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Abstract

Solving stochastic optimal control problems with quadratic control costs can be
viewed as approximating a target path space measure, e.g. via gradient-based
optimization. In practice, however, this optimization is challenging in particular if
the target measure differs substantially from the prior. In this work, we therefore
approach the problem by iteratively solving constrained problems incorporating
trust regions that aim for approaching the target measure gradually in a systematic
way. It turns out that this trust region based strategy can be understood as a geomet-
ric annealing from the prior to the target measure, where, however, the incorporated
trust regions lead to a principled and educated way of choosing the time steps
in the annealing path. We demonstrate in multiple optimal control applications
that our novel method can improve performance significantly, including tasks in
diffusion-based sampling, transition path sampling, and fine-tuning of diffusion
models.

1 Introduction

Even though the theory of stochastic optimal control (SOC) dates back several decades [12, 49], it
has recently attracted renewed interest within the machine learning community. Building on novel
formulations that are well-suited for gradient-based optimization (see [40] for an overview) and
drawing connections to diffusion models [15, 36, 92], recent work has led to significant progress in
the numerical approximation of high-dimensional control problems using neural networks [42, 87].
Related problems are crucial in many practical applications, ranging from sampling problems (e.g.,
in statistical physics [48, 68], Bayesian statistics [54, 85], and reinforcement learning [24]) to fine-
tuning of diffusion models [38, 41, 132]. In this work, we aim to further advance SOC approximation
methods by taking inspiration from trust region methods used in optimization [1, 88, 93, 110, 123],
resulting in a principled framework from the perspective of measure transport in path space.

Stochastic optimal control. SOC problems (with quadratic control costs) describe optimization
problems of the form
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where one optimizes the control u of the stochastic differential equation (SDE). Since the law of
the SDE solution X* induces a so-called path measure P" on the space of continuous trajectories
(specifying how likely a certain trajectory is), finding the optimal control is equivalent to finding
an optimal target path space measure Q. From the SOC literature it is known that the likelihood of
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@Q w.r.t. P* can be expressed in closed-form (see [34] and (3) below), which allows to minimize
divergences? D(IP%, Q) via gradient-based optimization (also termed iterative diffusion optimization).

Trust region methods. However, if the target Q) is rather different from the initialization IP“°
(typically the uncontrolled process with ug = 0), many algorithms face challenges with high
variances or mode discovery when directly minimizing D(P*, Q)), especially in high dimensions.
To this end, we propose to approach the target measure gradually by a sequence (IP*i);, where
in the i-th step we add the constraint Dky,(IP*|P“i-1) < ¢ to the cost functional (1), with w;_;
being the approximated optimal control from the previous iteration and € > 0 a chosen trust region
bound. We prove that the intermediate measures P*# define a geometric annealing between the
prior IP*° and target measure ), where the annealing step-sizes are chosen optimally, in the sense
of having an approximately constant change in Fisher-Rao distance (Props. 2.2 and 2.3). Finding
an optimal annealing schedule is paramount for the convergence speed of many measure transport
and sampling methods [119], and understanding physical processes [30, 106]. While the direct
computation of Fisher-Rao distances can be challenging, we show that trust region methods lead
to a simple way of obtaining equidistant steps in an information-geometric sense. Moreover, we
show that the Lagrangian of the constrained problem can be written as another SOC problem and
that the optimal Lagrangian multiplier can be obtained via a dual optimization problem without
additional computational overhead (Sec. 2.1). Finally, we adapt successful approaches based on
SOC matching [41, 42] and log-variance divergences [87] to the constrained SOC problem to get a
practical algorithm (Sec. 2.2).

Applications. The resulting trust region stochastic optimal control method can be viewed as an
extension of various existing algorithms, yielding significant improvements on a range of applica-
tions (Sec. 3). In particular, we consider (i) deep learning approaches to classical SOC problems
(extending [42, 87]) enabling the usage of cross-entropy losses in high dimensions, (ii) diffusion-
based sampling from unnormalized densities (extending [97, 129]) enabling efficient sampling from
high-dimensional, multimodal densities with substantially fewer target evaluations, (iii) transition
path sampling in molecular dynamics (extending [72, 113]) yielding notably higher transition hit
rates, and (iv) reward fine-tuning of text-to-image models (extending [41]) achieving comparable
performance while requiring significantly fewer simulations.

Contributions. Our contributions can be summarized as follows:

* We develop a general framework for solving measure transport with trust regions and apply it to
SOC problems using iterative diffusion optimization.

* We prove that our framework leads to a sequence of SOC problems whose solutions define an
equispaced annealing between initialization and optimum w.r.t. the Fisher-Rao distance.

* Relying on different loss functionals, we propose two practical instantiations of our framework and
demonstrate state-of-the-art performance on a series of applications, ranging from sampling from
unnormalized densities to transition path sampling and reward fine-tuning of text-to-image models.

Notation. We denote by U C C(R? x [0, T]; R?) the set of admissible controls and by P the set of
all probability measures on C/([0, T, R?). We define the path space measure P € P as the law of
a R%-valued stochastic process X = (Xt)te[o_’T] and we denote by P, the marginal distribution at
time s. We refer to App. A for further details on our notation and assumptions.

2 Trust region constrained measure transport for optimal control
The idea of iterative diffusion optimization in optimal control based on path space measures is to
consider loss functionals of the form
L(u) = D(P*, Q) @3]

and minimize them with gradient-descent algorithms [87]. The loss functional (2) yields imple-
mentable algorithms for SOC problems since the optimal path measure @ of (1) can be stated
explicitly via the Radon-Nikodym derivative

d 67W(X ,0)
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where Z = E[e™W(X9)|X,] and P is the path measure of the uncontrolled process X = X°;
see App. D. In this work, we extend this attempt by using trust regions that shall make sure that the
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Note that the cost functional (1) corresponds (up to the normalizing constant) to the reverse Kullback-Leibler
(KL) divergence D = Dxr..



optimization is conducted in a more “regulated” fashion, where the essential idea is to divide the
global problem into smaller (reasonably chosen) chunks. We quantify this in Prop. 2.3 below. To this
end, we consider the iterative optimization scheme defined by

w1 = argmin Dxr, (P|Q) st Dk (P“|P") <e, )
ueU

for any ¢+ € N, where ¢ > 0 defines a trust region w.r.t. to the previous control iterate and where
we often set up = 0 (and thus P“0 = IP). This corresponds to dividing the overall optimization
problem into parts according to their distance measured in the KL divergence between the respective
preceding and succeeding path measures. Due to the convexity of the KL divergence, we can show
that in all but the last step we actually have an equality constraint in (4); see App. E.1. Thus, there
exists an I € N such that u; = u* is the optimal control of the global control problem defined in (1).

Remark 2.1 (Controlling the variance of importance weights). The constraint Dy, (P*|P%) < e
can be motivated by the goal to control the variance of importance weights Varpu; (dP%i+! /dIP"1),
which can be explained by the inequality Varpu; (dP%+1 /dP%) > ePxue(PUFtP™) _ 1
see, e.g., [60]. For small ¢ (which is a common choice in practice) we typically observe
Varpw; (dP%i+1 /dIP"i) & 2¢ (see App. 1.3), which can be explained by a Taylor expansion and
assuming that dIP“i+1 /dP* = 1. Low variance of importance weights is directly related to effi-
ciency of many measure transport methods and too high variance makes it practically impossible to
obtain reliable results. Note also that the reverse KL divergence allows for explicit expressions for the
resulting constrained problem (see Sec. 2.1) and we leave alternative divergences for future research.

In practice, under suitable regularity assumptions, we can ap- Q
proach the above constrained optimization problem using a
relaxed Lagrangian formalism. To this end, we consider the

loss functionals Dy, (Pt [Pe) < e
£5(u, A) = Dict, (P*|Q) + A (Dxr,(P"[P™) =€), (5) /]
where A > 0 is a Lagrange multiplier, and solve the saddle puo
point problems
i )
mas min Lo (4, A). © ANV

Figure 1: Illustration of a sequence of
distributions (IP*#); resulting from our
) A e ] (i) ) trust region method (orange) and a mea-
as the pointwise minimum min,, ETR(U, A) among a family of  sure transport corresponding to non-

linear functions of A. Thus, (6) has unique optima which we equispaced geometric annealing (blue),
denote by u; 41 and \;, respectively. We can now show the leading to high variance in the impor-
following evolution of the optimal measures. tance weights for the initial steps.

Proposition 2.2 (Optimal change of measure as geometric annealing). Let Q be the optimal path
measure defined in (3). The intermediate optimal path measures corresponding to (4) then satisfy’

1
Wit1 TFx;
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We note that E(& is convex in u by convexity of the KL diver-
gence (see App. E.1) and concave in A since it can be expressed

dPw: dPw: @
and the optimal change of measure w.r.t. the base measure P is given by*
dIPul dQ Bi dIPuO 1*51‘ . - i—1 >\j
5 () x (E(XO ( e (X)) with B =1-]] e (8)

Jj=0

Proof. The first statement follows by the definition of the Lagrangian and the second follows by
induction; see App. B. O

Note that the sequence (/3;); is monotonically increasing with values in [0, 1], where we have 8y = 0
and 8y = 1 (as A;—1 = 0 due to optimality). Thus, the formula in (8) can be seen as a geometric
annealing from the prior to the target measure. Note that when uy = 0, the second factor vanishes.
Importantly, the step-size of the annealing is automatically chosen such that we obtain a well-behaved
sequence of distributions; see also Fig. 1.

Proposition 2.3 (Equidistant steps on statistical manifold). Up to higher order terms in ¢, the
sequence of measures P%i, i € {0,...,I — 1}, are equispaced in the Fisher-Rao distance.

*For notational convenience we assume an Xo-independent normalizing constant here and hereafter, which
is possible whenever the optimal tilting of the initial density po is known, cf. App. D.3.
*As usual, the empty product is defined as 1 such that 3y = 0.



Proof. By Prop. 2.2, we obtain € = Dy, (P%i+1|P%i) = A; Z(B;) + O(A3), where A; = Bi41 — f3;

and Z(3;) is the Fisher information. The Fisher-Rao distance between P*¢ and P“i+1 is then given

by fgj“ VI(r)dr = VI(B:)A; + O(A?) = /2e + O(Af/Q); see App. F for details. O

Remark 2.4 (Trust regions for general measures). The observant reader has likely noticed that so far
all our arguments do not rely on the fact that we consider path space measures, but work for general
probability measures. We could therefore as well write our trust region method stated in (4) as

IP7;+1 = arg min Dkr, (]P|Q) S.t. DKL(IP‘IPZ) <e. (9)
PeP

We refer to App. H for a treatment when the measures admit densities on R?, which can, e. g., be
considered for variational inference with normalizing flows.

2.1 Constrained stochastic optimal control

While the above formulation in principle works for arbitrary measures, in this work we focus on path
space measures corresponding to optimal control problems. In this setting we can compute some of
the objectives more explicitly and recover helpful relations.

Lagrangian as SOC problem. First, note that, using the Girsanov theorem (see App. A.2), it turns
out that, for a fixed Lagrange multiplier ), the Lagrangian in (5) defines another SOC problem, i.e.,

L5 (u,N) = L& (1, A) = A, (10)
where’
] T
Efpotu ) = | [ (142 = gl + asgllul + 1) (X2, 9) ds + 9(XF) + 1o 2(Xo)|
(11)

and X" is still defined as in (1); see App. E.4 for details. Note that this cost functional is more
general than the one stated in (1), which one recovers when setting A = 0. We can show that the
corresponding SOC problem satisfies the following optimality conditions.

Proposition 2.5 (Optimality for trust region SOC problems). For fixed A, let us define by

T
Vii(e,t) = inf B { / (L8201 = Pyl + sy sl + £ ) (X2, 8)ds + g(XF)
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the value function of the SOC problem inf ¢y, ESL%C(U, A) corresponding to (11) and by uf‘+1 its
solution. Then it holds

_1 X u;
(i) (Estimator for value function) V| (z,t) = —(1+ \) log E [67 Tx Vi (X X = m]

T T
where Wi(X"t) :/ %Ilui(X;”,s)H?dH/ ui (XY, s) - dWs + W(X ™ t).
t t

(ii) (Connection between solution and value function) It holds uf‘_H = 1_%\% - H_%UTVViﬁ-r
Proof. The statements can be proven using the verification theorem; see App. E.4 for details. O

We note that Prop. 2.2, the Girsanov theorem, and (3) relate the functional W; in Prop. 2.5 to the
importance weights

s Uit1 o1 (xus
d(:;]%‘(xuq')o(e—Wi(X 10 and dd]Ple (X o ¢~ THR Wi(X 000, (12)

Dual problem for Lagrange multiplier. Next, we will outline how to find the optimal Lagrange
multiplier A in (6) in the SOC setting. Plugging the optimal control “iA+1 in the Lagrangian (10)

yields the dual function Eg) a1 € C(R,R) given by

Lha(N) = LiR(ui1,N) = Liga(ul) = Ae. (13)
We note that evaluating the SOC problem in (11) at the optimal control can be expressed via the value
function given in Prop. 2.5, which yields

. 1 ;g
L5 = E [VA1(X4,0)] = Ae = =(1+ X log E {e’mwx ’0)} - e, (14)

SThe SOC problem is slightly more general than (1) due to the shift in the quadratic cost.



Algorithm 1 Trust Region SOC with buffer (see App. E.2 for details)

Require: Initial path measure IP“°, target path measure Q), divergence D, termination threshold §
for: =0,1,... do
Sample trajectories X ~ P“? by integrating the SDE in (1) with Brownian motion W and control u;
Compute importance weights w = 52 (X ") oc exp(—W;(X",0)) as in (12)
Initialize buffer B = {W, X, w}
Compute multiplier \; = arg max, cp+ Cgl)lal()\) as in (14) using B and a 1-dim. non-linear solver

wig 1 ws
APt o TER; (illp i

Tpu w pu asin Sec. 2.2

Compute u*** = arg min, D(IP“,P“i+1) using B and
if \; < 6 then
return control u;+; with P%+! x~ @Q

where we note that the expression in the expectation is proportional to the importance weights
in (12). Note that we can obtain a Monte Carlo estimate of the dual function using only simulations
X" from the previous iterations. As it turns out, these simulations are in most cases already
required when learning the control u;,; and we can thus store them in a buffer. We can then obtain

A; = argmax, cp+ Eglal(/\) using any non-linear solver with minimal computational overhead.

In theory, we can define u;4; = “;\+1 using the representations in Prop. 2.5 and proceed with the
next iteration of our trust region method in (4). However, computing the optimal control w1 using
the representations in Prop. 2.5 requires gradients and Monte Carlo estimators of the value functions.
This is problematic since it relies on a large amount of samples for each state x due to the (typically)
very high variance of the estimator; see App. C for details. Thus, we propose versions of iterative
diffusion optimization to learn parametrized approximations to u;; in the next section.

2.2 Learning the constrained optimal control

In this section we propose strategies to learn the optimal control for each iteration. As before, the
general idea is to minimize loss functionals based on divergences between path space measures,

namely £(u) = D(IP*, P%i+1). Such divergences often rely on the Radon-Nikodym derivative
dP%+t o dP%Hl AP
ape X = gpe X e

T T ‘
o exp (/ 7”“1;“”2 (X351, s)ds +/ (uz - u)(Xﬁﬂs) -dW, — 71%5:; ’O))7
0 0 ‘

where we used Girsanov’s theorem and (12). Note that the Radon-Nikodym derivative in (15)
depends only on samples of the process with the already learned u;. Let us now suggest two concrete
divergences. Those divergences are desirable for high-dimensional problems since both do not rely on
computing derivatives of the stochastic process and can be optimized “off-policy” using trajectories
X" with the control u; of the previous iteration, which can be stored in a buffer; see Algorithm 1.

(xX*)

15)

Log-variance divergence. This divergence can be considered w.r.t. an arbitrary reference measure,
where we choose IP“¢ for convenience [87, 98]. We can then define the loss functional

Liv(u) := Var {log (dIPqu (X“’))} , (16)

dPu
where the Radon-Nikodym derivative can be explicitly computed as in (15). Note that for \; = 0,
this loss reduces to the on-policy log-variance loss typically used in the literature [97]. While this
loss has beneficial theoretical properties [87], it requires to keep the full trajectory in memory for the
gradient computation.

Cross-entropy divergence and SOC matching. Alternatively, we can consider the cross-entropy
loss (i.e., the forward KL divergence computed using reweighting)
_ dPUirt L dPUe
- Uit uy u; u;
Ler(u) = DxL(PY+ [PY) = E Klog P X )) o X )] : (17
where the Radon-Nikodym derivative is again given by (15). Contrary to the log-variance loss,
the reweighting 45~ in (12) induces exponential terms. Our trust region constraint makes sure,

dP i
however, that the variance of those weights stays bounded, see Remark 2.1.
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Figure 2: Performance criteria for a Gaussian mixture target density with varying dimension d, averaged across
four seeds. We show the errors of estimating the optimal control, the log-normalizing constant, as well as the
Sinkhorn and total variation distances over different dimensions (from left to right). We observe that our trust
region methods (TR-SOCM and TR-LV) are the only methods that perform well in high dimensions.

To efficiently compute this loss, we define the so-called (lean®) adjoint state a as in [41] via
d
T (Xss) = = [(Vb(Xs:S)T ai+1(Xs, ) + ,8i+1vf(X375):| (18)
with a;+1 (X7, T) = Bi41Vg(Xr), satisfying a;+1(Xs, s) = Vx,Bir1W(X, s); see [41, Lemma
5] and observe that it differs from the standard lean adjoint by the factor j3; defined in Prop. 2.2.
Similar to [42], we can use the expression for the optimal control in Prop. 2.5 and the Girsanov
theorem to arrive at the SOC matching loss’, a simple regression objective given by
T w w dP%i+t .
Lsoom(u) =E { / lo" @i (X3, 8) = u(X3, 8)[Pds == (X 1)} , (19)
0 K2
see App. G.5 for details. Contrary to the log-variance divergence above, this objective does not
require to keep the whole trajectory X™*¢ in memory for backpropagation but can be computed at
times ¢ ~ Unif ([0, 7)) using a Monte Carlo approximation. We summarize our algorithm in (1) and
compare the different losses against existing approaches for SOC problems in the next section.

3 Applications

In this section, we explore several applications of SOC, comparing our novel trust-region-based
optimization algorithm against existing methods. Specifically, we consider the three tasks sampling
from unnormalized densities, transition path sampling, and fine-tuning text-to-image models. For
background information, detailed experimental setups, and additional results, we refer to Apps. I
to K, respectively. We also include further experiments on classical SOC problems in App. L.

3.1 Diffusion-based sampling

Using (3), we can show that sampling problems can be reformulated as SOC problems. To this
end, we leverage the following corollary showing that the terminal distributions Q7 and P of the
optimally controlled and uncontrolled processes differ by a tilting.

Corollary 3.1 (Sampling from tilted distributions). Let us set f = 0 and assume that the terminal
distribution of the uncontrolled process X is independent of po and admits a density denoted by P .
Then it holds that Q7 o« Pre™9.

Proof. Using (3) it holds that 2(X) = S with Z(Xo) = B[e 97| X,]. The results
follows from the independence of X7 and X; see [41] and App. I for details. O

Cor. 3.1 shows that the optimally controlled process X“  samples from a given unnormalized
density piarget When using an uncontrolled process with known terminal distribution P and setting

g = log pf;t; see [33, 95, 97, 125, 129-131, 144, 149] and App. I for details. Such sampling

problems are of immense practical interest, with numerous applications in the natural sciences
[109, 151], in Bayesian statistics [54], and reinforcement learning [24].

Numerical experiments. Here, we compare existing methods for solving SOC problems with our
trust region method on challenging multimodal sampling problems. We use the Denoising Diffusion
Sampler (DDS) [129] method, which leverages an ergodic Ornstein—Uhlenbeck process initialized at

®Instead of the uncontrolled process X, we could also express the adjoint state w.r.t. the process X*;
however, this relies on more costly vector-Jacobian products; see App. G.4.
"The loss is similar to the SOCM-Adjoint loss in [42], which, however, involves matrix-valued functions.
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Figure 3: The left table reports |Alog Z| values for the Many Well target across different dimensions d.
The middle plot compares the log-variance loss of our trust region method (TR-LV) with that of Langevin
preconditioning on the GMM target in dimension d = 100. The rightmost figure presents an ablation analysis of
key components in our method, highlighting the importance of trust regions in preventing mode collapse and
achieving low control error. All results are averaged across four seeds.

its equilibrium measure as uncontrolled process X. We consider five baselines, specifically, reverse
and (importance weighted) forward KL, also known as relative entropy (RE) and cross entropy (CE)
method, respectively. Additionally, we consider the log-variance loss [98], adjoint matching (AM)
[41], and stochastic optimal control matching (SOCM) [42], for the unconstrained problem in (2);
see [40] for a comprehensive overview of SOC losses. In all experiments, we deliberately avoid
using gradient guidance from the target density in the diffusion process, often referred to as Langevin
preconditioning (LP) [66]. Prior work has shown that LP is essential for preventing mode collapse in
neural samplers [18, 66]. However, LP is computationally expensive, as it requires querying the target
distribution at every discretization step, making such approaches impractical for many problems
where evaluating the target gradient is costly.

First, we consider a Gaussian Mixture Model (GMM) comprising 10 components and randomized
mixing weights. GMMs are particularly compelling as they admit an analytical solution for the
optimal control, which enables direct computation of the L? error between the learned and optimal
controls, a reliable metric for detecting mode collapse. In addition, we assess the Sinkhorn distance
[31] between samples from the target and the model, and the absolute error in estimating the log-
normalizing constant, denoted |A log Z|. Finally, we evaluate the foral variation distance between
the true mixing weights and the model’s estimated weights. The results, shown in Fig. 2, indicate that
for d = 2, all methods closely approximate the optimal control. However, for dimensions beyond
d = 10, most methods suffer from mode collapse, as reflected by increased control errors, except for
those employing trust region updates. Trust region methods maintain robustness across a wide range
of dimensions and only begin to show signs of mode collapse in high dimensions (d > 150).

We additionally evaluate our method on the Many Well target [135] with 32 modes. For quantita-
tive analysis, we report the log-normalization error |A log Z|, as other ground-truth quantities are
unavailable. Additionally, for the high-dimensional case d = 200, we visualize pairs of marginal
distributions in App. I. The results, presented in Fig. 3, demonstrate that our method significantly
outperforms competing approaches in estimating the normalizing constant. Furthermore, the visual-
izations in App. I illustrate that trust region updates effectively prevent mode collapse, even in high
dimensions. In contrast, baseline methods either suffer from mode collapse or fail to converge.

Finally, we perform an ablation study on the GMM target, analyzing key components of our proposed
method. Specifically, we investigate the effects of incorporating a replay buffer and applying trust
region optimization. To this end, we compare a variant using a fixed Lagrangian multiplier A, selected
via hyperparameter tuning, with one in which X is dynamically optimized using our trust region
approach. Additionally, we evaluate the log-variance loss both with and without using a replay buffer.
Moreover, we compare our method to LV with Langevin preconditioning on the GMM target with
dimensionality d = 100. The results, shown in Figure 3, demonstrate that trust region optimization
significantly reduces control error and decreases the number of target evaluations by several orders of
magnitude.

3.2 Transition path sampling

Transition path sampling is of great importance for studying phase transitions and chemical reactions.
The key challenge comes from the energy barrier that connects two sets A and B along the energy
landscape, which makes direct sampling of transition paths extremely unlikely. These problems
can also be formulated as SOC problems [59, 62, 115]. Specifically, we set b = —VU, where
U :RN*3 5 Ris the potential function, and g = — log 15 as well as py < 1 4, which constraints

the initial and target states in the sets A and B. As in (3), it holds that % = 1;855) . Recent work




Table 1: Quantitative evaluation on transition path sampling problems. T denotes that results are taken from
[113]. The results for TPS-DPS and TR-LV are averaged across three seeds.

Method RMSD (A, ) THP (%, 1) ETS (kJ/mol) Method RMSD (A, ) THP (%, 1) ETS (kJ/mol)
Alanine Dipeptide Chignolin

UMD (3600K)t 1.19 £0.32 6.25 812.47 £ 148.80 UMD (1200K)t 7.23 +0.93 1.56 388.17

SMDf 0.56 + 0.27 54.69 78.40 + 12.76 SMDf 0.85 + 0.24 34.38 179.52 £+ 138.87

PIPST 0.66 £ 0.15 43.75 28.17 +10.86 PIPST 4.66 £0.17 0.00 -

TPS-DPS 0.47+0.18 39.58 +28.13 46.34 £+ 10.16 TPS-DPS 1.06 £0.08 25.00 £10.69 —189.91 + 23.01

TR-LV 0.29+0.03 61.25+4.05 49.11+5.84 TR-LV 0.90+0.01 43.95+5.64 —303.98 £ 28.65
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Figure 4: We compare our trust region method (TR-LV) with Diffusion Path Sampler (TPS-DPS) [113] on
Alanine Dipeptide and Chignolin. All results are averaged over three random seeds, with both the mean and
standard deviation reported. Our method identifies transition paths more consistently and robustly, as evidenced
by higher THP values and lower standard deviations.

has leveraged neural networks to parameterize a bias force to solve the corresponding SOC problem,
employing objectives such as the KL [44, 72, 141], or log-variance divergence [113].

Numerical experiments. We evaluate the performance of the trust-region-based log-variance loss
(TR-LV) on two transition path sampling problems: Alanine Dipeptide isomerization and Chignolin
folding, with 22 and 138 atoms, respectively.

Our evaluation includes three metrics: Kabsch-aligned root mean squared distance (RMSD) between
the final states of the sampled paths and the target state, transition hit percentage (THP) measuring
the proportion of final states hitting within the target region, and energy of transition state (ETS)
identifying the highest energy values along paths that reach the target.

We compare our method to standard molecular dynamics (MD) with increased temperature (UMD),
steered MD (SMD) [75] with force applied to collective variables, and PIPS [72] which uses the cross-
entropy loss. We also include TPS-DPS [113] as a key baseline, which employs an (unconstrained) log-
variance loss to formulate TPS as a stochastic optimal control (SOC) problem. Further experimental
details are provided in App. J.

Table 1 shows that TR-LV achieves superior target state RMSD and transition hit percentage compared
to the standard log-variance objective (TPS-DPS) for both molecular systems. Notably, SMD performs
well due to its use of collective variables with biased force guiding the sampling process. Figure
4 illustrates that the trust region constraint leads to significantly more robust training compared to
TPS-DPS as indicated by low standard deviations across different seeds. Moreover, on Alanine
Dipeptide, the trust region constraint initially regularizes optimization and accelerates convergence
thereafter. Across both systems, the trust region constraint significantly enhances training stability
and performance.

3.3 Fine-tuning of diffusion models

Interpreting —g as a reward and the uncontrolled process X as a pretrained diffusion model (i.e.,
b includes the pretrained neural network), Cor. 3.1 shows that we can perform reward fine-tuning
by solving the SOC problem in (1); see also [38, 41, 132]. Reward fine-tuning has recently shown
impressive results, e.g., in image [28, 41] and molecule generation [38], and SOC provides a
principled framework. A special case is given by posterior sampling [38]. Setting g = — log p(y|x),
where p(y|x) is the likelihood and we interpret IPr as a learned (diffusion) prior p(z), Bayes’ theorem
shows that the optimally controlled process samples from the posterior p(x|y).

Numerical experiments. We perform reward fine-tuning on Stable Diffusion 1.5 [102], using
ImageReward [140], which is a reward model designed to capture prompt alignment and image
quality according to human preferences. We take the adjoint matching (AM) method as baseline and
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Figure 5: Comparison of Adjoint Matching against Trust Region SOCM for Stable Diffusion 1.5 fine-tuning w.r.t.
four quality metrics, where 7 = 0 and 7 = 1 refer to ODE (DDIM) and SDE (DDPM) inference, respectively.
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Figure 6: Comparison between images generated by the base Stable Diffusion 1.5 model (left) and its version
fine-tuned with TR-SOCM (right), using the same prompts and random seeds. The fine-tuned model generates
higher quality images (bike) with better prompt alignment (fox).

compare it against our TR-SOCM loss (19), keeping all other hyperparameters fixed. Our TR-SOCM
allows the principled use of buffers, and we perform three passes on each buffer of size 500, leading
to three times fewer trajectories for a fixed number of model updates. For faster convergence, we use
a modified version of TR-SOCM with annealing factor 3; = 1. For each algorithm, we evaluate 5
checkpoints during fine-tuning (with ODE and SDE inference) on ImageReward and three additional
metrics: CLIP-Score [69], which measures prompt alignment, Human Preference Score [137], which
measures human-perceived image quality, and Dreamsim diversity [51], which measures per-prompt
diversity. We observe that TR-SOCM achieves similar performance metrics to AM at a fraction
of the cost, as sampling the trajectories and solving the lean adjoint ODE, which dominates the
computational costs, is amortized over the buffer passes; see Figs. 5 and 6 as well as App. K for more
details.

4 Related works

In this section, we discuss the most related works, comparing our approach to existing methods for
solving SOC problems. We provide a more extensive comparison in App. C.

Iterative diffusion optimization. Many recently developed methods approach SOC problems by
simulating the (diffusion) process X *“, computing a suitable cost function, and optimizing the param-
eters of the control function u using variants of stochastic gradient methods. These techniques are
collectively referred to as iterative diffusion optimization (IDO) methods [87]. While the underlying
theory dates back to [33, 91], combinations with deep learning in the context of SOC have been
explored by [15, 87, 95, 97, 129, 131, 149, 152]. One can derive most of the related objectives
starting from the Radon-Nikodym derivative %(X “) as in (12) (with u = u;). One can then

minimize a loss based on a suitable divergence as in (2). Previous works have, e.g., proposed the
log-variance divergence [97, 113] or the forward KL divergence (corresponding to the cross-entropy
loss [61, 72,76, 104, 150]), for which we develop corresponding trust region versions in (16) and (17).
The SOC matching loss [42], which we extended to trust regions in (19), is equal to the cross entropy
loss in expectation but exhibits lower variance empirically. We refer to [41] for more IDO losses.
However, all existing methods have either directly tackled the target measure Q) or relied on a form
of hand-tuned annealing.

Trust region methods. We show how IDO methods can generally be extended to trust region
methods, enabling (1) automatic control on the variance of the importance weights and (2) principled
usage of buffers, leading to faster and more stable convergence, in particular avoiding mode collapse



in high dimensions. Trust region methods have a long history as robust optimization algorithms
that iteratively minimize an objective within an adaptively sized “trust region”; see [29] for an
overview. These methods have also been extended to optimize over spaces of probability distributions,
particularly in reinforcement learning [2—4, 7, 83, 88, 90, 93, 110, 111, 138, 139, 142], black-box
optimization [1, 118, 134], variational inference [9, 10] and path integral control [123]. To the best
of our knowledge, these methods have not yet been extended to path measures or inference problems.
Moreover, the connection between trust-region iterates and geometric annealing has not previously
been established.

5 Conclusion

In this work, we develop a novel framework for solving SOC problems using deep learning. Our
framework builds on the fact that we can reformulate specific problems as finding an optimal path
space measure induced by a controlled SDE. Instead of finding this optimal measure at once, we
divide the unconstrained problem into a sequence of constrained optimization problems by bounding
the KL divergence to the measure from the previous iteration. We show that this defines a well-
behaved geometric annealing between the prior and the target path measure, resulting in equidistant
steps on the Fisher-Rao information manifold. Crucially, each intermediate problem turns out to
be an altered SOC problem that can be efficiently solved without simulations by using a buffer of
trajectories with the control from the previous iteration. In our experiments, we show that our method
significantly improves the learning of the optimal control, including applications in diffusion-based
sampling and transition path sampling in molecular dynamics. Further, we show that our method can
be scaled to improve the efficiency of reward fine-tuning for text-to-image diffusion models. In the
future, we expect our framework to improve even more applications of SOC, potentially including
the use of divergences other than the KL divergence for the trust region constraint. Finally, our results
for general measures motivate the use of trust region methods for other learned measure transports,
e.g., normalizing flows.
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» While we encourage the release of code and data, we understand that this might not be possible,
so “No” is an acceptable answer. Papers cannot be rejected simply for not including code, unless
this is central to the contribution (e.g., for a new open-source benchmark).

* The instructions should contain the exact command and environment needed to run to reproduce
the results. See the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how to access
the raw data, preprocessed data, intermediate data, and generated data, etc.
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method and baselines. If only a subset of experiments are reproducible, they should state which
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* At submission time, to preserve anonymity, the authors should release anonymized versions (if

applicable).

Providing as much information as possible in supplemental material (appended to the paper) is

recommended, but including URLS to data and code is permitted.

. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperparameters,

how they were chosen, type of optimizer, etc.) necessary to understand the results?

Answer: [Yes]

Justification: We reference the repositories of our baselines and specify all training and test details

for our methods in App. E.2.
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» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail that is
necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental material.
. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We provide error bars and corresponding explanations for all experiments that
support the main claims of the paper.
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* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confidence
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. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the computer

resources (type of compute workers, memory, time of execution) needed to reproduce the experi-

ments?
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Answer: [Yes]

Justification: We provide sufficient information on the computer resources for each experiments

in App. E.2.
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» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or cloud
provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual experimental
runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute than the
experiments reported in the paper (e.g., preliminary or failed experiments that didn’t make it
into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS
Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper conforms, in every respect, with the NeurIPS
Code of Ethics.
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» The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a deviation
from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consideration due
to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative societal
impacts of the work performed?

Answer: [Yes]

Justification: We discuss both potential positive societal impacts and negative societal impacts of

our work in App. C.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal impact or
why the paper does not address societal impact.
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disinformation, generating fake profiles, surveillance), fairness considerations (e.g., deploy-
ment of technologies that could make decisions that unfairly impact specific groups), privacy
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ticular applications, let alone deployments. However, if there is a direct path to any negative
applications, the authors should point it out. For example, it is legitimate to point out that
an improvement in the quality of generative models could be used to generate deepfakes for
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as intended and functioning correctly, harms that could arise when the technology is being used
as intended but gives incorrect results, and harms following from (intentional or unintentional)
misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation strategies
(e.g., gated release of models, providing defenses in addition to attacks, mechanisms for
monitoring misuse, mechanisms to monitor how a system learns from feedback over time,
improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible release of
data or models that have a high risk for misuse (e.g., pretrained language models, image generators,
or scraped datasets)?
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safeguards to allow for controlled use of the model, for example by requiring that users adhere
to usage guidelines or restrictions to access the model or implementing safety filters.
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describe how they avoided releasing unsafe images.
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this, but we encourage authors to take this into account and make a best faith effort.
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Question: Are the creators or original owners of assets (e.g., code, data, models), used in the
paper, properly credited and are the license and terms of use explicitly mentioned and properly
respected?

Answer: [Yes]

Justification: For each asset that we use, we cite the paper and provide the URL (including the
license).
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» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of service of
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* For existing datasets that are re-packaged, both the original license and the license of the derived
asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to the asset’s
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Question: Are new assets introduced in the paper well documented and is the documentation

provided alongside the assets?

Answer: [NA]

Justification: Our paper does not release new assets.
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» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their sub-
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etc.

* The paper should discuss whether and how consent was obtained from people whose asset is
used.

* At submission time, remember to anonymize your assets (if applicable). You can either create
an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as well as
details about compensation (if any)?

Answer: [NA|
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with human
subjects.
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* Including this information in the supplemental material is fine, but if the main contribution of
the paper involves human subjects, then as much detail as possible should be included in the
main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation, or other
labor should be paid at least the minimum wage in the country of the data collector.

Institutional review board (IRB) approvals or equivalent for research with human subjects

Question: Does the paper describe potential risks incurred by study participants, whether such

risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals

(or an equivalent approval/review based on the requirements of your country or institution) were

obtained?

Answer: [NA|

Justification: Our paper does not involve crowdsourcing nor research with human subject.

Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with human
subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent) may be
required for any human subjects research. If you obtained IRB approval, you should clearly
state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions and

locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the guidelines for
their institution.

For initial submissions, do not include any information that would break anonymity (if applica-

ble), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or non-

standard component of the core methods in this research? Note that if the LLM is used only for

writing, editing, or formatting purposes and does not impact the core methodology, scientific

rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any

important, original, or non-standard components.

Guidelines:

» The answer NA means that the core method development in this research does not involve LLMs
as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM) for what

should or should not be described.
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A Assumptions and auxiliary results
A.1 Additional notation

For vectors vy, v € R?, we denote by ||v|| the Euclidean norm and by v - v the Euclidean inner
product. For a real-valued matrix A, we denote by Tr(A) and AT its trace and transpose.

For a sufficiently smooth function f: R? x [0, 7] — R, we denote by Vf = V f its gradient w.r.t.
the spatial variables x and by 0, f and 0y, f its partial derivatives w.r.t. the time coordinate ¢ and the
spatial coordinate z;, respectively.

We denote by A(u, ¥) a multivariate normal distribution with mean ;1 € R and covariance matrix
¥ € R¥¥4, Moreover, we denote by Unif([0,T]) the uniform distribution on [0, T']. For random
variables X7, X5, we denote by IE[X;] and Var[X] the expectation and variance of X; and by
E[X1]X?] the conditional expectation of X; given Xo.

A.2 Technical assumptions

Throughout our work, we make the same assumptions as in [42, 87], which are needed for all the
objects considered to be well-defined. Namely, we assume that:

(i) The set U of admissible controls is given by
U={ueC" (R x[0,T];RY) |3C >0, V(z,s) € R x [0,T], u(z,s) < C(1+ ||z])}. (20)
(ii) The coefficients b and o are continuously differentiable, o has bounded first-order spatial

derivatives, and (0o " )(z, s) is positive definite for all (x, s) € R x [0, T'. Furthermore, there
exist constants C, ¢1, co > 0 such that

[6(z, s)]| < C(1+ ||=|]), (linear growth)
cllBl? < BT (o0 ") (2, 8)8 < col|B]°,  (ellipticity)
for all (x,s) € R% x [0,T] and B € R

@D

A.3 Useful identities
Definition A.1 (Controlled SDEs). Let u € U be a control function. Throughout, we consider
controlled and uncontrolled stochastic processes defined via the SDEs
dXY = (b+ ou) (XS, s)ds + o(s)dWs, Xo ~ po, (22)
dXs = b(Xs, s)ds + o(s)dWs, Xo ~ po, (23)
where X" ~ P*, X ~ P, with P* and P denoting the respective path space measures, and W is a
standard Brownian motion.

Theorem A.2 (Girsanov’s theorem for path measures). Let u, v, w € U. Then the Radon-Nikodym
derivative between P" and P?, evaluated along X", is given by:

dPu w r —1 w w 1 T —1 2 —1 2 w
log ——(X")= [ o (u—v)(X8)-dXS — o | (o b+ul” = o b+ v]7) (X, s)ds,
dPv 0 2/,
24
Proof. See, e.g., Lemma A.1 in [87] or Appendix E in [131]. [

Corollary A.3 (Change of measure identities). Let u,v € U. From Thm. A.2, we obtain the following
useful identities:

(i) Tog 95 (X¥) = [ w(X%,s) - dW, + 5 [y [[u(X2, 5)]|ds
.. u T T
(ii) log %(X) = J, w(Xs,s)-dW, — %fo lu(Xs, 8)||%ds

v T u T u
(iii) log (digv (X)) =[5 (w—0)(X&s) - dWs+ 3 [, [lu—v[* (X2, s)ds

(iv) log &T(X7) = fOT(u —v)(X7,s) - dWy — %fOT lu —v||?(X?, s)ds
Lemma A.4 (It6’s formula). Let X, solve the SDE
dX, = b(Xs, s)ds + o(s)dWs,
and let f: RY x [0, T] — R be a smooth function. Then
df(Xs,8) = (0s + L) f(Xs,8)ds + 0 ' V (X, 5) - AW,
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where L is the infinitesimal generator given by
d

d
1 T
L= > (007 )00, 00, + > bilw, )0,

i,j=1 i=1

B Proofs

1
Proof of Prop. 2.2. Let P be the measure defined by d%ﬂzi — (chiPG%J +X; / Z, where Z is the
normalizing constant. Then we have that
dP* dp*
dP« gp

U

(14 Xi)log ddl% = (1+X\)log ( dP dPvi

1
e % 4Q

+(1+X)log Z
(25a)

) = (14 X\)log

U u

dP =
=\ log@Jrlog ATO) +(1+X)logZ. (25b)

Using the definition of the Lagrangian in (5), this implies that

(1 + X)) Dxw(P*[P) = A D, (P*[P™) + Dxr, (B*|Q) + (1 + \)E [log §(ng)} (26a)
= £ (u,\) + (1 4+ M)E [log é(xg)} + N, (26b)

Since we defined the minimizer of the Lagrangian (with optimal multiplier A;) in the last expression as

uit1, we have that u; 1 = arg min,, ¢, Dxr,(P*|P). This shows that P = P*:+! by the uniqueness
of the Radon-Nikodym derivative. For the second statement, we introduce the unnormalized path

measure IP%i+1 such that

dPui+1 1 dP%i+1 ) . dP%i+1
and
APui+1 aQ x [dpw T
0= (F) ( = (X)) . 28)
Assuming Z~o =1, we have P — P for uy € U. By induction, it follows that
df)u“H 3 dQ Bit+1 dp o 1-Bit+1
0= () T (Gw) 9)
with f3; 11 defined as in Prop. 2.2, which proves the second statement. O

Remark B.1. Using the left side of (27), we can rewrite the normalized version of (28) as

AP+ 1 dQ ) (B e
-  (X)= —— | =(X X 30
) zi+1(Xo)<dIP( ) <d]P< >> (0)

o dQ, \\ TN (dPY N\ T
“ o () ()™ o

A
with Zi-i-l = Zi_;,_l/ZiH—/\i .

C Further related works, broader impact, and limitations
C.1 Further related works

Monte Carlo estimator. In theory, one could directly compute the optimal control using the
representations in Prop. 2.5 (for A = 0 and ¢ = 0; see Item 1 in Thm. D.1) combined with Monte
Carlo estimates® of the value function in Item 4 in Thm. D.1 [39, 73, 74, 121, 130]. However, in
practice this can be problematic since it requires a large amount of samples for each state x due to the
(typically) very high variance of the estimator for V' [130]. In particular, we note that the variance
translates to a bias in the control due to the logarithmic transformation. Moreover, for nonzero f or

80ne can obtain derivative estimates using adjoint states (as defined in Sec. 2.2) or using reparametrization
tricks if the uncontrolled process has suitable, known marginals. For Gaussian marginals, one can also use
Stein’s lemma [73]. We further note that control variates for such estimators have been analyzed in [96, 105].
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general b (e.g., in the fine-tuning setting), one needs to simulate the uncontrolled process to obtain
samples.

PDE solver. One can also leverage the representation of the value function as the solution of an
HJB equation (see Item 3 in Thm. D.1). While solving PDEs in high dimensions is very challenging,
there exist scalable approaches based on tensor trains and neural networks’ that leverage backward
stochastic differential equations or the Hopf-Cole transform in combination with the Feynman-Kac
formula [6, 11, 13, 58, 95, 96, 99, 100]. However, in practice, we only need the value function in
the domain where the optimal path measure has sufficiently large values, which is typically not
considered for PDE solvers.

Iterative diffusion optimization. To focus more on promising regions of the path space, methods
for iterative diffusion optimization simulate (sub-)trajectories of the controlled SDE to compute a
suitable loss and update the control. Typically, the control is parametrized as a neural network and
optimized using variants of stochastic gradient descent. While such methods have been explored
for general SOC problems with quadratic control costs [40, 42, 87, 95], many recent works have
focused on the special case of sampling from unnormalized densities as described in Sec. 3.1; see,
e.g., [8, 15, 86, 112, 130, 131, 144, 149]. From the perspective of path measures, all these works
propose to minimize suitable divergences between measures induced by controlled SDEs. While
we demonstrate the benefits of leveraging trust region methods for the Denoising Diffusion Sampler
(DDS) [129], our method could also be extended to other samplers.

Transition path sampling. Transition path sampling has been a longstanding problem in physics
and chemistry to understand phase transitions and chemical reactions, with applications in energy,
catalysis, and drug discovery [20, 128]. Computationally, MCMC-based approaches have been
extended to path space to mix the transition path distribution, pioneered by [37]. As discussed in
Sec. 3.2, transition path sampling can be formulated as a stochastic optimal control problem and
has been numerically solved using reverse KL divergence [141], cross-entropy divergence [71], and
log-variance divergence [113]; the optimal control is known to be the Doob’s h-function [26, 45, 116]
(for a review, we refer to [115]). To solve the Doob’s h-function, [116] proposes a shooting-based
method which requires MD simulation to reach the target state, while [45] proposes a Gaussian
approximation conditioned on both the initial and target state which satisfies boundary conditions
by design and provides a simulation-free optimization algorithm. Similarly to SOC, transition path
sampling can also naturally be formulated as a reinforcement learning problem, as shown in [35, 103].

Diffusion and flow matching reward fine-tuning. Several of the early works on diffusion fine-
tuning focused on directly optimizing the reward model making use of its differentiability [28, 140],
without any KL regularization, which can lead to “reward hacking”. Some other works [16, 47]
framed reward fine-tuning as a reinforcement learning problem, but did not make the probabilistic
connection to tilted distributions. [126] provides a probabilistic view of the problem, but proposes an
algorithm that is hard to scale. [41] gives a comprehensive view of flow matching reward fine-tuning,
introducing memoryless noise schedules as the right ones, as well as a new scalable SOC algorithm
that we use and adapt, namely adjoint matching. Using the memoryless noise schedule, a recent work
[81] considers GRPO for flow matching fine-tuning. [82, 145] consider alternative algorithms that
learn the value functions.

Diffusion-based sampling from unnormalized densities. Early work on sampling from unnormal-
ized densities based on a Schrodinger-Follmer diffusions dates back to [33] and was later implemented
using Monte Carlo [39, 73] and deep learning approaches [95, 130, 149]. Another line of work is
based on Langevin diffusions [43, 52, 53, 124, 146] and denoising diffusion models based on
Ornstein-Uhlenbeck processes [15, 74, 129]. A unifying perspective was proposed in [97, 131],
which consider general diffusion bridges. An extension based on underdamped diffusion processes
was later proposed by [17]. Recent developments have led to improved loss functions and training
schemes [6, 8, 14, 27, 46, 56, 63, 64, 80, 89, 108, 114, 117, 133, 143, 144], exploration capabilities
[19, 77, 78], or normalizing constant estimation [57, 65]. Other studies focus on the combination
of MCMC and diffusion-based sampling methods [5, 25, 101, 112, 136, 147, 148]. Approaches for
discrete state spaces have been proposed in [70, 107, 153]. Combinations of diffusion-based sampling
with additional access to ground truth data have been studied in [86, 120]. Lastly, [18, 55] study
improved evaluation techniques.

Note that some of these approaches correspond to regressions of the Monte Carlo estimators mentioned
above [130] or to the IDO methods mentioned below [117].
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C.2 Limitations

While our method for solving stochastic optimal control problems exhibits strong sample efficiency, it
relies on storing entire trajectories in the replay buffer during training. In large-scale settings — such as
fine-tuning text-to-image models — this necessitates keeping the replay buffer in CPU memory while
training occurs on the GPU. This separation introduces additional computational overhead due to data
transfers between CPU and GPU; however, the buffer still significantly accelerates the fine-tuning
since the main computational cost in such settings stems from the simulation of trajectories.

C.3 Broader impact

This paper proposes new methodologies and theories that find numerical solutions for stochastic
optimal control problems ranging from equilibrium sampling, transition path sampling, to fine-tuning
text-to-image generative models. Equilibrium sampling and transition path sampling are important in
Bayesian statistics, physics and chemistry where they can be used to estimate free energy, understand
phase transition and rare events, thus holding promises to accelerate drug and material discovery.
More efficient fine-tuning of text-to-image models democratizes the generation of specialized high-
quality visual content for creative applications. However, these capabilities also introduce risks such
as the potential for generating convincing misinformation or deepfakes.

D Background on SOC

D.1 Stochastic optimal control

In this work, we consider stochastic optimal control (SOC) problems of the form
T
min Lsoc(u) = min E {/ (5 1|u( L8P+ f( &,8)) ds+ g(X7)|, (32)
ueU ueU 0

with state costs f, terminal costs ¢ and control function v € U, where U/ denotes a set of admissible
controls; see App. A.2 for further details. Here, X* is a controlled SDE of the form

dXy = (b+ ou)(Xy,s)ds + o(s)dW,, Xo ~ po, (33)

with base drift b, base distribution pg (typically a Gaussian or dirac delta distribution), and diffusion
coefficient . We denote the path measure induced by (33) by P“ € P. Moreover, we simply write
P for the path measure corresponding to the uncontrolled process, i.e.,

dXs = b(Xs, s)ds + o(s)dWs, Xo ~ po. (34)

Given a time ¢ and state x, the cost functional J(u; x, t) is the expected cost-to-go for a control u on
the time interval [¢, T'] and is defined as

T
Jusa,t) = E [ / (X2, )2 + F(X2,9) ds + g(XF) | Xp = x] . (35)

The value function V, or, optimal cost-to-go is obtained by taking the infimum over all controls in I/,
that is,

Vix,t) = Jrelgf J(u;z,t). 36)

Then we have the following well-known results on representations of the value function V' and
solution to the SOC problem u*; see, e.g., [33, 50, 87, 91, 94] for details.

Theorem D.1 (Optimality for SOC Problems). Let us define the work functional as

WX, 1) = / F(Xa,s)ds + g(Xr). (37)

Then we have the following representations of the value function V' in (36) and the solution u* to the
SOC problem in (32):
1. (Connection between solution and value function) The solution can be written as u* = —cTVV.

2. (Optimal change of measure) The Radon-Nikodym derivative of the optimal path measure @ w.r.t.
the uncontrolled path measure IP satisfies
dQ e*W(X,O)

dP (X) = m with Z(X()) = E[eiw(x’oon} . (38)

3. (PDE for value function) The value function V' is the solution to the Hamilton-Jacobi-Bellman
(HJB) equation
@+ L)V (2,t) = 3l "VV) (@, Ol + f(z,0) =0, V(2,T)=g(x), (39)
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where L := %zjjzl(aﬂ)ijaﬁaﬁ + 2?21 b;0y, denotes the infinitesimal generator of the
uncontrolled SDE in (34).

4. (Estimator for value function) For every (z,t) € R? x [0, T the value function can be written as
V(z,t) = —logE [e‘W(X’t) ’Xt = x} , where X is the solution of the uncontrolled SDE in (34).

Combining the expressions for «* and V' in Thm. D.1, we directly obtain the path integral representa-
tion of the optimal control, i.e.,

u*(z,t) = o(t) 'V, logE [e_W(X’t)

X, = x] : (40)

In practice, computing the optimal control (40) is typically impractical, as it requires running multiple
simulations for each state x to obtain a Monte Carlo approximation of the expectation; see App. C.1.
To address this challenge, many approaches instead learn a parameterized control function, optimized
using stochastic gradient methods. These techniques are collectively referred to as iterative diffusion
optimization (IDO) methods and are further discussed in the next section.

D.2 Iterative diffusion optimization

An alternative view on problem (32) is obtained by considering loss functions on path measures [87].
By the Girsanov theorem (see App. A.3) we have

dP uw T uw 1 T u 2
1P (X*)=exp | — u(Xy,s) - dW, — 3 |lu(Xs, s)||"ds ) - “n
0 0

Combining this with the optimal change of measure dQQ /dIP from Thm. D.1, we obtain an expression
for dQ/dPP*, from which we can compute the relative entropy Lrg, i.e., the reverse Kullback-Leibler
(KL) divergence

Lre(u) = Dk (P|Q) = E {/O (3llu(XE, 9)I* + F(XE, ) ds + g(X7) + 10gZ(X6‘)] N C)

Note that minimizing the stochastic optimal control problem in (32) is equal to minimizing the KL
divergence, that is,

u* = argmin Lsoc(u) = argmin Lrg(u), (43)

ueU ueU

in the sense that both have the same unique optimal control ©* as a minimizer. As such, we can
consider an arbitrary divergence D : P x P — R™, for which D(IP1|P3) = 0 holds if and only if
P, = P, to solve stochastic optimal control problems. More generally, we can consider any loss
function for which the unique minimizer is the optimal control v*. Iterative diffusion optimization
builds on this perspective and can be seen as a common framework for solving (potentially high-
dimensional) SOC problems by leveraging parameterized control functions and stochastic gradient
methods to minimize different loss functions.

D.3 On the initial value dependence of the normalizing constant

In general, the normalizing constant Z(X) in the optimal change of measure (3) depends on the
initial value Xj. Let us demonstrate in the following why this is the case. To this end, let us first
assume a generic normalization constant Z that may or may not depend on Xj. As in (3), it then
holds

dQ _ e—W(X,O)
M= (44)
We can then compute
QO(XO) B @ 7 efw(X,O)
Bo(X0) =E | 3p (0| Xo| =E | —%—|Xo| . (45)
Now, for a chosen py = P we want that Qo (Xo) = IPo(Xp), which requires
Z_TF |:6*W(X10) ’Xo] — o V(X0,0) (46)

Clearly, the right-hand side depends on Xj. Hence, in general, Qo (Xo) = Po(Xj) can only hold
if Z depends on X,. Conversely, if we wanted to have a global normalizing constant Z, which is
independent of X, we would need to tilt the initial marginal of @ as well, namely via

Ele= W0 x -V (Xo0,0)
Qo(Xo) = ]PO(XO)w = Py(Xo)~ Z

However, the function V'(+, 0) is typically not known in practice.

4N
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E Details on trust region SOC algorithms
E.1 Characterizing the solutions of the trust region optimization problem

Proposition E.1 (Characterizing the solutions of the trust region optimization problem). The solution
P“i+1 of the problem (9) is unique and it satisfies the following:

o If Dk, (Q|P%) < ¢, then P"i+t = Q.

o If Dk (Q|P™) > ¢, then Dk, (P"i+1|IP%) = ¢, i.e. P“+1 is also the unique solution of the
problem

arg min DKL (IPU|Q) s.1. DKL(]PHHPM) =e€. (48)
ueU

Proof. To prove the first case, observe that @ is the only solution of the unconstrained problem
arg minp p Dk, (P|Q), which means that it is also the unique solution of the problem (9) since it
satisfies the constraint Dk1,(Q|P") < e. To prove the second case, by the Karush-Kuhn-Tucker
(KKT) conditions, we have that either A = 0, or Dy, (P*i+!|P*i) = . We assume that A = 0 and
Dy (P“i+1|P¥) < ¢ to reach a contradiction, which will imply that Dky, (P“i+1|P%) = ¢. The
first-order optimality condition for the problem is as follows: for any perturbation v of the control
u;41, we have that

d ) ) ) d )
0= gy (Dt (P07 1Q) 1 (Dia (B2 7" [P™) =) =o = - Dt (P47 |Q) =,
49)

which means that u;; satisfies the first-order optimality condition for the relative entropy loss
u +— Dk, (P*|@Q). By [41, Prop. 2], the only control that satisfies the first-order optimality condition
for the relative entropy loss is the optimal control «*, which implies that P*++1 = @, which yields a
contradiction because ¢ > Dkp,(P%+1|IP%) = Dk, (Q|P%i) > e.

Hence, we conclude that Dky,(P“i+1|P“¢) = . To show that the solution P“i+! is unique, we use
that P — Dy, (IP|IP%#) is strictly convex, and that {IP| Dk, (IP|P%#) < £} is a convex set because it
is the sublevel set of a convex mapping. O

E.2 Implementation

We provide a detailed version of Algorithm 1 in Algorithm 2. The hyperparameters and used
repositories for the experiments on unnormalized densities, transition path sampling, and fine-tuning
can be found in the respective sections in Apps. I to K.

E.3 Variance of the importance weights and trust region bounds

As mentioned in Remark 2.1, one motivation of the trust region constrain Dy, (IP*|P"¢) < e defined
in (4) is to keep the variance of the importance weights between two consecutive measures IP** and
P*i+1 small. This can be motivated by the inequality

dpvi+t dPvit1 2
u; = Epu; — | -1
o (52 < (352

dIPwi
AP+t
> exp (]E]P"er {log dpw
which follows by Jensen’s inequality. While a lower bound on the variance is not straight forward for
path space measures (cf. [60]), we can consider the following heuristics. Let us assume that
dPi+t

dIP“'i
P¥i- and IP*i+1 -almost surely, which is reasonable if Dky, (P%i+1|P%) < e with ¢ < 1. By a Taylor
approximation it then holds

dpit )\ ? dpitt dp¥i+t
( TPu: ) = exp <210g ape )%l—i—QIOg P (52)

Now, taking expectations w.r.t. P%¢ ~ IP“i+1 respectively, using computations similar to (50), and
assuming Dy, (P%i+1|[P%) = ¢, as argued in App. E.1, yields

d]})u1+1
Varpu < AP >

(50a)

Pt
— By [ - 1}

dPui

D —1=-exp (Dxr (P [P*)) -1,  (50b)

(61

~ 2¢. (53)
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Algorithm 2 Trust Region SOC with buffer

Require: Neural network ug with parameters 6, target path measure (Q, buffer size K, time discretization
S = (s5);=0 C [0, T], number of gradient steps M per trust region iteration, termination threshold §
Initialize 7 = 0 and Ao = c©
fori =0,1,... do

Define u; = ug (detached)
Simulate K trajectories (X §’“>)S€s of the SDE in (1) with Brownian motion Ws(k> and control u;
Compute importance weights w*) = %(X(k)) o exp(=W;(X®0)) as in (12)

Initialize buffer B = {(W®), X p*)1¥

k=1
Compute multiplier A; = arg max, cp+ E](;‘)Jal()\) as in (14) using B and a 1-dim. non-linear solver
if \; < 6 then

return control u; with P** ~ QQ
if adjoint matching loss then '

Compute annealing 8;41 =1 — H;:o H-Ai& as in Prop. 2.2

Compute lean adjoint states a'*) = a,-H(X§M7 s), s € S, as in (18) and store in B
form=1,...,M do

if adjoint matching loss then

1
Estimate [:(9) = E(X,w,a)NB, s~Unif(S) [HO’TO,S — Up (.XS7 S) qu) 1+ } as in (19)
if log-variance loss then

N2 (sj—si_
Estimate £(0) = Varw, x w)~8 [E}]:1 (M—&—AT(WSJ —Ws; 1))+ 135 logw]
with A; = ui(Xs,, 55) — ue(Xs;, s5) as in (16)

Perform a gradient-descent step on £(6)

E.4 Lagragian formulation

Using the Girsanov theorem (see App. A.3), we first note that we can write the Lagrangian as

, T
E%&(u,)\) =E / %Hu(Xf,s)szerW(X“,O) +10gZ(X6‘)} + X (DkL(P¥[P*) —€) (54)
0

T

~E / (%uu(xz‘,snﬁ+%nuoc:,s)—u¢<xz,s>||2>ds+W<X",o>+logz<xg>] e
L/ O

(55)

r pT
=B / (B2 Iu(XE, ) = PxuilXE, )7 + fi( X, 5)) ds + g(XE) + log Z(Xzf)] — e
L/ O
(56)
= L8 (u,X) = Ae, (57)

where [Z(TZ%{C(U, \) is defined as in (11), A € RT is the Lagrangian multiplier for the trust region
constraint, and we abbreviate f; = ﬁ”ul\\z + f. For fixed ), optimizing the Lagrangian

E(Ti%{(u, A) with respect to u is again an SOC problem. As such, for given u; and \, we can define
the value function as

T
Via(e,t) = inf B { [ (2 Iz 8) = (X2 9)1P + £ 8)) s+ g(XE)L X0 = 4 L 69)
The next proposition provides representations for the value function and the solution to the SOC

problem.

Proposition E.2 (Optimality for trust region SOC problems). For fixed A, let us define by

Xt_II):|

the value function of the SOC problem inf, ¢y ngi%{c(u, A) corresponding to (11) and by uf‘+1 its
solution. Then it holds that

T
Via(e,t) = nf B V (L2l = 2xuill® + gy sl + 1) (X2, ) ds + g(XF)
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L xeus
(i) (Estimator for value function) V{\,(z,t) = —(1+ A) log E [e Tx Vi (X

X = Js}
T T

where  W; (X" t) :/ %”W(X?,S)HQdS-l-/ ui (X3, 8) - dWs + W(X ") 1).
¢ t

(ii) (Connection between solution and value function) It holds u§‘+1 = H%ui — 1J%)\U—'—VVZ/_\H.
Moreover, for ug = 0 and the optimal Lagrange multiplier \;, let us define the value function

T
Viia(a,0) = inf B [ [ Gl + B £) (X2, 9)ds + g (X3)
“ 0

Xt—l':|

of the SOC problem given by the optimal change of measure

dPui+ 1 d Bit1 —Bi+1W(X,0)
() = = ((%(X)) S (59)
Zi+1(Xo) Zi+1(Xo)
as in Prop. 2.2 and (3), and ZNiH(XO) as defined in (27). Then it holds that
(iii) (Estimator for value function) ‘N/i_,_l(x,t) =—logE [efﬁi+1W(Xt’t)|Xt = x],
(iv) (Connection between solution and value function) u;+1 = u;\}rl = —O'TV‘Z+1.

Proof. For notational convenience, we abbreviate V' = V; in this proof. From the verification
theorem (see, e.g., [94, Theorem 3.5.2]), we obtain that the value function is the solution to the HIB
equation

@ + L)V = —aigngd{fﬁ%ua— 2uil? +oa- vV} (602)

= —fi— inf {3 o~ 2xul* +oa- YV, V(T) =g, (60b)

where the infimum is pointwise for every (z,t) € R x [0, 7T and the optimal a* defines the solution
u*. Solving for a yields a* = H%\UZ — H%\UTVV, which proves Item (ii).

Plugging this result back into the HIB equation, we obtain
@+ L)V = —f — sy luill® = s lo " VVIP — o (H%\u - I%O—Tvv) YV (61a)

= —f = s lwll + sl T VVIP = Zxou - VV (61b)
= —f — sy lwll® + s lo T VVIP = oui - VV + o - VV. (61¢)
Now, we define the infinitesimal generator of the SDE
dX7 = (b(X3, s) + oui (X5, s)) ds + adW, (62)
as
B 1 d d d
L=3 > (007)i00,00; + > (bi + (01)i)0s, = L+ _(0u:)i0s, (63)
i,j=1 =1 i=1
Using (63), we can rewrite (61) as
@+ L)WV = ~f — sy lwil® + syl VI + oz - VV (64a)
= —f = 3uil® + st lui + o T VY (64b)
By 1t6’s formula (see App. A.3), we have
dV (X", s) = (s + L)V (X", s)ds + o VV (XY, s) - dWs. (65)

Plugging (64) into (65) and defining Y := V (X%, s) and Z == (—u; —o ' VV)(X¥, s), we obtain
the pair of forward-backward SDEs (FBSDEs)
dXit = (b(X5, s) + oui(X$%, 5))ds + o(s)dWs,  X3'* ~ po, (66)

dYe = (—FX8) = Flus(XE )P 4 gt 1267 ds = (el X2 8) + Zo) - dWe, (67)
with Y = g(X7). This shows that

T T
o5 = Y= [ (P00 + X2 )P = e 12607) ds = [ a2, 0)+ 22) - aw,
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which can be rewritten as

Wz-(X"”,t)=Yt+/tTmI|Zs|l2ds—/tTZs-dWS. (68)
Using the definition of Y}, we can now write
E [e—lﬁwﬂxuut) Xu = x} TRV [61% JE ZeaWe— sz ST 5112002 X = x}
_ efl_%\v(xfi,t)’

where we leveraged Novikov’s theorem to show that the Doléans-Dade exponential is a martingale
with vanishing expectation. This concludes the proof of Item (i). The proof of Items (iii) and (iv)
follows directly from Thm. D.1. O

F Trust region SOC sequences and Fisher-Rao geometry

For a fixed ¢, suppose that we construct the sequence of controls (u;+1);>0 as the solutions of the
problem (4). As shown in Prop. 2.2, we have that

dP“  (dQ\" [fdP*\'"% =N
T (dTP) ( 5 ) . with B; = 1—]11)@ (69)
If we define the family (Q(T))TE[OJ] such that
dQ”  /dQ\" (dPU0\'7"
ar (dTP’ ap ’ 70
we can write P% = Q). Hence, we can regard the sequence (P*+),>0 as a discretization of

the family (Q(T))TE[OJ]. Next, we characterize this discretization more precisely using tools from
information geometry.

F.1 Basics on information geometry

Let {p(z;0)}yco be a parametric family of probability densities (or mass functions) on the sample
space X, and let X be a random variable with distribution p(x; 6).

Definition F.1 (Fisher information matrix). The Fisher information matrix at 6 is defined as

T(0) = Exepso| Vologp(X30) (Vologp(X:0)) | = —Expiin|V3logn(X;0)],
where Vy denotes the column gradient with respect to €, and Vg the Hessian.

As an average of positive semi-definite matrices, Z(6) is positive semi-definite, which makes it
possible to define a geometric structure:
Definition F.2 (Statistical manifold). Let {p(x;#)}sco be a smooth parametric family of probability

densities on X', with parameter space © C R?. Then © itself can be viewed as a d-dimensional
differentiable manifold

M = {p(-;0):0€ 0} >0,
called the statistical manifold of the model. Endow M with the Riemannian metric

9ij(0) = Zi;(0) = Ex~p(.0) [81' log p(X;6) 9; 10gP(X;9)],

where 0; = %. This g is known as the Fisher—Rao metric, turning (M, g) into the canonical
information-geometric manifold of the model.

Next, we review the definition of the length of a curve on a Riemannian manifold.

Definition F.3 (Length of a curve on a Riemannian manifold). Let (M, g) be a d-dimensional
Riemannian manifold, and let v: [a,b] — M be a piecewise smooth curve. Choose local
coordinates = (01,...,0%) on an open set i/ C M containing the image of ~, so that y(t) +
6(t) = (01(t),...,0%¢t)). Then the length of  is

b . .
L) = [ o) 600 at

. gt L . . o
where 0'(t) = i (t) and we employ the Einstein summation convention on repeated indices
ij=1,...,d.
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A geodesic between two points 01,6 € M is a piecewise smooth curve 7y: [a,b] — M such that
~v(a) = 01, v(b) = 05 that minimizes the length functional L locally. Any time reparameterization of
a geodesic is also a geodesic, because the geodesic distance between 61, 0 is the infimum over the
lengths of all geodesics (or all piecewise smooth curves) between 61, 5.

Definition F.4 (Fisher-Rao distance). The geodesic distance induced by the Fisher-Rao metric is
known as the Fisher—Rao distance.

Lastly, we present another statement which connects the Kullback-Leibler divergence and the Fisher
information matrix using a local expansion of the KL divergence.

Proposition F.5 (Second-order expansion of KL). Let {p(x;0)}oco be a smooth parametric family
of densities, and fix 0 € ©. For a small increment § € R4, consider

;0 +9)
KL(p(;0+6) || p(:;0)) = / 210+ ) log PO +9)
(( ) || (;6)) Xp( ) log o 6)
Then one has the Taylor expansion

KLp@+o)lp@) = 0. + 0 +55 08 + o(Is]),

constant term linear term

dx.

where
Zj(0) = Exwp(.0)[0: logp(X;0) 9;log p(X;0)]
is the Fisher information matrix. Equivalently,
OKL 9’KL
98 |5, ’ 962967 |5_, 1)

Sketch. Expand both p(z; 6 + §) and log p(z; 6 + §) to second order in §, substitute into the integral,
and use [ pd;logpdz = 0and [ p;0;logpdx = —Z;;(0) to verify cancellation of constant and
linear terms, leaving the stated quadratic form. O

F.2 Fisher-Rao geometry of an exponential family
Definition F.6 (The exponential-family manifold). Let
p(z;0) = exp(0°Ti(z) — A0)) h(z), 6=(8",...,0")c @ CR?
be a regular d-parameter exponential family on X. The parameter space O (equipped with the atlas

coming from the coordinates 6?) is a d-dimensional differentiable manifold, which we identify with
the statistical model

M = {p(-;0) |6 €O}
Its tangent space at 6 is Tp M = R?, with basis {0/06%}.
Definition F.7 (Fisher—Rao metric). The Fisher—Rao metric on M is the Riemannian metric whose
components in the natural coordinate chart 6 are
92 A(0)
06" 967

9i5(0) = Ex~p(.0)[0ilogp(X;0) 0;10gp(X;0)] = —Ex~p(.0)[0ilogp(X;0)] =
Equivalently, g(6) = V?A(f), the Hessian of the log-partition function.

For general exponential families, the Fisher-Rao distance and the geodesics do not admit a closed
form. Yet, one-dimensional families can be handled explicitly, because geodesics are trivial:

Proposition F.8 (One-parameter exponential family). If d = 1 then 6 € (a,b) C R, and ¢(0) =
A"(0). Hence

02
FR(0),06) = ]/0 \/Wdel.

F.3 Fisher—Rao geometry of an exponential family of path measures

We can view the family (Q(T))TG[OJ] defined in (70) as a one-parameter exponential family [22] by
rewriting Q(7) as

dQ™ dQ
qpw = &P (T(log dIP“0> —A(7r) ], 71)
where the log-partition function A(7) is defined as
_ dQ \’
A(1) = log Epuo |: <d]P“0) :| . (72)
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Equivalently, we can write it as an exponential family centered on an arbitrary T € [0, 1]:

d (t+AT) d
% = exp (AT(log dIP(%O) - AT(AT)) , (73)
where A
d T
Ar(AT) = log Eqr) [ (d]P%) } . (74)

Deriving an expression for the Fisher information. Observe that by construction

AT o (r) AT T
Ar(AT) = logEPuoKd?P%) i%uo} :logE“’“o[(d%%J (dﬁo) eXp(_A(T))] (75)

= A(t 4+ A7) — A(7),

which means that A/ (0) = A’(7) for all 7 € (0,1). Thus, by Prop. E.8, we conclude that the Fisher
information matrix, which is a scalar because the manifold is one-dimensional, reads

Z(t) = A" (1) = A”Z(0). (76)
Computing the first and second derivatives of A is straight-forward:

AT
o [1os (85) (18%)° |

A(Ar) = —
Eg) { (ap%) } a7
, d 2 d 2
A7(0) = Egr) {bg <d]P(%0> } Eqr) [101% (dIP%)) } ;
and this implies that
d
Z(7) = Varg() {log (dIP(%o )} (78)

Connecting the trust region constraint to the Fisher information. Applying Proposition E.5, we
obtain that

2
KLQH47107) = 871(r) + 0(ar®), (79)
When we set 7 + AT = 5,11, T = (;, we have that
2
e = KL(P“+! [P") = AT 70y 1+ 0(Ard). (80)
Thus,
o 2e 3/2
AT = 7@ +0(ATY?), 81

Moreover, the Fisher-Rao distance between P“0 and P(9), or rather, between 0 and Bi»

Bi
FR(0, 8i) = /0 VZ(r)dr. (82)

Then, the difference between Fisher-Rao distances FR(0, 5;+1) and FR(0, /3;) which is equal to the
Fisher-Rao distance FR(3;, B;+1) is

Bi+1
FR(0, Bi+1) — FR(0, Bi) = FR(Bi, Bit1) = / ) VI(r)dr
= (VI(B) + O(Bisr — Bi) (Birr — B) = VI(B)Ar + O(AT) .

+O(AT*?) = V2e + O(AT*)?).

6\ 23

In continuous time, we have a curve 3 : R>? — [0, 1], and

% = VIBOIE 0 = VIBO)| 705057 = V2 (84)

Thus, we have shown the following result:

Proposition F.9. Up 1o high order terms, the elements of sequence (P"¢)o<;<r_1 are equispaced in
the Fisher-Rao distance. The last term P“! is equal to the target distribution Q.
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A Monte Carlo estimate for the Fisher information. By equation (71), we have that log 90 _

dP“o
7(log d%%) — A(7). Hence, we can rewrite (78) as
1 do™
(1) = ﬁ\/ar(@(f) {log (d(]%uo )}, (85)
which provides a way to estimate Z(7), leveraging the Girsanov theorem to estimate log (gi%—(:o)) =

() n
log (45—) — log (4%%).

Remark F.10 (Analytical computation of annealing sequence). Using 7+ A7 = ;41,7 = [3; paired
with (81) and (78) we can analytically compute the annealing sequence (f3;);, up to high order terms,
as

Bi+1 = Bi + I(Zgi) +O((Birr — B:)*?), (86)
with
Z(Bi) = Varpw; {108’; (dclipﬂ?m )}7 (87)

where we used that Q(7) = P,

G Trust region SOC losses

In this section, we provide a non-exhaustive list of losses that can be readily applied to solve SOC
problems within our trust region framework. More specifically, we aim for minimizing a divergence
D : P x P — RT between the path measures induced by the control u; 1 and the learnable control
u. For a comprehensive overview of SOC losses without trust regions, see [40].

G.1 Log-variance loss

Here, we provide further details on the log-variance loss [87, 97, 98] within our trust region framework.
The log-variance loss is defined as
AP+

Liv(u) = Var [log < P

where X™ is defined as in (1), with u replaced by w € U, referred to as the reference process.
Although the choice of w is arbitrary, we discuss two particularly suitable options that facilitate
sample reuse with replay buffers in combination with trust regions.

(Xw))} with X* ~ P, (88)

Using w = u; as reference control. First, we replace the reference control w with the control
function of the previous iteration u;. Thus, the log-variance loss becomes

apuitr o\ dpUitt AP,
Liv(u) = Var [log( 1pe (X ))} = Var [log( TP (X )d]P“ (X )>] (89)

The Girsanov theorem (see App. A.3) shows that
dp* Ujg 1 r U Ujg 2 T ug
log (X)) = 3 lus (X35, 8) — w(X3E, s)||"ds + (u; —u)(X5,s) - dWs. (90)
0 0

dP«
Combining this result for v = 0 with Prop. 2.2, we obtain

Py o (dQ dP (Xuq,))lfn

dPui dP dPwi 91a)
— o (8 3 llui (XS ) Pds 4 [ g (XE78)- AW +W(X4,0)) ©1b)
Noting that the variance is shift-invariant, (90) and (91) imply that
T T
Liv(u) = Var | — — 1/ IIUi(X§i78)||2d5+/ ui (XS, s) - AW, + W(X™,0)
I+ \2/, o
LT - 92)
by [ ) —ue s Pds [ - ()
0 0
which can be implemented by discretizing the integrals; see App. E.2.
Please note that the loss reduces to
_ dQ , o, AP, _ dQ .,
Liv(u) = Var {log (]P“i (X )TIPU (X ))} = Var {log (le” (X ))} 93)
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for \; = 0, which is how the loss is mostly used in the literature, where the variance is computed
using the most recent control, see e.g. [97].

Using w = wu;4; as reference control. Alternatively, when setting the reference control to the
optimal control u; 1, the log-variance loss is given by

dPvi+t
Liv(u) = Var [log( (X“”'l))} = (94a)
AP
— B |log [ (xuin) (B g (2B (XU ’ (94b)
8 Tape &\ dp-
dpPui+t o\ dPuH dpPui+t o\ dPE T
=FE log( e X )) P (X f(IE {log( e X )) i X )D
(94c¢)

which can be computed using (90) and (91). Hence, in contrast to using w = u;, (94) additionally
incorporates the smoothed importance weights dIP%i+t /dP%:.

G.2 Moment loss

The moment loss was introduced in [59] and is defined as

AP+ ?
Lmoment(u) = E |log ( (X“’)) with X" ~P", 95)

dPP«

where w € U is again an arbitrary reference control; see G.1. We distinguish again between v = u;
and w = U471

Using w = u; as reference control. In this case, £,oment becomes

dpvitt o \? dP%+1 o dP% o\
cmemw)—m[log( T () | = frog (S e o (0 ] 96)
with
. — L, (xmi0)
I s . — A owy(xm o)]
xvy=5"T"___ with Ziq=E ¢ TNV 97
dPwi ( ) Zi+1 +1 |: ( )

Contrary to the log-variance loss, the moment loss is not shift-invariant, thus requiring Z;,; which is
commonly not available. As such, [59] proposes to treat Z; ;1 as a learnable parameter. Using (90)
and (91) imply that

ﬁmoment (’LL, Zi+l) =E

1 1/T w  ro /T w w )
— - u (Xg*,8)||°ds + u (Xg4,s) - dWs +W(X ™, 0
( o (5 [ et sPas s [ uees (x*,0)

T T 2
g [ ) — e s Pds + [ (- u)(X2 ) - W, — log Z+> ] ,
0 0
98)
which is optimized as miny, ey, z,., er Lmoment (U, Zit1)-
Using w = u;41 as reference control. Using w = u;1 yields
Wit1 2
Lumoment (U, Zit1) = IE [log (d]P (X“”1)> ] (99)
dPpv
dPUitt o dPY L\ dPe

-E [mg (T e () S (x )] . o)

where dP%i+1 /dIP" depends on Z; 1, see (97). Hence, the difference between using w = u; and
w = ;41 lies in the additional importance weights dIP%i+1 /dIP":.

39



G.3 Cross-entropy loss

The cross entropy loss is defined as the forward KL divergence between u;4; and u, i.e.,

Uil
Lcg(u) = Dy (PY+1PY) = {109,‘ dICEl)]P (Xui“)} (101a)
dptit+t dP%
_ Uiyl Wiyl
E [log( e (XU S (X ))] (101b)
dPUt AP, AP
_]E[log( i (X (X )) (X )]. (101¢)

Using (90) and (91) implies that

1 1 T T
- (f [l siPas+ [ s -aw, +W<X“i,0))
0 0

Lop(u) =B T+x \2

(102)

1 [T _ R T v dpwi+r
+f/ lui (X5, 8) — w(X5, 9)]| ds—i—/ (u; — u) (X5, s) - dWs —(X")| —log Z,
2/, . P

with importance weights dIP"i+! /dIP¥i.

G.4 Stochastic optimal control matching via adjoint method

Here, we provide further details on the trust region version of the stochastic optimal control matching
(SOCM) loss introduced in [42]. We start from the cross-entropy loss, i.e., the forward KL divergence
between u;41 and u, that is,

) dPvitt )
Lcg(u) = Dkr, (PY+1PY) = E |log 1P (X“"“)] . (103)
Using Girsanov’s theorem (see App. A.3), the cross-entropy loss can be written as
T
Lce(u)=FE [%/ llwivs (X5, s) — u(X;”“,s)Hst} (104a)
0

AP+ ]

1 r u; u; 2
“E [5/0 i (X2, 5) = u(X2, 5) [Pds S (104b)

Using the expression for the optimal control, u; 11 = ﬁul — VVii1, see Prop 2.5, yields

1+>\
1 [T u w dIP
Lop(u) =E 3 ||m ui (X2 s )fH—Aa VVie (XY, s) —u(XY, s)||>ds (105)
0
with

VIE{ Thx Wi (X0 X :z}

VoVigi(z,t) = —(1+ \i) (106)
[ ]

We use the adjoint method [41, see Lemma 5] to evaluate the conditional expectation (106)'°, giving

Wi (X %i t) W (X Wi )

V.E |e 1+*

X :x] =E [ﬁ(t,ui,XW)e 1+)‘ X" :x} (107)

where the adjoint state a(¢, u;, X %) satisfies the ordinary differential equation (ODE)
L, X2 = [(VOXE, 5) + 0w (X2 ) Ta(us, X2, 5) (108)
+ VX 5) + (X2 )] (109)

with a(7T',u;, X7') = ﬁVg(XT). Using the argument from [42, Theorem 1], replacing the
path-wise reparameterization trick with the adjoint method, we arrive at the trust region version of
the stochastic optimal control loss given by

L : .
Lsocm(u) =T {5/ ||$§\iui(xu”78) — o "a(us, X1, 8) — u(X", 5)|[*ds
: ;

Pt
P

]+K (110)

1"Note that there exist other methods for computing derivatives of functionals of stochastic processes. We
refer the interested reader to [42].
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for some K independent of u. However, the adjoint state contains the Jacobian Vu; and the derivative
V||u;||, which can be expensive in practice. In what follows, we rewrite the objective such that we
can get rid of these terms.

G.5 Stochastic optimal control matching via lean adjoint method

Starting again from the cross-entropy loss, we now employ the alternative expression for the optimal
control as stated in Item (ii). This yields the objective

1T = dpUitt
Lep(u) =E 7/ | — o VViii(Xs, s) — u(Xs, 8)|’ds , (111)
2 /o dP
where the gradient of the smoothed value function is given by
_ V.E [e*ﬂi+1W(Xt,0)|Xt — w}
VeVina(m1) = - E [ePir1WXe0)| X, = 1] ()
We evaluate the conditional expectation using the adjoint method:
VoE [ WO X, — ] = B [ai (X, s)e V0|, = o (113)

where a;1(Xs, s) denotes the lean adjoint state [41], which satisfies the backward differential
equation

d

L (Xe,s) = - [(Vb(XS, )" a1 (Xe, ) + Bis1 VF(Xs, s)] (114)
with terminal condition a;11 (X7, T) = B;+1Vg(Xr). Following the derivations in [42], we arrive
at the objective

T 2, dP%itt

Lsocm(u) =E {5/ lo air1(Xs,s) — u(Xs, s)||"ds P (X)} . (115)
0
Finally, performing a change of measure to the previous control u; gives the expression:
T ws
Uj Uj d]P i+l Uj

Lsocm(u) = E {%/ lloTaisi (X5, s) —u(X2, s)||*ds e (X ‘)} . (116)

o i

We remark that the adjoint ODE in (114) can be solved as

T
ait1(Xs,s) = Biy1exp (/ Vb(Xht)Tdt) Vg(Xr) 117

if f =0and Vb(X;,t)Vb(Xs, s) = Vb(Xs, s)Vb(Xy,t) for all s,¢ € [0,T] (i.e., the matrices at
different times commute). This allows us to solve the adjoint ODE exactly for our applications of
sampling from unnormalized densities; see App. L.

Extensions for diffusion-based sampling. Consider the case where f = 0 and b(x,t) = by (t)z
with b; € C([0,T],R), which holds in certain settings for diffusion-based sampling [129, 149]. In
this case (117) becomes

T
ai+1(X1,s) = Bit17(s)Vg(Xr) with ~(s) = exp (/ bl(t)dt> . (118)
The SOCM loss in (115) therefore reads

T
Lsoom(u) = Epuiir {%/ 1Bi+17(s)o " Vg (X7 ) — U(X:i“d)”st] ' )
0
From Prop. E.2 Item (ii) it directly follows that
dptir _ dp*r dPP —(Bi+1—Bi)g(XT)

for ug = 0. Thus, the SOCM loss can be rewritten as

T
Lsoon(u) = Epe [ | 1861 Vg5) — w3, ) s
0

dPwi+1 (X'u,7):| (121a)

dPui

T w;
x Epu, {% / 1Bi17v(s)o T Vg(X5) — u(X i, 5)|[*ds e~ Pt =Fs(Xr )} . (121b)
0
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Lastly, using that P%i = IP“I’TIP"’ P. 7Py, we arrive at

Lsocm(u) < Ep PP [7/ 1Bis1v(s)o " Vg(X5) — u(Xi%, 5)|*ds 67(6i+176i)g(XTi)} (122a)

= [ B (B80T a5 — a9 O s, 1220)

where we marginalized out all ¢t € [0,T') except for t = s. Note that for certain b, P 1 can be
sampled directly, removing the necessity for storing intermediate samples in the buffer.

H Trust regions for probability measures

Our goal is to sample from a probability density of the form
Drarget (T) = pta%et(x), with Z = /ptarget(:c)dx, (123)

where we can evaluate pi,,gc¢ but typically do not have access to samples from Dtarget- To tackle this
problem, one can again formulate this problem as a variational problem by minimizing a divergence
between some ¢ and the target density pia,gec. We can again incorporate an additional trust region
constraint, that is, an upper bound on the change of the variational distribution ¢ within a single
update step. Formally, we are trying to solve the following problem:

Gi+1 = argmin Dkr,(q||prarget) st. Dxu(q|lg) <e, /dq =1, (124)
q

where g; is the variational distribution from the previous iteration. We again tackle the constrained
optimization problem in (124) using Lagrangian multipliers. The Lagrangian is given by

£ (¢, A, w) = Dxw(q]|prarget) + A (Dxw(gllg:) — ) + w ( / dg — 1) (125)

with Lagrangian multipliers \, w. Taking the functional derivative 6£(Ti%{(q, A,w)/dq and setting it to
zero admits a closed-form solution for the optimal density ¢;11 as the geometric average between the
old distribution and the (unnormalized) optimal distribution, that is,!!

1+)\ 1+/\

gi+1(\) = argmin LTR(q,)\) = ﬁ’ with Z;(\) = /dqil Apéatget (126)
q 0
Plugging the optimal distribution back into the Lagrangian yields the dual function
L8N = LR (g1 (V). 2) = —(1+ 1) log Zi(3) — e. (127)

Note that we can use any non-linear optimizer for solving for the optimal Lagrangian multiplier by
maximizing the dual function, i.e.,

Ai = argmax L% (\). (128)
AERT

I Diffusion-based sampling

We consider the task of sampling from densities of the form
Ptarget = @ with Z = / ptargct(ﬁ)dm, (129)
Z Rd

where pearget € C' (Rd, R>() can be evaluated pointwise, but the normalizing constant Z is typically
intractable.

Here, we approach the sampling problem by using denoising diffusion-based sampling based on
the work of [129] (see [15, 97] for a generalization). To that end, we consider a controlled ergodic
Ornstein-Uhlenbeck (OU) process X = (X ) e(o,77, i.€.,

dX7 = (—C¢(s) X5 +u(Xy, s)) ds + nv/2¢(s) dWs, Xo ~ po, (130)

with noise schedule ¢ € C([0,T],R), po(z) = N'(0,7*I) and corresponding path measure P“. The
target path space measure @ is induced by an uncontrolled ergodic Ornstein-Uhlenbeck (OU) process,
starting from the target pyarget and running backward in time, that is,

dXs = ((s)Xs ds +nv/2((s) AW, X7 ~ Drarget, (131)

""Note the dependence of E%& on w vanishes as ¢; 1 satisfies the normalization constraint.
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which fulfills Q¢ & po for a suitable choice of (. For integration, we follow [129] and use an
exponential integrator. Lastly, it can be shown that the optimal control fulfills

u*(z, 8) = n1/2((s)Vy log %(x)7 (132)

which is later used to analytically compute the optimal control for Gaussian mixture model target
densities, see e.g. [129]. Please note that Py = N (0,7?1) for all s € [0, T as the uncontrolled SDE
is initialized at its equilibrium distribution.

I.1 Experimental setup
Here, we provide further details on our experimental setup.

General setting. The codebase used in this work was developed from scratch but is loosely inspired
by github.com/facebookresearch/S0C-matching. All experiments are conducted using the
Jax library [21] and are run on a single 40GB NVIDIA A40 GPU. Our default experimental setup,
unless specified otherwise, is as follows: We use the Adam optimizer [79] with a learning rate of
5 x 10~* and gradient clipping with a value of 1. We utilized 50 discretization steps using exponential
integrators. The control function u is parameterized as a fully-connected 6-layer neural network with
256 neurons and GELU activations [67]. Time embedding is achieved via Fourier features [122]. For
all experiments, we used a time horizon of T = 1.

The control is parameterized as

W (x,t) = ff(x,t) +f29(t)%7 (133)
and for experiments using Langevin preconditioning (LP), it is parameterized as
ule(z,t) = fi/(2,t) + f2 (1) (;”—2 + V. log ptarget@c)) : (134)

where f{ and f{ are neural networks parameterized by 6.

For non-trust methods, we train for 60k gradient steps with a batch size of 2000, amounting to a total
of 120M target evaluations. In contrast, trust region methods use a buffer of length 50k refreshed 150
times during training, resulting in a total of 60k x 150 = 7.5M target evaluations. To optimize for
the next control u; 1, we perform 400 gradient steps on the replay buffer using randomly sampled
batches of size 2000. All experiments use a trust region bound of ¢ = 0.1. The dual function is
optimized using a line search method.

For the Many Well target, we set the standard deviation of the prior distribution to 1 and to 2.5 for the
Gaussian mixture target. For the randomization of the mixing weights, we uniformly sample positive
values that are normalized and rescaled such that the ratio between the maximum mixing weight and
the minimum is 3. The diffusivity is scheduled according to {(¢) = (Cmax — Crin) €08 (£5) + Chnin
with Cppin = 0.01 and Cpa = 10.

Evaluation protocol and model selection. We follow the evaluation protocol of prior work [18] and
evaluate all performance criteria 100 times during training, using 2000 samples for each evaluation.
We apply a running average with a window of 5 evaluations to smooth out short-term fluctuations and
obtain more robust results within a single run. We conducted each experiment using four different
random seeds and averaged the best results for each run.

Benchmark problem details. The Many Well target involves a d-dimensional double well potential,
corresponding to the (unnormalized) density

m d
2 2 1 2
pravger(x) = exp (— DICEUES _Z+w> :
with m € N representing the number of combined double wells (resulting in 2™ modes), and a
separation parameter § € (0,00) (see also [135]). In our experiments, we set m = 5 leading to

2™ = 32 modes. The separation parameter is set to & = 4. Since prarget factorizes across dimensions,
we can compute a reference solution for log Z via numerical integration, as described in [84].

Moreover, we consider a Gaussian mixture model (GMM) target of the form

K
Drarget (T) = Zﬂk/\/(m | pe, Xk, (135)
k=1
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where 111, € R%, 2, € R4 7 > 0, and 22{21 7, = 1. To compute the optimal control u*, we
exploit the fact that the optimal marginal path measures Q;(x) can be derived analytically [86],

K , T .
Qi(z) => mN (:c ’ pe” i € 5y =2 ST s 772/ 2¢(s)e 2 4(“>d"ds> (136)

k=1 t
and used this for computing the optimal control u*. Finally, to compute the total variation distance,
we leverage the known true mixing weights 7, and define the mode partitions S, C R? as

Sy = {z € RY| argmax N (z|p;, ¥;) = k}. (137)
j

1.2 Evaluation criteria
Here, we provide further information on how our evaluation criteria are computed.

Control L? error. Assuming access to the optimal control u*, we can compute the L? error between
the optimal and the learned control, i.e.,

T
control L? error := E B/ = * (X 73)d3} ; (138)
0

where X% is obtained by simulating the controlled process with u*, and compute the error using a
Monte Carlo estimate. Note that this quantity is equivalent to the forward Kullback-Leibler divergence

u d u*
Dra. (@IP") = E flog S (x*")] (139)
Via Girsanov’s theorem (see App. A.3) we have that
dQ u* T * u* 1 r * 2 u*
XYy = [ @)X ) dWe 2 [ [ — (X, s)ds. (140)
dpe o 2 Jo

The desired equivalence follows from the fact that, under mild regularity assumptions, the stochastic
integral in (140) is a martingale and has vanishing expectation.

Log-normalizing constant. By definition, the log-normalizing constant is given by
Z(Xo) =E [e_W(X’O) ‘XO] . (141)
Applying a change of measure to the controlled process yields

_ —wxu,o) dP
Z(Xo) = e o (X)

Xo} _E {efﬁf 3 lhu(x )l2as— T u<X:,s>-dws—w<X“,o>‘X0 ,

(142)
which can be estimated via Monte Carlo using samples from the current control u.

Sinkhorn distance. We estimate the Sinkhorn distance W3 [31], an entropy-regularized optimal
transport distance, between model and target samples using the JAX-based ott library [32].

Total variation distance. Inspired by recent work [18, 55], we assume access to ground truth mixing
weights 71, k € {1,..., K}, along with a partition {51, ..., Sx } of R%, where each region Sy C R?
corresponds to the k-th mode of the target distribution. We estimate the empirical mixing weights
using

o~ E []]'Sk (X7 )]

T = ¥e .

Zk’:l E [lsk’ (X%)]

Using these estimates, we compute the total variation distance (TVD) between the empirical and true
mode weights as

(143)

K
TVD = > |m — 7. (144)
k=1
Details on how the ground truth mixing weights and the corresponding mode regions .S}, are defined
can be found in the descriptions of the target densities.

I.3 Additional experiments
Here, we provide results for additional numerical experiments.

Gaussian Mixture 40 (GMM40). We further evaluate the performance of trust-region-based losses
by comparing them to existing SOC losses on the well-established GMM40 benchmark [84]. In this
task, the target distribution is a Gaussian mixture model with 40 components, where the means are
uniformly sampled from the interval [—40, 40], and each component has an initial variance of 1 . We
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Figure 7: Control L? error as a function of the number of target evaluations for the GMM target across varying
problem dimensionalities d. All results are averaged across four random seeds.

set the prior’s standard deviation to = 30. The results, presented in Fig. 8, show that only two
losses, Cross-Entropy (CE) and trust region with log-variance (TR-LV), can consistently learn all 40
modes. Notably, TR-LV achieves this with approximately ten times fewer target evaluations than CE.

Control L? error vs. target evaluations. We extend the results presented in Sec. 3.1 for the GMM
benchmark by providing a detailed analysis of the control L? error as a function of the number of
target evaluations across varying problem dimensionalities d. For d = 2, all SOC losses achieve low
control error. However, at d = 10, some methods begin to exhibit elevated control error due to mode
collapse. As the dimensionality increases further, only trust-region-based losses consistently maintain
low control error. While these methods show partial mode collapse for d > 150, we anticipate that
this issue can be mitigated by refining the control function architecture or by employing larger buffer
and batch sizes. Importantly, trust region methods also require significantly fewer target evaluations —
a key advantage in many real-world applications where evaluations are costly.

Influence of trust region bounds. We further investigate the effect of different trust region bound
values € on the GMM target using TR-LV. The results are presented in Fig. 10. The left figure
shows that smaller trust region bounds significantly improve performance: € = 0.01 yields up to
an order of magnitude lower control error compared to € = 1. Additionally, smaller ¢ values help
stabilize training, as evidenced by the reduced standard deviation across random seeds. In contrast,
training with € = 1 becomes unstable. However, this improved stability comes at the cost of slower
convergence — smaller bounds require more training iterations to effectively anneal from the prior
to the target path measure, as illustrated in the middle figure. Finally, the right figure shows that
the empirically observed smoothed effective sample size (ESS) aligns well with its Taylor series

; -1
approximation, ESS = (Var (%) + 1) ~ T{H for small values of ¢; see see App. E.3 for
further details.

J Transition path sampling
J.1 Experimental setup

We build upon the codebase provided by TPS-DPS [113] (github. com/kiyoung98/tps-dps). Our
experimental setups also follow [113] to ensure a fair comparison. The dual function is optimized
using Brent’s method [23].

MD simulation setup. We run molecular dynamics simulation on the OpenMM platform. Both
simulations are run at temperature 300K. For Alanine Dipeptide, we use the ‘amber99sbildn.xml’
forcefield with a VVVR integrator to simulate in vaccum. Each timestep is set as 1 femtosecond. Each
path sampled is of length 1,000. For Chignolin, we use the ‘protein.ff14SBonlysc.xml’ forcefield with

45


https://github.com/kiyoung98/tps-dps

GT — RE
CE — AM
— SOCM — TR-LV

[‘7 Q‘U J‘U U‘O 8‘(] 11‘)(] 1 él]

target evaluations x10%
Figure 8: Qualitative and quantitative results for the GMM40 target. The qualitative plots demonstrate that only
the CE (orange) and TR-LV (purple) losses successfully capture all 40 modes of the ground truth (GT, grey)
distribution. This is further supported by the low L? control error observed for these two methods. Results are
averaged across four random seeds and are not reported for the log-variance loss due to numerical instabilities.

implicit solvant model ‘gbn2.xml’ with a VVVR integrator. Each timestep is set as 1 femtosecond.
Each path sampled is of length 5,000.

Target hit. For Alanine Dipeptide, target hit is defined over the two dihedral angles ¢ and ¢ and a
distance radius within 0.75A. For Chignolin, a long MD simulation is pre-loaded with Time-lagged
independent component analysis (TICA) to select the first two dimensions that capture most variance.
The region is then defined over the two dimensions with a radius of 0.75.

Training process. Annealing is applied from 600K to 300K. A replay buffer is used with buffer
size 1,000 and 200 for Alanine Dipeptide and Chignolin, respectively, and training over buffer per
iteration is 1,000 times.

Hyperparameters. The trust region constraint is set to € = 0.01 for Alanine Dipeptide and ¢ = 0.2
for Chignolin. Batch size for both systems is set to 16, Alanine Dipeptide is trained for 2000 iterations,
while Chignolin is trained for 50 iterations.

Computing resources. Each experiment is run on a single 0GB NVIDIA H100 GPU.

J.2 Additional experimental result discussion

We discuss our results in comparison to [113]. First of all, we evaluate three seed average as we notice
the high variance nature of the transition path sampling problem—running several times can have huge
variance in results (also evidenced in Fig. 4). We can also observe the trust region constraint helps to
stabilize the training significantly and thus have much smaller variance across three runs. Notably,
for Alanine Dipeptide, both methods start with zero hitting percentage, while in Chignolin, in the
beginning both methods already have some trajectories that hit the target, trust region constraint is
already effective in improving the efficiency. We use almost the exact same setup as in [113] with the
only difference being the batch size for Chignolin is 16 instead of 4. We do not tune the model as our
goal is to show the trust region constraint improves the training stability and thus the efficiency and
accuracy in terms of number of energy calls.

K Fine-tuning of diffusion models

We take the adjoint matching (AM) implementation in github. com/microsoft/soc-fine-tuning-sd
as our baseline, and we modify it to implement TR-SOCM.

Fine-tuning experimental details. We generate images using classifier-free guidance, with guidance
scale 7.5. We use 50 inference timesteps to sample the trajectories during fine-tuning, and the
evaluation samples are also generated at 50 inference timesteps.

We fine-tune using the default hyperparameters in the repo: we use AdamW, using learning rate
3 x 1075, beta 1 set to 0.9, beta 2 set to 0.95, and weight decay 0. We use an effective batch size
of 500 trajectories and 4 model backpropagations per trajectory. For the TR-SOCM loss, we use
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(e) SOC Matching (SOCM) (f) Trust region log-variance (TR-LV)

Figure 9: Qualitative results for the Many Well target with d = 200. Level plots depict the ground truth density
for pairs of marginal distributions, while blue dots represent samples generated by models trained using the
respective loss functions (indicated in the sub-captions). Among all methods, only the trust-region-based log-
variance loss successfully avoids mode collapse and convergence issues. Interestingly, although the cross-entropy
loss achieves the second-lowest estimation error for log Z (see Fig. 3), the qualitative results suggest that the
model fails to adequately capture the target distribution — likely due to the high variance of the importance
weights. All visualizations are generated using the same random seed for consistency.

a trust-region bound € = 0.1, a buffer size of 100, and 10 passes per buffer. The dual function is
optimized using Brent’s method [23].
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Uy -1 . . .
via Taylor series approximation, i.e., ESS = (Var (d]P + ) + 1) =~ #H, with solid and dashed lines,

We use the 10000 fine-tuning prompts taken from the repository for [140], and the 100 validation
prompts from the same repository (see https://github.com/THUDM/ImageReward). The two
prompts used in Figure 6 are “masterpiece, best quality, realistic photograph, 8k, high detailed vintage
motorcycle parked on a wet cobblestone street at dusk, neon reflections, shallow depth of field” and
“close up photo of anthropomorphic fox animal dressed in white shirt, fox animal, glasses”.

L Classical SOC problems

Here, we consider classical SOC problems, for which the optimal control can be computed analytically.
These problems have been widely used in recent studies to compare different loss functions [40, 42,
87]. Here, we leverage them to showcase that importance sampling works in high dimensions when
using trust-region-based losses. To that end, we consider the comparison between the SOCM loss
and its trust-region-based counterpart.

L.1 Experimental setup
The experimental setup follows the setup used for diffusion-based sampling, as explained in App. L.1,
including control function architecture, hyperparameter evaluation protocol, and model selection.
For discretizing the SDE, we leverage the Euler-Maruyama scheme, i.e.,

Xoi1 = X + (b+ ouw) (Xn, nAOAL + o(n)VALE,, &, ~ N(0, ). (145)
Since the considered benchmark problems admit analytical solutions for the optimal control u*,

we consider the L? error between the learned and the optimal control for evaluating the models as
explained in App. L.1.

L.2 Benchmark problem details

We consider two problems taken from [87], the Quadratic Ornstein-Uhlenbeck (OU) easy and

Quadratic Ornstein-Uhlenbeck (OU) hard. For convenience, we briefly introduce them again here.

Quadratic Ornstein-Uhlenbeck (OU) The choices for the functions of the control problem are
b(z,t) = Az, f(z,t) = z' Pz, g(z) = z' Qu, o(t) = oo, (146)

where @ is a positive definite matrix. Control problems of this form are better known as linear

quadratic regulator (LQR) and they admit a closed form solution [127]. The optimal control is given
by

u*(z,t) = —200 F(t)z, (147)
where F'(t) is the solution of the Ricatti equation
diit) + ATF(t)+ F(t)A — 2F(t)ooog F(t) + P =0 (148)

with the final condition F'(T") = Q. Within the Quadratic OU class, we consider two settings:
e Basy: Weset A=0.21,P=021,Q=011,00 =I,A=1,T = 1, Zinit ~ 0.5N(0, ).
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Figure 11: Control L? error as a function of the number of target evaluations for the quadratic OU problem
across varying problem dimensionalities d. All results are averaged across four random seeds.

e Hard: Weset A=1,P=1,Q=05I,00=1,A=1,T = 1, Zjni, ~ 0.5N(0, ).

L.3 Results

We compare the performance of SOCM and its trust-region-based variant (TR-SOCM) on the
quadratic Ornstein—Uhlenbeck (OU) problem across varying problem dimensionalities d. Both
approaches rely on importance sampling, which is known to be challenging in high-dimensional
settings. This experiment highlights the role of trust regions in scaling to such regimes. Results are
presented in Fig. 11.

In low-dimensional settings (d < 10), both methods perform comparably, although TR-SOCM
exhibits significantly better sample efficiency. As the dimensionality increases (d > 50), the
performance of SOCM deteriorates markedly, while TR-SOCM continues to achieve low control
error. For the more challenging variant of the quadratic OU problem, SOCM fails to meaningfully
improve upon its initialization, whereas TR-SOCM demonstrates consistent error reduction.

These results suggest that trust regions are particularly beneficial in high-dimensional and difficult
problem settings, where they provide stability and improved performance.
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