Entropic Projection Alignment: Estimating, Explaining, and
Improving Model Performance Under Distribution Shift

Salim I. Amoukou Emanuele Albini

Tom Bewley

Saumitra Mishra Manuela Veloso

J.P. Morgan AI Research

Abstract

We propose a unified framework for address-
ing three key challenges of distribution shift:
(D estimating a model’s performance on an
unlabeled target domain, (2) explaining the
shift by identifying the features responsible,
and (3) improving the target domain perfor-
mance. Our method, Entropic Projection
Alignment (EPA), aligns the source distri-
bution to the target by matching carefully
selected moments while simultaneously min-
imising the KL divergence from the source.
This formulation yields a unique closed-form
solution for importance weights, achieving ro-
bustness through implicit variance control.
Drawing on domain adaptation theory, we
establish that moment matching is sufficient
for reliable estimation and adaptation, avoid-
ing the need for full density ratio recov-
ery. Extensive experiments, together with
strong theoretical guarantees, demonstrate
that EPA consistently outperforms state-of-
the-art baselines while offering substantial
computational efficiency.

1 Introduction

Machine learning models are often trained on data
from a source domain and deployed in a target domain
where the data distribution may differ. This discrep-
ancy between training and deployment distributions
can degrade model performance. This work considers
a scenario where both features and labels are available
in the source domain, but only unlabeled features are
observed in the target domain. This mirrors applica-
tions such as medical diagnosis or credit scoring, where
predictions involve future outcomes and immediate ac-
cess to labels during deployment is not feasible.
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When the target distribution can differ arbitrarily
from the source distribution, estimating target per-
formance or adapting the model becomes an ill-posed
problem. To address this, the literature often im-
poses invariance assumptions about the nature of the
distribution shift (Tasche, 2023a). Common assump-
tions include changes in the marginal feature distribu-
tion Px while the conditional label distribution Py x
remains unchanged, known as covariate shift (Shi-
modaira, 2000); shifts in the marginal label distribu-
tion Py while Px|y remains constant, referred to as
label shift (Saerens et al., 2002; Lipton et al., 2018);
or changes in the joint distribution Px y under the
condition that there exists a subset of features S such
that Px |xs,v is invariant, known as sparse joint shift
(Chen et al., 2022; Tasche, 2023a,b).

Instead of committing to these specific shift assump-
tions, we adopt the perspective of domain adaptation
theory (Ben-David et al., 2006; Mansour et al., 2009),
which assumes only that there exists a hypothesis that
performs reasonably well across both domains. In ad-
dition, we focus on machine learning models that pro-
cess semantically meaningful features, such as those
in tabular data, rather than unstructured data like
images. Within this context, we introduce a unified
framework that: (I) estimates a model’s performance
on the unlabeled target domain; ) explains perfor-
mance changes by identifying the features responsible
under sparse joint shifts; and 3) improves the model
to enhance its target-domain performance.

Our method transforms the source distribution by
solving a constrained optimization problem: it
matches key statistics of the target domain while min-
imizing the KL divergence from the source. This for-
mulation yields a unique closed-form solution for the
importance weights, which guarantees efficient compu-
tation and reduced estimation variance. The central
theoretical insight is that accurate performance esti-
mation and adaptation don’t require recovering the full
distribution ratio, but matching carefully chosen mo-
ments suffices. Our framework is supported by strong
theoretical foundations and extensive empirical valida-
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tion: across several distribution shifts, EPA achieves
30 — 70% better target error estimation, more pre-
cise feature attribution, and superior model adapta-
tion over state-of-the-art methods, all while running
an order of magnitude faster.

Related Works. The work most closely related to
ours is SEES (Chen et al., 2022), which also gen-
erates importance weights, estimates model perfor-
mance, and identifies features driving sparse joint
shifts. However, our approach diverges fundamentally
in its objective. SEES attempts to directly learn the
density ratio ws(z,y) = %2(zs,y) by using a class of
basis functions. In contrast, we circumvent the notori-
ously difficult task of density ratio estimation. Instead,
we find the distribution closest to the source — thereby
reducing weight variance — while satisfying selected
statistics of the target domain, which ensures accu-
racy for downstream estimation and adaptation. This
formulation is not only more robust but also yields a
closed-form solution, making our method significantly
faster. Furthermore, unlike SEES, our approach is not
limited to classification tasks.

Our approach also shares conceptual similarities with
kernel mean matching (KMM) (Gretton et al., 2008;
Sugiyama et al., 2012), which aligns feature means
in an RKHS. KMM, however, requires solving a
quadratic program whose complexity scales with the
number of samples n, making it inefficient for large
datasets. Our entropic projection approach scales with
the feature dimension k < n. Moreover, the KL
minimisation in our objective is equivalent to entropy
maximisation, which provides implicit regularisation
and prevents the unstable, high-variance weights that
KMM can sometimes produce.

Finally, to our knowledge, no prior work has integrated
all three aspects, estimating, explaining, and improv-
ing, into a single framework; most focus on only some.
Refer to H for further discussion of prior works.

2 Entropic Projection Alignment

Notations. Let X and )Y denote the input and label
spaces. We consider a predictive model f : X — Y
from a hypothesis class H and bounded loss func-
tion £ : Y* — [0,1]. We are given a labeled dataset
D = {(X;,Y:)}iz1, drawn ii.d from a source distri-
bution P = Px x Py|x, and an unlabeled dataset
D = (X}, drawn from a target distribution Q =
Qx %X Qy|x. We define the risk of a hypothesis f € H
under distribution P with respect to its true labeling
function cp as ep(f) := Eqpupy [0(f(2),cp(x))] and
analogously for (). We use the hat notation * to repre-
sent empirical distributions.

EPA casts alignment as an entropic projection
(Csiszar, 1984) — a classical optimisation problem that

seeks the distribution closest in KL divergence to a ref-
erence distribution while satisfying linear constraints.
This framework was recently used by Bachoc et al.
(2023) for sensitivity analysis, where it addresses coun-
terfactual questions such as: how would a model’s pre-
dictions change if the data distribution were projected
to increase the mean or correlations of the features?

In contrast, we use entropic projection for a different
goal: domain alignment. Our EPA method imposes
constraints that align the source with the target distri-
bution. Concretely, EPA seeks a distribution P* that
is as close as possible to P while matching moment
conditions derived from the target domain @Qx.
Definition 2.1 (EPA - empirical version). Let @ :
X — R* a feature map and jig = Eg . [®(X)] be the
empirical target moment. Assume [ig is in the relative
interior of the convex hull of ®,, = {®(X;)},, and
®T are linearly independent. EPA solves

P* € argmin KL(?HP) st. Ep[®(X)] = no.
P

If fig lies outside conv{®(X;)}!,, the equality-
constrained problem is infeasible. In that case, we
project fig onto the source convex hull and run EPA
with the projected moment; §W shows that this is
equivalent to imposing a hard proximity constraint
around the target moment.

In our setting, both estimation and explanation re-
volve around finding the alignment (via the matching
function @) that most accurately estimates and ex-
plains the model’s performance. Then, we leverage
the distribution P*, drawn from the best estimate, to
improve the model.

Proposition 2.2. Under the assumptions of Defini-
tion 2.1, the optimal distribution P* is a reweighting
of the source data, Pr = Z?:l Aidgx,.v:}, with unique
weights given by

exp{(§, ®(X:))}

M= ST (€ S0

1=1,...,n,

where & € R* is the unique minimizer of the strictly
convez function:

7€) = log (i Ze@@‘i)v@) - (6 Eg, [o(0)]).

i=1

As noted by Bachoc et al. (2023), this result follows as
a corollary of the theorems in Csiszar (1984). In §J.1,
we provide a simpler direct proof that avoids relying
on those general results. Moreover, in §R we establish
new finite-sample concentration bounds comparing the
empirical EPA in §2.1 with its population analogue.

The EPA approach offers several advantages:



Salim I. Amoukou Emanuele Albini

Tom Bewley

Saumitra Mishra Manuela Veloso

1. Uniqueness and implicit reqularisation. The solu-
tion is unique and corresponds to the maximum-
entropy set of weights satisfying the constraints,
since KL(P || P) = logn — H(\). This encourages
weights close to uniform, acting as a strong reg-
ulariser that penalises concentration and reduces
the variance of importance-weighted estimators.
A formal variance analysis is provided in §J.2.

2. Scalability. The optimisation involves only k =
dim(®) parameters, whereas KMM requires solv-
ing a quadratic program scaling with n, which is
prohibitive for large datasets.

3. Distribution-free formulation. EPA requires no
explicit assumptions on the underlying data dis-
tribution to approximate KL divergence, unlike
prior approaches such as SEES.

3 Estimating Model Performance

The previous section introduced the EPA framework,
which produces a reweighted source distribution P*
that matches the target moments of ® under Q.
The ultimate goal is to ensure that the risk on the
reweighted source, ep«(f), is a reliable estimator for
the target risk eg(f). This raises the central question:

Under what conditions does matching the moments of
D lead to a small estimation gap |eq(f) — epx(f)|?

To address this, we draw on the theory of domain
adaptation, which provides formal tools for reasoning
about performance under distribution shift.

Definition 3.1 (¢-Discrepancy). For distributions
P%,Qx on X, a hypothesis class H, and a bounded
loss ¢ € [0, 1], the ¢-discrepancy is disce(P%,Qx) =
suby g [Eqx [E(F(X), g(X))] = Epg [€(F(X), g(X))]

This measure captures the maximum disagreement be-
tween the two distributions over the worst-case pair of
hypotheses from H. A standard result (Mansour et al.,
2009; Ben-David et al., 2006), shown below, bounds
the estimation gap using this discrepancy.

Proposition 3.2. For any hypothesis h € H, assum-
ing that the loss € satisfies the triangle inequality (e.g.,
0-1 loss, absolute loss), the following inequality holds:

leq(h) — ep«(h)| < disci(Px, Qx) + AP+q,

where Apx ¢ = infrey (ep« (f)+eq(f)) is the combined
irreducible error of the best possible hypothesis on both
distributions.

See derivations in K. This bound clarifies our objec-
tive: to make the estimation gap small, we must choose
our feature map ® such that the resulting P* has
small discrepancy disc,(P¥,Qx). The following ex-
ample shows that naively matching simple moments is
not enough in general.

Example 3.3 (Mismatch between Mean and Thresh-
olds). Let X = R and ®(z) = z, so that moment
matching enforces Ep; [X] = Eq, [X]. Let H be the
class of threshold classifiers, H = {h.(x) = 1{z > ¢} |
¢ € R}. The associated discrepancy with binary 0-
1 loss is disc/(Px,Qx) = 2 SUD/CR interval |IP’p;{ (X €
I) = Pg, (X € I)|. Consider the distributions Qx =
%5_2 + %5“ and Py = %5_1 + %5+1. Both distri-
butions have a mean of 0, satisfying the moment
constraint. However, for the interval I = (1.5,2.5),
we have Po, (X € I) = 0.5 while Pp; (X € I) =
0. This implies sup; [Pp; (I) — Pg (I)] > 0.5, and
disce(P%,Qx) = 1, rendering the bound vacuous.

3.1 Alignment

The failure of the previous example demonstrates that
the feature map ® must be chosen in a way that is sen-
sitive to the hypothesis class H and loss function £. We
formalise this intuition with the concept of alignment.
Definition 3.4 (Disagreement Function Space).
Given a hypothesis class H and a bounded loss ¢ :
Y x Y — [0,1], the disagreement function space Gy ¢
is defined as Gy ¢ = {g X — [0,1] | df,h €
H s.t. g(x) = £(f(x),h(x))}. For the binary 0-1 loss,
this space consists of indicator functions of the form
{1{f(x) # h(z)} | f,h € H}.

Definition 3.5 (Alignment). A feature map ® =
(b1,...,¢1) : X — RF is aligned with (#,¢) if the
span of the disagreement functions is contained within
the affine span of the components of ®: span(Gy ¢) C
span ({1,61,...,¢%}). Equivalently, for every g €
G0, there exist fp € R and g € R* such that
g(z) = Bo+ BT ®(x) for all x € X.

Intuitively, alignment means that ® is expressive
enough to exactly represent any disagreement pattern
between hypotheses. When alignment holds, moment
matching eliminates discrepancy entirely.

Theorem 3.6 (Alignment Implies Zero Discrepancy).
Let Py and Qx such that Epg [®(X)] = Eq [®(X)].
If @ is aligned with (H,0), then disc,(P%,Qx) = 0.
Consequently, for any loss covered by Proposition 3.2,
leg(h) — €p(h)| < Apv.q, where Ap« g is small if a
model exists that performs well on both domains.

The remaining term Ap+ o captures the shared-good-
hypothesis assumption. Under standard covariate or
label shift, it is zero whenever the hypothesis class can
represent the common labelling rule. If source and
target are genuinely incompatible, then Ap»  is large,
and neither EPA nor any other reweighting method
can be expected to provide accurate target risk esti-
mation or reliable adaptation.

To illustrate how this abstract condition manifests in
practice, we now present several concrete examples.
Example 3.7 (Alignment for Linear Models). Con-
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sider linear predictors f,,(z) = w'z on x € R? with

squared loss 4(§,y) = (§ — y)?. A disagreement func-
tion is g(2) = ¢ fu, (2), fun(2)) = (w1 — ws) 1 2)2,
which is a quadratic form in . The expectation of
g(x) depends on the second raw moments E[z;z;].
If @ includes all degree-2 monomials, e.g., ®(x) =
(xl, ce sy Tg, T3, 1T, ,x?l)—r, then every g € Gy ¢
is an affine function of ®(x), alignment holds, and dis-
crepancy vanishes under moment matching.

Remark 3.8. For linear models with a squared loss,
Mansour et al. (2009) obtain the reweighted source
distribution that minimises disc, via a semi-definite
program. Under our assumption that fig lies in the
convex hull of ®,,, however, no such optimization is
required.

Example 3.9 (Alignment for Covariate Shift). Un-
der covariate shift, suppose the distributional change
is driven entirely by the prevalence of a subgroup
s(X) € {0,1}. If the conditional risk is approxi-
mately constant within the subgroup and its comple-
ment, then choosing ®(X) = s(X) provides effective
control of the estimation gap.

See proofs and additional examples in L. Our focus is
on tabular data, where tree-based models are state-
of-the-art and thus the models we use in our experi-
ments. Because these models can be represented as
piecewise-constant functions, they also admit align-
ment, as shown below.

Theorem 3.10 (Alignment for Decision Trees). Let
H be the class of decision trees on X and let { be the
0-1 loss. Let Ry be the set of all possible leaf regions
generated by any tree in H. Then the feature map
®(z) = (1{x € R})rer,, is aligned with (H,{).

See proof in M. This result shows that, in principle, ex-
act alignment can be achieved for decision trees: the
indicator features 1{x € R} span the full disagree-
ment space. In practice, however, such a construction
is infeasible as Ry can be extremely large, and most
regions will be empty.

To make the approach tractable, we turn to approx-
imations. Instead of explicitly representing all tree
regions, we approximate the disagreement space using
quantile binning of the feature space. Concretely, mo-
tivated by the examples and our empirical findings, we
use the following general-purpose matching function:

O(X) = (Wa(X W), Wa(XD), wp(f(X))), (1)

where each ¥; is a low-cardinality quantile binning.
We use 10 bins in all our experiments. This approach
has proven empirically effective for most common tab-
ular models and datasets. See V for further discussion
of alternative binning strategies for decision trees that
may reduce approximation gap.

Remark 3.11. The key takeaway is that one does not
need to recover the full density ratio — a notoriously
difficult task. Instead, it is enough to match the mo-
ments of a ® that captures model disagreement. The
quality of performance estimation depends on how well
® approximates the disagreement space (see O for ap-
proximate alignment analysis).

Remark 3.12. Although our results are stated for pop-
ulation distributions (P* and @), the derivations are
purely algebraic and therefore apply to any pair of
distributions, including the empirical ones P* and Q
This is a crucial feature of the framework: given an
aligned feature map ®, performance on a finite tar-
get sample @ can be estimated simply by matching
empirical moments between P* and Q The resulting
gap between the empirical risk €5, and the population
risk €q is governed only by the sampling deviation be-
tween fig and pg (See Q.3 for derivations). Thus,
unlike standard analyses that require generalisation
bounds on distributional discrepancy (e.g., Corollary 7
in Mansour et al. (2009)), our setting reduces entirely
to moment matching.

4 Explaining Model Performance

Understanding differences between source and target
domains is crucial for providing guidelines to monitor
similar changes or to anticipate further shifts. This is
often approached by learning a constrained map 7T that
transforms the source data to the target data T'(Px) =
Qx., e.g., via optimal transport (Koebler et al., 2023).

A challenge with this problem is identifiability: with-
out assumptions of invariance between the source and
target data or knowledge about the causal structure,
there are infinitely many plausible mappings T', mak-
ing it impossible to identify which one generated the
given target data. Therefore, we need to specify
certain invariance assumptions to make this problem
identifiable. Unlike the estimating and improving com-
ponents, the explaining aspect of our methodology fo-
cuses specifically on explaining sparse shifts, which as-
sumes there exists a subset S C {1,...,d} such that
P(X35|Xs,Y) =Q(X35/Xs,Y). Notably, the sparse joint
shift generalizes both classical label shift and sparse
covariate shift. See Tasche (2023b,a) for a comprehen-
sive analysis of these shifts. In this context, explaining
the causes involves identifying the subset of features re-
sponsible for generating the shift (Chen et al., 2022).
Proposition 4.1 (Identification of Sparse Shifts). Let
a sparse shift from a source P to a target Q be gen-
erated by a unique minimal set S*. For any candi-
date subset S, define a reweighted source distribution
P wvia the density ratio restricted to the variables in
S (and Y for joint shift): wi(xzs) = q(xs)/p(zs)
or wi(xs,y) = q(xs,y)/p(xs,y). The generating set
S* is the unique set of minimal cardinality such that:
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§* = argmingc . {[S] | KL(Ps || Q) = 0}

See derivation in P. Our approach is to operationalise
this idea using EPA. We iteratively test candidate fea-
ture subsets. For each subset, we use EPA to perform
a histogram matching, reweighting the source data to
align the distribution of those specific features with
the target’s. We then select the subset that yields
the best overall approximation of the target data, as
measured by an estimated KL distance. Specifically,
among all subsets within p% (default p = 5) of the
minimum, we then select the subset with the smallest
size. We can also combine feature matchings with the
target variable to capture shifts involving both inputs
and labels. Refer to §5 and §3 for a step-by-step de-
scription of histogram matching and details on EPA’s
explanations.

5 Improving Model Performance

To enhance the model’s performance under the target
distribution @, we propose to leverage the reweighted
data generated by the matching ® used for target er-
ror estimation, i.e., matching the binned version of all
features and model prediction.

The use of reweighting to improve model performance
has been extensively studied. Shimodaira (2000)
demonstrated that, for parametric models, reweight-
ing can be beneficial when the model is misspecified
(e.g., using a linear model when the true relation-
ship is quadratic), but offers no advantage when the
model is well-specified. However, recent works such as
Byrd and Lipton (2019) and Zhai et al. (2022) report
negative results, indicating that reweighting does not
outperform classical training with uniform weights for
high-capacity models. In contrast, Gogolashvili et al.
(2023) argue that these negative findings are due to
evaluations conducted on well-specified cases, and they
show that reweighting can be effective even for high-
capacity models if the model is misspecified.

Additionally, it is well-known that directly using the
exact ratio of source and target densities as weights
may not be optimal in practice. Shimodaira (2000) dis-
cusses this issue in detail, highlighting that while such
weights are asymptotically unbiased, they can suffer
from high variance in practice. For example, these
weights may disproportionately emphasize a small sub-
set of the data, potentially leading to poor model. This
phenomenon reflects the classic bias-variance trade-
off: accepting a small bias can lead to more stable
and effective learning. Our reweighting technique ad-
dresses this trade-off by ensuring that the reweighted
distribution remains close to the original distribution,
thereby preventing the weights from concentrating on
few points while still matching key statistics of the
target data useful for estimation and adaptation.

When learning with reweighted data, most prior work
focuses on training a completely new model (Byrd and
Lipton, 2019; Zhai et al., 2022; Gogolashvili et al.,
2023). In contrast, we propose adding a corrective
term to the existing model f. We find this ap-
proach more effective than retraining a new model
from scratch under reweighting, as it builds upon the
valuable information already captured by f. Specifi-
cally, we employ a boosting procedure to minimize the
error under the reweighted distribution P*.

Starting with f, = f, we iteratively update the
model as f; = fi_1 + athy, where at each itera-
tion t, hy € H is a base learner chosen from a
class of functions H to minimize the weighted loss
hy = argmingey Z?Zl )\iﬁ(ft—l(xi) + h(Xy), Yz‘),
and «; is a learning rate determined by: o =
argming y ., A; E(ft,l(Xi) + ahy(X;), Yi). After M
iterations, we obtain the improved model f = fum,
which is expected to perform better under P* and,
consequently, in the target domain @. This procedure
can be efficiently implemented using gradient boost-
ing libraries like XGBoost (Chen and Guestrin, 2016),

which natively support instance weights.

The following theorem provides a formal guarantee: if
the performance gain from boosting on the reweighted
source data exceeds a certain threshold, the adapted
model is provably better than the baseline on the tar-
get distribution.

Theorem 5.1. Let f be the boosted model and define
the empirical performance gain as Aemp = €p.(f) —

ep(f) If

Aemp > 2(discs (P%, Qx) + Apedy)s
then eQ(f) < €a(f). Furthermore, if Aemp also ex-
ceeds a constant By, .5 (see details in (), then with
probability at least 1 — §, we have

cQ(f) < eq(f)-

Our matching @ is designed to make the discrepancy
term disce(P%,Qx) small, while boosting decreases
the reweighted error €, ( f). Theorem 5.1 then ensures
these two effects combine into a provable improvement
guarantee over the baseline model f. See proof in Q.

6 Experimental Setup

In this section, we detail the experimental setup used
to determine which method — relying only on source
data and target domain features — yields the best
weights across three core objectives: (1) estimating the
target domain performance, 2) identifying the features
responsible for performance changes in sparse shift sce-
narios, and (3) adapting the model to the target data.
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We use three shift settings: sparse covariate, sparse
joint and natural shifts. For each case, we have source
and target datasets. We split the source data into a
training set, used to train the initial model f, and
a calibration set, which is made accessible to each
method for weight estimation and model adaptation.
Similarly, we split the target data into an evaluation
and calibration sets.

Sparse Covariate Shifts: We use the Adult
(Dua and Graff, 2017), HELOC (FICO, 2018), and
NHANES I (CDC, 2022) datasets. To create different
source and target domains, we split the data based on
the values of one feature at a time. For each continu-
ous feature, we split the data at its median value. For
each categorical feature, we exclude data belonging to
one category. In either case, splitting results in two
subsets, A and B. We then randomly select 10% of
B and add it to A to form our source data, while the
remaining 90% of B constitutes our target data.

For each dataset, the number of distribution shifts
studied equals the number of features times the num-
ber of splits: two for continuous features (since we split
at the median) and one for each category of discrete
features. This setup results in 292 different distri-
bution shifts. A similar methodology was used in
prior work (Chen et al., 2022) on a smaller scale with
selected features, whereas we evaluate all possible fea-
ture combinations, aligning with recent tabular shift
benchmarks (Gardner et al., 2023).

Sparse Joint Shifts: In this setting, both features
and labels shift. We apply the same subset-splitting
strategy from the covariate-shift setup but additionally
modify the label distribution by randomly undersam-
pling the source label mean to 0.2 and oversampling
the target label mean to 0.5.

Natural Shifts: We use the Folktables dataset (Ding
et al., 2021), which comprises U.S. Census data (50
states plus Puerto Rico) from multiple years (2014-
2018), capturing both geographic and temporal shifts.
The predictive task is to determine whether income
exceeds $50,000.

As with the previous datasets, we define subsets A
and B as different state-year combinations, thereby
leveraging the inherent distribution shifts across time
and location.

For further details on the datasets, such as size and
feature count, see §G.2.

Given our focus on tabular data, we utilize XGBoost
Chen and Guestrin (2016), a well-established and high-
performing model for this type of data. We perform
extensive fine-tuning to ensure optimal performance
at every step involving training. Details of the tuning

process can be found in §F.

In I, we give a detailed algorithmic description of all
components of EPA. We use the following baselines
for comparison:

e SEES-C and SEES-D: The two versions of the
method introduced by Chen et al. (2022). SEES-
C uses continuous features, and SEES-D uses a
discretized version of the features to estimate the
sample weights. We use the original implementa-
tion available on Github.

o KMM (Cortes et al., 2008; Gretton et al., 2008)
using a linear kernel to match the mean of all
features.

e Domain Classifier Weighting (COV-CLF):
A commonly used method (Sugiyama et al., 2012)
for covariate shift that trains a classifier to distin-
guish between source and target domains. The
predicted probabilities p(X) are used to derive
sample weights as p(X)/(1 — p(X)). We use XG-
Boost as classifier.

7 Experiments: Estimating

We evaluate each method’s ability to accurately esti-
mate model performance on target domains and detect
harmful distribution shifts using the following metrics:

1. Estimation Inaccuracy: Mean absolute error be-
tween estimated and true target errors (lower is
better; |). True errors are defined as the ab-
solute difference between predicted probabilities
and true labels. The results are organized into in-
creasing bins (B1-B4), which reflect the difference
between the model error in the target data and
the source data. A positive difference indicates
a harmful shift; otherwise, the shift is considered
benign.

2. Detection Capability: Assesses the method’s abil-
ity to detect when a harmful shift occurs—that
is, when the target error exceeds the source error.
Power (proportion of harmful shifts correctly de-
tected; higher is better 1) and False Positive rate
(FP; lower is better |).

Takeaway (1): As shown in Table 1, EPA signifi-
cantly outperforms the baselines in both estimation
inaccuracy and detection capability across all shift sce-
narios, achieving 30-70% better performance, partic-
ularly in the more harmful bins (B3, B4). It is fol-
lowed by SEES-C, SEES-D, and then COV-CLF.
KMM is the poorest-performing method. In the natu-
ral shift setting, which reflects real-world data variabil-
ity, EPA maintains strong accuracy and the highest
power, while other methods degrade more noticeably.
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Table 1: Performance across different shift scenarios. Tasks: Estimation, Explanation, Improvement.

Sparse Covariate Sparse Joint Natural

Task Method B1 B2 B3 B4 Power/Prop FP B1 B2 B3 B4  Power/Prop FP Bl B2 B3 B4 Power/Prop FP
2z 0.007 0.010 0.014 0.009 0.765  0.056| 0.031 0.034  0.034  0.064 1.000  0.000{0.047 0.049 0.055 0.045  0.978  0.000
) 0.014 0.020 0.158 0.111 0.009 [0.000| 0.172 0.130 0.227 0.310 0.442  {0.000| — - - - - -
3 0.016 0.022 0.053 0.044 0.791  |0.178| 0.084 0.048 0.141 0.235 0.976  [0.000[0.119 0.116 0.163 0.160| 0.717  |0.000
E 0.014 0.016 0.012 0.017 0.696 |0.100| 0.057 0.029 0.127 0.222 0.976  [0.000]0.134 0.135 0.186 0.323| 0.607  |0.000
2 0.015 0.015 0.028 0.026 0.757  |0.171| 0.128 0.098 0.203 0.249 0.935  [0.000]0.107 0.098 0.167 0.281| 0.835  |0.000
E 0.70/0.75 0.71/0.82 1.00/1.00 0.86/0.98 0.65/0.58 0.86/0.73 1.00/1.00 0.63/0.58
z 0.28/0.35 0.29/0.35 0.50/0.59 0.86/0.83 - ~ | 0.25/0.20 0.23/0.09 0.56/0.50 0.25/0.18 - - - - - - - -
A 0.47/0.69 0.60/0.81 1.00/1.00 0.62/0.98 - ~ | 0.61/0.40 0.83/0.82 1.00/1.00 0.87/0.19 - - - - - - - -
< 13.86 11.89 10.71 24.48 0.979 B 17.65 17.74 8.90 6.21 0.983 ~ |13.67 13.90 20.07 42.27| 0.981 -
g 13.52 13.09 9.77 23.56 0.997 - 6.50 17.21 8.20 4.25 0.973 - - - - - -
g 14.05 12.03 9.15 23.52 0.976 - 16.59 17.12 8.41 4.40 0.973 — | 968 1246 19.27 41.23| 0.879 -
¢ SEES-C 13.72 12.22 9.28 24.51 0.969 - 16.20 17.07 7.82 4.10 0.969 — | 991 1159 20.76 42.08| 0.780 -
2 COV-CLF| 13.80 12.09 8.45 24.66 0.979 - 16.50 16.56 8.32 4.20 0.966 — |12.85 13.09 10.28 36.85| 0.978 -
E  SRC-UNI| 14.01 12.05 9.27 24.17 0.969 16.55 16.92 8.45 4.18 0.973 12,76 12.90 10.22 37.40| 0.984
TAR-UNI| 13.37 11.02 11.93 26.57 0.979 - 37.27  49.14  42.07  49.65 1.000 ~ |24.87 27.43 34.68 50.62| 1.000 -

Bin ranges: Sparse Covariate: B1=(-0.149,-0.075], B2=(-0.075,0], B3=(0,0.106], B4=(0.106,0.211]; Sparse Joint: B1=(0.082,0.146], B2=(0.146,0.209],
B3=(0.209,0.272], B4=(0.272,0.336]; Natural: B1=(0.042,0.141], B2=(0.141,0.24], B3=(0.24,0.338], B4=(0.338,0.437]. Notes: Estimation shows inaccu-
racy (lower is better); Explanation shows Acc/Corr pairs; Improvement shows average improvement (higher is better). Power/Prop column shows Power
for Estimation and I-prop for Improvement. FP column shows false positives for Estimation only. Bold indicates best performance and underline second
best performance within each task-shift. — indicates unavailable data. Note that SRC-UNI and TAR-UNI are not baselines but serve as control group

Due to scalability issues with larger datasets, KMM
is omitted under natural shifts.

8 Experiments: Explaining

Next, we evaluate each method’s explanation perfor-
mance, focusing on sparse covariate and sparse joint
shifts. In contrast to the natural shift scenario, these
cases have well-defined ground truth explanations, as
they correspond to the splitting features used to gen-
erate the shifts, allowing straightforward evaluation.
Among the methods considered, only our approach
(EPA) and the two baselines (SEES-C and SEES-
D) provide feature-level explanations.

We measure the average detection rate of the fea-
tures responsible for the shifts (Acc). To account for
potential biases arising from correlated features, we
also compute the correlation (Corr), which quantifies
the relationship between the selected features and the
ground truth features across the dataset (see details in

§C).

Takeaway (2). As shown in Table 1, EPA outper-
forms the baselines across most bins and shift types,
with up to 60% higher accuracy under sparse joint
shifts. SEES-C generally outperforms SEES-D.

9 Experiments: Improving

We now turn to adaptation effectiveness, which mea-
sures how effectively the reweighted source data from
each method can be used to adapt the model and im-
prove its performance on the target domain. We report
two relative improvement metrics to isolate the contri-
bution of the reweighting scheme from the strenght of
the starting model:

o Average Improvement: The relative percentage
difference in performance between the adapted
model and the original model on the target data

(higher is better; 1). Results are averaged across
bins representing different performance shift in-
tensities.

e Improvement Proportion (I-prop): The propor-
tion of shifts in which the adapted model out-
performs the original model ranges from 0 to 1
(higher is better; 1).

For model adaptation comparison, we include two ad-
ditional baselines as control methods:

e Source Calibration with Uniform Weights
(SRC-UNI): Uses the source calibration set with
uniform weights as a naive approach without
reweighting.

e Target Calibration with Uniform Weights
(TAR-UNTI): Uses the target calibration set with
uniform weights as an idealized or strong baseline
as it leverages ground truth labels from the target
domain. Note that the target calibration set is
not used for evaluation but comes from the same
distribution as the one used for evaluation. It
provides a reference for what can be achived with
the same calibration budget when target labels
are available.

Table 1 summarizes the results across three shift types:
Sparse Covariate, Sparse Joint, and Natural shifts. A
horizontal line separates the control baselines (SRC-
UNI, TAR-UNI) from the actual baselines.

9.1 Sparse Covariate Shifts
Benign Shifts (Negative Bins) When distribution
shifts benefit performance, most methods perform sim-

ilarly, with differences in average improvement typi-
cally under 0.5% for bin B1.

Harmful Shifts (Positive Bins) When shifts
become harmful, TAR-UNI (which leverages la-
beled target data) achieves the highest improvements.
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Among methods using only unlabeled target data,
EPA stands out in the moderate bin B3 = (0, 0.106]
with improvements close to TAR-UNI. In the highest
bin By = (0.106,0.211], all methods show comparable
results, with COV-CLF having a slight edge in aver-
age improvement.

Interestingly, SRC-UNI (the naive approach) also
performs well, supporting the findings from (Gogo-
lashvili et al., 2023) that uniform weights may often
suffice when the model is well specified. Next, we
examine performance when the model is misspecified,
where naive training provides less benefit, allowing a
clearer comparison of each method’s reweighting effec-
tiveness.

Remark 9.1 (Model Misspecification). To isolate the
benefits of reweighting, we conducted a study with
a misspecified linear model, a scenario where the
model class cannot easily approximate the true data-
generating process (Shimodaira, 2000). The results
show: naive fine-tuning with uniform weights (SRC-
UNI) failed, yielding negligible or even negative
gains on harmful shifts. In contrast, all importance
reweighting methods delivered substantial improve-
ments, demonstrating their ability to compensate for
the model-data mismatch. Among them, EPA pro-
vided the most consistent and significant gains
(see Table C), underscoring the critical role of effective
reweighting for robust adaptation, especially when a
model is misspecified.

9.2 Sparse Joint and Natural Shifts

Under sparse joint shifts, both the features and the la-
bels change, creating more pronounced and inherently
harmful distribution shifts even for a strong model
like XGBoost. As expected, TAR-UNTI achieves the
highest performance gains by leveraging labeled target
data. Among methods that only use unlabeled target
data, EPA achieves the largest overall improvements,
followed closely by SEES-D, SEES-C, and COV-
CLF.

For natural shifts, TAR-UNI again demonstrates
superior performance, especially under severe shifts.
EPA maintains its position as the strongest method
among those not using target labels across all bins,
while SEES-D, SEES-C, perform similarly, with
COV-CLF showing slightly better results.

Takeaway (3): When using boosting approaches, even
simple uniform weighting on a new independent source
dataset can yield modest improvements as the algo-
rithm naturally adapts. However, as distributional
shifts become more pronounced relative to the model
class, our results demonstrate that reweighting be-
comes particularly beneficial, aligning with findings
from Gogolashvili et al. (2023). Among the methods

using only unlabelled target data, EPA performs best
overall across diverse types of shifts, especially when
the shift becomes harmful. Another observation from
these experiments is that even suboptimal weights for
estimating model performance can still lead to sub-
stantial model improvement.

10 Ablation Studies

Appendices A-E present additional ablation experi-
ments. These experiments demonstrate that the cor-
rection or boosting strategies (outlined in Section 5)
consistently outperform learning from scratch under
the studied shifts. We analyze which method gener-
ates reweighted data that aligns most closely with the
target data. We conduct simulations demonstrating
EPA’s stability advantage over KIMM in importance
weight estimation. Further experiments are included
on linear models and regression problems.

11 Complexity Analysis and Running
Time

We compare the computational costs of computing the
sample weights for our method (EPA) against the di-
rect baselines: SEES-C and SEES-D. In terms of
complexity, EPA requires estimating a vector propor-
tional to the number of features by minimizing the
convex loss in (2.2). In contrast, the baselines aim to
learn basis functions to approximate the density ratio
wg(z,y) = %(xs, y). This approach involves a num-
ber of parameters dependent on the size of the basis
class function, which can often exceed the dimension-
ality of the feature space.

Table 2 provides the observed runtimes for each
method during sparse-shift experiments. These results
show that EPA is significantly faster than its clos-
est baselines, particularly the best baseline SEES-C,
which requires an order of magnitude more time. No-
tably, COV-CLF, which simply trains a domain clas-
sifier to distinguish between source and target labels
and converts the predictions into sample weights, is
the quickest, requiring only 2 seconds at most.

Table 2: Runtime per method (in seconds), reporting
the mean, standard deviation (Std), minimum (Min),
and maximum (Maz) across sparse-shift experiments
on a MacBook Pro M2.

Metrics Mean Std Min Max
EPA 4.6 23 14  10.1
KMM 238 320 1.0 927
SEES-D 17.3 10.6 1.8 37.6
SEES-C 448 452 30 2026

COV-CLF 2.4 1.2 0.5 4.4
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12 Conclusion

We introduced EPA, an entropic projection-based
framework to address three core challenges of dis-
tribution shift: (1) estimating target domain perfor-
mance, (2) identifying the features driving the shift,
and (@) adapting models to improve target domain per-
formance, all using only unlabeled target data and
the source data. Empirical evaluations across vari-
ous shifts demonstrate that EPA outperforms state-
of-the-art baselines while providing improved compu-
tational efficiency.

A key element of our framework is the choice of a
feature map ® that is well aligned with the model
disagreement class under study. Future work could
extend this framework beyond the tabular setting to
unstructured domains, such as images, and to richer
model classes, such as deep neural networks, where
alignment may be achieved through learned represen-
tations. This direction is especially relevant for cases
where explicit mappings are difficult or intractable,
such as tree-based models. Another promising avenue
is to employ hypothesis-specific discrepancy bounds
rather than worst-case bounds over the entire func-
tion class, which could lead to tighter guarantees and
improved adaptability.

Disclaimer

This paper was prepared for informational purposes
by the Artificial Intelligence Research group of JP-
Morgan Chase & Co., and its affiliates (“JP Morgan”)
and is not a product of the Research Department of
JP Morgan. JP Morgan makes no representation, and
warranty whatsoever, and disclaims all liability, for the
completeness, accuracy or reliability of the information
contained herein. This document is not intended as
investment research or investment advice, or a recom-
mendation, offer or solicitation for the purchase or sale
of any security, financial instrument, financial product
or service, or to be used in any way for evaluating the
merits of participating in any transaction, and shall
not constitute a solicitation under any jurisdiction or
to any person, if such solicitation under such jurisdic-
tion or to such person would be unlawful.

© 2026 JP Morgan Chase & Co. All rights reserved.
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes. Proofs and detailed statements of the
theorems, including their assumptions, are
provided in the Appendix. In Section I, we
give a detailed algorithmic description of all
components of EPA ]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes]

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Code will be released after
acceptance]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes]

(b) Complete proofs of all theoretical results.
[Yes]

(c) Clear explanations of any assumptions. [Yes]

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Code to reproduce all experiments
will be released after acceptance]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes.
Additional details can be found in Appendix,
and code to reproduce all experiments will be
released after acceptance]

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
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multiple times). [Yes. We report mean, stan-
dard deviation, min, and max for runtime
statistics related to weight computation (Ta-~
ble 2). However, due to the extensive hyper-
parameter tuning detailed in Appendix F and
the large number of shift scenarios evaluated
(292 for sparse covariate shifts alone), com-
puting comprehensive error bars (e.g., via
multiple runs with full tuning) for the pri-
mary performance metrics in Tables 1 was
computationally prohibitive: each full eval-
uation (with hyperparameter tuning) took
approximately one week per method. How-
ever, we ensured robustness by evaluating a
wide range of settings and reporting aggre-
gated results across multiples shifts and sev-
eral datasets.]

A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster,
or cloud provider). [Yes. The weight com-
putation experiments were conducted on a
MacBook Pro M2, as noted in the caption
of Table 2. This figure provides mean, std,
min, and max runtimes. Other experiments
were run on AWS c5.4xlarge (16 vCPU, 32
GB RAM).]

. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a)

(b)

()

(d)

()

Citations of the creator If your work uses ex-
isting assets. [Yes]

The license information of the assets, if ap-
plicable. [Not Applicable]

New assets either in the supplemental mate-
rial or as a URL, if applicable. [Not Applica-
ble]

Information about consent from data
providers/curators. [Not Applicable]

Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a)

(b)

The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(¢) The estimated hourly wage paid to partici-

pants and the total amount spent on partic-
ipant compensation. [Not Applicable]
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A Stability: EPA vs KMM

In this section, we present a simulation to demonstrate the advantages of the EPA framework over KIMM,
complementing our earlier experiments on real-world datasets. As discussed, the regularization in EPA reduces
variance in importance weight estimation. To validate this, we generate datasets multiple times under controlled
conditions.

We define two distributions, P ~ N(0,,5) and Q ~ N (2 x I,,, 1), and sample 1000 points from each. The target
output is modeled as Y = f(X) = Y7 | X;, with p = 100.

Both KIMM and EPA are used to estimate importance weights, and we fit a linear model using the reweighted
samples. Note that the optimal model remains f, even after the distribution shift. Performance is evaluated by
the Relative Absolute Difference with respect to the optimal model by

MSE(linear_reweighted_method) — MSE(true_model)

Relative Absolute Difference = MSE(true_model) .

The experiment is repeated 500 times, and the results, illustrated in figure 1, highlight that EPA achieves zero
variance, consistently recovering the true model, while KIMM exhibits high variance. Moreover, in figure 2 we
show the distribution of the KL distance between the sample weights of each method and the uniform weights.
It shows that, as expected, the EPA weights are closer to the uniform distribution than those estimated by
KMM.
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Figure 1: Comparison of each
reweighted method’s MSE with
the true model’s MSE. EPA’s
variance is negligible, while
KMM’s variance is large.

Figure 2: Distribution of the KL
distance between sample weights
and uniform weights. EPA is
closer to uniform, as expected.
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B Learning from Scratch vs. Correcting the Existing Model

We evaluate the effectiveness of training a new model from scratch compared to our proposed method of adding
corrective terms to an existing model (as described in Section 5). Table 3 presents the results. When comparing
these findings with Table 1 (where correction was applied), we observe that training from scratch is significantly
less effective across all experiments.

In the “learning from scratch” setting, most methods fail to improve performance and even degrade performance
in most cases. The best-performing approach in this case is calibration with uniform weights (SRC-UNTI), which
produces results similar to the original model. This outcome is expected, as the calibration data follows the same
distribution as the data used to train the original model.

This pattern holds across all other experiments. These findings underscore the limitations of training a new
model on reweighted data in sparse shifts. In contrast, our correction approach effectively utilizes reweighted
data to achieve better adaptation and performance improvements.

Table 3: Model improvement metrics for Sparse Covariate Shift when Learning a new model instead of correction
on the reweighted data.

Metrics Average Improvement (1) I-prop (1)
Bins (-0.091, -0.045] (-0.045, 0] (0, 0.153) (0.153, 0.305) All-Bins
EPA -64.623 -62.970  -54.696 -51.008 -63.225
SEES-D -58.976 -64.096 -61.102 -28.211 -60.621
SEES-C -62.311 -59.761  -54.342 -32.398 -60.086
COV-CLF -67.654 -61.408  -55.903 -82.166 -64.797
TAR-UNI -4.520 -3.448 3.130 12.302 -3.366

SRC-UNI -0.755 0.088 -0.593 1.825 -0.29

C Experiments: Estimation and Improvement using a Linear base

This section evaluates the performance of the methods in terms of estimation and improvement under sparse
covariate shifts, sparse joint shifts, and natural shifts using a linear base model. This setup highlights scenarios
where the model class is underperforming, and reweighting is known to help (Gogolashvili et al., 2023) in
mitigating the performance degradation.

C.1 Sparse Covariate Shift: Linear Model

Key Observations:
e Estimation Inaccuracy (Table 4):

— EPA achieves the best estimation accuracy across all bins, with significantly lower errors compared to
other methods. For detection power, EPA significantly outperforms baselines, achieving 0.848 compared
to approximately 0.14 for others.

— Baselines SEES-C, SEES-D, and COV-CLF struggle, particularly in cases of large performance
shifts.

e Model Improvement (Table 11):

— While most methods perform similarly in lower shift bins, EPA demonstrates the highest average
improvement in bins with the largest shifts.

— Uniform calibration (SRC-UNI) fails to deliver meaningful improvements, often resulting in negligible
or negative performance gains.
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Table 4: Estimation metrics for sparse covariate shifts using linear models.

Metrics Estimation Inaccuracy (J) Power (1) FP ()
Bins (-0.091, -0.045] (-0.045, 0] (0, 0.153) (0.153, 0.305)] All-Bins All-Bins
EPA 0.004 0.005 0.004 0.015 0.848 0
KMM 0.012 0.024 0.067 0.230 0. 0.
SEES-D 0.048 0.068 0.025 0.189 0.141 0
SEES-C 0.054 0.066 0.023 0.242 0.141 0
COV-CLF 0.012 0.024 0.063 0.217 0.130 0

Table 5: Model improvement metrics for sparse covariate shift using linear models.

Metrics Average Improvement (1) I-prop (1)
Bins (-0.091, -0.045] (-0.045, 0] (0, 0.153) (0.153, 0.305) All-Bins
EPA 56.662 32.590 40.587 25.072 1.00
KMM 56.645 32.586 39.592 23.067 0.97
SEES-D 56.664 35.914 39.171 21.187 0.712
SEES-C 56.679 34.569 39.353 21.138 0.801
COV-CLF 56.690 35.908 39.175 21.124 0.712
TAR-UNI 33.243 1.044 6.061 -8.091 0.805
SRC-UNI 4.380 1.764 2.241 -0.502 0.928

C.2 Sparse Joint Shift: Linear Model

Key Observations:
¢ Estimation Inaccuracy (Table 6):
— EPA achieves near-perfect accuracy with negligible errors across all bins.
— Baselines show large errors and low detection power (near 0).
e Model Improvement (Table 7):

— All methods demonstrate similar improvement levels, but EPA lags slightly in improvement proportion
(I-prop) compared to the baselines.

— SRC-UNI continues to underperform, offering limited or negligible improvements.

Table 6: Estimation metrics for sparse joint shifts using linear models.

Metrics Estimation Inaccuracy (J) Power (1) FP ()
Bins (0.159, 0.167) (0.167, 0.174) (0.174, 0.182) (0.182, 0.189) All-Bins All-Bins
EPA 0.000 0.000 0.000 0.001 1.00 0
SEES-D 0.235 0.240 0.225 0.241 0.120 0
SEES-C 0.222 0.242 0.216 0.210 0.027 0
COV-CLF 0.175 0.183 0.169 0.160 0.045 0

C.3 Natural Shift: Linear model

Key Observations:
¢ Estimation Inaccuracy (Table 10):
— EPA demonstrates consistently strong performance, achieving low estimation errors across all bins.
— Baselines such as SEES-C, SEES-D, and COV-CLF exhibit significantly higher errors.
e Model Improvement (Table 9):

— All methods show comparable levels of improvement.
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Table 7: Model improvement metrics for sparse joint shift using linear models.

Metrics Average Improvement (1) I-prop (1)
Bins (0.159, 0.167) (0.167, 0.174) (0.174, 0.182) (0.182, 0.189) All-Bins
EPA 42.263 39.622 45.551 39.964 0.712
SEES-D 42.273 39.636 45.562 39.977 0.712
SEES-C 40.088 35.798 43.399 39.962 0.795
COV-CLF 36.673 30.403 39.310 39.928 1.00
SRC-UNI 1.775 1.256 1.698 2.358 1.00
TAR-UNI 4.709 4.328 3.586 3.182 0.945

— TAR-UNI and SRC-UNI fail to provide meaningful enhancements in lower bins. TAR-UNI gives
the highest improvement on the most harmful bin.

Table 8: Estimation metrics for natural shifts using linear models.

Metrics Estimation Inaccuracy (J) Power () FP ({)
Bins (-0.082, -0.041) (-0.041, -0.001) (-0.001, 0.16) (0.16, 0.319) All-Bins All-Bins
EPA 0.018 0.034 0.005 0.009 0.963 0
SEES-D 0.157 0.278 0.017 0.044 0. 0
SEES-C 0.146 0.274 0.019 0.017 0. 0
COV-CLF 0.087 0.211 0.015 0.081 0. 0

Table 9: Model improvement metrics for natural shifts using linear models.

Metrics Average Improvement (1) I-prop (1)
Bins (-0.082, -0.041) (-0.041, -0.001) (-0.001, 0.16) (0.16, 0.319) All-Bins
TAR-UNI -7.162 -14.898 17.471 52.100 0.242
EPA 25.824 18.047 27.189 38.826 1.00
SEES-D 25.821 18.034 27.178 38.588 1.00
SEES-C 25.819 18.043 27.161 38.720 1.00
COV-CLF 25.814 18.025 27.161 38.575 1.00
SRC-UNI 1.317 0.866 0.568 -4.069 0.934

Takeaway: In terms of estimation, EPA is by far the most accurate method, significantly outperforming all
baselines. Regarding improvement, all methods perform similarly overall, highlighting that reweighting can still
drive performance gains even when error estimation is suboptimal—showing the learning algorithm’s ability to
benefit from reweighted data itself. Additionally, when the model is not high-performing, classical training with
uniform weighting (SRC-UNI) fails to improve and can even degrade performance. Interestingly, revealing
labels (TAR-UNI) can also underperform in this context, emphasizing the challenges of adaptation when the
model class and data distribution are misaligned.
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D Experiments on Regression Model

In this section, we extend the evaluation of our method to regression problems using the California Housing
Pricing dataset Dua and Graff (2017) following the previous section by using a Linear base. Among the baselines,
only COV-CLF is applicable, as SEES-C and SEES-D are not designed for regression settings.

Key Observations:
e Estimation Inaccuracy (Table 10):

— EPA achieves the lowest estimation errors across all bins, significantly outperforming the COV-CLF
baseline.

— The detection power of EPA is high (0.889), while COV-CLF fails to detect shifts at all (Power (7)
=0).

e Model Improvement (Table 11):

— EPA demonstrates consistent improvements across all bins, slightly outperforming the COV-CLF
baseline.

Table 10: Estimation metrics for natural shifts using linear models.

Metrics Estimation Inaccuracy ({) Power (1) FP ({)
Bins (-0.025, -0.018] (-0.018, 0] (0, 0.054] (0.054, 0.092] All-Bins All-Bins

EPA 0.015 0.019 0.012 0.017 0.889 0
COV-CLF 0.023 0.013 0.074 0.028 0. 0

Table 11: Model improvement metrics for sparse covariate shift on California House Price using linear models.

Metrics Average Improvement (1) I-prop (1)
Bins (-0.025, -0.018] (-0.018, 0] (0, 0.054] (0.054, 0.092] All-Bins
TAR-UNI 5.993 4.343 30.014 1.980 0.625
EPA 35.803 38.933 51.553 40.051 1.0
COV-CLF 35.701 38.693 51.498 40.004 1.0
SRC-UNI 0.680 1.256 1.730 0.666 0.938

Takeaway: Once again, EPA significantly outperforms the baseline in terms of error estimation. In terms of
model improvement, EPA shows a slight advantage. This example also demonstrates that it is possible to have
weights that are not necessarily accurate for estimation but can still contribute to improving model performance.
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E Target Data Estimation

In this section, we evaluate how well each method reweights the source data to approximate the target data.
Two metrics are used for evaluation:

e Mean Matching for All Features: Measures the discrepancy in feature means between the reweighted source
data and the target data.

e Histogram Matching for All Features: Measures the discrepancy in feature distributions (histogram binning)
computed marginally for each features independently and averaged. The number of bins is set at 10.
E.1 Sparse Covariate Shift

Table 12 summarizes the results for sparse covariate shifts. EPA achieves the lowest values for both metrics,
indicating superior alignment with the target data. SEES-C performs moderately well, followed by COV-CLF
and SEES-D, which show larger discrepancies.

Table 12: Comparison of mean and histogram difference norms for sparse covariate shift.

Method Mean Matching for All Features Histogram Matching for All Features
EPA 0.03 0.07
SEES-D 0.08 0.18
SEES-C 0.04 0.08
COV-CLF 0.06 0.11

E.2 Sparse Joint Shift

Table 13 presents the results for sparse joint shifts. Similar to the covariate shift setting, EPA demonstrates
the best performance, achieving the smallest mean approximation. Regarding histogram differences SEES-C is
slightly better, while COV-CLF and SEES-D perform worse, with higher values for both metrics.

Table 13: Comparison of mean and histogram difference norms for sparse joint shifts.

Method Mean Matching for All Features Histogram Matching for All Features
EPA 0.04 0.12
SEES-D 0.10 0.20
SEES-C 0.06 0.11
COV-CLF 0.12 0.17

Takeaway: These findings reinforce the effectiveness of EPA in approximating target distributions, making it
a reliable choice for reweighting source data under distribution shifts.
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F Hyperparameter Optimization for XGBoost Model

To fine-tune the XGBoost model, a hyperparameter optimization process was conducted using 1000 iterations.
The optimization strategy varied depending on the booster type (gbtree vs gblinear). The following details
the process used to suggest and train the optimal hyperparameters. The hyperparameters were dynamically
suggested during training based on the booster type:

e For gbtree boosters, the following hyperparameters were optimized:

— eta (learning rate): Log-uniformly sampled in the range [0.01, 0.3].

max_depth: Integer value between 3 and 10.
— subsample: Float value between 0.6 and 1.0.
— colsample_bytree: Float value between 0.6 and 1.0.

— lambda (L2 regularization): Log-uniformly sampled in the range [le-3, 10.0].

alpha (L1 regularization): Log-uniformly sampled in the range [le-3, 10.0].

min_child weight: Integer value between 1 and 10.

e For the gblinear booster, the following hyperparameters were optimized:
— lambda (L2 regularization): Log-uniformly sampled in the range [1le-3, 10.0].
— alpha (L1 regularization): Log-uniformly sampled in the range [le-3, 10.0].

The trained model was optimized for performance on the validation dataset, leveraging early stopping and
dynamically selected hyperparameters to achieve the best results using the package Optuna Akiba et al. (2019).

G Additional experiments details
G.1 Correlation metric for the explainability part
Given two features, A and B, we determine their types and apply an appropriate correlation metric:

e Both Continuous: We use the Pearson correlation coefficient, which measures the linear relationship

between two continuous variables: ( )
cov(A, B
p(A,B) = LT
gAO0RB
where cov(A4, B) is the covariance of A and B, and 04 and op are their respective standard deviations.

e Both Categorical: We use Cramér’s V, which is derived from the chi-squared (x?) statistic computed
from the contingency table:

X?/n

V= \/min(kA - 1,]{:3 - 1)7

where 2 is the chi-squared statistic, n is the total number of observations, and k4 and kp are the number
of categories in A and B, respectively.

e One Continuous, One Binary: We use the Point-Biserial correlation coefficient, which measures the
correlation between a continuous variable and a binary categorical variable:

Yl —YO ning
s n(n—1)’

Tpb =

where X; and X are the means of the continuous variable for the two binary groups, s is the standard
deviation of the continuous variable, and ny, ng, and n are the sizes of the respective groups and the total
sample.

Finally, we take the absolute value of each metric to ensure that all correlation values fall within the range [0, 1].
We compute the values using all the dataset.
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G.2 Dataset Details

Our experiments leverage a diverse array of publicly available, real-world datasets. These datasets vary in terms
of sample size, feature dimensionality, and application domain, facilitating a comprehensive evaluation of our
proposed framework under different conditions. Specific details for each dataset are provided below. For all
datasets, categorical features were one-hot encoded, and the resulting feature dimensions are reported.

e Adult: This dataset, commonly used for income prediction (binary classification of whether income exceeds
$50K /yr), is sourced from the UCI Machine Learning Repository Dua and Graff (2017). It originally
contains 14 features (a mix of continuous and categorical) for 48,842 samples. After one-hot encoding
of categorical variables, the feature space expands to 109 dimensions.

¢ HELOC (Home Equity Line of Credit): Provided by FICO (2018), this dataset is used for credit risk
assessment. It comprises 9,871 samples and 24 features. The task is to predict whether a homeowner
will default on their HELOC.

¢ NHANES I (National Health and Nutrition Examination Survey): This dataset consists of health-
related data from the first National Health and Nutrition Examination Survey, made available by the CDC
(2022). In our experiments, we use a version with 8,593 samples and 18 features, focusing on a mortality
prediction task.

e California Housing Prices: Also from the UCI Machine Learning Repository Dua and Graff (2017), this
dataset contains 20,640 samples and 9 features. It is a standard benchmark for regression tasks, where
the objective is to predict the median house value in California districts.

Folktables (ACS-based Tasks)

The Folktables suite Ding et al. (2021) provides benchmark tasks derived from the U.S. Census Bureau’s American
Community Survey (ACS). These datasets allow for the study of model performance under various demographic
shifts. Table 14 summarizes the characteristics of several tasks available within this suite.

Task Name No. of Features (Original) | No. of Datapoints
ACSIncome 10 1,664,500
ACSPublicCoverage 19 1,138,289
ACSMobility 21 620,937
ACSEmployment 17 3,236,107
ACSTravelTime 16 1,466,648

Table 14: Overview of selected Folktables tasks based on ACS data. Feature counts are prior to one-hot encoding.

For our experiments involving natural distribution shifts, we primarily utilize the ACSIncome task from Folkta-
bles. While the original ACSIncome task includes 10 features, after one-hot encoding of its categorical variables,
the dimensionality increases to approximately 284 features. The full ACSIncome dataset across all available
years and states contains over 1.6 million records. In our experimental setup, we generate source and target
domains by selecting data for specific U.S. states and years. This typically results in experimental datasets
ranging from 30,000 to 100,000 samples, though some state-year combinations may yield larger datasets.
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H Additional Related Works Discussion

One important related body of literature is representation learning. Methods within this field have progressed
in managing unstructured data such as images by using mean-matching techniques to align learned embedding
features for adapting to distributional changes, as highlighted in works like (Long et al., 2015; Tzeng et al.,
2014, 2017; Long et al., 2015; Ganin et al., 2016; Sun and Saenko, 2016) or sub-domain alignment methods (Liu
et al., 2023). However, the EPA approach differs from these works. These approaches primarily address domain
adaptation alone. In contrast, EPA is specifically designed to tackle three interrelated problems simultaneously:
(1) performance evaluation, (2) explanation of shifts, and (3) model adaptation. Thus, these earlier methods
do not fully compare across all three aspects. In addition, direct empirical comparisons with these methods are
challenging, as many are tailored to specific model architectures, such as deep neural networks with unique loss
functions and feature alignment strategies—whereas EPA is not restricted to a particular model type. Rather
than replacing existing models, EPA integrates a corrective component using estimated importance weights,
setting it apart in its goals and operation. Putting differently, EPA is a post-hoc method. However, extending
EPA to fields like computer vision or textual data would require an additional phase for identifying meaningful
feature representations where mean-matching could be effectively applied. Developing this extension is complex
and separate from EPA’s core function and thus is not covered in this paper. As stated in our conclusion, we
have left this extension for future exploration.

Given EPA’s core mechanism of deriving importance weights, its contributions are particularly relevant to the
literature on reweighting techniques for distribution shift. Within this domain, SEES (Chen et al., 2022) is
our main competitor and best among the reweighting techniques as demonstrated in their paper. Our work
therefore emphasizes comparison with such state-of-the-art reweighting approaches to clearly benchmark EPA’s
advancements in robust weight estimation, along several additional dimensions such as performance prediction,
explanation of shifts, and model adaptation.

Lastly, EPA can be contrasted with distributionally robust optimization (DRO) strategies (Sagawa et al., 2019).
DRO methods typically aim to optimize model performance under worst-case distributional shifts, often by
reweighting data from predefined groups. While effective for enhancing worst-case generalization, DRO ap-
proaches require these group definitions. Specifying such groups comprehensively can be challenging, may not
capture all relevant types of shifts, or the necessary groupings might not be apparent in all domains (for instance,
while image datasets sometimes allow for grouping by attributes like gender or hair color, this approach has its
limitations and is not universally applicable). Furthermore, DRO techniques typically do not offer the direct
target performance estimation or the explanatory insights inherent to the EPA framework.
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I Algorithmic Description of EPA

This section provides a detailed algorithmic description of the proposed Entropic Projection Alignment (EPA)
framework. The following algorithms outline the core components and applications of EPA:

e Algorithm 1 describes the core EPA procedure for computing importance weights and the reweighted source
distribution.

e Algorithm 2 details how EPA is used to estimate model performance on an unlabeled target domain.

e Algorithm 3 outlines the process for identifying feature subsets responsible for distribution shifts, utilizing
Algorithm 5 for discrepancy measurement.

e Algorithm 4 shows the methodology for adapting an existing model to improve its performance in the target
domain using EPA-derived weights.

e Algorithm 5 provides the method for computing the histogram-based symmetric KL divergence used in the
shift explanation process.

e Algorithm 6 provide the method for computing the target estimation with label prevalence.

Algorithm 1 Core EPA (Entropic Projection Alignment)

Input:
Source dataset: Dge = {(X;,Y;)},
Target dataset: Dy, = {X!}7,
Feature mapping function: ®(X)

Output:
Importance weights: A = (Aq,...,Ay)
Reweighted source distribution: P*

Procedure:

1: Step 1: Define the convex loss function:

Loss(§) = log <711 ZGXP(<‘I)(X1)7§>)> — (& )

where p; = L Z;”Zl <I>(th») is the mean of the feature mapping over the target data.

m

2: Step 2: Optimize to find the optimal parameter vector £*:

& =arg mﬁin Loss(§)

using convex optimization (e.g., L-BFGS optimizer).
3: Step 3: Compute importance weights and define the reweighted source distribution:

exp((£", ©(X5)))
> -1 exp((€*, 2(X;)))

i = fori=1,...,n

P* =% A\dixiv)
=1

4: Return: Importance weights A and reweighted source distribution P*.

Remark 1.1. Assuming d features and the scalar score f(X) are discretized into B bins, then EPA optimizes
k = (d+ 1)(B — 1) parameters. Evaluating the objective in (2.2) and its gradient costs O(nk) = O(nd B), so I
L-BFGS iterations yield total complexity O(I nd B), linear in the number of source samples.
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Algorithm 2 Target Performance Estimation using EPA

Input:
Source dataset: Dgc = {(X;,Y;)},
Target dataset: Diay = { X!},
Predictive model: f: X — )Y
Loss function: £:Y x Y — [0,1]
Output:
Estimated target error: Eya(f)
Procedure:
1: Step 1: Choose quantile bins for each feature and for the scalar score f(X). Let 1;(X7)) and 1 ;(f(X))
denote the corresponding bin-indicator blocks with one redundant bin removed, and define:

(I)est(X) = W}l(X(l))v o 7wd(X(d))7¢f(f(X))]
2: Step 2: Apply Algorithm 1 with ®.y to obtain importance weights:
A= (A,..., \n) < Core-EPA (Dgyc, Diar, Pest)

3: Step 3: Calculate the estimated target error using importance weights:

n

Biar(f) =Y i L(F(X0),Y7)

i=1

4: Return: Estimated target error Etar( ).

Algorithm 3 Shift Explanation using EPA
Input:
Source dataset: Dy = {(X;, Yi) ",
Target dataset (unlabeled features): Dy, = { X!},
Candidate feature subsets: & = {S1,S2, ..., Sk}, where S; C {1,...,d}
Output:
Feature subset S* that best explains the distribution shift.
Procedure:
1: Step 1: For each candidate subset S; € S:
1.1 Define feature mapping using only features in subset .S;:

¢Sj (X) = [¥s (X(S))]SGSJ‘

1.2 Apply Algorithm 1 with ®g; to obtain the reweighted source distribution Pg (features only) and
corresponding weights Ag;:

(Pg, (features only), As;) « Core-EPA (Dsrc, Dtar, Ps;)

1.3 Compute discrepancy D(S;) between the reweighted source feature distribution (using P§7, or weights
As; on Dg. features) and the target feature distribution Q%" (empirical distribution of Dy,,). Typically
using Algorithm 5:

D(S;) = SymmetricKL({(X;, (As; )i) }iz1, Dtar for features in Sj)
2: Step 2: Select the feature subset that minimizes the discrepancy:
* — M D .
S* = arg ngng}g (S5)

3: Return: Optimal feature subset S*.




EPA: Estimating, Explaining, and Improving Model Performance Under Distribution Shift

Algorithm 4 Model Adaptation using EPA (Boosting Approach)

Input:
Source dataset: Dge = {(X;,Y:)} 7,
Target dataset: Dy, = {X!}7,
Initial model: f: X — Y
Loss function: £:Y x Y — [0, 1]
Base learner class: H
Number of boosting iterations: M

Output:
Adapted model: f: X =Y

Procedure:

1: Step 1: Use the same histogram-based matching map as in estimation:

(badapt(X> = [¢1(X(1))7 LRI 7'(/)d(X(d))7’(/}f(f(X))]

2: Step 2: Apply Algorithm 1 with ®,gapt to obtain importance weights:

A= ()\1, ey )\n) «— COI‘G—EPA(DsrC, Dtar, (I)adapt)

3: Step 3: Initialize the adapted model:
fo=1Tf

4: Step 4: For each iteration t =1,2,..., M:
4.1 Fit base learner h; € ‘H by minimizing the weighted loss:

hy = argggg; Ai - L(fra (X)) + h(X3), Vi)
4.2 Determine the learning rate (or step size) ay:
o = arggeiﬂggz; Ai - L(fr-1(X0) + - hy(X5), Vi)
4.3 Update the model:

Ji=fi-1t+tahy
5: Step 5: Set the final adapted model:

6: Return: Adapted model f.
Note: In practice, gradient boosting libraries like XGBoost can implement this procedure by accepting instance
weights A;.
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Algorithm 5 Histogram-based Symmetric KL Divergence

Input:
Reweighted source data (features and weights): Dy = {(X;, \;)}™;, where X; € R?

Target data (features): D; = {X{}7",, where X} € R4
Number of bins for histogram: B (default: 10)
Smoothing parameter: ¢ (default: 107)

Output:

Average Symmetric KL divergence over all features: D%
Procedure:
1: Initialize: Total divergence D% «+ 0
2: For each feature dimension k € {1,...,d}:

Step 1: Extract k-th feature values from source and target:
Source values: ) = [Xl(k), XQ(k), . ,X,(Lk)] (with corresponding weights \;)

Target values: ;") = [X7 ), x5 @, x50

Step 2: Compute empirical probability distributions p*) and q'*) using histograms:
Determine common bin edges for the k-th feature based on the combined range of xgk) and xgk).
p#) = [pgk), . ,pg)]: weighted histogram of mgk) using weights A;.

(k)

q®) = [qgk), ey qgf)]: unweighted histogram of x;

Step 3: Apply smoothing and normalize distributions:

pl()k) — pék) + & and qék) — qék) + ¢ forall binsb=1,...,B.

Normalize p*) such that 3~ pgk) =1
Normalize q*) such that >, ql()k) =1

Step 4: Calculate symmetric KL divergence for the k-th feature:
B (k (k)
KL® | a®) =7, py” log (Z?a)

B (K 0
KL(q(k) | P(k)) =D 1 qé )log (;?m)

D¥) = KL(p® || q®) + KL(q® | p®)

Step 5: Accumulate total divergence:
W DRE DR+ DIy
av; ota
3: DY =D /d
4: Return: Average Symmetric KL divergence D7%.
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Algorithm 6 Target Performance Estimation with Label Prevalence Optimization (EPA-LPO)

11:
12:
13:
14:
15:
16:
17:
18:
19:

20:

Input:
Source dataset: Dge = {(X;,Y;)}7; (where Y; € {0,1})
Target features: Dyiarx = {X ]t }":1 > Unlabeled target data

Predictive model: f: X — R (e.g., a scorer)
Loss function: £:)Y x Y — [0,1]

Candidate target prevalences for Y =1: Q; = {qil), qf), cee qu)} > Grid like [0.05,0.1,...,0.95]
Discrepancy metric: Discrepancy(-, -) > Typically Symmetric KL Divergence
Output:

Estimated target error: Etar( 1)
Estimated target label prevalence for Y = 1: ¢}
Procedure:

Define base feature mapping (features and model predictions): ®paee(X) = [XD, ..., XD £(X)]
Compute target moments for ®pase(X) from Diar X: Hbase_target = — Z;ﬂ:l Ppase(XF)
Initialize Dmin <= 00, ¢ < None, A* < None
for each candidate prevalence ¢; € Q1 do > Try different label prevalence values
Define augmented feature mapping including the label Y: @,,,(X,Y) = [Ppase(X), Y]
Construct the target moment vector for ®ayg: Llaug target (1) = [Ibase_ target, G1) > Hypothesize target
moments with current ¢;
Solve for £*(q1) to get weights A\;(q1): > Entropic projection step
LOSS(E; q1) = log (% Z?:1 eXp(<¢'aug(Xi’ Yi), f))) - <£a Haug_target <QI)>
€*(q1) = argming Loss(§; ¢1) > Convex optimization
xp({(€7 (q1),Pang (Xi,Y; )
Nila) = s i vy for i = 1o
Calculate discrepancy D(q1) between reweighted source and target distributions:
D(q1) = Discrepancy ({(X;, A\i(¢1)) }1=1, Diar x) > Measure alignment quality
if D(q1) < Dmin then
Dmin — D((h)
g~ q > Store best prevalence estimate
A" = Mar)
end if
end for
Calculate the final estimated target error using optimal weights: Eya,(f) = SN L(f(Xy), ) >

Weighted average of errors R
Return: Estimated target error Fi,,(f) and estimated prevalence ¢j.
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J Theoretical analysis of EPA
J.1 Proof of Proposition 2.2

To prove Proposition 2.2, we begin with the fundamental theorem governing the minimization of KL divergence
relative to a prior measure under linear moment constraints. This result corresponds to Theorem A.1 in Bachoc
et al. (2023), stated there without proof as a consequence of the theorems of Csiszéar (1984).

Theorem J.1 (Minimum KL Divergence Solution). Let (E,B(E)) be a measurable space and Q a probability
measure on E. Consider t € R* and a measurable function ® : E — RF. We assume that, for v € R* b € R,
QH{z € E;(v,®(x)) =b}) =1 if and only if v =0 and b = 0. Let Py, be the set of all probability measures
P on (E,B(E)) such that [, ®(x)dP(z) =t. Assume that Py, contains a probability measure that is mutually
absolutely continuous with respect to Q.

For a vector £ € R¥, let Z(£) := fE e<5’q’(w)>dQ(m). We assume that the set on which Z is finite is open. Define
now &(t) as the unique minimizer of the strictly convex function H (&) — (£, t), where H(&) :=log Z(§).

Then, the solution to the optimization problem

Q: = argPinf KL(P,Q)

cPs ¢

exists and is unique. Furthermore, it can be computed as

exp((£(t), ©))

Q= Q.
! Z(&(1))
This means its Radon-Nikodym derivative is %(x) = W.

Proof. Assume P is absolutely continuous with respect to @, we can frame the problem as minimising the
functional I[p] = [}, plogpdQ subject to the constraints [, pdQ =1 and [, ®pdQ = t. We form the Lagrangian
functional with multipliers A and & € R¥:

L[plz/Eplogde—A(/Ede—l) —<5,/E<I>de—t>.

Combining terms under a single integral:

Llp| = /E [p(z) log p(x) — Ap(x) — (€, ®(x))p(x)] dQ(z) + A + (£, 1).

To find the stationary point, we take the functional derivative with respect to p(z) and set it to zero. This is
equivalent to finding the point-wise minimum of the integrand:

0
o [plogp — Ap — (£, @)p] =logp+1— A —(£,®) = 0.

Solving for p(x) reveals its exponential form:

p(z) = exp(A — 1+ (£, (2))).

The multipliers are determined by the constraints. The normalization constraint [ p(z)dQ(z) = 1 implies
Al =1/7(€), where Z(€) is the partition function. This gives the density form:

60 (@))
Z(6)

pe(z) =

Next, consider [, ®(z)pe(z)dQ(z) = t.

exp(E. ()
/E 3(a) S E I ag(a) =1
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We can relate the integral to the gradient of Z (). Since the set where Z(¢) is finite is open, we can differentiate
under the integral sign:

VeZ(€) = Ve /E 626 4Q(a) = /E (2)e &) dQ(z).

The moment constraint becomes:
1

Z()

Now, consider H(§) =log Z(§). Its gradient is Ve H (&) = %E()&)' Thus, the Lagrange multiplier vector £, which

VeZ(£) =t.

we now denote £(t), must satisfy:

VeH(E) =t

This is precisely the first-order condition for minimizing H (&) — (¢, t). By the theorem’s assumption, this function
is strictly convex and thus has a unique minimizer &(¢). O

Proof of Proposition 2.2. The EPA is a direct, discrete instance of Theorem J.1. The key is to replace the
general measures and integrals with their empirical counterparts.

The solution from Theorem J.1 translates directly. The optimal distribution P* must be absolutely continuous
with respect to P, meaning it is also a discrete distribution on the same n samples, deﬁned by a vector of

weights \* = (\%,...,\%). The Radon-Nikodym derivative < f at a sample point X; is 7 = nA;. Applying

s — SR X))
A
where the partition function is now a sum: Z(¢*) = [ *@)dP(z) = 1 Si_ el PE) Substituting Z(£%)
gives the explicit formula for the optimal welghts

the theorem’s solution form:

1 exp((€", ©(Xi)))
)‘;k - exp((ﬁ*, (b(Xz») = n .
nZ(&) 2 j=1 exp((€, 2(X;)))
The vector £* is the unique parameter that satisfies the moment constraint: > . | A ®(X;) = jig. O

J.2 EPA’s weights minimises variance upper-bound by construction

Interestingly, EPA’s definition in 2.1 can be rewritten as the following optimisation problem:
Definition J.2 (EPA - empirical weight version). EPA solves the I-projection of P onto the affine moment set:

A* € arg mm KL (Alu) st Z)\ O(X;) = Ho. (2)

Equivalently, (2) maximizes Shannon entropy on the feasible set, since KL(A|lu) = logn — H(X).

Let S = (X1, Xl;m) denote the (unlabeled) features from source and target. EPA produces weights
A(S) € A, i)\i D(X;) =Ho, N oxexp{({,P(X;))},
which depend only on S (not on labels). For any f € H, define the centered label-noise term
Ay = zn:)\z' (Z(f(Xi%Yi) —E[((f(X:),Y:) | Xz])
i=1

Write u for the uniform weights u; = 1/n, and set Neg(X) := 1/ >0 | A
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Theorem J.3 (Variance upper bound via KL; EPA minimises the bound). Assume ¢ € [0,1]. Conditionally on
S, for any mean-matching w € A, satisfying >, \i ®(X;) = [ig,

= 1 1
Var(Af | S;0) < %Z/\f < i<n+2KL(A||u)> < i<n+2KL(w|u)>. (3)
=1

Consequently, EPA’s X\ minimises the KL-based upper bound in (3) over the feasible set. In particular, EPA
favors high effective sample size Neg(N), although it does not necessarily maximise Neg(\) exactly.

Proof sketch. Given S, the \; are fixed and label-independent. The summands in A are independent, mean-
zero, and bounded by A;, so Var(Ay | §) = >, A2 Var(- | X;) < 237,02, Next, relate dispersion to KL via
iA=L A—uf < L4 —u? <L 4+2KL(A|u) (Pinsker). EPA minimises KL(||u) subject to the same
moment constraint, giving the final inequality for any feasible w. O

Proof. Step 1: centring, independence and a basic variance bound. For each i, write
L = Z(f(XJ,Y;) € [07 1]a m; = E[E’L | Xl] € [Oa 1]a Z; = L —my.

By construction, E[Z; | X;] = 0. Since S = (Xlzn,Xl:m) contains X7., but not the labels, conditioning on S
fixes A and X7.,, and the random variation is only through the labels Y7.,. Under the i.i.d. assumption, the Y;
(hence the ¢; and Z;) are conditionally independent given S. Moreover, ¢; € [0, 1] implies

Zi=4l; —my; € [-m;, 1 —m;] C[-1,1].
Therefore, each summand \;Z; is conditionally mean-zero and lies in the interval [—\;, A;].
Let Ay =>"" | X\iZ;. Conditional independence and zero means yield
Var(Ag | S;A) = zn:)\f Var(Z; | S) = i)\f Var(¢; | X;),
i=1 i=1
where we used that m; is X;-measurable and hence constant given S.

Step 2: bounding each Var(¢; | X;) by 1/4. Since ¢; € [0,1], Popoviciu’s inequality on variances gives
Var(¢; | X;) < (1—0)?/4=1/4." Hence

which is the first inequality in (3).
Step 3: relating Y, \? to KL(A||u). Let u be the uniform weights, u; = 1/n. Compute

Z/\f = Z (Ui + (/\1 — Ui))z = ZU? + 22’111(/\1 — ui) + Z(/\Z — Ui)Q.
=1 i=1 =1 i=1

i=1

Since Zl Uz()\z — uz) = %Zz()‘i — UZ) = 0, we get
- 2 1 2
SO =+ Al ()
i=1

Next, ||A — u|l2 < ||A — ul|1. Pinsker’s inequality states
IN=ul? < 2KL(u),

'A quick proof: for any random variable W € [a,b], Var(W) = minier E[(W — t)*] <E[(W — ¢£2)%] < (b—a)?/4.
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so from (4) we obtain

- 1

> A7 < = +2KL(Au),
n

i=1

which is the second inequality in (3).

Step 4: effective sample size. Since Neg(A\) =1/ >, A2, the first two inequalities show

1 1/1
. < _ < - = .
Var(Ay | S;A) < INgO) = 1 <n + 2KL(x\|u)>

Minimising KL(+|ju) therefore minimises this KL-based upper bound on variance and favors more dispersed
weights. This does not imply exact maximisation of Neg, but it gives a principled surrogate objective controlling
concentration of the weights. O

K Proof of Proposition 3.2
Proposition K.1 (Discrepancy Gap Bound). For any hypothesis h € H, the following inequality holds:

leq(h) — ep(h)| < disco(P, Q) + Ap o,
where the risks are defined with respect to (potentially different) labeling functions cp and cq.

Proof. Assume /¢ satisfies the triangle inequality and its reverse form, i.e., ¢(a,c) < £(a,b) + £(b,c) and £(a,c) >
£(a,b) — £(b,c¢) (pointwise). For any distribution D over X, define the pairwise divergence

dDX (gv g/) = IE.’ENDX V(g(x)a gl(x))]a

and define the /-discrepancy

diSCE(P7Q) ‘= Ssup |dQX (gvg/) - dPx (979/)|
9,9'€H

Let the “joint” hypothesis be
hjoint € argmin (EP (9) + €Q (g))a
gEH
so the joint error is A%Q = €p(hjoint) + € (Rjoint)-
Part 1: Bounding ¢g(h) —ep(h). By the triangle inequality,
€q(h) = Esnqy [((h(z), cq(2))]
< Eonqy [U(1(@), hjoint (%)) + L hjoins(2), cq(2))]
= dQX (h? h’joint) + €Q (hjoint)~
By the reverse triangle inequality,
ep(h) = Eunpy [((h(2), cp(2))]
> Eonpy [U(A(2), hjoin(2)) = £(Rjoint (), cp (@))]
= dpy (I, hjoint) — €p(Rjoint),
SO —Ep(h) < —de (h, hjoint) + EP(hjoint)~ Combining;
eq(h) — ep(h) < (dgx (7, hjoint) — dpy (7 hjoint)) + (€ (hjoint) + €@ (Rjoint))
< discy(P, Q) + )\%Q.

Part 2: Bounding ep(h) —eg(h). Swapping the roles of P and @ in Part 1 gives

ep(h) — eq(h) < disc,(P,Q) + A .
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Conclusion. Combining the two one-sided bounds yields

leg(h) —ep(h)| < disce(P,Q) + Ap - O

L Proofs of the results on Alignment
L.1 Proof of Proposition 3.6

Theorem L.1 (Alignment Implies Zero Discrepancy). Let Py and Qx such that Epg [®(X)] = Eq [®(X)]. If
@ is aligned with (H, 1), then disc,(P¥,Qx) = 0. Consequently, |6Q(h) — eP*(h)| < Apq, where Apx ¢ is small
if a model exists that performs well on both domains.

Proof of Theorem 3.6. The discrepancy is defined as supycg, , [Eqy[9(X)] — Epg [9(X)]|. Let g be an arbitrary

function in Gz . By the perfect alignment condition, there exist 8y € R and B, € R* such that g(z) =
Bo + 5;—(13(1}). Consider the difference in expectations:

Eqx [9(X)] —Epg[9(X)] = Eqy [Bo + By ®(X)] — Epy [Bo + B, 2(X)]
= (Bo + By Eqx [2(X)]) = (Bo + By Epy [#(X)])
=, (Eqy[®(X)] — Epg [®(X)]).

By the moment-matching assumption, the term in the parenthesis is the zero vector. Thus, the entire expression
is zero. Since this holds for any g € Gy ¢, the supremum over the absolute values is also zero. Therefore,
disce(P%,Qx) = 0.

Under the conditions of Theorem 3.6, the domain adaptation bound for a general bounded loss simplifies to:
leo(f) = ep+ ()] < Ape g

where )‘é*,Q = infyep(epr(h)+eq(h)). The distribution shift component of the error bound has been eliminated

by the reweighting procedure. O

L.2 Alignment Under Covariate Shift

Proposition L.2. Let the covariate shift be defined solely by a change in the prevalence of a subgroup s(X).
If the conditional risk ry(X) is approzimately constant within the subgroup and its complement, then choosing
O(X) = s(X) provides effective control over the error estimation gap.

Proof. Let us assume for clarity that the conditional risk 7¢(X) is piece-wise constant:
a ifs(X)=1
ri(X) = . -
o ifs(X)=0

This is a reasonable model if the subgroup is homogeneous with respect to the model’s performance. We can
rewrite the conditional risk as a linear function of s(X):

ri(X) =co(1 = s(X)) + c18(X) = co + (1 — co)s(X).

This shows that the conditional risk function r(X) lies in span({1, s(X)}). This is a perfect alignment between
the risk function and the feature s(X).

Now, we choose the feature map for EPA to be ®(X) = s(X). The moment-matching constraint forces:
Epy [0(X)] = Eqx [2(X)] = Epy[s(X)] = mq.

The reweighting procedure adjusts the source data to match the target subgroup prevalence exactly. Let’s analyze
the residual error estimation gap after reweighting:

eQ(f) —ep(f) = EQx[rs(X)] = Epy [rf(X)]
=Eqy[co + (c1 — co)s(X)] = Epg [co + (e1 — co)s(X)]
= [co + (€1 = co)Eqx [s(X)]] = [co + (e1 — co)Epy [s(X)]]
= (c1 — ¢o)(mg —mgQ) = 0.
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The error estimation gap is completely eliminated. Even if the conditional risk is not perfectly piece-wise
constant, if it is well-approximated by a linear function of s(X), choosing ®(X) = s(X) will significantly reduce
the transfer gap. O

L.3 Alignment of prediction histogram

Setup. Let py(X) € [0,1] and partition [0,1] into bins By,. .., Bk. Define model-derived features v;(z) :=
I{ps(x) € B;} and set ®(z) = (¢1(z),..., ¥k (2)). Let ap ; := Prp(ps(X) € B;) so that 3, ap ; = 1. Suppose
the conditional risk is well-approximated as piecewise-constant on the bins: r; =~ E[{(f(X),Y) | ps(X) € B;].
Then

K
ep(f) = ZO{D,]‘ ;.
j=1

EPA with prediction-histogram features. EPA enforces Ep«[1);] = Eg[¢);] for all j, i.e. it matches the
entire prediction histogram: ap« ; = aqg ;. Hence ep«(f) = eq(f), and ezactly equals it if the piecewise-constant
assumption holds.

M Proof of Theorem 3.10 - Alignment for Decision Trees
M.1 The Hypothesis Class of Decision Trees

Let the input space be X C R?. A decision tree classifier partitions the input space into a set of disjoint regions
and assigns a class label to each region.

Definition M.1 (Decision Tree). A decision tree f : X — ) induces a partition of the input space X into a
set of disjoint hyper-rectangular regions Py = {R1, Ra, ..., Ry}, where X = [J;~, R;. Each region R; is called a
leaf region. The function f is piecewise constant, taking a single value y; € ) for all z € R;.

Let H be the class of all decision trees on X up to a maximum depth D. For our analysis, we consider the binary
classification setting where ) = {0, 1} and the loss function is the 0-1 loss, £(y1,y2) = 1{y1 # y=2}.

N Characterizing the Disagreement Space

To construct an aligned feature map, we must first understand the structure of the disagreement functions
g(z) = 1{f(z) # h(x)} where f,h € H.

Proposition N.1 (Structure of Disagreement Functions). Let f, h € H be two decision trees, inducing partitions
Py = {Rys;} and Pn = {Rp;} respectively. The disagreement function g(z) = 1{f(z) # h(z)} is a piecewise
constant function. The region where g(x) =1 is a union of disjoint hyper-rectangles.

Proof. Consider the common refinement of the two partitions, defined as P = {Rs; N Ry j | Rf: € Pf, Rij €
Pr}. This is also a partition of X into disjoint hyper-rectangular regions.

Let R’ € Py, be an arbitrary region from this refined partition. For any € R’, both f(z) and h(x) are constant.
Specifically, if R" = Ry ; N Ry ;, then f(x) takes a constant value y; and h(z) takes a constant value y; for all
x € R.
Therefore, the disagreement function g(z) = 1{f(x) # h(z)} is also constant on R’. Its value is either 0 (if
yi =y;) or 1 (if yi # ;).
The set on which the two trees disagree, A = {z € X' | f(x) # h(x)}, is the union of all regions R’ € Py, where
the predictions of f and h differ.

A= U R.

R'€Pys p s.t. f(x)#h(x) for z€R’

Since each R’ is a hyper-rectangle, the disagreement set A is a union of disjoint hyper-rectangles, and its indicator
function g(x) = 1{z € A} is the disagreement function. O

N.1 Constructing the Aligned Feature Map

The previous proposition shows that any disagreement function is an indicator function of a set composed of
elementary hyper-rectangles. This suggests that the basis for our feature map should be the indicator functions
of these elementary regions.



Salim I. Amoukou Emanuele Albini Tom Bewley Saumitra Mishra Manuela Veloso

Definition N.2 (Set of All Leaf Regions). Let Ry be the set of all possible leaf regions that can be generated
by any decision tree f € H.
Ry ={R|3f € H,R is a leaf region of f}.

Definition N.3 (Aligned Feature Map for Decision Trees). Let the feature map ® : X — RI®*| be defined as
the vector of indicator functions for every region in Ry:

B(x) = (1 € RY) per,, -

N.2 Main Result and Proof of Alignment

We now prove that this construction of ® provides perfect alignment.
Theorem N.4 (Perfect Alignment for Decision Trees). Let H be the class of decision trees and € be the 0-1
loss. The feature map ®(x) = (1{x € R})Rrer,, s perfectly aligned with (H, ).

Proof. To prove perfect alignment, we must show that any function g € Gy ¢ can be written as a linear combi-
nation of the components of ®(z) (and a constant, though it is not needed here).

Let g be an arbitrary function in Gy ¢. By definition, there exist two decision trees f,h € H such that g(z) =
1{f(z) # h(z)}. Let A={z| f(z) # h(z)} be the disagreement set. Then g(z) = 1{z € A}.

From Proposition 1, the set A can be written as a finite union of disjoint hyper-rectangular regions from the
refined partition Py j,. Let these regions be {R}, R},...,R.,}. So, A=, R}.

Each region Rj, is formed by an intersection of a leaf region from f and a leaf region from h. Since leaf regions are
defined by conjunctions of axis-aligned half-spaces, their intersection is also a region defined by such a conjunction.
This means that each R}, is a valid leaf region for some decision tree in H (assuming # is sufficiently rich, e.g.,
closed under refinement). Therefore, each Rj is an element of the set of all possible leaf regions, Ry.

Since the regions R}, are disjoint, the indicator function of their union is the sum of their individual indicator
functions:

glz)=1{z e A} =1 {x e R;} => 1z e Ry}
k=1 k=1
Each term 1{z € R}} in the sum is, by definition, a component of the feature vector ®(x), since R} € Ry. The

expression above is therefore a linear combination of the components of ®(z), where the coefficients are all 1.

Since we have shown that an arbitrary g € Gy ¢ is in the linear span of the components of ®, we conclude that
span(Gy ¢) C span({¢r}rer,,). This satisfies the condition for perfect alignment. O

Corollary N.5. Let Py and Qx be two marginal distributions on X. If the moment-matching condition
Ep [®(X)] = Eqy [®(X)] holds for the feature map ® defined above, then the discrepancy is zero:

disce (P, Qx) = 0.

Proof. The moment matching condition Epy [®(X)] = Eq[®(X)] implies that for every region R € Ry, we
have Pp: (X € R) = Pg, (X € R). For any g € Gy ¢, we have g(z) = >°,_, 1{z € R}} for some R} € Ry.
Then, by linearity of expectation:

m

Eq [9(X)] —Epg [9(X)] = Eqy | Y U{X € R}}

k=1 k=1
= Z (Pox (X € Ry,) — Ppy (X € R}))
k=1
— Z(o) =0
k=1

Since the difference in expectations is zero for all g € Gy ¢, the supremum over them is also zero. O
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O Approximate Alignment and the Residual

Let Ag = {z = Bo+BT®(z) : By € R, B € R*} be the affine hull of ®. For g € G, 4, define the residual relative

to (Bo, B): rg(x) = g(z) — fo — BT ().
Theorem O.1 (Approximate alignment bounds). If Epy [®] = Eq, [®], then

diSCg(P;},Qx) < sup inf (EQX‘Tg|+EP;(|Tg‘>.
9€Gw ¢ Pos

In particular, if for each g there exist (5o, B) with ||rg|lec < n, then disc, < 27.

Proof. Fix any g € Gy ¢ and any pair (8o, 8). Since
g(x) = o+ BT ®(x) + r4(x),
we have
Eqx[9(X)] = Epg[9(X)] = 87 (Eqx [®] — Epg [®]) + Eqy [rg] — Epg [ry]-
The exact moment-matching assumption cancels the affine term, so

|Eqy [9(X)] — Epg [9(X)]] < Eqylrgl + Epg|rl.

Taking the infimum over (fy, 8) and then the supremum over g proves the first claim. If ||ry|loc < 7 uniformly,

then each expectation is at most 7, yielding disc, < 2n. O
When moments are matched only approximately, let A = Eq [®] — Epz [®] and fix any norm pair (|| - ||, || - [|+)
on R¥.

Theorem 0.2 (Approximate moments & approximate alignment). For any norm pair (|| - |, || - |+),

disee(P3,Qx) < sup i€ {[BIIAIL + Equylryl +Epglry| }.
9€Ga .0 PosB

If there exist witnesses with ||B|| < B and ||rg|lec < n uniformly over g, then discy < B|Al|« + 2n.

0.1 How to Control the Residual: Examples
Example 0.3 (Threshold classifiers with 0-1 loss (binning gives O(d) control).). Let X =[0,1], H = {hs(x) =
1{x >t} : t € [0,1]}, and ¢ = 1{- # -}. For f = hy, h = hy, (wlo.g. t1 < t3), the disagreement is
g(xz) = 1{x € (t1,t2]}. Choose a grid 0 = 79 < 74 < -+ < 7, = 1 with mesh § = max;(r; — 7;_1), and take
histogram features

O(x) = (Y(@),...,¥r(2),  ¥;(@) =Yz € (-1, 7]}
Let jp be the index with 7;, < ¢; < 75,41 and jgr with 7, < ta < Tj,41. Approximate g by glx) =

T (@) = BT@(x) (Bo =0, B; = 1{j € {jr+1,...,jr}}). Thenry(z) = g(x) — §(x) can be nonzero only
in the two boundary bins (7, ,7;, +1] and (7, Tjy+1]. If @x and P§ admit densities bounded by M on [0, 1],

Eq.|rg| +Epglrgl < 2M§ + 2M6 = 4Mo.

Hence Theorem O.1 yields disc, (P, Qx) < 4M§.

Takeaway: Coarse bin features turn interval-type disagreements into affine functions of ®, with residuals con-
trolled by grid width.

P Proof of proposition 4.1

Proof. Write S := {1,...,d} \ S and assume overlap so the ratios below are well-defined. For S C {1,...,d}
define P{ by
dPg qa(zs,y)
5 (z,y) = :
ap p(zs,y)

Then
Py(ary) = LYy o(es,y) plas | 2s,9), a(ey) = alzs,y) alas | 25, y).
p(zs,y)
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Hence
KL(P4IQ) =0 <= Ph=Q (as) <= plog | vs,9) = alag | 75,9) (as.). (5)

By the sparse joint shift assumption for the unique minimal generating set S*, p(xg-
so KL(P..||Q) = 0.

xS*vy) = (I(xS* | xS*7y)a

If § 2 5%, then from p(zg,rs\s+ | Ts+,y) = q(r5, 255+ | Ts+,¥y), divide by the common marginal p(zg\g- |
x5+,y) = q(*) to get p(zg | xs,y) = q(zz | xs,y); by (5), KL(Pg[|Q) = 0.

Conversely, if KL(P§[|Q) = 0, then (5) shows S is a generating set. By the defining minimality assumption, any
generating S must contain S*; thus among all S with KL(P%||Q) = 0, the unique minimal-cardinality one is S*.

Therefore,
S*:arg mln {|S| : KL(Pg|Q) = 0}.

.....

The covariate-shift case is identical with y dropped everywhere. O

Q Proof of Theorem 5.1

Recall the weight construction:
Definition Q.1 (EPA Weights). Given a feature map ® : X — R¥ and target moments fig, the EPA weights

are: N exp((6*, ®(X,)))
T (@ (X))

where £* € R* minimizes the strictly convex objective:

T (¢ 1og< Zexp (€ o(X >)> & po)

=1,...,n

These weights define a reweighted source distribution:

n

Pr =73 Nid(x.v

i=1

The first part of the theorem is proved in the following lemma.
Lemma Q.2 (Transfer of Improvement). Assume £ satisfies the conditions of Proposition 3.2. Then, for any

L feF:

[ca(f) = eq(N)] = lep-(f) = ep- (/)] < 2[disce(Px, Qx) + Ap+ o]
In particular, if ep«(f) < ep+(f) — € with:
e > 2[disce(Px,Qx) + Ap+ ]
then eq(f) < (/).
Proof. Tt consists of applying proposition 3.2 to both f and f , then using the triangle inequality.

(eo(f) —€q(f)) = (ep-(f) — ep+(f)) = (e@(F) —ep+(f)) = (e@(f) — ep+(f))
< leq(f) —ep+ () + leq(f) — ep- (f)]
< 2(disco(Px, Qx) + Ap+.q),

and the reverse inequality is analogous. O

Now, we control the population discrepancy by combining exact empirical moment matching with the
approximate-alignment bound from §O.



EPA: Estimating, Explaining, and Improving Model Performance Under Distribution Shift

Lemma Q.3 (Discrepancy Control under Empirical Moment Matching). Let P* be the reweighted source dis-
tribution produced by EPA 2.1 using n source samples and m target samples to compute the empirical target
moment fig = Z;"Zl ®(XF). Let Q be the true target distribution with population moment pg = Eq [®(X)].

Assume the practical feature map ® satisfies the uniform witness condition of Theorem 0.2: for every g € Gy ¢
there exists a representation g(x) = Po,q + B;—q)(x) + r4(x) such that ||Bgll« < Bo and ||74]lcc < na. Then, with
A= pQ — fQ )

disc,(Py, Qx) < Ba||All + 2ns. (6)

Furthermore, if the features are bounded (||®(z)||2 < R), then with probability at least 1 — 4,

2klog(2/6
1ALl < Con s o= Ry 2H108C/0) ;
m
and therefore A
disce(Px, Q@x) < BoCry ks + 2na. .

Proof. By construction of EPA, E Py [®] = f1g, hence
A= Eq, @] - Ep, [0,
Applying Theorem O.2 with the stated uniform witnesses yields discz(]%*(, Qx) < Bg||Al| 4+ 2ng. The concentra-

tion bound on [|Ally follows from a vector Hoeffding inequality for the bounded vectors ®(X}). O

Remark Q.4. For exact alignment, one can set e = 0 and recover the sharper discrepancy bound proportional
only to the target-moment sampling error. The practical histogram map used in EPA is better modelled through
the approximate-alignment constants (Bg, 7).

Theorem Q.5. Assume { satisfies the conditions of Proposition 3.2. Let f be the boosted model and define the

empirical performance drop as Aemp = €p. () —€p. (f). If
Aemp > 2(discz (P, Qx) + Apeg)s
then eQ(f) < eQ(f), Furthermore, under the assumptions of Lemma Q.3, if

Aemp > Bm,k:,57 with Bm,k,é = 2(B<I>Cm,k,6 + 277<I> + Aﬁny)

then with probability at least 1 — 6, we have eq(f) < eq(f).

Proof. The empirical statement follows directly from Lemma Q.2 applied to the pair (15*, Q) For the population
statement, apply Lemma Q.2 to (P*, Q) and substitute the discrepancy bound from Lemma @Q.3. On the high-
probability event disc(P%,Qx) < BaCh k.5 + 21a, the transfer lemma yields

GQ(]E) - 6Q(f) S 7Acmp + 2(B<I>Cm,k,6 + 27)<I> + AP*,Q)’

which is negative under the displayed condition. O
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R Proof analysing the empirical version of EPA with its population version.

Note that this section complements Bachoc et al. (2023), which provides an asymptotic analysis of the entropic
variable projection, by instead offering a non-asymptotic analysis of the solution.

R.1 Problem Formulation

We recall the population and empirical problems.

e Population Problem: Given a source distribution Px and target moment ug = Eg,[®(X)], find

P* = argminpp KL(P|Px) subject to Ep[®(X)] = pug. The solution is given by the density
%(x) = exp({¢*, ®(z)) — H(E*)), where &* is the true dual parameter and H (&) is the log-partition
function.

e Empirical Problem: Given source samples {X;}7_; ~ Px and target samples {Z;}72; ~ Qx, we compute
the empirical measure P, = L5 | 6x, and estimate the target moment as figm = — > 21 ®(Z;). We then
find Py, = argming  p KL(P||P,) subject to E5[®(X)] = fig,m- The solution is a discrete distribution
on {X;}, with weights

v (€ (X))

L (€, (X))

where é;m is the empirical dual parameter.

For simplicity, we will denote é;m as é *.

Remark R.1 (The Object of Analysis). A crucial distinction must be made. The direct solution to the empirical
problem is the discrete weighted measure Pf{w However, comparing a continuous distribution like P* to a
discrete one via KL divergence or TV distance is uninformative (indeed often infinite). The theoretical bounds
in Theorem R.6 apply not to the discrete measure P*  but to the continuous distribution from the same

exponential family parameterized by the estimated parameter é* We denote this distribution by P, .
Its density is:
dPs. A N
" ) = exp (€, @) — HE))
X
Since P* and P;, are both continuous and defined with respect to Px, their KL divergence and TV distance
are well-defined. In Section U, we will show how to connect the bounds on Pé* back to the practical discrete

solution P;w For notational consistency, we will use P to refer to this continuous distribution P¢. in Sections
1-3.

R.2 Assumptions

Assumption R.2 (Bounded Features). The feature map ® : E — R” is uniformly bounded, i.e., there exists a
constant R > 0 such that ||®(x)||2 < R for all z € E.

Assumption R.3 (Strong Convexity and Smoothness). The population log-partition function H(§) =
log Ep, [e/$®(XD)] is g-strongly convex and L-smooth in a neighborhood of &*. Equivalently, its Hessian is
bounded: oI < V2H (&) < LI for some L > o > 0.

Assumption R.4 (Feasibility and Compact Parameter Set). There exists a nonempty compact convex set
2 C R¥ such that: (i) €* € Z and H is o-strongly convex and L-smooth on Z; (i) the empirical dual solution £*
exists, is unique, and lies in = by assuming that fig , lies in the relative interior of conv{®(X;)}7_,).
Assumption R.5 (Uniform gradient concentration). There exists a deterministic function ay, : (0,1) — (0, 00)
such that, for every § € (0,1),

P(wg IVH(€) - VH, (©)]l2 < anw)) >1-0,

Ee=E
where
e<£,<1>(xi)>> .
i=1

3=

Hp, () = log<
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R.3 Main Theorem

The following theorem provides finite-sample bounds for the estimated continuous model.

Theorem R.6 (Finite-Sample Bounds for Empirical I-Projection). Let Assumptions R.2, R.3, and R.4 hold.
Let 13,’: be the continuous distribution PEA* defined in Remark R.1. Then for any confidence level § € (0,1), with
probability at least 1 — 25, the following bounds hold for the empirical solution based on n source and m target
samples:

1. Dual Parameter Error:

€~ &l < = (an(6) + 6 (8)).

2. KL Divergence Error:
* || D* L Fx *
KL(P*[[P;) < S llg" — €715

drv(P*,B) <[ Z1E — el
B (0) 1= ey ZEIBCH/E)

The remainder of this document is dedicated to proving this theorem and connecting it to the discrete empirical
solution.

3. Total Variation Error:

where

S Proof of the Bound on the Dual Parameter

The proof relies on establishing a basic inequality that links the output error ||§* — &*|| to input errors, which
are then bounded using concentration inequalities.

S.1 Step 1: A Basic Inequality
Let H(¢) = logEp, [¢!©*())] and H, (€) = log (% S e<£vq>(xi)>>, Set G = VH and &, = VHp . The
optimality conditions are G(£*) = pg and Gn(€9) = Q. m-

By strong convexity of H on = (Assumption R.4), the gradient map G is o-strongly monotone: (G(y) —G(z),y—
x) > o||ly — z||2. Hence, by Cauchy-Schwarz, ||G(y) — G(z)||2 > o|ly — x||2. Thus

all€" = & [l2 < IG(E") = G(€)|2-
Substituting G(£*) = g and using the empirical optimality condition,
all€" = & l2 < IG(E7) — peall2

= ”G(é*) - én(é*) + /)Q,m - ,U'QHQ
<NGE) = Gu(E)2 + liig.m — palla-

This is our basic inequality.

S.2 Step 2: Bounding the Error Terms via Concentration

Lemma S.1 (Bound on Target Moment Error). Under Assumption R.2, for any ¢ € (0,1), with probability at
least 1 —4:

. 2klog(2k/0)
liQm — pollz < R Ee——— B (0).
Proof. Apply a vector Hoeffding inequality to the i.i.d. bounded vectors {®(Z;)}7 ;. O
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S.3 Step 3: Combining the Bounds
By a union bound applied to Lemmas S.1 and Assumptions R.5, with probability at least 1 — 24,

[l€* = & ll2 < an(8) + Bim(9),
which yields Item (1) of Theorem R.6 after dividing by o.
T Proof of the Bounds on the Distribution Error

We now translate the bound on the dual parameter error into bounds on statistical distances between the
continuous distributions P* and P = F..

T.1 Step 1: Bounding the KL Divergence

The KL divergence between two distributions from an exponential family is equal to the Bregman divergence of
their natural parameters with respect to the log-partition function.
Proposition T.1. For the optimal distributions P* and P}, we have:

KL(P*(|Py) = H(E") — H(E") = (VH(E),& = &) = Dr(£7)€").
Proof. This is the standard identity linking exponential-family KL to the Bregman divergence of H. O

Proposition T.2 (Smoothness upper bound for Dg). If H is L-smooth on a convex set containing £* and é*,
then

~ L -
Du(Eler) < 5 1€ - €13

Proof. A standard property of L-smooth functions: H(y) < H(z) + (VH(z),y — z) + £|ly — z||> with 2 = ¢,
y=¢" O
Combining Propositions T.1 and T.2 proves Item (2) of Theorem R.6.

T.2 Step 2: Bounding the Total Variation Distance

Lemma T.3 (Pinsker’s Inequality). For any two probability measures P and Q, drv(P,Q)? < 3 KL(P||Q).

Proof. Classical result; see, e.g., standard information-theory references. O

Applying Lemma T.3 together with Item (2) of Theorem R.6, we obtain Item (3):
drv(P*, Py)* < JKL(PT||Py) < £ 1I€" — €73,

U Connection to the Discrete Empirical Solution

We now relate the continuous tilted model P, to the practical discrete optimizer P;w Since these measures
need not be mutually absolutely continuous, Wasserstein distance is the appropriate metric.
Assumption U.1 (Metric regularity for the discrete comparison). The space (E, d) is a metric space with finite
diameter

diam(F) < D < c0.

Moreover, ® is Lg-Lipschitz:
|P(x) — ®(y)|l2 < Lod(z,y) for all x,y € E.
Proposition U.2 (Stability of exponential reweighting in W1). Assume Assumptions R.2-R.4, and U.1. Let

Bz :=sup [[£]|2, ms = e PR, Mz = eP=l, Ly := BzLge"=".
¢ex
Then ~ .
Wi(Pe., Py ) < Cz0,0 Wi(Px, Pn),
where M=+ DL DMz=L
Ceop = =t Pk | DMelw

=,

m m

(1
[
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Proof. Set

w(z) = (€ 2(@)
Since £* € Z and ||®(z)||2 < R,

m

1

<w(z) < M= forall z € F.
Also, by the Lipschitz property of @,

jw(z) — w(y)| < BeLee"=d(z,y) = Lyd(z,y).
Define the reweighting map

p(w)
for any probability measure ¢ on E. Then

Pp. =Ty(Px),  Pi,=Tu(Pn).

Fix g € E. By the Kantorovich-Rubinstein dual representation on a bounded metric space,

Wi (Tow(p), To(v)) = su p(fw)  v(fw)

Lip(f)<1 p(w) v(w)
f(z0)=0

For every such f, the diameter bound implies |f| < D, hence

Lip(fw) < Mz + DLy,

|V(fw)| < DM57 /A(U)), I/(’U)) > me.
Therefore,

p(fw) = vlfw)l | () = v(w)
< B P ()

< ME + DLw

m

(1
3
(U
=
—
F
=

where we used Kantorovich—Rubinstein duality both for fw and for w. Taking the supremum over all admissible
f yields the result.

O
Corollary U.3 (Discrete error decomposition). Assume the conditions of Theorem R.6 and Proposition U.2.
Then, on the same event as in Theorem R.0,

. P DVL A
Wl(P ,me) < 5 (an(é) +6m(5)) +CE,<I>,D Wl(PX,Pn).
Proof. By the triangle inequality,

WA (P*, Py,) < Wi(P*, Pe) + Wi(Pe, Py ,)
Since diam(E) < D,

Wi(P*, Pz.) < Ddrv(P", Pe.)
Applying Item (3) of Theorem R.6 yields

Wi ey < 20 (0, 6) 4 5,09).

The second term is controlled by Proposition U.2. Combining the two bounds proves the claim
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V Discussion of The Approximation Gap of Axis-Aligned Binning

Definition V.1 (Axis-Aligned Histogram Map). Let the feature space be X C R?. For each feature dimension
je{l,....d}, let B = {Bj1,...,Bjm,;} be a partition of its range (e.g., from quantile binning). The axis-
aligned histogram map is:

Dpise(z) = (L{zM € Biq},...,1{z™ € By, )., 1{z'D € By, })

Matching moments with ®,;,; enforces that the marginal probability mass in each bin is the same for Py and
Qx, but it does not constrain the joint distribution of features. This lack of constraint on feature interactions is
the source of the gap.

To close the gap, we suggest exploring feature maps that can capture more complex relations, which may be
worth investigating in future work.

V.1 Method 1: Feature Crosses

We can explicitly model interactions by binning the joint distribution of feature pairs (or higher-order tuples).

V.2 Method 2: Tree-Based Binning

A more adaptive approach is to use a decision tree to define the bins, as its structure naturally captures inter-
actions relevant to the data.
Definition V.2 (Tree-Based Map). Let T be a decision tree trained on a task related to the distribution shift
(e.g., to classify whether a point x comes from Px or Qx). Let its leaf regions be £ = {Lq,...,L,,}. The
tree-based feature map is:

Diree(x) = (MH{z € Lr},...,1{x € L,,})

By construction, the regions {L;} are sensitive to the parts of the feature space where Px and Qx differ. This
makes @y a far better approximation of the disagreement space Gy ¢ than ®p;s:.

Another solution is to use a tighter bound of K that is specific to a given hypothesis h for the decision tree in
question.

The original discrepancy term can be replaced by one that measures the divergence only between the specific
hypothesis h and the ideal joint hypothesis hjoin-
Proposition V.3 (Hypothesis-Specific Discrepancy Gap Bound). For any given hypothesis h € H, the following
inequality holds:

|€Q(h) - EP(h)} < ’dQX (h’ hjoint) - dPX (ha hjoint)| + )\é’Q

This bound is tighter than the original, as the hypothesis-specific term is necessarily less than or equal to the
supremum taken over all pairs in H:

’dQX (h‘7 hjoint) - dPX (h; hjoint)| < SU-SH ’de (ga g/) - dPx (97 gl)‘
9,9’

Using the tighter, hypothesis-specific bound for your decision tree provides a more precise and practical target
for your feature mapping.
Instead of needing a feature map that works for all possible trees, you only need one that works for your specific
tree (according to its leaves). This is a less demanding and more realistic goal.
Proof. Assume the loss function ¢ satisfies the triangle inequality, £(a, c¢) < £(a,b) + ¢(b, ¢), and its reverse form,
L(a,c) > L(a,b) — £(c,b).
Step 1: Bound the difference from one side. We first seek an upper bound for the term eg(h) — ep(h).
o Using the triangle inequality, we can bound eg(h):
€Q(h) = Exnqx [((h(2), cq(x))]
< Ban@x [((R(2), hjoint (2)) + £(hjoint (2), cq(2))]
= dqx (h, hjoint) + €q (hjoint)
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o Using the reverse triangle inequality, we find a lower bound for ep(h):

ep(h) = Eynpy [0(h(2), cp(z))]
> Eqnpy [((R(2), hjoint (2)) — €(cp (@), hjoint (2))]
= dpy (h, hijoint) — € (Rjoint)

Combining these two results yields a one-sided inequality:
eq(h) — ep(h) < (dgx (I, hjoint) + € (hjoint)) — (dpy (s hjoint) — €p(hjoint))
N (dQX (hs hoint) = dpx (P, hjoint)) + (GP(hjoint) + GQ(hjoint))
- (dQX (h7 hjoint) - dPX (h7 hjoint)) + )‘ZP,Q

Step 2: Combine with the symmetric argument. By swapping the roles of P and @ in the argument
above, we obtain the bound for ep(h) — eq(h):

ep(h) = eq(h) < (dpy (s hjoins) — dx (s Bjoint)) + Xp g
Together, these two one-sided inequalities imply the final result with the absolute value:

|6Q(h) - 6P(h)| < ’de (h’ hJOint) —dpy (h, hjoint)| + A%Q
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W EPA when the target mean lies outside the convex hull

Let ®,, := conv{®(X}),...,®(X,,)} C R* be the convex hull of source features and let t € R¥ denote the (target)
mean we wish to match. If ¢ ¢ ®,,, the equality-constrained EPA problem is infeasible. A principled remedy is
to project t onto ®,, (with respect to a chosen norm) and then impose equality to this projection.

Step 1: metric projection onto ®,. Fix a norm || - || on R¥. Define the projection
s € argmin |s—t| and its distance In(t) = [|s* =t
s€D,

Equivalently, in the weights A € A,

s* € argmin H Z)\i(I)(Xi) - tH 9)
rea, e

For || - ||2 this is a small QP; for ¢; /{y it is an LP.
Step 2: EPA at the projected target. Run EPA with the equality constraint set to s*:

|=
—
—
=]
=

A* € argmin KL(Alju) s.t A O(X u; =
rgmin KL ) Z ;

By Theorem J.1, the unique solution has the exponential-tilt form

* exp{(f*,CI)(Xi»} *
NS S el ey 2

where £* is the (unique) minimizer of H(£) — (&, s*) with H(£) = log(+ > (& e (X)),

Equivalence to hard proximity EPA. The projection approach is equivalent to solving EPA with a hard
proximity tolerance equal to the projection distance:

N —t| <
min KL(u) st HZA@ tH 8a(t). (11)

Indeed, let B := {s: ||s — t|| < 0,(t)}. By definition of s*, BN ®,, = {s*}, so the feasible set of (11) is exactly
the affine face {A € A, : >°, i ®(X;) = s*}, and (11) reduces to (10). Consequently the unique optimizer is the
same A\*.

Dual viewpoint and computation. Let |||« denote the dual norm. The Lagrange dual of (11) is the strictly
convex problem

min  H(€) — (&, 1) — 6,(t) [|€]+,

EERF

whose minimizer £* yields A* via the exponential tilt above. When ¢ ¢ ®,, the proximity constraint is active and
l€*]]« > 0. Practically, one may either (i) solve the projection (9) and then the equality EPA (10), or (ii) solve
the single smooth /nonsmooth dual above; both give the same A*.

Remarks. (i) The choice of norm encodes the geometry you trust: Mahalanobis (with target covariance) is
often statistically natural; Euclidean is a robust default. (ii) If ¢ € ®,,, then 6, (¢) = 0 and we recover the usual
EPA. (iii) Geometrically, s* lies on a face of ®,, exposed by some £*; the EPA weights are the maximum-entropy
distribution realizing that face-average.
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