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Abstract

An important yet underexplored question in the PAC-Bayes literature is how much
tightness we lose by restricting the posterior family to factorized Gaussian distribu-
tions when optimizing a PAC-Bayes bound. We investigate this issue by estimating
data-independent PAC-Bayes bounds using the optimal posteriors, comparing them
to bounds obtained using MFVI. Concretely, we (1) sample from the optimal Gibbs
posterior using Hamiltonian Monte Carlo, (2) estimate its KL divergence from the
prior with thermodynamic integration, and (3) propose three methods to obtain
high-probability bounds under different assumptions. Our experiments on the
MNIST dataset reveal significant tightness gaps, as much as 5-6% in some cases.

1 Introduction

PAC-Bayes is a tool to give high-probability generalization bounds for (generalized2) Bayesian
learning algorithms. The main goal is to produce empirical bounds, also called risk certificates (RC),
that are nonvacuous even in complex settings such as neural networks (NN). Current methods for
NNs train a Bayesian Neural Network (BNN) use mean-field variational inference (MFVI) with
an objective derived from a PAC-Bayes bound [7, 21] to obtain nonvacuous bounds. However, the
resulting bounds are only tight for relatively simple datasets (e.g. MNIST, CIFAR-10) and require
data-dependent priors [7, 21, 17]. MFVI has been widely promoted in the PAC-Bayes literature as an
efficient and accurate alternative to MCMC methods [2, 13]. In the Bayesian learning community,
there is more controversy about the expressivity of MFVI [11, 9]. Figure 1 illustrates the trade-offs
between MFVI and MCMC methods on the 2 dimensional Rosenbrock function [23].

We contribute to this debate by empirically estimating how tight PAC-Bayes bounds can be, compared
to those obtained by MFVI. We consider data-independent bounds since these are always loose,
hence the effects of using better weight distributions are more visible. For the bounds in our interest,
the optimal (minimizing) probability measure on the weights has the form of a Gibbs distribution
[1]. We use Hamiltonian Monte Carlo (HMC) [6, 5] to approximately sample from this distribution
and then estimate the bound. We find that, especially for small datasets, our RCs can improve on
MFVI significantly, such as an 5-6% improvement over MFVI, resulting in a 10.8% RC on Binary
MNIST. This demonstrates the potential to significantly tighten PAC-Bayes bounds by considering
more complicated distributions than factorized Gaussians.

∗Corresponding author
2generalized Bayesian learning extends Bayesian learning by allowing more general losses and priors [13].
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