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ABSTRACT

Sequential learning in deep models often suffers from challenges such as catas-
trophic forgetting and loss of plasticity, largely due to the permutation dependence
of gradient-based algorithms, where the order of training data impacts the learning
outcome. In this work, we introduce a novel approximately permutation-invariant
learning framework based on high-dimensional particle filters. We theoretically
demonstrate that particle filters are invariant to the sequential ordering of train-
ing minibatches or tasks, offering a principled solution to mitigate catastrophic
forgetting and loss-of-plasticity. We develop an efficient particle filter for opti-
mizing high-dimensional models, combining the strengths of Bayesian methods
with gradient-based optimization. Through extensive experiments on continual
supervised and reinforcement learning benchmarks, including SplitMNIST, SplitCI-
FAR100, and ProcGen, we empirically show that our method consistently improves
performance, while reducing variance compared to standard baselines.

1 INTRODUCTION

What is the optimal order for training data? This question is fundamental to understanding how
the sequencing of training data impacts machine learning model performance. In sequential learning
settings, such as continual learning and lifelong learning, the sequencing of training data plays a
crucial role in determining model performance. When models are trained on ordered minibatches of
data, poor ordering—referred to as poor permutations”’—can result in catastrophic forgetting and
loss of plasticity (Wang et al., [2024; |Abel et al.| 2023).

In continual learning, models process tasks in a specific sequence. Unlike conventional training,
where minibatch data is randomized, continual learning often relies on a strict sequence, making
models prone to overfitting on newer tasks while losing performance on older tasks. This is known
as catastrophic forgetting, where new information erases prior knowledge, severely degrading
performance on earlier tasks (Kim & Han, [2023} |van de Ven et al., 2022).

Similarly, in lifelong reinforcement learning (LRL), agents must adapt to new tasks sequentially. The
order in which these tasks are presented can lead to loss of plasticity, limiting the agent’s ability to
adapt to new environments (Muppidi et al.| 2024; [Lyle et al., 2022; |Abbas et al., 2023; |Sokar et al.}
2023)). This poor ordering can further manifest as negative transfer or primacy bias, where learning
earlier tasks biases the agent towards those tasks, impeding adaptation to new tasks (Nikishin et al.,
2022;|Ahn et al., [2024).

To address these challenges, we propose a shift in perspective, viewing the problem through the lens
of permutation invariance. By developing learning algorithms that are invariant to the order of data
presentation, we can mitigate catastrophic forgetting and loss of plasticity. Our key insight is the use
of particle filters, a probabilistic tool widely used in state estimation, to achieve this goal.

Particle filters excel at dynamically estimating system states from noisy data and are grounded in
Bayesian inference (Thrun et al., 2005} Doucet et al.| [2001b; Jonschkowski et al.| [2018}; [Karkus et al.|
2021;|Corenflos et al.,|2021; [Pulido & van Leeuwen, [2019; |Maken et al.,2022; |[Boopathy et al.,[2024).
However, their application to modern machine learning has been limited due to scalability issues
in high-dimensional settings. In contrast, gradient-based optimization techniques such as gradient
descent efficiently handle high-dimensional spaces but lack the probabilistic framework offered by
particle filters.
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In this work, we bridge this gap by proposing a novel particle Iter designed speci cally for high-
dimensional learning. We show that by adapting particle Iters to high-dimensional learning problems,
we can achieve more robust permutation-invariant learning. Our approach provides a new perspective
on training in sequential settings and also addresses the core challenges of catastrophic forgetting and
loss of plasticity in a principled manner.

Our contributions are threefold:

» Theoretically, we demonstrate that particle lters enable permutation-invariant learning,
where the algorithm's output remains consistent regardless of the training data order. We fur-
ther show that this property naturally mitigates catastrophic forgetting and loss of plasticity.

« We introduce a simple, gradient-based particle Iter specically tailored for high-
dimensional parameter spaces. This lter retains the essential features of traditional particle
Iters while being computationally ef cient and well-suited for typical machine-learning
optimization tasks.

» Through empirical evaluations on continual learning and lifelong reinforcement learning
benchmarks, including SplitMNIST, SplitCIFAR100, and ProcGen, we show that our
proposed particle lter achieves better performance and reduced variance compared to
standard baselines. Additionally, we demonstrate that integrating this particle Iter with
continual learning and LRL methods increases overall performance and reduces performance
variance.

2 REeLATED WORK

2.1 RARTICLE FILTERS

Particle Iters, or sequential Monte Carlo methods, are widely used for state estimation in non-
linear and non-Gaussian settings. They represent probability distributions through a set of samples
(particles), providing exibility in capturing complex dynamics (Doucet et[al., 2001a). In elds such

as robotics, particle Iters have been applied successfully to localization and mapping problems,
where they handle uncertainty and non-linearities effectively (Thrun,/2002). However, a key limitation
is their scalability: as the dimensionality of the problem increases, the number of particles needed
grows exponentially, making them less practical in high-dimensional spaces like those in machine
learning (Bengtsson et dl., 2008). Recent efforts have focused on improving particle lter scalability
through adaptive resampling and dimensionality reduction techniques (Li let all, 2015), but these
approaches have not fully bridged the gap for large-scale machine learning applications. Our work
addresses this gap by proposing a high-dimensional particle Iter that is computationally ef cient
and well-suited for machine learning tasks.

2.2 BAYESIAN MODEL AVERAGING

Bayesian model averaging (BMA) is a powerful technique for integrating uncertainty into model
predictions by averaging across multiple models (Hoeting et al.,|1999; Was$érmah, 2000). By
weighting model predictions based on their posterior probabilities, BMA can provide more robust
predictions and better capture model uncertainty compared to single-model apprbaches| (Raftery
et al|[2005). In modern machine learning, BMA has been employed to enhance performance and
uncertainty estimation, notably in ensemble techniques (Lakshminarayanan et all, 2017; Wortsman
et al|, 2022). In particular, some works consider ensembling in the context of continual learning
(Rypest et all.| 2024;; Carta et &ll., 2023; Wen el al., 2020): they notice that ensembled models achieve
better performance and stability in continual learning. Nevertheless, the ensembling approach of these
methods lacks a Bayesian formalism, thereby losing both theoretical guarantees and applicability to
permutation-invariant learning. Overall, BMA has not been extensively explored in the context of
continual or permutation-invariant learning, where uncertainty over tasks and sequential data plays a
crucial role.

In this work, we demonstrate the bene ts of particle Iters in high-dimensional machine learning
settings. We then describe a particular particle Iter that functions as a BMA technique, and
demonstrate its advantages empirically.
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3 PARTICLE FILTERS FORLEARNING PROBLEMS

In this section, we rst theoretically demonstrate two bene cial properties of particle Iters generally
on learning problems, namely 1) permutation-invariance and 2) avoidance of catastrophic forgetting
and loss of plasticity. We then describe a particular particle lIter suitable for high-dimensional
learning problems.

3.1 &ETUP

Consider a learning problem that provides a sequence of loss functions of model parameters, and
the goal of learning is to minimize the sum of the loss functions. For instance, the loss function at
each time step might correspond to the cross-entropy loss on a minibatch of points for a classi cation
problem. We denote the model parameters at timex; 2 RY and the loss function at tinteas

+ 2 RY! R (amapping frond dimensions td dimension). The goal is to nd ar minimizing

-1 Lt(x), whereT is the total number of updates.
How can we apply particle Iters to this learning problem? To do this, we suppose that instead of
learning a single model, we learmastributionof models following a Bayesian approach. Speci cally,
suppose that at time= 0, we initially start with a prior distribution of candidate models; ea¢h
corresponds to an observation that updates the likelihood of each model. Speci cally, we suppose
that the likelihood of the moded is set as:

P(Lijx)=e "0 @)

This likelihood function increases the likelihood of models that achieve lower loss values. We denote
the prior distribution of models g% and the posterior distribution after having obseriigdhrough
L: asp;. Then,pr is given by:

. P
Pr(x) = Zrpo(x) (= P(Lijx) = Zrpo(x)e = 1) (2)
whereZy is a normalization factor that ensunes integrates td. Observe that this posterior places
high density in regions where the summed loss is low.

Particle Iters enable the computation pf (x) by incrementally computing estimates mf{x).
Speci cally, givenp(x), we may comput@,+; (x) as:

pt(X)P(LHl]X) - R pt(x)e L+ (X) (3)
PL(XOP (Ls1 jx9dX® pr(x9e Lt (XA(xO
This Bayesian update equation may often be intractable to compute exactly, particularlp,vaues
not have a known parametric form. Instead of trackingxactly, particle lters track an estimafe

instead: X 0 0
Pr(x) = Wit (X xgY) (4)
[
where is a delta functlonx(') represents thigh particle at timet andwt(i) represents the weight
of the particle at timé. Each particle Iter then has a different method of estimating the Bayesian
update of Equation 3. After all updates are gpmplete an ensemble of particles is available, each of

which is an estimate of the global minimizer oft -; Lt(x). We denote the output distribution of a
particle lter initialized atpy trained on a sequence of loss functians :::L+ aspp[L1;:::L1].

pra1 (x) = R

Since particle Iters aim to approximate Bayesian updates, we suppose that each update outputs a
set of particles close to the true posterior. To formalize this, suppose that there exists a symmetric,
non-negative discrepancy measirép; ¢) that satis es the triangle inequality:

D(p;d D(p;r)+ D(r;q) ®)
for all p; g; r. Furthermore, suppog2(p; p) = 0 for all p.
Now, suppose that the particle lter satis es the following two conditions:

D(pL]; L)) CD(p;0) (6)
and
p()e -0

D(PIL]; o(x)e L0Idx

) CD(p:p)+ ()

3
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for some constant€ and wherep[L] denoteg after being updated dn. C can be interpreted as
the stability of the particle Iter update, whilecan be viewed as error between each particle Iter
update and the true Bayesian update. This allows the discrepancy dt tinnge bounded as:

p
‘R p( )e p 0 T . CT
LR e Titioagy)  © PlPoio) ey

This decomposes the discrepancy at timas a term depending on the initial discrepabdpo; po)
and a term depending on the incremental discrepancy

D(Po[Ly;:: ®)

3.2 PERMUTATION-INVARIANCE

Next, we demonstrate that particle lters are approximapsymutation-invariant they produce
an output that is nearly invariant to the ordering of loss functlonsie show thafp[L1;:::L1]is
similar tofp[L ,;::iL ]where 1; »;:: 1 isapermutationof;2;::T.

Theorem 1. Suppose 1; »;:: 1 is a permutation ofl; 2;:::T such thatN swaps of adjacent
elements are required to convert; »;::: 1 tol;2;::T. Denote the initialized particle Iter agy.
Then,

c? 1

. T 2
D(PolLs;iLrlipoll ik () 2NCT 2l

9)

See Appendix A for a proof. This result demonstrates that, vihenl1 and is suf ciently small,
particle lters are approximately permutation invariant. Note that the size of the bound grows
exponentially withT ; thus, permutation invariance can rapidly collapse w@er> 1. However,

recall thatC represents the stability of the particle Iter update (i.e. how much small variations in
particles propagate through updates)CIf 1, then small uctuations in the initialization of particles

do not signi cantly affect the outcome after updating. We expect this to be a reasonable assumption
for many practical particle lters.

Standard learning algorithms such as gradient descent are notiglgrmutation-invariant: they

tend to be highly dependent on the ordering of data points. Permutation-invariance enables learning
algorithms with less stochastic outputs: in a perfectly permutation-invariant particle lter, the only
potential sources of randomness are the initial selection of particles and the randomness in the particle
Iter updates themselves.

3.3 AVOIDING CATASTROPHIC FORGETTING AND LOSS OF PLASTICITY

Now, we demonstrate that particle Iteraturally avoid catastrophic forgetting and loss of plasticity.
Catastrophic forgetting can be formalized in our framework as the phenomenon where a learning
algorithm trained on a sequence of loskgs:::L + performs poorly on the earlier losses it is trained

on. Similarly, loss of plasticity corresponds to performing poorly on later losses. We provide an
upper bound on the loss at any point in training:

Theorem 2. Suppose that all loss functions are bounded in rajig® ]. Suppose that there exists a
constantk such that for all loss functionls and distributiong; g

Ex plL(X)] Ex olL(x)] kD(p;q (10)
Also, suppose the particle Iter guarantees:
Ex piglL()]  Ex p[L(X)] (11)
for all L andp. Then,
T 2C* 1
Ex po[LiLoit +1ILi(X)] M +2kT C T 1 (12)

See Appendix B for a proof. We make two key assumptions in this theorem: the difference in average
loss under two different distributions can be boundedbgnd that each step in the particle Iter
reduces the loss on which it is trained by at least a xed factor. We believe that the rst assumption
may in many cases be reasonable if the loss function is suf ciently slow-changing: small changes
in the distribution ovex should not change the average loss value. The second assumption may
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also be reasonable under many settings for effective particle lters as well as other standard learning
algorithms; with a xed loss function, it corresponds to a linear convergence rate. Gradient descent,
for example, satis es this assumption on loss functions satisfying the Polggsiewicz inequality.

The resulting bound on the loks guarantees that the performance can be no worse than if there had
only been a single updatg (yielding loss at mostM ) plus an additional error term.

3.4 GRADIENT-BASED PARTICLE FILTER

Given the desirable properties of particle Iters in learning problems, here, we describe a particular
particle Iter well suited to the high-dimensional spaces found in most machine learning settings. We
derive this particle Iter by taking the following steps: we assume that our particle Iter represents a
mixture of Gaussians with each Gaussian centered at a particle. We then show that when the Gaussian
covariances are suf ciently small, the optimal Bayesian update on the mixture of Gaussians results
in (approximately) another mixture of Gaussians with updated means and mixture weights. Thus,
we are able to represent the optimal Bayesian update by simply updating the particle positions and
weights.

|§ow we walk through the steps: suppose that our particle Iter's particle distribyiex) =
w (x  x") represents another distributipp(x) constructed as:
X (i) . dx {2
pi(X)= Z w,'e 22 (13)
[

where is a variance parameter addis a normalizing constant. Essentialfy(x) replaces each
delta function ing (x) with a isotropic Gaussian. We derive the particle lter's updatgdgix) as an
approximation of the optimal Bayesian update applieg {@). Observe that given a prior @f(x)
and the loss functioh.; , the posterior is proportional to:

X ’ jix x(Dj2
e Lin (x) wt(')e — (14)

i
We manipulate this expression until it can be expressed in the form of Equation 13. First, we make a
linear approximation ok 4; centered at each partioké'):

Lest () Lear XY+ 1 Leas (X)) T(x x{) (15)

Note that the approximation error is on the order &f Pullinge -+ *) into the summation and
applying this approximation:

ix x{52

wile —=zz — L T Lo )T x x() (16)

Grouping terms:
X

. - (i) (i) 2
Wt(l)e JlZAT*'[X‘ITr L+ (XEI))]TXe % L+ (XSI))JFV Lisr (Xgl))TXp) (17)

i
Completing the square in the exponent:

X ix o x0)gz gy g2 ()2
i t+1 t+1 Uxe U (i) ()T (1)
Wt(l)e > 2 e 2 Li+ (Xt )+ r Lisa (X[ ) Xy (18)

Wherex§i+)l = in) 2r Lisr (xgi)). Simplifying the constant terms:

i (i) =2 - i)y
X ix o xgly i Zjr Ly ()2

wile Ut g eat 19

i
Observe that under our linear approximatibgy (X)) Liss (X)) 2jir Lis (x7)ji (with
approximation error on the order of"). Thus, we may write the expression as:

X ix x0% 0 L o L o)

wt(i) e 2 e 2 (20)
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Leat (0 L 8

Finally, we de newt(L)1 = wt(i)e z to arrive at our nal approximation of the
posterior:
X M i (1) 52
Wt+l e 2 2 (21)

[
Due to our approximations, we may expect a proportional error up to romagﬁ]wvhic_h approaches
las 2! 0. We represent this posterior with particbq@1 and respective weight/szt(lr)1 .

We summarize the update equations of this particle Iter below:
xW = x 2 L W) (22)

. . Lo (e L x())y

wl = wle =T (23)
Algorithm 1 shows the full pseudocode of the Iter. For simplicity, we do not normalize the weights
of the particles at each iteration; this can be done once at the end of training. Intuitively, this Iter
updates the positions of the particles with gradient descent, but reweights the particles based on their
performance at the old and new points, with lower-loss particles weighted higher. We highlight that
the particle Iter operatesdependentlpn all points except for the nal step of weight normalization.
Practically, this means the Iter can be run in parallel, making the computation time independent of
the number of particles. Like gradient descent and other gradient-based optimization procedures,
this particle Iter is well suited for optimization on high-dimensional spaces, while retaining the
properties of particle Iters outlined in the prior sections such as permutation-invariance and avoidance
of catastrophic forgetting. Figure 1 illustrates how our method converges to well-performing regions
of the parameter space over time.

Algorithm 1 Gradient-based patrticle lter
Input: Initial particlesfxg)gi'\‘:1 , Loss functiond_1;:::L 1, Variance 2
Output: Updated particlesx{"; w{" g,
fort=0toT 1do
wi) =1
for |(): 1 to(l\g do 0
I I |
Xis1 = X 2r Ly (x¢7)

Wt(:-)l - Wt(l)e L+l (XE+)1 ); Li+ (XE ))
end for

end for

S=0

fori =1 toN do
s=s+wl

end for

fori=1toN do
W%” = W-(l-l):S

end for

Theoretical guarantees Observe that this particle lter is built on gradient descent; thus it inherits

the theoretical convergence guarantees of gradient descent. In particular, unlike gradient-free particle
Iters, this approach is suited for high-dimensional spaces just as gradient-based optimization methods
require many fewer iterations relative to gradient-free methods in high-dimensions. What separates
this particle Iter from simply a model average dfF models independently trained with gradient
descent? Unlike a simple model average, this approach retains the Bayesian estimation properties
of a traditional particle Iter; namely, its output is an approximation of the Bayesian posterior. This
allows it to maintain the desirable properties of particle Iters described earlier. In particular, we
can verify that it satis es the assumptions of Theorem 1: namely, Equations 6 and 7. Equation 6
holds (for some constaf) when the particle Iter update is Lipschitz continuous with respect to the
discrepancy measut2. For our particle Iter, this is true as long as the have bounded rst and
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Figure 1: lllustration of how our particle lter converges to well-performing regions of the parameter
space over the course of training on SplitMNIST. The plot is constructed by using tSNE to map the
particles into two dimensions, then representing each particle with a unimodal Gaussian of xed
variance.

second derivatives. Equation 7 holds when the particle Iter approximates a Bayesian update, which
is true for ours by design.

Next, we demonstrate theoretically that the particle Iter indeed maintains delity to the Bayesian
updates it is based on. Speci cally, we show in a simpli ed setting that the given two particles with
the same prior probability at initialization, the particle Iter produces an output exactly matching the
probability ratios of the true posterior at the nal particle locations:

Theorem 3. Suppose particles(') andx() are initialized with the same prior probability:

Po(x5) = Po(xg’) (24)
Furthermore, suppose that all loss functions are linear:
Le(x)= g/ x+ by (25)
Then, _ _
pr () _ wi
iy 0 (26)
pr(xy’) wy

See Appendix C for a proof. This theorem guarantees that the particle Iter indeed maintains
weights in proportion to the true posterior distributiqr (x(T')) / W(T')). This, in fact, implies that,

in the IinBt of in nitely many particles, the posterior overwill equalthe density over particles

pro)= wi (x  xM) (Doucetetal., 2001a). Thus, our particle Iter achieves the best of both
worlds: it can perform optimization in high-dimensions while also approximating Bayes optimal
solutions.

4 EXPERIMENTS AND RESULTS

In this section, we empirically validate the permutation-invariance of our gradient-based weighted
particle lter (hereafter referred to as the weighted particle Iter or WPF) and demonstrate its
effectiveness in mitigating catastrophic forgetting and loss of plasticity across continual and lifelong
learning benchmarks.

Continual Learning Experiments: We evaluate our weighted particle Iter on continual learning
benchmarks SplitMNIST (LeCun & Cortes, 2010), SplitCIFAR100 (Krizhevsky, 2009), and ProcGen
(Cobbe et al., 2020). SplitMNIST is divided into 5 "super class” splits, and SplitCIFAR100 into
20, both for class-incremental learning. For ProcGen, we use image-action trajectory datasets from
the games Starpilot, Fruitbot, and Dodgeball, partitioned into 15 levels sampled using the hard
distribution shift mode, similar to Mediratta et al. (2024).

We compare our weighted particle Iter against established continual learning methods: Synaptic
Intelligence (SI), Elastic Weight Consolidation (EWC), and Learning Without Forgetting (LWF)
(Zenke et al., 2017; Kirkpatrick et al., 2016; Li & Hoiem, 2016). Since our particle lter is architecture-
agnostic, we also combine it with SI, EWC, and LWF to evaluate their joint effectiveness.
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Table 1: Average accuracy and normalized variance across classes over 10 permutations for the
weighted particle Iter, standard particle Iter methods, continual learning baselines, and continual
learning baselines combined with the weighted particle Iter on SplitMINST and SplitCIFAR100.
Best results irbold.

Method Average Accuracy % (SplitMNIST)  Average Accuracy % (CIFAR100) Normalized Variance (SplitMNIST / SplitCIFAR100)
Particle Methods
Weighted Particle Filter 72.0 23.9 0.002.001
Averaging Particles 53.4 21.3 0.012/0.020
Baseline Particle Filter 50.1 19.8 0.001/0.006
Gradient Descent 48.7 20.1 0.032/0.001
Continual Learning Baselines
EWC 66.3 23.2 0.186/0.010
LWF 67.3 26.4 0.097/0.050
Sl 58.6 229 0.168/0.005
Continual Learning Baselines with Weighted Particle Filter
EWC + PF 76.8 25.8 0.004 /0.004
LWF + PF 79.2 29.0 0.012/0.007
Sl +PF 67.6 24.6 0.025/0.001

In the ProcGen continual learning experiments, we use a supervised behavior cloning policy as
our base model and compare it against other baseline particle Iters also using supervised behavior
cloning. All methods are implemented with identical architectures and learning parameters to ensure
a fair comparison.

After training, we measure the average accuracy/return of both the weighted patrticle Iter and the
baseline models across all splits/levels using 10 different shuf ed permutations of epoch splits.
To assess permutation invariance, we calculate the task-speci c variance in accuracy/return across
these 10 permutations. These experiments are designed to evaluate the particle Iter's resistance to
catastrophic forgetting.

Our weighted particle Iter uses 100 particles, with test accuracy evaluated as a weighted average
across particles. We compare this approach with three additional particle Iter baselines: (1) a
standard particle lter, (2) a gradient-based patrticle Iter without weighting, and (3) traditional
gradient descent (single particle). This allows us to assess the impact of particle weighting and
the bene ts of the Bayesian framework. The standard particle Iter serves as a benchmark to
evaluate performance on high-dimensional problems, and it operates by resampling particles based
on their training loss performance. The gradient-based particle Iter without weighting (referred to
as averaging particles) is included as a baseline to determine the effectiveness of particle weighting.
Full implementation details can be found in the appendix.

Figure 2: Average accuracy versus normalized task variance plots for both SplitCIFAR100 and
SplitMNIST. The bottom right region of each plot represents the ideal scenario of high accuracy and
low task-speci ¢ variance.

LRL Experiments: In the lifelong reinforcement learning setting, we adopt the setup from Muppidi

et al. (2024) and conduct experiments on the ProcGen games Starpilot, Fruitbot, and Dodgeball.
Distribution shifts are introduced by sampling new procedurally generated levels every 2 million time
steps. The agent's performance is evaluated based on the average normalized return over the course
of the lifelong experiment. Additionally, we measure the normalized variance across each level for
10 different permutations of the lifelong level sequences.
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