)) S Mty < 50 S Bty < 30
i=k i=k

: i=k
Contradiction.

Then, we have 0 < r,, < 1 for all n > k. Take k = 1, and then we have the monotone decreasing of

1 -zpyn. Also,
ln
Tp=1- hi(urzun - hén-rnyn)
TnYn —

<1-hg (2xnyn - hgnxnyn)

<1- hq1x1y1(2 - hﬁn)

<1- h(2 - h)qlxlyl <1.
Thus, GD will converge to zy = 1.

D.2 Proof of non-EoS

Proof. From the proof of convergence, we know r > 0 for k > 1. Thus when x 1y, is very close to 1,
rr > 0. Take the limit and we have
lim 75 = 1 — hul e > 0.

k—oo

Therefore,

Soo = UL Uoo <

==

D.3 Proof of non-balancing

Proof. Leth =

(x2+y2+4)c($0y0)2b,2 . Before the proof, let first consider
0 0

~ C (z0y0)"™* ((zoyo)® - 1) < Czoyo < C
(g +yg + 4) (zoyo) 22 b (a2 yd+4) 20

If 9 > 0, from the proof of convergence, we know: r > 0 for all k, and £}, > O for all k. Moreover,
we have T,y > Tr+1Yk+1, and consequently ¢ < £, for all k£ (by the monotone decreasing of this
function; see details in the proof of convergence). Then

The1Yke1 = Ty — Wl (ujug — hlxiyr) < TRy — hlxryr (2 - hiy)

hty

C
<Yk — hlprryr(2 - %)

15
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Therefore

oo oo C
zoyo — 1= ) TrYk — Thar¥her 2 ), hlpzpye(2 - ).
k=0 k=0 2b

Also, we have
u£+1uk+1 = (1 + h%i)uzuk - 4h£k$kyk

> uZuk —4hli kYK

Then
T T °° T T & 8b 2b
UGUQ — UggUoo = Z Up U = Upyq U1 < Z Ahlyxyyy < (xoyo - 1) < ——(woyo - 1)
= P 4b-C b-1
Then
8
2 T T
oo~ Yoo 20000_200002 _20000_ 1
(Too =Yoo )™ = ULU Tooloo 2 Uglo — 2Tool 4bc(xoyo)
8b
= wlug - 2oy + 2Toyo — 2 — -1
UpUo — &T0Yo + 24X0Yo A — C(zoyo )
2
2
= (20 - y0)% - -1).
(0 = 90)" - ;- — 5 (w0t 1)

If r¢ < 0, from the proof of convergence, we have: r; > 0 for k > 1, and u1,;+1U]<;+1 > uZuk for k > 1.
Thus

2C
UGUY — UL Ueo < UGUY — ufuy < 4hloxoyo <  LoYo
Then

2
—
b 0Yo

2 T T
(Too = Yoo )™ = U Uoo = 2T o Yoo = UGUY — 2T o Yoo —

2
= ugug — 2ToYo + 2ToYo — 2 - = oYo

2C
= (20 = y0) + 2(zoyo — 1) = =—z0o¥o.

b
O
D.4 Supplementary lemmas
Lemma 9. Under the assumption of Theorem[2} M3 > 3.
Proof. By the assumption, we have
2
c C
1+ Ez _ / 2 + 2
( ( G 4><xoyo>2b-2) ) PO B R+ D oy L0 T 40)
o[ Ol -1) Clleawo)’ 1) oy
Yo —
bz +y2 +4)(zoyo)b! bz +y2 +4)(zoyo)b! 070
s 2oy C (x5 +y3) ((xoyo)’ - 1)
2 ZoYo —
b(xo + yo +4)(zoyo)b~!
Since b > 3, when C' = 3, we have
— C(zd +y3) ((woyo)® - 1) >0
ovo b3 +y2 +4)(zoyo) '
O
Lemma 10 (stepsize). When 2 +y2 > 4 (\/5 + 2) C1, the learning rate bound in Theorem
2 3
T b2 S hs s 20-2
(uguo + C1)(woyo) (uuo + C1)(woyo)
satisfies 9 9 4 3
- < 5z and o < — TR
So  (uguo + C1)(Toyo) So ~ (uguo + C1)(xoyo)
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Proof. Consider the Hessian V2 f(z,y). The trace is

V2 f (2, y) = (L4 (1- 1/B)(1 - 1/(x9)*)) (@ + y?) (ay) 2
> (L (1= 1)1 L)@ + ) (ay)?2

2b-2

> (1 + % (1 - 2\1/5)) (I2 I y2)($y)2b72

)2b—2

4
> 5(552 +y%)(zy

The determinant is
(zy)* ((zy)" - 1) (~(xy)" +b(4(zy)" - 2) +1)
b22y2 :
When zy > 1, det V2 f(x, ) < 0. Therefore, initial sharpness
So > tr V2 f (20, 50)-

Then when 3 + 43 > 4 (/2 +2) Cy =16 (v/2 + 2), we have
2 1 4
So>l1+=(1-—— 2+ 2 2b—227 2+ 2+O 2b_27
0 ( 3( 2\/5))(330 Y5)(®oyo) 3(330 Yo 1)(xoyo)

and thus the lower bound of A is greater than s%’ actually %, and the upper bound of £ is greater
than sio' O

det V2 f(x,y) = -

E Experiments

For the experimental setup, we test on CIFAR-10 and MNIST, and consider neural network model
with one hidden layer of width /N; = 200 and no bias. The input dimension Ny is 32 x 32 x 3 = 3072
for CIFAR-10-1k, and 28 x 28 = 784 for MNIST. The output dimension N5 is 10. Therefore the
weight matrices for each layer are 1/, € RNo*N1 117, e RV1*N2 There are 1000 training data points
in our model randomly chosen in CIFAR-10 and MNIST.

For the training, we use full batch gradient descent without weight decay and momentum. The weight

initialization follows the default uniform distribution on interval [— \/]\1]_71, \/]\%771] in PyTorch for the

ith layer, with a rescaling of the two weights such that |W; | r = 6 and ﬂWg | 7 = 20, which falls into
the sharp/unbalanced initialization.
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