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Abstract

We study online learning in constrained Markov decision processes (CMDPs) in
which rewards and constraints may be either stochastic or adversarial. In such
settings, Stradi et al.| [2024al] proposed the first best-of-both-worlds algorithm
able to seamlessly handle stochastic and adversarial constraints, achieving optimal
regret and constraint violation bounds in both cases. This algorithm suffers from
two major drawbacks. First, it only works under full feedback, which severely
limits its applicability in practice. Moreover, it relies on optimizing over the space
of occupancy measures, which requires solving convex optimization problems,
an highly inefficient task. In this paper, we provide the first best-of-both-worlds
algorithm for CMDPs with bandit feedback. Specifically, when the constraints are
stochastic, the algorithm achieves O(+/T) regret and constraint violation, while,
when they are adversarial, it attains O (/T constraint violation and a tight fraction
of the optimal reward. Moreover, our algorithm is based on a policy optimization
approach, which is much more efficient than occupancy-measure-based methods.

1 Introduction

Markov decision processes (MDPs) [[Puterman, 2014]] have emerged as the most natural models for
such interactions, as they allow to capture the fundamental goal of learning an optimal (i.e., reward-
maximizing) action-selection policy for the agent. However, in most of the real-world applications,
the learner has to satisfy some additional requirements. For instance, in autonomous driving one
has to avoid crashing with other cars [Isele et al.l [2018]], in ad auctions one must not deplete the
allocated budget [He et al.,[2021]], while in recommendation systems offending items should not be
presented to the users [Singh et al.| 2020]. In order to capture such requirements, constrained MDPs
(CMDPs) [Altmanl [1999] have been introduced. These augment classical MDPs by adding costs that
the agent is constrained to keep below some given thresholds.

Over the last years, online learning problems in episodic CMDPs have received a growing attention
(see, e.g., [Efroni et al. [2020]] for a seminal work in the field). These are problems in which the
learner repeatedly interacts with the CMDP environment over multiple episodes. In such settings, the
learner’s goal is to minimize the regret of not always selecting a best-in-hindsight policy that satisfies
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cost constraints, while at the same time ensuring that the cumulative violation of cost constraints does
not grow too fast over the episodes. Ideally, one would like that both the regret and the constraint
violation grow sublinearly in the number of episodes 7'. In online learning in episodic MDPs,
two different assumptions on how rewards and costs are determined at each episode are possible.
They can be selected either stochastically according to fixed (unknown) probability distributions or
adversarially, meaning that no statistical assumption is made. Very recently, [Stradi et al.|[2024a]
proposed the first best-of-both-worlds learning algorithm for online learning in episodic CMDPs.
Such an algorithm is able to seamlessly handle stochastic and adversarial constraints, achieving
optimal regret and violation bounds in both cases. However, it suffers from two major drawbacks.
First, it only works under full feedback, meaning that the learning agent needs to observe rewards
and costs defined over the whole environment after each episode. This is extremely unreasonable
in practice, where only some feedback along the realized trajectory is usually available. Moreover,
the algorithm works by optimizing over the space of occupancy measures, which requires solving a
convex problem at every episode, an highly inefficient task.

1.1 Original Contributions

We provide the first best-of-both-worlds algorithm for online learning in episodic CMDPs with bandit
feedback. This means that, after each episode, the algorithm only needs to observe the realized
rewards and costs along the trajectory traversed during that episode, as it is the case in most of
the real-world applications. Moreover, our algorithm is based on a primal-dual policy optimization
method, and, thus, it is arguably much more efficient than the one by |Stradi et al.| [2024al], it does not
require solving convex programs.

When the costs are stochastic, our algorithm attains 6(\/ T') regret and constraint violation, while,

when they are adversarial, it achieves O(+/T) violation and a fraction of the optimal reward. These
results match those of the full-feedback algorithm by [Stradi et al.|[2024a] and are provably tight. We
also analyze the performances of our algorithm with respect to a parameter p measuring by “how
much” Slater’s condition is satisfied. Specifically, if p is arbitrarily small, our algorithm can still

guarantee o (T3/ 4) regret and violation in the stochastic setting.

Crucially, similarly to the algorithm by |Stradi et al.|[2024al], ours does not require any knowledge of
the Slater’s parameter p. In order to obtain this result, we show that the Lagrangian multipliers are
automatically bounded during the learning dynamics, by employing the no-interval-regret property
of our primal and dual regret minimizers. Indeed, we develop the first algorithm for unconstrained
MDPs with no-interval-regret, under bandit feedback. We believe that this result may also be of
independent interest.

Finally, differently from |Stradi et al.|[2024a], we show that our algorithm may achieve sublinear
regret and violation in the adversarial setting, by using a weaker baseline that has to satisfy the

constraints at every round. Specifically, when p is large enough our algorithm attains (5(\/T ) regret
and violation, while it still achieves O(T 3/ 4) regret and violation when p is arbitrarily small.

1.2 Related Works

In the following, we highlight the works that are mainly related to ours. Due to space constraints, we
refer to Appendix [A|for a complete discussion about related works.

Online learning in MDPs has been widely studied both under stochastic settings [[Auer et al.,[2008]
and adversarial ones [Neu et al.l 2010]. In adversarial settings, two feedbacks are usually investigated.
In the full-feedback setting, the reward function (or loss) is entirely revealed at the end of the episode.
In this case, Rosenberg and Mansour| [2019b]] show that it is possible to achieve an optimal O( VT )
regret bound. In the more challenging bandit-feedback setting, with rewards revealed along the
traversed trajectory only, Jin et al.| [2020] show that the optimal bound is still attainable.

As concerns MDPs with constraints, online learning has been studied mainly in the stochastic setting
(see [Efroni et al.| [2020] for a seminal work on the topic). As concerns adversarial settings, namely,
when the constraints are not assumed to be stochastic, there exists an impossibility result from|{Mannor
et al.|[2009] that prevents from attaining sublinear regret and violation when the optimal solution is
computed with respect to a policy that satisfies the constraints on average. Thus, many works focused



on achieving 6(\/?) regret and violation for adversarial rewards and stochastic constraints [Qiu
et al.| 2020]] or non-stationary environments with bounded non-stationarity [[Ding and Lavaei, |2023|
Wei et al.,[2023| [Stradi et al.| [2024b]].

Recently, |Stradi et al.|[2024a] showed the first best-of-both-worlds (with respect to the constraints)
algorithm for CMDPs. Precisely, the authors propose a primal-dual algorithm that optimizes over the
occupancy measure space, under full feedback. When the constraints are stochastic, the algorithm
achieves O(v/T') regret and violation, both in the case in which rewards are adversarial and the one
where they are stochastic. Contrariwise, in the adversarial setting, the algorithms attains (’)(\/T)
violatios, and the no-a-regret property with o = »¢/(H+p), where p is a suitably-defined Slater’s
parameter. Notice that this result is in line with the best-of-both-worlds results in the single-state
online constrained settings, e.g., [Castiglioni et al.,|2022b].

2 Problem Setting

2.1 Online Constrained Markov Decision Processes

An online episodic constrained MDPs (CMDPs) [Altman, [1999] is a tuple M =
(X, A, P, {rt}thl , {Gt}thl). Specifically, T' is the number of episodes, with ¢ € [T'] denoting
a specific episode. X, A are finite state and action spaces, respectively. P : X x A — A(X) is
the transition function. We denote by P(x2’|x, a) the probability of going from state z € X to state
2’ € X by taking action a € A. Notice that, w.l.0.g., in this work we consider loop-free CMDPs.
Formally, this means that X is partitioned into H layers X, ..., Xz such that the first and the last
layers are singletons, i.e., Xo = {zo} and Xy = {z g}, and that P(2'|z,a) > O only if 2’ € X},41
and x € X, for some h € [0 .. H —1]. Any episodic CMDP with horizon H that is not loop-free can
be cast into a loop-free one by suitably duplicating the state space H times. {Tt}thl is a sequence
of vectors describing the rewards at each episode ¢ € [T'], namely r; € [0, 1]/X*4l. We refer to the
reward of a specific state-action pair x € X, a € A for an episode ¢ € [T] as r4(z, a). Rewards may
be either stochastic, in that case r, is a random variable distributed according to a distribution R for
every t € [T, or chosen by an adversary. {Gt}thl is a sequence of constraint matrices describing the
m constraint violations at each episode ¢ € [T], namely G; € [—1, 1]X*A1X™ where non-positive
violation values stand for satisfaction of the constraints. For ¢ € [m], we refer to the violation of
the i-th constraint for a specific state-action pair x € X,a € A at episode t € [T)] as g;,:(z, a).
Constraint violations may be stochastic, in that case G is a random variable distributed according to
a probability distribution G for every ¢ € [T, or chosen by an adversary.

The learner chooses a policy 7 :
X — A(A) at each episode,
defining a probability distribu-
tion over actions at each state.
We denote by 7(-|z) the proba-
bility distribution for a state x €
X, with 7(a|z) being the prob-
ability of action a € A. In Al-
gorithm [I] we provide the interac-
tion between the learner and the
environment in a CMDP. Further- The learner observes .1

more, we assume that the learner end for

knows X and A, but they do not 11: end for

know anything about P. Notice

that the interaction between the learner and the environment is with bandit feedback, namely, the
rewards and the constraint violations are revealed for the traversed trajectory only.

Algorithm 1 Learner-Environment Interaction

1: fort=1,...,T do

2 r+ and G are chosen stochastically or adversarially

3 The learner chooses a policy 7 : X x A — [0, 1]

4 The state is initialized to x

5 forh=0,...,H—1do

6 The learner plays ap ~ 7 (-|zp,)

7: The learner observes (2, ap,).gt.i (T, an)Vi € [m]
8

9
10

The environment evolves to xj+1 ~ P(:|xp, an)

Occupancy Measures Given a transition function P and a policy m, the occupancy measure
q"™ € [0,1]1X*AxXI induced by P and 7 is such that, for all z € X,, a € A, and 2’ € X}, ;; with
h €[0.. H—1],it holds

P, (

q x,a,7") =P{xy =x,ap = a,zpy1 =2 |P,7}.



Moreover, we let ¢" ™ (z,a) = 3, c x, ., 4”7 (,a,2") and ¢ (z) = 30, , 4" (x, a). Then, the
set of valid occupancy measures can be characterized as follows [Rosenberg and Mansour, 2019b]. A

vector g € [0, 1] |XxAxX] {5 a valid occupancy measure of an episodic loop-free MDP if and only if the
following three conditions hold: () 3, cx, > aea 2wex,,, 4@ a,2") =1Vh €[0,... . H — 1],

(1) D aca Ew’eXh_H (0, 7") =3 ex,  2oaca (@ a,x)Vh € [1,..., H 1],V € X} and
(ii1) P9 = P, where P is the transition function of the MDP and PY is the one induced by q.
Indeed, any valid occupancy measure ¢ induces a transition function P? and a policy 79, defined as

Pi(a'|z,a) = % and 79 (alx) = %,
2.2 Offline CMDPs Baseline

In the following, we introduce the offline CMDP optimization problem, which is needed to define a
proper baseline to evaluate the performances of online learning algorithms. Specifically, we introduce
the following linear program parameterized by a reward vector r and a constraint matrix G:

-
L JmaXgeam) T4
OPT, ¢ := { ‘L GTq <0, 1

where ¢ € [0, 1)1¥*4l is an occupancy measure and A (M) is the set of valid occupancy measures.

Furthermore, we state the following well-known condition on the offline CMDP problem.

Condition 2.1 (Slater’s condition). Given a constraint matrix G, the Slater’s condition holds when
there is a strictly feasible solution ¢° such that G T ¢° < 0.

Notice that, in this work, we do not assume that the Slater’s condition holds. Indeed, our algorithm
still works when a strictly feasible solution does not exists. We refer to Section [2.4] for further details
on this. Finally, we define the Lagrangian function of Problem (T)), as follows.

Definition 2.2 (Lagrangian function). Given a reward vector r and a constraint matrix G, the
Lagrangian function £, ¢ : A(M) x RZ; — R of Problem (T is defined as £, (g, A) :=r"q —

AT (GTq).
2.3 Online Learning Problem

As it is standard in online learning [Cesa-Bianchi and Lugosil 2006], we evaluate the performance of
learning algorithms by means of the notion of cumulative regret.

Definition 2.3 (Regret). We define the cumulative regret up to episode 1" as Ry := T OPT, & —
S qP, where 7 := E,. g [r] if the rewards are stochastic, while 7 :== & S"]_ 7, if they are
adversarial, and G := Eg~g[G] if the constraints are stochastic, while G := % EL G, if they are
adversarial.

We refer to an optimal occupancy measure, i.e., a feasible one achieving value OPT;. =, as ¢*. Thus,

we can rewrite the regret definition as Ry = Zthl Tlgt — ZtT:l ) ¢©™. Notice that, in the

adversarial setting, the regret is computed with respect to an optimal feasible strategy in hindsight.

Indeed, an optimal solution is not required to satisfy the constraints at every episode ¢ € [T].

Next, we define the performance measure related to constraints: the cumulative constraint violation.

Definition 2.4 (Constraint violation). The cumulative constraint violation up to episode 7" is defined
— T TP

as Vr := max;em) Do,y [GY 7], -

Learning algorithms perform properly when they are capable of keeping both the quantities defined
above sublinear in 7', namely, Ry = o(T) and Vr = o(T).

For the sake of simplicity, in the rest of the paper, we will refer to ¢©>™ as ¢;, omitting the dependence
on transition unction P and policy 7.

2.4 Feasibility

We introduce a problem-specific parameter of Problem (I), called p € [0, H], which iden-
tifies by “how much” Slater’s condition is satisfied. Formally, when the constraints are se-



Algorithm 2 PDB-PS
Require: State space X, action space A, number of episodes T', confidence parameter § € (0, 1)
1: mi(alz) + IA\ V(z,a) € X x A
/\1<—Q F1<—1 _41(—2
1/41™ 1
K [0,TV1]7n « Dn(1A1IXP7%/5)T
fort=1,...,T do
Play policy 7, observe trajectory {(z1,, an)}r—q , rewards {r¢(zs, ap)}r—, and constraint
violations { g ;(zp, ah)}th_Ol forall i € [m]

6: forh=0,...,H—1do

7: b (xlu ah)<_Ft +Z;n:/1 /\t,igt,i(xluah) — Tt (xluah)

8: end for

9: w41 ¢ Call FS-PODB.UPDATE({ (21, an )}y {0s(xn, an) }r=g's Z0)

10 Aey1 g [)\t + UZhH:_ol Gilzn, ah]}
11: Ft+1 +— 1+ ”)‘tJrlHl

12: '—'t+1 < max {‘—'ta 2Ft}

13: end for

lected stochastically, namely, they are chosen from a fixed distribution, the parameter p is
. — T .
defined as p = maxgea(ar) Miligfm] — {G q} . When the constraints are chosen adver-
1

sarially, namely, no statistical assumption is made, the parameter p is defined as p :=
maXgeA(M) minte[T] minie[m] - [GtT QL--

Furthermore, we denote the occupancy measure ¢ € A(M ) leading to the value of p by ¢°. Intuitively,
p represents the “margin” by which the “most feasible” strictly feasible solution (i.e., ¢°) satisfies
the constraints. Finally, we state the following condition on the parameter p, which will guide the
analyses of the performances of our algorithm.

Condition 2.5. It holds that p > T~ H+\/112m.

Remark 2.6. Notice that, it is standard in the literature of primal-dual methods to assume that p is
a constant independent of T and directly include in the regret bound the dependence on 1/, (see,
e.g, [Efroni et al., 2020} [Liu et al.,[2021} |Wei et al., [2022, Miiller et al.,|2024]]). Nevertheless, when p
is too small, this could result in suboptimal regret bounds. In this paper, we take a different approach
by providing bounds for any value of p, that is, whether Condition [2.5holds or not.

3 A Policy Optimization Primal-Dual Approach

In this section, we provide the description of our algorithm. We resort to a primal-dual formulation of
the CMDP problem, and we employ different regret minimizers to optimize over the primal space
(namely, the policy space) and the dual one (that is, the Lagrangian variables space). Furthermore,
our primal algorithm is based on a policy optimization approach. Thus, the learning update is not
performed over the occupancy measure space, but state-by-state along the MDP structure. This allows
us to avoid solving a convex program at each episode (as it is the case in the algorithm by [Stradi
et al.,[2024al]). As concerns the dual, we employ online gradient descent (0GD). We remark that our
algorithm does not require any knowledge of the Slater’s parameter p. Indeed, as we further discuss
in the rest of this work, we can show that the Lagrangian multipliers are automatically bounded given
specific no-regret properties of the primal and dual regret minimizers.

3.1 Meta-Algorithm

In Algorithm 2} we provide the pseudocode of primal-dual bandit policy search (PDB-PS).

Algorithm []initializes the policy uniformly over the space (see Line[I). Moreover, the Lagrangian
variables are initialized as the zero vector, the loss scaling factor to 1, the loss range to 2, and,
finally, the dual space is instantiated as [O, TY 4] " (see Line . We underline that we force the dual
space to be bounded in [O, TY 4] " only to deal with degenerate cases where Condition does



not hold. When Condition 2.5 holds, our algorithm guarantees that the Lagrangian variables are
automatically bounded during learning. Furthermore, the algorithm keeps track of the maximum loss
range observed by the primal algorithm Z;, up to episode ¢ € [T, since the primal regret minimizer
needs to dynamically update its belief on the loss range, in order to attain optimal regret bounds. The
algorithm plays policy 7 and observes the bandit feedback as depicted in Algorithm[I](see Line[5).
Given the observed feedback, PDB-PS builds a re-scaled Lagrangian loss for each layer h € [H] as:

C(xn an) =Ty + > Aeigei(wn, an) — re(n, an). 2

i=1

Notice that the loss built in Equation (2) can been seen as the Lagrangian suffered by 7, for state-
action pair (x, a), scaled by I'; to guarantee that the losses are always positive (see Line . This loss
is properly built to feed the primal policy optimization procedure. Moreover, we underline that the
feedback given to the primal algorithm encompasses the trajectory and the maximum loss range ob-
served, besides the loss built in Equation (2)). Policy 71 is returned by the primal algorithm (Line[J).
We refer the reader to the next section for further discussion on the primal optimization algorithm.
Algorithm [2updates the Lagrangian multipliers using an online gradient descent update with loss

- Zf:o G4z, ap] in the bounded dual space [0, T1/4]m, A1 < T [)\t +7 Zth_Ol Gz, ah]} ,

where Il is the euclidean projection over the space K and G|z, ap] is the m-dimensional vector
composed by the violations of any constraint for the state-action pair (x, ap) (Line . Thus, the
current loss scaling factor is computed as I's 1 < 1 + ||A¢41]|1 (Line . Finally, the maximum
observed loss range Z; 1 is updated as Z;41 + max {Z;, 2I';11 }, since the range of losses observed
by the primal depends on the Lagrangian multipliers (Line [I2).

3.2 Primal Regret Minimizer

In Algorithm 3| we provide the pseudocode of fixed share policy optimization with dilated bonus
(FS-PODB.UPDATE), namely, the update performed by the primal regret minimizer employed by
Algorithm 2] Algorithm [3| builds on top of the state-of-the-art policy optimization algorithm for
adversarial MDPs (see [Luo et al.||2021])), equipping it with a fixed share update [Cesa-Bianchi et al.}
2012]). This modification allows us to achieve the no-interval regret property, which, to the best of
our knowledge, has never been shown for adversarial MDPs with bandit feedback. Thus, we believe
that the theoretical guarantees of Algorithm 3]are of independent interest.

Specifically, Algorithm [3|requires in input the trajectory traversed during the learner-environment
interaction, the incurred loss functions, and the maximum loss range observed for any ¢ € [T]E]
During the first episode, the algorithm initializes the estimated transitions space as the set of all
possible transition functions (Line [2). Thus, at each episode the algorithm defines a dynamic
learning rate 7, o< ﬁ (Line {4)), where = is the upper bound on the range of the loss functions

up to ¢t. This is done to control the different scales of the loss, due to the Lagrangian multipliers
choice of the dual algorithm. Then, Algorithm 3|builds an optimistic estimator of the state-action

value function as Qy(z,a) = Et(fjfﬁlt(x,a), where I;(x,a) == I{z,), = z,at), = a} and
Ly = Ef;hl l(x;,a;) is the loss incurred by the algorithm at episode ¢ starting from layer

h. Indeed, since G,(x,a) = maXﬁe,Pth’m (a:,a)and ~ is a positive quantity, Q¢(x, a) results
in an optimistic estimator of the state-action value function (Line [5). The optimistic estimator is
employed to control the variance of the loss estimation and, thus, in order to achieve high-probability
results. Finally, notice that the state-action value function (as the estimated one) is commonly used in
policy optimization as it allows to optimize efficiently state-by-state. In addition to the estimated
state-action value function, Algorithm [3| defines a dilated bonus similar to the one introduced by [Luo
et al.| [2021]], which is then incorporated in the final objective of the optimization update. The
bonus is defined as By(z, a) = by(z) + (1 + ) max E o B( |z,a)Banme (o) [Be (@', a")] , where
t

the term b;(x) depends on the uncertainty on the transitions estimation and the range of the losses,

'While the input of Algorithmmay seem different from the standard bandit feedback received in adversarial
MDPs, this is not the case. Indeed, it is sufficient to set =; = 1 for all ¢ € [T] to achieve the same guarantees
attained by Algorithm[3] in the Lagrangian formulation of CMDPs, in standard adversarial MDPs.

%As shown in [Jin et al.l 2020], q,(x, a) can be computed efficiently by means of dynamic programming.



Algorithm 3 FS-PODB.UPDATE

Require: Observed trajectory {(zn, as)}1 -, , observed losses {£;(zn, ar)} 1~ , loss range upper
bound =,
1: if ¢ = 1 then
2 P1 <+ set of all possible transitions
3: end if
. 1 1 1
4: My — 2HEtC\/T’7<; C\/T’(T(; T
5: Forallh =0,...,H — land (z,a) € X}, x A:

H-1
~ Ly
Lt,h — gt(xﬁa"% Qt(xaa) = : ]It .’L‘,G/),
2 e, Zwa) 1y

where we let g, (2, a) = maxp_p, g (x,a) and Li(x,a) ==z ), = z,a¢p = a}
6: Forall (z,a) € X x A:

3YHE+H=, (at(sc, a)—q,(z, a))
bt(l')(— E —
arvi(-|2) 3z, a) +

1
Bt(.’L', a) — bt($> + <1 + H) max Ex’wlg(~\z,a)EaNﬂt('|ff’) [Bt(x/, a/)]
PeP;

where we let ¢, (2, a) == minp_p, qﬁm (z,a),and By(zg,a) :=0foralla € A
7: Forall (z,a) € X x A:

wey1(alz) (1 — U)wt(a|x)e—7lt(@t(x,a)—Bt($7a))
ag . , )
+ — Z wt(aj'x)e*ﬂt(Qt(aJ,a )—B:(z,a ))
|A| a’'€A
w1 (alz)
Darea Wit (a'])

7rt+1(a|x) —

8: Pii1 < TRANSITION.UPDATE({(z1,an)}r—g)

while the term (1 + %) attributes more weight to the deeper layers, so as to incentivize exploration
(Line [6). The weights associated to any action are computed employing the so called fixed share
update [Cesa-Bianchi et al.,|2012]]; specifically, the weights are computed as the convex combination

between the uniform weight and the solution to optimization step o wt(a\z)efm(Q"(f”’a)fB t(@0)

The policy is simply computed as a normalization between weights (see Line [7). Notice that the
convex combination mentioned above is crucial to bound the regret for each interval (that is, to attain
the no-interval regret property). Indeed, it guarantees a lower bound for the value taken by the policy
in each available action at each episode, and, thus, for all intervals [t1,t2] C [T, it allows to find a
nice upper bound for the Bregman divergence D, (7 (+|a); 7, (-|a)), for all policies 7. Finally, the
estimation of the transitions is updated given the trajectory traversed in the MDP (Line [§). This
estimation is standard in the literature. Thus, we refer to [Rosenberg and Mansour, 2019b] for further
discussion on the use of counters and epochs to estimate a superset of the transition space P;.

3.3 No-Interval Regret Property

When the Slater’s parameter p is known, the only necessary requirement for the primal and the dual
regret minimizers is to be no-regret. Thus, it is sufficient to bound the Lagrangian space so that
[IAllL < O(H/p) to attain sublinear regret and violation. Nevertheless, knowing p is generally not



possible in real-world scenarios. In order to relax the assumption on the knowledge of p, we require
our primal and dual regret minimizers to have the no-interval regret property.

First, we introduce the interval regret as follows.

Definition 3.1 (Interval regret). Given an interval of consecutive episodes [t1,...,t2] C [1,...,T],
the interval regret with respect to a general occupancy ¢ (and the associated policy 7r) and a sequence
of loss functions {£;}7_; with £, : X x A — [0, K], with K > 0,is Ry, 1,(q) := >.12 o (@ —q).

In the following, we omit the dependence on the general occupancy measure ¢ when it is clear from
the context. Thus, given Definition[3.1} we are able to introduce the no-interval regret property, as
follows.

Definition 3.2 (No-interval regret property). An algorithm attains the no-interval regret property
when for any interval of consecutive episodes [t1,...,t2] C [1,...,T] and with respect to any valid
occupancy ¢ (and the associated policy 7), it holds Ry, ;, < O(VT).

Intuitively, the no-interval regret property guarantees a more stable learning dynamics over the
episodes.

When full feedback is available, as for the dual algorithm, it is sufficient to employ 0GD-like updates
to attain the desired result. This is not the case when the feedback is bandit. Nevertheless, given that
we use a policy optimization procedure and the fixed share update, we build the first algorithm for
adversarial MDPs with no-interval-regret. We state the result in the following theorem.

Theorem 3.3. Forany ¢ € (0,1), with probability at least 1—8§, Algorithm FS-PQDB attainsR;, 1, <

O (-—4t1 to VT + St ts tz\/l1> , where the regret can be computed with respect to any policy function
m: X — A(A).

As it is standard for online learning algorithms, Ry, ;, scales as the loss range, as shown by the
dependence on &, ,, that is, the maximum possible range of losses in the interval.

3.4 Bound on the Lagrangian Multipliers Dynamics

Next, we show that, given the no-interval regret property of the primal and the dual regret minimizers,
it is possible to show that the Lagrangian multipliers are automatically bounded during learning.
Notice that this bound is necessary since any adversarial regret minimizer needs the loss to be bounded
to achieve the no-regret property. Thus, since the rewards {r,}7_; and the constraints {G;}7_, are
assumed to be bounded for all episodes, the problem of bounding the loss suffered by the primal
algorithm becomes the problem of bounding the Lagrangian multipliers {\;}7_;.

Theorem 3.4. Under Condition[2.5] for any & € (0, 1), with probability at least 1 — 116, it holds:
Ml < AV € [T+ 1], where A = 123

The general idea behind the proof is to compare, for every interval [t1,¢2] C [T, the upper bound to

_ Zf: ‘4 Ef ’th obtained through the regret of the dual algorithm with the lower bound to the same
quantity obtained through the primal interval regret, where we define the non-scaled Lagrangian loss
(£ as the vector composed by ££ (z,a) == Y"1 | A\ igri(w,a) — re(z,a) forall (z,a) € X x Aand
for all t € [T]. The resulting inequality leads, by contradiction, to the desired bound. In this sense, a
fundamental requirement for the proof is that the regret guarantees for both the primal and the dual
algorithm hold for all subsets of episodes.

4 Theoretical Analysis
In this section, we prove the best-of-both-world guarantees attained by Algorithm 2]

4.1 Stochastic Setting

We first study the performance of Algorithm [2] when the constraints are stochastic.

3What we require is generally known in the literature as the weak no-interval regret property. For the sake of
simplicity, in our work, we introduce only the weak property.



In such a setting, our algorithm can handle two scenarios. In both of them, employing a primal-

dual analysis shows that both the regret and the violations are bounded with order O(v/T) times
the maximum value taken over all episodes of the Lagrangian multipliers, i.e. max;c7)|[A¢| 1.
In the first scenario, Condition holds and thus we can apply Theorem to show that the
Lagrangian multipliers are bounded. In such a case, max;c[71||A¢|[1 can be easily bounded by A.
When Conditions [2.5]does not hold, we need to resort to the bound of Lagrangian multipliers derived

by the instantiation of OGD decision space, leading to (5(T3/ 4) regret and violations bounds.

Specifically, when Condition 2.3 holds, the Lagrangian multipliers are nicely bounded by A.
Theorem 4.1. Suppose that Condition [2.5| holds and the constraints are generated stochastically.
Then, for any § € (0,1), Algorithmattains Rr <O (A\/T) Vr<O (A\/T) , with probability

at least 1 — 146 when the rewards are stochastic, and with probability at least 1 — 13§ when the
rewards are adversarial.

‘When Condition @] does not hold, we can still use the bound forced by Algorithm E] on the dual
space. Therefore, the Lagrangian multipliers are bounded by mT""/*, leading to the following result.
Theorem 4.2. Suppose that Condition does not hold and the constraints are generated stochas-
tically. Then, for any § € (0,1), Algorithm @ attains Ry < O (T3/4) Vi < 4] (T3/4) , With
probability at least 1 — 11 when the rewards are stochastic, and with probability at least 1 — 10
when the rewards are adversarial.

4.2 Adversarial Setting

We then study the performance of Algorithm [2] when the constraints are adversarial.

Notice that, in such a setting, there exists an impossibility result from [Mannor et al., 2009] that
prevents any algorithm from attaining both sulinear regret and sublinear violations. Thus, best-of-
both-worlds algorithms in constrained settings focus on attaining sublinear violations and a fraction
of the optimal rewards (see e.g., [Castiglioni et al., [2022b, |Stradi et al., 2024a])E]

In such a setting, we can show the following result.

Theorem 4.3. Suppose Condition[2.3|holds and the constraints are adversarial. Then, for any 6 €
(0,1), Algorithm 2| attains Zthl rlq > Q (M_LH . OPT?E) Vi < O (A\/T) , with probability
at least 1 — 146 when the rewards are stochastic, and with probability at least 1 — 136 when the
rewards are adversarial.

4.2.1 A Weaker Baseline

In this section, we show that the impossibility result by Mannor et al.|[2009] can be circumvented by
adopting a different baseline in the regret definition. Precisely, we compute the weaker baseline as
the solution to the following linear program:

OPTW = ma‘XqEA(]W) FTQ
s.t. Glg<0 VtelT].
Notice that, in the previous sections, we allow the optimal policy ¢* to satisfy the constraints on

average, i.e., Zthl GtT q¢* < 0. In such a case, the set of feasible policies is much smaller than the
one associated with the weaker baseline, that is, when a feasible policy must satisfy the constraints at

each episode. Given the new baseline, we can rewrite the regret as Ry := T OPT" — Zthl ) g

When the regret is computed w.r.t. the weaker baseline, we can recover the same theoretical results of
the stochastic setting. Precisely, when Condition [2.5]holds we have the following result.

Theorem 4.4. Suppose that Condition holds and the constraints are generated adversarially.
Then, for any § € (0,1), Algorithm@atmins Rr < 4] (A\/T) LV < 16) (A\/T) , with probability

4Attaining the no-a-regret property, that is, being no-regret w.r.t. a fraction of the optimum, achieving a
competitive ratio, and guaranteeing a fraction of the optimal rewards are used as synonyms in the literature,
since any of the aforementioned guarantees can be derived by the others.



at least 1 — 136 when the rewards are stochastic, and with probability at least 1 — 12§ when the
rewards are adversarial.

We conclude the section by analyzing the scenario in which Condition [2.5]does nor hold.

Theorem 4.5. Suppose that Condition|2.5|does not hold and the constraints are generated adversari-
ally. Then, for any ¢ € (0,1), Algorith attains R < O (T3/4) Vr <O (T3/4), with probability
at least 1 — 126 when the rewards are stochastic, and with probability at least 1 — 11§ when the
rewards are adversarial.

Intuitively, Theorems [.4]and 4.5 can be proved by the fact that playing the optimal policy guarantees
small violations independently on the episode the optimum is chosen. This is not the case for the
stronger baseline, since playing the optimum in some episodes may lead to arbitrarily large constraint
violations.
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Appendix

The Appendix is structured as follows:

* In Section|A] we provide additional related works.
* In Section [B] we provide additional notation employed in the rest of the appendix.
* In Section |C| we provide the events dictionary.

* In Section[D] we provide the theoretical guarantees attained by Algorithm[3] Precisely, we
provide the complete version of the primal algorithm (see Algorithm [}, and analyze the
related performances.

* In Section[E] we provide the theoretical guarantees attained by the dual algorithm.

* In Section[H we provide the analysis to bound the Lagrange multipliers during the learning
dynamic.

* In Section [G| we provide the theoretical guarantees attained by Algorithm 2] when the
constraints are stochastic.

* In Section [H| we provide the theoretical guarantees attained by Algorithm 2] when the
constraints are adversarial.

* In Section [[| we provide the theoretical guarantees attained by Algorithm [2] when the con-
straints are adversarial and the baseline is computed w.r.t. the policies that satisfy the
constraints at each episode.

* In Section[J] we provide technical lemmas employed in our work.

* In Section K] we provide auxiliary lemmas from existing works.

A Related Works

In this section we provide further discussions on the works closely related to ours. We first provide
some works in the field of unconstrained online MDPs (see [Auer et al., 2008, [Even-Dar et al., 2009}
Neu et al., 2010, Bacchiocchi et al.} 2023 [Maran et al.| 2024])). The setting studied in these works
generally differentiates the problem based on the nature of the losses (either stochastic or adversarial),
the knowledge of the transition probability, and the nature of the feedback. Usually two types of
feedback are considered: in the full-information feedback model, the entire loss function is observed
after the learner’s choice, while in the bandit feedback model, the learner only observes the loss due
to the chosen action.

Azar et al.| [2017] study the problem of optimal exploration in episodic MDPs with unknown
transitions, stochastic losses and bandit feedback . The authors improve the previous result by |Auer
et al.| [2008]] designing an algorithm whose upper bound on the regret match the lower bound for this
class, @(ﬁ) Rosenberg and Mansour|[[2019b]] studies the setting of episodic MDPs with adversarial
losses, unknown transitions, and full information feedback. In this case the authors present an online
algorithm exploiting entropic regularization and providing a regret upper bound of @(\/T) The same
setting is investigated when the feedback is bandit by Rosenberg and Mansour| [2019a] who attain
a regret upper bound of the order of (7)(T3/ 4), which is improved by Jin et al.|[2020] by providing
an algorithm that achieves in the same setting a regret upper bound of (’)(\/T) Finally, |Luo et al.
[2021]] provide an optimal policy optimization algorithm for adversarial MDPs with bandit feedback.

In case of constrained problem, an fundamental result is presented by Mannor et al.|[2009]], who show
that it is impossible to attain both sublinear regret and constraints violations when both the losses
and constraints are adversarial. To overcome such an impossibility result, Liakopoulos et al.|[2019]]
study a class of online learning problems with long-term budget constraints that can be chosen by
an adversary and they define a new notion of regret. The new learner’s regret metric introduces the
notion of a K-benchmark, i.e., a comparator that meets the problem’s allotted budget over any window
of length K. |Castiglioni et al.|[2022alb]] are the first to provide a best-of-both-worlds algorithm for
online learning problems with long-term constraints, being the constraints stochastic or chosen by an
adversary. Stradi et al.|[2025c] extend the setting mentioned above to the case a spending plan on the
constraints is given in input to the learner.
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Constrained problems have been also studied in the context of CMDPs; however almost all previous
works focus on the setting where the constraints are chosen stochastically. |Wei et al.|[2018] study
the case of episodic CMDPs with known transition proabability, full-feedback, adversarial losses
and stochastic constraints. The algorithm presented by the authors attains an upper bound both for
constraints violation and for the regret of the order of @(\/T) . Zheng and Ratliff| [2020] present, in
the setting of stochastic losses and constraints, where the transition probabilities are known and the
feedback is bandit, an upper bound on the regret of their algorithm of the order of @(T3/ 4), while the
cumulative constraint violations is guaranteed to be below a threshold with a given probability. [Bai
et al.| [[2020] provide the first algorithm to achieve sublinear regret when the transition probabilities
are unknown, assuming that the rewards are deterministic and the constraints are stochastic with
a particular structure. [Efroni et al.| [2020] study the case where transition probabilities, rewards,
and constraints are unknown and stochastic, while the feedback is bandit. The authors propose
two approaches to deal with the exploration-exploitation dilemma in episodic CMDPs guaranteeing
sublinear regret and constraint violations. |Qiu et al.| [2020] provide a primal-dual approach based on
optimism in the face of uncertainty. This work shows the effectiveness of such an approach when
dealing with episodic CMDPs with adversarial losses and stochastic constraints, achieving both
sublinear regret and constraint violation with full-information feedback. [Liu et al.|[2021] study the
case where the rewards and the constrained are stochastic with a sub-gaussian form, and it achieves
regret O(ﬁ ) regret and zero violation when a strictly safe policy exists and it is known and a
bounded violation when the strictly safe policy exists but it not known a priori. Ding et al.|[2021]]
design a primal-dual policy optimization no-regret algorithm for CMDPs with stochastic rewards and
stochastic constraints. Wei et al.|[2022] design a model-free, simulator-free reinforcement learning
algorithm for CMDPs that achieves regret of order O(T4/ ®) with zero constraints violation, assuming
the number of episodes to be exponentially large in /5. Wei et al.| [2023]], Ding and Lavaei| [2023]]
and |Stradi et al.|[2024b]] consider the case in which rewards and constraints are non-stationary,
assuming that their variation is bounded. Thus, their results are not applicable to general adversarial
settings. Miiller et al.|[2024]] study the harder problem of bounding the constraints violation without
allowing cancellation between episodes. They were the first to prove a sublinear regret guarantee
without error cancellations for a primal-dual algorithm in the online setup. |Stradi et al.| [2025b]
attains optimal bounds in the same setting. However the whole analysis of both works is structured
considering the feasibility parameter p as a constant. [Stradi et al.| [2025a]], in the setting with
adversarial losses, stochastic constraints and partial feedback, achieve sublinear regret and sublinear
positive constraints violations. Similar techniques have been employed in the context of constrained
MABS (see |Genalti et al.| [2025]]) |Stradi et al.|[2024a] propose the first best-of-both-worlds algorithm
for CMDPs, assuming full feedback on the rewards and constraints. [Bacchiocchi et al.|[2024] study
CMDPs with partial observability on the constraints.

B Additional Notation

In the following section, we introduce some useful notation from policy optimization. First, we define
the value function V™ (x; f), for policy , state = and generic function f that assumes values for each
state © € X and for each action a € A. Formally,

H
Vi@ f)=E| > flaja5)la;~n(|z),z; ~ P(lej-1,051)]
j=h(z)+1

where h(z) is the layer h such that € X},. Notice that the value function can be written using the
occupancy measure g™ generated by the policy 7 and the transition probability P as : V™ (z¢; f) =
>0 d™ (2, a)f(x,a). We introduce also a Q-function of a generic function f as:

Q(ajva; f) = f('ra a) + Ew’NP(-\a;,a) [Vﬁ(x/; f)]
Vﬂ'(x; f) = Eﬂ.Nﬂ'(*lI) [Qﬂ(x7 a; f)]
V™ (xm; f) =0

In addition we will use the notation Q;(x, a) to indicate the Q-function computed with respect to the
function ¢y, i.e. Q(x,a;4;) .
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C Dictionary

In the following, we provide the definition of different quantities which will be employed in the rest
of the appendix. This is done for the ease of presentation.

* Quantity £

.
1,t2°

eﬁmzmaM;V?+wamf“;%TD+%am%¢T+w&mﬂT
where:

- Uy = 6H2mm (241

_ Up = 9H|X]|A|

U = 4 (21
Uy = 30H2X|2\/2|A| In (M)

With probability at least 1 — 46 itholds R}, , < EF, Vi1, ta € [T]: 1 <t; <ty <T
by Theorem[3.3]

* Quantity £ (0):

A 2
ED(O) = D1§71||2 + D277(t2 — tl + 1),
where:
-_ Dl =
— Dy = mi®

2
Itholds Ry, ,,(0) < EP(0), V1, b5 € [T]: 1 <ty <ty < T by Theorem|E.1]

3 N|—=

* Quantity &7, :
&, =Bi/(ta—t1 +1),
where:
- By =2H,/In ().
Given a ¢ € A(M), with probability at least 1 — § it holds in case of stochastic constraints
2 (Gl — éTq) < &, by Azuma-Hoeffding inequality.
* Quantity &, :
El iy =FiV/ (2 —t1 + 1),

where:

- Fy=H/2In (£).

With probability at least 1 — & it holds }°y2, >, ,(Ii(z, a) — g:(z,a)) < £}, ,,. and with
probability at least 1 — § it holds ?:tl Y wal@(z,a) = Li(2,a)) < &}, 1,» by Azuma-
Hoeffding inequality.
* Quantity C':
C = 252|X||A|H
* Quantity D:

D = 84672mH?| X || A|
= 336mH|X|C.
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Algorithm 4 FS-PODB

Require: X, A 0 = T C
1: P 4 set of all possible transitions
2: m(alz) = & VY(z,a) € X x A
3: _.0 — 1
4: v C—ﬁ
5: fort=1,...,7T do
6
7
8

Play 7, observe {(z1,, an)} g, losses {£; (1, an)} -, and =

1
"t SHE,ovT
Forallh=0,...,H — 1and (z,a) € X}, X A:

H-1
Lt,h = Z ét(xh,ah)
j=h
a~ Lt h
Qi(z,a) = ———(z,a),
' Gy(w,a)+7"
where g, (z,a) = Ipaxqﬁ”” (z,a) and I;(x,a) =z, =z, a1 = a}.

PeP;
9: For all (z,a) € X x A:

3vHE; + HZ, (at(x, a) — gt(x, a))
g(z,a) +v

bi(2) = Eqror,(-|2)

1
Bi(z,a) = bi(z) + (1 + H) maxE , 501, o Bavm () [Bi(2',a")]
Pep,

where ¢, = min q ™ (z,a), and By(z g, a) = 0 for all a.
Pep,
10 For all (z,a) € X x A:

w1 (alz) = (1—a)wt(a|x)e*’7t(@t(””’“)*Bf(m a Z (a|z)e (Qu(w.a")=Bu(w,a)).
a'eA
w41 (alz)
Darea Weri(d[)

11:  Pyy1 < TRANSITION.UPDATE({ (25, an)};—y)
12: end for

mey1(alr) =

D Omitted Proofs for The Primal Algorithm

In this section we study the guarantees attained by the primal procedure, namely Algorithm [4]

Theorem D.1. Forany § € (0, 1), Algorithmattains, with probability at least 1 — 40 and for all
[tl, . ,tg] C [T]

Yo a @)Y Y (mlalz) — 7 (alx)) (QF (z,a) — By(x,a))

t=t1 a

=E,.,0(T) + ZV (x0;bt) Jr— ZZq x)m(a|z)Be(x, a),

t=t1 ttlza

forallti,ty € [T]s.t. 1 <t1 <ty <T and where Zy, 1, > maXc, .. ¢,) MaXy o bt (2, a).

Proof. In the rest of the proof, we will refer as L; to MaX, ¢[4] MAXpe[H] L. and itl,tz to
mMaX,c(s,,....to] MaXpe(f] Ly p; therefore, by definition it holds L; < HE; forall t € [T).
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As a first step, we decompose > ¢* () ?:tl Yo (me(alz) — 7 (alz)) (QF (x,a) — Bi(x,a)) in
three different quantities:

Yo a @)Y Y (mlalz) — 7 (ala)) (QF (z,a) — By(x,a))

t:tl a

=30 @) Y Y (mulaln) - (@) (Qulw @) — Bz, a)

@
+3 ¢ () _Z > mlale) (QF (@.0) - Qu(a, 0))
@
FY 0 @) 3 Y ale) (@) - QF ().
®

which we proceed to bound separately.

Bound on (0. The quantity of interest can be bounded after noticing that Algorithm @ employs a
slightly modified version of OMD. In fact, recalling the definition of 7, we can write:

wiy1(alr)
) = S @)
- U)wt(ame_m(Qt(m)_Bt(W)) T I%\ darea wt(a’lm)e_”t(@t(%a')—Bt(m,a/))
Za’eA wt(a/|x)e*7]t(@t(m,a/)th(z’a/))
7Tt(a|$)6_n(@t(I7G)_Bt(w,a)) ]

@) +o—.
S mala)e M@ ) -Bean) A

=(1-o0)

7 (alz)e”(Qt(@a) =By (@)

From now on we will refer to S i (al[aye (@G B Ga)

as T¢+1(x, a). Thus,
~ o
7Tt+1(a‘(13) = (1 — O')7Tt+1(il', CL) + m
Calling 7)(-) the negative entropy function defined as (7 (-|z)) = >, m(a|z)In (7 (a|x)), by
standard analysis (e.g. (Orabona [2019])), it holds:
~ . = 1
T (lr) = argmin 3 (Qulw, ) = B, 0)) wlala) + - Dy(r(la); ml-Jz),
m(-|lz)eA(A) T, n

where D, is Bregman divergence w.r.t. the negative entropy function ¢(-). Thus, for all 7 (+|x) it holds
1T (@, @) ~ Bl ) (m(ala) — Fera(,0)) + (Vo (o (fa)) — Vib(ralfa)),m(le) -
Te+1(-|z)) > 0. So, for all 7(+|x) the following holds:

(@i, ) = Be(w, ), mi() — m(-|2))

= n(Qui(,-) = Bil,) + V(Foir () = V(i (-[2)), Foa (|2) = 7(-|))

+0e(Qe(w, ) — Be(w, ), me(|2) — Fepa (-|2))
+ (VY@ (|2)) = Vi (mi([2)), 7 (-fx) = T ()
< (m (Qulw,) = Bilw, ) millw) = Feaa (o)
+ (VY@ (7)) = Vo (mi(-|2)), m(-fe) = Topa (f2))

17



< Dy (r(-[x);mi(|z) — Dy (m(|2); Te1 (+2)) — Dy (T (|2); e (-] )
+ Qe ') = Bi(z,), m(-[r) = Te1(-[7)) 3)

= Dy(x(le)smilla)) — Dy(r(a); e (o)) + 2 37 (Qu(e,0) = Bl o)) mlale), @
acA

where Inequality (3) and Inequality (@) are based on the proofs of Lemma 6.6. and Lemma 6.9. in
Orabonal [2019].

Additionally we can show that forallt € [T']: Dy, (7(-|z); ¢ (-|z)) —Dy (7 (-|x); T (-|z)) < oIn(]A]).
Indeed,

Dy (w(-|x); mi(-|2)) — Dy (m(-|2); 7o (-|2))
= Dy (x(fe); (1 = )Fu(|e) + on 1) = Dy (x(le)s Tl 1)
< oDy (r(2); 7)) = oDy (x(-|o); Fol(]))
< o In(|A]),
where the last inequality holds since Dy, (7 (-|z); m¢(-|z)) > 0 and

Dw(ﬁ('|$);77*l‘)=Z7r(a|x)ln< n(ala) )

=y T4 (alz)
1
< m(alx)In
; k) <7TA(alw)>
= > 7(alz)In(|A4])
a€A
= In(|A]).

1 . .
Notice that with we refer as w7 to the vector strategy in [0, 1] |4l with all elements equal to %.

Moreover we bound Dy, (7(:|x); 7, (+|x)), since my, (a|z) = (1 — o)m, (alz) + a(ﬁ) > 77 as
follows:
m(a|z)
Dy (m(-|a);m, (2)) = ) w(alz)In
v ZA (th(alév)>
1
< l; 7(alz) In (ﬂ'tl a|ai)>
Al
< (a]z) In
o ()
=In (i”) .
Putting everything together we have that:
0= Z (@) 323 (mlala) — = (alo) (Qi(w.a) — Bi(w,a))
Dy(r(le)im, () <~ (Dulrlle)im(le) — Dy(r(la);Fol|e))
: Zq ( Mty i = ;1 ( Mt Mt+1 ))
+ Z q Z L (@t(z, a) — By(x, a))2 m(alz) (5a)
<Y 0@ (Dw<w<~|s;>t; i), 5 (Dalnllskmii) - D¢<w<-|z>;%t<~x>>>>
= 1 t=t,+1 t

18



+ Zq Z i (@t(x,a) — Bt(ac,a))2 m(alz) (5b)

t=t1

() (4 ; :
— 2 4 Z Jrz Z L (Qt(z,a)—Bt(x,a)) m(alz) (5¢)

it t=ti1 T2 t—t1

IN

In (‘a‘) n ol In

) 4 30 @) 3 2 (Qute) - Bulo. ) malalo)

= Nty Nta - t=t,
A A & o
_ ln (l’tlT) + 1n7(7t2 |) +Zq*(£) Z % (Qt(l"a) B Bt(La))Zﬂ.t(au)’

x t=t1
where o = 7., Inequality (3a) holds by Inequality @) , Inequality (5B) holds since ﬁ > % for all

t € [T, and Inequality holds since 1, < n; forall ¢ in [t; 4+ 1,...,%2]. Focusing now on the
last part of the right term, with probability at least 1 — 24 the following holds:

I )30 % (@) - Bule, )’ mulele)

t=t1

<Z77tzzq x)7(alx) Qtha +ZmZZq x) 7 (alr) By (w, G)Q (6a)

t=t, t=ty1

L?
—ZmZZq )T a|$ﬁ T, a) +ZmZZq z)m(alz)By(z,a)?

t=t, t=t1
(6b)

imzmzzq e ZmZZq (ale) By (., 0)?

t=ty t=t1
(60)

q*(z)m(alz)  q(z,a) vLs, 4, HT?
L 2]
t1t2zzg qt:va—l-’yqt(xa)—i—nyr 5 n ;

t=t1 x
+ Z e Z Zq (a|z) By (z, a)2 (6d)

t=t1

’yEtl to 7Lt1 to HT2
< : 2 )
S Y S e @mal) @t(x,a)ﬂw 2 n( ;

t=t1 x a
Z ZZq x)m(alz)Bi(z, a) (6e)

ttlwa

. ’YEtl,tz B, (ZL’, (l) ’Y‘Etl,t2 HT?
ZZZq )i (alz) (2(qt(x,a)+'y)+ o F >+ s (=),

t=t1 = a

where Inequality (6a) holds since (a — b)? < 2a? + 2b2, for all a,b € R, Equality (6B) holds by
definition of @(m, a), Inequality @) is motivated by the fact that L, ;, < Et17t2 by its definition,
Inequality (6d) holds with probability at least 1 — & by applying Lemmaand taking o (z, a) =
q;f?l’:;)(i‘j) since qai?i”;)(j_f) < % and considering that by definition 7=, = 5%, and finally
Inequality holds since @, (z,a) > qi(z,a), V(z,a) € X x AVt € [t ...ts] with probability
at least 1 — 6 by Lemma and by Lemma([J.1] Setting y = 21, HZ;, we can conclude that, with
probability at least 1 — 24, (D) is bounded as:

—_ t —_
UMD o (). oo g )
q\x,a) +7

v t=t1 = a
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Bound on 2. To bound (2) we employ the same approach as in [Luo et al.| 2021]f]. First we define
Yias Y, = > > q*(z)m(alx)Q¢(x, a), for all t € [T]. Now since Z?:tl Y; is a martingale
sequence , we apply Freedman’s inequality. First notice that under the event P € P;(t) for all
te [T

E[Y?] < E <Z > ¢t (@)mi(al)Qu(, a))

x a

g o]
X i cﬂ

L2
=H x)mi(alr) —————=q:(z,a
22 g @mlaln) gy ()

HL?
< 7t.
qu wmlal) S

Thus, thanks to Lemma , since |Y;| < H sup, . Qi(x,a)
it holds simultaneously for all ¢, t2 1<t <t <T:

2 S S S wmlale) o P st (T,

(E:[Y2] —
t; Ltltzttl — q(xva)vw v
We notice also the following result with probability at least 1 — § for all ¢ € [T:

ZZq x)m(a|z)Qi(z, a) — E[Yy]

_ZZQ x)m(a|z) Qi (z, a) ZZ(] z)m(alr)Q (x,a)]
= x)me(alz x,a —M
ZZQ t(a|r)Q¢(z, a) (1 7,(z,a) _~_7)

qilz,a) — qi(x,a) +
< qu )1y (alz) HE, <Q( qt)(x’(!;)(+’y) 7)

< qu )y (alx) HE, <(Qt(l‘,a) —qt(x,a))+fy> .

- HE,

)

qi(x,a) +
Finally we can bound @ W1th probability at least 1 — 24 as follows.

O-Y @Y Y o) (@ (@.0) = Qula.a))

t=t1 a

= Z(Et[Yf Y:) + Z (ZZQ x)me(a|z)Qi(x, a) — E[Y,g])

t=t1 t=t1

< Z qu z)m(alr) HE, <<Qt($7a) — 4,z ) +2fy> + HLu s, In <1(;2) )

t=t1 = a qt(x,a)+'7 v

Bound on 3). With probability at least 1 — 24 it holds:

O=Y 0@ Y Y riel) (A0 - @r ) < Lot (M1,

t=t1 a 2y
by Corollary [I.3]

20



Conclusion of the proof Finally we notice that, with probability at least 1 — 44, we have the
following result.

dYoat@) Y Y (mlalz) — 7 (al2) (QF (z,a) = Bi(w,a)) = D+ @O+ O

t=t1 a
HEt to HT2 GHQEt to H|A|T2
< Ltz 1tz |
ST n < 5 + 5 n 5
to —_ —
Z(3vH + H(G,(x,0) - ,(2,0)))  By(z,q)
+ ¢ (z)m(alz) — = e
t:Ztl a«za: t 0 (z,a) +v H
This concludes the proof. O

Theorem 3.3. Forany ¢ € (0,1), with probability at least 1—8§, Algorithm FS-PQDB attains Ry, 1, <

9] (Etl s VT + Hiots %) , Where the regret can be computed with respect to any policy function
m: X = A(A).

Proof. By means of Theorem|D.I|and by LemmalJ.2| we have that with probability at least 1 — 46:
y y p y

HE HT?\ 6H2= H|A|T? 2
Biien $975 1“( 5 ) L ln< 5 ) +3)_ V™ (woibr).
t=t,

We can bound Zle V™ (20; by ), with probability at least 1 — 44, as:

ta
> VT (o3 be)

t=t1

- B HE(q,(x,a) — q,(z,a)) + 3HE,
= Z qut’”t(x,a) ( (q ( ) Qt( )) + 7)

qt(xaa’) +ry

t=t1 x,a

< i ZHEt ((ét(m,a) —gt(x,a)) + 37)

t=t1 x,a

to
<N HE(G(w,a) — g,(w,0)) + 35y, 1,y H (B2 — 11 + 1) X || 4]

t=t; x,a

H|X T|X[2|A
< 4H?Z,, 4,|X|?( /2T In (|5|> + 65t17t2H2|X|2\/2T|A In (';")

+ 3Et17t2’)’H|XHA|(t2 —t + 1)7

where the second inequality holds under the event ql'3 ©™(x,a) < @z, a)forall (z,a) € X x Aand
for all t € [T] and the last inequality uses Lemma Thus, with probability at least 1 — 84, it holds:

P

Rthtz
HE HT?\ G6H’= H|A|T? T|X|2|A
<yt 1n< - ) + t1,ta 1n< |5‘ ) +305t1,t2H2|X|2\/2TA|1n <|;||)+
¥

+ 95t17t2’yH|X||A‘(t2 —t1 + 1)

HE,, ., . (HT? _ H|A|T?
< 20% ln< 5 >+6H2:t1,t20ﬁln( 5 )

TIXP2A]
5

(ta—t1 +1)

) +9H‘X||A|Et1,t207ﬁ

+ soatl,t2H2|X2\/2T|A| In (

(ta—t1+1)

- 1 -
C\/T + U3:‘t177527 + U4:‘t17t2ﬁ

= U1Z4, 4,OVT + UsZy, 4, s
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__¢P
_5t17

which concludes the proof. O

129

E Onmitted Proofs for the Dual Algorithm

Theorem E.1. When employed by Algorithm@ online projected gradient descent (OGD) attains:

to
A A
Rg,b()\) Z )\ At Z Gt xh’ah H t12"7 ||2
t=t1

1\3\3

(tQ — tl -+ 1)mH2

Proof. We proceed to prove the theorem following [Orabonal 2019]. Indeed, it holds:

ta
RP (N = Z)\ M) ZGt (h,an)

t=t1

IIhe, = M3 AH 2
o ”ZHZGm,ahHQ

t=t1 h=0

m 2
< Do g S (Z G s, an )

tt11,1

| /\

||)\t1 )\Hz 77 Z mH?
t t1
e, = AHQ o
2n 2
This concludes the proof. O

IA

(tQ — tl + 1)mH2

Lemma E.2. When employed by Algorithm[2] online projected gradient descent (OGD) guarantees
forallt € [T):
[Aerlls = IAelly < mHn.

Proof. Tt holds:

H-1

)\t+1,i = min { max {0, >\t,i + n Z gt,i(xha ah)}, T‘ll}

h=0

H-1
< max {0, Mi+n Y geilwn, ah)}

h=0

H-1
< maX{O,/\m +n Z 1}

h=0
- >\t,i + 77H7

which concludes the proof when we take the sum over all i € [m]. O
F Analysis on Lagrangian multipliers

Lemma F.1. The loss given to the primal algorithm at episode t € [T|, which is defined as
li(z,a) = Te + 3 icm Atigei(@,a) — 1e(x,a), is such that, considering the Lagrangian loss

function (F(x,a) = Diclm) Atiti(@,a) — ri(x, a), it holds:

0 (g —q") =6 (q — %),

and additionally, ; assume values in the bounded interval [0, Z;].
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Proof. By simple computation, it holds:
o —a) =00 (@ —q7)

- (quxw — @)+ 3 Magei (@, @) (@ 0) — ¢ (2,0))

z,a i€[m] z.a

_ Zrt(x7a)(qt($, Cl) - q*(%‘,a))>

z,a

= D D Aignilr, @) (@lw,a) = ¢ (2, a)) = Y rilz,a)(a(e, @) — g7 (2, a))

i€[m] T,a T,a
= 3" Tl a) — ()
=Iy(H - H)

where the last steps hold since I'; is a constant and by the definition of valid occupancy measures.
In addition it holds:
b(x,a) =T + Z Atigei(T,a) = re(z,a) > 1+ [ Ml — Z Aty —1=0,
i€[m] i€[m]
and similarly,
b(x,a) =T + Z At,igti(z,a) —ri(z,a) < Ty + Z At = 1+2||M ] < Zp
i€[m] i€m]
This concludes the proof. O

Theorem 3.4. Under Conditionfor any € (0,1), with probability at least 1 — 116, it holds:

[IAe]li < AVt € [T+ 1), where A = 112#112'

Proof. Let M > 1 be a constant. By absurd suppose Jto € [T] s.t.

2HM 2HM
i<t IS T A Panlh> ™

and let t1 < tg s.t.

2H 2H
IAe, =11 < > AN Vit <t <ty | ML > e

By construction 1 < 2L < ||\;]|; < 2HM forall t; <t < t3, and it holds if n < —7:

2H 4H
[Aelln < lAey—ally +mnH < v +mnH < rE ®)
Notice also that by construction, calling A¢, 1, = maX;e[, .. 4,]||A¢[[1, it holds:
2HM 4HM
1<y, < e AN T4+ Xy, < 7. C)

In the stochastic setting the following holds by Azuma-Hoeffding inequality with probability at least
1—¢:

Z NGl > Z NG ¢ — A5,
t=t, t=tq

> Myt (b2 =t +1)p — My &5 4,
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> (ty —t1 +1)2H — /\t1,tzgg’t27

where EtGth = Biy/(ts —t1 + 1) = 2H/In (T*/5)\/(t2 — t1 + 1). Instead, in the adversarial

setting, it holds:

t2 ta m
MNGIE=DY —Na (Gl

t=t1 t=t1 i=1

t m
ZPZZZ/\M

t=t1 i=1

ta
:PZ”/\tHl

t=t1
> (ty —t, + 1)2H.

Generalizing the result, it holds, both for the stochastic and the adversarial setting, the following
inequality with probability equal to 1 in the adversarial case and with probability at least 1 — ¢ in the

stochastic case:
to

ST NG > (b —t1 + 1)2H — Ay 1,8,
t=tq

Thank to this result we can find a lower bound for — tz €£ th with probability at least 1 — 99

in the stochastic setting and with probability at least 1 — 85 in the adversarial case, employing
Theorem[3.3].

to to
> T =Y ("= ATG[¢) Ze (0 — ¢°)
t=ty t=t; t=t;
ta
>y TGl Zf (a—q°) (10)
t=ty t=t;
>2H(ty —t1 + 1) — My 1, €604, — EF s (11)

bound on the primal interval regret given by Theorem (3.3|and defined as &; ;, and by Lemma|F.

where Inequality (T0) holds since 7, ¢° > 0, for all ¢ € T}, and Inequality ]gm is derived using the

At the same time, it is possible to define also an upper bound for the same quantity — Z P =g
with probability at least 1 — 24:

to to
LT
= T =Y (e - NGl
t=t1 t=t1

to to
<Y H=Y N(Gla- ZGtxh,ah +ZO ) ZGtxh,ah

t=ty t=ty t=ty
ta

SH(ta—ti+ 1)+ 3D Gilw,a)(Ii(z,a) — qi(x,0)) + EF 1, (0)

t=t1 z,a

S H(tz - tl + 1) + )\tl:tZEiIl,tQ + 55,152 (9)7

where (SH = le/(t27t1+1) = HQ/QIH(TQ/S)\/(t27t1+1) and SD(Q) = Dlw +

2
Don(ts —t1 + 1) = %H’\t;HQ + mTHQn(tg — t; + 1). Thus, combining the two bounds we get
with probability at least 1 — 106 in the adversarial case and 1 — 114 in the stochastic case the
following bound,

2H(ty —t1+ 1) — My talpr g, — EL 0y S H(tz —t1 + 1) 4+ My &L 4, + EF 1, (0),
which can be reordered as
H(tz - tl + 1) < >‘t1 tzgtl to + /\tl t2gt1 to +€t?t2( ) +£t}f to*
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We recall here the definitions of the bounds Etl b SEI 102 &L 1, (0) and EF .
&, =BiV(ta—t1+1),

where By = 2Hy/In (%2)

Eay =F1/(ta —t1 + 1),
where F} = H4/2In (%2)

Ay
2.0 - p LB

+ Dan(ts —t1 + 1),

2
where D = %, Dy = mf .

- - (ta—t1+1) — 1 -

5751;2 = Ulztl,tQC\/T + UQ:tI,tQ 07\/? + U3:t1’t207ﬁ + U4~:t1,t2 \/T,
where U; = 6H?In (H‘AT‘TZ), U, = 9H|X||A|, U3 = % In (HTT2‘> and Uy =
30H2|X|2\/2|A| In (M)

Thus, we can write:
t1+1
H(ty —t1+1) <Ay iy (F1+ Bi)y/(ta —t1 +11 +U2~t1,t2 C\/IT
© >
+ UBEtl,tQ C\/ﬁ + Ulutl,tQCf+D2n(t2 - tl + 1)
P ®
@ @
A
+ Dy H ullz +UsZ,, tz\/T
n %,_/
©®

To conclude the proof by absurd it is sufficient to prove that all (), 2), 3), @), %), (6), (7 are smaller or

equal to M with at least one being strictly smaller.
Prove () < H(tg;tﬁl) Ifp < 14m(F11+B1)\/T’ then (O < H(tz%tlﬂ) holds. Indeed:
H(ta —t1+1) - HM (12a)
7 Tp2mn
> 2 e BT (12b)
> My o (Fy + BOVT (12¢)

> Ayt (F1 + Bi)vVita —t1 + 1,

where Inequahty (12a) holds by Lemma [K.1] Inequality (IZb) is equivalent to condition n <

m and Inequality (T2d) is true by Assumption (7).

Prove @) < M IfC > 56 M\l/Ji holds, then ?) < M also holds. Indeed:

H(tg—t1+1)>2U (4HM>t2—t1+1 (13a)
7 = CVT
ty —t1 + 1
> Up2(1 + Atm)% (13b)

25



to—t1+1

> UaEy, 1, ovT (13¢)
where Inequality (T3a) is equivalent to the condition C' > 56 M\U} Inequality (T3b) holds by
Inequality (9) and Inequality is true since =y, 4, < 2(1+ )\tm)
Prove ) < H(t2_7t1+1) Ifn < Og;g holds then also 3) < M holds. Indeed:
H(ta —t1+1 HM
(-t +1) (14a)
7 Tp2mn
40M 1
> U2 = —— (14b)
p* CVT
1
> U32(1 + Atl’tZ)Tﬁ (14C)
— 1

> Uz, 1, VT (14d)

where Inequallty (T4a) hold by Lemma|K. 1| Inequality (T4B) holds if condition ) < 5§‘FU holds, and
Inequality (T4¢) and Inequality (T4d) follow the same reasoning as Inequality (I3b) and Inequality
(13¢).

Prove @) < H(trflﬂ) Ifn <

holds then also @) < M holds. Indeed:

1
56mU; Cv/T

Hty—ti+1)  HM
7 Tp?mn

> U2 4}pIMC\/T (15)

> Ui2(1 + Ay 4, )CVT
> UyEy, 1,CVT,

where Inequality (T3] holds when condition 7 < W also holds, and the rest of the inequalities

follow a similar reasoning to the one used to bound (3).

Prove (3 < M It is immediate to see that if 7 < =5~ holds, then it holds also that:

H(ta —t1 +1)

®=Don(ta —t1 +1) < -

Prove (6) < H(ta—t1+1) _7t1+1)

If the condition M > 112D; Hm is satisfied than the inequality (6) < M holds too. Indeed:

H(ty—ti+1)  HM

16
7 > 7p>mn (162)
16H? 1
> Dy (16b)
pen
by 2
_D1 || tl”l (160)
n
by 2
L p Rl
n

where Inequality [T6a holds by Lemma Inequality (T6B) holds when the condition M >
112D Hm is satisfied and Inequality holds by Inequality (8).
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Prove (3) < M

If the condition 1 < is satisfied then (7) < M also holds. In fact

1
56mUsV/T
H(to —t1+1) HM

17
7 ~ Tp%mn (172)
2U424H2]W\/T (17b)
p

> Us2(1 + Ay 1, )VT
> Uy, 4, VT,

vs;herlel: Ilr(llequality holds by Lemma and inequality holds if condition ) < W
also holds.

Conclusion of the proof Thus, we have the following 3 conditions:

* First condition:
M > 112D1Hm
= 1121Hm
2
= 56Hm.

¢ Second condition:

M
C > 56 s
p*NT

MOH|X||A]

pPVT

=56

e Third condition:

1 cVT 1 H 1}

< min ) 9 ’ )
7= {14m(F1+Bl)\/T 56mUs’ 56mU,C/T TD2’ 56mUsv/T

Thus, we set M as M = 56Hm, and consequently, under Condition[2.5|we set C' = 252| X||A|H
since

C = 252/ X||A|H
> 252/ X || A|
112mH? 1
> 252| X || A| ——— —=
VT
(56 Hm)9H| X||A|
p*NT
OMH|X||A]
VT

Notice that the inequality is deduced directly by Condition In factif p > T—5 Hy/112m then it
is also true that

=56

= 56

2
7112";}[ <T% <VT.
p

As a final remark, we choose 252| X ||A|H as value of C' instead of the smaller value 252| X || A
which is useful for Lemma[J.T} Finally we study the condition on 7.
. { 1 CVT 1 H 1 }
min ) ) ) )
L4m(Fy + By)VT 56mUs’ 56mU,CVT TD2’ 56mU,NT

)
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252| X ||A|HVT

>min{ T
14m<4H\/7>\F 56m (5 In (43-))

H
56m. (6H2 In (%)) (252|X||A|H) VT 7 (™55)

1
56m (30H2|X2\/2|A In (”(W)) ﬁ}

1
> :
84672mH2| X |2|A| In (W) VT

Thus, the proof is concluded taking n = 1072 H2|X\2\A\11 <‘AHX‘2T2)\/T. O
m n I S—

Lemma F.2. If Condition[2.3|holds, for all t € [T} and for each constraints i € [m), it holds:
Ati > T}‘A/t—l,i,
where Vi i i= Y20 1 32, o gri(w, @)l (x, a).

Proof. First observe that with ¢ = 1 we have that \A/t_u is the sum of zero elements and as such, it is
equal to zero. This means that for ¢ = 1 the inequality A, ; > nV;_1 ; is equivalent to

)\t,i Z 07

which is true by construction. We finish the proof by induction. Suppose A; ; > n‘A/t,M is true for a
t € [T], we show that it also holds for ¢ 4 1, indeed:

H-1
At41,s = max {)\t,i +n Z 9t,i($h7ah)70}
h=0

= max {)\t}i +17 Z gr.i(x, a)ly(z, a), 0}

z,a

> A+ 1Y iz, a)li(z, a)

z,a

> 77‘71571,1' +n Z gei(x,a)li(x,a)

x,a

- (Zg” z,a)l - (z,a) + gi(z, a)l; (x, a))

= Z gr.i(z, a)l(z, a)

T=1
=nVi.
This concludes the proof. O
Lemma F.3. If Condition holds, referring as i* to the element in [m) such that i* =
arg Max; ¢ ] Zle [Gz—qp’mh , then with probability at least 1 — ¢, it holds:
Vr < ‘7731‘* + el

Proof. We observe with probability at least 1 — 9:
T

VT = Z [G;rqpﬂrt]i*

t=1
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T T
= Z ng* (z,a) (g(x,a) — Iy(z,a)) + Z ng* (z,a)l(z,a)

t=1 z,a t=1 z,a

T
<33 g (.0) (@0l 0) ~ T(w,a)) + Vi

t=1 z,a
<& Vpye
This concludes the proof. O

Lemma F.4. When Condition[2.3|does not hold, with probability at least 1 — 106 in case of stochastic
costs and 1 — 90 in case of adversarial costs it holds for all i € [m):

1
‘7T,i < A .

n

Proof. Recall the definition of ‘A/H as XA/“ = Ztr=1 Y wa 9ti(x, )l (z,a). We first focus on the
stochastic setting. Thus, with probability at least 1 — 4, it holds:

T

T T T
Zn a - Z/\TGt =Y 1" =Y NG¢+> (@ —a)
t=1 t=1 t=1

T T
=T o o
NNG ¢ - MrEE > 6T (¢ )
t=1

t=1

v

T
> -mTEf + 07" (0"~ ar)-
t=1

On the other hand, in case of adversarial constraints, it holds:

T T T T
> orlag - Z/\ Gla=>Y =Y NG+ (" —a)
t=1 t=1 t=1 t=1
T
2 Z@LT(QO — ).

~
Il

1

Define a vector A € [O,T%}m as Xj = 0if j # i and Xj =Tiifj =i Simultaneously with
probability at least 1 — § it holds:

Zrt 4t — Z/\ Gla

T
Qs — Z)\ ZGt z,a)l(z,a +Z /\—/\t)TZGt(x,a)Ht(x,a) + A !
x,a t=1 T,a

IN

I\Mﬂ HMH

L g — Z)\ ZGt x,a)l(z a)—i—é’T()\)—i—mTic‘,’H

< HT —TiVp,; + &P (A) +mTiE",

where in the first equality we used the definition of £, in the first inequality we used the definition of
the dual space [0, T%]m to bound Ay 7 as mT%, and in the last inequality we used the definition of A.

We can then compare the lower and the upper bound for S/, 77 ¢ — S°/_, \] G ¢; obtaining the
following inequality, which holds with probability at least 1 — ¢ with adversarial constraints and with
probability at least 1 — 2§ with stochastic constraints:

T
—mTiEF + > 47T (q° — q) < HT = TiVp; + EL(X) + mTiE",
t=1
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from which we can write the following inequality that holds with probability at least 1 — 96 with
adversarial constraints and 1 — 106 with stochastic constraints:

TiVp; <mT3(ES + EL) + EF + ER(N) + HT. (18)

We proceed now to bound each element of the right side of the inequality.

To bound EF we use the fact that 2, 7 < (1 + A7) < (1 + mTi) and the definition of 7 as
following:

T
& ==, <U10f+U2f

Cf) —|—U4\/T

H HT?
H|A|T2) 9H|X||A] 2In (T)

2(1 +mTH)VT | 1512H%| X || A|]
(14+mTHVT | X1 In< 5 252 H|X[[A] | 252H|X|[A]

2
+ ﬁ30H2|X|2\/2A|1n (W)

H|A|T? T|X|2|A
< T3VT6056H>m|X||A|In (|5> + \/T30H2|X|2\/2|A| In <5|>

2 2
< T3VT6116 H?>m|X|?|A| In <|X||5A|T>

T%
n

To bound £R (X) we use Theorem the fact that by its definition ||A||2 = ( i) = VT, the

initialization of the dual A\; = 0 and the definition of 7 in the following way:

5 M=AB L n
ey < 2+ STmH?
T (A) < 2 + gt m
B 2
=2z Dy g
o 20"
T
VT
2n 2
VT N mH?T 1
T2 2 84672mH2 | X2 A|In (LIXET) /7
VT VT AT
- 2?7 2m

We proceed to simply bound also mT'# (E§ + £L.) through their definition:

T4 (€€ + €1) = mT* <2H\/h17+H1/21n )

7
Finally we bound HT as HT < YT

m_

\ /\

Thus, Inequality (I8) becomes

1 4T AT
< — 1 =
Vri< = (mTH(e§ + &)+ EF + EP(N) + HT) < The =

which concludes the proof. O
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G Analysis with Stochastic Constraints

Theorem 4.1. Suppose that Condition 2.3 holds and the constraints are generated stochastically.
Then, for any § € (0, 1), Algorithm@attains Rr<O (A\/T) ,Vr < O (A\/T) , with probability

at least 1 — 146 when the rewards are stochastic, and with probability at least 1 — 136 when the
rewards are adversarial.

Proof. With probability at least 1 — 124 it holds:

Vi < Vi + EF (192)
1

< ?mw + & (19b)

< 1y + &L (19¢)
7

where Inequality (T9a) holds by Lemma[F-3] Inequality (T95) holds by Lemma[F2and Inequality
holds by Theorem Then, with probability at least 1 — 12§ we observe that:

T
(rfa = MNGla) + > NG (@ —a)

1 t=1

[M]=

T T T
Sorlgr = rfd" <> (hfa - MGl -
t=1 t=1 t=1

£

<EPHEPO) + M8+ NGl g (20a)

t=1

T T
=P L EPO) + M + Y N (G -8+ Y NG
t=1 t=1

<EP+EP) + M€+ A rEC (20b)

< EP 4 EP(0) + AE" + AEC, (20c)
where Inequality holds by Theorem 3.3]and by Theorem [E-I] Inequality (20B) holds since in
the stochastic constraint case Zle (Gy — G)Tq* < Y with probability at least 1 — § by definition

of £, and finally Inequality holds by Theorem |3.4] Finally we observe that in the stochastic
case with probability at least 1 — §:

T
(T OPT. & — ZT}T%> - er(q* —q) <&
t=1

t=1

Thus, if the rewards are stochastic with probability at least 1 — 144 it holds:
Ry < &P +EP(0) + A"+ AEC + &7, Vp < %A+5H
and if the rewards are adversarial with probability at least 1 — 13¢ it holds:
Ry <EP 1 €P(0)+ AT+ AEC, Vi < %A + &1

which concludes the proof. O

Theorem 4.2. Suppose that Condition[2.3]does not hold and the constraints are generated stochas-
tically. Then, for any § € (0,1), Algorithm E| attains Ry < O (T3/4) JVr <O (T3/4) , With
probability at least 1 — 115 when the rewards are stochastic, and with probability at least 1 — 106
when the rewards are adversarial.

Proof. Similar to the proof of Lemma[4.1]it holds with probability at least 1 — 105:

T T T T T
dorlq =Y rld" <> (rf g =N Glg) =D (e =N Gla) + D NGl d —a)
t=1 t=1 t=1

t=1 t=1
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<5P+5D()+A1T5H+ZATGT *
t=1
a —T
=P+ eP(0 )+A1T5H+ZAT Gi—G) g+ NG ¢
t=1 =1
<EP 4 EP(0) + M\ rE + M rEC,

therefore with probability at least 1 — 104 following the reasoning of Lemma it holds with
adversarial rewards:

T
> rlq>T OPT. 5 —mT7E9 + mT/*e" - £P(0) - €7,

t=1

and with stochastic rewards with probability ta least 1 — 114:

T
> rlg =T OPT, g —mI*EC 4+ mT'e" — £P(0) — €7 €.

t=1

Applying Lemma|[F4]to bound the constraints violation concludes the proof. O

H Analysis with Adversarial Constraints

Theorem 4.3. Suppose Condition|2.5] n holds and the constraints are adversarial. Then, for any § €
(0,1), Algorithm 2| attains Zt e > Q (p-‘rH OPTFE) ,Vr < O (A\/T) , with probability

at least 1 — 146 when the rewards are stochastic, and with probability at least 1 — 136 when the
rewards are adversarial.

Proof. Thanks to Theorem [3.3], Theorem [E.I|and Theorem [3.4] with probability at least 1 — 114 it
holds for all ¢ € A(P):

T T
ZTth - ZTI%
t=1 t=1
T T
< —ZE'CT(]—FZ%T%+Z/\TGth—Z)\tTGtTQt
t=1 t=1 t=1
- T H—1
<Er+ Z/\tTGtTQ-FZ(Q— M) " Z Gi(zn,an) + Z/\tT <Z Gi(zn, an) — GZQt)
=1 t=1 t=1 h=0

<5T +5T( +)\1T£H+ZZ>\tlgtzq

t=1 i=1

< EF + ER(0) + M 1E" + ZAt,iqu

T m
<EF +EF(0)+AE + ZZz\t,igtT,iQ-

t=1 i=1

Consider now the occupancy measure ¢ = T+ 7 q For all ¢ € [m] and for all ¢ € [T]:

H+p

914 < pgq+ng
t’l_H+ptl H-’-ptl
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given that gt .4F <ll¢*|l1 < H, and gt ,4° < —p by definition of ¢° and by definition of p.

_ 14 T % H T o
an Z<H+p q+H+p7‘tq>
T

2 g

since ;' ¢° > 0. Notice also that with adversarial rewards ZtT g =T- OPT;. &, while with

stochastic rewards with probability at least 1 —§ it holds Z =1 rlqt>T- OPT. & — &7, by definition
of £ and OPT.. & for stochastic rewards. By reordering the terms we get that w1th probability at
least 1 — 116

Zrtqt_m Zrtq —&F —€R(0) - AL,

we can proceed to bound the regret in both cases: adversarial rewards and stochastic rewards.

With probability at least 1 — 116 with adversarial rewards it holds:

tq—ZTtQt
r g - <H+ an— —5%3(0)—1&5]1)

<= Zr ¢ +E +EF(0) + A

||
ER M‘ﬂ

IN

t=1

H
< ——T-OPT. 5+ &7 + &7 (0) + AL
H+p
With stochastic rewards it holds with probability at least 1 — 114:

T T
Sorlaz gl Dol - EF — R (0) - AE

t=1

and with probability at least 1 — 124:

T
T
Z Ty qp >
t=1 H

To conclude the proof we observe that following the analogous reasoning to Theorem [4.1]in case of
adversarial constraints it also holds with probability at least 1 — 126:

=— &8 —gP) - AT — ¢

1
Vr < 5A+€H.

I Analysis with respect to The Weaker Baseline

In this section we will study the guarantees of Algorithm [2] when the regret is computed with respect
to a policy ¢* that respect the constraints at each episode, i.e. g, ¢* < 0 for all i € [m], for all
te[T).

Theorem 4.4. Suppose that Condition holds and the constraints are generated adversarially.
Then, for any § € (0, 1), Algorithmattains Rr<O (A\/T) Vr<o (A\/T) , with probability

at least 1 — 136 when the rewards are stochastic, and with probability at least 1 — 12§ when the
rewards are adversarial.
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Proof. The violation can be bounded as in Theorem 4.1} Also similarly to Theorem [4.1]it holds with
probability 1 — 12§

T
an —Zn @ < Z te'q *+Z£‘%+ZAZGT * ZATGI%
T
SS;—&-Z 0— M) " ZGt (zh,an) +Z)\T (ZGt (xh,an) G:%)

t=1
<&F+ &R0 )+)\1T5H
< EF +EP(0) + AL

Finally with stochastic rewards with probability at least 1 — ¢:

Therefore, with adversarial rewards it holds with probability at least 1 — 124:
Rr <EF +EP(0) +AEY, Vp < %A+8“,
and with stochastic rewards it holds with probability at least 1 — 134:
Ry < &P +E€P(0)+ A"+ &7, Vp < %A+€H,

which concludes the proof. O

Theorem 4.5. Suppose that Condition|2.5|does not hold and the constraints are generated adversari-
ally. Then, for any 6 € (0,1), Algorith attains Ry < O (T**) , Vp < O (T**), with probability
at least 1 — 128 when the rewards are stochastic, and with probability at least 1 — 116 when the
rewards are adversarial.

Proof. The violation can be bounded thanks to Lemma[F.2] as in Theorem f.2] To bound the regret,
notice that it holds with probability 1 — 9¢:

T T T T
Zﬁ g - erqt S=> T+ Y ey NGl =Y NGl
=1 t=1 t=1 t=1 t=1
T H-1 T H-1
<£ 430207 3 Gulonn) + 3N (z Culoman) — G:qt>
t=1 h=0

t=1
<5T —‘y—gT( )+)\1T(€H
< EF + ER(0) + mT'/*EN

Finally with stochastic rewards with probability at least 1 — 9:

T-OPT,. & Z rlqt <&

Therefore, with adversarial rewards it holds with probability at least 1 — 114:
AT

Ry < EP + EP(0) + mTEY, Vr <

and with stochastic rewards it holds with probability at least 1 — 124:

. 474
Ry < EP + EP(0) + mT* e  + &7, Vp < —

which concludes the proof. O
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J Auxiliary Lemmas

Lemma J.1 (Adapted from [Luo et al.,[2021]] Lemma C.4).
~ 1 1
mQi(w,a) <5 A mBi(r,a) < oo
Proof. Recall v = 2n, H=,. Thus, it holds:
T]tH._,t T]tHEt 1

ntQt(x a) Yy - 277tHEt - 5
and
3neHEyy + mEeH (4, (2, a) — g, (2, a)) — _
nbe(x,a) = — i =t < 3= H +nH=Z = 2.
4z, a) +v
Finally,
I\
neBi(z,a) < H (1 + H) 7 sup by (', a’)

< 3H2y

=6Hy

_ G6H

CVT
- 6H
252| X ||A|HVT
1
< —
~ 42H
1

< —.

— 2H
This concludes the poof. O

Lemma J.2 (Adapted from [Luo et al., 2021]], Lemma B.1). If the following inequality holds:

Yo @)Y Y (mlalz) - 7 (alx) (QF (z,a) — By(x,a))

t=t1 a
)+ Z %48 (xo;bt) + Z Zq x)m(alz)By(z, a), 21

ttl ttlivll

with By defined as

1
By(r,a) = by(z,a) + (1 + ) By p(|z,0)Bar o, (o) [Be(2',a")] Wt € [T],Vo € X,Va € A,

H
(22)
then it holds that:

to
Rt1,t2 S O(T) + 3 Z th ((E(]; bt)

t=t
Proof. The proof is analogous to the one proposed by [Luo et al.,2021]], Lemma B.1, since the proof

is episode based and then the sum over ¢ is taken. O

Lemma J.3 (Adapted from [Luo et al.| |2021], Lemma A.1). Let Fy,...,Fr be a filtration and
X1, ..., Xr be real random variables such that X, is F;-measurable, E[X;|F;] = 0, | X;| < b for

allt € [T and Z?:tl E[X?|F] < Vi, 1, for some fixed Vi, 1, > 0 and b > 0 for every ty,t2 € [T
such that 1 < t1 < to < T. Then with probability at least 1 — ¢ it holds simultaneously for all

[tlv' . ;tQ] C [T]
t
2 Vit 7
X; < -8 4plog [ = ).
2 Xe< Og(a)

t=t1
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Proof. Forall ¢’ € (0,1) by Lemma A.1 [Luo et al.; 2021] it holds:

<ZXt t1 ta +blog<6,)> <.
t=t1

It is sufficient to consider the intersection of all events for all possible intervals [¢1, . .., to], that are
less than T2,
1
(ﬂ { th M + blog <5/> }) < T2
t1,to t=t,
To conclude the proof we take & as T24'. O

Consider a loss function f;(z,a) € [0,Z], forall t € [T],(x,a) € X x A, with Z > 0. Define

another function f; € [0, Z]X*Al If we define the estimator f;(z,a) = % where

E[f:(,a)] = f:(z,a), we can state the following result.
Lemma J.4 (Adapted from [Jin et al., 2020]). For every sequence of functions o, . . . oy such that

ap € [0, 2]X*Alis F, measurable for all t € [T, we have with probability at least 1 — § that
simultaneously for all t1,ts € [T] such that 1 < t; < to < T it holds:

Zza,xa(ft a) — E$:Z;ft(x,a))§Hln<H§2>.

t=t1 x,a

Proof.
E(x,a) _ ﬁ}x,a)ﬂt(x,a)
Gy (z,a) +
ﬁ(m a)ly(z,a)
C G(z,a) + f“;“)v
_ Ht(m,a)Z 27%7(1)
N 2y Gy(z,a) "’7@

I,(z,a)Z 2755(@%

S %@%

A Ly (z, a)ﬁ(az, a)
=g (1+2”mw>'

For each layer h € [H] we define §t,h = Zmexh,aer‘t(Iva)ﬁ(x’a) and S =

ZwEXh,aEA Qg (.13 a) I (i Z; ft (.13 a)

Et[exp(gtvh)]:]E exp Z ozt(x,a)ﬁ(a:,a)

L zEXp,a€EA
Z I f,
<E |exp Z ozt(x,a)—ln 1—{—27%
€Xp,a€A 2y AREND
z h,Q

SE H (1_'_at(x’a)ﬂt(x’a)ft(x)a))

_zGXh,thA qt(x7a)

<1+ Z at(x,a)qt(xéil{té?’a) =14+ S
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< exp(St,n)
For each interval [tq, ..., t2] C [T] it holds:

P [i(sth — Sip)>In (g)] < %

t=t1

Taking the intersection event for all intervals [¢1, ..., t2] C [T]:
t
2 H 50
P[H{Z(Sth—Sth)>ln(5/>} 7Tﬁ
ti,ty ~t=t
5 =T3¢,
and
to 2
~ HT o
P St.h —Sen) >1 < —.
N{S-sw=n(2)}] <

Finally we take the sum over h € [H]:

[ZZ% o (ft @a) = ((x a))ftu: a>) SHIn(H(?Z)

t=t, x,a

<.

This concludes the proof. O

Corollary J.5. Given § € (0,1), it holds with probability at least 1 — 26 simultaneously for all
t1,ts € [T] such thatl <t; <ty <T:

tzz Z (ﬁ(x,a) fft(x,a)) < Z2le <H§“2>

t=t1 x,a

Lemma J.6. Let {m;}]_, policies, then for any collection of transition PF € Pit) with probability
at least 1 — 26,

T

: H|X T|X|?|A
>l =gy < 2H|XP [2T1n <|5|> - 3H|Xl2\/ 2T |AJIn <y>
t=1

Proof. Tt holds:

T
> gt =gty = ZZIqP’” z,a) — ¢ (2, 0)]
t=1

t=1 z,a

T
<SS S 1Pl a) - 7 (! a)

t=1 z,a =z’

—ZZZIqP”f «',a) — ¢ (2! a)|

z t=1z',a

H|X| TIX?A|
< ZT: <2H|X| 2T In (5) - 3H|X\/2T|A| In <5
2
< |X| <2H|X| 2T In <X§| ) +3H|X|\/2T|A|1 (T|X5A|>> :

by Lemma taking the union bound over X (6’ = %I) This concludes the proof. O
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K Auxiliary Lemmas From Existing Works

Lemma K.1 (Stradi et al.|[2024a]] Lemma D.2). Forn < m—lH and % >4, i [ Mgrl > 21;)121\/1 and
Ay Il < % it holds:

(ta—t1+1) >

p?mn
Lemma K.2 (Rosenberg and Mansour|[2019b])). For any ¢ € (0,1)

A
2| X )41/ In (%)
max{1, N;(x,a)}

|P(|z,a) = Pi(-|z, a)lly <
simultaneously for all (x,a) € X x A and for all epochs with probability at least 1 — 6.

Lemma K.3 (Rosenberg and Mansour [2019b]). Let {m;}L_; policies and let {P,}1_, transition
functions such that ¢"*™ € A(P;y)) for every t € [T|. Then with probability at least 1 — 29,

T
> llg™ — g™y < 2H|X|y 2T In (f) " 3H|X|\/ 2714] In (T')‘;"‘”)
t=1
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