Uncoupled and Convergent Learning in Two-Player Zero-Sum Markov Games

Yang Cai '

Abstract

We revisit the problem of learning in two-player
zero-sum Markov games, focusing on developing
an algorithm that is uncoupled, convergent, and
rational, with non-asymptotic convergence rates
to Nash equilibrium. We start from the case of
stateless matrix game with bandit feedback as a
warm-up, showing an O (¢~ %) last-iterate conver-
gence rate. To the best of our knowledge, this is
the first result that obtains finite last-iterate conver-
gence rate given access to only bandit feedback.
We extend our result to the case of irreducible
Markov games, providing a last-iterate conver-
gence rate of O(tfﬁ) for any ¢ > 0. Finally,
we study Markov games without any assumptions
on the dynamics, and show a path convergence
rate, a new notion of convergence we define, of
O(t~10). Our algorithm removes the synchro-
nization and prior knowledge requirement of (Wei
et al., 2021a), which pursued the same goals as
us for irreducible Markov games. Our algorithm
is related to (Chen et al., 2021; Cen et al., 2021)
and also builds on the entropy regularization tech-
nique. However, we remove their requirement of
communications on the entropy values, making
our algorithm entirely uncoupled.

1. Introduction

In multi-agent learning, a central question is how to de-
sign algorithms so that agents can independently learn (i.e.,
with little coordination overhead) how to interact with each
other. Additionally, it is desirable to maximally reuse exist-
ing single-agent learning algorithms, so that the multi-agent
system can be built in a modular way. Motivated by this
question, decentralized multi-agent learning emerges with
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the goal to design decentralized systems, in which no cen-
tral controller governs the policies of the agents, and each
agent learns based on only their local information — just like
in a single-agent algorithm. In recent years, we have wit-
nessed significant success of this new decentralized learning
paradigm. For example, self-play, where each agent inde-
pendently deploys the same single-agent algorithm to play
against each other without further direct supervision, plays
a crucial role in the training of AlphaGo (Silver et al., 2017)
and Al for Stratego (Perolat et al., 2022). Despite the recent
success, many important questions remain open in decentral-
ized multi-agent learning. Indeed, unless the decentralized
algorithm is carefully designed, self-play often falls short
of attaining certain sought-after global characteristics, such
as convergence to the global optimum or stability as seen in,
for example, (Mertikopoulos et al., 2018; Bailey & Piliouras,
2018).

In this work, we revisit the problem of learning in two-player
zero-sum Markov games, which has received extensive at-
tention recently. Our goal is to design a decentralized algo-
rithm that resembles standard single-agent reinforcement
learning (RL) algorithms, but with an additional crucial as-
surance, that is, guaranteed convergence when both players
deploy the algorithm. The simultaneous pursuit of indepen-
dence and convergence has been advocated widely (Bowling
& Veloso, 2001; Arslan & Yiiksel, 2016; Wei et al., 2021a;
Sayin et al., 2021), while the results are still not entirely
satisfactory. In particular, all of these results rely on assump-
tions on the dynamics of the Markov game. Our paper takes
the first step to remove such assumptions.

More specifically, our goal is to design algorithms that simul-
taneously satisfy the following three properties (the defini-
tions are adapted from (Bowling & Veloso, 2001; Daskalakis
etal., 2011)):

* Uncoupled: Each player ¢’s action is generated by a
standalone procedure P; which, in every round, only
receives the current state and player ¢’s own reward
as feedback (in particular, it has no knowledge about
the actions or policies used by the opponent). There is
no communication or shared randomness between the
players.

e Convergent: The policy pair of the two players con-
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verges to a Nash equilibrium.

* Rational: If P; competes with an opponent who uses
a policy sequence that converges to a stationary one,
then P; converges to the best response of this stationary
policy.

The uncoupledness and rationality property capture the inde-
pendence of the algorithm, while the convergence property
provides a desirable global guarantee. Interestingly, as ar-
gued in (Wei et al., 2021a), if an algorithm is uncoupled
and convergent, then it is also rational, so we only need to
ensure that the algorithm is uncoupled and convergent. Re-
garding the notion of convergence, the standard definition
above only allows last-iterate convergence. Considering
the difficulty of achieving such convergence, in the related
work review (Section 2) and in the design of our algorithm
for general Markov games (Section 6), we also consider
weaker notions of convergence, including the best-iterate
convergence, which only requires that the Cesaro mean of
the duality gap is convergent, and the path convergence,
which only requires the convergence of the Cesaro mean
of the duality gap assuming minimax/maximin policies are
followed in future steps. The precise definitions of these
convergence notions are given at the end of Section 3.

1.1. Our Contributions

The main results in this work are as follows (see also Table 1
for comparisons with prior works):

¢ As a warm-up, for the special case of matrix games
with bandit feedback, we develop an uncoupled algo-
rithm with a last-iterate convergence rate of O(¢~ s ) un-
der self-play (Section 4). To the best of our knowledge,
this is the first algorithm with provable last-iterate con-
vergence rate in the setting.

* Generalizing the ideas from matrix games, we further
develop an uncoupled algorithm for irreducible Markov
games with a last-iterate convergence rate of O (¢~ 94%&)
for any € > 0 under self-play (Section 5).

* Finally, for general Markov games without additional
assumptions, we develop an uncoupled algorithm with
a path convergence rate of (’)(t_%o) under self-play
(Section 6).

Our algorithms leverage recent advances on using entropy
to regularize the policy updates (Cen et al., 2021; Chen
et al., 2021) and the Nash-V-styled value updates (Bai et al.,
2020). On the one hand, compared to (Cen et al., 2021;
Chen et al., 2021), our algorithm has the following advan-
tages: 1) it does not require the two players to exchange
their entropy information, which allows our algorithm to

be fully uncoupled; 2) it does not require the players to
have synchronized policy updates, 3) it naturally extends
to general Markov games without any assumptions on the
dynamics (e.g., irreducibility). On the other hand, our al-
gorithm inherits appealing properties of Nash-V (Bai et al.,
2020), but additionally guarantees path convergence during
execution.

2. Related Work

The study of two-player zero-sum Markov games origi-
nated from (Shapley, 1953), with many other works further
developing algorithms and establishing convergence prop-
erties (Hoffman & Karp, 1966; Pollatschek & Avi-Itzhak,
1969; Van Der Wal, 1978; Filar & Tolwinski, 1991). How-
ever, these works primarily focused on solving the game
with full knowledge of its parameters (i.e., payoff func-
tion and transition kernel). The problem of learning in
zero-sum games was first formalized by (Littman, 1994).
Designing a provably uncoupled, rational, and convergent
algorithm is challenging, with many attempts (Szepesvari
& Littman, 1999; Bowling & Veloso, 2001; Hu & Wellman,
2003; Conitzer & Sandholm, 2007; Arslan & Yiiksel, 2016;
Sayin et al., 2020) falling short in one aspect or another, of-
ten lacking either uncoupledness or convergence. Moreover,
these works only establish asymptotic convergence without
providing a concrete convergence rate.

2.1. Non-asymptotic convergence guarantees

Recently, a large body of works on learning two-player zero-
sum Markov games use regret minimization techniques to
establish non-asymptotic guarantees. They focus on fast
computation under full information of payoff and transitions
(Cenetal., 2021; 2023; Zhang et al., 2022; Song et al., 2023;
Yang & Ma, 2023), though many of their algorithms are
decentralized and can be viewed as the first step towards the
learning setting.

With rationality and uncoupledness satisfied, (Daskalakis
et al., 2020) established one-sided policy convergence for
players using independent policy gradient with asymmet-
ric learning rates. Such an asymmetric update rule is also
adopted by (Zhao et al., 2022; Alacaoglu et al., 2022) to
establish one-sided policy convergence guarantees. When
using a symmetric update rule, (Sayin et al., 2021) devel-
oped a decentralized-Q learning algorithm. However, the
convergence is only shown for the V-function maintained
by the players instead of the policies being used, so the
policies may still cycle and are not provably convergent in
our definition.

To our knowledge, (Wei et al., 2021a) first provided an
uncoupled, rational, and convergent algorithm with non-
asymptotic convergence guarantee, albeit only for irre-
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Table 1. (Sample-based) Learning algorithms for finding NE in two-player zero-sum games. Our results are shaded. A halfcheck “«” in
the convergent column means that the policy convergence is proven only for one player (typically this is a result of asymmetric updates).
(L) and (B) stand for last-iterate convergence and best-iterate convergence, respectively. (P) stands for path convergence, a weaker

convergence notion we introduce (see Section 3, 6.1).

*: While (Wei et al., 2021a) also proposes an uncoupled and convergent algorithm for irreducible Markov games, their algorithm requires
synchronized updates and some prior knowledge of the game, while ours does not. See Section 2.1 for a more detailed discussion.

Setting Algorithm Uncoupled? Converegent?
. EXP3 vs. EXP3 v X
Matrix Game o) v /(L)
(Daskalakis et al., 2020) v X(B)
(Zhao et al., 2022; Alacaoglu et al., 2022) v Y (L)
Markov game + (Sayin et al., 2021) v X
Assumptions (Chen et al., 2021) X v (L)
(Wei et al., 2021a) v v (L)
Algorithm 2 v v (L)
(Wei et al., 2017; Jafarnia-Jahromi et al., 2021; Huang et al., 2022) X X(B)
(Jin et al., 2022; Xiong et al., 2022)
(Bai & Jin, 2020; Xie et al., 2020) X /(B)
Markov Game (Liu et al., 2021; Chen et al., 2022)
(Bai et al., 2020; Jin et al., 2021) v X
Algorithm 3 v v (P)

ducible Markov game. They achieved this via optimistic
gradient descent/ascent. Despite satisfying all our criteria,
their algorithm still has unnatural coordination between the
players and a requirement on some prior knowledge of the
game such as the maximum revisiting time of the Markov
game. Our algorithm removes all these extra requirements.
A follow-up work by (Chen et al., 2021) improved the rate
of (Wei et al., 2021a) using entropy regularization; however,
this requires their players to inform the opponent about the
entropy of their own policy, making the algorithm coupled
again. We show that such an exchange of information is
unnecessary under entropy regularization.

2.2. Further handling exploration

The algorithms introduced above all require full information
or some assumption on the dynamics of the Markov game.
To handle exploration, some works design coupled learning
algorithms which guarantee that the player’s long-term pay-
off is at least the minimax value (Brafman & Tennenholtz,
2002; Wei et al., 2017; Xie et al., 2020; Huang et al., 2022;
Jin et al., 2022; Jafarnia-Jahromi et al., 2021; Xiong et al.,
2022). Interestingly, as shown in (Wei et al., 2017; Huang
et al., 2022; Jin et al., 2022; Xiong et al., 2022), if the player
is paired with an optimistic best-response opponent (instead
of using the same algorithm), the first player’s strategy can
converge to the minimax policy. (Xie et al., 2020; Bai &
Jin, 2020; Liu et al., 2021; Chen et al., 2022) developed
another coupled learning framework to handle exploration,
but with symmetric updates on both players. In each round,
the players need to jointly solve a general-sum equilibrium

problem due to the different exploration bonus added by
each player. Hence, the execution of these algorithms is
more similar to the Nash-Q algorithm by (Hu & Wellman,
2003).

So far, exploration has been handled through coupled ap-
proaches that are also not rational. To our knowledge, the
first uncoupled and rational algorithm that handles explo-
ration is the Nash-V algorithm by (Bai et al., 2020). Nash-V
can output a nearly-minimax policy through weighted av-
eraging (Jin et al., 2021); however, it is not provably con-
vergent during execution. A major remaining open problem
is whether one can design a natural algorithm that is prov-
ably rational, uncoupled, and convergent with exploration
capability. Our work provides the first progress towards this
goal.

2.3. Other works on last-iterate convergence

Uncoupled Learning dynamics in normal-form games with
provable last-iterate convergence rate receives extensive at-
tention recently. Most of the works assume that the players
receive gradient feedback, and convergence results under
bandit feedback remain sparse. Linear convergence is shown
for strongly monotone games or bilinear games under gradi-
ent feedback (Tseng, 1995; Liang & Stokes, 2019; Mokhtari
et al., 2020; Wei et al., 2021b) and sublinear rates are proven
for strongly monotone games with bandit feedback (Bravo
et al., 2018; Hsieh et al., 2019; Lin et al., 2021; Tatarenko
& Kamgarpour, 2022; Drusvyatskiy et al., 2022; Huang &
Hu, 2023). Convergence rate to strict Nash equilibrium is
analyzed by (Giannou et al., 2021). For monotone games
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that includes two-player zero-sum games as a special case,
the last-iterate convergence rate of no-regret learning under
gradient feedback has been shown recently (Golowich et al.,
2020; Cai et al., 2022; Gorbunov et al., 2022; Cai & Zheng,
2023). With bandit feedback, (Muthukumar et al., 2020)
showed an impossibility result that certain algorithms with
optimal O(+/T) regret do not converge in last-iterate. To
the best of our knowledge, there is no natural uncoupled
learning dynamics with provable last-iterate convergence
rate in two-player zero-sum games with bandit feedback.

3. Preliminaries

Basic Notations Throughout the paper, we assume for
simplicity that the action set for the two players are the
same, denoted by A with cardinality A = |.A|.! We usually
call player 1 the z-player and player 2 the y-player. The set
of mixed strategies over an action set A is denoted as A 4 :=
{3 hea®a = 1,0 <24 < 1,Va € A}, To simplify
notation, we denote by z = (x, y) the concatenated strategy
of the players. We use ¢ as the entropy function such that
¢(x) = = ,c4 Talnx,, and KL as the Kullback—Leibler
(KL) divergence such that KL(z,2") = > . 4 %qIn 3¢
The all-one vector is denoted by 1 = (1,1,--- ,1). ‘

Matrix Games In a two-player zero-sum matrix game
with a loss matrix G € [0,1]**4, when the x-player
chooses action a and the y-player chooses action b, the
x-player suffers loss G, and the y-player suffers loss
—Gq.p. A pair of mixed strategy (z*, y*) is a Nash equilib-
rium for G if for any strategy profile (x,y) € Ay X Ay,
it holds that (z*) "Gy < (2*)'Gy* < x"Gy*. Simi-
larly, (z*, y*) is a Nash equilibrium for a two-player zero-
sum game with a general convex-concave loss function
f(x,y) : Ag x Ay — Rif for all ($7y) € Ag X Ay,
fla*y) < flaz*,y*) < f(x,y*). The celebrated mini-
max theorem (v. Neumann, 1928) guarantees the existence
of Nash equilibria in two-player zero-sum games. For
a pair of strategy (x,y), we use duality gap defined as
GAP(G,z,y) £ max, v’ Gy’ — min, 2’7 Gy to measure
its proximity to Nash equilibria.

Markov Games A generalization of matrix games, which
models dynamically changing environment, is Markov
games. We consider infinite-horizon discounted two-
player zero-sum Markov games, denoted by a tuple
(S, A, (G%)ses, (P*)ses,y) where (1) S is a finite state
space; (2) A is a finite action space for both players; (3)
Player 1 suffers loss G, € [0, 1] (respectively player 2
suffers loss -G, ;) when player 1 chooses action a and

'We make this assumption only to simplify notations; our
proofs can be easily extended to the case where the action sets of
the two players are different.

player 2 chooses action b at state s; (4) P is the transition
function such that P; , (s") is the probability of transiting to
state s’ when player 1 plays a and player 2 plays b at state
s;(5) v € [3, 1) is a discount factor.

A stationary policy for player 1 is a mapping S — A 4 that
specifies player 1’s strategy x® € A 4 at each state s € S.
We denote © = (z°)scs. Similar notations apply to player
2. We denote z* = (z°,y®) as the concatenated strategy for
the players and z = (=, y). The value function V7, denotes
the expected loss of player 1 (or the expected payoff of
player 2) given a pair of stationary policy (z, y) and initial
state s: V2, = B30, 7' 1GY 51 = 8,0 ~ 2, by ~
v s~ P, (0.7 2 1]

The minimax game value on state s is defined as V;? =
min, max, V7, = max, min, V;? . We call a pair of
policy (., y*) a Nash equilibrium if it attains minimax
game value of a state s (such policy pair necessarily at-
tains the minimax game value over all states). The duality
gap of (z,y) is max, (max, V2 , — min, V) ). The Q-
function on state s under pohcy pair (z,y) is deﬁned via

sylab) = G5y + - Ey Np(;yb(.)[V;:y], which can be
rewritten as a matrix Q7 , such that V;? = 2°Q;  y*. We
denote Q)7 = @3, . the Q-function under a Nash equilib-
rium (2, yx). It is known that Q% is unique for any s even
when multiple equilibria exist.

Uncoupled Learning with Bandit Feedback We assume
the following uncoupled interaction protocol: at each round
t=1,...,T, the players both observe the current state s;,
and then, with the policy x; and y; in mind, they indepen-
dently choose actions a; ~ x;* and b; ~ y;*, respectively.
Both of them then observe o € [0, 1] with E[oy] = G7!
and proceed to the next state s¢+1 ~ P’ (-). Importantly,
they do not observe each other’s action.

Notions of Convergence For Markov games with
the irreducible assumption (Assumption 1), given play-
ers’ history of play (s¢,z¢,yt)ie(r), the best-iterate
convergence rate is measured by the average du-
ality gap &3, max,,, (VS , — V7, ). while the
stronger last-iterate convergence rate is measured by
maxs .o, (Ve , — Vi), i.e., the duality gap of (z7, yr).
For general Markov games, we propose the path conver-
gence rate, which is measured by the average duality gap at
the visited states with respect to the optimal )-function:
% Z;le maxy,y (l‘fj Sty — x5 Q5ty;t). We remark
that the path convergence guarantee is weaker than the coun-
terpart of the other two notions of convergence in general
Markov games, but still provides meaningful implications
(see detailed discussion in Section 6.1 and Appendix G).
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4. Matrix Games

In this section, we consider two-player zero-sum matrix
games. We propose Algorithm 1 for decentralized learning
of Nash equilibria. We only present the algorithm for the
z-player as the algorithm for the y-player is symmetric.

The algorithm is similar to the Exp3-1X algorithm by (Neu,
2015) that achieves a high-probability regret bound for ad-
versarial multi-armed bandits, but with several modifica-
tions. First (and most importantly), in addition to the stan-
dard loss estimators used in (Neu, 2015), we add another
negative term €; In x; , to the loss estimator of action a (see
Line 1). This is equivalent to the entropy regularization ap-
proach in, e.g., (Cen et al., 2021; Chen et al., 2021), since the
gradient of the negative entropy —¢(z;) is (In @y ¢ +1)aen
and the constant 1 takes no effect in Line 1. Like (Cen et al.,
2021; Chen et al., 2021), the entropy regularization drives
last-iterate convergence; however, while their results require
full-information feedback, our result holds in the bandit
feedback setting. The second difference is that instead of
choosing the players’ strategies in the full probability sim-
plex A 4, our algorithm chooses from €2, a subset of A 4
where every coordinate is lower bounded by ﬁ. The third
is the choices of the learning rate 7, clipping factor 3,
and the amount of regularization ¢,. The main result of
this section is the following last-iterate convergence rate of
Algorithm 1.

Theorem 4.1 (Last-Iterate Convergence Rate). Algo-
rithm 1 guarantees with probability at least 1 — O(9),
for any t > 1, max,yen, (v/Gy—2"Gy) =

O (VAW 2(at/5)+).

We postpone a sketch of the proof, as well as the full proof
for the Theorem 4.1, to Appendix C. Algorithm 1 also
guarantees O(t’é) regret even when the other player is
adversarial. If we only target at an expected bound instead
of a high-probability bound, the last-iterate convergence rate
can be improved to O(v/A In*/2(At)t=%). The details are
provided in Appendix D.

5. Irreducible Markov Games

We now extend our results on matrix games to two-player
zero-sum Markov games. Similarly to many previous works,
our first result makes the assumption that the Markov game
is irreducible with bounded travel time between any pair of
states. The assumption is formally stated below:
Assumption 1 (Irreducible Game). We assume that under
any pair of stationary policies of the two players, and any
pair of states s, s’, the expected time to reach s’ from s is
upper bounded by L.

We propose Algorithm 2 for uncoupled learning in irre-
ducible two-player zero-sum games, which is closely related

to the Nash-V algorithm by (Bai et al., 2020), but with addi-
tional entropy regularization. It can also be seen as players
using Algorithm 1 on each state s to update the policies
(x3,y;) whenever state s is visited, but with oy + V>
as the observed loss to construct loss estimators. Impor-
tantly, V;*, V5, ... is a slowly changing sequence of value
estimations that ensures stable policy updates (Bai et al.,
2020; Wei et al., 2021a; Sayin et al., 2021). Note that
in Algorithm 2, the updates of V,? only use players’ local
information (Line 2). This is in contrast to previous algo-
rithms using entropy regularization (Chen et al., 2021; Cen
et al., 2023) where communications on the entropy value
(p(x5t), d(y;*)) are required, making their algorithms cou-
pled. On the other hand, the uncoupled algorithm of (Wei
et al., 2021a) requires the players to interact with each other
using the current policy (z¢, y;) for Q(L/e) rounds, get an
e-approximate accurate gradient, and then simultaneously
update the policy pair on all states. We do not require
such unnatural synchronization between the players or prior
knowledge on L.

The main result is the following theorem on the last-iterate
convergence rate of Algorithm 2. We postpone a sketch of
the proof, as well as the full proof for the Theorem 5.1, to
Appendix E.

Theorem 5.1 (Last-Iterate Convergence Rate). For any
£,0 > 0, Algorithm 2 with ko = 2=, k. = kg =

9+-¢’
=, and k, = 5= guarantees, with probability at least

1
9+’

9+4-¢’ 9+4-¢

1 —O(9), for any time t > 1, max, ,, (V5 , — V7, ) <
AL/ 1 +1/e (g A1 /) Inl/ e (¢/(1— 1

(A sy o).

6. General Markov Games

In this section, we consider general two-player zero-sum
Markov games without Assumption 1. We propose Al-
gorithm 3 (details in Appendix A), an uncoupled learning
algorithm that handles exploration and has path convergence
rate. Compared to Algorithm 2, the update of value func-
tion in Algorithm 3 uses a bonus term bns, based on the
optimism principle to handle exploration.

Theorem 6.1 below implies that we can achieve
t T s s T s _1
% 2721 maXg 4 (xif Tyt — st QyysT) = Ot 1)
path convergence rate if we use the doubling trick to tune
1
down v at arate of t~10.

Theorem 6.1. For any u € {0, ﬁ] and T > 1, there

exists a proper choice of parameters €, 3, m such that Algo-
rithm 3 guarantees with probability at least 1 — O(0),

T
> [max (s Qo — 2 Quyt) > u]
t=1 Y
o <S2A3 1n20(SAT/5))

u? (L — )10 '

ey

IA
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Algorithm 1 Matrix Game with Bandit Feedback

1: Define: 1, =t~ 8, = t7%, ¢, = t~* where k,, = 2
Qt:{xEAA:xGZﬁ,VaEA}.

: Initialization:: z; = 5 1.

cfort=1,2,...do

1lar=alo

Compute g; where g; , = I

+ €4 In Tt,ay Ya € A

Update 2441 < argmin,cq, {ngt + iKL(m, xt)} .

: end for

2
3
4:  Sample a; ~ x4, and receive o, € [0, 1] with E [0¢] = G, p,-
5
6
7

Algorithm 2 Irreducible Markov Game

1: Define: n, =
{l‘EAAtvaﬁ,VGEA}.

2: Initialization: z§ + 51, nj « 0, V;® «

3: fort=1,2,...,do

1
m, VS

(1 =tk B =t ¢ = ﬁtfke, a; = t~ ke with ka,ke kg by € (0,1), Q =

4 1T =mnj", < ni* + 1 (the number of visits to state s; up to time ?).
5:  Draw a; ~ z;¢, observe oy € [0, 1] with E [oy] = stzi,bt’ and observe s;41 ~ P;:,bt ().

1{a;=a] (o’t +’yV:t+1 )
z;t,+B-

6:  Compute g; where g; , =

+ e Inai’,, Va € A

7:  Update zf’ﬂ <argmingeq {ngt + %KL(m, xj’)}

8 Update V5, « (1 — a, )V +a, (o + V7).

9:  Forall s # s¢, 27, < 7, niyq < ng, Vi, < V7.

10: end for

We postpone a sketch of the proof, as well as the full proof
for the Theorem 6.1, to Appendix F.

6.1. Path Convergence

Path convergence has multiple meaningful game-theoretic
implications. By definition, It implies that frequent visits to
a state bring players’ policies closer to equilibrium, leading
to both players using near-equilibrium policies for all but
o(T) number of steps over time.

Path convergence also implies that both players have no
regret compared to the game value V°, which has been
considered and motivated in previous works such as (Braf-
man & Tennenholtz, 2002; Tian et al., 2020). To see this,
we apply the results to the episodic setting, where in ev-
ery step, with probability 1 — -, the state is redrawn from
s ~ p for some initial distribution p. If the learning dynam-
ics enjoys path convergence, then E[ZZ:l xf: G*ypt] =
(1 — Y)Esnp[V]T £ o(T). Hence the one-step average
reward is (1 — )Es,[V,?] and both players have no regret
compared to the game value. A more important implication
of path convergence is that it guarantees stability of play-
ers’ policies, while cycling behaviour is inevitable for any
FTRL-type algorithms even in zero-sum matrix games (Mer-
tikopoulos et al., 2018; Bailey & Piliouras, 2018). We defer
the proof and more discussion of path convergence to Ap-

pendix G.

Finally, we remark that our algorithm is built upon Nash
V-learning (Bai et al., 2020), so it inherits properties of
Nash V-learning, e.g., one can still output near-equilibrium
policies through policy averaging (Jin et al., 2021), or having
no regret compared to the game value when competing with
an arbitrary opponent (Tian et al., 2020). We demonstrate
extra benefits brought by entropy regularization regarding
the stability of the dynamics.

7. Conclusion and Discussion

In this paper, we develop algorithms that are uncoupled,
rational, and convergent for learning in zero-sum Markov
games with bandit feedback. In particular, we provide the
first non-asymptotic last-iterate rates for decentralized learn-
ing dynamics for matrix games and Markov games with
the irreducibility assumption. We also propose the notion
of path convergence and design uncoupled algorithm with
path-convergence rate. We believe our results establish a
crucial step towards understanding the practical success of
self-play in mulit-agent reinforcement learning. Interesting
future directions include designing algorithms with faster
convergence rates, establishing matching lower bounds, and
extending our results beyond zero-sum Markov games.
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A. Algorithm for General Markov Games

Algorithm 3 General Markov Game

I: Input: n < g <eandT.

2: Define: Q= {z € Ay 2y > J5, Vae A}, ar = g—ﬂ, where H = ITETV).

bns, = kAIn*(SAT/8) (B + n~'a,)/(1 — ~)? for a sufficiently large absolute constant x > 0

3: Initialization: Vi, n{ « 0, 2§ < %1, Vs.
4: fort=1,2,...,do
5.
6

T=ng, «ni* + 1.
Sample a; ~ x}*, observe o, € [0,1] with E [oy] = G

a¢,by’
1llai=al(o¢+ VSH'1
7 Compute g; where g, , = Lo ](s,f v,

St
and observe s¢11 ~ Pty ().

+elnzi’,,Va € A
8:  Update x} | < argmin, g {ngf, + %KL(x, mf‘)}

9:  Update V%, < (1 — o)V + ar (00 + 7V —bns;) and Vi, < max {V;¥,,0}.
10:  Forall s # 54, x| < xf, Vi < Vi, Vi, < Ve ni < nf.
11: end for

B. Auxiliary Lemmas

B.1. Sequence Properties

1

LemmaB.1l. Let0< h < 1,0<k <2 andlett > (%hl %)ﬁ Then

i I =577 ) <9m(yeFth
i=1 j=i+1

t t
Proof. Define
s 2 [(k+1)t"Int]

We first show that s < % Suppose not, then we have

4
(k4 Dt"Int > 5~ 1> (because t > 12 > 4)

P

and thus '~ < 4(k + 1)Int < 12Int. However, by the condition for ¢ and Lemma B.3, it holds that ! =" > 12Int,
which leads to contradiction.

Then the sum can be decomposed as

t t t

ii”“ [Ta-i"m+ > [ a-i"

j=it+1 i=t—s+1 j=it+1
<tx (1=t 4s(t—s+1)"

—h t -k
<tx (et ) 4sx <2>
<tx e~ (kD) Int 4 ook gk
<t P4 ((k+Dt"Int+1) x 2F x ¢7F
< 9In(t)t=Fth,

10
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1
LemmaB.2. Let0 < h<1,0<k <2 andlett > (%hﬁ %) """ Then

t

.k :—h —k
1 < 447k,
max | i [MTa-i"]<

j=it+1
Proof.
t o\ -k
k —h 2,—k —k
1-— < | = <2977 =4t
s | ILa-0 )< (3) <
j=t1+1
k : h By h\\ % L n
a - 1-—45 <(1—=t7")2 < (e -t =e ——t
max | [T =57 ) < 0=t < (e (<) =exp (30"
Jj=t1+1
(a) 1 1 k
< exp —§><12lnt :t—GSt .
where in (a) we use Lemma B.3. Combining the two inequalities finishes the proof. O

1
Lemma B.3. Let0 < h < Landt > ({2510 12 ) ™" Then ¢ > 121nt.

Proof. By the condition, we have

12 12
F N VL L P
R T e

Applying Lemma B.4, we get

12
tt=h > 4447{h1@1‘h):: 121Int.

Lemma B.4 (Lemma A.1 of (Shalev-Shwartz & Ben-David, 2014)). Let a > 0. Then > 2aln(a) = = > aln(z).

Lemma B.5 (Freedman’s Inequality). Let Fo C F; C --- C Fy, be a filtration, and X1, . . . , X,, be real random variables
such that X; is F;-measurable, E[X;|F;_1] = 0, | X;| < b, and Y ;| E[X?|F;_1] <V for some fixedb > 0 and V > 0.
Then with probability at least 1 — 0,

iX,- < 24/V'log(1/6) + blog(1/6).

B.2. Properties Related to ExP3-I1X

In Lemma B.6 and Lemma B.7, we assume that 7y C F; C Fo C --- is a filtration, and assume that x;, ¢; are F;_1-
measurable, where z; € A4, ¢; € [0,1]4. Besides, a; € [A] and o; are F;-measurable with E[a; = a|F;_1] = Z; o and

~ i allai= . . .
Elo;|Fi—1] = ¢;. Define ¢; , = Uz[iiﬁa] where 3; is non-increasing.
tatBs

Lemma B.6 (Lemma 20 of (Bai et al., 2020)). Let c1,co, ..., c: be fixed positive numbers. Then with probability at least
1-49,

ZQ‘ <$z‘,€i *Zz> =0 Ai6i0i+
i=1

i=1

11
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Lemma B.7 (Adapted from Lemma 18 of (Bai et al., 2020)). Let c1,ca, ..., c; be fixed positive numbers. Then for any

sequence x7,...,x; € Ay such that x77 is F;_1-measurable, with probability at least 1 — 6,
t
~ In(1/0
Zci <x;7€i — £¢> =0 (max cn(/)) .
i=1 =t P
Proof. Lemma 18 of (Bai et al., 2020) states that for any sequence of coefficients wy, wa, - - - , w; such that w; € [0, 2&]“

is F;_1-measurable, we have with probability 1 — 6,

t
Zci<wi,a - £i> < r?gagcci log(1/4).

=1

Since z} € A4 and ; is decreasing, we know 23; - xF € [0, 2/3;]. Thus we can apply Lemma 18 of (Bai et al., 2020) and
get with probability 1 — 4,

CL<$1*7Zz - fz‘> = Z ;ét <2/6t st b — €¢> < %133(%10%(1/5)-
i=1 i=1 s

O

Lemma B.8 (Lemma 21 of (Bai et al., 2020)). Let c1,co, ..., c: be fixed positive numbers. Then with probability at least
1—6, forall x* € Ay,

;ci <x*,a — €i> =0 <1111<atx czlnéz:l/d)) )

Lemma B.9. Ler (x1,y1) and (z2,y2) be equilibria of f1(-,-) in the domain Z; and fs(-,-) in the domain Z5 respectively.
Suppose that Z1 C Zs, and that sup, e z, | f1(7,y) — f2(2,y)| < € Then for any (z,y) € 25,

fo(z1,y) = fa(z,yn) < 2e+2d sup [V fa(Z,7)]
(Z,9)€22

where d = max,cz, min, ez, ||z — /|1

Proof. Since (z1,y;) is an equilibrium of f7, we have for any (z/,y') € Z4,

filzr, ') = filz', 1) <0,
which implies
fo(z1,y) = fa(a’, 1) < 2e.
For any (z,y) € Z5, we can find (2',y’) € Z; such that ||(z,y) — (2, 3')||1 < d. Therefore, for any (z,y) € Za,
f2(z1,y) — fao(z,91)

< fa(@1,y) = f2(a's 1) + Mz — 21 Vafa (@, 9) oo + ly = ¥ LIV fo(2, 9) [l

<2+42d sup |[Vfa(ZG)] oo
(Z,9)€EZ2

B.3. Markov Games

Lemma B.10 ((Wei et al., 2021a)). For any policy pair x,y, the duality gap on a two player zero-sum game can be related
to duality gap on individual states:

2
S S S s,/s /s s,,S
max, (Vg —Va,) < T (°Q3y" — 2" QLy°).

12
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B.4. Online Mirror Descent

Lemma B.11 (Theorem 2, (Luo, 2022)). Let 2’ = argmin_, < {x’Tg + %I(L(ac’7 m)}for some convex set ) C Ay, and
g € R4, Then
KL(u,z) — KL(u, 2’
(¢ —u)Tg < 0o ~Kw) > 7a(9a)”

" a€[A]

forany u € Q.

C. Last-Iterate Convergence Rate of Algorithm 1
C.1. Analysis Overview

We define a regularized zero-sum game with loss function fi(x,y) = 2" Gy — €;¢(z) + €;¢(y) over domain €; x €,
and denote by z; = (z},y}) its unique Nash equilibrium since f; is strongly convex-strongly concave. The regularized
game is a slight perturbation of the original matrix game G over a smaller domain €2; x {2;, and we prove that z; is an
O(e)-approximate Nash equilibrium of the original matrix game G (Lemma B.9). Therefore, it suffices to bound KL(z}, z;)
since the duality gap of z; is at most O(y/KL(2f, z¢) + €:).

Step 1: Single-Step Analysis We start with a single-step analysis of Algorithm 1, which shows:

KL(2} 1, 2e41) < (1 — meer ) KL(27, 2¢) + 20n7 AIn® (At) + 207 ANy + m&s + me +ue,

instability penalty estimation error

where we define v; = KL(2/, 1, z¢41) — KL(2}, 2:41) (see Appendix C for definitions of \;, &, (;) The instability penalty
comes from some local-norm of the gradient estimator g;. The estimation error comes from the bias between the gradient
estimator ¢, and the real gradient Gy,. We pay the last term v, since the Nash equilibrium z; of the regularized game f; is
changing over time.

Step 2: Strategy Convergence to NE of the Regularized Game Expanding the above recursion and using the fact that
1 —m1e; = 0. we get

t t t t t
KL(2 1, 2141) < O ( S win? 424 winp i+ wini& + Y winiGi+ > wiv; ) ©)
i=1 i=1 i=1 i=1 i=1
term; termo terms termy terms
where w! = ]_[;: i1 (1 — nje;). To upper bound term; -term,, we apply careful sequence analysis (Appendix B.1) and

properties of the ExP3-IX algorithm with changing step size (Appendix B.2). The analysis of terms uses Lemma C.1,
2
which states vy = KL(z2f 1, 2e41) — KL(2f, 2ze41) < O(In(At)||z54 — 27 |l,) = O(%) and is slightly involved

as §); and ¢, are both changing. With these steps, we conclude that with probability at least 1 — O(0), KL(2},2) =
O (Al*(at/s)t1).

C.2. Proof of Theorem 4.1

Proof of Theorem 4.1. The proof is divided into three parts. In Part I, we establish a descent inequality for KL(z}, z¢).
In Part I, we give an upper bound KL(z}, z;) by recursively applying the descent inequality. Finally in Part III, we show
last-iterate convergence rate on the duality gap of z; = (¢, y;). In the proof, we assume without loss of generality that

t>1to=( 1—k2n4—ke In( 1_,3”2_& ) Rk = (961n(48))* since the theorem holds trivially for constant ¢.

Part L.
ft(lﬂta yt) - ft(mz(? yt)

13
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= (z — x;‘)TGyt + € <Z Tt oINTyq — Z :c;;a In a:t*a>
a a

= (x4 — x:)TGyt + € (Z(xm —z,)In xt7a> — €& Z T} o (ln v}, —In xm)

a

a

=KL(z},x¢)
1[045 = aat> (Lt = a]ot
= (x; — ) "¢ — KL(zF, 2¢) + ;vﬂ(G a + ol ————— = (Gyt)a
(2 ) gt — eKL(z}, z¢) Ea:t, (Gyt)a — Tea+ By Zt Teat B (Gyt)
één —C
(by the definition of g;)
KL(z},z;) — KL(z}, x "
< (27, 1) ; (@7, e1) +U¢Zﬂﬁt,a(9t,a)2—€tKL($t,$t)+§t+§t (by Lemma B.11)
t a
< (L= mer)KL(aF, x¢) — KL(2F, 2141 o lla; = a] 212
: n PGy e ) ) 64

< (1 — ntet)KL(xf,xt) — KL(xf,le)

+2mA X — Z (CEt m Bt 1) +2n: A 4 2mp€? In® (At2) +¢&, +¢,

2,

< (1 — e ) KL(zF, 2¢) — KL(2}, Te41)
- Mt

+ 10 Aln® (At) + 2m AN, + €, + ¢, 3)
Rearranging the above inequality, we get

KL(27 1, Te41)
< (1= mee)) KL(x}, 21) + e (fe(wf, 41) — filwe, ye)) + 1007 Aln® (At) + 207 AN, + me€, + miC, + v

where v, £ KL(z} 11, %41) — KL(x}, 2411). Similarly, since the algorithm for the y-player is symmetric, we have the
following:

KL(yt*H,ytH)
< (1= nee) KLy, ye) + ne(fe(me, o) — felze, 7)) + 1007 AIn® (At) + 207 ANy + ne&, +miC, + 0

where
— [b: = b]
2= ( 1)
T A Z Yeb + B

. T b = b)(—or + 1)
& —zb:ytb <( @ t)b+1) Yep + Bt )

= A * ]_bf:b *O’t+1
G2 iy (PR - (@)

B = KL(yfy 1, Ye1) — KL(yF, yeg)-

Adding the two inequalities above up and using the fact that fi(x}, y:) — fe(2e, yr) < 0, we get
KL (21, 2041) < (1= me€)KL(27, 2¢) + 2007 AIn? (At) 4 207 AXg + nee + mee + v, “
where 0 £ 0+ O for O = A\, &, G, vy

14



Uncoupled and Convergent Learning in Two-Player Zero-Sum Markov Games

Part II. Expanding the recursion in Eq. (4), and using the fact that 1 — n;e; = 0, we get

t t t t t
KL (21, 2041) < 20AI0% (A1) Y “win? + 24 wim?\i+ Y wimi& + Y winiGi+ »_ wiv;
=1 =1 i=1 i=1 i=1

—_— Y Y

term; termo terms termy terms

where w} £ H’;:Hl(l — nj€;j). We can bound each term as follows.

By Lemma B.1 and the fact that that ¢ > ¢y, we have

term; < O (A1n2(,4t) 1n(t)t—2kn+<’fn+ke>) = O (AP (At)t~Fnthe) = 0 (A 1n3(At)t-%) .

Using Lemma B.7 with z* = %1, ¢; = 1 forall i, and ¢; = win?, we have with probability 1 — t%,

A hl(At/(S) max;<¢ C;
B

where in (a) we use Lemma B.2 with the fact that ¢ > ¢.
Using Lemma B.6 with ¢; = w{n;, we have with probability at least 1 — t%,

term, = O ( ) WO (Aln(At/o)F x 1720) = O (A 1n(At/5)t—%)

t

i—2kn H (1_]'719,,,71%)

j=i+1

Aln(t)t—kethe 4 = zkntake 1og(At/6)) (by Lemma B.1 and ¢ > t)

o
-0 (A 1og(At/5)t—%) .

Using Lemma B.7 with ¢; = win;, we get with probability at least 1 — t%,

In(At/d) max;<¢ ¢;
Bi

termy = O ( ) (%) O (In(At/s)t Fths) = O (ln(At/é)t—i)

where (a) is by Lemma B.2 and ¢ > t.
By Lemma C.1 and Lemma B.1,

t
terms; = O <1n2(At) szt*) = O (In®(At)t— 1 Thnthe) = O (1n3(At)t—i) .
=1

Combining all terms above, we get that with probability at least 1 — f—g,

KL(2}, 1, 2141) = O (A 1n3(At/5)t—%) . )
Using an union bound over ¢, we see that Eq. (5) holds for all ¢ > t, with probability at least 1 — O(9).

Part III. Using Lemma B.9 with f;(x,y) and x T Gy with domains €; x Q; and Ay x A4, we get that for any
(r,y) € Ax x Aa,

7 Gy—a'Gy; <0 ( In(A) + 1) = O (n(A)t ™) = 0 (m(Ap~t).

15
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Further using Eq. (5), we get that with probability at least 1 — 34, for any ¢ and any (z,y) € Ag X Ay,
Gy — " Gy < 0 (n(A) 4 + 20— 27 ) & K2N0) O (At + VKL, =)
=0 (\/Z 1n3/2(At/5)t—%)

where (a) is by Pinsker’s inequality. This completes the proof of Theorem 4.1. [ ]
Lemma C.1. |v;| = O (In*(At)t7}).

Proof.

lve| = ’KL(Z:H,Z:&H) - KL(ZZ‘,ZtH)}

< O (In(Ab)||zf4, — 211h) (by Lemma C.2)
=0 (In*(At)t). (by Lemma C.3)
O

Lemma C.2. Let x, 21,22 € Q4. Then

|KL(x1,2) — KL(22,x)| < O (In(At)||z1 — z2||1) -

Proof.

KL(21,2) — KL(z2, 2)

- Z (fﬁ,a I gy, In x27a>

Tq Za
= Z Ll,a — T2, a 1 ( —1In )
Ta

< O (In(At)[|z1 — 332||1) - KL($2,$1)

< O (In(At)||z1 — x2]1) -
Similarly, KL(zo, z) — KL(z1,2) < O (In(At)||z1 — x2]1). 0

Lemma C.3. |z — 2y, [l = O (@)

Proof. Notice that the feasible sets for the two time steps are different. Let («] ,¥;, 1) be such that 2}, | = 2521 + (1 —
per1)xig and yi = P91+ (1 — pyyr) yiyq where peyq = min{1, 2673}, Since (27,4, y54 1) € Qg1 X Quq1, we have
that for any a, v}, , > p‘“ +(1 - pH_l)m > 5. Hence, (@}, y)41) € U X Q.

Because (x7, 1,97, ) is the equilibrium of f; 1 in €, 1 x €41, we have that for any (z,y) € Q41 X Qi41,

fro1(z,y541) = frr1 (211, 9)
= ft+1($7yt*+1) - ft+1($f+1ayf+1) + ft+1(xf+17y§+1) - ft+1($f+17y)
> e KL(z, 77, ) + €1 KL(y, ¥4 1)

1 . . . .
sevsr (e = o2 2+ ly = v ) (Pinsker's inequality)

Y

Y

1
1€t+1”2 - Z:+1||§
where the first inequality is due to the following calculation:
T
et+1KL(x,x2‘+1) = ft+1($’y;+1) - ft+1($:+1vy;+1) - vxft+1($:+1vy;+1) (v — xt*+1)

16
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< ferr(r,yi) = firr (@51, vig)

where we use Vy fiy1(251,yiq) " (x — x},1) > 0 since z}; is the minimizer of fi41(-, Y5, ) in Q¢41. Specially, we
have

1
ferr(@f,yien) = frn (@i, 90) 2 gl — Zallt (©6)
Similarly, because (x7, y}) is the equilibrium of f; in £2; x 2, we have
1
ft(x:5+17y:) - ft(x:7y£+1) > Zet”'z;ﬂrl - Z;Hi
which implies

ft(xz(+1ay:) - ft(x:>y:+1)
= ft(332+17yf) - ft(x;7y£+1) + ft($f+1>yf) - ft($;+1a yr) + ft(xz(ayéJrl) - ft(@vyfﬂ)

1
> qetllzten - 7l = sup [Vufelw, yi)lloollotis — 254l = sup [Vyfe(@f, )lloollyises — visalh
€N 41 YEQ41
> 1 * *(12 _ 1 / L 2 O [ In( At l
Z 8€tHZt+1 =2 ||y 4€t||2’t+1 E n(At) x 3
1 In( At
> gelisti - 512 -0 (2. 0

In the first inequality, we use the fact that f;(x, y) is convex in x and concave in y and Holder’s inequality. In the second
inequality, we use the triangle inequality, ||V fi (7, y)|l ., < max,{(Gy)a +In(z,)} < O(In(At)), and ||V fi(x,y)|
maxy{(Gx), + In(ys)} < O(In(At)). In the second and third inequality, we use ||z}, — 2, [, = O(F%) by the
definition of 2} ;.

Combining Eq. (6) and Eq. (7), we get
3
Secrllz — =l

< fer (@5 i) — fe@r yia) — fema (@i, v0) + fe(aig, ve) + O (

i)

13

= (ferr = f) (@}, yi51) — (frr — f)(2ih0,97) + O <ln(At)>

t3
* * * * ln(At)
< s Vha() - Vi) - Gl + 0 (50
T, Y€ +1 Xy
In(At)
= sw [Vl - Vel - ol 0 (250)
T,YEQe41 X Q41
Solving the inequality, we get
In'/2(At)
Z; — 2z <O sup \Y% z,y) — V fi(x, + —= ®)
l2¢ il Et+1xy€ﬂt+1><ﬂt+1 IV fer1(z,y) fe(@,y)|loo mt:’,/z

IN

€141 Vertd/?
ke 11n At) 1n1/2(At)>

=0
Vegit3/?

=0

) < €t — 6t+1 ln At) n 1H1/2(At)>

In(A >

17
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D. Improved Last-Iterate Convergence under Expectation

In this section, we analyze Algorithm 4, which is almost identical to Algorithm 1 but does not involve the parameter /3;. The
choices of stepsize 1, and amount of regularization €, are also tuned differently to obtain the best convergence rate.

Algorithm 4 Matrix Game with Bandit Feedback

1: Deﬁne ne =tk e =t~k where k,, =
{xEAA xQZﬁ,VaEA}.

ke = 1.

5’ 6

2: Initialization:: z; =41

3: fort=1,2,...do

4:  Sample a; ~ x4, and receive o, € [0, 1] with E [0¢] = G, 1, -
5:  Compute g; where g, , = % +elnz,,Va e A

6:  Update ;11 < argmin,cq, {ngt + iKL(CE, a:t)}

7: end for

Theorem D.1. Algorithm 4 guarantees E [max, yea , (z{ Gy — 2 Gy)] = O (\/ZIHB/Q(At)t*é) for any t.

Proof. With the same analysis as in Part I of the proof of Theorem 4.1, we have
fe(@e,ye) — fe(zf, )

< (1 — nees ) KL(zF, 2¢) — KL(2}, 2441)
< "

+ 10, Aln? (At) + 2m AN, + €, + ¢,

where

£, = fo,, < GYt)a W) , G2 Z‘T;a (l[atxta]at _ (Gyt)a> 7
A= AZ( @ = d] 1).

Unlike in Theorem 4.1, here these three terms all have zero mean. Thus, following the same arguments that obtain Eq. (4)
and taking expectations, we get

By [KL(274 1, 2641)] < (1 — meer)KL(27, 2¢) + 20n7 AIn? (At) + Eq[vy]

In”(A4
< (1 —mer)KL(27, 2¢) + O (anan (At) + = Sf t>> (by Lemma C.1)

where vy = KL(2] 1, z14+1) —KL(2}, 2,41) and [E,[-] is the expectation conditioned on history up to round . Then following
the same arguments as in Part II of the proof of Theorem 4.1, we get

t
E[KL(2f, 1, ze41)] < <A In?(At) Z win? + In?(At) Z wf;t_1> (define wi = H;ziﬂ(l —1,€5))

i=1

<O (A® (At)t”“’l*ke + I (At)t TR the) = O (Aln (At)t *%)
Finally, following the arguments in Part III, we get

E |max (z, Gy — xTGyt)} <0 (ln(A)t*ke +VE [KL(zt*,zt)}) (f1n3/2(At) 7%)

z,Y
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E. Last-Iterate Convergence Rate of Algorithm 2
E.1. On the Assumption of Irreducible Markov Game

Proposition E.1. If Assumption 1 holds, then for any L' = 2Llog,(S/8) consecutive steps, under any (non-stationary)
policies of the two players, with probability at least 1 — 0, every state is visited at least once.

Proof. We first show that for any pair of states s, s/, under any non-stationary policy pair, the expected time to reach s”
from s’ is upper bounded by L. For a particular pair of states (s, s”), consider the following modified MDP: let the reward
be r(s,a) = 1[s # s”], and the transition be the same as the original MDP on all s # s”, while P(s”]s"”,a) = 1 (i.e.,
making s’ an absorbing state). Also, let s’ be the initial state. By construction, the expected total reward of this MDP is the
travelling time from s’ to s”. By Theorem 7.1.9 of (Puterman, 2014), there exists a stationary optimal policy in this MDP.
The optimal expected total value is then upper bounded by L by Assumption 1. Therefore, for any (possibly sub-optimal)
non-stationary policies, the travelling time from s’ to s’/ must also be upper bounded by L.

Divide L’ steps into log,(S/9) intervals each of length 2L, and consider a particualr s. Conditioned on s not visited
in all intervals 1,2,...,4 — 1, the probability of still not visiting s in interval ¢ is smaller than % (because for any s,

Pr[Ts s > 2L] < % < % = %, where T,/ _, s denotes the travelling time from s’ to s). Therefore, the probability
of not visiting s in all log,(S/J) intervals is upper bounded by 27 1°¢2(5/9) = 4 Using a union bound, we conclude that

with probability at least 1 — §, every state is visited at least once within L’ steps. O

Corollary E.2. If Assumption 1 holds, then with probability 1 — ¢, for any t > 1, players visit every state at least once in
every 6L 1n(St/d) consecutive iterations before time t.

Proof. First, we fix time ¢ > 1 and define ¢ = 3LIn(St3/§). Let us consider the following time intervals:
[1,#],[t',2¢'],...,[t — ', t]. Using Proposition E.1, we known for each interval, with probability at least 1 — 3, players
visit every state s. Using a union bound over all intervals, we have with probability at least 1 — t%, in every interval, players
visit every state s. Since every 2t’ consecutive iterations must contain an interval of length L, we have with probability at
least 1 — t%, players visit every state s in every 2¢' consecutive iterations until time ¢. Applying union bound over all ¢ > 1
completes the proof. O

According to Corollary E.2, in the remaining of this section , we assume that for any ¢ > 1, players visit every state at least
once in every 6L In(St/J) iterations until time ¢.

E.2. Analysis Overview

We introduce some notations for simplicity. We denote by Eps[V;*'] the A x A matrix such that (Eg~ps [V} ])ap =
Esnps, [Vi#']. Let t.(s) be the 7-th time the players visit state s, and define &5 = T} (s and g7 = y; ). Then, define
the regularized game for each state s via the loss function f(x,y) = 27 (G® + YEg.ps [Vg(s)])y — e P(x) + €-0(y).

Furthermore, let 23, = (22, ,§2,) be the equilibrium of f2(x,y) over €2, x Q.. In the following analysis, we fix some
t>1.

Step 1: Policy Convergence to NE of Regularized Game Using similar techniques to Step 1 and Step 2 in the analysis
of Algorithm 1, we can upper bound KL(Z7, ,,, 27, ) like Eq. (2) with similar subsequent analysis for term;-term. The
analysis for terms where v; = KL(2},,, 27, ) — KL(2{,, 2, ) is more challenging compared to the matrix game case
since here V;‘j(s) is changing between two visits to state s. To handle this term, we leverage the following facts for any s’
(1) the irreducibility assumption ensures that ;11 (s) — t;(s) < O(L1In(St/d)) thus the number of updates of the value
function at state s’ is bounded; (2) until time ¢;(s) > i, state s’ has been visited at least Q(m) times thus each change
of the value function between ¢;(s) and ¢; 1 (s) is at most O((m)_ka ). With these arguments, we can bound terms

by O (In*(SAt/8)Lr—FaFkat2ke) " Overall, we have the following policy convergence of NE of the regularized game
(Lemma E.4): KL(22,,25) < O (Aln*(SAt/8) L"), where ky = min{ks — ke, ky — kg, ko — ky — 2k}

Tx) T

Step 2: Value Convergence Unlike matrix games, policy convergence to NE of the regularized game is not enough
for convergence in duality gap. We also need to bound |V;* — V;?| since the regularized game is defined using V;?, the
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value function maintained by the algorithm, instead of the minimax game value V,?. We use the following weighted

regret quantities as a proxy: Reg’® £max, , (ZZ:1 b (f2(25,08) — f2(a%,98)), Doi_y od (f2(25,yg) — f2(25,98)) ),
where o). = «; HJT:Z 4+1(1 — ;). We can upper bound the weighted regret Reg’ using a similar analysis as in Step
1 (Lemma E.6). We then show a contraction for |V;i (s) ~ V#| with the weighted regret quantities: |th (s) Vel <

vy, ol maxy \V;‘;/(S) — V5| +O(er +Reg?). This leads to the following convergence of V;* (Lemma E.7):[V;* — V| <
O(t=F+), where k., = min {k,, kg, ko — kg, kc}.

Obtaining Last-Iterate Convergence Rate Fix any ¢ and let 7 be the number of visits to s before time ¢. So far we have

shown (1) policy convergence of KL(22,, 22) in the regularized game; (2) and value convergence of |V,;* — V#|. Using the

fact that the regularized game is at most O(e, + |V;* — V¥|) away from the minimax game martrix Q* and appropriate
choices of parameters proves Theorem 5.1.
E.3. Part I. Basic Iteration Properties
Lemma E.3. Forany x°* € Q, 1,
f2@2,97) — f2(2°,97)
_ (L= mrer)KL(2*, @5) — KL(3°, 5 4,) N 10n,Aln*(Ar) 21, A
- r (1—=9)? (1—=9)

(see the proof for the definitions of A7, &, (" (+))

SAT + &0+ (2f).

Proof. Consider a fixed s and a fixed 7, and let ¢ = ¢, (s) be the time when the players visit s at the 7-th time.
F2E3,97) = 7 (2, 97)
= (@ =2 (G +1Egnpe [Vi']) 85— €00(33) + r0(a”)

= (@5 =) [(G* +1Bgmpe [V]) 52 + o i | — e KL, 33)

’ 1 as = V5t+1
_ (i‘: g ) g — ETKL( s A:) + (:%:)T ((Gs + By ps {V;e :|) :l):— _ [a/‘r CL] (Ut + Vi ))

‘%f’,a + B‘r
&
1(a3 = a] (o +9V;) ’
s\ T T t . s ) be s ~S
+(2°) ( i, (G +1Bgmp [V]) 52
¢ (o)
(1= e )KL(z*,33) — KL(z*,35,,)
B Nr
10n, Aln* (A7) 2777 ( )
+ + —1)+& + (),
(e e Rl DU o= il RN ey

S

where we omit some calculation steps due to the similarity to Eq. (3).

E.4. Part II. Policy Convergence to the Nash of Regularized Game
Lemma E.4. With probability at least 1 — O(9), forall s € S, t > 1 and T > 1 such that t.(s) < t, we have

KL(%5,,%3) < O (AIn®(SAt/5)L*r—Fe)
where ky = min{kg — k¢, ky, — kg, ko — ky — 2kc}.
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Proof. In this proof, we abbreviate (7 (23,) as (7. By Lemma E.3, for all i < 7 we have

KL(%S*, Az+1) < (1 nZEZ)KL( Tk z) + i (fzs(‘%f*agf) - fzs(‘%fa Qf))
10n? Aln? (A7) N 202 A
(1—9)? (1—7)2

A7 +mi& +mil.
Similarly, for all 7+ < 7, we have

KL(yzwa-l) (1 _nlel)KL(yt*vyz) +77L (fz ( fvgzs) _fzs( f?gzs*))
10m2Aln? (A7) 2?A s —s —s
. + N i+ i
(1-7)? (L=
Adding the two inequalities up, and using f7 (&5, ,97) — f£(&5, 95, ) < 0 because (&5, , 97, ) is the equilibrium of f7, we get
for: <7

20m? Aln®(AT) n 202 A
(1—=7)? (1—=7)?

where vf = KL(25, ,,, 25,1) — KL(,, 28, 1) and 0° = O° + O for 0 = &;, ;.

KL(27, 15, 254 1) < (1 —mie) KL(25,, 27) + A7 i + il + vy, ©)

Expanding Eq. (9), we get

3 204 IHQ(AT) . i 245 : i, es : i s . i s
KL(£7, 1., 2741) < WZWT ; T—9)2 Zw‘rn N D whm€ Y wimi 4+ wios
— — = —
1 3 (2
termy termo terms termy terms

These five terms correspond to those in Eq. (4), and can be handled in the same way. For term; to termy,, we follow exactly

the same arguments there, and bound their sum as with probability at least 1 — O (%) ,

Ztermj =0 (A 1n3(SAT/5) (T_k"’+k5 4 7 2knthe | p—kpthe 4 p—gkatgke | T_k""'kﬁ)) )

To bound terms, by Lemma C.2 and Lemma E.5, we have
o3| = O (In(A7)) - |25, = Z541.]li = O (In*(SAt/8)L? - 77 Fathe).

Therefore, by Lemma B.1,
term; = > wivf = O (In°(SAt/§)L? - 7~ Fathat2he)

Combining all the terms with union bound over s € S and 7 > 1 finishes the proof. O

Lemma E.5. For any sand 7 > 0 such that t-(s) <t, ||25, — 271, ]L1 = O (1113(63475/5)L2 cRathe),

Proof. The bound holds trivially when 7 < 2L. Below we focus on the case with 7 > 2. By exactly the same arguments
as in the proof of Lemma C.3, we have an inequality similar to Eq. (8):

HZ‘IS'* - 275——&-1*”1

1 S S S S S S 1n1/2(AT)
=0 <€T+1 :uf V(% y°) = V(2% y%) oo + Nt

1 o o (67 — €r41) In(AT) lnl/z(AT)
=¢ (6 s Vi) = Vi €r+1 i Verar??
T s T T7+1
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<(9< L IH(AT)). (10)
€r41 s T

Since t.(s) <t and we assume that every state is visited at least once in 6L log(St/6) steps (Corollary E.2), we have that

for any state s’, n;_ () = W((Ss)t/& 1. Thus, whenever V;* updates between ¢, (s) and ¢, (s), the change is upper

bounded by E(W((;‘)t/é) 1)~*= Besides, between ¢, (s) and t,41(s), V¥ can change at most 6L log(St/) times.
Therefore,

S Ve

t+1

’

“/ti(s) -V

1 t:(s) ~ha 1 T ~ha
< 6L log(St/d e | < 6L1og(St/é —_— 1
“1-x x 6L log(5t/0) (6Llog(5’t/6) > “1l—x x 6L log(5t/0) x <6Llog(5t/6) )
L2 1n? —ka
:(’)( n”(St/0)r )7 (11
L=~

where the last inequality holds since k, < 1. Combining Eq. (10) and Eq. (11) with the fact that e, = LT < finishes the
proof. O

E.5. Part II1. Value Convergence

For positive integers 7 > 4, we define ol = o; [ (1 —ay).
Lemma E.6 (weighted regret bound). With probability 1 — O(9), for any s, any visitation count T > 7, and any x* € Q1 1,

03 K
Za f2@3,98) = (= s,yf))§(9<Al (5134746)7 )

where k' = min {k,, kg, ko — kg}-

Proof. We will be considering a weighted sum of the instantaneous regret bound established in Lemma E.3. However,
notice that for f, Lemma E.3 only provides a regret bound with comparators in ;. Therefore, for a fixed z° € Q,11,

we define the following auxiliary comparators forall =1,...,7:
8 = %1—}—(1—@)1}3
where p; = % Since z° € 2,41, we have that for any a, 7§, > 5 + A(:_p{)Q = A(z‘-lu)?’ and thus
E,f S Qi+1.
Applying Lemma E.3 and considering the weighted sum of the bounds, we get
ZO( i 1?y7, ff(~zsvgzs))
. (L —me)KL(T5, 25) — KL(Z5,45, ) 10m;Aln? (A7) 2n; A s
20 + + X+
Z ( n e e A
i—1
< Z ( mG’)KL(f’, 38— & KL(Ef_l,:%f)) (notice that (1 — n1e1) = 0)
Ni—1
termg
10AIn* (A7) <~ 24 & ~ e~
AR S it 20 S ot el + Yl
=72 = =72 pev i
term; termo terms termy
~s A8 0/7"(1 - 776) 0/7;-71 - ai'il ~s ~ ~5 A8
erm 3 K7 2) () B S O (KL ) KL 50)
=92 yi Mi—1 i—2 Ti—1
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T

(a) ot ~
<040 hl(AT)Z T lzi 1 — 25|

imp -1

L
=0 IH(AT)Z — |pi—1 — pil

imp i1

TLait 1
<O | In(Ar =
= < ( );ni—l (’L—l>2>
=0 (hll(AT)T’“v?) (by Lemma B.1)

-

where (a) is by Lemma C.2 and the following calculation:

(1 — mees . . . M ;o —kntka _ j—kn—ke
ar(l Tizéz)xfiz;1:77%1x Q; ><1 Théz: le ><1 Z." <1x1=1
i oyt nio a1 l—oy i 1 — ke
We proceed to bound other terms as follows: with probability at least 1 — O ( si?)
3
term; = O (Alln(AT)T_k"> , (Lemma B.1)
-7
term; = O (AIH(SAT/(S) X max aTW) (Lemma B.7)
11— Y i<T ﬁT
7kafkn+k?ﬁ
—0 (AIH(SAT/ o)r ) , (Lemma B.2)
-y
A &S, 1 .
termz = O T Zﬂ,;ozT + T In(SAT/95) Z(ai)Q (Lemma B.6)
i=1 i=1
Aln(AT)r=ks 1 L
=0 In(SAt/6 ala; (Lemma B.1)
e e T DY
Aln(SA7/5) (T—kﬁ + T—%")
=0 , (Lemma B.1)
lI—x
T ] 1 T )
termy = » alpC(=1)+ ) al(1—p)C(z? by the linearity of *(-
3 pcl(A) >t -G (by y of C*())
=0 (hl(SAT/(S) max o@) (Lemma B.7)
11—y i< B
7k7a+k?ﬁ
—0 <IH(S ATl/ o) ) . (Lemma B.2)
-

Combining all terms, we get

— (12)

N sias .. AIn®(SAT/8) (r—*n 4 r—ka 4 r—ka+hs
Zai(ff(xf,yf)ff(xf,yf))O( (Si47/9) )Y,
=1

Finally,

N — . (A7) <~ ;. -
Sk (F1(EL50) - Fr(at ) = O ( P S ot - x8||1>
i=1

i=1
(A7) < In(A7)
=0 <1—7 ;ani> =0 <T2(1_7)) . (13)
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Adding up Eq. (12) and Eq. (13) and applying union bound over all s € S and 7 finish the proof. O

Lemma E.7. With probability at least 1 — O(6), for any state s € S and time t > 1, we have

- An(SAt/5) (Lin(St/s) ¢ T/ Ln(St/6)\ "
v V*|§O< (1-7) ( 1—7 117) ( t ))

where k, = min{k,, kg, ko — kg, ke}.

Proof. Fix an s and a visitation count 7. Let ¢; be the time index when the players visit s for the i-th time. Then with
probability at least 1 — #,

)
Ve = al (o, +9V" )

=1
<> aiaT (GS 4+ AEype [Vt]) B> al [ati FAVest T (Gs +AEy o pe [VtD y:|
1= =1
1 o
= Za F (&9 + (@) = id(3i) + O | 7| In(57/9) > (k)2 (Azuma’s inequality)
1=1

L=~
Aln®(SAr/8)r= )

<Za Jn o+ ( 1n<A>+hl<SAT/5>T‘2“>

1=
(k' is defined in Lemma E.6 with &’ < 1 (kg + ko — kg) = &)
Aln®(SAT/8)r
L=y

< mlnz ol f(x%,97) (67' In(A4) +

T

<miny ol (2%)7 (Gs 4By pe {VtD e, (

s
i=1

T T 3 —k,
< m.ign O[j_ (xS)T (Gs _’_,VES/NPS |:V*S }) Qf +’YZOC3— mE}X Vvtf v (Aln (SlAT’/Y(S)T )
i=1 i=1 ® -
/ T ; ’ ’ A1H3(SAT/5)T7]€*

< S , s S S (2 S _ S

n;lbnn;ax( ol (G +vEsp {V* Dy Jr’y;aTmSz}x Ve =V, +(’)< 1=~ )

Al 3 A —k

<V5+’YZoz maX’V — vy (’)( - (Si _T’/YCS)T )

Similar inequality can be also obtained through the perspective of the other player: with probability at least 1 — %

o (A1n3(SAT/5)Tk*> ’

1—7

’ ’
S S
Ve Ve -

T
AR AEED o max
=1

which, combined with the previous inequality and union bound over s € S and 7 > 1, gives the following relation: with
probability at least 1 — O(J), forany s € S and 7 > 1,

i
[V V2| <7 Y max Vil -V,
S
i=1

3 k.
(Aln (SAT/8)T~* ) (14)
L=y

Before continuing, we first some auxiliary quantities. For a fixed ¢, define

16 x 6LIn(St/0) t \™F= |
u(t):R 1—vy hll—v) W
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for fixed (7, ¢) we further define

t
v(T,t) = \"7’ — 37Fe In J .
L—x
Now we continue to prove a bound for [V;* — V;?|. Suppose that Eq. (14) can be written as

C1AI®(SA7/8)TF=

\Vzi—Vf\sV;ain;ax Vi —VI |+ T (15)
for a universal constant C; > 1. Below we use induction to show that for all ¢,
s 8C1AIn®(SAt/S) (6LIn(St/8)(u(t) + 1)\ ™
1—7)? t
This is trivial for t = 1.
Suppose that Eq. (16) holds for all time 1,...,¢ — 1 and for all s. Now we consider time ¢ and a fixed state s. We denote

L' =6LIn(St/d). LetT =nj andlet1 <t; <ty <--- <t, <tbe the time indices when the players visit state s. If

t < L'(u(t) + 1), then Eq. (16) is trivial. If ¢ > L'(u(t) + 1), we have 7 > & — 1 > u(t). Therefore,

|V;fs - V*s|
=V - V7 (t, is the last time up to time ¢t when V,? is updated)
~ / / Aln®(SA7/8)r "

<> atmax|vy - v |4 SAR (15_ ;/ I (by Eq. (15))

i=1

v(T,t) T 3 —k

i s’ s’ i s’ s’ C1Aln (SAT/(S)T )

<fyZaTmax‘Vti—V* +FY. Z aTm;}X‘Vti—V* + 1=~

i=1 i=v(7,t)+1
(a) 1—7)° 1 . ; CiAln®(SAr/8)T k-
Ly Lol by S ataqy ¢ QAREATOT

t3 1—7 , 11—~
i=v(7,t)+1
. ; 201 Aln® (S At /8)T k-

<y Y ale(t) + 2 1(_ T/o)T (induction hypothesis)

i=v(7,t)+1 v

T k. 3 —k
i t 2C1Aln®(SAT /)T "

§fyl Z a, ®(t) x <t2) + 1=~

i=v(7,t)+1

(by the definition of ® and that u(-) is an increasing function)

(b) - ) 3 —k.
< 1 ’y) Z (1) + 2C1Aln°(SAT/0)T

i=v(7,t)+1 I=7

1- 201 AIn®(SAt/5) (55) "
§7(1+7><1>(t)+ 1A (SA4/9) (517) (t>7>4 —1> 55 since t > L'(u(t) +1) > 2L")

1—x
< (1 + 1‘”) O(t) + 1_77%)

In (a) we use the following property: if 7 > w(t) and ¢ < v(7,t), then

T

of =it JT (=) < (1=rr)""
j=i+1

: Tka n —t— t ]. - 3
< (1 — T*k“)3 = < exp <—7k°‘ - 37k In ) = ( 7)
Y
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In (b) we use the following calculation:

t
— <
t;

1—ry
+ ’7
<1tr 1165-1>
Y%
Y
<1+L
+ 2L/
1—

where the first inequality is due to the fact that at time ¢, state s has only been visited for 7 times; the second inequality is
because for any k& > j, we have t; > j and t, — t; < L'(k — j); the third inequality isby i > v(r,t); the fourth inequality

- 1 1-
is by the definition of v(7, t); the fifth inequality is because 47"C 1 In -~ - < a5 since T > u(t), and < u(t) < o

> 16L

since u(t) ; the last inequality is because +16a <1+ iaforae [0 1].

O

E.6. Part IV. Combining

In this subsection, we combine previous lemmas to show last-iterate convergence rate of Algorithm 2 and prove Theorem 5.1.

Lemma E.8. With probability at least 1 — O(9), for any time t > 1,

S ALY (S AL/ In 5 (1) (1 — 7)) _
max (V7 — V7 )< (9( (1 ~)2F1/e toE |

5,T,Y

Proof. Using Lemma B.10, we can bound the duality gap of the whole game by the duality gap on an individual state:

S S 2 S
max (Ve = Vi) < 7= max (i Quy” = 2°Qlyi)

2 / ,

g (10 B[] (0 B 1)
— Y szTY
2 / ,

< s (6 4B 1]} (e )
— Y 5@y

vl

+ % max VP —
With probability at least 1 — O(9), for any s, z®, y*, and ¢ > 1, denote 7 the number of visitation to state s until time ¢, then
5 (G + 1B [V )y = 2% (G + 1B [V i
= 35 (G° + B [V ] )yt = 27 (67 4 vEmpe [V ] )52
< (G 1B Vi )y — o (6" + 1B [V | )32 + 2max v = v,
<33, (G° + 1Eape [V )| )0 = 22 (G° 4 1B [V ] )05, + 20 [V = V| + O(122 = 22,11,)
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1 / /
<2:In(4)+ 0O () +2max [V;© — V72 |+ O(VKL(, 22,)) (Lemma B.9)
T s’ T
In(A LIn(St/§)rka k
< O(ln()rkf> +O <n(f/)7> +O ( A1n5(SAt/5)L2Tz”> . (Lemma E.4)
- -
Combing the above two inequality with Lemma E.4 and Lemma E.7 and the choice of parameters ko = 5 +6, ke = 5= +E ,
kg = 9+8, and k,, = 9+€,we have ky = min{kg — ke, k;, — kg, ko — ky — 2k} = 9+6, k. = min {kn,k‘g, — kg, k) =
9—41_5, and
max (V7 , = Viy,)
2 ’ ’ 4’7
< S S ¥ s S s _ S S ¥ s S S S _ S
S 7 max (ﬂﬁt(G +1Es~p [Vt Dy T (G +7Es~p [Vt Dyt) +71_Wm3XIVt Vel
5/2 3 e k.
<o VAln (SAL/8) -~ minghe, 5 ko) Lo Aln (SAtS/é) (Lln(St/5) ot ) ; (Lln(St/d))
(1—=9)? (1=7) 1—v 1—vy t
ALV e T VE(SAL/5) I 5 () (1 — ) _ 4 .
:O< (1 —)3+1/e e ). (=71
O

F. Convergent Analysis of Algorithm 3
F.1. Analysis Overview of Theorem 6.1

For general Markov games, it no longer holds that every state s is visited often, and thus the analysis is much more challenging.
We first define two regularized games based on V7 and the corresponding quantity Vé for the y-player. Define ¢ (s),

&2, 92 the same way as in the previous section. Then define f°(z,y) £ 27 (G* +4Ey P [V oy — €d(x) + €ed(y),
Tz, y) 2 27 (G + yEyps [Vt )y — €d(x) + e¢(y) and denote J; = max, S (G5 + AE g Ve g —
T ’
2" (G* +yEgps: [V ])yst). We first bound the “path duality gap” as follows
T ’
max (sct QSty® — 20 ffyts) < J+ O(max (V S U T )) (17)

z,Y

Value Convergence: Bounding V; — V? and V? — Vs This step is similar to Step 2 in the analysis of Algorithm 2.
We first show an upper bound of the weighted regret (Lemma F.3): -7 | of(f f2(23,97) — £7(2°,97)) < ibns., where
al = q H; i+1(1 = ;). Note that the value function V7 is updated using o + V5t — bns,. Thus when relating
|V — V7] to the regret, the regret term and the bonus term cancel out and we get V; < V + (’)(M) (Lemma E.7).
The analysis for V7 — Vt is symmetric. By proper choice of ¢, both terms are bounded by 1 gu. Combining the above with

Eq. (17), we can upper bound the left-hand side of the desired inequality Eq. (1) by S>/_, 1 [J; > 2u], which is further
upper bounded in Eq. (29) by

nr11(s) nri1(s)
DI BIRY IS IENEES HEIE 3> i 1 [£200) — min 157 > ]
s T=1
e [af (B [T -7 )i > 2. as)

Policy Convergence to NE of Regularized Games To bound the first two terms, we show convergence of the policy
(23, 93) to Nash equilibria of both games f* and 7. To this end, fix any p € [0, 1], we define f* = p [+ (1= p)f. and
let 25, = (22,,9°,) be the equilibrium of f*(z,%). The analysis is similar to previous algorithms where we first conduct
single-step analysis (Lemma F.2) and then carefully bound the weighted recursive terms. We show in Lemma F.§ that for
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any 0 < € <1: 3, 2O 1 [KL(22,,28) > €] < O(W) This proves policy convergence: the number

of iterations where the policy is far away from Nash equilibria of the regularized games is bounded, which can then be
translated to upper bounds on the first two terms.

Value Convergence: Bounding [V'; —V$| It remains to bound the last term in Eq. (18). Define ¢; = 1[z5* (Ey wpe. [V; —
Vi y;t > € where ¢ = % Then we only need to bound C' £ ZtT:l c;. We use the weighted sum Pr £
ZZ;I crxyt (B pse [Vf -Vi /])yf ¢ as a proxy. On the one hand, Py > Cé. On the other hand, in Lemma E.5, by rfcursively
tracking the update of the value function and carefully choosing 7 and /3, we upper bound Pr by < @ + O(%).

Combining the upper and lower bound of Pr gives C' < O(w

€, 1, and (3 in the above bounds proves Theorem 6.1 (see Appendix F).

) (Corollary F.6). Plugging appropriate choices of

F.2. Part 1. Basic Iteration Properties

Definition F.1. Let ¢+ (s) be the 7-th time the players visit state 5. Define 27 = @} ), 97 =¥} (5> G7 = ar,(s)> bs = b, (s)»
Furthermore, define

Py 207 (G +Banp: V1 )] )y — eolo) + o),

Frwy) 27 (G 4 aBump: [V1()]) y = ele) + o).
Lemma F.2. For any z*° € (),

[23,97) = £2(2°,57)
o (L=moKL@®, &%) — KL(2*,35,,) | 10pAW*(AT) 294

n (1—7)2 + (177)2§+§f—+§($s)-
where
sy ()
- 6 ( (oo ] - B
Gt = @) (”f‘i —A I ) (6 4k [1]) y) |
Proof. The proof is exactly the same as that of Lemma E.3. O

F.3. Part I1. Value Convergence

Lemma F.3 (weighted regret bound). There exists a large enough universal constant r (used in the definition of bns;) such
that with probability 1 — O(6), for any state s, visitation count T, and any x* € ),

Za (1@ - [ i@f))s%bnsT.

Proof. Fix state s and visitation count 7 < T'. Applying Lemma F.2 and considering the weighted sum of the bounds, we
get

Za( (&2.57) = £ 0))
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L—pe)KL(z®,#7) — KL(2*,23,1) | 10pAW*(AT) = 294, x)
<Z < 1 A +(1_7)2%+§i+§i( )

1-— (1— ot
=09 +2( TR 5) - S 20) )
n

termg
r

2 T T T
D BULNE L) BSYED BEHSED SUAe
i=1 ] i

)2
(1= i=1 i=1 =1
—_—— ———

term; termo terms termy

i—1 _ oi—1(l—ay) 4 N
Since o' = ==L > (1 — ai)as,

1 e 1
termg < aTKL +ZKL 589 (aT( ne)  a;(l-—a ))
7 n

< In(AT) (O; + Z O‘ﬂ“) _0 (IH(AZ)O‘T) .

We proceed to bound other terms as follows: wiht probability at least 1 — <25

Aln®(AT)n D
(1_7)2> , (ZiZI L = 1)

WA & 1[a2
term2(1177)2;a§<142< g 1>>
24
(1—=7)?
:O<A1n(AST/5)04T 77>’

term; = O (

x O <ln(AST/6) max én> (by Lemma B.7)

IN

(i-7? "B

T

A &, 1 ,
termz = O p— Z Lo + M\l In(AST/9) Z(a;)Q (by Lemma B.6)
i=1

=1

A 1 ~ .
O| — +——,|In(AST/d ala;

o (ABUST o))

L—n
In(AST/6) al ) (ln(AST/é)aT>
termy = O <maxT =0(——————|.
! l—y isr B (1—=7)8
Combining all terms and applying a union bound over s € S and 7, we get with probability 1 — O(d) such that for any
s € S, visitation count 7, and z° € €,
AI*(AST/8) (n+ B+ (™' + 1))
o (725, 97) — [ (2%, 95 0
Z (& L) = ( (-7

B AIn®(SAT/5)(B + ax/n) .
o (AMSATI i) —

This implies the conclusion of the lemma. O

Lemma F4. Forallt,s, V, > V3.
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Proof. We prove it by induction on t. The inequality clearly holds for ¢ = 1 by the initialization. Suppose that the inequality
holds for 1,2, ...,¢ — 1 and for all s. Now consider time ¢ and state s. Let 7 =nJ,and let 1 <#; <ty <... <t <tbe
the time indices when the players visit state s. By the update rule,

‘N/ts -Ve = Zai (iji“ — szf"'“ + 2bnsi) >0
i=1

where the inequality is by the induction hypothesis. Therefore,
V, —V$ =min {‘ZS,H} —max {V;°,0} > 0.

In the last inequality we also use the fact that V,* < H and ‘N/ts > 0. Note that by the induction hypothesis and the update
rule of V; and V3, we have 0 < V¥ < V; < H forall sand 1 < i <t — 1. Thus V;* = S al (WVS’ ' —bns;) < H
and similarly ‘N/ts > 0. O

Lemma F.5. Let ¢ = (¢y,. .., cr) be any non-negative sequence with ¢; < CmaxVi and EtT:1 ¢, = C. Then

S s Aln®(AST/S i ASIn* (AST /S
th(vt+vtt+1)éo<c H(S/)BJFC SH(S/))

P (L—9)? n(l—7)3

Proof.

T
A St+1 Sf+1
= g ct (Vt -V )

t=1

T
o (Vi - Vi) +o (cm S (Vi -7+ v - V§|)>
s t=1

M=

1

o~
I

T T
< Z Ci—1 (Vft — Kft) + O (cmax Z Z 1O_é ) (shifting the indices and define ¢y = 0)
t=1 s 1=1
T
rs 5 maxS .
§th_1 (V;st 71/;‘%) +O<C 1~ lenT) (using o; = gﬁ)
t=1
nT41(s) CmaxS In2 T
N max _ InT
*Z Z Ct(é)l(f() V(?))Jro( 1— ) > (H=1=)

nr41(e) 5t (s)+1 S¢. ( H’l CmaxshlZT
=72 Z Ctr(5)- 12“ TG S 2bns) + 0 N

nT+1(S)*1 nT41 S)

VZ Z Z a G ()1 (V t(;))Jrl_K:t(;))Jrl)

S =1 T=1+1

IN

t; (s)

nr41 S) 2
CmaxSIn“ T
+0 Z Z Ct. (s)—1bNS,_1 + 0

T Cs/cmax

ngdW”“-M?+0§Z§IQWM& %{%f (€2 2D ()

T
<yYod (Vi v
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Cs/Cmax

cmaXAln (AST/6)(B+ ar/n)  Cmax In?T
+0 +
Z Z (1—=9)? (1—=7)?
N CAI2(AST/5)B  cmaxASIn®(AST/S)
/ t+1 Sta41 max
_Wgct(vt _Vt+)+0( (1—7)2 n(1—7)? ) 1

Note that ¢} is another sequence with

1
¢ < Chax < Cmax bupza < (1 + H) Crmax

T=1

and
T T
Zc; < Z g =C
t=1 t=1

since Y_, @’ =1 for any 7 > 1. Thus, we can unroll the inequality Eq. (19) for H times, which gives

H 2 3
1 Crmax 1 CAIn“(AST/6)B  cemaxASIn”(AST/S)
Z. < ~H (1 + ) +HxO (
TUTHE) T (1) n(1 =)
_0 <CAln3(AST/5)5 cmaXASIn4(AST/5)>
(1—=7)° n(l—7)?
where in the inequality we use that (1 + £)# <eandy# = (1 — (1 — 7)) < e (U-MH = 1, O

C1AIn®(AST/8)B

Corollary F.6. There exists a universal constant Cy > 0 such that for any € > )7

1-0@),

, with probability at least
T 4
g/ / ASIn"(AST/d
Soafe T (Bop [V vz <0 (1“(3/)) .
— ne(l — )
Proof. We apply Lemma F.5 with the following definition of ¢;:
=1 [xf‘ (Es’~P5t {Vf - Kf/D Yt > 4 ,

which gives

et41 1r8er CAIn®(AST/5)3  ASIn*(AST/6)
el viv)<cox (2 ) 0

for some universal constant C and C' = Zthl ¢;. By Azuma’s inequality, for some universal constant C's > 0, with
probability 1 — 4,

RYCE 3 X M (by AM-GM and that n < )
1—v n(l =)

2n
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Combining Eq. (20) and Eq. (21), we get

T
et (Bur [V - V7] ) v
t=1

CAIn®(AST/6)B N ASln4(AST/6))
(1=7)? n(l—7)3 '
By the definition of ¢;, the left-hand side above is lower bounded by é Zthl ¢ = C&. Define C7 = 2(Cy + C3). Then by
the condition on €, the right-hand side above is above inequality is bounded by
ce G (AS 1n4(AST/5)>
2 2 n(l—7)3
by the condition on €. Combining the upper bound and the lower bound, we get
AS1In*(AST/5)
né(l —7)? ) '

§(02+03)><<

C§01X<

Lemma E.7. With probability at least 1 — O(9), for any t > 1,

VS < VS 40 eln(AT) T evi_0o eln(AT)
~—t = V% 1_7 ) t = V% 1_,}/ .

Proof Fix at and s, let 7 = n4(s), and let ¢; be the time index in which s is visited the i-th time. With probability at least

1-— S—T, we have

V=) ai (o0 +9V,"" —bns;)

i=1

i ; St +1 gT S s
<Za (f1@im) +e0() —eo(ui)) + D at (or V0" = a1 (G* + By pu gy i)

=1
—Zaibnsi
i=1
<Za (502 + eolei) — ) + = |23 (0 on(5T/0) - Za ons,

i=1
(by Hoeffding’s inequality)

T

. 1 .
< Dok (5 (ioui) + eolat) — e6(si) ) + 7 /2, g(ST/9) - Za brs,  (Cliab <1

< 3ol (£ 0) + o) — o)) — 5o,

=1
Ol al > % and bns; is decreasing, and /a,; < O;I—’ +n< (’7* +B)
<min3 o (£16w2)) + 2; ol (eo(z5,) — es(y;)) (by Lemma F3)
1= 1=
< mig ol (2°)" (Gs +vEg ps {Kf]) yi, + O(eln(AT)). (zq > 47 forany z € Q.)
xre
i=1

Therefore, using a union bound over s and ¢, we have with probability 1 — ¢, for all s and t,

Vi =max{V/,0} < manoz (GS + VEg o ps {Vs D yi, + CaeIn(AT) (22)

32



Uncoupled and Convergent Learning in Two-Player Zero-Sum Markov Games

for some universal constant Cy. Next, we use induction to show the first inequality. Suppose that

Caeln(AT)

Vi < VS
Vi SVi+ ==

for all s and ¢ < t. Then by Eq. (22),

+ Cyeln(AT)

Vi< mana (GS + VEg o ps {Vf + [ }) yi, + CaeIn(AT)

C461H(AT)
L=~
C4€1I1(AT)
1—nv
,  Cueln(AT
Dy” 1€ In(AT)
1—nv

= mmZa (Gg + YEg ps {Vf/}) v, +

s\T [ s o [V
<m1n;maxa (z*) (G +1Es~p [V* Dy +
_mzlnm;:tx( ) (Gb-i-WEs/NPS {V:

Y
e 1=~

which proves the first desired inequality. The other inequality can be proven in the same way. O

F.4. Part I1I. Policy Convergence to the Nash of the Regularized Game

Lemma E.8. Let 0 < p <1 be arbitrarily chosen, and define
Fi@ ) £ pf2 (2%, y") + (L =) f7 (2%, y*)

=t (GS + Eonpe {pﬂfﬁs) +(1- P)Vf;(s)}) Yy —ed(z°) + ed(y®).

Furthermore, let z5, = (32,,45,) be the equilibrium of f2(x,y), and define z;, = z5, where T = n4(s). Then with
probability at least 1 — O(0), the following holds for any 0 < ¢’ < 1:

nT+1(S 5
) SZAIn®(SAT/9)
S ot} >
ES E 1[KL(%5,,25) > e]_(9< T >

if n and (3 satisfy the following

05(1 B ) /
P= Al (asto) 3
Cﬁ(l - ) Be/ (24)

. S —
~ Aln®(AST/$)

with sufficiently small universal constant C5, Cg > 0.

Proof. In this proof, we write C (z2,) as ¢,- By Lemma F.2, we have

KL(#,,54) < (1= nO)KL(5, 5) + 1 (585, 55) - £5(5,57))

102 Aln’(AT) 22A R <
+ A5+ e s
TETIEEN T E e

Similarly,
~s A5 ~5 a8 TS (a8 s TS5 (a8 s
KL(970: 9i41) < (1 = ne)KL(G5,. 97) + 1 (fz- (#7,97) — fi(@ “yz*))
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102 AIn*(AT)  29%A — s s
+ A + 08 + 1G5
=y -y

Adding the two inequalities up, we get

KL(21'5+1*a 25—&-1)
o 202 AIn?(AT 22 A
(1 - UE)KL( Zixr z) + (1 _ )(2 ) + (1 _,7)2

o (F1 @5 50) = £2@5 30 + £ @500 — 1 @552 25)

A} &l +nG + o7

where v] = KL(%7,,,,%7,,) — KL(%},, 2] ;) and 0° = O0° + 0°. By Lemma F.4, we have fi(@,y) < 7 (x,y) for all
x,y, and thus L( 508 = fl(A:, 93 < fe(as,,93) — f£(23,95,) < 0. Therefore, Eq. (25) further implies
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v +

where AS = 77 (25,95) — £7(25,97) and in the last step we use a < [a — b]+ + b.

Unrolling the recursion, we get with probability at least 1 — (), for all s and 7 (we show that the inequality holds for any

fix s and 7 with probability 1 — O(SLT) and then apply the union bound over s and 7),

KL(2i+1*’ 27S—+1)

s 202 Aln*(AT) < iy 277 A Jrixs
< (1—noTKL(z,, 20) + 2 AW AT g S

(1-7)? =
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=1 i=1
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+2(171}e) U5 +§nee Z;(lfne) JFUZ;(l*??E) {Ai - QEGL_
£ terms(s,7) = termg(s,q—)
(a) . 77A 772A
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(€ (AT)) + 0 (AST/5) % O s + 5t + s e L 5

1
+ term; (s, 7) + 56/ + termg (s, 7)

()
< O (e7"In(AT)) + Ze’ + terms (s, 7) + termg (s, 7) (26)

where in (a) we use the following calculation:

2 A 1n2 2
72 Aln“(AT) 1 nAln“(AT)
<o (LR Z ) cp (2R
rmy < 0 (LR < L) <0 (P
2 T—1 2
n°A  max;<.(1 —ne) 1n(AST/5)> ( n°A 1n(AST/(5)>
term, < O = =0 (by Lemma B.8)
’ ((1—@2 E 1-? 8 ’
termg < O "A7 B =ne)™ " +n, | In(AST/5) > (1 —ne)7" (by Lemma B.6)
i=1 i=1
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=0 (e(lﬂfv) + ln(AS/d)Z) .

i<r(1 =€) In(AST/6 In(AST/S
term, < (9( N maXicr (1= 0o In(AST/ )) -0 (7”1(5/)> (by Lemma B.8)
-~ B Bl —7)
and in (b) we use the conditions Eq. (23) and Eq. (24).
‘We continue to bound the sum of terms and termg over ¢. Note that
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where in the last inequality we use the following calculation:
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(by the same calculation as Eq. (10))
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(by Corollary F.6 with € = e€’2’ and the assumption that e’ > W)
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ithout loss of lity. | (%)<1 T
e — ) (without loss of generality, assume log, ( 7—y7 ) < logT)
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(28)
From Eq. (26), we have
nr41(s)
DD IRTNICNEEN
nT+1(S nr41(s) 1
<Z Z [ 1T In(AT)) >e]+z Z [erm557)>12€]
nT+1( ) 1
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< el Sl 2 il et e
- Sxo( nee’ ) o (n62 -2 ) T\ e =y
2 415
<0 S%Aln (SAT{&)
- ne*e' (1 —)?
where in the second-to-last inequality we use Eq. (27) and Eq. (28). This finishes the proof.
O

F.5. Part I'V. Combining

Theorem F.9. For any u € [O, ﬁ] , there exists a proper choice of parameters €, 3,1 such that

T
T S2A3In'"(SAT/S
§ 1 [max (xtt QitySt _‘,L.S;I—Qity;t) > u:| S O ( n ( / )) .
Yy

BT =)

with probability at least 1 — O(9).

Proof. We will choose € such that u > Cr M with a sufficiently large universal constant C';. By Lemma F.7, we have
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Therefore, we can upper bound the left-hand side of the desired inequality by
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For the first term in Eq. (29), we can bound it by

nr41(s)
) Z [maxf Z,ys)—fz(AZ,@f)zg O(eln(AT))]
( nT+1(S) . Y
<; Z {maxf zays)fz(Afagf)28:|
nT+1(S
7S In(AT
= Z Z ! {maxf 50°) = [i(@,05) + O (H%S =2 Ii(f ’y)) Z g}

(because ||V f; (2, 9)]loo < O (%) — similar to the calculation in Eq. (7))

(here we choose (&5, , /¢, ) to be the equilibrium under [, (x,y))
nry1(s)
s In(AT) U
<X Y 1fo(l-aniil) 2y
s i=1

< ZTi( 7 [KL 5 20) 2 Q (W)]

52A1n (SAT/5)
=0 < ne2u?(1 —v)» )

(by Lemma F.8 with ¢ = © ("11(21(;;))2 ))

The third term in Eq. (29) can be bounded in the same way. The second term in Eq. (29) can be bounded using Corollary F.6
by

SAIn*(SAT/6)
O( nu(l — )3 )

Overall, we have

T o e T S2AIn"(SAT/5)
Zl {max( LRy —a Q*tytt) > U} <0 ( ne2u2(1 — 7)) > : (30)

Notice that the parameters ¢, 3, 1) needs to satisfy the conditions specified in this lemma and Lemma F.8, with which we
apply ¢ = © (%). The constraints suggest the following parameter choice (under a fixed u):

€=9 <1:((51AT7/25)>
B

<A1$(521)T/5) 66/) =9 <A?jé;SA¥;6)>
_ 5 _ 9
n=6 <A1;31(SX;/6) P g) =9 (A?llbngll(sz)T/(sQ

Using these parameters in Eq. (30), we get
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t ()StoSt _ ,mSp ()Stg,St < .
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37



Uncoupled and Convergent Learning in Two-Player Zero-Sum Markov Games

G. Discussions on Convergence Notions for General Markov Games

In general Markov games, learning the equilibrium policy pair on every state is impossible because some state might
have exponentially small visitation probability under all policies. Therefore, a reasonable definition of convergence is the
convergence of the following quantity to zero:

T
1
TZH;%X (Vir, = Ve Y, (31)

which is similar to the best-iterate convergence defined in Section 3, but over the state sequence visited by the players
instead of taking max over s. It is also a strict generalization of the sample complexity bound for single-player MDPs under
the discounted criteria (see e.g., (Lattimore & Hutter, 2014; Wang et al., 2020)).

The path convergence defined in our work is, on the other hand, that the following quantity converges to zero:
1 d sy St,,S s) yse, .8
7> max (a7 Qi — o Q). (32)
t=1

Since maxy(xsTQiys) < maxy(acST 5 yY°) = max, V2 for any z, the convergence of Eq. (31) is stronger than Eq.
(32).

Implications of Path Convergence Although Eq. (32) does not imply the more standard best-iterate guarantee Eq. (31),
it still has meaningful implications. By definition, It implies that frequent visits to a state bring players’ policies closer to
equilibrium, leading to both players using near-equilibrium policies for all but o(7T") number of steps over time.

Path convergence also implies that both players have no regret compared to the game value V,?, which has been considered
and motivated in previous works such as (Brafman & Tennenholtz, 2002; Tian et al., 2020). To see this more clearly, we
apply the results to the episodic setting, where in every step, with probability 1 — -, the state is redrawn from s ~ p for some
initial distribution p (every time the state is redrawn from p, we call it a new episode). We can show that if Eq. (32) vanishes,
then every player’s long-term average payoff is at least the game value. First, notice that if Eq. (32) converges to zero, then

T T
T T
DoVt —ait Qo) < maxd (' Qv —al” Qi)
t=1 t=1
T ST ST
Z (mgx ryt QYT — ! Qity§‘> =o(T). (33)

Now fix an 7 and let ¢; be time index at the beginning of episode 7. Let £y = 1 indicate the event that episode ¢ has not
ended at time ¢. Then

E ltz_l (v —a Qo )]

t=t;

= s Y St
=B |3 1B = 1] (V- o)t Gryt V)

t=t;
=E|> 1B =1 (V 2 GOy~ 1B = 1]V5f+1)

t=t;
=E V"] —E | > 1[E = 127" Gy}t

t=t;
ti+171
=B, [V -E| 3 o oy
t=t;
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Combining this with Eq. (33), we get

T
E Z xfj G*ty;*| > (#episodes in T steps)E;,[V,F] — o(T)
=1

> (1= 7)Eonp [V2IT = o(T).

Hence the one-step average reward is at least (1 — v)E;~,[V;?]. A symmetric analysis shows that it is also at most
(1 —v)Es~,[V;?]. This shows that both players have no regret compared to the game value. Notice that this is only a loose
implication of the path convergence guarantee because of the loose second inequality in Eq. (33).

Remark on the notion of “last-iterate convergence” in general Markov games While Eq. (31) corresponds to best-
iterate convergence for general Markov games, an even stronger notion one can pursue after is “last-iterate convergence.” As
argued above, it is impossible to require that the policies on all states to converge to equilibrium. To address this issue, we
propose to study this problem under the episodic setting described above, in which the state is reset after every trajectory
whose expected length is ﬁ In this case, last-iterate convergence will be defined as the convergence of the following
quantity to zero when ¢ — co:

S S
ESNP [H%%X (Vlt,;yy B Vw,yti):l
where we recall that 4 is the episode index and (¢, , y:, ) are the policies used by the two players at the beginning of episode
1. While last-iterate convergence seems reasonable and possibly achievable, we are unaware of such results even for the
degenerated case of single-player MDPs — the standard regret bound corresponds to best-iterate convergence, while the
techniques we are aware of to prove last-iterate convergence in MDPs require additional assumptions on the dynamics.
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