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Abstract

Foundation models have demonstrated remarkable generalization, data efficiency, and ro-
bustness properties across various domains. The success of these models is enabled by
large-scale pretraining on Internet-scale datasets. These are available in fields like natural
language processing and computer vision, but do not exist for dynamical systems. In this
paper, we explore whether these properties can be achieved in the control domain when
pretraining is performed entirely on synthetic data. We address this challenge by pretraining
a transformer-based foundation model exclusively on synthetic data and propose to sample
dynamics functions from a reproducing kernel Hilbert space. Our model, pretrained on
purely synthetic data, generalizes to prediction tasks across different dynamical systems,
which we validate in simulation and hardware experiments, including cart-pole and Furuta
pendulum setups. Additionally, our model can be fine-tuned effectively to new systems
increasing its performance even further. Our results demonstrate that even when pretrained
solely on appropriately designed synthetic data, it is feasible to obtain foundation models
for dynamical systems that outperform specialist models in terms of generalization, data
efficiency, and robustness.

1 Introduction

Foundation models are trained on vast amounts of general data, allowing them to acquire extensive knowledge
about a domain. This extensive pretraining enables them to easily adapt to new downstream tasks via no or
little fine-tuning, often outperforming specialist models trained only for specific tasks (Bommasani et al.,
2022; Brown et al.| [2020)). Specifically, foundation models have demonstrated unprecedented capabilities with
regard to the following properties:

(P1) Generalization: The ability to perform well on a wide range of tasks, including those not explic-
itly trained on, by applying learned knowledge to new, unseen situations effectively (Yuan, 2023}
Bommasani et al., 2022} Liu et al. 2024a)).

(P2) Data efficiency: Using a pretrained foundation model on a new task requires small or no amounts
of task-specific data, indicating the model’s capacity to learn and adapt quickly without requiring
extensive additional training data (Brown et al., |2020; [Schick & Schiitze, |2020; [Liu et al., [2024a)).

(P3) Robustness: Continuing to function reliably when faced with challenging conditions, such as
distribution shifts, adversarial inputs, or noisy data, (Bommasani et al. [2022; Hendrycks et al.l [2019).

Foundation models have been applied in various fields, where they are used to solve high-level tasks in settings
such as vision (Kirillov et al., [2023} [Liu et al.l 2024b)), language (Zhou et al., |2024), and robotics (Firoozi
et al., [2024; Zeng et al., [2023). While robotics also deals with dynamical systems, existing foundation model
research has focused on multimodal models and high-level tasks, which can be pretrained with Internet-scale
text and image data, while leveraging general knowledge about the visual and semantic structure of the world
(Brohan et al., [2022; [Vuong et al. 2023; [Shah et al., 2023). For instance, the RT-2 model integrates vision
and language capabilities, enabling robots to interpret complex instructions and perform tasks like navigating
to specific locations or manipulating objects based on visual cues. However, even the smallest version of
RT-2, which has 5 billion parameters, can run at a frequency of around 5Hz (Zitkovich et al 2023). In the
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Figure 1: Proposed approach for a foundation model that predicts future states of dynamical systems. The
model is pretrained purely on synthetic data (green). We propose to sample dynamics functions from an
RKHS H and creating trajectory data by evolving the system through time. The foundation model is capable
to zero-shot unseen systems in simulation and hardware (blue). Further, it can quickly be fine-tuned (dashed)
to specific systems to improve the performance even further.

context of control, typical tasks such as state prediction and low-level feedback control require much faster
update frequencies, and models that capture the inherent “dynamics” of the problem, much different from
the knowledge represented in existing foundation models and available Internet-scale data.

In this work, we explore the feasibility of foundation models for dynamical systems that are tailored towards
real-time, low-level control tasks. Further, the foundation models are trained entirely on carefully designed
synthetic data. We consider the state prediction problem, i.e., the ability of a model to predict future states
over a horizon, which underlies many control tasks such as feedback and state estimation. In this context, we
show the typical foundation model benefits (P1)—(P3). In particular, we demonstrate that a foundation
model pretrained solely on synthetic data can accurately predict the future states of a dynamical system
different from those seen in pretraining, and that fine-tuning with little additional data can yield better
performance and robustness than a specialist model trained on the specific task. Other foundation models
build on the abundance of readily available datasets, e.g., from the Internet, (Radford et al., |2019; |Brown
et al., 2020)). However, in dynamical systems, we lack such readily available Internet-scale data for training
these models. Thus, we ask: Can we train foundation models for dynamical systems from purely synthetic
data and still realize their benefits?

To address these challenges, we present a novel approach that leverages the TimesFM architecture (Das
et al., |2024) and trains it from purely synthetic data representing dynamical systems. We propose to generate
the data from dynamics functions sampled from a reproducing kernel Hilbert space (RKHS), well suited to
capture a wide variety of dynamical behaviors (Ghojogh et al.l 2021} [Rosenfeld et al.l |2024). Building on
the resulting transformer-based foundation model, we investigate (and achieve) properties (P1)—(P3) for
simulation and hardware examples. An overview of our proposed approach is illustrated in Figure [I} To
summarize, our main contributions are:

e Pretraining on purely synthetic data based on RKHS dynamics functions;
o Validation of the foundation model claims (P1)-(P3) in simulation and on hardware; and
e Adaptation of the TimesFM architecture, including publishing our code and data.

By showing the feasibility of foundation models for dynamical systems, this work makes an important step
for leveraging the power of this recent machine learning paradigm for control.
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2 Related Work

To the best of our knowledge, there is only limited work on foundation models for dynamical systems and
none of it addresses the same question as we do. In the following, we describe the recent works [Song et al.
(2025)); [Seifner et al.| (2024); [Lai et al.| (2025) that are closest to ours and have partially been developed in
parallel. In contrast to [Song et al.| (2025), which requires known dynamics and initial solutions to accelerate
simulations, our approach does not assume known dynamics. Similarly, while [Seifner et al.| (2024) focus on
imputing missing time series data governed by ordinary differential equations (ODEs), our focus is forecasting
multiple future states for control applications. In parallel to our work, |Lai et al.| (2025) introduce PANDA, a
model trained on synthetic chaotic systems for scientific simulation tasks. In contrast, our approach targets
a broader range of dynamical regimes beyond chaos, incorporates real-world evaluation on control-related
systems, and explicitly investigates whether pretraining on synthetic data can generate the key properties of
foundation models.

From a broader perspective, this work relates to three main areas: robotics, time series, and synthetic data
pretraining. Similar to foundation models in robotics, we focus on real-world applications but aim to enhance
real-time control capabilities beyond high-level task execution. This involves leveraging time series sensor
data, which connects our research to time series foundation models. However, instead of focusing on repetitive
trend forecasting, we concentrate on modeling system dynamics, typically exhibiting more complex behaviors.
Additionally, we address the scarcity of large-scale real-world datasets by utilizing problem structure and
expert knowledge to tailor the generation of synthetic data for pretraining. We elaborate on the three domains
next.

In the domain of robotics, foundation models have predominantly concentrated on solving high-level tasks
(Firoozi et al. [2024; Zeng et al., 2023). Specifically, their focus has been on leveraging text and image
models to transfer general knowledge (such as object identification and understanding user text commands) to
enhance robot perception. Consequently, current foundation models for robotics adopt multimodal approaches,
incorporating additional data modalities to handle Vision-Language-Action scenarios (Vuong et al.| [2023;
Shah et al.| 2023). Models like RT-2 exemplify this trend, processing image, text, and numerical data to
facilitate exceptional perception and a more human-like understanding of the world (Brohan et al., [2022;
Zitkovich et al.; |2023). Similar architectures use specialized tokenization strategies, providing modularity to
multiple data modalities but limiting inference speed (Schubert et al.,[2023). However, the high dimensionality
of the encoded input renders these models computationally intensive and slow in execution, making them
unsuitable for low-level, high-speed, and real-time control tasks. In contrast, our work targets this limitation
by developing foundation models from scratch for real-time control tasks, focusing on the ability to accurately
model complex dynamical systems.

In the context of time series analysis, foundation models are predominantly applied to domains such as weather
forecasting, Internet search trends, and energy usage, where the underlying patterns exhibit regular cycles
and predictable behaviors. Notable examples include TimesFM (Das et al., [2024), Timer (Liu et al., 2024c]),
and TimeGPT (Garza & Mergenthaler-Canseco, 2023)). Current work in time series emphasizes handling
stable, cyclical data, often overlooking the complexities introduced by transient dynamics that characterize
more volatile or rapidly changing systems. Additionally, most existing models focus on independent signals,
disregarding the potential interactions and dependencies between multiple variables within a system (Nie
et all 2023 [Zeng et al. 2022)). This focus limits their applicability in scenarios where dynamics and
interdependencies of the system variables are crucial. In contrast, our work diverges by prioritizing the
modeling of intrinsic system dynamics, where time-dependent changes and interactions between variables are
fundamental.

In addition to advancements in robotics and time series, the pretraining of foundation models has largely
depended on vast, Internet-scale datasets. For instance, foundation models in robotics typically build upon
multimodal architectures pretrained on extensive, diverse datasets (Radford et al.,|2019; [Brown et al., 2020).
These models are then further trained on domain-specific datasets tailored for particular embodiments or
environments. Similarly, time series foundation models rely on large-scale datasets that aggregate data from
general domains, including applications like weather forecasting and energy consumption (Schneider et al.,
2023; [Bommasani et al., |2022)). However, the utilization of synthetic data in the pretraining process of
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these models remains minimal. Existing approaches sporadically incorporate synthetic data, such as using
simulations for robotics or cyclic functions for time series models (Das et al., [2024; [Vuong et al. 2023)).
Despite these efforts, the predominant reliance is still on preexisting, real-world Internet-scale datasets for
initial pretraining, not available for low-level control and dynamical systems. In contrast, our work focuses
on the use of purely synthetic data for training foundation models, leveraging data generation from RKHS
dynamics functions, which has not been explored before.

Finally, recent works have also explored foundation models for solving partial differential equations (PDEs).
Examples include multi-operator learning and extrapolation approaches (Sun et al., |2025)), efficient foundation
models for PDEs (Herde et al.| [2024), and multimodal architectures for predicting multiple operators and
symbolic expressions (Liu et al., [2024d). Generative and in-context pretraining strategies have also been
proposed, such as ZEBRA (Serrano et al. |2024)) and ICON (Yang et all [2023}; [Yang & Osher}, [2024]). In
addition, He et al.| (2025) investigate transformer-based architectures for large-scale chaotic system prediction,
exploring potential of attention mechanisms for modeling complex dynamics. Despite their relevance in
advancing operator learning and specialized architectures, these works address fundamentally different problem
formulations (often focusing on specific PDE families or narrower dynamical settings), whereas our goal is
to develop a general-purpose foundation model for real-time control across a broad spectrum of dynamical
regimes, trained purely on synthetic data.

3 Problem Formulation

We aim to model the dynamics of discrete-time dynamical systems, defined by the transition function
f: X xU — X, where the state x;11 evolves as

Tpy1 = f(@p, uk) + €p, (1)

with process noise €. The state space X C R% and action space U C R% represent the system’s state and
control input dimensions, respectively. We operate on finite-length trajectories consisting of state-action
pairs, denoted x = {(z1,u1),..., (xr,ur)}. Subtrajectories are expressed using slicing notation, e.g., Xg.k+#,
representing the sequence from time step k to k + H. This notation extends to sequences of only states or
only actions, such as zp.x+m and ug.prm.

The goal is to train a foundation model Fy that generalizes across a family of dynamical systems that are
randomly drawn from the space H. For any f € H, the model should precisely predict future states based on
past states and actions. Given a context window of length ¢ € N and a prediction horizon of length m € N,
the model predicts the future states Tx41.54+m using the context x;_..x—1 and future actions wg:g4m—1:

Tl 1ihrm = Fo(Xh—cih—1, Ukikpm—1)- (2)

The objective is to minimize the prediction error for all f € H, ensuring robust and accurate performance
across diverse dynamical systems. This state prediction problem essentially tests the capabilities of the
model Fy to capture the relevant dynamics of a system, which is needed in basically all of model-based
control. Explicitly, state prediction like (eq. ) is relevant in model-predictive control or state estimation,
for example.

Evaluation Objectives We consider the evaluation objectives (P1)—(P3). We assess the model’s ability to
generalize by evaluating its mean squared error across a range of dynamical systems, including both seen and
unseen systems from the family 7. The model’s data efficiency is quantified by its performance across varying
amounts of fine-tuning data. A data-efficient model achieves strong performance even when fine-tuned with
minimal data or in zero-shot predictions (i.e., when the pretrained foundation model is used directly without
any fine-tuning). Robustness is measured by the consistency of the model’s performance across different
training runs and fine-tuning configurations. It is evaluated by analyzing the range of MSE values across
multiple runs with different initializations and data subsets.
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4 Synthetic Data Generation

The goal of our synthetic data generation is to obtain representative data that resemble general dynamical
systems. In particular, we need a function space that is large enough, has easily adjustable properties such
as smoothness, and can efficiently be sampled from. We propose to sample dynamics functions from an
RKHS to create trajectory data. Kernel methods and RKHSs are frequently used in the context of dynamical
systems (Pillonetto et al., 2014} (Care et al., 2023)). Additionally, they have close connections to Gaussian
process regression (Williams & Rasmussen), [2006; [Kanagawa et al.|, 2018), which is often used to learn and
represent the dynamics function (Buisson-Fenet et all 2020} [Treven et al., 2023} [Svensson & Schénl, 2017}
[Geist & Trimpe [2020). Among other advantageous properties such as data efficiency and embedding of prior
knowledge, uniform error bounds are tractable (Srinivas et al.l 2012} [Fiedler et al., 2021)).

Whenever we represent dynamics functions with kernel methods, we obtain the approximation
n
fla) = aik(w, @), (3)
i=1

where z; are supporting (data) points and «; coefficients obtained from the specific training method. There
is a one-to-one correspondence between each RKHS #H and the corresponding kernel function &(.,.). Further,
the norm of f in the RKHS # is given by ||f||3, = Y10, Yo7, auajk(zi, z ).

We use eq. to sample functions from the RKHS. As a first design choice, we focus on dynamical
systems without any control inputs. The control is reintroduced later again in Sec.[6] Further, we break
down the problem of sampling the vectorfield f into sampling n independent functions f; : R%* — R,

where f(x) = (fi(x),..., fa(x))T. We choose the standard RBF kernel k(z,2') = o2 exp(f%) with
hyperparameters o2 and . We sample the supporting points x; uniformly from [Zmin, Tmax]% and coefficients
a; ~ N(0, Ui) randomly, where Zmin, Tmax, 03 are hyperparameters. To generate functions that represent
a broad variety of behaviors, we scale the RKHS norm of each function to a target value selected from a
uniform distribution between normy,;, and normy,,x, enabling to sample functions in a specific norm range.

NOrMtarget

We scale the coefficients o; to ensure the function achieves the target norm of = «; - T Our approach
of sampling RKHS functions is consistent with (Fiedler et al., |2021) and (Steinwart & Christmann, 2008).

We consider the sampled functions f to correspond to a continuous time dynamical system. This way, we have
more control over smoothness and discretization properties. To obtain trajectories, we use Euler’s method to
discretize the system dynamics, where the next state is given by zx11 = xx + At - f(xx) and we choose the
discretization step At as a hyperparameter. In principle, any other method such as Runge-Kutta approaches
could be used here as well.

Depending on the sampled dynamics and initial point zg, data might look extremely similar. Thus, we propose
a total variation selection criterion to remove overrepresented behavior and select trajectories, where the

0 25 50 5 100 125

Figure 2: Representative functions sampled from an RKHS (left) in a two-dimensional state (z1,x2) space
and an example trajectory generated from the sampled dynamics functions (right).
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Figure 3: Architecture of the decoder-only transformer model. The model projects inputs into an embedding
space using a residual block (RB), followed by N causal decoder blocks with multi-head self-attention (MHA)
and feed-forward networks (FFN). A final residual block projects from the embedding space to the output
space.
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model can learn a meaningful general representation. The total variation of a trajectory x = {zg,x1,...,27}
is defined (Royden & Fitzpatrick, 2010) as TV (x) = Ele lxx — xx—1]]. We select only those trajectories
whose total variation TV (x) falls within the predefined bounds TV pin < TV(x) < TV ax. Furthermore, we
split the trajectories into context part Xcontext = Xkr—c:k—1 and predicted part Xpredicted = Xk+1:k+m t0 select
trajectories based on the total variation difference between the two halves. We discard trajectories, where
ITV (Xcontext) — TV (Xpredicted)| > 6. The underlying assumption is that the input and output parts of the
trajectory should exhibit similar dynamics and thus have similar total variation. In practice, we choose §
slightly smaller than TV .x — TV i to discard trajectories where the output part is nearly constant. Finally,
we bin the trajectories based on their total variation and downsample from overrepresented bins to ensure a
balanced distribution of trajectories across the total variation spectrum. A representative function sample
with its corresponding trajectory are shown in Figure [2}

We summarize our approach: (i) sample N dynamics functions from the RKHS, (ii) scale each dynamics
function’s coefficients to a selected norm, (iii) sample a single trajectory from each dynamics functions using
Euler’s method, yielding N trajectories, (iv) select trajectories based on a total variation threshold and the
total variation threshold of the context and prediction part, and (v) bin trajectories based on total variation
and downsample overrepresented bins.

5 Model

We utilize a decoder-only transformer model, as introduced by |Das et al.| (2024]), which achieves state-of-
the-art performance for time series foundation models. Specifically designed for time series forecasting, this
architecture can effectively capture complex temporal dependencies and nonlinear dynamics, making it ideal
for modeling dynamical systems.

Model Architecture The model processes sequences of state-action pairs, (zx,ur) € X x Y. Given an
input trajectory {(z1,u1),...,(xr,ur)}, it predicts a future trajectory {Zs,...,274+1}. Only predictions
({Zct1, .-+, Zcrm}) beyond the observed context are used for evaluation. Formally, given

(Xinput; uinput) - {('Tlv Ul), ey (xm uC)7 (Oa uc+1)7 sy (07 uC-‘rm)}v (4)

where states beyond ¢ are set to zero as placeholders, the model generates {Zs,...,#ctm+1}, using only
{Zct+1, -+, Zerm} as valid predictions for the true future states.

The overall model architecture is illustrated in Figure Input state-action pairs (x;,u;) are projected
into a high-dimensional embedding space via a Residual Block (Das et al., 2023), expressed as ; embed =
ResidualBlock(z;, u;), capturing intricate system dynamics. The embedded sequence is then processed by a
causal decoder with N decoder blocks using self-attention (Vaswani et al., [2017). This causal design ensures



Under review as submission to TMLR

Figure 4: Custom cart-pole system on the left (image taken from (Anonymous) [2024])) and Quanser Qube
Servo 2 Furuta systems on the right.

predictions depend only on past and present inputs, enabling the capture of long-range dependencies to
predict future states:

Z0:c+m,decoder = deCOder(xO:c+m,embed)~ (5)

Model Training The model undergoes a two-phase training process: pretraining on synthetic data, as
described in Section [4] to generalize across various dynamical systems, followed by optional fine-tuning
on task-specific datasets using a reduced learning rate and fewer epochs for system-specific adaptation. We
optimize the model using the AdamW optimizer (Loshchilov & Hutter} |2017)), which combines adaptive
learning rates with weight decay for stable and efficient training. Following Das et al.| (2024]), we increase the
model’s flexibility and robustness by employing random masking (masking 10% of input states) and output
patching with a patch size of two while omitting input patching. This enables the model to predict two future
states simultaneously during training, and focus on the actual dynamics of the series.

Data Augmentation We apply data augmentation techniques to improve model training and generalization,
distinguishing between synthetic data during pretraining and dynamical systems data during fine-tuning.
During pretraining, we apply scaling and shifting (Wen et al., 2020)) to trajectories: x’ = ax + 3, where
@ € [Qmin, @max) and B € [Bmin, Bmax] are randomly sampled from uniform distributions. During fine-tuning,
we add Gaussian noise (iid) to each state measurement of the dynamical systems data: zj = xj + ¢j, where

E ~ N(O,JQ).

6 Experiments

In this section, we will validate that pretraining our transformer model on RKHS data yields the typical
foundation model properties (P1)—(P3)[f] In particular, we will show: (i) our model generalizes, i.e., it is able
to accurately predict future states of completely unseen systems, indicating that the transformer architecture
is a good choice overall; (ii) learning is more robust, i.e., our synthetically pretrained transformer model
performs best and additionally shows significantly lower variance than all other baselines; and (iii) we are
more data efficient, i.e., the loss of the synthetically pretrained model is substantially lower than of all other
models when new data is used for fine-tuning instead of learning from scratch.

We evaluate the proposed pipeline on both simulation and hardware systems. Our transformer model,
comprising 20 layers and approximately 3.4 million parameters, is pretrained on synthetic RKHS data and
optionally fine-tuned on dynamical systems data. This yields two models: the pretrained model (Pre)
and the fine-tuned model (Ft), which are evaluated on test sets and compared against baselines. Each
experiment is repeated 20 times for statistical significance.

Datasets We use both simulated and real-world datasets for training and evaluation. The simulated
datasets are: (i) a cart-pole simulation with fixed parameters and constant action of zero, where the pole
is randomly initialized near the upright position and swings freely, and (ii) a cart-pole simulation with

IThe code and data from this work can be downloaded from Anonymous Repository.
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randomized parameters and pink noise action, with each trajectory reflecting a unique system configuration.
The hardware datasets are: (iii) a custom cart-pole system with action, whose parameters are described in
(Anonymous, 2024), and (iv) a Furuta pendulum using the Quanser Qube Servo 2 (Quanser] [2024). Both
hardware systems are shown in Figure [4

6.1 Experimental Setup

Evaluation Metrics We evaluate our models based on the defined objectives (P1)—(P3). The evaluation
metric for generalization is the mean squared error (MSE) over the trajectory. For the unseen part of the
trajectory (i.e., the prediction horizon) of length m, we calculate the MSE between the predicted states %;
and true states x; as MSE = L 37" ||%, — x¢||*. Furthermore, we assess the robustness of the model by
evaluating the range of MSE values across the worst and best runs. A smaller range indicates a more stable
and robust model. To investigate data efficiency, we conduct experiments using datasets of varying sizes: 2%,
10%, and 100% of the total 20,000 trajectories for each training dataset and compare the MSE across these
data levels. In this setup, the pretrained model is treated as having seen 0% of the data, as it has not seen
any data from the cart-pole system. We compare the performance of our proposed model against several
baselines:

o Linear Regression (LR): A classical method with limitations in capturing nonlinearity.

o Feedforward Neural Network (FNN): A small neural network with three layers consisting of
128, 64, and 32 neurons, respectively, using ReLLU activation functions.

o Smaller Transformer (ST): A reduced version of the proposed transformer model (without
pretraining), using the same decoder-only architecture but with 8 layers and approximately 200k
parameters.

o Large Transformer (LT): The proposed transformer model (without pretraining), of 20 layers and
approximately 3.4 million parameters. The LT baseline is not pretrained, serving as an ablation of
the pretraining and thus shows the impact of it and the foundation model paradigm.

Since LR and FNN lack the causality mechanism inherent in transformer architectures, we apply an iterative
prediction approach. In this setup, the predicted state is fed back into the model to predict the subsequent
state, resulting in the prediction formulation xg.x431 ~ :ﬁkEgQ, where the model takes state-action pairs from
steps k to k + 31 as input to predict the state at step k + 32. This ensures a fair comparison, since all models
have access to the same data for each prediction step.

In addition, we compare our approach with the zero-shot performance of TimesFM (Das et al. 2024) and
Timer (Liu et al.l |2024c), two state-of-the-art foundation models for time-series forecasting pretrained on
large-scale trend-heavy datasets. This comparison emphasizes the core idea of our work: that pretraining on
synthetically generated trajectories from a rich RKHS sampling of dynamical functions (capturing diverse
behaviors and regimes beyond the trends seen in typical large-scale datasets) yields models that exhibiting
the foundation model properties (P1)—(P3) in a dynamical systems setting. Further, it is not sufficient to
train on trend-heavy datasets.

6.2 Simulation Cart-Pole Experiments

Figure [f] shows the simulation results. Across both experiments, the transformer models exhibit good
generalization, as indicated by low MSE values. Notably, the pretrained and fine-tuned models outperform
the baselines—including both the smaller and larger transformer variants—demonstrating the advantages of
pretraining on synthetic data. Comparing LT and Ft further reveals that pretraining significantly enhances the
fine-tuning phase, leading to faster convergence and improved performance, especially in low-data scenarios.

Furthermore, the zero-shot pretrained transformer model (Pre) achieves reasonable performance despite not
having seen any cart-pole data. In the fixed parameter experiment, it outperforms the linear regression
baseline and performs comparably to the feedforward neural network in low-data scenarios, highlighting its
effectiveness in zero-shot prediction settings. In the randomized parameters experiment with pink noise,
although the pretrained model’s performance is reduced (likely due to random actions introducing unseen
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Figure 5: Simulation results for the cart-pole system. Left: fixed parameters with constant action. Right:
randomized parameters with pink noise action. The plots show the MSE of our models (Pre, Ft) outperform
the baselines (LR, FNN, ST, LT). Similarly, the Timer and TimesFM (T-FM
baselines are shown as dotted lines. in both settings being outperformed in zero-short settings by our
synthetic data—pretrained models.

dynamics), it still provides a robust initialization that contributes to the superior performance and robustness
of the fine-tuned model.

In addition, the zero-shot performance of our model, pretrained on purely synthetic data, outperforms
the zero-shot performance of both TimesFM and Timer (Liu et al. [2024¢), shown as
dotted lines in Figure [l Despite being pretrained on large-scale, trend-heavy Internet datasets, both models
are consistently outperformed by our synthetic data—pretrained transformer, especially in the randomized
parameters setting with pink noise actions. This suggests that pretraining on synthetic trajectories tailored
to dynamical systems can provide more relevant inductive biases than large-scale generic time-series data,
particularly when system dynamics are driven by non-constant control inputs. This advantage is of special
importance, as the acquisition of relevant real world data is expensive in comparison with the generation of
well chosen synthetic data.

Figure [0] presents a specific cart-pole trajectory with fixed

. - . — Ft Pre —— Actual
parameters and constant action, comparing the pretrained
and fine-tuned models against the actual velocities & and 0.10 1O\ N2 AL
angular velocity 6 (note the different y-axis scalings). This B = : \
trajectory demonstrates the strength of the pretrained 0.05 :

model and the improvement after fine-tuning. T - T

6.3 Hardware Cart-Pole and Furuta Experiments

Results from applying the foundation model on actual

experimental data are shown in Figure []] We exclude 0 20 40 60
linear regression due to its poor performance, and zero- Time Steps

shot performance (Pre) was omitted since pretraining
considered zero action (u = 0), which is not the case here.
Action is highly relevant in these experiments, and Ft can
adapt to it.

Figure 6: Example trajectory for the cart-pole
system with fixed parameters and constant action.
The plot compares the pretrained and fine-tuned
For the hardware cart-pole with the full dataset (20,000 models with the actual & and 6.

trajectories), the best run of the large transformer (LT)

slightly outperforms the fine-tuned transformer (Ft), indi-

cating that a large amount of data can partially offset the

benefits of pretraining. However, the median performance
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Figure 7: Hardware results for the cart-pole (left) and Furuta pendulum (right). The plots compare the MSE
of the fine-tuned model (Ft) against baselines (FNN, ST, LT) across data subsets, highlighting generalization,
data efficiency, and robustness of our approach.

of the fine-tuned transformer remains superior, highlighting its reliability and data efficiency. Additionally,
the fine-tuned transformer shows robust performance, as evidenced by its narrow range of MSE values across
runs.

The results for the hardware Furuta pendulum system follow similar trends. While all baseline models have
a high range of MSE values across runs, the fine-tuned transformer (Ft) consistently show a narrow range,
reflecting its stable and reliable performance. This robustness is maintained across all data subsets, suggesting
that increasing data alone does not resolve the variability observed in the baselines.

Figure [§] presents a specific trajectory of the hardware Furuta system. The plot compares the fine-tuned
model with the FNN baseline and the actual trajectory, showcasing that the fine-tuned model closely follows
the real dynamics and outperforms the FNN baseline.

Overall, the experimental results support the fact that the
foundation model pretrained with synthetic data shows:
(P1) generalization, which is demonstrated by the con-
sistently low MSE observed in both simulation (fixed and :
randomized experiments) and hardware tests, indicating T T T
that our model accurately predicts unseen dynamics; (P2) ~ 00 '\/—
data efficiency, which relates to the competitive perfor- = —2.5 1 ;

mance achieved even with limited training data, as seen

11 :
in the zero-shot and low-data scenarios; and (P3) robust &4 _ﬂ
performance, which is reflected in the low variance of :

— Ft FNN —— Actual

MSE across different runs and setups, confirming the sta- 0 20 40 60
bility of our approach in both simulated and real-world Time Steps
conditions.

Figure 8: Hardware trajectory for the Furuta
7 Conclusion pendulum system. The plot compares the fine-
tuned model (Ft) against the FNN baseline and
This work investigated the viability of foundation mod- the arm angle 6, and angular velocity 6y (with
els for state predictions in dynamical systems using a control action 7).
transformer-based approach entirely trained on carefully
designed synthetic data. In this context, we show that foundation models achieve: (P1) effective general-
ization to unseen systems, (P2) data efficiency enabled by pretraining on synthetic data, and (P3) robust
performance across varying conditions. In our simulation experiments, the synthetic data pretrained and
finetuned model consistently outperforms baseline methods, achieving lower MSE and reduced performance
variance. Hardware experiments further supported these findings by showing the model’s ability to adapt

10
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to real-world control tasks with minimal fine-tuning. The observed zero-shot performance and subsequent
improvements after fine-tuning highlight the role of synthetic data pretraining in enhancing (P1)—(P3). These
results contribute toward future research in real-time control systems and the development of generalist models
for a broad range of dynamical applications. In summary, our work provides a compelling demonstration
that synthetic data pretraining can serve as a robust foundation for scalable and adaptive models in control
applications.

References
Anonymous. Details omitted for double-blind review, 2024.

Rishi Bommasani, Drew A. Hudson, Ehsan Adeli, Russ Altman, Simran Arora, Sydney von Arx, Michael S.
Bernstein, Jeannette Bohg, Antoine Bosselut, Emma Brunskill, Erik Brynjolfsson, Shyamal Buch, Dallas
Card, Rodrigo Castellon, Niladri Chatterji, Annie Chen, Kathleen Creel, Jared Quincy Davis, Dora
Demszky, Chris Donahue, Moussa Doumbouya, Esin Durmus, Stefano Ermon, John Etchemendy, Kawin
Ethayarajh, Li Fei-Fei, Chelsea Finn, Trevor Gale, Lauren Gillespie, Karan Goel, Noah Goodman, Shelby
Grossman, Neel Guha, Tatsunori Hashimoto, Peter Henderson, John Hewitt, Daniel E. Ho, Jenny Hong,
Kyle Hsu, Jing Huang, Thomas Icard, Saahil Jain, Dan Jurafsky, Pratyusha Kalluri, Siddharth Karamcheti,
Geoff Keeling, Fereshte Khani, Omar Khattab, Pang Wei Koh, Mark Krass, Ranjay Krishna, Rohith
Kuditipudi, Ananya Kumar, Faisal Ladhak, Mina Lee, Tony Lee, Jure Leskovec, Isabelle Levent, Xiang Lisa
Li, Xuechen Li, Tengyu Ma, Ali Malik, Christopher D. Manning, Suvir Mirchandani, Eric Mitchell, Zanele
Munyikwa, Suraj Nair, Avanika Narayan, Deepak Narayanan, Ben Newman, Allen Nie, Juan Carlos Niebles,
Hamed Nilforoshan, Julian Nyarko, Giray Ogut, Laurel Orr, Isabel Papadimitriou, Joon Sung Park, Chris
Piech, Eva Portelance, Christopher Potts, Aditi Raghunathan, Rob Reich, Hongyu Ren, Frieda Rong, Yusuf
Roohani, Camilo Ruiz, Jack Ryan, Christopher Ré, Dorsa Sadigh, Shiori Sagawa, Keshav Santhanam, Andy
Shih, Krishnan Srinivasan, Alex Tamkin, Rohan Taori, Armin W. Thomas, Florian Tramer, Rose E. Wang,
William Wang, Bohan Wu, Jiajun Wu, Yuhuai Wu, Sang Michael Xie, Michihiro Yasunaga, Jiaxuan You,
Matei Zaharia, Michael Zhang, Tianyi Zhang, Xikun Zhang, Yuhui Zhang, Lucia Zheng, Kaitlyn Zhou, and
Percy Liang. On the opportunities and risks of foundation models. arXiv preprint arXiv:2108.07258, 2022.

Anthony Brohan, Noah Brown, Justice Carbajal, Yevgen Chebotar, Joseph Dabis, Chelsea Finn, Keerthana
Gopalakrishnan, Karol Hausman, Alexander Herzog, Jasmine Hsu, Julian Ibarz, Brian Ichter, Alex
Irpan, Tomas Jackson, Sally Jesmonth, Nikhil Joshi, Ryan Julian, Dmitry Kalashnikov, Yuheng Kuang,
and Brianna Zitkovich. Rt-1: Robotics transformer for real-world control at scale. arXiv preprint
arXiv:2212.06817, 2022.

Tom B. Brown, Benjamin Mann, Nick Ryder, Melanie Subbiah, Jared Kaplan, Prafulla Dhariwal, Arvind
Neelakantan, Pranav Shyam, Girish Sastry, Amanda Askell, Sandhini Agarwal, Ariel Herbert-Voss, Gretchen
Krueger, Tom Henighan, Rewon Child, Aditya Ramesh, Daniel M. Ziegler, Jeffrey Wu, Clemens Winter,
Christopher Hesse, Mark Chen, Eric Sigler, Mateusz Litwin, Scott Gray, Benjamin Chess, Jack Clark,
Christopher Berner, Sam McCandlish, Alec Radford, Ilya Sutskever, and Dario Amodei. Language models
are few-shot learners. In NeurIPS, NeurIPS. Curran Associates Inc., 2020.

Mona Buisson-Fenet, Friedrich Solowjow, and Sebastian Trimpe. Actively learning gaussian process dynamics.
In Learning for dynamics and control. PMLR, 2020.

Algo Care, Ruggero Carli, Alberto Dalla Libera, Diego Romeres, and Gianluigi Pillonetto. Kernel methods
and gaussian processes for system identification and control: A road map on regularized kernel-based
learning for control. IEEE Control Systems Magazine, 43(5):69-110, 2023.

Abhimanyu Das, Weihao Kong, Andrew Leach, Shaan K Mathur, Rajat Sen, and Rose Yu. Long-term
forecasting with tiDE: Time-series dense encoder. TMLR, 2023.

Abhimanyu Das, Weihao Kong, Rajat Sen, and Yichen Zhou. A decoder-only foundation model for time-series
forecasting. In ICML, volume 235 of PMLR, pp. 10148-10167. PMLR, 2024.

Christian Fiedler, Carsten W Scherer, and Sebastian Trimpe. Practical and rigorous uncertainty bounds for
gaussian process regression. In AAAI 2021.

11



Under review as submission to TMLR

Roya Firoozi, Johnathan Tucker, Stephen Tian, Anirudha Majumdar, Jiankai Sun, Weiyu Liu, Yuke Zhu,
Shuran Song, Ashish Kapoor, Karol Hausman, Brian Ichter, Danny Driess, Jiajun Wu, Cewu Lu, and Mac
Schwager. Foundation models in robotics: Applications, challenges, and the future. The International
Journal of Robotics Research, 09 2024.

Azul Garza and Max Mergenthaler-Canseco. Timegpt-1. arXiv preprint arXiv:2310.03589, 2023.

Andreas Geist and Sebastian Trimpe. Learning constrained dynamics with gauss’ principle adhering gaussian
processes. In Learning for Dynamics and Control. PMLR, 2020.

Benyamin Ghojogh, Ali Ghodsi, Fakhri Karray, and Mark Crowley. Reproducing kernel hilbert space, mercer’s
theorem, eigenfunctions, nystréom method, and use of kernels in machine learning: Tutorial and survey.
arXiv preprint arXiv:2106.08443, 2021.

Yi He, Yiming Yang, Xiaoyuan Cheng, Hai Wang, Xiao Xue, Boli Chen, and Yukun Hu. Chaos meets
attention: Transformers for large-scale dynamical prediction. arXiv preprint arXiv:2504.20858, 2025.

Dan Hendrycks, Kimin Lee, and Mantas Mazeika. Using pre-training can improve model robustness and
uncertainty. In ICML, pp. 2712-2721. PMLR, 2019.

Maximilian Herde, Bogdan Raonic, Tobias Rohner, Roger Képpeli, Roberto Molinaro, Emmanuel de Bézenac,
and Siddhartha Mishra. Poseidon: Efficient foundation models for pdes. Advances in Neural Information
Processing Systems, 37:72525-72624, 2024.

Motonobu Kanagawa, Philipp Hennig, Dino Sejdinovic, and Bharath K Sriperumbudur. Gaussian processes
and kernel methods: A review on connections and equivalences. arXiv preprint arXiv:1807.02582, 2018.

Alexander Kirillov, Eric Mintun, Nikhila Ravi, Hanzi Mao, Chloe Rolland, Laura Gustafson, Tete Xiao,
Spencer Whitehead, Alexander C Berg, Wan-Yen Lo, et al. Segment anything. In Proceedings of the
IEEE/CVF International Conference on Computer Vision, pp. 4015-4026, 2023.

Jeffrey Lai, Anthony Bao, and William Gilpin. Panda: A pretrained forecast model for universal representation
of chaotic dynamics. arXiv preprint arXiw:2505.13755, 2025.

Fan Liu, Tianshu Zhang, Wenwen Dai, Chuanyi Zhang, Wenwen Cai, Xiaocong Zhou, and Delong Chen.
Few-shot adaptation of multi-modal foundation models: A survey. Artificial Intelligence Review, 57(10):
268, 2024a.

Shilong Liu, Zhaoyang Zeng, Tianhe Ren, Feng Li, Hao Zhang, Jie Yang, Qing Jiang, Chunyuan Li, Jianwei
Yang, Hang Su, et al. Grounding dino: Marrying dino with grounded pre-training for open-set object
detection. In European Conference on Computer Vision, pp. 38-55. Springer, 2024b.

Yong Liu, Haoran Zhang, Chenyu Li, Xiangdong Huang, Jianmin Wang, and Mingsheng Long. Timer:
Generative pre-trained transformers are large time series models. In ICML, 2024c.

Yuxuan Liu, Zecheng Zhang, and Hayden Schaeffer. Prose: Predicting multiple operators and symbolic
expressions using multimodal transformers. Neural Networks, 180:106707, 2024d.

Ilya Loshchilov and Frank Hutter. Decoupled weight decay regularization. In ICLR, 2017.

Yuqi Nie, Nam H Nguyen, Phanwadee Sinthong, and Jayant Kalagnanam. A time series is worth 64 words:
Long-term forecasting with transformers. In ICLR, 2023.

Gianluigi Pillonetto, Francesco Dinuzzo, Tianshi Chen, Giuseppe De Nicolao, and Lennart Ljung. Kernel
methods in system identification, machine learning and function estimation: A survey. Automatica, 2014.

Quanser. Quanser qube servo 2, 2024. URL https://www.quanser.com/products/qube-servo-2/. Ac-
cessed: 2024-10-04.

Alec Radford, Jeffrey Wu, Rewon Child, David Luan, Dario Amodei, Ilya Sutskever, et al. Language models
are unsupervised multitask learners. OpenAI blog, 1(8):9, 2019.

12


https://www.quanser.com/products/qube-servo-2/

Under review as submission to TMLR

Joel A. Rosenfeld, Benjamin P. Russo, Rushikesh Kamalapurkar, and Taylor T. Johnson. The occupation
kernel method for nonlinear system identification. SIAM Journal on Control and Optimization, 62(3):
1643-1668, 2024.

Halsey Royden and Patrick Michael Fitzpatrick. Real analysis. China Machine Press, 2010.

Timo Schick and Hinrich Schiitze. It’s not just size that matters: Small language models are also few-shot
learners. arXiv preprint arXi:2009.07118, 2020.

Johannes Schneider, Christian Meske, and Pauline Kuss. Foundation models: A new paradigm for artificial
intelligence. Business & Information Systems Engineering, Dec 2023.

Ingmar Schubert, Jingwei Zhang, Jake Bruce, Sarah Bechtle, Emilio Parisotto, Martin Riedmiller, Jost Tobias
Springenberg, Arunkumar Byravan, Leonard Hasenclever, and Nicolas Heess. A generalist dynamics model
for control. arXiv preprint arXiv:2305.10912, 2023.

Patrick Seifner, Kostadin Cvejoski, Antonia Koérner, and Ramsés J Sanchez. Foundational inference models
for dynamical systems. arXiv preprint arXiv:2402.07594, 2024.

Louis Serrano, Armand Kassai Koupai, Thomas X Wang, Pierre Erbacher, and Patrick Gallinari. Zebra:
In-context and generative pretraining for solving parametric pdes. arXiv preprint arXiv:2410.03437, 2024.

Dhruv Shah, Ajay Kumar Sridhar, Nitish Dashora, Kyle Stachowicz, Kevin Black, Noriaki Hirose, and Sergey
Levine. Vint: A foundation model for visual navigation. In CoRL, 2023.

Zezheng Song, Jiaxin Yuan, and Haizhao Yang. Fmint: Bridging human designed and data pretrained models
for differential equation foundation model for dynamical simulation. Advanced Theory and Simulations, pp.
2500062, 2025.

Niranjan Srinivas, Andreas Krause, Sham M Kakade, and Matthias W Seeger. Information-theoretic regret
bounds for gaussian process optimization in the bandit setting. IEEFE transactions on information theory,
2012.

Ingo Steinwart and Andres Christmann. Support Vector Machines. Springer, 2008.

Jingmin Sun, Yuxuan Liu, Zecheng Zhang, and Hayden Schaeffer. Towards a foundation model for partial
differential equations: Multioperator learning and extrapolation. Physical Review E, 111(3):035304, 2025.

Andreas Svensson and Thomas B Schén. A flexible state—space model for learning nonlinear dynamical
systems. Automatica, 2017.

Lenart Treven, Cansu Sancaktar, Sebastian Blaes, Stelian Coros, and Andreas Krause. Optimistic active
exploration of dynamical systems. NeurIPS, 2023.

Ashish Vaswani, Noam M. Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N. Gomez, Lukasz
Kaiser, and Illia Polosukhin. Attention is all you need. In NeurIPS, 2017.

Quan Vuong, Sergey Levine, Homer Rich Walke, Karl Pertsch, Anikait Singh, Ria Doshi, Charles Xu, Jianlan
Luo, Liam Tan, Dhruv Shah, et al. Open x-embodiment: Robotic learning datasets and rt-x models. In
Towards Generalist Robots: Learning Paradigms for Scalable Skill Acquisition at Conference on Robot
Learning 2023, 2023.

Qingsong Wen, Liang Sun, Xiaomin Song, Jing Gao, Xue Wang, and Huan Xu. Time series data augmentation
for deep learning: A survey. In IJCAI 2020.

Christopher KI Williams and Carl Edward Rasmussen. Gaussian processes for machine learning. MIT press
Cambridge, MA, 2006.

Liu Yang and Stanley J Osher. Pde generalization of in-context operator networks: A study on 1d scalar
nonlinear conservation laws. Journal of Computational Physics, 519:113379, 2024.

13



Under review as submission to TMLR

Liu Yang, Siting Liu, Tingwei Meng, and Stanley J Osher. In-context operator learning with data prompts
for differential equation problems. Proceedings of the National Academy of Sciences, 120(39):€2310142120,
2023.

Yang Yuan. On the power of foundation models. In ICML, volume 202 of PMLR, pp. 40519-40530. PMLR,
2023.

Ailing Zeng, Mu-Hwa Chen, L. Zhang, and Qiang Xu. Are transformers effective for time series forecasting?
In AAAIL 2022.

Fanlong Zeng, Wensheng Gan, Yongheng Wang, Ning Liu, and Philip S. Yu. Large language models for
robotics: A survey. arXiv preprint arXiw:2311.07226, 2023.

Ce Zhou, Qian Li, Chen Li, Jun Yu, Yixin Liu, Guangjing Wang, Kai Zhang, Cheng Ji, Qiben Yan, Lifang
He, et al. A comprehensive survey on pretrained foundation models: A history from bert to chatgpt.
International Journal of Machine Learning and Cybernetics, pp. 1-65, 2024.

Brianna Zitkovich, Tianhe Yu, Sichun Xu, Peng Xu, Ted Xiao, Fei Xia, Jialin Wu, Paul Wohlhart, Stefan
Welker, Ayzaan Wahid, Quan Vuong, Vincent Vanhoucke, Huong Tran, Radu Soricut, Anikait Singh, Jaspiar
Singh, Pierre Sermanet, Pannag R. Sanketi, Grecia Salazar, Michael S. Ryoo, Krista Reymann, Kanishka
Rao, Karl Pertsch, Igor Mordatch, Henryk Michalewski, Yao Lu, Sergey Levine, Lisa Lee, Tsang-Wei Edward
Lee, Isabel Leal, Yuheng Kuang, Dmitry Kalashnikov, Ryan Julian, Nikhil J. Joshi, Alex Irpan, Brian
Ichter, Jasmine Hsu, Alexander Herzog, Karol Hausman, Keerthana Gopalakrishnan, Chuyuan Fu, Pete
Florence, Chelsea Finn, Kumar Avinava Dubey, Danny Driess, Tianli Ding, Krzysztof Marcin Choromanski,
Xi Chen, Yevgen Chebotar, Justice Carbajal, Noah Brown, Anthony Brohan, Montserrat Gonzalez Arenas,
and Kehang Han. Rt-2: Vision-language-action models transfer web knowledge to robotic control. In Jie
Tan, Marc Toussaint, and Kourosh Darvish (eds.), CoRL, volume 229 of PMLR, pp. 2165-2183. PMLR,
0609 Nov 2023.

14



	Introduction
	Related Work
	Problem Formulation
	Synthetic Data Generation
	Model
	Experiments
	Experimental Setup
	Simulation Cart-Pole Experiments
	Hardware Cart-Pole and Furuta Experiments

	Conclusion

