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ABSTRACT

Complex multi-step reasoning tasks, such as solving mathematical problems, re-
main challenging for large language models (LLMs). While outcome supervi-
sion is commonly used, process supervision via process reward models (PRMs)
provides intermediate rewards to verify step-wise correctness in solution traces.
However, as proxies for human judgment, PRMs suffer from reliability issues,
including susceptibility to reward hacking. In this work, we propose leveraging
uncertainty quantification (UQ) to enhance the reliability of step-wise verification
with generative reward models for mathematical reasoning tasks. We introduce
CoT Entropy, a novel UQ method that outperforms existing approaches in quanti-
fying a PRM’s uncertainty in step-wise verification. Our results demonstrate that
incorporating uncertainty estimates improves the robustness of judge-LM PRMs,
leading to more reliable verification.

1 INTRODUCTION

Large Language Models (LLMs) have shown impressive reasoning abilities on complex tasks by
producing step-by-step solutions in a chain-of-thought (CoT) format (Wei et al., 2022). A common
approach to further improve these capabilities is to fine-tune LLMs using reinforcement learning
(RL) on generated CoT outputs (Pang et al., 2024). However, applying RL to reasoning tasks in-
troduces a new challenge: credit assignment. In outcome-only reward settings, where rewards are
assigned only based on the final answer, the model may receive a high reward even when its inter-
mediate steps are flawed. This results in false positives (Zhang et al., 2024), where correct answers
are reached by spurious reasoning, and erodes the trust in the reasoning process (Zhang et al., 2025).

To address this issue, recent work has proposed process supervision with Process Reward Models
(PRMs) that provide feedback at each reasoning step, offering more fine-grained reward signals than
simply judging a final answer (Lightman et al., 2023; Wang et al., 2024; Uesato et al., 2022). Bench-
marks like PROCESSBENCH (Zheng et al., 2024) aim to evaluate PRMs’ ability to discern step-wise
correctness in multi-step solution traces, and while there has been promising progress, two major
problems still limit the effectiveness of PRMs. First, obtaining high-quality step-by-step annotations
is challenging: current efforts relying on human annotation (Lightman et al., 2023), Monte Carlo
sampling (Wang et al., 2024), or LLM-as-a-judge (Zheng et al., 2023) are either costly or noisy.
Second, since PRMs are ultimately a learned proxy, they are susceptible to over-optimization and
reward hacking: a policy may learn to exploit imperfections in the reward model to get high reward
without truly improving its reasoning (DeepSeek-AI, 2025).

In this paper, we argue that uncertainty quantification (UQ) offers a principled way to improve the
reliability of these generative reward models. By detecting when the verifier itself is uncertain at a
given step, we can better guard against erroneous feedback and improve the interpretability of the
reward signals. While recent work has explored UQ for LLMs on simpler tasks, such as question
answering (Shorinwa et al., 2024), to our knowledge, little is known about how to apply UQ in
complex, multi-step reward modeling, where errors may arise at any intermediate step. We take
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a first step toward closing this gap by proposing an uncertainty-aware verification framework on
mathematical reasoning tasks. Our contributions are summarized as follows:

• We propose a novel UQ method for step-wise verification in generative reward models,
leveraging CoT-based entropy to capture uncertainty in the verifier’s reasoning.

• We show that incorporating uncertainty estimates leads to more robust verification perfor-
mance for reward models as judges on multi-step reasoning tasks.

• We compare our method with existing UQ methods and show better performance as evalu-
ated by metrics such as AUC, rejection-F1, and selective performance score.

• We offer insights into the main sources of PRM errors in the context of verifying multi-
step math solutions by decomposing predictive uncertainty into knowledge uncertainty and
aleatoric uncertainty.

2 PROBLEM STATEMENT

2.1 BACKGROUND ON LLM REASONING AND REWARD VERIFICATION

We follow the standard setup in LLM-based reasoning. Given a LLM representing a policy π,
referred to as ‘generator’, and an input question Q, π generates an output sequence s(s1, s2, · · · , sK)
by autoregressively sampling tokens from π(− | Q). For every t{1, . . . ,K}, let s<t (resp. st) be
the subsequence (s1, . . . , st−1) (resp. (s1, . . . , st)), and let s<1 = s0 be the empty sequence. The
conditional probability of generating an output sequence s is given by:

π(s | Q) =

K∏
t=1

π(st | Q, s<t). (1)

In the context of reasoning tasks, the sequence s(s1, s2, · · · , sK) represents a reasoning path, where
st represents the step at time t (for 1 ≤ t ≤ K) and K is the total number of steps in s. The final
answer derived from this reasoning path s is denoted by as. Typically, each question Q has a ground
truth final correct answer aQ. The model is considered to have correctly answered Q if its final
conclusion as matches aQ.

Given a reasoning path s generated by a policy π(− | Q), verifiers or reward models (RMs) are
commonly used to evaluate the quality of s by assigning a reward score r(Q, s). Once trained, RMs
can be deployed to either update π in the RL training process or to guide inference-time search.
Specifically, given a question Q and a reasoning path s, a verifier parameterized by θ produces a
reward score rθ(Q, s) that estimates the correctness of s. This reward can depend solely on the final
derived answer as (as in outcome reward models, ORMs) or on the entire reasoning trace s (as in
process reward models, PRMs). In this work, we focus on PRMs. PRMs are step-wise verifiers that
assess the correctness of each step st in s (Lightman et al., 2023; Wang et al., 2024; Uesato et al.,
2022), allowing for more fine-grained supervision over the reasoning process than ORMs. They
mitigate false positives, where a path leads to the correct solution aQ but through flawed reasoning
(Zhang et al., 2024; 2025). However, one key challenge with developing PRMs lies in the complex
and costly process of annotating step-wise labels, leading to less robust training.

2.2 STEP-WISE VERIFICATION WITH GENERATIVE PRM

In this work, we focus on generative PRMs (Lightman et al., 2023), which are trained through
a next-token prediction objective that maximizes the likelihood of special tokens indicating step
correctness. Formally, we define a random variable with two classes Et ∈ {0, 1} at each step st
to indicate whether the step contains an error, where Et = 0 means the step is error-free (correct),
and Et = 1 means the step contains an error. For a generative PRM parameterized by θ, the
model outputs a predictive distribution pθ

(
Et | Q, st

)
at each time step t, reflecting its belief about

whether step st is correct or incorrect. From this distribution, we define the step-wise reward rt as
the probability that Et = 0:

rtrθ(Q, st) = pθ(Et = 0 | Q, st) = pθ
(
[no error] | Q, st

)
, (2)
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where [no error] is a special token denoting that the step contains no error. By extension, the
solution-level reward is given by the product of these step-wise probabilities:

rθ(Q, s) =
K∏
t=1

rθ(Q, st) =

K∏
t=1

pθ(Et = 0 | Q, st). (3)

Finally, to obtain a discrete prediction for each step t{1, . . . ,K}, we select the most likely class
from the predictive distribution:

êt = argmax
e∈{0,1}

pθ
(
Et = e | Q, st

)
, (4)

producing a sequence prediction ê = (ê1, . . . , êK) ∈ {0, 1}K for the reasoning trace s =
(s1, . . . , sK). This is then compared to the ground truth sequence labels y = (y1, y2, . . . , yK) ∈
{0, 1}K . We define the step-wise verification accuracy with an indicator function (êt = yt), which
is 1 if the predicted value equals the ground truth and 0 otherwise. In practice, datasets are annotated
in such a way that the reasoning trace terminates at the first error (i.e., at the first index t such that
st has a ground truth label of 1). Consequently, if we assume a constant error rate at each step, the
index of the first positive ground-truth label follows a geometric distribution.

2.3 UNCERTAINTY QUANTIFICATION WITH JUDGE-LM

We now introduce the task of uncertainty quantification for step-wise verification. In the following,
we will use an LLM with parameterized policy pθ ( denoting its weights) as a generative PRM,
referred to as a ‘judge-LM’. Following the LLM-as-a-judge setup (Zheng et al., 2023), we use a
prompt I that asks for the model’s verification judgment at each step st, such as “Does this
step contain an error?”. Let τ(e) denote the token corresponding to the label e ∈ {0, 1},
for instance, τ(0) = no and τ(1) = yes. We want to quantify the uncertainty in the judge-LM’s
decision, and employ methods to detect when the LM is likely to make a mistake. To achieve this, we
derive uncertainty estimates utg(pθ(Et = e | Q, st, I)) from the predictive distribution pθ, where
g(·) is an uncertainty-mapping function. Specifically, pθ over the binary variable Et is obtained by:

pθ
(
Et = e | Q, st, I

)
=

pθ(τ(e) | Q, st, I))∑
e′∈{0,1}

pθ(τ(e
′) | Q, st, I))

, e ∈ {0, 1}, (5)

where the numerator is the token probability assigned by the LM to the token τ(e). Thus, we obtain
a well-defined normalized probability distribution over the possible label outcomes e ∈ {0, 1}.

In the following sections, we will investigate how well different uncertainty estimates ut align with
the model’s actual correctness at each step (given ground-truth labels in {0, 1}K), paving the way
for uncertainty-aware verification.

3 CHAIN-OF-THOUGHT ENTROPY

Since a better-calibrated predicted probability distribution pθ can yield more reliable confidence
estimates u (Guo et al., 2017; Cattelan & Silva, 2023), we first improve the estimation given by pθ
with chain-of-thought (CoT) prompting (Wei et al., 2022), which is shown to improve performance
in a wide range of tasks. Since verification involves nuanced reasoning, judge-LM verifiers naturally
benefit from CoT, which can generate intermediate rationales or critiques to help identify subtle
errors that might otherwise be missed by direct verifiers before deciding on the correctness of a
solution (Ye et al., 2024; Zhang et al., 2024). In a step-wise verification setting, CoT ensures that
reasoning remains focused on assessing the local logical consistency of each atomic step st with a
binary decision while improving interpretability by providing step-wise feedback on the mistakes.
Specifically, we design a prompt ICoT (shown in App. A.1) that asks the model to first output a
rationale c, and then output an evaluation e of whether the step contains an error.

Our method is inspired by semantic entropy (SE) (Farquhar et al., 2024), which addresses the fact
that one concept can be syntactically expressed in multiple ways by computing uncertainty at the
level of semantic outcomes rather than specific sequences of words. For example, in response to the
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question “What’s the capital of France?”, both “It’s Paris.” and “Paris.” convey the same underlying
meaning. Concretely, in a QA setting, SE is implemented by sampling and grouping semantically
equivalent answer phrases into clusters using NLI-based methods, aggregating their probabilities,
and computing entropy over these semantic clusters. However, in a reasoning setting, SE is not
directly applicable, as semantic entailment is not clearly defined for reasoning chains, which are
more nuanced and open-ended.

So for our step-wise verification task, we adapt Semantic Entropy’s core insight while taking a
different implementation approach. Rather than clustering semantically equivalent answers with
NLI models to determine bidirectional entailment, we leverage the binary structure of verification
decisions (e ∈ {0, 1}) to group diverse reasoning paths by their outcomes, thus avoiding the complex
challenge of determining semantic equivalence between mathematical reasoning chains, while still
giving reasonable estimates of uncertainty over equivalence classes of reasoning paths.

We call our method ‘CoT Entropy’: it aims to estimate the uncertainty of the judge-LM over its
step-wise verification judgments, conditioned on diverse reasoning paths. Intuitively, our method
samples several reasoning paths leading to binary judgments for each step (whether this step is
deemed incorrect or not), and then marginalizes all these reasoning paths to compute an estimate of
the entropy over the verification judgment.

To simplify the notations, we define xt(Q, st, ICoT), which represents the context up to step t, in-
cluding the input question Q and the CoT prompt ICoT. Therefore, the entropy over the predictive
distribution (Eq. 5) can be expressed as:

(Et | Q, st, ICoT) = (Et | xt) = −
∑
e
pθ(e | xt) log pθ(e | xt), e ∈ {0, 1}. (6)

CoT Entropy is an approximation of this entropy by marginalizing over some rationales c:

CoTE(xt) = −
∑
e

([∑
c
pθ(c, e | xt)

]
log

[∑
c
pθ(c, e | xt)

])
= −

∑
e

([∑
c
pθ(e | xt, c)pθ(c | xt)

]
log

[∑
c
pθ(e | xt, c)pθ(c | xt)

])
,

(7)

where a reasoning path c is sampled given a context xt, followed by a verification decision e sampled
conditioned on c:

c ∼ pθ(− | xt), e ∼ pθ(− | c). (8)

In practice, we follow three steps:

1. Generation: Given a judge-LM and a context xt, sample reasoning sequences c that critique
the current step st, followed by a decision e (of whether st is deemed incorrect) after the
CoT.

2. Clustering: Group the output sequences into two clusters based on whether the decision e
equals 1 (deemed incorrect) or 0 (deemed correct).

3. Entropy estimation: Normalize token probabilities τ(e) to obtain class probabilities using
Eq. 5 for each sequence in both clusters. Then, sum the class probabilities of sequences
leading to the same decision e and compute the resulting entropy.

We highlight that, crucially, by conditioning the token probability of τ(e) on the reasoning c and
marginalizing over these critiques, the CoT verifier naturally generates a posterior predictive distri-
bution pθ(Et = e | xt) =

∑
c
pθ(e | xt, c) pθ(c | xt) over the decisions e. This formulation treats

different CoTs c as distinct justifications generated by the judge-LM backing its final verification
judgment about the current step st, ensuring that the judgment is supported by the reasoning. Unlike
methods that generate explanations after a model reaches a conclusion (Zheng et al., 2023; Wang
et al., 2023), our approach integrates reasoning into the decision-making process. Furthermore, our
method leverages the full (approximated) posterior predictive distribution to obtain a probabilis-
tic measure of confidence across different outcomes, differing from self-consistency (Wang et al.,
2022), which relies solely on majority voting over samples from the distribution for point estimation.
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4 UNCERTAINTY QUANTIFICATION ON MATH REASONING VERIFICATION

In this section, we detail the experimental setup for measuring the performance of different uncer-
tainty quantification methods u on step-wise math reasoning verification.

4.1 DATASETS

We conduct experiments on the process supervision dataset PRM800K (Lightman et al., 2023),
which consists of 800k step-level correctness labels for model-generated solutions to problems from
the MATH (Hendrycks et al., 2021), a challenging competition math dataset. During annotation, data
labelers were presented with step-by-step solutions to MATH problems pre-generated by GPT-4 and
assigned each step a label of positive, negative, or neutral. We consider the negative class y = 1,
indicating the presence of an error, while converting all other labels to y = 0. Due to computational
constraints, we select a subset of 150 out of 500 questions from the test split, resulting in a total
of 1,152 steps for judge-LM verification. Among these annotated steps, 129 (11.2%) are labeled as
containing errors (y = 1), leading to a class imbalance. The average number of steps per solution is
7.7.

4.2 MODELS

We use QWEN2-MATH-72B-INSTRUCT1 as our judge-LM. QWEN2-MATH-72B-INSTRUCT is a
specialized mathematical language model built upon the QWEN2 LLMs, achieving strong perfor-
mance on math benchmarks such as GSM8K (Cobbe et al., 2021). We use the instruct version, as
empirically it demonstrates a better understanding of the task of verifying mathematical solutions.
Following Farquhar et al. (2024), for each step st we sample a single generation at low temperature
(0.1) as the predicted label êt, which is used to assess the accuracy with the ground truth label yt,
and 10 generations at high temperature (1.0) producing diverse reasoning paths c and decisions e for
clustering.

4.3 BASELINE METHODS

We compare CoT Entropy against the following baseline methods. Naive Entropy is the length-
normalized average log token probabilities across the same number of generations as for CoT En-
tropy. P(True) (Kadavath et al., 2022) estimates uncertainty by prompting an LM to compare a
main answer with ‘brainstormed’ alternatives and using the predicted probability that the main an-
swer is ‘True’. We use 0-shot prompting in our experiments where judge-LM self-reflects how
likely its greedy verification result is compared to 10 alternatives. SEU (Grewal et al., 2024) is an
embedding-based approach that measures uncertainty via the average pairwise cosine similarity of
the embeddings of the generated responses. The intuition is that uncertain responses exhibit lower
cosine similarity (greater semantic diversity) among outputs. This method relies on sentence em-
bedding models to map semantically similar responses to nearby points in the embedding space. We
use MINILM (Wang et al., 2020) and NV-EMBED (Lee et al., 2024) as embedding models for SEU.
CoT Entropy (Discrete) is a discrete variant of our proposed CoT Entropy. Following semantic
entropy (Farquhar et al., 2024), it replaces token probabilities in Eq. 7 with empirical decision class
frequencies. As it does not rely on probabilities, it is a black-box method. Additionally, we include
a Random baseline, which samples an uncertainty score between 1 and 0 for each example. For
all uncertainty methods, we run experiments with 5 random seeds and report the mean and standard
deviation of their performance. Note that our comparisons focus on different uncertainty estimates
ut, rather than the underlying PRM we use for the judge-LM, as uncertainty quantification is a task
independent of the PRM’s predictive performance.

4.4 EVALUATION METRICS

We evaluate uncertainty quantification methods using the following metrics, each based on an un-
certainty score estimated by ut assessed against reference labels yt.

1https://qwenlm.github.io/blog/qwen2-math/
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AUROC. Following previous works (Farquhar et al., 2024; Kossen et al., 2024), we use the area
under the receiver operating characteristic curve (AUROC) for the binary event that a given verifica-
tion is correct. AUROC ranges from 0 to 1, where 1 indicates a perfect classifier and 0.5 corresponds
to an uninformative classifier. AUPRC. We also include the area under the precision-recall curve
(AUPRC), where the baseline for an uninformative classifier is equal to the proportion of positive
samples in the dataset, which, in our case, corresponds to the proportion of correctly verified steps.

AU-F1C and Rejection-F1. We use selective performance scores to evaluate how well a model’s
uncertainty estimates can reject verification steps likely to lead to errors. While accuracy is com-
monly used in previous works (Farquhar et al., 2024), we opt for F1-score due to the observed class
imbalance (11.2% positive labels) – ensuring a fairer evaluation – while also highlighting the im-
portance of identifying positive cases, which indicate that an intermediate step contains an error.
Rejection-F1 measures the F1-score on the retained steps after filtering by uncertainty. We define
“Rejection-F1 at X%” as the F1-score computed on the most confident X% of inputs, as determined
by the uncertainty estimates. “Rejection-F1 at 100%” yields the same performance across all meth-
ods, equivalent to an uninformative classifier. The area under the F1 curve (AU-F1C) serves as a
summary statistic across multiple uncertainty thresholds, capturing the potential F1 improvement a
user would experience when filtering out the most uncertain steps. In our experiments, AU-F1C is
computed from 30% onward to avoid a low-data regime below this threshold, and Rejection-F1 is
reported for thresholds from 60% to 100%.

5 EVALUATION RESULTS

We evaluate the different uncertainty quantification methods u initialized with QWEN-2-MATH-
72B-INSTRUCT on a subset of PRM800K test set as detailed in §4. We show the main evaluation
results in §5.1 and analyze the sources of uncertainty in step-wise verification in §5.2.

5.1 DOES COT ENTROPY INFORM CONFIDENCE IN VERIFICATION?

We report AUROC, AUPRC, and AU-F1C with standard deviation across the five runs in table 1.
Overall, CoT Entropy achieves the highest performance across the three metrics, indicating its effec-
tiveness in distinguishing between correctly and incorrectly verified steps. We note that the baseline
values for AUROC and AUPRC differ: AUROC is approximately 0.5 for an uninformative classi-
fier that randomly assigns prediction correctness labels, while the AUPRC baseline corresponds to
the proportion of correctly verified steps (0.786). For more details on verification performance, see
table 2 in App. A.2.

Table 1: Comparison of different uncertainty estimation methods.
Method AUROC AUPRC AU-F1C
Random 0.5210.024 0.7860.010 0.2790.019
Naive Entropy 0.4080.013 0.7420.004 0.2650.009
P(True) 0.3290.015 0.6710.007 0.3020.007
SEU-Minilm 0.6610.029 0.8620.055 0.3040.010
SEU-NV-Embed 0.6160.011 0.7590.009 0.3300.010
CoT Entropy 0.6800.017 0.8850.005 0.3480.009

Fig. 1 presents the Rejection-F1 of various uncertainty quantification methods. The x-axis repre-
sents the rejection threshold, ranging from 60% to 96%, while the y-axis shows the F1-score on the
retained examples, corresponding to the most confident X% of the total examples. The dashed line
in the background represents the 100% threshold (1,152 steps in total), where no uncertainty method
is applied. This reflects the model’s performance on the original unfiltered test set, and also serves
as a reference performance equivalent to the random baseline. We note that with 60% threshold, the
error bars are larger due to the lower number of steps (691) in this bin. If an uncertainty method is
effective, predictions on the confident subset should achieve a higher performance score than those
on the excluded subset, with Rejection-F1 improving as more inputs are rejected. This trend is
evident in the plot, where Rejection-F1 increases from right to left, indicating that these methods
generally produce meaningful confidence estimates for step-wise verification.
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Figure 1: Rejection-F1 for different uncertainty quantification (UQ) methods. The bars repre-
sent the F1-Score on the retained examples, corresponding to the X% most confident examples as
determined by the UQ method, at the rejection threshold on the x-axis. CoT Entropy outperforms
leading baselines in detecting the correctness of step-wise verification for intermediate reasoning
traces for solving math problems. Results are averaged over five runs.

We observe that CoT Entropy achieves the highest Rejection-F1 among all thresholds, indicating
the method’s effectiveness in detecting verification errors. The naive entropy baseline, which lacks
clustering, performs worse than random, highlighting the importance of structuring outputs into
meaningful clusters for entropy-based methods. CoT Entropy (Discrete) underperforms CoT En-
tropy, suggesting that access to probabilities enhances entropy estimation. This differs with seman-
tic entropy (Farquhar et al., 2024), where little performance gap is observed between discrete and
non-discrete variants. Aside from the fixed number of clusters in our setup, we hypothesize that
the difference arises from the complexity of the math verification task. In our setting, probabilities
capture nuances conditioned on preceding reasoning, meaning that even when two outputs reach the
same decision, their probabilities may differ based on the reasoning path taken.

Comparing the embedding-based SEU methods, we observe that NV-EMBED outperforms
MINILM, indicating that a higher-quality embedding model maps outputs to a more meaningful
continuous space, leading to better estimation of semantic diversity. Notably, CoT Entropy outper-
forms SEU, which relies on an external embedding model. This suggests that when the judge-LM
produces a meaningful predictive distribution, its token probabilities alone can enable more effective
uncertainty quantification without relying on external models for heuristics.

Nevertheless, reward verification on reasoning is a challenging task, and the Rejection-F1 perfor-
mance indicates room for improvement. However, we have shown that the proposed CoT Entropy
method effectively informs the judge-LM’s confidence in step-wise verification. Using selective
verification for steps with lower uncertainty improves verification reliability for reward models, par-
ticularly in complex reasoning tasks.

5.2 HOW DO DIFFERENT UNCERTAINTY TYPES PERFORM IN THE VERIFICATION TASK?

To understand the relevance of different sources of uncertainty present in the step-wise verifica-
tion setup, we decompose the total predictive uncertainty associated with each data point into an
epistemic and an aleatoric components (Malinin & Gales, 2020):

I
[
Et, c|Q,D

]︸ ︷︷ ︸
Epistemic Uncertainty

= H
[
P(Et|Q,D)

]︸ ︷︷ ︸
Predictive Uncertainty

−Eq(c|D)

[
H[P(Et|Q; c)]

]︸ ︷︷ ︸
Aleatoric Uncertainty

.
(9)

Equation 9 computes the Epistemic Uncertainty of a Bayesian model as the Mutual Information
between the predicted variable and the hypotheses variable (Lindley, 1956). In our case, these
variables are, respectively, the step-wise verification Et and the rationales c. Furthermore, q(c|D)
represents the posterior over rationales, which is given by our generator model conditioned on the
in-context dataset D. Empirically, we approximate this posterior over rationales with Monte-Carlo
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Figure 2: Decomposition of the total predictive uncertainty. As expected for a verification task,
total uncertainty better captures the verifier’s mistakes. Epistemic uncertainty performs similarly,
suggesting that most errors in math reasoning verification are associated with model uncertainty
rather than label noise.

sampling, which allows us to easily approximate the posterior predictive distribution and the terms
in Equation 9.

We employ the three different types of uncertainty in the verification task and report the Rejection-
F1 in Figure 2. First, we highlight that all uncertainty sources improve over a random baseline,
showing that the uncertainty estimations over the rationales are indeed effective in identifying the
questions where the verifier potentially does not know the answer. We also observe that the predic-
tive uncertainty presents the best Rejection-F1. This is expected given the nature of a verification
task: we hope to find any point that may lead to a prediction error, regardless of the underlying
reason. This contrasts with other problem settings, such as Bayesian Active Learning, where the
focus is on epistemic uncertainty as a way to improve the model’s knowledge (Lindley, 1956; Gal
et al., 2017; Carvalho Melo et al., 2024).

Furthermore, we observe that the epistemic uncertainty (representing the model’s uncertainty or lack
of knowledge) better correlates with the prediction errors than the aleatoric uncertainty (representing
the uncertainty about the label-generating process – for instance, a disagreement between the label-
ers). In fact, epistemic uncertainty is almost as good as the total uncertainty in predicting the verifier
prediction errors. Overall, this suggests an interesting insight about the problem setting: most of
the identified errors are associated with the model’s uncertainty – indeed, improving the capacity of
LLMs for math reasoning remains an active area of research.

6 DISCUSSION

In this work, we explored using uncertainty quantification (UQ) as a principled way to improve
the reliability of step-wise verification using generative reward models on math reasoning tasks.
We extend the application of UQ beyond standard QA to the domain of complex reasoning. We
proposed CoT Entropy, a novel method that informs the judge-LM’s confidence in verifying step-
wise reasoning process in a PRM dataset, outperforming other baseline UQ methods. One limitation
of our work is that the prompt for judge-LM can be further optimized. For future work, we aim to
leverage the estimated uncertainty to address and potentially mitigate reward hacking during RL
training while also aiding inference-time search. Additionally, we plan to fine-tune a generative RM
to assess whether it can produce more accurate uncertainty estimates for verification.
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A APPENDIX

A.1 PROMPT TEMPLATE

We show the template we use to prompt LLMs for step-wise verification in Fig. A.1. During our
experiments, we have tested various prompting templates and observed that it is crucial to use a
prompt that increases the JSON parsing success rate, as it serves as an indicator of the model’s
understanding of the verification task.

A.2 VERIFICATION PERFORMANCE
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Template for Step-wise Verification

You are a professional mathematician. Given a problem and the previously proposed steps,
your task is to evaluate whether the next proposed step contains any errors in relation to the
preceding steps, giving your reasoning. If there is an error, state “yes”. If there is no error,
state “no”. Focus solely on the transition from the previous step to the next.
The evaluation should adhere to the following criteria:

1. Accuracy: Verify all calculations, including algebraic manipulations and numerical com-
putations, are correct.
2. Logical Progression: Ensure the next proposed step follows logically from the previous
step, applying mathematical rules, theorems, or formulas correctly, and making reasonable
observations. Note: Omit this criterion if the step being evaluated is the first step, as there
are no preceding steps to compare.
3. Step-by-Step Focus: Evaluate only the immediate transition from the previous step to the
next proposed step. Do not mark the next step as incorrect for not performing an action that
should logically occur in a future step.

Problem: {user problem}
Preceding Steps: {solution so far}

Next Proposed Step to be Evaluated: {next step}

Now, generate your response in the following JSON format. Give your reasoning in
short and concise sentences after “reasoning”, then output your final evaluation after
“has error”.

{"reasoning": "Your reasoning here.", "has error":
"yes/no"}

Table 2: Comparison of verification performance with Qwen2-Math-72B-Instruct, prompted with or
without CoT. Although No-CoT achieves higher accuracy, this is largely due to the model predomi-
nantly predicting a label of 0 (no error). Since errors constitute the minority class in this imbalanced
dataset,the F1 score provides a more meaningful evaluation, as it better reflects the model’s ability
to detect errors.

Method F1 Acc.
No-CoT prompted 0.3520.010 0.8380.003
CoT prompted 0.4000.003 0.7740.002

Predicting all 0s 0.0 0.889
Predicting all 1s 0.197 0.112
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