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ABSTRACT

We propose a federated learning method with weighted nodes in which the weights
can be modified to optimize the model’s performance on a separate validation
set. The problem is formulated as a bilevel optimization problem where the in-
ner problem is a federated learning problem with weighted nodes and the outer
problem focuses on optimizing the weights based on the validation performance
of the model returned from the inner problem. A communication-efficient feder-
ated optimization algorithm is designed to solve this bilevel optimization problem.
We analyze the generalization performance of the output model and identify the
scenarios when our method is in theory superior to training a model locally and
superior to federated learning with static and evenly distributed weights.

1 INTRODUCTION

Federated learning (FL) is an emerging technique for training a model usmg data distributed over a
network of nodes without sharing data between nodes ( s R ).
In this paper, we focus on the case where data distributions across nodes are heterogeneous and each
node aims at a model with an optimal local generalization performance. In the classical setting of
FL, a globally shared model is learned by minimizing a weighted average loss across all nodes.
However, given the heterogeneity of data distributions, a global model is likely to be sub-optimal
for some node ( , ). Alternatively, each node can train a model only using its local
data, but such a local model may not generalize well neither when the volume of local data is small.

To achieve a good local generalization performance, each node can still exploit global training data
through FL but, at the same time, identify and collaborate only with the nodes whose data distri-
butions are similar or identical to its local distribution. One way to implement this strategy is to
allow each node to solve its own weighted average loss minimization problem with weights de-
signed based on the performance on a separate set of local (validation) data. Ideally, each node can
learn a better model by allocating more weights on its peers whose data distribution is similar to its
local distribution. In this paper, we formulate the choice of the weights as a bilevel optimization
(BO) problem ( , ), which can be solved by a federated
bilevel optimization algorlthm and analyze the generalization performances of the resulting model.

We consider a standard learning problem where the goal is to learn a vector of model parameters 6
from a set © that minimizes a generalization loss. This problem can be formulated as

0" € argmin{Ly(0) := E,,, [1(6;2)]}, P)
0€O

where {(0; z) is the loss of 6 on a data point z from a space Z, and E....,,, represents the expectation
taken over z when z follows an unknown ground truth distribution pg.

Directly solving (P) is challenging as pg is unknown, and, typically, training data sampled from pg
is needed for learning an approximation of 6*. In this paper, we consider the scenario where the
amount of data sampled directly from py may not be sufficient to learn a good approximation of 6*,
but there exist external data distributed on K nodes that can potentially help the learning on 6*. In
particular, we denote the set of nodes by K := {1,..., K} and assume a training set D'™" is stored

. ai ain 1 K ai i i)y nr
t —— t 1r — ! — n
in node k. We also define D™ := {Dk“““}k:l and assume |D}*"| = ny, and Df*" = {z,7}1'*,,

where z,(f) € Z is an i.i.d. sample from an unknown distribution py, for k € K.
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We assume node k is weighted by wy, and the vector of weights w = (wy,...,wg) € [0,1]¥ is
located on the capped simplex A’;( defined as

Ab :{w:(wl,...,wK)‘Zf:Iwk:1,0§wkSb,kEIC},

where b € [%, 1] is a user-defined parameter. The FL on weighted nodes can be formulated as

f(w) € argmin Eszl wy, Ly, (6), (1)
9€0
where Ly, (6) is the empirical loss of 6 on Dirin namely,
Li(0) = L S0 1(0:2)), ke K. )

When some py’s are different from po, w in (1) must be chosen adaptively to ensure 6(w) is a
good approximation of §* in (P). To do so we assume that there is a validation dataset D" with
| DV = ny = nygiq and DV = { )} , where z(" € Z is an i.i.d. sample from p,. We
assume D4 5 stored in a node called node 0 or center, which may or may not be a node in K. Set
DY¥id alone may not be sufficient for learning §* precisely but can be used to assist the selection of

w. We then propose to estimate the generalization loss of a(w) using the loss on DY je.,

Lo(0) == L Y0 1(6; 2) 3)

and use this validation loss to guide the procedure for updating w. Presumably, when both the
training and validation sets are large enough, the weights in w will be shifted towards the nodes
where the data is helpful for learning 6*. Following this idea, we formulate the federated learning
problem on adaptively weighted nodes as the following bilevel optimization (BO) problem:

W € arg min {ﬁ(w) = EO(A(w)) s.t. g(w) is defined as in (1)} . P)
weAb,

In Section 4, we will present a federated optlmlzatlon algorithm for solving (P) Suppose an al-
gorithm can find the optimal solution @ of (P) and the correspondlng model parameter 9( ). We

are interested in the optimality gap of the generalization loss of 9( w), namely, LO(G( w)) — Lo(6%),
where L is defined as in (P). The main contribution of this paper is to establish a high-probability
bound of this gap as a function of the sizes of D" and D"¥lid a5 well as a statistical distance between
po and p’s. Moreover, we compare our generalization bound with the bound achieved by learning
only locally from D" and the bound achieved by solving (1) with evenly distributed weights, and
identify the parameter regimes where our method is preferred in theory.

2 RELATED WORK

The work most related to ours is ( ) in which the authors proposed a target-aware
weighted training algorithm for cross-task learning. Although their problem is completely different
from FL, the bilevel optimization model they studied contains (13) as a special case. In fact, some
steps in the proofs of the generalization bounds in the current work are borrowed from

( ) with some modifications. However, our work extends their results in several valuable di-
rections. First, the generalization bound in ( ) is shown for any weight w without
any small or zero components, which is not necessarily the case for the optimal solution w of (13).
Second, their generalization bound contains a term of task distance whose convergence rate is not
characterized. On the contrary, we show the convergence of the entire generalization bound for w
without any conditions on its components. Third, the generalization bound in ( ) has
a dominating term O(1//Myaria), which is the same as the generalization bound obtained by directly
training with the local data DYaid However, we show that, when there exist identical neighbors and
an error bound condition holds (Assumptions 2" and 3), the model learned by (13) can be superior to
a model trained locally when the p;’s are similar enough to (but still different from) po, providing
an insight on when a node with insufficient data should actively seek collaboration with others.

FL has become a prominent machine learning paradigm for training models with distributed data
( ); ( ). Many federated optimization algorithms have been
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developed for solving (1) or its expectation form (with fk replaced by Lg). A well-known method is
the federated averaging (FedAvg) method ( s ), which applies a local optimiza-
tion method (e.g., stochastic gradient descend ( R )) to Ek or L in each node
and periodically aggregates the solutions from all nodes by averaging. Many variants of FedAvg
and other federated learning methods have been proposed to reduce the computation and commu-

nication complexity. A partial list includes ( ); ( );

(2020); (2019); (2020); (2020); (2021);

( ). In our setting, (1) is a sub-problem we need to solve multiple times with different w’s.
We then apply the Local-SVRG method by ( ) to (1) because it has the lowest

communication complexity for finite-sum problems like (1).

Most FL. methods produce a globally-shared model which may not perform well on each node when
data is heterogeneous across nodes. To address this challenge, many personalized FL methods,
including but not limited to ( ); ( ); ( );

( ); ( ); ( ), have been developed, where a global model is tailored
using local data for a good local performance. However, many personalized FL. methods use a fixed
weight in (1) to obtain the global model. Such a global model may be dominated by the majority
of the data distributions in the network and is hard to personalize for a minority group with unique
data patterns. On the contrary, our method can produce a personalized weight so a node from the
minority group can still find and collaborate with its peers.

BO recently has also been studied actively by the machine learning community. Many efficient
optimization algorithms have been developed recently for BO, including but not limited to
( ;b); (2018); (2020); (2021); (2021);
( ). However, these algorithms are designed for a single-machine setting and may
not be communication efficient if implemented directly in a distributed environment. There are
much fewer studies on BO in a distributed setting. The recent works ( s ;

, ) consider a BO where both the outer and inner problems are defined with the expectation
over data distributed across nodes. They analyze the communication complexity of their methods
in a non-convex setting. We propose a different FL algorithm based on Local-SVRG because our
problem (ﬁ) has a finite-sum structure that allows periodically going through all the data points
in each node to obtain exact gradient information and achieving lower communication complexity
than ( ); ( ). ( , ) consider a decentralized BO
problem and their algorithm for the deterministic case can be applied to our problem and achieve
the same communication complexity in the non-convex case. However, we include the results for
the convex case and focus more on the generalization performance of the federated learning based
on BO.

3 GENERALIZATION PERFORMANCE

The following assumption on (ﬁ) is made for analyzing the generalization performance of 5(1]3) in
(ﬁ) and the convergence property of the optimization algorithm for solving (ﬁ) in Section 4.
Assumption 1 (Well-behaved function). The following statements hold. (1) 1(0;z) € [0,1] and
VI(6; 2) is ¢, -Lipschitz continuous in 0 for any z € Z. (2) Li(0) and V>Ly() are lo and -
Lipschitz continuous, respectively, for k € K. (3) Ek (0) is p-strongly convex for k € K.

These are standard regularity assumptions in recent literature on bilevel optimization (e.g.

( )). Assuming the strong convexity in the lower-level problem, (1) has a unique solu-
tion so that the inclusion there can be replaced by equality. Similar to Ly in (P), we define

Li(0) :=E.p, [I(0;2)] fork € K,
and we consider the following auxiliary problem

W* = arg min {F(w) i= Lo(0(w)) s.t. O(w) € argmin 1, kak(G)}. (P.)
0co

wEAIk
Problem (ﬁ) can be viewed as an empirical approximation of (P,) in both inner and outer problems.

Even if all p;’s are different from py, it is still possible to learn 6* correctly by solving (P..). A simple
example on mean estimation is min,,c o3 E(6(w) — 20)* s.t. (w) € argmin, S wiE(0—2.)2,
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where zp, 21 and 25 follow normal distributions N'(0,1), N'(a,1) and N'(—a, 1), respectively, for
any a # 0. Obviously, w* = (0.5,0.5) is the optimal weight and 6(w*) = 0 = 6*. Throughout the
paper, we assume 6* can be learned by solving (P.), which is stated formally below.

Assumption 2 (Learnability of 8* by (P.)). 8(w) = 0* for any w € W*, where 0* satsifes (P).

Besides the situation like the aforementioned simple example, Assumption 2 holds obviously when
pr = po for at least one k£ € K. In fact, the latter case happens when node 0 is a node in K,
so w equal to one on that node and zero on others is optimal. Moreover, we will later on provide
a refined generalization performance analysis for the latter case, so we state the latter case as a
separate assumption below.

Assumption 2’ (Existence of identical neighbors). There exists a strict subset J C K with |J| = J
such that py, = pg for k € J. Moreover,

W = {w e Alc|wi = 0fork € K\T }. )

The first statement in Assumption 2’ implies that the right-hand side of (4) is contained by the
left-hand side. The second statement further assumes that they are equal. Assumption 2" implies

Assumption 2 because 22{:1 wi L (0) = Lo(0) for any 6 € O and any w € W* satisfying (4).
Assumption 3 (Error bound condition). There exist C. > 0 and r > 1 such that

1/r
Dist(w, W*) := min |Jw—w'| < C. |: (w) — min F(w)] . )

w’! b
ew* wEAK

Inequality (5) means problem (P,) satisfies the error bound condition, which has 1mpact on the
convergence property of many optimization algorithms (

; s ). Due to the limit of space we refer readers
to Appendlx B for a practlcal example satisfying Assumption 3.

We are interested in the generalization performance of 8(@), represented by the gap Lo(0(w)) —
Lo(6%), as both D4 and D" grow. For simplicity of notation, we assume 7, = Ny, for any
k € K for some integer ny., > nyaig- 1o facilitate the analysis, we need to introduce a few
notations. Given a probability measure Q on Z, let H = {I(0;) : 6 € ©} be a pseudometric metric
space equipped with the pseudometric metric pg, which is the Ly distance metric with respect Q,

ie., po(l,l) \/fz —1'(2))2dQ(z) for I,I' € H. The ball with radius € > 0 centered at
I € H is defined as B.(l) := {l' € H|pg(l,l') < €}. Let N(H; pg, €) be the e-covering number of
H with respect to pg, i.e., N'(H; pg, €) := min{m|3ly, ..., I, € H,H C U™, B.(l;)}.

Following ( ), we make the following assumption on N (H; pg, €), which is impor-
tant for analyzing the generalization performance ( , ; ,

Assumption 4. There exist Cy; > 0 and vqy > 0 such that, for any probability measure Q on Z,
N(H7p(@7 E) < (CH/G)UH , Ve>0. (6)

With the these assumptions, we obtain the following theorems whose proofs are in Appendix D.
Theorem 1 (Bound independent of statistical distance). Suppose Assumptions 1, 2 and 4 hold. There
exists a universal constant' Cy > 0 such that, with a probability of at least 1 — ¢,

~ . Z/'H+10g(1/5)) Lo (1/%JrKJrlog(l/é))‘lL
L —Lo(07) <0y | ——————= +Cyg— . 7
o@(@) - Lo(o) < €, (218 oo (i 0
Under the same assumptions,” the generalization bound by ( ) becomes
1 1
SN gy o (P log(1/8)\? VB (va + Klog(K) +log(1/6) \ *
LO( (w)) LO (0 ) ch < Myalid + Cg \/ﬁ Kntrain
+ Lo(6(w)) — Lo(6") ®)

'We define a universal constant as a constant that does not depend on any parameter of the problem except
C'y and C.. This definition is made only to simply the constant factors in our bounds.

A (p, C,)-transferable assumption is needed in ( ), which also holds in our case with
p = 2 because of the Lipschitz continuity and strong convexity assumed in Assumption 1.
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for a universal constant C!, and any w satisfying 3~ < wy/w; < B with k # j for some 3 > 0.
However, it is likely that the optimal solution w* has zero components (e.g., when pi, = pg for
some k). If so, 8 on the right-hand side of (8) needs to be arbitrarily large for w(~ w*) in (13) to
satisfy the aforementioned condition. Moreover, when w = w, the convergence of the last term
Lo(0(w)) — Lo(0*) in (8) is not characterized in ( ). On the contrary, Theorem 1
holds without any assumption on w (zero components are allowed), does not depend on 3 and
provides a generalization bound converging in every term.> When b = ¢/K with a constant ¢ > 1,
the right-hand side of (7) improves the first two terms on the right-hand side of (8) by a log(K) term.

The bounds (7) and (8) may both be dominated by the O(1//Nyaiq) term, which is the same as

the generalization bound achieved simply by learning locally with D"¥i¢ (see Proposition 1 in Ap-
pendix E). However, if Assumption 3 holds and Assumption 2 is strengthened to Assumption 2/,

we can establish a generalization bound different from Theorem 1 which suggests that (ﬁ) can still
outperform local training when the following statistical distance between pg and py’s is small:

2

G 1= yfmaxoco Tyex (Lo(0) = Li0)” ®

Theorem 2 (Bound dependent on statistical distance). Suppose Assumptions 1, 2, 3 and 4 hold.
There exists universal constants C, > 0 and Cy, > 0 such that, with a probability of at least 1 — 36,

1 1
Dist(@, W*) < £(ruatits ) = Clo (M> T o, (”” + K + log(1/ 5)) " o)

Nyalid \/,E nlrain/(Kb2)
and
~ % J l 16 valid y rain Kf']
Lo(0(®)) — Lo(67) < ce\/ i ;Eog( /) | g, i Z TV): ) 2 (it i) G, (1)
where N, = h2J+€2("u:;m;:zmm)(K—J) and G is defined in (9).

Note that N; = O (nin). Based on the decreasing rate of €(7tyaiid, Nurain) in (10), we simplify (11)
by only showing the bounds in terms of 7ya)ig, Train @nd G for a clear comparison with local training.
Corollary 1. Suppose the assumptions of Theorem 2 hold and n.4jiq and Ny, are large enough such

that &(Nyaiid, Nirain) defined in (10) satisfies €(Nyaiia, Nirain) < Ib(—‘gj. With a probability of at least
o~ 1

1 1 1
1 — 36, we have Lo(8(@)) — Lo(0*) < O (1 /n2. +G- (1/n5;,id +1 /n;;;,.n)) .
11 1 1
When G = o(1/n2;") and G = o(ngr,,/"24), the bound in Corollary 1 becomes o(1/n2,,),
meaning that method (P) has a better generalization guarantee than training locally. Since G is small

in this case, a natural question is whether optimizing the weight in (13) is still needed because the FLL
with equally weighted nodes may already have a good performance with respect to py. However, we

show in Proposition 2 in Appendix E that (P) is still preferred to FL with equally weighted nodes
for any G. We show the impacts of b, J and K through Corollary 2 in Appendix D.

4 FEDERATED BILEVEL OPTIMIZATION ALGORITHM

Although our main focus is the generalization performance of (ﬁ), we present a federated optimiza-
tion algorithm for (P) based on the existing techniques by ( ) and
( ). Different from a single-level optimization problem, the outer objective F'(w) in (P)

depends implicitly on w through the inner optimal solution §(w), which makes the exact gradient

VF (w) difficult to compute. A commonly used solution is to exploit implicit function as shown in
the following lemma, which is from Lemma 2.1 and 2.2 in ( ).

Lemma 1. Under Assumption 1, VF (w) is Lp-Lipschitz continuous with

200/ 0203 K/ K¢, 03
eF;:(i;w%)fui”

) (12)
% w2

*As a by-product of our analysis, we show in (38) that Lo (8(@)) — Lo(6*) also satisfies (7).
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Algorithm 1: Local-SVRG method for (16): Local-SVRG({fx.:}, w, 2, ~,7,¢,T)

Input: functions { fx ; }, weight w, initial vector 20 € R4, learning rate -y, communication
period 7 > 1, probability g of updating reference point, and the total number of iterations 7'

x;o) = z(0), y}(€0) =20 k=1,... K
fort=0,1,...,T —1do
for k =1,..., K in parallel do
Choose iy, from {1,...,ni} uniformly at random
g1 = Vi @) = Vi ) + Vfily”)
y,EfH) = x,(f) with probability g and y,(:H) = y,(f) with probability 1 — ¢
if £ + 1 mod 7 = O then
T ()
else
‘ x;cHl) _ m}:) . '791(:)
end
end
end

Return: () = U7 27wy ® with uy = (1 — min{yp, ¢/4}) =D and Ur = S .

and VF(w) = (Vkﬁ(w))kzl,_“7;<, where N, F (w) is the partial derivative of F w.r.t. wy, and

~ ~

Vi (w) = ~VLu(@(w)" (i, kaQEk(é(w)))_l VLo (@(w)). (13)

By Lemma 1, computing Vkﬁ(w) requires solving (1) exactly and taking the inverse of the Hessian
matrix in (13), both of which are challenging. Hence, for a given w, we will find an approximate

solution of (1), denoted by 8(w)(~ 0 (w)), and approximate the matrix inversion in (13) by solving
a strongly convex quadratic program. In particular, we will approximate V F'(w) by
VF(w) := (ViF(w))ge1,. x  with ViF(w):= —VLi(0(w)) h, (14)

where  h~ argming, 147 (z;; wkwik(e(w))) h — KTV Lo(B(w)). (15)
Both (1) and (15) can be written as a distributed finite-sum minimization on K weighted nodes:
mingcpa f(z) == Zszl wi fr(x), where fi(z)= i Yok fei(z), k=1,...,K. (16)
When fii(6) = 1(6;2("), (16) becomes (1). When fii(h) = ShTV2(O(w);z(")h —
hTV Lo (6(w)), (16) becomes (15).
With this observation, we apply Local-SVRG by ( ) to the aforementioned two

instances (16) to obtain §(w) and h, which are used to construct the approximate gradient VF (w)

in (14). Then we update w using VF(w) based on the accelerated bilevel approximation method
(ABA) by ( ). We choose the combination of Local-SVRG and the ABA
methods because it leads to the lowest communication complexity in literature for solving (ﬁ). We
formally present this approach in Algorithms 1 and 2. Recall that we have assumed D'¥¢ is stored
in node 0, which is called center in Algorithm 2.

In each iteration of Algorithm 2, in addition to the communication within Local-SVRG, constantly
many rounds of communication are needed to exchange 6%, h(*) VLo (0(*)) and VL (6)) be-
tween the center and node k. We present the communication complexity of Algorithm 2 which can
be proved by adapting the analysis in ( ) and ( ) to our
setting. The proofs are deferred to Sections F.1 and F.2.

Theorem 3. Suppose Assumption 1 holds and F(w). Let R := MaX,, ¢ b ||5(w) || and

Yo :=min i, ! ,i . 17)
80617 ¢1\/5e(r — 1)[6(1 — 1) + 8+ 16/(1 — q)] " 44
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Algorithm 2: Federated Learning Method for Bilevel Optimization (ﬁ)

Input: initial weight w®), learning rate 7, training data Dgain for k € K, validation data DValid,
the number of outer iterations .S, parameters (-, 7, ¢) for Local-SVRG, and the number of
inner iterations 7 fors =0,...,5 — 1

Set wgg) = ()

fors=0,1,...,5—1do

wr(lfd) = ﬁw(s) + ﬁw.ﬁ?

Compute VF (wr(lfd) ) as follows:

Set fri(0) =1(6;2), i=1,...,m, k=1,....K

Compute (%) = Local-SVRG({fr,i}, wlgfd), 6=V ~,7,q,Ts) and send it to each
node.

Compute VLo(0(®)) at center and send it to each node.

Set fii(h) = SRTV2(0C); 20 — hTVLo(8®), i=1,....n4 k=1,...,K
Compute h(®) = Local-SVRG({fx.i}, wéfd), VLo(6®),~,7,q,T,) and send it to
each node. R
Each node computes V L;,(6(*)) in parallel and send it to the center.
Set Ve F(w'®)) = =VL (0©)Th® fork =1,..., K
w ) = argmin,, e a <?F(wf£),w> + s llw — w2
(s)

s+1 . = 3 s s
w§g+ ) = arg min,, ¢ <VF(wmd) w> + ﬁHw — wl(nd)H2

end

Return: w§§ )

Suppose n = ﬁ in Algorithm 2 with { defined as in (12). There exist constants A1, As and As

that only depend on £y, 01, U3, i1, R, q and K but not on T such that the following statements hold.

* Suppose T =1,v=yand Ts = ﬁ In (%:1)4) Algorithm 2 finds an e-optimal solution of

(P) with O (€7%5) rounds of communication.

e Suppose T > 1, v = ﬁ and Ty = p~ ' M, In (ME), where

M, = max {1/%, (s+1)2/[A1 + As(r — 1) + As(r — 1)2]} s=0,1,.... (18)
Algorithm 2 finds an e-optimal solution of ( f’) with O (6_1'5) rounds of communication.

When F in (/P5) is non-convex, we aim at finding an e-stationary point of (ﬁ). Following
( ), we apply a standard proximal gradient method to (P) based on the approximate

~

gradient VF(w) in (14). This method and its analysis are standard and we include them in Sec-
tion F.3 due to the limit of space. In Remark 1 in Section F.3, we also show that the complexity of
our method is lower than those of ( ) and ( ).

5 NUMERICAL EXPERIMENT

In this section, we demonstrate the performance of our methods on image classification tasks. We
compare our method, denoted by Bi-level, against four baselines, including (1) Local-train, which
solves mingeg Lo(0) locally; (2) FedAvg ( s ), which solves (1) with w, =
1/K; (3) Ditto ( s ); and (4) pFedMe ( s ). Ditto and pFedMe are
two personalized FL methods. We apply all methods to train a convolutional neural network (CNN)
on multiple image datasets: Fashion-MNIST ( s ), MNIST ( s ), CIFAR-
10 ( s ) and downsampled 32 x 32 ImageNet ( , ). We
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Figure 1: Comparison in test accuracy for the minority group vs number of synchronizations.

denote Fashion-MNIST and downsampled ImageNet by F-MNist and DS-ImageNet, respectively.
See Appendix G for more details on the CNN and the computing environment we use.

We use a mini batch of size 50 to construct the stochastic gradients in all methods. In the Bi-level
method, Algorithm 3 is applied to (ﬁ) with b = 1/3 and five epochs are performed within each call
of Local-SVRG (i.e., Ts = 5nain/50). We set ¢ = 1/50, choose  from {0.05,0.02,0.01} when
solving (1) and from {0.0005,0.0002,0.0001} when solving (15), choose 7 from {10, 20}, and
from {0.025, 0.02,0.015}. We choose the combination that produces the highest validation accuracy

after five outer iterations. SVRG is applied to mingeco Eo(e) in Local-train and Local-SVRG is
applied to (1) with w,, = 1/K in FedAvg. Parameters 7, ¢, and 7 in FedAvg and Local-train are set
the same as in our method. Ditto is implemented by setting Sy = K, 7 = 7,5 =25andny = = v
in Algorithm 2 in ( ), where 7 and ~y are set the same as in our method. Similar to

( ), we choose A in Ditto from {0.05,0.1,0.2} to maximize the validation accuracy after
five outer iterations. pFedMe is implemented by setting = 1, § = 0.005, R = 7 and n = v in
Algorithm 1 in ( ) with 7 and + set the same as in our method. Each subproblem
in pFedMe is solved by gradient descend with a maximum iterations of 20. Like ( ), we
choose A in pFedMe from {5, 10, 15} to maximize the validation accuracy after five outer iterations.

We set L = {1,...,15} (i.e., K = 15) and partition it into two groups, a minority group J,, =
{1,...,5} and a majority group Jps = {6,...,15}. We then generate D" for k£ € K by randomly
sampling data from the training sets with some artificial distributions, such that the data distributions
(i.e., pr’s) are the same within each group but different between groups. In particular, we create the
data distributions of 7,,, and 7 under four different settings. In Setting 1, we create two different
distributions over the classes and use them to sample D}Crai“ with k € J,,, and k € J)y, respectively.
In Setting 2, Setting 3 and Setting 4, we first sample data in the same way as Setting 1 and,
additionally, we permute the class labels among a few classes in Df*™" with k € Jjs under Setting
2, rotate each image in D}gai“ with &k € Js by 90 degrees in the same but random direction under
Setting 3, and do both under Setting 4. This creates nodes with different levels of heterogeneity.

To compare the performances of the methods on both groups, we conduct two sets of experiments
under each setting, one with pg being the distribution of 7, (i.e., J = J,») and the other with
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Figure 2: How w evolves during the Bi-level method under Setting 1.

po being the distribution of Jy; (ie., J = Ja). D¢ is then sampled from py. For out-of-
sample evaluation, we generate testing data by sampling from the testing set of each dataset using
distribution py described above under each setting. We denote the testing set by D' and let nes =
| D'st|. We repeat all experiments five times using different random seeds. The values of 7ya1id, Tirains
nest and the details of data generation are presented in Sections G.1, G.2 and G.3.

We plot the test (top-1) accuracy each method obtains during iterations for the minority group in
Figure 1, where the horizontal axis represents the number of synchronizations, i.e., the rounds of
communications the method performs. Since Local-train does not require any communication, we
just plot a horizontal line positioned at its final accuracy. Due to space limit, we present the accuracy
for the majority group in Figure 7 in Section G.4. We also report the same results in Figure 8 and
Figure 9 but the horizontal axis there represents the cumulative number of data points each method
processes in parallel. In each figure, we show the confidence intervals of the curves as shaded areas.

According to Figure 1, our Bi-level method performs better than the four benchmarks on the minority
group on all datasets under all settings. Local-train does not perform well because it only gets access
to a small amount of data. The poor performance of FedAvg is because of the heterogeneity we
created across nodes. In fact, FedAvg is even worse than Local-train in many cases, especially in
Settings 2, 3 and 4 where the heterogeneity is high. This is consistent with the findings in literature.
Although Ditto and pFedMe are designed for heterogeneous nodes, they still use a fixed weight on
each node to train a global model, which may not provide a good starting point for personalization
due to the high heterogeneity. In fact, their performances drop more or less as the data heterogeneity
increases from Setting 1 to Settings 2, 3 and 4. On the contrary, by updating the weights, our method
filters the information in the network and help the node in the minority group to find its similar peers
and produce a good model through intra-group collaboration. Comparing Figure 1 with Figure 7,
we find that the performances of FedAvg, Ditto and pFedMe are improved on the majority group.
This is again because they utilize the information aggregated from all nodes, which is in favor of the
majority. However, our method perform similarly on both groups and is still overall the best for the
majority group. Similar phenomena are found in Figure 8 and Figure 9.

In addition, we also plot in Figure 2 how the weight wy, for each node evolves during the Bi-level
method under Setting 1. We show the results when py is the distribution of the majority and the
minority groups separately. In each case, we call the nodes in J similar nodes (to node 0) and call
the others dissimilar nodes. According to Figure 2, our method successfully detects similar nodes in
both cases and increases their weights but decreases the weights of dissimilar nodes. We present the
weights under Settings 2, 3 and 4 in Section G.4. Similar phenomenons are observed.

6 CONCLUSION

We propose a FL approach on a network with weighted nodes and develop a federated bilevel op-
timization algorithm to optimize the weights based on the model’s performance on a validation set.
We analyze the generalization performance of the resulting model and identify the scenarios where
our method theoretically outperforms training with local data and FL with even weights.
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A SUMMARY OF NOTATIONS

Symbol | Definition

Z
Po
Dvalid

no

QE S &

>/’3,§1\>

%Si

*

n 32 S>§

-3

Sample space

An unknown ground truth distribution on Z

Validation set i.i.d. sampled from py and stored in node O (or called center)
Size of validation set also denoted by nyaiiq

Set of nodes defined by {1, ..., K}

A strict subset of /C

Size of J
The distribution on Z innode k, k =1,..., K
Training set i.i.d. sampled from py, and stored innode k, k =1,..., K

Size of training set D

Vector of weights defined by (wy, ..., wg) € [0,1]X
A user-defined parameter in [, 1]

Capped simplex where w comes from

Vector of model parameters

Set where 6 comes from

Loss of # on a data point z from the space Z
Empirical loss of § on DYalid

Empirical loss of § on Df*" k =1,... . K
Generalization loss of 6 on pg

Generalization lossof fon pg, k =1,..., K
Lipschitz constant of [(0; z) € [0,1] and VI(0; 2) in 0 for any z € Z
Lipschitz constant of all Lj, (0) fork e K

Lipschitz constant of all V2L () for k € K

parameter of strong convexity of Ly, (6) fork e K
Statistical distance between pg and py’s defined in (9)

The objective in the bilevel optimization problem (’I;)

The objective in the auxiliary problem (P..)

Optimal solution of FL. on weighted nodes formulated in (1)
Optimal solution of the learning problem (P)

Optimal solution set of the auxiliary problem (P,)

Optimal solution of the bilevel optimization problem (ﬁ)
Learning rate

Communication period

Probability of updating reference point in the Local-SVRG method
Number of stages

Number of iterations for stage s € {0,1,...,5 — 1}

Table 1: Notations used throughout the paper.

B EXAMPLES SATISFYING ASSUMPTION 3

We consider (P..) in the setting of linear regression. Consider data z = (z,y), where x € R? is a
feature vector and y € R is a continuous target variable, and consider the quadratic loss (6; z) =
%(xTG — y)2. We assume x in all nodes, including node 0 (center) and the nodes in /C, follows the

same distribution, and matrix E [:va:T] is non-singular. Moreover, we assume that there is a vector
05 € R? associated to node k, and y in node k is generated as y = xTQ,’; +efork=0,1,..., K,

where €, is a zero-mean random noise indepedent of x. In this problem, we have

Lu(0) = $E[@T0—9)?] = JE[0T0—2T8; — ] = 10— 6 E[eaT)(6— 07) + $E[&].

We can easily show that §(w) in (P..) has the closed form 6(w) = 25:1 w05, which means

F(w) = Lo(B(w)) = L(Cp, wy — 05) "EloaT | (S5, wiby — 05) + LE[e3].

13



Under review as a conference paper at ICLR 2023

This is a quadratic function of w over the polyhedral set A} and thus satisfies the error bound
condition (5) with » = 2 according to Lemma 1 in ( ).

C TECHNICAL LEMMAS

In this section, we provide some technical lemmas with proofs which are necessary for establishing
the main theorems. The main steps in the proofs of Lemma 2 and 3 are borrowed from

( ). However, the generalization bound in Theorem 3.1 in ( ) is for a
w satisfying 371 < wy/w; < B with k # j for some 3 > 0, and their bound increases with j.
When applied to w = @ with zero or nearly zero components (that happens when p;, = pg for some
k), such a (3 is very large or equals infinity. Therefore, we make necessary changes in the proofs
to extend the results for a generic w and a w that is e-away from W* (see Lemma 3) where the
components can be nearly zero. These extensions are important for proofing our main theorems.

Lemma 2. Suppose Assumptions 1 and 4 hold. There exists a universal constant Cy > 0 such that,
with a probability of at least 1 — 9,
vy + 1og(1/9)

Nvalid

sup [Lo(6) — Lo(0)| < Co
6ee

Proof. For simplicity of notation, we write ny,jq as n in this proof. Let

Guaia(D™) := sup | Lo(8) — Lo(0)|  and  Glaig(D™) = sup [Lo(6) — Lo(0) | -
UG €O

Consider any i € {1,2,...,n}. Let D34 be the same as D44 except that 2 is replaced by
another data point 2’ (1) sampled from pg. Recall (3). We have

‘Gvalid (DY) — Gaia (DY) ‘

=[sup [Lo(6) ~ Lo(®)] -~ sup [Low) ~ Zo(6) + - (16:27) ~ 1(6: ') } | <o

where the inequality is because the loss is in [0, 1] (Assumption 1). This inequality means we can
apply the McDiarmid’s inequality to obtain that, for any € > 0,

P (Gyaia(D"™) > E[Gyaia(D™')] + €) < exp(—2€°n),
or equivalently, with a probability of at least 1 — 6,

log(1/6)

Gratia(D'™) < E[Graia(D*™14)] + on

Next, we apply the standard symmetrization argument by introducing a ghost dataset
pralid ._ {Zl(i) }”

host
ghos! im1

which is independent of D¥¥id and sampled from py. Let {o;}"_; be Rademacher random variables.
We have

E[Gvalid(Dvalid)] —E

sup | Lo(8) — Lo(0)]

= E[sup {E[L(G;Dva“?‘)] _ L(G;Dvalid)ﬂ

(USC) 0cO ghost
L pyvalidy . yvalid _ (1)
<E Sup {L(Q,Dghost) L(6; D )H l;gg - Zo( 1(6; 2 ))]
1 n R
<2E i 9 - 2ERn H )
b (02 | =R

where R,,(H) = E
9cO

Sup Zn L0 (9 Z( ))‘Dvalid] and H = {1(0’) -0 c @}

14
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Let My := % S, 03l(0;2) for @ € ©. By Hoeffding’s Lemma, we have for any 6,0’ € ©,
A % 9 vali
o (W”Qw; 20) — (82 ))>> |D ]
n )\2 ) ) 2 )\2
Z L) . (1) _ 2 ’
ilzllexp (2n<l(9,z ) l(ﬂ,z )) ) —exp<2d (0,9)),

E [exp (Mo — My))| D] = ﬁE

IN

where

n

a(6,0') = Z%(Z(Q;z(i)) - l(ef;zw))2 <1

i=1

is the Ly-distance between mappings /(f; -) and [(0'; -) with respect to the empirical distribution over
D44 and is a pseudometric in H. Hence, by Dudley’s entropy integral inequality (see Corollary
13.2 in ( )), there exists a universal constant C; such that

Dvalid:| < 3{/1 log (N (H; d;€))de
n Jo

= 1
Ratt) = 758 g o

According to Assumption 4, we have

[Gtrdm] S 2Cd / ‘ [ UH IOg

Hence, with a probability of at least 1 —

Gvahd(Dvahd 2Cd / \[VH log d + \ — log 1/5

Applying the same argument to G,

(D¥¥i4), we can show that, with a probability of at least 1 — §

valld

! a(DY) < 2Cd/ ,VH log llog 1/5
vali

By a union bound, we have, with a probability of at least 1 —

~ 2C log(2 5
;ug Lo(6) — LO(G)‘ < d/ vy log +4/—— g /
€ \/

which completes the proof.

O

Given € > 0, we define
Wi = {w € A% |Dist(w, W*) < ¢} (19)
Ntrain ] (20)

N, =
b2J +e2(K —J)

Lemma 3. Suppose Assumptions 1,2 and 4 hold. There exists a universal constant C, > 0 such
that, with a probability of at least 1 — 6,

Z wi |Lu(0) — Lu(0)]

k=1

sup

0cO,weAy, Tlm,,‘n/(Kb2)

<Ca\/VH+K+log(l/5)' on

Suppose Assumptions 1, 2', 3 and 4 hold. There exists a universal constant C!, > 0 such that, with
a probability of at least 1 — 9,

K
=~ +J+1og(1/6) e(K—J)
su wi | Le(0) — Le@) ]| < € [ /22 + )
oe@wl;w; ; k[ k(0) k( )] < \/ N VA (
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Proof. We prove (22) first. Suppose Assumptions 1, 2, 3 and 4 hold. By Assumptions 2’, we have

w} = 0forw € W* and j € K\J, which means w; < 1/ZkeIC\.7 w? < Dist(w, W*) < ¢ for
anyw € W} and j € K\J.

Let
K
Girain (D™ := Ly (0) — L.(0 23
(D) eeeggugwg{;wk[ (6) = Li( )}} 23)
G{ram(Dtram) = 96@513121/\1* { Zwk {Lk (9)} } (24)

Consider an index j € {1,2,...,K}andi € {1,2,...,n;}. Let DY¥4" be the same as D"™" except
that zj(-i) is replaced by another data point z;(i) sampled from p;. Recall (2). We have

’ Gtrain (Dlrain) - Glrain (D;razln)
K o~
sup { wy [Le(6) - L(9)] }
0e0,wewWr | |

T { W [Lk((’) - Zk(e)} + Z—j <z (9; z](f")) —1 (0; z;.”)) ) }|

b .
Wi o) ow o JE€J
= o S{ 5 JER\T. 2

n

i1

<)

<.

With this inequality, we can apply the McDiarmid’s inequality to show that, for any € > 0,

. . —26% Nypai
. trainy ~, . train < train
P (Giain (D) > B[Greain(D™")] + €) < exp (b?J +e2(K - J)> ’

which implies that, with a probability of at least 1 — 9,

log(1/9) 26)

Gtrain (Dlrain) S E [Glrain (Dtrain )] +
Ne

train

Next, we apply the standard symmetrization strategy by introducing a ghost dataset Dgioq =

K
train
{D k. ghos[} where
k=1
k,ghost

Dtrain = {Z]/C(l)}kl fork:17...,K

is a dataset independent of D" sampled from py. Let {0} ; }1*, for k = 1,..., K be Rademacher
random variables. We have

E[Gtrain(Dtrain)] = E sup {Zwk [Lk:(e) - Ek(e)} }]

_GEG,wEWE*
wy, (E [Li(0; Do) — Ek(@) H

= E sup
| 00, weW;

MN i~ I

< E| sup wy | L(0; DY ) — Li(9)
_GEG,wEW* 1
_E sup Ok, zwk< 2 ’/c(i))_l(e; Z](Ci)))
| o<, wEWEk 1= Mk
< sup ThiR 105 27) | = 2B Ry, (H, W), 27)
0e0,wews 1 — =] Tk
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where R, (H, W) = [9 Jup, > Z Z et (g, 5 )\Dtram] and H = { 0;):0¢ e}.
€O, weW k=

K nyg ’ .
Let My, := v/Ne 35 > Z52t1(6; z,(;)) for 6 € © and w € W¥. Hence, by Hoeffding’s Lemma,
k

=1i=1
we have
E{exp ()\(Mg,w — Mg/7w/)) ‘Dtrain}
K ng -
= [IIIE e <>\\ﬁ bt (wkl(9 4)) - w;l(@’;z,(j)))) ’D‘“’“"]
k=11i=1
T AN DY i V)2
< HHexp( o0 (wkl(ﬁ;zk ) — wil(0'; 2 )) )
k=11i=1
— ex )‘72 2 / /
— p 2d(0,w,0,w> s (28)
where
K ng
N . 2 N.b2 N._g2
doa ’01’ ") = — 1(0; — 'l@’; (1) < € + € -1
(0,w, 6", w) kzg ny (wk (05 2) — wi1(07; 24 )> TN rain S Tuain

is a pseudo distance metric between (I(6;-),w) and (I(#’;-),w’) in H x WZ*. Hence, by Dudley’s
entropy integral inequality (see Corollary 13.2 in ( )), there exists a universal
constant Cy such that

1
VN
where NV'(H x W¥; d;€) is the e-covering number of H X W w.r.t. d.
We next need to bound N (H x W;; d; €). Note that

a%(,w, 0, w")
K ng

R (H,WVE) = E sup My (N(H x W25 d;€))de,

€O, weW?

Dtrain‘| S

N2
—ZZ (“’kl (6:2(7) —wid(9'52,") )
k=1 1:=1
K ng K nyg
2N, 2N,
Sk A(CEVRIGEL)IED I D SIS TUEY
k=1i=1 k=1i=1 "k
. Tk N2
SZZ 2 (1(0:7) — 105 57)) 2 (10:5) - 100+0)))
eJ =1 kekK\J i=1
K Nk
2N,
+ZZT;(’wk_w;€)2
k=1i=1 'k
2N Ttrain bQ ; i 2 Ttrain 2 2
S (3 (U H) —@sH) DD (e )) —1(0:))
train k€.7 i=1 train keK\J i=1 train
2N,
+ v —w'||*. (29)
train
We then define a probability measure
0 + 30
ntram ];7; Nrain () i gﬁ% 7i=1 nlram ) 0
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on Z, where (52@) is a point mass at zl(j). Then, we can construct an e-cover for ‘H x W}
k

w.r.t. d by taking the Cartesian product of an §-cover for H w.r.t. distance metric pg(l,1') =

\/fz(l(z) —1'(2))?dQ(z) for [,I" € H and a , /5= S-cover for W w.rt. the Euclidean dis-

€

tance. According to Assumption 4, the former has a cardinality of (2C%/€)”*. To construct the
latter, we create a , / 0 Ji“fi)“Ns %—cover for [0, b] corresponding to a coordinate in 7 and create a

\/ = s 5-cover for [0, €] corresponding to a coordinate in KC\7. (Recall that w; < ¢ for
j € K\J.) Then we take the Cartesian product of these /& one-dimensional covers and project it to

W . This provides a , /" S-cover for W with a cardinality of

€

(o) (osmees]) = (=) o

where the inequality is because V. < 75 by the definition of N.. This implies

1
\2/%/ \/logN(Hng‘;d;e)de
e JO

w0 (e [ s (1) e ([ 2V Y

—0< VH;J>+O<\/KZ\;J25\/I§—J>_O< I/HN-I-J)_'_O(E(;{\/]—TJ))’ )

where the first equality is because

ooz (20" (2 (=42

according to Assumption 4 and (31) and the second equality is by changing variable € to

E[Glrain(Dlrain)] S QETLm,in (H’ W:) §

be
2evV/K—J

in the integral and the fact that [ 1] = 0 when € > 1.
Combining (32) with (26), we have that, with a probability of at least 1 — 9,

- + J +log(1/6) <6(KJ))
Grain painy < 19) Uy O )
t ( ) > \/ N + 7b ﬁNg

/

Applying the same argument to Gvahd(Dvahd), we can show that the same inequality as above holds
for G ;, (D) with a probability of at least 1 — §. By a union bound, we have, with a probability

of atleast 1 — §

K ~ vy + J + log(1/6) (K — J)
Lo [0 )] <o ([T o (D),

k=1
which completes the proof (22).

Next we prove (21). Since the proof is similar to (22), we will mainly elaborate the parts that are
different. Suppose Assumptions 1,2 and 4 hold. We define Giyin (D™™) and Gj,;,(D"™™") the same

as in (23) and (24) except that W} is replaced by the entire domain Al}(. Following the same proof
of (25), we have

. A , b
Glrain(D™™) — Giin (D) < X2 <~ foralli € {1,2,...,n;} and j € K.
7 njoon
Then the McDiarmid’s inequality implies that, with a probability of at least 1 — 4,

. X 2
Gtrain(Dtram) S E[Gtrain(Dlram)] + w (33)

2Mrain

18
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By replacing W with AY% in the proof of (27), we can show that
E[Glrain(Dlrain)] < 2E§nmm (7‘[, Al}()

0€O,weAy, k=1i=

where E’mmm (7—[7 Al}() =K sup Z Z Ok, ka l( ( ))‘Dlrain‘| .
Let Nb defined as (20) with ¢ replaced by b, ie., Ny = ngun/(Kb?). Let My, =
VN, Z Z LB 1(6; z,(c)) for § € © and w € AY%. With J replaced by () and N, replaced

k=1i=1
by N in the proof of (28), we have

2
E [exp (A(Mo,w — Mg/ )| D™"] = exp <)\2d2(0,w, 9’,11/)) )
where
UL Nb 1 2 Nbb2
b, w0, w) =\ [ DD (wkl (0:247) —wil(0:20)) < [30 2 =1
k=111=1 kek Ttrain

is a pseudo distance metric between (I(6;-),w) and (I(6';-),w’) in H x Ab.. Hence, by Dudley’s
entropy integral inequality (see Corollary 13.2 in ( )), there exists a universal
constant Cy such that

1 . Cy 1
R, (H,Ab)= —F Mg, | D0 <—/ log (NV(H x Ab.: d;e))de,
Ry (H, A%) N leegfgz% 9, 1 S \/og( (H x Al dse))de

where N (H x Ab;; d;€) is the e-covering number of H x A% w.rt. d.

Next, we just need to bound N (H x WZ; d;€). Similar to (29), we can show that

Mirain 2 . .
G2 (0, w, 0, u') < 2 (ZZ d (16247 —1(9’;Z£’)))2> 22—

Ntrain kel i=1 Thrain train

Mtrain

Similar to (30), we define a probability measure Q = e 3>

2

P b~ § & on Z, Where(5<)
train

(2)

Nrain -~ 2y,

keK i=1
is a point mass at z;’. Then, we only need to construct an e-cover for H X Ab by taking the

Nirain €

Cartesian product of an §-cover for H w.r.t. distance metric pg and a 5-cover for A};( w.rI.t.

the Euclidean distance. According to Assumption 4, the former has a cardmahty of (2C3/e)"*.
To construct a , /'3‘\,—; g—cover for AI;(, we first construct a , / };‘]‘;[ ; -cover for [0, b], take its K-fold

Cartesian product, and project it to Ab.. This provides a , / %T 5-cover for A with a cardinality

of [%ﬂ—r = E]K This implies N'(H x Abe;die) < (292)™ x [%WK and thus

2Cy

1
E[Gtram(Dlrai“)} < 2R, (H, Al}() < / \/log./\/(?-l X Al;(; d; €)de
0

0 (s [ oo (2) e ([2])ac) =0 (255) .

Combining (34) with (33), we have that, with a probability of at least 1 — 9,

vy + K +1og(1/6)
Ny

Gtrain ( Dtrain) S o) \/
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Applying the same argument to G,.,(D"14), we can show that the same inequality as above holds
for G{,;,(D"™™) with a probability of at least 1 — §. By taking a union bound, we have that, with a

train

probability of at least 1 — 4,

K +1log(1/6
sup Z Wi I:Lk (9):| S O \/V’H + + Og( / ) ,
6e0,weAy | Ny
which completes the proof of (21) as Ny = nyin /(K b?). O

D PROOFS OF MAIN THEOREMS AND COROLLARIES
In this section, we provide the proofs of Theorem 1, Theorem 2 and Corollary 1.

Proof of Theorem 1. By the strong convex1ty of the loss function and the optimality of 6(w) and
9( ) in the inner problems in (P.) and (P) we have, for any w € AY,

Z kak Z wi Ly (0 (35)

- 2
Adding (35) and (36) on both sides leads to, w1th a probability of at least 1-4,

Awm—&mw

IN

 ER]

K
< Zkak (O(w Z wi L (0(w)) + Zkak Zkak

vy + K +1og(1/6) b
< 2C, , V A, 37
= 2 \/ o (K02 e Bk GD

where the second inequality is because the first conclusion in Lemma 3.
Let w* = Proj,,.(@). Then we have, with a probability of 1 — 24, that
F(®) — min F(w) =Lo(0()) — Lo(6(w"))

wWEA L

~ ~

<Lo(0(@)) — Lo(0(w*)) + Lo]|0(@) — 0(@)| + Lol|0(w*) — O(w*)]|

<To(@@) - To(Bw) + 205y LB

+ 60| 0(@) — ()|| + Lol B(w

vy + log( 1/(5 2C, VH—&—K—Hog(l/(S)
+2
TNyalid E nlrdm/ KbQ) 7 (38)

where the first inequality is because of Assumption 1, the second is due to Lemma 2, and the last is

due to (37) and the optimality of @ for problem (ﬁ). Therefore, we can show that, with a probability
of 1 — 24,

-~ ~

Lo(0(w)) — Lo(0") =Lo(0(w)) — Lo(e(@)) + Lo(e(@)) - LO(G(W*))
<lo|6(iD) W)|| + Lo (0

vy + log( 1/6 2C, VH+K+10g(1/6)
Tyalid nlram/ K b2)

where the equality is because of Assumption 2, the first mequallty is by Assumption 1 and the second
by (37) and (38). This completes the proof. ]

Thyalid
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Proof of Theorem 2. Since Assumption 2’ implies Assumption 2, the proof and the conclusion of
Theorem 1 also hold under the assumptions of Theorem 2. In particular, inequality (38) holds with
a probability of 1 — 20. According to Assumption 3 and (38), we have with a probability of 1 — 26

that
_ . —~ r —|—10g(1/5) 20 V'H+K+10g 1/(5)
p 1" < 9 m{i
[CT 18t(w7 W )] o CO Nyalid ntram/ Kb2)

Applying the fact that s + ¢ < (5% + t%)r forany s > 0 and ¢ > 0 to the right-hand side of the
inequality above, we obtain (10) with an appropriately defined C,,.

Suppose Dist(w, W*) < &(nyalid, Turain), Which happens with a probability of 1 — 24 according to
the proof above. We have W € W with € = &(nyaiid, Mrain) according to the definition in (19). We
then decompose the optimality gap of the generalization loss as follows

Lo(8(®)) — Lo(67)

K K
+> WL (0(@)) = Y Bk Le(0(w)) + Y @ Li(67) = Lo(67). (39)

It is clear that 75 < 0 and 7% < 0 by the optimality of 67(@) and 6(w) in (13) and (P..), respectively.
Moreover, by Assumption 2’, we have w} = 0 for w € W* and j € K\J. Using the fact that

W e W, wehave 3 i\ 7 w7 < Dist*(@, W*) < 2, which implies

K
T =" (Lo(B(@)) ~ Lu@(@)) = 3 @k (Lo(@l@)) — Li(@(@)))
k=1

keK\T

> @ [max - (Lo(8) — Li(0))* < & max Y- (Lo(8) — Li(6))°.

S €6
keK\T keK\T keK\T

Using a similar argument, we can also show

Ty <e [max ST (Lo(9) - Li(0)).
keK\T

According to Lemma 3 and the fact that @ € W, we have that, with a probability of at least 1 — 0,

+J+log(1/0) (K —J)
T, Ty < C | 2
» 4= Ca \/ N. M

Note that G = \/maX9€@ Zke)C\j (Lo(68) — Ly, (0))2 under Assumption 2’. Applying the upper
bounds of the six terms to (39) and taking a union bound, we can show that

~ . vy +J +log(1/6 e(K—J
LO( (w>) _LO(G )S 2C(I1 \/ " N. g( / ) + b\/i) +25(nvalid7ntrain)G

with a probability of at least 1 — 39, which completes the proof. [
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Before we prove Corollary 1, we first present another corollary of Theorem 2 where we can see the
impact of b more clearly.

Corollary 2. Suppose the assumptions of Theorem 2 hold and n.ujiq and Nyq;, are large enough such
that &(Nyaiia, Nirain) defined in (10) satisfies €(Myatia, Nirain) < Il’(—g. With a probability of at least
1 — 34, we have

o vi + J + log(1/9)
Lo(8(@)) — Lo(6") <O <\/ Turan/(J62) )

Va +log(1/6)) <VH+K+1og(1/5))ir
+G-0 ——>21~ +G-0 , 40
( Nyalid ntrain/(KbQ) ( )
Proof. Theorem 2 guarantees that (11) holds with a high probability. When & (nyatid, Train) < I’é—g,
the second term on the right-hand side of (11) can be merged with the first term. Also, we have
Ne = T (nv::'ﬂ;';m) =) > =7 +b§’}ﬂ/‘"( =7 > ;l;—;J, where the last inequality is because

K — J > 1. As aresult, the first two terms in (11) together has the order of

o vy + J +log(1/9)
TNtrain / ( J b2) '
Then (40) is proved by applying the definition of &(7yalid, Train) to the third term on the right-hand
side of (11). O

Suppose Nirain > Nyatig- The first term on the rlght -hand side of (40) i 1s smaller than the entire right-

hand side of (7). If, in addition, G = 0(1 / nvahd 2") and G = o1 /n[raln ), the other two terms in
(40) are also smaller than the two terms in (7), respectively, so the bound in (40) is tighter than (7).

Proof of Corollary 1. Corollary 1 is directly from Corollary (2) by only keeping G, nain and nyeg
in the order of magnitude given in (40). O

E GENERALIZATION PERFORMANCE BY TRAINING LOCALLY AND
TRAINING WITH EQUALLY WEIGHTED NODES

In this section, we first consider a model locally trained only with data DY4id jp node 0, namely,

é\valid € arg min Eo (9) 41
[SC)

where EO is given in (3). The generalization bound of é\valid is well-known, so we omit the proof but
directly give the result.

Proposition 1. Suppose Assumptions 1 and 4 hold. There exists a universal constant Cy > 0 such
that, with a probability of at least 1 — 6,

vy Jrlog(l/é).

Lo(é\valid) — Lo(0") < 2C)
Nyalid

For the purpose of theoretical comparison, we also consider a model trained only with data D"
distributed over equally weighted nodes, namely,

fequal € arg min — Z Ly(0 (42)
0€0
where Zk is defined as in (2). It is easy to construct an example where each py with k € K\ J is

significantly different from pq so that Lo(alqual) does not convergence to Lg(6*) as nyun goes to
infinity. Motivated by Corollary 1 and the discussion afterwards, it will be interesting to show the

generalization bound of é\equal when each py, with k& € K\ 7 is similar to py with a small G defined
in (9).
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Proposition 2. Suppose Assumptions 1, 2" and 4 hold. There exists a universal constant C, > 0
such that, with a probability of at least 1 — 36,

~ . vy + K +1log(1/6) 2K —J
a) — <
LO(gequal) LO(G ) = 2C'a\/ Knmu'n + K Gv
where G is defined in (9).
Proof. We first define
| XK
Ocqual € argergin 174 Z Ly (). (43)
=1

We first decompose the optimality gap of the generalization loss as follows

LO (eequd) LO<9*)

K K
~ 1 ~ o~
= equal § Lk equal § Lk (eequal) - E E Lk (eequal)
k:l k=1

T1 T2
1 & 1 & 1 & 1 &
+ E Z Lk (aequdl) - ? Z Lk (Qequal) + ? Z Lk (eequal) K Z Lk: (6equal)
k=1 k=1 k=1 k=1
T3 T4
1 & 1 & 1 &
72 D Li(Oequa) = 2 D Lu(0%) + 2 > Li(6%) — Lo(67) (44)
k=1 k=1 k=1
Ts Ts

It is clear that 75 < 0 and 75 < 0 by the optimality of é\equal and fequar in (42) and (43), respectively.
Moreover, we have

XK:( equal Lk(eequal)) = Z Il{(LO(eequal) Lk(eequal))

k— kek\T

SAYTIMXZ(%@_M@ﬁ
keK\T

Using a similar argument, we can also show

\/K J max Z (Lo(6 (9))2.

kEK\T

Since Assumption 2’ implies Assumption 2, by the first statement of Lemma 3 with b = % we
have, with a probability of at least 1 — &, that

K +log(1
7%n§%¢w+ +log(1/6)
K Ntrain

Applying the upper bounds of the six terms to (44) and a taking union bound, we have

V;.[+K+log(1/5)+2 K—-J

G
Knyain K

Lo(Bequa) — Lo(6%) < 2ca¢
with a probability of at least 1 — 3J, which completes the proof. O

Note that the bound in Proposition 2 is strictly worse than the one we showed in Corollary 1 for any
value of G. In fact, the former is O(1//Nain + G) and the latter is O(1//Niain) + 0(G)
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F COMMUNICATION COMPLEXITY OF ALGORITHM 2 AND EXTENSION TO
NON-CONVE CASE

In this section, we present the communication complexity of Algorithm 2 for convex problems as
well as the corresponding algorithm and complexity for non-convex problems. To do so, we first
present the convergence property of Algorithm 1, which is originally established by

( ). Then, we combine the analysis by ( ) and ( ) with
some minor but necessary modifications, for example, to allow for a generic weight w instead of the
uniform weight in ( ), and to handle the approximation error between V F'(w)

and VF (w), which is a little different from the one considered in ( ).

F.1 CONVERGENCE PROPERTY OF ALGORITHM 1

As mentioned in Section 4, we need to solve subproblems (1) and (15) in Algorithm 2, both of
which are instances of (16). Because of Assumption 1, problem (16) in these two cases satisfies the
following assumption with ¢; and p exactly the same as the ¢; and p in Assumption 1.
Assumption 5. f, ;(x) is convex, V fi, ;(x) is £1-Lipschitz continuous and fy,(x) is p-strongly con-
vexfori=1,...,npandk=1,2,..., K

A unified analysis is provided in ( ) for a large class of FL. methods including
Local-SVRG given in Algorithm 1. The following proposition is obtained by applying Theorem 2.1
in ( ) to Local-SVRG under our setting after minor modifications. It character-
izes the convergence property of Algorithm 1. We omit its proof because it is the almost the same
as the proof of Theorem G.7 in ( ).

Proposition 3. Suppose Assumption 5 holds for (16) and v < ~yo with 7y defined in (17). Algorithm 1
guarantees

_ . 1 T+1 32v202 2+ .
E[f@™) - f)] < (1-m) <4+ R I (G ") [EREEA
d5e . i o2
+ 07 =12 Y w27, (45)
k=1

where x* be the optimal solution of (16).

F.2 COMMUNICATION COMPLEXITY OF ALGORITHM 2

To analyze the complexity of Algorithm 2, we needs to bound the error of the approximate gradient
of I, namely, the quantity

vaf:g) VP, s=01,...,
and then the convergence analysis in ( ) can be directly applied. This error

depends the suboptimality of (*) and h(*) in iteration s of Algorithm 2, which can be characterized
using Proposition 3. To do so, we first bound ||V f, (z*) H and ||2(©) —z* H appearing in Proposition 3

for these two instances. For simplicity, we assume Local-SVRG is initialized at (°) = 0 when it is
applied to any instance of (16).

Suppose f%,:(0) = 1(6; z,(:)),i =1,...,n5,k =1,...,K and z* is the optimal solution of (16),

o~

namely, 2* = 0(w). Because of Assumption 1, we have that ||ka (z*) H < {y for any k in any
2

iteration s of Algorithm 2 and z* = 6(w) is a continuous of w on Ab,, which means ||z(®) — 2*
&

[|z* Hz < max,ean ||§(w) in any iteration s of Algorithm 2.

Suppose f.i(h) = $hTV2(0); 2 )Vh—hTVLe(0),i =1,...,np,k = 1,..., K. The optimal
solution of (16) in this case is

K —1
2" = (Z wff)vmw“))) VEo(6®)
k=1
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’< %HVLO(H( N2 < ‘25 because of Assumption 1. Moreover,

*|2

which means ||2(®) —x

-1

K
Vfi(z*) = V2Lp(0%) (Z w,§8>v2fk(a<8>)> VLo(60®) — VLo(6®),

k=1
o ||V fe(z*)|| < % + £y for any k and s by Assumption 1.

Since f is y-strongly convex, we have 4[|z — z*||2 < f(zD)) — f(2*). With this inequality and
the discussion observations, we can denve from (45) that

B 2 741 324202 24 2
(T) _ 2 (q _ 3p3( _ 214 . 2 o
B[z - 2*|] <w(1 ) <4+ PR i (G e > max { R ’u2}
45 ¢
+ 7%72(7 _ 1)2(51 +1)22 (46)

with R := max,,cns_ H@(w) || when Local-SVRG is applied to either (1) or (15) in any iteration of
Algorithm 2.

The following lemma bounds the error of the approximate gradient for F.

Lemma 4. Suppose Assumption 5 holds and v < ~y with o defined in (17). We have
~ e e o2y L C To+1
E[||VE(w) — VEw)|] < 71 (1-m) (Og +Cy(r — 1)) 4O (r— 1), @7)

where C, Cy and C'5 are constants that depend on {y, {1, U3, u, R, q and K but not 7, Ts and .
Consequently,

. whenrzl,yzvoande:ﬁln(%jHﬂ) OR

e whent > 1, 7——andT = p~ M, In (M3),
where
1
M, = max {’7’ (54 1)2/[C1(Cy + C3(1 — 1)) + Cu(1 — 1)2]} ,
0
we have E[“Vﬁ(wfn‘?) —@ﬁ(wfﬁ})”ﬁ < (5+11)4'

Moreover,

e whent=1,vy=yand Ts; = %M In (%{W) OR

e whent >1,v= ﬁ and Ty = =M. 1In (MS’?’),

where

1
MS/ :max{

’YO,(S + 1)\/[01(02 + 03(7’ — 1)) + C4(T — 1)2]} R

wehaveE[HVF Wy ) VF(w (6) || | < (9+1)2

Proof. Let VE(w!®)) = (Vi F(wl)))ke1.. k., where

-1
ViF(wil) = =VLi(0) (Zw V2L 9@)) VLo(0®). (48)

Recall that

Vi F(wl)) = =Ly (0 Th),
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We then obtained from (46) that

E[|[VF@) - VEw)]
2

h(s) — (ZK: W V2Li(0 >)> VLo(6®) ]

2K T+ 329202 o 24 ¢ , B3
(1— ) <4—|— 3¢ + 30er, él(T—l)T -max{R,E}

<K0R

TH
45e K 02 14
p 2Oy 2 1)2(;1 +1)202 (49)
According to Lemma 2.2 in ( ) and (46), we have

E[|VE(wi) - VE(wi)|’]
20001 fg&%) (s) _ (s)
<K + — 6'°
( e ) Ell 0(wna)°]

9 2\2 9 Ty+1 el? 2 3
<K< Wl+€2€0> *(1—w) 14+ 3200 | g0es83(r - 1) 210 'maX{RQ’iO
3q q K

Iz pr ) oy

Woly  lo02\? 45 ¢
+K< Zl+;2°) —em (7—1)(M1+1)2e§ (50)

Combining (49) and (50) by the triangle inequity leads to (47).
When 7 = 1,7 = 79 and T, = =L In (95 it easy to show that E[[[VF(wly)) —

H } - (s+1

Suppose 7 > 1,y = = p~ ' M, In (M2). We have

Ts+1
E[[|VF(w; C[°] <—(1—w) (Cy + Cs(r — 1)) + Cuy (7 — 1)?
04(7' — 1)2
M
C4(T — 1)2
M2

S

T
Sexp <—/;w ) MSCl (Cg + 03(7' — 1)) +

<exp (— ln(MSB)) M,C (02 + 03(7' - 1)) +

Cl (02 —|-03(7' — 1)) n 04(7' — 1)2 < 1

M?2 M?2 ~ (s+ 1%
The conclusion with E [HV? (w H } = +1) — = can be proved in the same way except
that (s + 1)* must be changed to (s + 1) , and thus we omit the proof. O

The complexity of Algorithm 2 when F (w) is convex can be showed using the proof in

( ) with their gradient approximation error replaced by the one in Lemma 4.
Proof of Theorem 3. According to Lemma 2.2 in ( ), F (w) is £p-smooth with
¢p defined in (12). Let B, := |[VF(wS)) = VF(w%)|| According to (2.51) in
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( ), we have
—~ ~ ~ 16
Flwbt)) < Flw) + P& —( 5 w2 — G — wTY 2)
() € S5 F ) + 5P @) + s (18— = [ = )
2
+glld —wVIE + DB
2
s 16
R (A D)
< Ful) (@) + gy (19— = [
4
+ ——Es+ 2B,
5+ 2
where the second inequality is because ||@ — w1 || < 2 as both @ and w**") are on a simplex.
Subtracting F'(w) from both sides of the inequality above and dividing both sides by (S_wa we
have
(s 1(6+2) [5 iy 5
BT E Pl t) - F(@)]
s(s+1) v, (s . 8 s
< Fl) = F@)] + 1 (10 = w7 = 1 — w0
1 2
+2>s + 1)E, + ”(s%)(s“ﬂf.
Summing up this inequality for s = 0,1,...,5 — 1 gives

S5—1
S(S;—DE[F( (S)) } +Z (s+1) / ]+§)n(s+li(s+2)E[E3]7

which, when E [EQ] o implies

(s+2
32 4log(S) 72y
“nS(S+1)  SS+1)  125(5+1)

E |F(u) - F(@)] <

This means, as long as E[E?] <
iterations.

Let Ay = C1Cs, Ay = C1C5 and Az = C1Cy with C1, Cy, C5 and C, defined in Lemma 4.

G +2)4, Algorithm 2 finds an e-optimal solution of (P) in O(e~9-5)

Suppose 7 = 1,7 = 7o and T, = ﬁ In (%{)ﬂ)“) By Lemma 4, we have E[E?] < ﬁ In
iteration s of Algorithm 2, the total number of rounds of communication needed in Local-SVRG is

O(T,) = O(In(s)) so that means the total number of rounds is O(e~%5).

Suppose 7 > 1,7 = 5 and T, = ="M, In (M2). By Lemma 4, we have E[E?] < (s+2) In
iteration s of Algorithm 2, the total number of rounds of communication needed in Local-SVRG is
O(Ts/7) = O(s?) so that means the total number of rounds is O(e~15). O

F.3 ALGORITHM AND COMMUNICATION COMPLEXITY FOR NON-CONVEX F

When F in (13) is non-convex, we no long expect any algorithm to find an e-optimal solution and
change our goal to finding an e-stationary point of (P), which is defined as a solution w € AY
satisfying

Hw Projas (w — NV E(w H <e.
for some > 0. There exist multiple numerical techniques for finding an e-stationary, among
which the proximal gradient method is the simplest one. When the gradient can only be computed

inexactly, there exist studies on the iteration complexity of the proximal gradient method for finding
an e-stationary point, including ( ) for bilevel optimization and

( ) for a general problem. We will simply apply the proximal gradient method to (ﬁ) using the

approximate gradient VFE (w) in (14). We formally present this approach in Algorithm 3. Again, the
center is node 0, i.e., the node where D" is stored.
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Algorithm 3: Federated Learning Method for Bilevel Optimization (ﬁ) (Non-Convex Case)

Input: initial weight w(?), learning rate 7, training data Dirain for k € KC, validation data DYlid,
the number of outer iterations .S, parameters (-, 7, ¢) for Local-SVRG, and the number of
inner iterations 7 fors =0,...,5 — 1

fors=0,1,...,5—1do

Compute VF(w(®)) as follows:

Set fri(0) =1(6;2), i=1,....,n%, k=1,....K

Compute 0*) = Local-SVRG({fx.},w®,06~ ~ 7 ¢,T,) and send it to each
node.

Compute V Lo (6(*)) at center and send it to each node.

Set fri(h) = LhTV209; 2N — KTVL(09), i=1,...,n4, k=1,...,K

Compute h(®) = Local-SVRG({fx.:},w, VEO(H(“")),% 7,q,Ts) and send it to
each node. R
Each node computes V L, (9(*)) in parallel and send it to the center.

Set Vi F(w®) = =VLy(0)Th() fork=1,... K

w ) = argmin,, e a <?}?(w(s)),w> + g lw — w2

end
Return: w®®) with 5 sampled randomly from {0, 1,...,S — 1}.

The convergence result of Algorithm 3 can be proved in a standard way (e.g., see Theorem 2.1 in
( )). We present it below only for the sake of completeness.

~

Theorem 4. Suppose Assumption 1 holds. Let R := max,,eat_ 10(w)|| and Lr and ~o defined as

in (12) and (17). Suppose n = ﬁ in Algorithm 3. There exist constants A1, As and As that only
depend on ly, L1, Us, 11, R, q and K but not on T such that the following statements hold.

A1(8+1)2

— ) Algorithm 3 finds an e-stationary solution

. SupposeTzl,'y:%ande:ﬁln<

of(ﬁ) with O (6_2) rounds of communication.

* Suppose T > 1,y = 5 and Ty = p~ "M} In (M[?), where

M! _maX{’:,(8+1)\/[A1+A2(T1)+A3(T1)2}},8_0,1,.... (51)
0

Algorithm 3 finds an e-stationary solution of (IA’) with O (674) rounds of communication.

Proof. Let B := ||VF(w®) — VF(w®)|. Since w*+1) = Projy (0 — NV F(w®)), by the
property of projection mapping, we have

~ 2
Hw(s) — Projas (w® — nVF(w(s)))H

IN

2 PN ~ 2
2 Hw(s) - w(sH)H +2 HProjAz;( (w® — pVF(w®)) — Projas (w®) — nVF(w(s)))H

IN

2
P Hw<5> — (D) H + 22 E2. (52)

By the definition of w(**1) and the %—strong convexity of function <?ﬁ(w(s) ), w> +% [|lw—w®)]|2,

we have, for any w € A8,

PN 1 1
(TF@). 0 — 0@ + L) w2 4 Lo - w02
2n 2n

-~ 1
< <VF(w(S)),w—w(s)>—l—%Hw—w(S)HQ. (53)
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Taking w = w'®) in (53) gives
<vﬁ(w(8>),w<s+1> - w(5>> + %Hw(”l) —w¥|? <o. (54)
Since F'is ¢ r-Lipschitz continuous and 1 < i, we have
Fw®t) - Fw®) < <vﬁ(w<5>)7w<s+1> - w(s)> + 2—117||w<8+1> — w2 (55)
Adding (54) and(55) gives us

~ ~ 1
F(w(s+1)) o F(w(s)) + 27||w(s+1) 7 w(s)H2
n

IN

<Vﬁ(w(s)) — VE(w®), w1 — w(s)>

IN

By |lwCtY — )| < 2E,,
which, together with (52), implies

1 Hw(s) — Projae (w(s))H2 < F(w®) — F(w®+)) + 2B, + ne;

477 JAK — S 2 .
Summing this inequality and taking expectation give us

9 4 g 51 g 51
-2 (3) _ Proi ©) Z AP0 — F(G 2 z 2

n E[Hw Projae (w )H ] < s [F(w ) F(w)} + S ;E[ES] + S ;E[Es].
When E[E?] < ﬁ, the inequality above implies

- 5 . NN P 8log(S) w2

7 2IEHw( ) —PrOJAz}((w( ))H gn—s [F(w(o)) —F(w)} + S + 35"
This means, as long as E [Eg] < ﬁ, Algorithm 3 finds an e-stationary solution of (ﬁ) in O~(e*2 )

iterations.

Note that Lemma 4 still holds with wr(nsd) replaced by w®) in Algorithm 3. Let A; = C1C5, Ay =
C1Cs5 and A3z = C1C4 with C1, Cs, C5 and C} defined in Lemma 4.

Yol
iteration s of Algorithm 3, the total number of rounds of communication needed in Local-SVRG is

O(T,) = O(In(s)) so that means the total number of rounds is O(e~2).

Suppose 7 = 1,7 = yp and T = L In (%{Tl)z . By Lemma 4, we have E[Ef] < ﬁ In

Suppose 7 > 1,7 = 1+ and T, = p~*M/In (M/?). By Lemma 4, we have E[E?] < ﬁ In
iteration s of Algorithm‘3, the total number of rounds of communication needed in Local-SVRG is

O(T,/T) = O(s) so that means the total number of rounds is O(e~*). O

Remark 1. The federated bilevel optimization methods by ( ) and

( ) can find an e-stationary point within 6(6_3) and O<€_4) rounds of communication, respec-
tively. In the first setting of Theorem 4 (1 = 1), Algorithm 3 has complexity of 6(6_2), which
is better than ( ) and ( ). We want to point out that the lower
complexity of Algorithm 3 is because it utilizes the finite-sum structure in (ﬁ), which allows comput-
ing a deterministic gradient infrequently to accelerate the convergence. However, ( )
and ( ) both consider objective functions given in expectation, which does not
allow computing a deterministic gradient in general. One can check the following Table 2 for a
comparison.

G ADDITIONAL MATERIALS FOR NUMERICAL EXPERIMENTS

In this section, we present additional details and results of our numerical experiments in Section 5.
The CNN we train in the experiments consists of two layers of 2D convolution, each equipped with
2D batch normalization and ReL.U activation, and followed by a fully connected layer to generate
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Table 2: Comparison in Remark 1.

Paper |  Structure | Case | Number of Rounds
This work Finite-sum Convex O(e°?)
This work Finite-sum | Non-convex O(e™?)

( ) Deterministic | Non-convex O(e™?)

( ) Expectation | Non-convex O(e™?)
( ) Expectation | Non-convex O(e™)

( ) | Expectation | Non-convex O(e™)

predictions. The first convolution layer is set to output the same number of channels as the input,
and uses kernels with a size of 4, a stride of 4 and one padding. The second convolution layer
returns two output channels for Fashion-MNIST and MNIST and five for CIFAR-10 and ImageNet,
and uses kernels with a size of 2, a stride of 2 and one padding. All experiments are conducted with
PyTorch 1.9.0 and CUDA 11.1 computing platform on a computer with the CPU Intel Xeon Gold
6330@2.0GHz (Turbo up to 3.1GHz) and the GPU NVIDIA GeForce RTX 2080 Ti.

G.1 DATA GENERATION WITH DIFFERENT CLASS DISTRIBUTIONS (SETTING 1)

In this section, we describe in details how we generate pralid - prain anq- Dest from each original
dataset for our experiments under Setting 1.

G.1.1 FASHION-MNIST

Fashion-MNIST ( , ) contains a training set of 60,000 images and a testing set of
10,000 images. Each image is in grayscale, has a size of 28 x 28, and is associated with a label from
ten classes: 0: T-shirt/top, 1: Trouser, 2: Pullover, 3: Dress, 4: Coat, 5: Sandal, 6: Shirt, 7: Sneaker,
8: Bag and 9: Ankle boot. We merge the ten classes into four classes as follows:

Cl1: Classes 2, 4 and 6 which include long-sleeve upper-body clothes;
C2: Classes 0 and 3 which include short-sleeve upper-body clothes;
C3: Classes 1 and 8 which include pants and bags;

C4: Classes 5, 7 and 9 which include only shoes.

Note that these four merged classes are only used for generating data. In the classification task, we
still have ten classes. This is the same for the other three datasets. We set nyain = 4000, 1ya1q = 500
and ney = 5000. Each image is sampled from one of the four merged classes with a probability
distribution (Py, P>, P3, P;). Once a merged class is chosen, each image in that merged class has
an equal chance to be sampled. For D" with k € J, we sample data from the training set with
P, =0.42, P, = 0.08, P; = 0.38 and P, = 0.12. For D}c“‘i“ for k € Jur, we sample data with
P =0.12, P, = 0.38, P; = 0.08 and P, = 0.42. Depending on py is the distribution of 7,,, or
T, D¥¥4 and D are sampled from pg the corresponding distribution. Note that D¥id and Dtest
are sampled from the training set and testing set of the original data, respectively, although they have
the same probability distribution over the four merged classes. Since D'¥4 and D are generated
in the similar way for the other three datasets, we will only discuss the generation of D}*"’s in the
subsequent sections.

G.1.2 MNIST

MNIST ( , ) contains a training set of 60,000 images and a testing set of 10,000 images.
Each image is a handwritten digit in grayscale and has a size of 28 x 28. Since MNIST has the same
number of classes, same class distribution, and same data size as Fashion-MNIST, we directly apply
the same procedure in Section G.1.1 to sample data. In particular, we merge the ten digits into four
classes as follows:

C1: Digits 2, 4 and 6;
C2: Digits 0 and 3;
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C3: Digits 1 and §;

C4: Digits 5, 7 and 9.
We set Nrain = 4000, nyaig = 500 and ngeye = 5000. Following Section G.1.1, for Dgai“ with
k € Jm, we sample data from the four merged classes with P, = 0.42, P, = 0.08, P; = 0.38 and

Py, = 0.12. For Dgai“ with k € Jjs, we sample data with P, = 0.12, P, = 0.38, P; = 0.08 and
Py = 0.42.

G.1.3 CIFAR-10

CIFAR-10 ( , ) contains a training set of 50,000 images and a testing set of
10,000 images. Each image is in color, has a size of 32 x 32, and is associated with a label from ten
classes: 0: airplane, 1: automobile, 2: bird, 3: cat, 4: deer, 5: dog, 6: frog, 7: horse, 8: ship and 9:
truck. We merge the ten classes into four classes as follows:

Cl1: Classes 1 and 9 which are related to ground transportation;

C2: Classes 0 and 8 which are related to non-ground transportation;

C3: Classes 2, 3 and 4 which form a set of animals;

C4: Classes 5, 6 and 7 which form another set of animals.
We set nain = 4000, nyaiia = 500 and ngese = 5000. Similar to the procedure with Fashion-MNIST,
for D‘kraln with k € 7,,, we sample data from the four merged classes with P; = 0.36, P, = 0.04,

P3; = 0.54 and Py = 0.06. For D}f‘i“ with k € Jps, we sample data with P, = 0.04, P, = 0.36,
P3 = 0.06 and P4 = 0.54.

G.1.4 DOWNSAMPLED IMAGENET

Downsampled ImageNet ( , ) is created by downsampling each image in Im-
ageNet ( , ) to 32 x 32 pixels without changing the class labels. Just as ImageNet,
downsampled ImageNet has 1000 classes and we choose ten classes and merge them into four classes
as follows. (The class labels listed below are consistent with ImageNet.)
Cl1: Classes 7,9, 10,29, 54,75, 84 and 189, which are cats or animals similar to cat;
C2: Classes 61,66, 68,101,114,124,131 and 148, which are dogs or animals similar to cat;
C2: Classes 383,397,403, 404, 405, 406, 412, 414, 420, 426, 433 and 434, which are all birds;
C3: Classes 224,441,442,443,444,445, 449,453, 454,498,499 and 500, which are either

fishes or frogs.

We set nin = 4000, Nyaig = 1500, nese = 1000. For Dtk”lin for k € J,,, we sample data from
the four merged classes with P; = 0.36, P, = 0.04, P;s = 0.54 and P, = 0.06. For Dgain with
k € Ju, we sample data with P, = 0.04, P, = 0.36, P; = 0.06 and P, = 0.54.

G.1.5 COVTYPE

Covtype ( , ) is an imbalanced dataset of 581,012 instances. Each instance
records ten features in integer value and two categorical features one-hot encoded into 44 binary
values, and is associated with a label from seven classes: 1: Spruce/Fir, 2: Lodgepole Pine, 3:
Ponderosa Pine, 4: Cottonwood/Willow, 5: Aspen, 6: Douglas-fir, 7: Krummbholz. According to the
imbalance on class labels, we merge the seven classes into four classes as follows:

C1: Classes 1 which consists of approximately 36.5% of the raw data;

C2: Classes 2 which consists of approximately 48.8% of the raw data;

C3: Classes 3 which consists of approximately 6.2% of the raw data;

C4: Classes 4, 5, 6 and 7 which consist of the rest.
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We set Nyain = 40000, nyaig = 5000 and nyee = 50000. Similar to the procedure with Fashion-
MNIST, for Dgam with k € 7,,, we sample data from the four merged classes with P, = 0.72,
Py = 0.14, P; = 0.12 and P, = 0.02. For D" with k € J)s, we sample data with P; = 0.10,
P, =0.82, P; = 0.06 and P, = 0.02.

We train a liner multi-class logistic regression model using the same computing platform in this
experiment as before. We use a mini batch of size 400 to construct the stochastic gradients in all
methods. In the Bi-level method, Algorithm 3 is applied to (ﬁ) with b = 1/3 and five epochs are
performed within each call of Local-SVRG (i.e., Ts = 57uain/400). We set ¢ = 1/100. Other
parameters are the same as our choice in Section 5. We only run Setting 1 with one random seed on
this dataset. The results are shown in Figure 3.

G.2 DATA GENERATION WITH DIFFERENT CLASS DISTRIBUTIONS AND LABEL
PERMUTATION (SETTING 2)

In this section, we discuss in details how Dtain pDvalid gnq ptest gpe generated from each original
dataset for our experiments under Setting 2. For each dataset, we first sample data D" DVvalid apd
D™ in the same way as Setting 1 described in Section G.1. Then we permute the class labels in
Dtkrain with k£ € Js. For each dataset, the class labels in Dgai“ with k € 7, are unchanged. If pg
is the distribution of 7, the labels of D34 and D'**! are permuted in the same way as Dgain with
k € Ju. If pg is the distribution of 7,,,, the labels of Dvalid gpnd Drest are unchanged.

We then describe how the class labels in D" for k € Jy are permuted for each dataset. For
Fashion-MNIST and MNIST, we permute the class labels in D" for k € 7y by changing label 2
to0,0to 1, 1 to 5, and 5 to 2. For CIFAR-10, we permute the class labels in Dg"‘i“ for k € Jas by
changing label 1 t0 0, 0to 2,2 to 5, and 5 to 1. For downsampled ImageNet, we permute the class
labels in D}C“““ for k € Jps by changing label 7 to 61, 61 to 383, 383 to 224, 224 t0 9, 9 to 66, 66 to
397,397 to 441, 441 to 10, 10 to 68, 68 to 403, 403 to 442, and 442 to 7.

G.3 DATA GENERATION WITH DIFFERENT CLASS DISTRIBUTIONS, LABEL PERMUTATION
AND/OR RANDOM ROTATION (SETTINGS 3 AND 4)

In this section, we discuss in details how we generate D', D" and D' from each original
dataset for our experiments under Settings 3 and 4.

Under Setting 3, we first generate data in the same way as in Setting 1 described in Section G.1.
Then, we randomly choose a rotation direction, clockwise or anti-clockwise, and rotate each image
in DI with k € ) toward that direction for 90 degrees. Under Setting 4, we first generate data in
the same way as in Setting 2 described in Section G.2. Then, we apply the same rotation procedure
as we do in Setting 3.

G.4 ADDITIONAL NUMERICAL RESULTS

In this section, we first plot how the weight wj, for each node evolves during the Bi-level method
under Setting 2, 3 and 4 respectively in Figure 4, Figure 5 and Figure 6. We show the results when
po is the distribution of the majority and the minority groups separately.

Since the performance of an algorithm may fluctuate during training, we are interested in comparing
the methods in the best performance they achieved during training. To do so, we save the model
generated by each method at the iteration where the highest accuracy is achieved on the validation
data. Then, we report the performance of the saved model’s by each method on the testing set in
Table 3. Again, we show the results when py is the distribution of the majority and the minority
groups separately. Our method outperforms the baselines in most of the cases.

Next, we plot the test (top-1) accuracy each method obtains during iterations for the minority group
and the majority group in Figure 8 and Figure 9, respectively, where the horizontal axis represents
the cumulative number of data points each method processes in parallel.

At last, we give the results of the ablation study. We choose the case of Setting 2 Seed 1, and
consider four choices on the size of the validation dataset D", i.e. ngy. The choices are 100, 200,
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500 and 1000 for Fashion-MNIST, MNIST and CIFAR- 10, and 1000, 1200, 1500 and 2000 for the
downsampled 32 x 32 ImageNet. Similarly, we save the model generated by our Bi-level method
at the iteration where the highest accuracy is achieved on the respective validation data. Then,
we report the test (top-1) accuracy each method obtains during iterations for the minority group in
Table 4 and the majority group in Table 5 .
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Figure 5: How w evolves during the Bi-level method under Setting 3.
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Table 3: Test accuracy when reaching the highest validation accuracy.
Setting 1 ‘ Minority Model Majority Model
Method\Data ‘ F-MNIST MNIST CIFAR-10 DS-ImageNet F-MNIST MNIST CIFAR-10 DS-ImageNet

Bi-level 0.7758+0.0059  0.8824+0.0198 0.517510.0065 0.2668+0.0079
Local-train | 0.6926+0.0175 0.7850£0.0269  0.303640.0102  0.1108+0.0127
FedAvg 0.7507+£0.0097  0.829740.0171  0.296540.0075  0.2008+0.0117
Ditto 0.7297+0.0146  0.8358+0.0201  0.4361+0.0166  0.1582-0.0037
pFedMe 0.7418+0.0235  0.8568-+0.0204  0.4860-0.0067  0.2084-0.0068

0.8364+0.0121  0.8443+0.0096  0.5928+0.0068  0.2630+0.0091
0.7427+0.0110  0.7550£0.0095  0.3568+0.0144  0.11504-0.0072
0.8327+0.0119  0.8484-£0.0123  0.5705+0.0052  0.26124+0.0116
0.8086+0.0141  0.8059+0.0053  0.5021+£0.0204  0.1874+0.0126
0.8297+40.0070  0.8320+0.0162  0.5588+0.0110  0.2324+0.0087

Setting2 | Minority Model
Method\Data ‘ F-MNIST MNIST CIFAR-10 DS-ImageNet

Bi-level 0.7754:£0.0082  0.8580-£0.0283  0.5148--0.0051  0.2734--0.0052
Local-train | 0.6763+0.0116  0.7874+0.0129  0.3159+0.0110  0.1260+0.0033 | 0.7343+0.0104  0.7650+0.0146  0.3594+0.0086  0.1276+0.0110
FedAvg 0.5686+0.0211  0.5809+0.0405  0.28704+0.0106  0.1676+0.0044 | 0.7824+0.0062  0.7746+0.0121  0.54314+0.0087  0.2542+0.0089

\
\
| Majority Model
\
Ditto 0.7204+0.0059  0.7841+0.0217  0.395140.0121  0.1536+£0.0178 | 0.7889+0.0093  0.7841+0.0089  0.4946+0.0131  0.172440.0068
\
\
\
\

F-MNIST MNIST CIFAR-10 DS-ImageNet
0.8332+0.0063  0.8384+£0.0196  0.5979+0.0044  0.2694-+0.0104

pFedMe 0.7207£0.0130  0.750640.0224  0.442240.0131  0.1936+0.0113 | 0.8091£0.0044 0.791140.0283  0.557440.0104  0.2146+0.0081

Setting3 | Minority Model
Method\Data | ~ F-MNIST MNIST CIFAR-10 DS-ImageNet

Bi-level 0.7726+0.0170  0.8736-0.0055  0.5235--0.0060  0.2680--0.0072
Local-train | 0.67624+0.0126  0.7803+0.0204  0.3061+0.0107  0.116240.0054
FedAvg 0.5940+0.0211  0.622540.0195  0.308440.0099  0.1756+0.0088
Ditto 0.6856+0.0247  0.74524+0.0160  0.418440.0149  0.1626+0.0093
pFedMe 0.7123+£0.0239  0.7203+0.0201  0.453540.0068  0.1938+0.0144

Majority Model
F-MNIST MNIST CIFAR-10 DS-ImageNet

0.8234+0.0119  0.8342+0.0135  0.5861+0.0064 0.2788+0.0142
0.7262+0.0074  0.7698+0.0100  0.3632+0.0083  0.1224+0.0071
0.7702+0.0143  0.7632+0.0171  0.5705+0.0123  0.267640.0074
0.7628+0.0115  0.7742£0.0167  0.4986+0.0175  0.179240.0133
0.7871+0.0104  0.7650£0.0341  0.5563+0.0038  0.2188+0.0122

Setting 4 | Minority Model
Method\Data ‘ F-MNIST MNIST CIFAR-10 DS-ImageNet

Bi-level 0.7658+0.0117  0.8588+0.0133  0.51721+0.0107  0.2698+0.0115
Local-train | 0.6809+0.0079  0.7645+0.0270  0.30864-0.0052  0.1148+0.0059
FedAvg 0.5648+0.0481  0.547540.0205 0.361240.0181  0.1722+0.0090
Ditto 0.6974+0.0130  0.7176+0.0185  0.397040.0105  0.1538+0.0077
pFedMe 0.7035+£0.0187  0.69324+0.0140  0.4548+0.0069  0.1794+0.0114

Majority Model
F-MNIST MNIST CIFAR-10 DS-ImageNet

0.8160+0.0051  0.8455+0.0064  0.5935+0.0074  0.2678+0.0062
0.7012+0.0066  0.7476+0.0282  0.3709+0.0079  0.117240.0087
0.7644+0.0258  0.7577+0.0127  0.5529+0.0077  0.26004-0.0068
0.7646+0.0085  0.7608+0.0063  0.4986+0.0102  0.174440.0159
0.7910+0.0110  0.7688+0.0171  0.5489+0.0060  0.223240.0063

Table 4: Test accuracy’s of the minority model by the Bi-level method using validation sets of
different sizes.

Nvaia  F-MNIST ~ MNIST  CIFAR-10 ‘ Nvaia DS-ImageNet

100 0.7782 0.8444 0.5226 1000 0.2850
200 0.7830 0.8778 0.5170 1200 0.2700
500 0.7756 0.8108 0.5100 1500 0.2740
1000 0.7842 0.8852 0.5292 2000 0.2930

Test Accuracy

Table 5: Test accuracy’s of the majority model by the Bi-level method using validation sets of
different sizes.

Nvaia  F-MNIST ~ MNIST  CIFAR-10 ‘ Nvaia  DS-ImageNet

100 0.8286 0.7946 0.5664 1000 0.2600
200 0.8362 0.8480 0.5620 1200 0.2710
500 0.8216 0.8044 0.5920 1500 0.2920
1000 0.8394 0.8514 0.5890 2000 0.2640

Test Accuracy
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Figure 7: Comparison in test accuracy for the majority group vs number of synchronizations.
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Figure 8: Comparison in test accuracy for the minority group vs number of points processed.
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Figure 9: Comparison in test accuracy for the majority group vs number of points processed.
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