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Abstract

We study the classification problem for high-dimensional data with n observations on p fea-
tures where the p X p covariance matrix ¥ exhibits a spiked eigenvalues structure and the
vector (, given by the difference between the whitened mean vectors, is sparse. We analyzed
an adaptive classifier (adaptive with respect to the sparsity s) that first performs dimension
reduction on the feature vectors prior to classification in the dimensionally reduced space,
i.e., the classifier whitened the data, then screen the features by keeping only those corre-
sponding to the s largest coordinates of ¢ and finally apply Fisher linear discriminant on
the selected features. Leveraging recent results on entrywise matrix perturbation bounds for
covariance matrices, we show that the resulting classifier is Bayes optimal whenever n — oo
and sy/n~11Inp — 0. Finally, experiment results on real and synthetic data indicate that the
classifier is competitive with state-of-the-art methods while also selecting a smaller number
of features. paragraph.

1 Introduction

Classification is one of the most important and widely studied inference tasks in statistics and machine learn-
ing. Among standard classifiers, the Fisher linear discriminant analysis (LDA) rule is especially popular for
its ease of implementation and interpretation. More specifically, suppose that we are given a p-variate ran-
dom vector Z drawn from a mixture of two multivariate normal distributions m N}, (p1, X) + (1 =71 )N, (g2, X)
and our goal is to classify Z into one of the two classes. The Fisher LDA rule is then given by

1if (S (o — m)) | (Z — a2 < 1n1 L,
2 if (Z_l(ﬂ2 _ Ml))T(Z #1+#2)

provided that X is positive definite. The Fisher rule T is the Bayes decision rule, i.e., it achieves the
smallest mis-classification error with respect to 0-1 loss for classifying Z. Y is, however, not directly
applicable in practice as it involves the unknown parameters X~ 1 uy and pp; we thus usually compute
the sample covariance matrix 3 and the sample means X; and X, from a given training data set with n
observations and then plugged these quantities into Eq. - the resulting classifier is termed as the plug-in
LDA rule Yp.

Tr(Z) = { (1.1)

The classification accuracy of Y is well-understood in the low-dimensional regime where p < n. In particular
Ypis asymptotically optimal, i.e., it achieves the Bayes error rate as n — oo for fixed p. This behavior,
however, might no longer holds in the high-dimensional settings n < p or even n < p where the sample
covariance matrix 3 is singular. Indeed, Bickel & Levinal (2004) proved that the error rate for Tp where
we replace ¥~ with the Moore-Penrose pseudo-inverse of 3 could be as bad as random guessing and that,

furthermore, the naive Bayes (NB) rule which ignores the correlation structure in ¥ typically outperforms
Tp.

Continuing this line of inquiry, other independence rules (IR) have been proposed in [Tibshirani et al.| (2002)
and [Fan & Fan| (2008]) but these classifiers have two potentially major drawbacks, namely (1) the accumula-
tion of error in estimating py and po and (2) mis-specification of the covariance matrix . In particular |Fan
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demonstrated that the noise accumulation in estimating 1 and po alone is sufficient to degrade
the performance of IR classifiers, |Shao et al.| (2011 extended this result to show that the noise accumulation
can also lead to the plug-in LDA classifier being, asymptotically, no better than random guessing even when
¥ is known, and finally showed that ignoring the correlations structure in ¥ prevents IR
classifiers from achieving Bayes optimality. These results indicate the need for imposing sparsity conditions
on the features and the important role of features selection for mitigating the estimation errors associated
with growing dimensionality.

To address the above limitations of IR classifiers, |Shao et al.| (2011) proposed thresholding of both ¥ and
f2 — p1; this is similar to the motivation for regularized covariance estimators in Bickel & Levina (2009).
In contrast, |Cai & Liu (2011); [Fan et al.| (2012); Mai et al.| (2012)); Witten & Tibshirani| (2011) and Cai &/
Zhang M imposed sparsity conditions on the discriminant direction 3 = X~ (us — 1) and use penalized
estimation approaches to recover j. |Cai & Liu/ (2011)) also noted two potential advantages to this approach,
namely that the assumption of sparsity on 3 is less restrictive than assuming sparsity for both ¥ (or ¥ 71)
and ps — 1, and secondly Y only depends on ! and uo — py through their product 71 (uo — 1) and thus
consistent estimation of 3 is sufficient. The sparsity assumption on /3 leads to procedures and results that
resemble those for high-dimensional linear regression even though the classification problem is generally not
formulated in terms of a linear model. For example, Cai & Liu| (2011) and |Cai & Zhang| (2019) considered a
linear programming approach similar to the Dantzig selector (Candes & Tao, 2005) while [Mai et al. (2012)
studied a sparse discriminant analysis rule that used the Lasso (Tibshirani, 1996). Nevertheless it had been
observed that, empirically, these approaches can lead to classification rules which select a larger number
of features than necessary, and one possible explanation is that the correlation structure in 3 also induced
correlations among the entries for any estimate B of 3.

In this paper we consider a different approach where we first perform dimension reduction on the feature
vectors (using PCA) prior to classification (using LDA) in the dimensionally reduced space. As PCA is an
important and ubiquitous pre-processing step in high-dimensional data analysis, there is a sizable number
of work devoted to this approach. We refer to a generic classifier from this combination as lda o pca. For
example Section 9.1 of provides a detailed review of combining LDA with different variants
of PCA in the low-dimensional setting while proposed the use of the reduced rank LDA
together with class-conditional PCA in the high-dimensional settings. In terms of applications, lda o pca is
also used for faces and images recognition (Zhao et al.| [1998; [Belhumeur et al., [1997; [Prasad et all 2010,
and recovering genetic patterns (Jombart et al., 2010)

While lda o pca classifiers arise quite naturally, their theoretical properties in the high-dimensional setting
remains an open problem. In particular their analysis requires possibly different techniques and assumptions
compared to those based on direct estimation of the discriminant direction 5. More specifically consistency
results for 8 are usually based on ideas from high-dimensional regression including assumptions on bounded
and concentrated eigenvalues of X, see e.g., Bickel & Levina, (2004)); [Fan & Fan| (2008); Shao et al.| (2011));
|Cai & Zhang| (2019). However Wang & Fan| (2017) noted that bounded eigenvalues are incompatible with
the presence of strong signals (eigenvalues) in the data and might be problematic in fields such as genomics,
economics and finance. These assumptions are nevertheless imposed mainly due to the limitation of quanti-
fying the estimation error for ¥ in terms of the spectral norm difference for 3 — 3. In contrast the idealized
setting for dimension reduction via PCA is when I contains a small subset of signal eigenvalues that accounts
for most of the variability in ¥. This idealized setting for PCA is also distinct from the idealized setting for
graphical models wherein ¥ ! is typically assumed to be sparse.

In summary, our contributions in this paper are as follows. We analyze the theoretical properties of a
prototypical 1da o pca classifier under a spiked-covariance structure assumption — a widely-adopted covari-
ance model for high-dimensional data — where ¥ contains a few large eigenvalues that are well-separated
from the remaining (small) eigenvalues. In particular we show in Section |3| that 1da o pca is asymptotically
Bayes-optimal as n — oo and n~'Inp — 0. This is, to the best of our knowledge, the first Bayes optimal
consistency result for classification after performing dimension reduction via PCA. In Section [d] we demon-
strate empirically, for both simulated and real data, that lda o pca selects fewer features while also having
error rates that are competitive with existing classifiers based on estimating the discriminant direction f.
The theoretical and numerical results provide a clear example of the synergy linking dimension reduction



Under review as submission to TMLR

with classification. Finally, in Section |5 we extend lda o pca to classify data with (1) K > 3 classes or (2)
two classes but with unequal covariance matrices or (3) feature vectors that are elliptical distributed but not
necessarily multivariate normal.

2 Methodology

2.1 Notation and settings

For a vector € RP, the conventional ¢y quasi-norm and the £, {3 and /. norms are denoted by |z||,,
llzlly, ||z|l, and ||z||, respectively. For p € N, we denote the set {1,...,p} by [p]. Given z € R? and a
non-empty set A C [p], we write 4 = (x;,j € A) to denote the column vector obtained by keeping only
the elements in x whose indices belong to A. The operation ’o’, when applied to matrices, represents the
Hadamard (entrywise) product. For i € [p], el(.p ) is the ith standard basis vector of R? and 1, is a vector in
RP whose elements are all 1; we also write e; and 1 when the choice of p is clear from context and 7, stands
for the identity matrix in RP*P. For x,y € RP, the standard Euclidean inner product between x and y is
denoted as (z,y) := y'z. For a matrix M € RP*% the Frobenius norm and spectral norm of M are written
as | M| and ||M||,, respectively. We will omit the subscript in ||-||, when it is clear from context that the
spectral norm or f5 norm is intended.

The two-to-infinity norm of M is defined as

[Mlly_ o = sup [[Mz], Egé?;](IIMillz (2.1)

llzll;=1

where M; represent the ith row of M. We note that ||M]|,_, < [[M]| < ||M] . Let tr(M) and |M]| denote
the trace and determinant of a square matrix M. The effective rank of a square matrix M is defined as
r(M) := tr(M)/||M|); the effective rank of a matrix is a useful surrogate measure for its complexity, see
e.g., [Vershynin| (2018). Let O(-), o(:), ©(-) and Q(-) represent the standard big-O, little-o, big-Theta and
big-Omega relationships. Finally, 1{A} and |.A| stand for the indicator function of a set A and its cardinality,
respectively.

In the subsequent discussion we shall generally assume, unless specified otherwise, that we have access to
training set {Xi1,...,X1n,} and {Xoy,..., Xo,,} whose elements are independently and identically dis-
tributed random vector from the p-variate distributions N,(u1,%) (class 1) and N, (u2,X) (class 2). The
sample means for each class and the pooled sample covariance matrix are denoted as

1 & - 1 &
= d Xy, Xp= - > X, (2.2)
j=1 j=1
R 1 n1 B no B
S = g(Z(XU — X0)(Xy; — Z Xoj — X5)(Xo; — X2)T) (2.3)
j=1 j=1

On numerous occasions we also need a variant of the sample covariance matrix where we replace the sample
means with the true means. We denote this matrix as

ni ng
1

(3o = ) (X = )T (X — ) (Ko = ) 7). (2.4)

n
j=1 j=1

£ —

2.2 Linear discriminant analysis and whitening matrix

Let ¥ be a p x p positive definite matrix. The whitening matrix W is a linear transformation satisfying
WWT = ¥~1 and is generally used to decorrelate random variables and scale their variances to 1. The
whitening transformation is unique only up to orthogonal transformation as WTT TWT = WW for any p x p
orthogonal matrix T'; see |Kessy et al.| (2015) for a comparison between several common choices of whitening
transformation. Hence, for this paper, we take W = £~1/2 as the unique positive semidefinite square root
of ¥~1. Note that ¥~'/2 is the whitening transformation which minimizes the expected mean square error
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between the original data and the whitened data (Eldar & Oppenheim| 2003). Given W, we define the
whitened direction as ( = W(ua — p1) and let S¢ = {j : ; # 0}. We referred to the elements of S¢ as the
whitened coordinates or variables. The Fisher linear discriminant rule is then equivalent to

(2.5)
2 otherwise,

o= {1 OV ) =GOV ) S
where Z ~ mNp(p1,X) + (1 — m1)N, (2, X). Recall that, for a vector £ and a set of indices A, the vector
&4 is obtained from & by keeping only the elements indexed by A. Since 8 = Y7 !(us — 1) is the Bayes
direction, a significant portion of previous research is devoted to recovering § and the discriminative set
S = {j : Bj # 0}. We refer to the elements of Sz as the discriminative coordinates or variables. We
emphasize that in general the discriminative set and whitened set are not the same, except for when ¥ has
certain special structures, e.g., 3 being diagonal.

If p < n then the empirical whitening matrix W = $~/2 is well-defined and the empirical whitened variables

f = W(X'g — X)) are approximately decorrelated in the plug-in LDA rule, i.e., by the law of large numbers,
WEW — Z, and hence Var[é] ~ cI, for some constant ¢ > 0. In contrast, the coordinates of the estimated
discriminant direction 3 are not decorrelated since Var[ﬁ} ~ c¢X~!. Tt is thus easier to quantify the impact of
any arbitrary whitened feature toward the classification accuracy than to quantify the impact of an arbitrary
raw feature.

2.3 Combining LDA and PCA

Eq. can be viewed under the framework of first performing dimension reduction and then doing clas-
sification in the lower-dimensional spaces with the main focus being that thresholding of the discriminant
direction corresponds to dropping a subset of the raw features while thresholding of the whitened direction
corresponds to dropping a subset of the whitened features. We now discuss the estimation of the whitening
matrix W.

If n < p then the sample covariance matrix 3 is often-times ill-conditioned, and is furthermore singular when
n < p. The estimation of either the precision matrix ¥~! or the whitening matrix W is thus challenging in
these regimes, especially since ¥~! and W both contains O(p?) entries. An universal approach to address
this difficulty is to reduce the number of parameters needed for estimating X, for example by assuming that
¥ has a parametric form with o(p?) parameters, or by introducing regularization terms to induce certain
structures in the estimate 3.

The use of regularized estimators for covariance matrices are popular in high-dimensional classification, see
e.g., Bickel & Levina| (2009); [Shao et al| (2011)), and theoretical analysis for these estimators are usually
based on assumptions about the sparsity of either ¥ or ¥~' and then bounding the estimation error in terms
of the spectral norm differences |21 — 1| or ||£ — ¥||. There are, however, two potential drawbacks to
this approach. Firstly, quantifying the estimation error in terms of the spectral norm can be quite loose and
the resulting bounds might not capture the difference in geometry between the eigenspaces of ¥ and that of
the perturbed matrix by (e.g., Johnstone| (2001)) observed that the first few largest eigenvalues of the sample
covariance matrix 3 are always larger than those for ¥ in the high-dimensional setting). Secondly, while it
is not always appropriate to assume sparsity of ¥ or ¥ 71, |Cai & Liu| (2011)) noted that some form of sparsity
is needed to guarantee consistent estimation of ¥ or ¥~! under spectral norm error.

In this paper we assume a different structure for 3, namely that ¥ is a spiked-covariance matrix with a
few leading eigenvalues (the spike) that are well-separated from the remaining eigenvalues (the bulk). More
specifically, we assume that ¥ satisfies the following condition.

Assumption 1 (Spiked covariance matrix). Let uy, ..., uq be orthonormal vectors in RP and assume that the
covariance matrix ¥ for the p-variate distributions N, (p1,X) and N, (p2, X) is of the form

d
=Y Neweu) + 0T, =UAUT + 07T, (2.6)
k=1
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Here A = diag(\g) is a d x d diagonal matrix, Y = (uy ), k € [d] is a p x d matrix with orthonormal columns,
and Z, is the identity matrix. We assume implicitly that A\; > --- > X3 >0, 0 > 0 and d < p.

Covariance matrices with spiked structures have been studied extensively in the high-dimensional statistics
literature, see e.g., |[Johnstone| (2001) and Chapter 11 of [Yao et al.| (2015)), and there is a significant number
of results for consistent estimation of &/ under the assumption that the support of U is sparse, e.g., either
that the number of non-zero rows of U is small compared to p or that the ¢, quasi-norm, for some ¢ € [0, 1],
of the columns of U are bounded. The case when ¢ = 0 and ¢ > 0 correspond to “hard” and “soft” sparsity
constraints, respectively; see for example [Birnbaum et al. (2012); |Berthet & Rigollet| (2012); Vu & Lei
(2012); |(Cai et al.| (2013)) and the references therein. In contrasts to the above cited results, in this paper we
do not impose sparsity conditions on I/ but instead assume that U have bounded coherence, namely that the
maximum ¢5 norm of the rows of U are of order O(pfl/ 2); see Assumption [ for a precise statement. The
resulting matrix 3 will no longer be sparse. The main rationale for assuming bounded coherence is that the
spiked eigenvalues A can grow linearly with p while still guaranteeing bounded variance in ¥. There is thus
a large gap between the spiked eigenvalues and the bulk eigenvalues, and this justifies the use of PCA as a
pre-processing step.

If 3 satisfies Condition [I] then the whitening matrix is given by
1
W=UDU" + —(T - U (2.7)

-1/2.

where D = diag(ny) is a d x d diagonal matrix with diagonal entries 7, = (A + o2) The above form

for W suggests the following estimation procedure.

1. Extract the d largest eigenvalues and corresponding eigenvectors of the pooled sample covariance
matrix 3. Let A denote the diagonal matrix of these d largest eigenvalues and U denote the pxd
orthogonal matrix whose columns are the corresponding eigenvectors.

2. Estimate the non-spiked eigenvalues by

o tr(3) —tr(A)
= — 2.
p—d (28)
3. Let D = (A 4 62Z;)~"/2 and estimate W by W =UDUT + 6~ (T, —UUT).

Although the sample covariance matrix S is generally a poor estimate of ¥ when n < p, the eigenvectors
U corresponding to the d largest eigenvalues of 3 are nevertheless accurate estimates of . In particular,
Fan et al| (2018) and (Cape et al. (2019) provide uniform error bound for ming [T — U||3—ec where the
minimum is taken over all d x d orthogonal transformations T'; see also Theorem [I] of the current paper. We
can thus transform U by an orthogonal transformation 7" so that the resulting (transformed) rows of U are
uniformly close to the corresponding rows of U.

Given the above estimate for W, we then have the prototypical ldaopca classifier in Algorithm[I] Algorithm
contains two tuning parameters, namely d, the number of principal components in the PCA step and s, the
number of coordinates of estimated whitened direction é that we preserve. The choices for d and s correspond
to the number of spiked eigenvalues in ¥ and the sparsity level of the whitened direction (. We show in
Section 3| that, under certain mild conditions, one can consistently estimate s using Eq. (3.6). Consistent
estimation of d can be obtained using results in [Bai & Ng| (2002); |Alessi et al.| (2010)); [Hallin & Liska] (2007)
among others. Algorithm [I] thus yields a classifier that is adaptive with respect to both d and s.
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Algorithm 1: lda o pca decision rule

Input: Xlz X, 3 and the test sample Z

Output: Yigaopca(Z)

Algorithm

// Step 1: Perform PCA on the feature vectors for the training data.

// Step 2: Extract the d largest principal components and obtain W = UDUT + ¢~ Y(Z, —UUT).
// Step 3: Take X; = WX;,i=1,2 and X, = 0.5(X1 + Xg). Let ¢ = X5 — X, and form the
indices set S by selecting the s largest coordinates of 5 in modulus.

// Step 4: Given the test sample Z, take Z = WZ and plug the sub-vector of f, Z and X,
corresponding to the indices in S into the Fisher discriminant rule, i.e.,

1 if {[Z - Xa]s<In2,

2 otherwise

fldaopca (Z) = {

2.4 Related works

2.4.1 Whitening matrix and spiked covariance

We first discuss the relationship between Algorithm [I] and two other relevant classifiers, namely the features
annealed independence rule (FAIR) of [Fan & Fan| (2008) and the LDA with CAT scores (CAT-LDA) of |[Zuber
& Strimmer| (2009). FAIR is the independence rule applied to the features prescreened by the two-sample ¢
test while CAT-LDA scores decorrelate the ¢ statistics by first whitening the data using the sample correlation
matrix diaug(f))’l/2 ) diag(f))*lm; CAT-LDA is motivated by the emprical observation that accounting for
correlations is essential in the analysis of proteomic and metabolic data.

If there are no correlation or if the correlations are negligible, i.e., when ¥ is diagonal or approximately
diagonal, then Algorithm [ is essentially equivalent to both FAIR and CAT-LDA. However, when the cor-
relations are not negligible, the performance of IR classifiers such as FAIR degrades significantly due to
mis-specification of the covariance structure (Fan et al.| [2012). Both Algorithm (1| and CAT-LDA apply a
whitening transformation before doing LDA but the choice of whitening matrices are different between the two
procedures. In particular CAT-LDA uses the asymmetric whitening transformation Corr(Z)_l/ *diag(¥)~1/2
where Corr(X) is the matrix of correlations. The choice of whitening transformation is not important if
3 is known or if we are in the low-dimensional setting where p < n for which consistent estimation of X
is straightforward. It is only when p =< n or p > n when the different regularization strategies used in
CAT-LDA and Algorithm [I] lead to possibly different behaviors for the resulting classifiers; see for example
the numerical comparisons given in Section [4] of the current paper. Finally we view the theoretical results
in Section 3| as not only providing justification for Algorithm [I] but also serve as examples of theoretical
analysis that can be extended to other classifiers in which dimension reduction is done prior to performing
LDA. Indeed, to the best of our knowledge, there are no theoretical guarantees for the error rate for the
CAT-LDA classifier in the high-dimensional setting.

Finally we note that our paper is not the first work to study high-dimensional classification under spiked
covariance matrices of the form in Condition |1} In particular Sifaou et al. (2020a) also analyzed the per-
formance of LDA under spiked covariance structures; however, their theoretical results are premised under
different settings and framework from ours and most importantly they do not show that their classification
rule achieves the Bayes error rate; see Remark [3] for detailed comparisons of the assumptions and theoretical
results in our paper against that of |Sifaou et al.| (2020a). With a different focus, Hao et al.| (2015]) examined
the effects of spiked eigenvalues when trying to find an orthogonal transformation T of the discriminant
direction g so that T3 is sparse. More specifically they show that if ¥ is known then T' can be computed
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using the eigen-decomposition of the matrix X,,; where
Srot = X 4+ YAuA", for a given 7 > 0 (2.10)

where Ap = g — p7 is the vector of mean differences between the two classes. Let Usot,m be the p x m matrix
whose columns consist of the orthonormal eigenvectors of .. corresponding to the m largest eigenvalues.
When m = p then Ut , diagonalizes ¥,o¢ and Hao et al.| (2015) showed that Uset p further sparsifies 5 in
that ||, Bllo < d+ 1 whenever ¥ satisfies the spiked covariance assumption in Assumption (1} and hence
it might be beneficial to rotate the data before performing classification.

When ¥ is unknown [Hao et al.| (2015) propose the following procedure for estimating Ut ,, for some choice
of m < min{n, p}; here v > 0 is a user-specified parameter.

Algorithm 2: Rotation as a preprocessing in LDA

Algorithm

// Step 1: Perform PCA on 3,0t = 5 4 7(Xy — X1)(X2 — X1)7 to extract the m largest principal
components. Let Z/Almt,m be the resulting p x m matrix.

// Step 2: Rotate the training set to {Z/A{r—gt’mXﬂ, e ,LA{TTOt’mei} where L?Imm
i€{1,2} and j € {1,2,...,n;}.

// Step 3: Apply some discriminant direction based LDA method such as [Fan et al.| (2012); |Cai &
Liu| (2011); Mai et al. (2015) on the rotated data set {Z/Alr—';t’mXij}.

Xij € R™ for

We will use this pre-processing step in some of our numerical experiments in Section ] Nevertheless we
emphasize that the theoretical results of Hao et al.| (2015)) assume ¥ is known as they are mainly concerned
with the analysis of different approaches for sparsifying (3, i.e., they explicitly chose not to address the
important issue of how the estimation error for Z/A{rot,m impacts the classification accuracy.

2.4.2 Connection to high-dimensional sparse LDA

Let X be the (ny 4+ n2) x p matrix whose rows are the {X;;} and J) € R™ be the vector whose first n;
elements are set to —(n/n1) and the remaining ny elements are set to n/ns. [Mai et al.| (2012) reframed LDA
in high-dimension as the solution to a Lasso-type problem (we have omitted the intercept term for simplicity
of presentation)

A 1
B =argmin 2 [¥ - X8| + A3l (2.11)
BeRP

for some A > 0. In a similar spirit to Eq. (2.11)), we might, conceptually, also reformulate Algorithm [1|as a
(general) Lasso-type problem (Tibshirani & Taylor| (2011))

A . 1
£ = arg min §Hy—XB||2—|—/\||\I'B||1 (2.12)
BERP

for some A > 0, where ¥ = /2 (once again omitting the intercept for simplicity). As X is invertible,
Eq. (2.12)) is equivalent to first solving

R 1 .
¢ =argmin 2| = XC|” + Alic/h (2.13)
CERP

where X = XX71/2 and then setting 4 = ©~%/2(. Comparing Egs. and against Eq. ,
one could argue that the main difference between lda o pca in Algorithm [I] and the lassoed LDA classifier
of [Mai et al.| (2012) is due to the different choice of the predictor variables X vs X in the Lasso regression.
This argument, however, overlooks the important fact that the transformation $~'/2 needs to be estimated
in Algorithm [1| while for the general Lassso in Eq. , the matrix ¥ is specified a priori and thus free
from any estimation error. Indeed, while there have been significant effort devoted to understanding the
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solution path of Eq. (2.12)) in the high-dimensional setting — see, for example, Duan et al| (2016); Tibshirani
& Taylor| (2011)) among others — its behavior when ¥ is determined empirically from the data is yet to be
theoretically investigated.

Next we note that, instead of Eq. (2.11)), one can also estimate ¢ via an ¢; optimization problem similar to
that of the Dantzig selector (Candes & Taoj, 2005; |Cai & Liu, [2011} |Cai & Zhang, 2019), namely

~

{ = arg mm{||g||1 subject to [|[SY/2¢ — (Xa — X1)||ee < )\}. (2.14)
CERP

The main difference between Algorithm [I{and Eq. is that Algorithm (1| first whiten the feature vectors
using an empirical estimate of the covariance matrix followed by features selection on the whitened data (see
Eq. ) In contrast, Eq. attempts to find a ¢ for which its transformation st/ 2(¢ is most similar
to X5 — X;. While the approaches underlying Algorithm [1jand Eq. are quite similar, we believe that
Algorithm [I] provide a more direct link between PCA and LDA for high-dimensional classification as it is
particularly suitable for high-dimensional data generated from a (possibly low-dimenisonal) factor model
(where the covariance matrix will now have a spiked structure with leading eigenvalues that grow with the
dimension p). See|Fan et al.[(2021]) for further discussion of factor models and their applications to statistics
and machine learning.

Finally we conclude this section by comparing Algorithm [T] with the principal component classifiers proposed
in [Bing et al. (2024); Bing & Wegkamp| (2023). In particular both |Bing & Wegkamp| (2023) and Bing
et al.| (2024) assumed that the discriminant direction 8 (and the whitening direction ¢ as in our work) lies
entirely within the column space spanned by the d leading principal components /. However, as noted
by |Jolliffe| (1982), the principal components associated with small eigenvalues can be just as important as
those associated with large eigenvalues in real data analysis (see also the simulation settings for Model 1
and Model 3 in Section . By working with the whitened data, Algorithm (1] also take into account the
non-leading principal components and furthermore, by performing feature selection in the whitened space,
avoid the need to specify a priori the low-dimensional subspaces containing 8 and/or (.

3 Theoretical properties

In this section, we derive the theoretical properties of the ldaopca classifier in Algorithm [I] for the case where
the feature vectors X are sampled from a mixture of two multivariate Gaussians. Extensions of these results
to the case where X is a mixture of K > 2 elliptical, but not necessarily multivariate normal, distributions
are discussed in Section 5.1l and Section

If X ~ mNp(p1, %) + (1 — m1)Np(u2, ) then the Fisher’s rule Y r has error rate
R = m®(— 5+ 1 i A0 4+ (= m)@ (i)~ e~ n ) (3.1)
F ! 2 1 ! 2 1 ' '

Here & is the cumulative distribution function for A'(0,1) and ¢ = S=Y2(uy — u1); see e.g., Ripley] (1996,
Section 2.1). We note that Rp is the smallest mis-classification error achievable by any classifier and,
furthermore, is monotone decreasing as ||(|| increases. If ||¢|| — 0 then Rp — min{m;,1 —m} and TF is no
better than assigning every data point to the most prevalent class, while if ||(|| — oo then Rp — 0 and Y
achieves perfect accuracy. The cases where Rp — 0 or Rp — min{m;, 1 —m; } are, theoretically, uninteresting
and hence in this paper we only focus on the case where 0 < ||¢|| < co. We therefore make the following
assumption.

Assumption 2. Let S¢ denote the set of indices 7 for which (; # 0. Also let Cyp > 0, M > 0 and C; > 0 be
constants not depending on p such that s := |S¢| < M and

nin Gl = Co,  max{[|S7V 2, 57 2pall} < Ce.

J

Assumption [2 implies 0 < Cpy/So < ||¢]| < 2C; < oo. We emphasize that sparsity is imposed on the
whitened direction so that that only a few transformed features contribute to classification outcome; similar
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assumptions can be found in |Silin & Fan| (2022)). To further explain this condition, we note that sparsity
of the discriminant direction 3 = X~ (u; — po) also implies that only a small subset of the raw covariates
affects the response (as the classification boundary for a feature vector @ is given by 1{x "3 > a} for some
a € R). However, as noted by [Zhu & Bradic| (2018) and Hall et al.| (2014)), sparsity of 8 is incompatible with
many real data application such as genome-wide gene expression profiling where all genes are believed to play
a role in disease markers, or analysis of micro-array data to identify leukemia or colon/prostate cancer. In
contrast sparsity of the whitened direction ¢ = 2_1/2(,ul — p2) still allows for g = ¥ ~1/2¢ to be non-sparse,
thereby circumventing the issue described above.

Our theoretical results are large-sample results in which the sample sizes n; and ny for the training data
increase as the dimension p increases, and thus our next assumption specifies the asymptotic relationships
between these quantities and the eigenvalues of X.

Assumption 3. Let o > 0 be fixed and suppose that

Mo ©(1), Inp=o(n).
na

Furthermore, the spiked eigenvalues A1, ..., \g of X satisfy

A = O(p), for all k € [d].

If ¥ satisfies Assumption [3] then tr(X) = O(p) and (X)) = tr(X)/||Z|| = O(1). Recall that r(X) is the
effective rank of ¥. Assumption [3]also implies that the spiked eigenvalues of ¥ are unbounded as p increases
and this assumption distinguishes our theoretical results from existing results in the literature wherein it is
generally assumed that the eigenvalues of ¥ are bounded; see Bickel & Levina, (2004)); Fan & Fan! (2008)); Shao
et al.| (2011)); |Cai & Zhang (2019) for a few examples of results under the bounded eigenvalues assumption.
While the bounded eigenvalues assumption is prevalent, it can also be problematic for high-dimensional data
as it ignores the strong signals present in many real data applications; see [Fan et al.| (2013) and [Wang &
Fan| (2017) for further discussions of this issue. Indeed, a standard heuristic for PCA is to keep the d largest
principal components that explains 90% or 95% of the variability in the data, and hence if p is large and X
has bounded eigenvalues then one has to choose d = O(p) which is inconsistent with the use of PCA as a
dimension reduction procedure.

If ¥ has a spiked eigenvalues structure as in Assumption [I] then W is given by
W=S"2=UA+>T)VUT o T -uU)T (3.2)
and a natural estimate for W is
W=URhA+3s*D)"2U" +6- (T -uU") (3.3)

where A is the diagonal matrix containing the d largest eigenvalues of the pooled covariance matrix, U is
the p x d orthonormal matrix whose columns are the corresponding eigenvectors, and 62 is as defined in
Eq. (2.8). We now make the following assumption on U.

Assumption 4 (Bounded Coherence). There is a constant Cy > 1 independent of n and p such that

CuVd

U300 < :
2—00 \/ﬁ
Remark 1. The bounded coherence assumption appears frequently in statistical inference for matrix-valued
data. More specifically, as every column in ¢/ has /5 norm equal to 1, the rows U have, on average, {5 norm
of order y/d/p. Assumption [4f then guarantees that the mazimum ¢ norm of the rows of U is also of order

\/d/p. For more discussions about the bounded coherence assumption in the context of matrix completion,
covariance matrix estimation, and random matrix theory, see (Candes & Recht| (2009); Fan et al| (2018);
Rudelson & Vershynin| (2016)); Bloemendal et al.| (2014)) among others. Finally we note that if U satisfies the
bounded coherence assumption with constant Cy; then

Ciid
N < MU 62 for all i € [p],
p
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which together with Assumption |3 implies max;c(,) Xi; = O(1). In summary, Assumption |4 allows for the
spiked eigenvalues A1, ..., Aq of the covariance matrix ¥ to grow linearly with p while also guaranteeing that
the entries of ¥ remains bounded, i.e., each variable in X;; has a finite variance.

We next state a result on the estimation accuracy of U. This result is a slight extension of an earlier result in
Cape et al. (2019). More specifically, |Cape et al.| (2019)) assume E[X] = 0 and hence the sample covariance
matrix is simply +X"X. In this paper we used the pooled sampled covariance matrix which requires first
centering the feature vectors by the sample means of each class.

Theorem 1. Let X be a n X p matriz where the rows X4,...,X, are i.i.d samples fmm TN (p1,2) +
(1 = m )N (12, %) and X satisfies Assumption Assumption @ and Assumptwn Let U be the matriz of
eigenvectors corresponding to the d largest eigenvalues of the pooled sample covariance matriz $. Then there
exists a d x d orthogonal matriz Sy and a constant C' > 0 such that with probability at least 1 — O(p~2),

d3lnp
np

It — UZy]2—00 < C (3.4)

Note that, for simplicity, we assume in Theorem [I| as well in the subsequent part of this paper that d, the
number of spiked eigenvalues, is known. If d is unknown then it can be consistently estimated using the ratio
between consecutive eigenvalues, similar to the procedures in |Ahn & Horenstein| (2013)). More speciﬁcally,
from Assumption [3} I and Lemma [1| we have with high probabliity that A, = ©(p) for k < d and )\k O(0?)
for k > d+ 1. Here A, are the cigenvalues of 3. There thus exists a significant gap between Ai—1/xa = 0(1)
and Ag/Aay1 = Q(p), and hence, letting d be the smallest index k for which A, /Ajp1 = Q(Inp), we have
d=d asymptotically almost surely.

We now analyze the classification accuracy of lda o pca. Recall that the main idea behind lda o pca is that
we first construct an estimate é for the whitened direction ¢ and then project our whitened data onto the
d largest coordinates, in magnitude, of 6 (see Algorithm . By Eq. , the Bayes error rate Rp is a
monotone decreasing function of ||| and hence, to achieve Rp it is only necessary to recover the indices in
Se = {i: ¢; # 0}. In summary the error rate for lda o pca converges to Rp provided we can (1) bound the
error f — ¢ and (2) show that thresholding é perfectly recovers Sg.

Theorem 2. Under Assumption{llj there exists a constant C > 0 such that with probability at least

1-0(p~?),
= Nm<Cwmp (3.5)

Assumption [2] implies ¢; # 0 if and only if ¢; > Cy for some constant Co > 0. By Theorem [2} if {; = 0 then
(i = O((n~'1np)'/2) with high probability. Let ¢ be a hard thresholding of ¢, namely

G =GUIGI > ta),  j €] (3.6)
where t, = (n"!Inp)® for some 0 < a < % Given (, define the active set S = {j : fj # 0}. The mis-
classification rate for lda o pca conditional on the training data {Xii,..., X1, } and {Xq1,..., X1, }, is
then

ﬁldaopca = ]P’(label(Z) 7£ Tldaopca(z) | {Xlla B aXlnl}a {X217 s 7X2n2}) (37)

The following result shows that S recovers S¢ exactly and lda o pca is asymptotically Bayes-optimal.

Theorem 3. Suppose that Z ~ mNp(p1, ) + (1 — m1)N,p (g2, X) where m € (0,1). Suppose Assumption
through Assumption[4] are satisfied. We then have

B(S £ &) = O(p~?). (33)
Furthermore, suppose that lnp = o(n). We then have
|Rldaopca - RF| —0 (39)

almost surely as n,p — co.

10



Under review as submission to TMLR

Remark 2. Theoremand Theoremappean at first blush, quite similar to the results in|Mai et al.| (2012]) for
lassoed LDA using the discriminant direction 8 = X71(u; — uu2). However the underlying assumptions behind
these results are very different. In particular lassoed LDA relies on irrepresentable condition analogous to
those in [Zhao & Yu| (2006) to achieve consistent variable selection, and thus the discriminative variables
cannot be highly correlated with the remaining (irrelevant) variables. In contrast Theorem |3|do not assume
an irrepresentable condition and furthermore Assumption [I] only assume boundedness of the non-spiked
eigenvalues but allows for diverging spiked eigenvalues.

Remark 3. We now compare our results and settings with those in |Sifaou et al.| (2020a). Firstly, |Sifaou et al.
(2020a) assumed: (1) proportional growth rate p/n — ¢ for some finite constant ¢ > 0, (2) distinct spiked
eigenvalues Ay > Ag > --- > Ag and lastly (3) ||2]| = O(1). In contrast, our work is derived under a more
challenging set-up wherein (1) the dimension p and the number of training samples n satisfy n='Inp — 0
(Assumption , (2) some or even all of the eigenvalues \; > --- > Ay > 0 can be equal (Assumption and
(3) the leading eigenvalues {\;}¢_, can diverge with n (Assumption . We emphasize that n=!lnp — 0
allows for p = n” for any v > 1, so that p/n — co.

The assumptions used in |Sifaou et al.| (2020a) are because their theoretical analysis rely heavily on existing
results in random matrix theory as presented in [Donoho & Ghorbani (2018); Donoho et al. (2018), which
generally require p/n < oo as well as bounded eigenvalues. In contrast, if p/n — oo, then [Donoho &
Ghorbani| (2018)) shows that the best estimate of the true covariance matrix is typically a diagonal matrix
(see also Bickel & Levinal (2004)), which might make the results in [Sifaou et al.| (2020al) sub-optimal for the
high-dimensional regime p/n — oo considered in our paper.

Finally, |Sifaou et al.| (2020a) did not guarantee that their classification rule is Bayes-optimal. Rather, they
only show that the its mis-classification rate converge to some expression given in Theorem 3 of |Sifaou
et al.| (2020a)), and is strictly larger than Bayes error when p/n increases. [Sifaou et al.| (2020b)) subsequently
extended the results in |Sifaou et al.| (2020a)) to the case of heterogeneous covariance matrices but the resulting
classifier is once again not Bayes-optimal. In contrast, Theorem [3] and Theorem [6] showed that the error
rate for lda o pca and qda o pca (Quadratic Discriminant Analysis, QDA) converge to the Bayes error rate
in the case of equal and unequal (class-conditional) covariance matrices, respectively. These results are, to
the best of our knowledge, the first to show Bayes consistency when combining PCA with LDA/QDA for
high-dimensional classification under divergent spikes.

4 Numerical results

We now present simulation results and real data analysis for lda o pca. Comparisons will be made against
the nearest shrunken centroids method (NSC) of |Tibshirani et al.| (2002), sparse linear discriminant analysis
(SLDA) of [Shao et al| (2011)), direct sparse discriminant analysis (DSDA) of Mai et al.| (2012), adaptive
linear discriminant analysis (AdaLDA) of |Cai & Zhang| (2019)), and LDA rule with CAT scores (CAT-LDA)
of |Zuber & Strimmer| (2009); note that CAT-LDA uses a different sphering transformation compared to
lda o pca. There are three other commonly used classifiers that are not included in our comparisons, namely
the naive Bayes rule, the linear programming discriminant (LPD) (Cai & Liu, [2011)) and the regularized
optimal affine discriminant (ROAD)(Fan et all[2012). We omit these classifiers because (1) the naive Bayes
rule is a special case of the NSC rule without soft thresholding of the mean vectors (2) Mai & Zou| (2013)
showed that the ROAD and DSDA classifiers are equivalent and (3) |Cai & Zhang (2019) showed that the
AdaLDA rule is a refinement of the LPD rule, i.e., compared to the LPD rule, the AdaLDA rule allows for
“heteroscedastic constraints” and requires no tuning parameters.

Implementations of the DSDA and CAT-LDA rules are based on the TULIP| and |[sda library in R while
the implementation of the AdaLDA rule is based on Matlab codes provided in [ADAM) github repository.
We also consider the rotation pre-processing step of Hao et al.| (2015), which yields the transformed data
{Ude X1, Uty n X1n, } and {U L, Xo1, .., Usty . Xon, } based on Matlab codes from HDRotation where

we set v = 0.25 in Eq. (2.10). These transformed data are then used as input to the DSDA and AdaLDA
rules; we denote the resulting classifiers as DSDA (rot) and AdaLDA (rot).
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4.1 Simulated examples

We consider three different simulation settings. For each setting, the number of features is set to p = 800 and
we generate n; = ng = 100 data points from each class for the training data and also generate n; = ny = 100
data points from each class for the testing data. The classification accuracy of the classifiers in each simulation
setting are computed based on 200 Monte Carlo replications. The mean vectors of the two classes are
1 = Oggp and po = (110,0790), i.e., the vector o contains 10 non-zero entries with values all equal to 1.
We consider the following models for the covariance matrix ¥. These models were considered previously in
Fan et al|(2012); Mai et al.| (2012)); |Cai & Zhang| (2019); |Cai & Liu| (2011)), among others.

1. Model 1 (equal correlation): Here ¥ = (0y;)pxp = p1l1T + (1 — p)I,, ie., 0;5 = p for i # j and
oij = 1 for i = j. With this covariance structure X, the discriminant direction 8 = 7! (u; — po)
and whitened direction ¢ = X~%2(u; — o) are non-sparse (all entries of 3 and ¢ are non-zero).

2. Model 2 (block diagonal with equal correlation) Here ¥ = (0y;)pxp is assumed to be a block diagonal
matrix with two blocks of size 20 x 20 and (p — 20) x (p — 20). Both diagonal blocks are also of the
form p117 + (1 — p)Z where the correlation p is the same for both blocks. The discriminant direction
B and whitened direction ¢ are sparse in this model, with 5 and ¢ both having 20 non-zero entries.

3. Model 3 (random correlation) Here ¥ = LLT + c¢,Z, where £ € RP*10 with £;; generated from
N(0,1) and ¢ = min;ep, [LLT];;. Note that we generate a new L for every Monte Carlo replicate.
For further comparison, we also consider £;; generated from the uniform distribution on [—1,1]
and the Student’s t-distribution with 5 degrees of freedom. The discriminant direction 8 and { are
generally non-sparse in this model, i.e., all of their entries are non-zero.

The tuning parameters for each classifier are chosen using five-fold cross validation (CV). In particular, SLDA
(Shao et all [2011) requires two tuning parameters, one being the number of non-zero entries in p; — ps and
the other being the number of non-zero entries in ¥. For simplicity we shall assume that the sparsity of
11 — p2 is known when implementing SLDA and thus the only tuning parameter required is the number of
non-zero entries in ¥; following |Cai & Zhang] (2019)), this tuning parameter is selected from the set of values
{v/n tlnp,1.5¢/n"tinp,...,5y/n~t1np} using five-fold CV. The lda o pca classifier in Alg. [1|also requires
two tuning parameters, namely (1) the number of spikes d in the estimation of ¥ and (2) the sparsity level s
in (. We chose d to account for at least 90% of the total variability in the data, i.e., d is the smallest value of
k satisfying (Zle Ai)/tr(2) > 0.9; here A\; > Ay > ... are the eigenvalues of the pooled sampled covariance
matrix 3. The sparsity level s is chosen from s € {1,2,...,30} using five-fold CV. Similarly, the number of
features in CAT-LDA is selected among the top {1,2,...,30} features ranked by CAT scores using five-fold
CV.

For data generated according to Model 1, Table [I] and Table [2| show that lda o pca achieves the highest
accuracy while using only a small number of features compared to the other classifiers. Note that although
CAT-LDA also apply a whitening transformation before performing LDA, the accuracy of CAT-LDA is
much worse compared to that of lda o pca. The DSDA and DSDA(rot) classifiers have slightly better
accuracies compared to those for the AdaLDA and AdaLDA(rot) classifiers; recall that the DSDA (rot) and
AdaLDA(rot) classifiers first applied the rotation pre-processing step of [Hao et al| (2015)) before running
DSDA and AdaLLDA on the transformed data. The NSC classifier has the largest mis-classification error;
this is a consequence of the NSC rule ignoring the correlation structure in ¥. Finally, the oracle classifier
correspond to the LDA rule where 71, g, 41 and 3 are known, and thus its error rate is the Bayes error rate
from Eq. .

Remark 4. Recall that for Model 1, all entries of the discriminant direction 5 and the whitened direction ¢
are non-zero. These entries however can be classified into those representing strong signals vs weak signals
based on their magnitudes; see Table[J]in the supplementary. The strong signals appear in the first 10 entries
of B (similarly ¢) and the remaining p — 10 entries of § (similarly ) correspond to the weak signals. For
example, if p = 0.5 then the first 10 entries of 8 are all equal to 1.98 and the remaining p = 10 entries are all
equal to —0.02. From Table [2| we see that 1da o pca kept all of the coordinates corresponding to the strong
signals and only added a few coordinates corresponding to the weak signals; this explains the small number
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Table 1: Mis-classification rate (%) with standard deviations (%) in parentheses for equal correlation setting
(model 1), based on 200 independent Monte Carlo replicates.

p 0.50 0.60 0.70 0.80 0.90

Oracle 1.37 (0.87)  0.61 (0.53)  0.19 (0.30)  0.19 (0.30)  0.00 (0.00)
lda o pca 1.74 (1.00)  1.00 (0.82)  0.55 (0.67)  0.55 (0.67)  0.22 (0.39)
CAT-LDA 718 (2.22) 470 (1.77)  2.60 (1.34)  1.10 (0.88)  0.38 (0.56)
DSDA 3.27 (1.47)  1.96 (1.08)  0.74 (0.62)  0.76 (0.65)  0.00 (0.04)
DSDA (rot) 6.31 (1.83)  3.26 (1.27)  1.16 (0.83)  0.30 (0.41)  0.01 (0.06)
AdaLDA 415 (1.61)  2.62 (1.24)  1.22 (0.91)  0.31 (0.42)  0.00 (0.04)
AdaLDA(rot) | 7.04 (2.07)  3.70 (1.26)  1.19 (0.79)  0.13 (0.26)  0.00 (0.00)
SLDA 17.97 (3.53) 1446 (2.99) 11.14 (2.43) 11.14 (2.43)  1.64 (0.92)
NSC 20.38 (8.53) 22.60 (8.38) 24.64 (8.36) 24.64 (8.36) 29.26 (8.04)

Table 2:  Average number of nonzero coefficients with standard deviations in parentheses for equal correlation
setting (model 1), based on 200 independent Monte Carlo replicates.

p 0.50 0.60 0.70 0.80 0.90
1da o pca 12.04 (4.53) 11.31 (4.10) 9.52 (4.01) 9.52 (4.01) 3.68 (0.98)

CAT-LDA 24.85 (3.74) 24.70 (3.58)  24.60 (3.97)  22.29 (3.93)  15.45 (2.39)
DSDA 96.20 (31.06)  106.42 (32.57) 117.15 (30.52) 117.05 (29.97)  96.48 (8.66)
DSDA (rot) 33.78 (32.71)  36.88 (38.13)  57.23 (61.02)  147.57 (66.97) 176.29 (5.08)
AdaLDA 46.54 (5.95) 45.84 (5.25)  46.72 (6.41)  47.86 (5.88)  48.65 (5.02)
AdaLDA(rot) |  5.68 (1.82) 5.57 (1.84) 5.86 (1.82) 7.83 (2.54)  19.85 (9.96)
SLDA 728.84 (226.63) 788.16 (95.69)  799.96 (0.21)  799.96 (0.21)  799.96 (0.21)

of features used in lda o pca. In contrast, the DSDA and SLDA classifiers include a large number of (noisy)
features with weak signals.

For Model 2, Table [3] shows that SLDA performs slightly better than lda o pca and DSDA. However, from
Table[d] we see that SLDA also selects a much larger number of features compared to both ldaopca and DSDA.
Recall that, for model 2, both 5 and ¢ contains exactly 20 non-zero entries and hence SLDA is selecting a large
number of extraneous, non-informative features; a similar, albeit much less severe, phenomenon is observed
for DSDA. Table [3land Table [ shows that ldaopca, CAT-LDA, and AdaLDA have comparable accuracy with
a similar number of selected features. The NSC rule once again has the largest mis-classification error due to
it ignoring the correlation structure in 3. Finally we see that the rotation pre-processing step described in
Hao et al.| (2015]) lead to a substantial loss in accuracy for the DSDA and AdaLDA classifiers; to understand
why this happens, we need to extend the theoretical analysis in [Hao et al.| (2015) (which assume that ¥ and
Urot,p are known) to the setting where ¥ and Ui, have to be estimated. We leave this investigation for
future work.

Finally for Model 3, Table 5] and Table [f] show that lda o pca has both the highest accuracy as well as
the smallest number of selected features among all the considered classifiers; DSDA has a slightly worse
accuracy and also selected a much larger number of features, when compared to lda o pca. SLDA now has
the worst accuracy and also selects almost all p = 800 features, and this is a consequence of ¥ being a dense
matrix. The mis-classification rate for AdaLDA and AdaL.DA(rot) are also quite large, and we surmise
that this is due to the numerical instability when solving the linear programming problem in AdaLDA.
Indeed, the condition numbers for ¥ can be quite large; see Table [12] in the supplementary for summary
statistics of these conditions numbers using the same 200 Monte Carlo replicates as that for generating
Table |5l Following the suggestion in |Cai & Zhang| (2019), we replace the sample covariance matrix 3 used
in the optimization problem for AdaLDA and AdaLDA(rot) (see Eq. (8) and Eq. (9) in|Cai & Zhang| (2019))
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Table 3: Mis-classification rate (%) with standard deviations (%) in parentheses for block diagonal setting
(model 2), based on 200 independent Monte Carlo replicates.

p 0.50 0.60 0.70 0.80 0.90

Oracle 530 (1.71) 521 (1.52)  5.34 (1.64)  5.48 (1.62)  5.40 (1.74)
lda o pca 9.08 (2.71)  8.61 (2.59)  8.30 (2.55)  8.26 (2.45)  8.12 (2.58)
CAT-LDA 10.08 (3.00)  9.36 (2.57)  9.31 (2.50)  9.25 (2.59)  9.21 (2.89)
DSDA 9.63 (2.61)  9.62 (2.64)  9.50 (2.66)  9.58 (2.67)  9.47 (2.42)
DSDA(rot) | 20.64 (4.16) 20.52 (3.99) 20.75 (4.18) 21.02 (4.44) 20.90 (4.40)
AdaLDA 12.70 (2.99) 13.06 (3.39) 13.88 (3.45) 13.75 (3.48) 14.68 (3.86)
AdaLDA(rot) | 23.91 (3.79) 23.81 (3.72) 24.33 (4.10) 23.89 (3.92) 24.12 (3.94)
SLDA 6.99 (2.89)  6.66 (1.92)  6.71 (2.17)  6.62 (1.97)  6.56 (1.90)
NSC 25.14 (3.11)  26.47 (3.31) 28.61 (3.35) 29.59 (3.24) 30.52 (3.82)

Table 4:  Average number of nonzero coefficients with standard deviations in parentheses for block diagonal
setting (model 2), based on 200 independent Monte Carlo replicates.

p 0.50 0.60 0.70 0.80 0.90

1da o pca 20.19 (4.87) 20.48 (5.06) 20.48 (4.88) 20.96 (4.96) 20.58 (4.44)
CAT-LDA 20.02 (4.95) 19.86 (4.31) 20.05 (4.62) 20.32 (4.21) 20.33 (4.54)
DSDA 50.28 (26.61)  50.74 (28.92)  47.48 (25.77)  43.66 (22.42)  45.15 (23.78)
DSDA (rot) 51.02 (39.23)  46.13 (29.09)  51.93 (36.08)  45.56 (31.15)  49.62 (33.50)
AdaLDA 19.45 (2.37) 18.53 (2.23) 17.93 (2.27) 17.40 (2.20) 16.85 (2.07)
AdaLDA(rot) | 14.40 (3.14) 14.81 (3.53) 15.16 (3.40) 15.69 (3.99) 14.97 (3.84)
SLDA 405.98 (390.84) 320.17 (380.33) 210.99 (336.12) 242.19 (352.81) 172.00 (309.62)

with S =S+ y/n1ln p Lp; the resulting classifiers are denoted as AdaLDA(reg) and AdaLDA(rot + reg),
respectively. Table 5| however shows that using 3 only leads to a minimal increase in accuracy. Finally we
observe that the rotation pre-processing step once again leads to a substantial loss in accuracy for the DSDA
and AdaLLDA classifiers.

4.2 Real data analysis

We now assess the performance of 1da o pca on two gene expression data sets for leukaemia and lung cancer.
The leukaemia dateset (Golub et al.| [1999)) includes p = 7128 gene measurements on 72 patients with either
acute lymphoblastic leukemia (ALL) or acute myeloid leukemia (AML) and we wish to classify patients into
either ALL or AML based on their gene expressions. The training set consists of the gene expressions for
ny = 27 patients with ALL and ny = 11 patients with AML while the test set contains the gene expression
data for 20 patients with ALL and 14 patients with AML. The lung cancer data was originally analyzed in
Gordon et al.| (2002)) and we use a version of the data wherein the predictor variables with low variances are
removed; see Pun & Hadimajal (2021)). The resulting data set contains tumor tissues with p = 1577 features
collected from patients with adenocarcinoma (AD) or malignant pleural mesothelioma (MPM). According
to|Gordon et al.| (2002)), MPM is highly lethal but distinguishing between MPM and AD is quite challenging
in both clinical and pathological settings. The training set consists of n;y = 120 gene expressions for patients
with AD and no = 25 gene expressions for patients with MPM, and the test set consists of gene expressions
for 30 patients with AD and 6 patients with MPM. Table [7]and Table [§] presents the classification accuracy
and number of selected features for various classifiers when applied to the leukemia and lung cancer data,
respectively. The hyperparameters for these classifiers are selected using leave-one-out CV. Table [7] and
indicate that the performance of 1da o pca is competitive with existing state-of-the-art classifiers while also
selecting substantially fewer features.
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Table 5: Mis-classification rate (%) with standard deviations (%) in parentheses for random correlation
setting (model 3), based on 200 independent Monte Carlo replicates.

Method U-1,1) N(0,1) ts

1da o pea 5.07 (2.40)  12.39 (4.17)  13.72 (5.00)
CAT-LDA 11.93 (4.04) 23.67 (6.13) 25.68 (6.82)
DSDA 7.32 (3.05) 16.92 (5.21) 17.90 (5.49)
DSDA (rot) 18.51 (6.37) 31.81 (7.11) 33.65 (7.28)
AdaLDA 17.94 (6.03) 4455 (7.12) 47.89 (5.10)
AdaLDA (rot) 23.00 (7.49) 39.29 (6.11) 42.52 (6.28)
AdaLDA (reg) 90.48 (7.58) 47.49 (4.52) 48.96 (4.04)
AdaLDA (reg+rot) | 21.23 (7.43) 38.93 (6.60) 42.52 (6.28)
SLDA 50.10 (4.40) 49.98 (4.25) 50.09 (3.70)
NSC 30.30 (6.28) 44.55 (5.16) 46.70 (4.49)

Table 6: Model size with standard deviations in parentheses for random correlation setting (model 3), based
on 200 independent Monte Carlo replicates.

Method U(-1,1) N(0,1) ts

1da o pca 11.93 (4.10)  11.48 (3.88) 11.37 (3.92)
CAT-LDA 21.19 (6.51)  20.64 (6.88) 20.75 (6.90)
DSDA 66.00 (31.92)  65.63 (34.45)  64.91 (30.51)
DSDA (rot) 51.08 (34.82)  71.94 (41.64)  77.56 (49.29)
AdaLDA 15.99 (2.32)  10.46 (1.97) 8.51 (2.22)
AdaLDA (rot) 14.62 (4.61)  19.08 (3.93) 16.26 (3.43)
AdaLDA (reg) 11.38 (1.77)  8.50 (2.00) 7.12 (1.96)
AdaLDA (reg+rot) | 9.86 (4.71)  15.99 (3.63) 16.26 (3.43)
SLDA 799.51 (1.31)  800.00 (0.07)  800.00 (0.00)
NSC 12.21 (8.47) 55.38 (131.65) 102.89 (192.83)

5 Extensions of lda o pca

5.1 Elliptical distributions

A random vector X € RP? is said to have an elliptical distribution with mean p and covariance matrix ¥ if
the probability density function for X is of the form

f(@) =Cs|S| 7 2h((x — ) "2 Nz — ), for all z € RP. (5.1)
Here Cy is a normalization constant, |X| is the determinant of ¥ and h is a monotone function on [0, co).
The class of elliptical distributions is analytically tractable and many results that hold for multivariate
normal distributions can be extended to general elliptical distributions. In particular, Fang & Anderson
(1992) showed that Fisher’s LDA rule in Eq. is also Bayes optimal whenever the feature vectors X
are sampled from a mixture of two elliptical distributions with known covariance matrix ¥ and known class
conditional means p; and po. [Shao et al| (2011) and |Cai & Liul (2011) leveraged this fact to show that,
under certain conditions on the sparsity of either j; — 2 and ¥ or the sparsity of =1 (1 — p2), both SLDA
and AdaLDA classifiers also achieve the Bayes error rate for elliptical distributions with unknown ¥, u; and
2. We now discuss how the theoretical properties for lda o pca can be extended to elliptical distributions,
provided that they have sub-Gaussian tails as define below.
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Table 7: Mis-classification rate and model size of various methods for the leukaemia data

Method Training Error Test Error Model Size
lda o pca 0/38 1/34 12
DSDA 0/38 1/34 36
AdaLDA (reg) 0/38 1/34 18
NSC 1/38 3/34 24

Table 8: Mis-classification rate and model size of various methods for the lung cancer data

Method Training Error Test Error Model Size
lda o pca 0/145 0/36 20
DSDA 1/145 0/36 25
AdaLDA (reg) 0/145 0/36 388
NSC 1/145 0/36 1206

Definition 1. Let ¥ : [0,00) — [0,00) be a non-decreasing and non-zero convex function with ¥(0) = 0. Let
Z be a mean 0 random variable. The Birnbaum-Orlicz ¥-norm of Z is defined as

HZLD:hﬂ{SZO:EW(f)§2}. (5.2)

Similarly, if Z is a mean 0 random vector taking values in RP then its W-norm is defined as

1Zlg = sup  [w'Z||y. (5:3)

weR?,[|w=1

Let Uy(z) = exp(|z|) and ¥y(x) = exp(2?). A mean 0 random vector Z is said to be sub-exponential if
|Z||w, < oo and is said to be sub-Gaussian if ||Z]||g, < co. If Z € RP is a mean 0 sub-Gaussian random
vector then w' Z is a sub-Gaussian random variable for all w € RP. Furthermore, if Z is a sub-Gaussian
random variable then there exists a universal constant K such that for all ¢ > 0, we have

P(Z > t) < 2exp(—t*/(K| Z|w,)?).

For more on sub-Gaussian random vectors, see [Vershynin| (2018, Section 2.5, Section 3.4).
Remark 5. If Z € RP is a mean 0 sub-Gaussian random vector with covariance matrix ¥ then HwTZH%,2 >

w! Yw for all w € RP. In this paper we shall assume that a converse inequality also holds, namely that there
exist a constant ¢; > 0 such that,

w' Tw > cl||wTZ||?1,2, for all w € R?. (5.4)

We note that the constant ¢; in Eq. (5.4) can depend on Z but does not depend on the choice of w € RP. If
Z is multivariate normal then Eq. (5.4) always hold. If Z is a zero mean sub-Gaussian random vector but
not a multivariate normal then Eq. (5.4) allows us to bound the Orlicz norm of w'Z for any w € R? in
terms of its variance. This then allow us to obtain better estimate for ¥ — ¥ in spectral norm, especially in
the setting where the spiked eigenvalues could diverge with p. See for example Theorem 4.7.1 in [Vershynin
(2018) and Theorem 9 in |Koltchinskii & Lounici (2017)).

We can now reformulate the classification problem in the earlier part of this paper to the case of elliptical
distributions as follows. Let {€11,..., €1, } and {ea1, ..., €an, } be independently and identically distributed
mean 0 random vectors with probability density functions of the form in Eq. and suppose that the
training sample is given by X;; = p; +¢;; for i € {1,2} and j € {1,2,...,n,}.
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Given these training samples {X;;}, let X be the (n; + n2) x p matrix whose rows are the {X;;}. Then
Theorem (1} in particular Eq. 7 also holds for these X as long as the {¢;;} satisfy Eq. . This then
implies that Theorem [2| in particular Eq. , also holds when the X are sub-Gaussian random vectors.
The resulting bound for ||é — (|| allows us to recover S; by thresholding f , and hence Rldaopca — Rp. In
summary, lda o pca is asymptotically Bayes optimal whenever the feature vectors {X;;} are sampled from a
mixture of elliptical distributions with sub-Gaussian tails.

5.2 Multi-class classification

Suppose we are given training data from K > 3 classes where the feature vectors for each class are iid
samples from a p-dimensional multivariate normal distribution, i.e.,

Xi17"'7Xi’l’L1' NNP(Mi?E)’ ZE [K]

Here n; denote the number of training data points from class ¢ € [K]. The testing data point Z is drawn
from a mixture of K multivariate normal distributions namely, Z ~ Zfil miNp (i, ) with m; > 0 and

ZiKzl m; = 1. Note that, for ease of exposition, the {X;;} are assumed to be multivariate normals but the
subsequent results also hold when {X;;} are elliptically distributed as in Section

Now define, for 2 < i < K, the whitened direction ¢ (1) and the whitened indices S; via

¢ =Wl =), Si={j:¢" #0}.

Define the global whitened set as S¢ = So US3 U --- U Sk. The indices in S¢ are the important variables
for feature selection. The extension of lda o pca to K > 3 classes is then given in Algorithm [3| below, and
theoretical results are presented in the supplementary.

Algorithm 3: K-classes lda o pca decision rule

Input: X;, i € [K], 3 and the test sample Z

Output: ’fldaopca(Z)

Algorithm

// Step 1: Perform PCA on the feature vectors for the training data. Extract the d largest

principal components to obtain W.

// Step 2: For2<i<K,let X; = WX, and f(i) = X, — X;. Also let &; be the set of indices
corresponding to the s; largest elements of é (¥) in absolute values. The value of s, is, in general, a
user-specified or tuning parameter. Nevertheless, under certain conditions, we can also estimate s;;

see Eq. 1} in the supplementary.
// Step 3: Given the test data point Z, let Z = WZ and denote by CA‘(SZ) the vector obtained from

f () by keeping only those coordinates belonging to Si.

// Step 4: Set Dl = 0 and calculate, for 2 < i < K, the discriminant score for class i relative to
class 1 as

— [7 X +X\1 T 29 U
Di=[Z- (35 )}3 Cs +lnn—1. (5.5)
// Step 5: Assign the label of Z to the class that maximizes the discriminant score, i.e.,

’Y‘ldaopca(z) = arg max Di~ (56)
1€[K]
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5.3 Heterogeneous covariance matrices

Despite the simplicity and popularity of regularized or sparse LDA for high-dimensional data, the assumption
of equal covariances is not always tenable in practice. More specifically, suppose we are given a p-variate
random vector Z drawn from a mixture TN, (1, X1) + (1 — m1)Np(pe, X2) with Xy possibly distinct from
35. The Bayes classifier is then the QDA rule given by

1 if (Z - Ml)TEfl(Z —m) —(Z- Nz)TZ§1(Z —p2) <K
2 otherwise

Tr(Z) = {

where k = 21n 1’:;1 —In E;I If ¥1 = Xy, then Eq. 1) reduces to Eq. 1} We now discuss how the
results in Section can be extended to quadratic discriminant analysis (QDA) with PCA. Firstly we assume
that X1 and X5 both have spiked covariance structures as specified below.

Assumption 5. Let w;1,...,uiq,, for ¢ = 1,2 be orthonormal vectors in R” and assume that the covariance
matrix ¥; for the p-variate normal distributions N, (p;, ;) is of the form

d;
= > A, + 07T, = UNUT + 07T, =12, (5.8)
k=1

Here A; = diag(\ix) is a d; x d; diagonal matrix and U; is a p X d; matrix with orthonormal columns. We
assume implicitly that A\;; > - > X ;g > 0,0;, >0and d; < p, i =1,2.

Note that a recent line of research on QDA for high-dimensional classification is based on the assumption
that Y51 — X! is sparse; see e.g., [Li & Shao (2015); Jiang et al| (2018); (Cai & Zhang (2021). In contrast,
Assumption [5] do not enforce any sparsity assumption and also allows for ¥; and Y5 to have different spiked
eigenvalues and eigenvectors; the latter is is a generalization of the common principal components (CPC)
assumption in|Zhu| (2006); [Pepler et al.| (2017); Flury| (1988]) where the leading principal components are the
same for both ¥; and Xs.

Under Assumption [5 the whitening transformation W; = E;l/ % for i = 1,2 is of the form in Eq. 1) and
thus a suitable estimate for W; is given by Eq. (3.3). Let (; = W;u; for ¢ = 1,2, and denote the whitened
index sets by A; = {j : {;; # 0} for i = 1,2. Let Ay = A; U Ay and note that the elements in Ay are the

signal coordinates for the QDA rule (after the PCA step). Eq. (5.7) can be written as

(5.9)

e {; IOV Z =)ol = [0 = k)bl <

A plugin decision rule is then obtained by replacing pu;,%; and Ay with their estimates th)i and flo.
Note that the intercept  is non-trivial to estimate in the high-dimensional setting as it involves the log-
E;}, see |Cai et al| (2015) for further details. For our paper we employ the data-driven
approach of |Jiang et al.| (2018]) which circumvents the need to estimate the determinants of 3; and 5. The
full details of qda o pca are specified in Algorithm [] below, and theoretical results for qda o pca are provided

in the supplementary.

determinant In
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Algorithm 4: qda o pca decision rule
Input: )_(1, )_(27 217 22 and a test data point Z

Output: 'qudaopca(Z)

Algorithm
// Step 1: Perform PCA on the feature vectors for the training data. Extract, for ¢ = 1,2, the d;

largest principal components U; and compute W; as in Eq. .

// Step 2: Fori=1,2, set 52 = W, X; and form the indices set A; by selecting the s; largest (in
magnitude) coordinates of Gi.

// Step 3:Let Ay = A; U Ay and define for any x € RP

R A A = 2 A = 2
Q(z | {X1, Xo, Wi, Ws, Ao}) = || Wa(m — X1)] 4, || = [|[Vele — X2)] 4, ||
// Step 4:Find & to minimize the empirical 0-1 loss of the decision rule induced by Q, i.e.,

2 n;
N 1 - S Y .
n:argIEmEE § (Y (X5 | { X1, Xo, Wi, Wa, Ao, n}) # i) (5.10)
ne

i=1 j=1
where, for any n € R, we define

1 if QX5 | { X1, Xo, Wi, Wa, Ag}) <1y

T(Xij [ { X1, Xo, Wi, Wa, Ao, n}) = .
2 otherwise

// Step 5: Given a test data point Z, return the decision rule

quaopca(z) = (511)

2 otherwise

. {1 if Q(Z|{X1, Xo, Wi, Wa, Ao}) < &

6 Discussion

In this paper we addressed the classification problem for high-dimensional data by analyzing the prototypical
lda o pca classifier that first transform the feature vectors using a whitening transformation, then perform
feature selection on the whitened data, and finally apply LDA in the dimensionally reduced space. We
show that, under a spiked eigenvalues structure for X, the mis-classification error rate for lda o pca is
asymptotically Bayes optimal whenever n — oo and n~'Inp — 0. While the Bayes consistency of 1da o pca
is similar to that of classifiers based on estimating the discriminant direction 3, the underlying assumptions
and motivations for our results are substantially different. Indeed, the focus on PCA and the whitening
matrix leads to the natural assumption that ¥ has spiked/diverging eigenvalues while earlier results that
focus on estimation of 5 had generally assumed that 3 is sparse or that the eigenvalues of ¥ are bounded.
Numerical experiments indicate that lda o pca is competitive with existing state-of-the-art classifiers while
also selecting a substantially smaller number of features.

We now mention two interesting issues for future research. The first is to extend the theoretical results in this
paper for combining LDA with PCA to other, possibly non-linear, dimension reduction techniques such as
(classical) multidimensional scaling, kernel PCA, and Laplacian eigenmaps (Belkin & Niyogil |2003]), followed
by learning a classifier in the dimensionally reduced space. The second issue concerns the spiked covariance
structure in Assumption [I} In particular, while Assumption [I] is widely used in the literature, see e.g., [Hao
et al.| (2015)); |Cai et al.| (2013]); Johnstone| (2001); [Birnbaum et al.| (2012])), its assumption on the non-spiked
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eigenvalues and eigenvectors might be somewhat restrictive. We can consider relaxing Assumption [I] by
assuming that ¥ arises from an approximate factor model (Fan et al.l 2013)) or that ¥ can be decomposed
into a low-rank plus sparse matrix structure (Agarwal et al., |2011)). We surmise that, due to the focus on
the whitening matrix ¥~/2, theoretical analysis of lda o pca under these more general covariance structure
will also leads to mterestmg technical developments; e.g., while perturbation results for IR Yl given
$— % are well- studied, much less is known about perturbation bounds for PIREVEI Sh Ve given DI 3
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7 Supplementary Numerical Results

We provide here several tables that supplement the simulation results in Section [} Table [9] reports the
magnitudes for the strong and weak signals in the discriminant direction § and whitened direction ¢ for
Model 1. Table [I0] and [I1] reports the average number of strong signals and weak signals captured by
lda o pca, DSDA, AdaLDA and SLDA under Model 1. From Table [L1] we see that lda o pca includes only a
few features corresponding to the weak signals and thus selects only a small number of features compared
to the other classifiers. We also report in Table the summary statistics for the condition numbers of
the covariance matrix ¥ in Model 3; these statistics indicate that the performance of AdaLDA for Model 3
can be sub-optimal as AdaLDA estimates 8 by solving a linear programming problem which is numerically
unstable when 3 have large condition numbers.

Table 9: Strong and faint signals for equal correlation setting (model 1). See the discussion in Remark

p 0.50 0.60 0.70 0.80 0.90

strong signal § | 1.98 247 3.29 4.94 9.88
strong signal ¢ | 1.40 1.56 1.80 221 3.12
faint signal -0.02 -0.03 -0.04 -0.06 -0.12
faint signal ¢ -0.02 -0.02 -0.02 -0.03 -0.04

Table 10: Average number of strong discriminative and whitened variable with standard deviations in paren-
theses for equal correlation setting (model 1)

p 0.50 0.60 0.70 0.80 0.90

ldaopca | 9.59 (0.82)  9.42 (0.85

( 8.53 (1.41) 853 (1.41)  3.68 (0.98)
DSDA | 10.00 (0.00) 9.99 (0.07
(
(

)
9.99 (0.07)  9.99 (0.07)  10.00 (0.00)
9.95 (0.23)  10.00 (0.07) 10.00 (0.07)
10.00 (0.00)  10.00 (0.00)  10.00 (0.00)

AdaLDA | 9.95 (0.22) 9.93 (0.26
SLDA 9.98 (0.22)  9.98 (0.28

N NI N

Table 11: Average number of weak discriminative and whitened variable with standard deviations in paren-
theses for equal correlation setting (model 1)

p 0.50 0.60 0.70 0.80 0.90
ldaopca | 2.44 (4.22) 1.90 (3.73) 0.98 (3.35) 0.98 (3.35) 0.00 (0.00)
DSDA 86.20 (31.06)  96.42 (32.57)  107.16 (30.53) 107.06 (29.96)  86.48 (8.66)
ADaLDA | 36.59 (5.94) 3591 (5.22)  36.78 (6.36)  37.86 (5.88)  38.65 (5.02)
SLDA 718.86 (226.57) 778.18 (95.53)  789.96 (0.21)  789.96 (0.21)  789.96 (0.21)
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Table 12: Summary statistics of condition numbers of generated ¥ from uniform, normal and student
distributions

Statistics | U(—1,1) N(0,1) ts

Mean 415.3 688.0  1059.2
SD 102.4 195.2 400.0
Median 391.5 658.5 966.3
IQR 108.0 205.9 314.1
Max 849.9 1622.1  3708.4
Min 266.3 396.9 536.0

8 Proofs of Stated Results

This section contains the proofs of Theorem [I]through Theorem[3] We will present the proofs under the more
general assumption that the feature vectors {X;;} are sub-Gaussian random vectors; see also the discussion
in Section B.11

8.1 Preliminary results

We start by listing some elementary but useful facts about the 2 — oo norm and its relationships with other
matrix norms. Recall that || - || denote the spectral norm if its argument is a matrix and denote the ¢3 norm
if its argument is a vector.

Proposition 1. Let A € RP1*P2 gnd B € RP2*Ps pe arbitrary real-valued matrices. Let x € RP?2 be an
arbitrary vector. For a given i € [p1], let e; denote the ith elementary basis vector in RP*. Then

1Al = max [ AT e (8.1)
z€[p1]

Azl < [ Ally o  llll (8.2)

[ABlly 00 < [1All5—s 00 > [1B]- (8.3)

Eq. (8.1]) states that the two-to-infinity norm of a matrix A is equivalent to the mazimum ¢3 norm of the rows
of A. Eq. (8.2) provides a bound for ||Az|« that is tighter than the naive bound ||Az|| < ||Az| < || A ||=].

Let & = X; — p;. Recall that mp = (Mg +02)"/2 and 0% = ﬁ(tr(E) — tr(A)) are the eigenvalues of
W = ©~1/2, The following lemma provides several concentration inequalities for 3 — ¥, 7, —n;, and 02 — 62.

Lemma 1. Assume that the random variables {X;} satisfy Eq. (5.4) and the covariance matriz ¥ satisfies
Assumption [3 and Assumption [, Then the following bounds hold simultaneously with probability at least
1—p~2 (where 3¢ is defined in Eq. (2.4))

120 — || = O(py/n~'Inp), (8.4)

I&]* = O(p = np), (8.5)

I =% = O(pv/n~TTnp), (8.6)

[N — k] = O(v/p~In~tlnp), forallk € [d] (8.7)
|0* = 6% = O(v/n~'Inp). (8.8)

Eq. (8.4) is given in |Lounici (2014) and |[Koltchinskii & Lounici (2017) while Eq. (8.5) follows from an
application of Bernstein inequality; see Section 2.8 of |Vershynin (2018). Eq. follows from Eq. (8.4)
and Eq. 1) together with the observation that 3o — X = n= (n1&&] + ne&efy ). Finally, Eq. lb and

Eq. (8.8)) follow from Eq. and Weyl’s inequality.
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8.2 Proof of Theorem [I]

Recall that ¢ and ¢/ denote the p X d matrices whose columns are the orthonormal eigenvectors corresponding
to the d largest eigenvalues of ¥ and the pooled sample covariance matrix fl, respectively. Now let U/, and
U, be the p x (p — d) matrices whose orthonormal columns are the remaining eigenvectors of ¥ and by
respectively, i.e., T, —UUT =U U] and T, —UUT =U U] .

Let = be the d x d orthogonal matrix that minimizes
. _ T47
min W —-uU"U|r
among all orthogonal matrices. Let &, = $ — %. Then by Theorem 3.7 in |Cape et al.| (2019) we have
[ = UZ 20 < 2000+ 0%) | ULUDELUUT) 2500

+2(Aa + %) T ULUDEULU) 2500 x || sin OUU)|
+ 20+ o) T ULUDEULUT 2500 % || sin OU, U]

+ || sin ©U,U)|1* x [U]|2—00-

(8.9)

Now recall the matrix 3 from Eq. 1) We then have

A A nl _ _ T 7?,2 _ _ T
Sy =5, —n-"t - )T =2 (- _
0 - (71 — p1)(Z1 — pa) - (T2 — p2)(T2 — p2)
En E, E; B2

Using the same argument as that for the proof of Theorem 1.1 in|Cape et al.| (2019) we have with probability
at least 1 — p~2 that

1/2 A 2)1
U U EdU oo < Cd (max 22»1-) iy QuEo)np (8.10)
i€[p] n
A +02)ln
U U EU U |20 < Co Quto)inp (8.11)

n

where we have used the assumption that Ay, = ©(p) for all k € [d] so that r(X) — the effective rank of ¥ —
is bounded. Here and in the subsequent derivations we will, for simplicity of presentation, use C to denote
a finite and universal constant that can change from line to line.

Therefore to complete the proof of Theorem it suffices to show that, for j € {1,2}, the terms
HZ/{J_Z/{J_E]‘Z/{Z/{THQHOO and HUJ_Z/{IEJ'Z/{J_Z/{IHQHOO are of the same or smaller order than those in Egs. (8.10)

and (8.11)), respectively.
We now bound ||, U E1UU T ||2_500. From Assumption 4| and Proposition [1| we have

lULU ||oo < CVd, and  |[ULU]EUUT |30 < CVA||ELU||2— 00 (8.12)
Furthermore, we also have
|B1l||2—00 < Vd max It Ele u;)| = Vd max [[(X1 — ul)TeEP)] x [(X; — ul)TujH.
i€[pl,j€ld] i€lpl,j€ld]

Since X; is sub-Gaussian, by the properties of Orlicz norms we have

10— ) Tel) < (X1 — ) T, < [|(Xn = ) Tel? [y, % (X0 — ) Ty,

Eq. (5.4) implies that there exists a constant C > 0 such that for any ¢ € [p] and j € [d],

; To?) [T o C 12
(X2 =) Ty, <€y 75 < ﬁ(grelﬁzn) : (8.13)

)\1 +02
ny '

||(X1 1) uJH\I, <C\/Var X1 1) <C\/u n=1¥u; <C (8.14)
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Now fix an arbitrary pair (i,7) with ¢ € [p] and j € [d]. Then by Assumption [4} Eqgs. (8.13) and (8.14), and
properties of sub-exponential random variables, we have

2
E[l(Ere®, uy)) < ST 4
n1 p

Furthermore, by Bernstein inequality (Vershynin| 2018, Section 2.8), there exists a constant C > 0 such that
with probability at least 1 — O(p~3),

Cl 1/2
(Bref” )| < Efl(Eref” uy) | + =27 (max T ) VAo (8.15)
1 1e(p

Now recall Eq. (8.12). Then by Eq. (8.15) together with a union bound over all i € [p] and j € [d] we have,
with probability at least 1 — O(p~2),

d3/2\/;51np

- (8.16)

WA LUL B UU |20 < CVA|[Esld |20 < Cdmax |(Erel” ;)] < C
2,7

where we had used Assumption [3] namely n; =< n and A\; < p, when simplifying the above expression. An
almost identical argument also yields

d3/2, /pl
U LU Bl 500 < cw

with probability at least 1 — O(p~2). We therefore have

2 T T 1/2 2] 432 /51
UL U] EUU |2 00 < C (d(maxi]ii) " (M +02)Inp N VP np)
3

g+ 02 = A to? n n
(8.17)
< Cd3/? lnip
np
We next consider ||Z/[J_Z/IIE1UJ_UI”2*>OO. For j > d, we have
(X1 — 1) "ugllw, < Cy/ujn=1%u; < cn~ Y%,
Then following the same argument as that used for showing Eq. (8.16]), we have
/2 ] 1
e vl Bwul|,  <c Mpda(mé[n]( 2“-) X % <Cov\/pd % (8.18)
1e(p 1
with probability at least 1 — O(p~2), and similarly for [|U, U [ Eold U ||2-00-
Next we have, by the Davis-Kahan theorem and Lemmal [T that
- En 1
| sin©@,U)|| < Nl o /P (8.19)

Ag+02 — n

with probability at least 1 — O(p~2). From Egs. (8.11)), (8.18) and (8.19), together with a similar argument
as that for showing Eq. (8.17)), we have

T T : y
2||L{Luj_ Snuluj_ ||2—>002X || S ®(u5u)|| S CUd X lnp (820)
(Mg + 02) ny/p
with probability at least 1 — O(p~2). Eq. (8.19) together with Assumption [4] also imply
Clnp » ﬁ B CVdlnp

Isin @@ U) |13 % U200 <

(8.21)
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with probability at least 1 — O(p~2). Next note that
e U SUU [|o00 = [0°ULUT (2300 < S ULUL || = 0.
We therefore have

AULUTSUUT |00 X ||sinOU,U)| __Co Y Co?y/Inp
A + o2 Mg+ 02 n \/ﬁp

(8.22)

Subtituting the bounds in Eqs. (8.17)), (8.20)), (8.21) and (8.22) into Eq. we obtain

d3?/Inp dlnp o? lnp)<c d3lnp
/np n+\/D Vnp /T np

with probability at least 1 — p~2. This completes the proof of Theorem

i -uz|,,. < c(

8.3 Proof of Theorem

First recall that é = W()_(g — )_(1) and ¢ = W(u2 — p1) where the whitening matrix WV and its estimate W
are given by Eq. (3.2)) and Eq. (3.3)), respectively. We now consider the decomposition

(= C=W[(Xy = X1) = (2 — )] + OV = W) [(X2 — X1) = (42 — p2)] + WV = W) (12 — p1a) -
A B C

We will now bound each of the term in the right hand side of the above display. We start with the term in
(A). Let 6 = (X2 — X1) — (u2 — 1) and let € = W3. We then have E[¢] = 0 and Var[¢] = ¢ n~!Z, for some
finite constant c. Since § satisfies Eq. , ¢ also satisfies Eq. . Hence, by Bernstein inequality for
sub-Gaussian random vectors, there exists a constant C > 0 such that with probability at least 1 — O(p~2),

= = Inp
IW((X2 = X1) = (p2 — 1)) || . = lI€lloo < Cy/ e (8:23)
We now bound the terms in (B) and (C). Let D and D be diagonal matrices where
b: (./A\—|—5'2Id)71/2, D= (A+U2Id)71/2.
We start by decomposing W—W as
W-W=ud" —upu’ + @ —o WL, —UUT) + e UUT —uUT). (8.24)
—_—
1 11 111

Now consider the term (671 — o71)(Z, — UUT)J obtained by combining the expressions in (B) and (IT).
The covariance matrix for § is n~'Y and hence (Z, — UU)T§ satisfies Eq. (5.4) with covariance matrix
n~to? (Z,—uu T). Therefore, by Bernstein inequality, there exists a constant C > 0 such that with probability

at least 1 — O(p~2),
1
1Ty — U)o < Cory =2

Furthermore, from Lemma [1} we have with probability at least 1 — O(p~2) that

~2 2 1
61—t = = o [P (8.25)
60(6+0) n
Combining the above bounds, we obtain
Cl
167 — o™ (T — UUT)S||o < ;p. (8.26)
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with probability at least 1 — O(p~2).

We next consider the term (671 — 071)(Z, — UU ") (2 — p11). Recall that if U has bounded coherence as
in Assumption {4| then ||Z, — UU " || < (1 + Cy)V/d where Cyy is a finite constant. We therefore have, by
Lemma [T} that

1671 = o™ )(Zp —UU ) (p2 = )l = (67" = 0™ (T —UUT)ZV2W (2 — )|
=167 = o™ (Z, —UU) " (|l
< |(&—1 - 0_1)I x o(1+Cu)Vd x [|¢l

<C\/ X [I¢lloo

We now focus our effort on terms involving UDUT —UDUT . Let = be the minimizer of |W —UTU|| among
all d x d orthogonal matrices W. We then have

with probability at least 1 — O(p~2).

UDdU" —uUDpuU’" = U — U U)DUT +UUTUDUT —UDUT
- [(z] —UE) —UUTA - )| DAT ruuTaduT —unu’

Part 2
Part 1

We now note a few elementary but useful algebraic facts frequently used in the subsequent derivations.
Fact 1.

U™t — 2| < ||sin©U,U)|?, (8.27)
U TUUT || = [ T U U || = [l U US| = U U U] | = || sine @, U], (8.28)
| sin©WU,U)|| < | —utT|| < 2||sinOU,U)|, (8.29)
UTUD —DUTU|| < [UT(Z —S)U|| x ||H]. (8.30)

where H = (Hj;) is a d x d matrix with entries
1
VO + 60 +0)(VA 87 +4/A; +02)

Eq. (8.27)) is from Lemma 6.7 in |Cape et al. (2019)) while Egs. (8.28]) and (8.29) are standard results for
the sin-O distance (see for example Lemma 1 in |Cai & Zhang] (2018))). Finally, Eq. (8.30) follows from the
observation

Hij =

U™UD - DU U);; = UU); j(Dj; — Dis)

T (Ai +0?) —
= Z/[)zj ()\ +62)1/2( )\, +02 1/2 (5\

) 2
= (AUTU —UTUN)H = UT (S - D)) Hy;

+(h+ 02)12)

We thus have UTUD — DUTU = U (- f])?;{) o H. Therefore, by Schur inequality for Hadamard product
(see e.g., Theorem 5.5.1 of [Horn & Johnson| (1991))), we have

1@ (=) o HI| < [T (E = 2| x ||H].
We next state a technical lemma for bounding several terms that appears frequently in our analysis.
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Lemma 2. Suppose that Assumption [1] through Assumption[]] are satisfied. Then with probability at least
1 — O(p~2), the following bounds hold simultaneously

[H|| = O(d*/*p=3/?), (8.31)

T (2 = 2| = O(py/n= Inp), (8:32)
T (S - 2)U|| = O(py/n~TInp), (8.33)
UTUD — DUTU| = O~ 2p~1 /2 np), (8.34)
(8.35)

U™ —uu™ || = O(/n~'Inp).

Egs. and (8.33) follows from the sub-multiplicativity of the Spectral norm together with bounds for
15 — Z|| from |Lounici (2014) and Koltchmsku & Lounici| (2017). Eq. is a consequence of Eq.
and the Davis-Kahan theorem. Eq. follows from Weyl’s inequality and the bound for |2 — 3. Fmally7

Eqgs. (8.30), (8-31) and (8.33) tOgether imply Eq. (8.34).

With the above preparations in place, we now resume our proof of Theorem [2] We first have

U —UUTHYDU TS| < (|U — UE|2s00 + U200 |UTU — Z])) || DUT S|

< ¢/ R flnp)llDMTéll

np n./p
< e/ 222 + LI ) 1 15— D1 (830
<oy Ter YDy L [y

< )

with probability at least 1— Q(p_Q). For the above inequality, we have used Lemmato bound ||D —D|| and
used Theorem [1] to bound [ — UZ||2—ec. Finally we used Eq. (8.27), Eq. (8.29) and Eq. (8.35) to bound
U —=|.

Next let T' =1, — UUT. Then

|UUTUDU —UDU TS| oo < |UUTUD — DUTUNUT 6|00 + [UDUT T oo
< |Ull2soo (U TUD —DUTU|| + D] x U TT)]|5]

CVdlnp Cv/dnp [pln Cln
_( pfp+ p/n ) pnpgn\/}z?j

with probability at least 1 — O(pjf) In the above derivations, we bound ||Z/ITZ:{75 - DUTL?|| using Eq. (8.34),
and bound |[UTT|| = |UT(Z, —UUT)|| using Egs. (8.28), (8.29) and (8.35). The bound for ||D|| and |12 00
follows from Assumption |§| and Assumption [] respectively.

Combining Egs. and ( we obtain

(8.37)

lnp)

|UDUT —UDUT)§||oe = O
(s

(8.38)
with probability at least 1 — O(p~2).
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Table 13: Asymptotic Order of Each Term:

Expression v=4| v=xV%¢ Corresponding Terms
WV s \/lnTp n.a. (A)
|[UDU™ —upu™ v -k 2SI | (B)-(1) and (C)-(1)
(67" oD@ T | B2 | Rl | (B)-(IT) and (O)-(11)
6@ Ul | B2 | 22 G| (BT and (©-(I)

Using similar arguments as that for Eqs. (8.36]) and (8.37)) we also have

(U —UZ) —UUTU — E))UT o0 + [UUT TS|

1o
U™ — U)o <
g

@]

d3 lnp \fhlp plnp dlnp phlp (8.39)

<¢(

0 (ln p)
n
with probability at least 1 — O(p~2), where once again T' = 1, —UUT. Note that in the above derivations

we have used Lemma 1] I to show that 6" is bounded away from 0 by some constant not depending on p and
n.

Finally we can also replace § with $'/2¢ in the derivations of Eqs. (8.36)), (8.37) and (8.39) to obtain

NN Inp
T T 1/2 —_ i
|@DUT ~uPU )2l = O[22 Il (8.40)

o7 (@™ ")) = (1 L e, (8.41)

simultaneously, with probability at least 1 — O(p~2). A summary of the bounds for the terms (A), (B)-(I)
through (B)-(I11I), and (C)-(I) through (C)-(III), are provided in Table Combining the terms in this
table we obtain the bound for || — (|| given in Eq. (3.5) (note that both ||¢]| and [|¢]|es are bounded, see
Assumption [2)). This concludes the proof of Theorem

Finally, for ease of reference, we state two collaries summarizing the main derivations in the proof of Theorem
These corollaries will be used in the proof of Theorem [3] below.

Corollary 1. Suppose that Assumption[1] through Assumption[{] are satisfied. Let v be either a fixed vector
in R? or a p-variate sub-Gaussian random vector with E[v] = 0. We then have

H(W B W)VH ~ JO(n=Y2(Inp) max; ;) if v is a sub-Gaussian vector
o O(n=Y2(lnp)Y/2|=~Y2v||]) if v is a constant vector

with probability at least 1 — O(p~2), where 62 is the variance of the i'h element of v.

Corollary 2. Suppose that Assumption [1 through Assumption []] are satisfied. Let v be a p-variate sub-
Gaussian random vector with Var[v] = ¢ n=% for some finite ¢ > 0. We then have

[Wv = WEW]l = O V0 TTnp)

with probability at least 1 — O(p~2).
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8.4 Proof of Theorem [3]

For simplicity of notation we will write S instead of S since Theorem [3|only depends on the whitened vector
¢. Now recall the definition of S as

S={j: 1G] > ta}

where t, = (mTp)a for some constant 0 < a < % We now show § = S asymptotically almost surely.

From Theorem [2| there exists a choice of C such that if 3, = Cy/n~1Inp then
P
P(LULIG =&l > Ba}) = 072).
j=1

Now suppose S NS # ) where (-)°¢ denote set complement. Then there exists a j such that ¢; = 0 and
|§Aj| > t,,, and for this j we have |(; — éj| >ty > B, provided that n is sufficiently large. We thus have

PN S #0) <P(ULIG - &1 > Ba) = 0072, (8.42)

=1

Similarly, if S NS¢ # 0 then there exist a j such that |¢;| > Cy and |§J\ < t,. Recall that Cy > 0 is the
constant appearing in Assumption [2} in particular, Cy does not depend on n and p. By the reverse triangle
inequality, |(; — ;| > Co — t, > B, for sufficiently large n and hence

PSS £ 0) <B(UJLIG ~ &I > 4a) = 007). (5.43)

Combining Eq. ~and Eq. (8.43) yields P(S # S) = O(p~2) and hence, as p — oo, by the Borel-Cantelli
lemma we have § = § asymptotically almost surely.

We now show that the error rate for lda o pca converges to the Bayes error rate Ry asymptotically almost
surely. From the description of 1da o pca in Eq. (2.9)), it is sufficient to show that

G V(2 - 2%2)] 5 - (5 [W(z - ge2)] ¢ P 0, (8.44)
n1 p 1
In - — In [ (8.45)

Note that the convergence in Eq. is with respect to a random testing sample Z ~ m N (1, %) + (1 —
m1)N (p2, X) together with the training data, while the convergence in Eq.equation is with respect to
the training data only. As Eq. equation [845| follows directly from the strong law of large numbers, we thus
focus our effort on showing Eq. .

First, suppose S = S and let h(Z) = fg [W(Z - %)]5 —¢d [W(Z - %)]S Then

[(Z)] < sof|W(Z — 2552) - w(Z — 1522)] || __II¢]loo
+s0 [|[W(Z = 522 | || IC = Clloo (8.46)
+s0l|[W(Z — 2522) = W(Z — 522)] ]| 1< = oo

The bounds for [[¢]|s and || — (||« are given in Assumption [2 and Theorem [2} respectively. Tt thus suffices
to bound

~

(D) = | (2~ ua) — w(z — )]
(B) = || V(2 - )

sl

sl

Write Z = p, + ¥1/2¢, where p, = pq if Z is sampled from class 1 and ji, = pig otherwise. The term
[V = W)S2¢.]s|| can be analyzed using the decomposition for W — W given in Eq. (8.24) together
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with similar arguments to that for deriving Egs. (8.26)), (8.36]), (8.37)) and (8.39)). In particular we have, with
probability at least 1 — O(n~2), that

HKﬁW—MAZU%JSHM::OM/Ei%EB) (8.47)

Next, using Corollary [1} Corollary [2] and Eq. (8.47), we obtain, with probability at least 1 — O(n~2)

~ ~ 1, .~ — 1, ~ =
(D>SH[<W—W>E”262]SH OV = Wips| o + ZIVX = Wil + 5[V X2 = Wi

<C /lnnlnp / llnp llnnlnp)

Thirdly, we have

B) < [W(ps — 252) |+ V@ - )]l = 51l + sl = 02)  (349)

where [e,]s is a mean 0 sub-Gaussian vector in R®0 and Var|[e,]s] = Zs,. Therefore, by Assumption [2f and
properties of sub-Gaussian random vectors, the term ¥(Z) is bounded in probability.

Combining the above bounds, we conclude that with probability at least 1 — O(n=2), S =38 and

CT V(2 ~ 252 ¢ — (T W(Z — m52)] ] < o (1 222 i+ <>\/?)~

Hence, for Innlnp = o(n), we have

Cs DV(Z - 5575%) s - GV (z - ge2)] | — 0

in probability. This completes the proof of Theorem [3]

8.5 Theoretical results for Section

We now present theoretical results for multi-class lda o pca. We first assume that the whitened directions
{¢™}, the whitened indices {S;}, and the covariance ¥ satisfy the following two conditions, which are natural
generalizations of Assumption [2] and Assumption [3] to the multi-class setting.

Assumption 6. Let |S;| = s; > 0 for each ¢ = 2,--- , K. Recall that S; is the set of indices j for which ¢;; # 0.
Let Co > 0, M > 0 and C¢ > 0 be constants not depending on p such that max; s; < M and

i in ;| > C STV < C.
,tnin min |G| > Co, max | pill < C
Assumption 7. Let o > 0 be fixed and that, for sufficiently large p, n1,--- ,nx and p satisfy
M O(1) for i # 4, 4,j € [K] and Inp = o(n).
nj
Furthermore, for sufficiently large p, the spiked eigenvalues A1, ..., A\q satisfy

A = O(p), for all k € [d].

Given the above conditions, the next result extends Theorem [2[ (and has an identical proof) to bound
() — ¢ for i > 2.
Theorem 4. Under Assumption[l, Assumption[f, Assumption[f and Assumption[d, there exists a constant
C > 0 such that with probability at least 1 — O(p~2),

max () — (W <€/ =5

= n

(8.49)
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We now consider a hard thresholding estimate (9 for recovering ¢(?). For a given i > 2, let
G =¢0G" > t), Gl (8.50)

where t,, = (ln p/ n)a for some constant 0 < o < % Here we assume, for simplicity, that « takes the same
value for all classes. Given (9, define the associated active set S; = {j: Qt]@ # 0}. The next result extends
Theorem [3| (and has an identical proof) to show that lda o pca is also asymptotically Bayes-optimal in the
multi-class setting. However, we note that (to the best of our knowledge), there is no closed-form explicit
expression for the Bayes error Ry when classifying data from a mixture of K > 3 multiviarate normals.
Theorem 5. Suppose that Z ~ Zfil miNp (i, X) where m; > 0 and Zfil m = 1. Suppose Assumption
Assumption[f, Assumption[§ and Assumption |7 are satisfied. We then have

max P(S; # Si) = O(p~2). (8.51)

=2,
Furthermore we also have Rigaopca — 2F — 0 almost surely as n,p — oo.

8.6 Theoretical results for Section [5.3]

We now present theoretical results for qda o pca. which depend on the following variant of Assumption [2]
through Assumption |§| for heterogeneous covariance matrices.

Assumption 8. Let |A;| = a; > 0. Recall that A; is the set of indices j for which (;; # 0, i = 1,2 where

G = Z;l/zui. Let Cy > 0, M > 0 and C; > 0 be constants not depending on p such that max{ai, as} < M
and

. . N >C 24—1/2 <C )
ierr{qg}}g%\culf 0; ig{%}kg}%}H ;ll < Cc

Assumption 9. Let o; > 0 be fixed and that, for sufficiently large p, n1,no and p satisfy

o ©(1), Inp=o(n).
no
Furthermore, for sufficiently large p, the spiked eigenvalues A;q, ..., A;q, satisfy

Aik = O(p), for all k € [d;], i = 1,2.
Assumption 10 (Bounded Coherence). There is a constant Cyy > 1 independent of n and p such that

Cuvd;
Uil < “pf fori = 1,2,

7

Assumption [8] guarantees that the noncentrality parameters for these x? are strictly positive and finite, so
that the Bayes error rate Rp is stricly bounded away from 0 and min{m;,1 — 71} (which corresponds to
random guessing). Note that if 31 # X5 then there is no simple closed-form expression for R as it depends
on the tail behavior of a linear combination of independent, noncentral x3 random variables; see |Anderson
(2003, Section 6.10) for more details. Assumption |§| allows the spiked eigenvalues for each ¥; to grow
linearly with the dimension p, in contrast to the bounded eigenvalues assumption frequently encountered in
the literature (Li & Shao, [2015; |Cai & Zhang] |2021)).

We then have the following extensions of Theorem [2] and Theorem
Theorem 6. Under Assumption[5 through[10, there exists a constant C > 0 such that

N Inp
max [[G; = Gilloo < Cy/ = = (8.52)

with probability at least 1 — O(p~2).
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Construct ¢; as in Eq. (3.6) fori € {1,2} and let A; be the indices for the non-zero coordinates of ;. Let
Z ~ 7T1Np(,u1, 21) + (1 — 7T1)Np(,U/2, 22). Then

max P(A; # A;) = O(p™2). (8.53)

i=1,2
Furthermore, we also have Rqgaopca — RF — 0 in probability, as n,p — oo.

Proof. For conciseness, we omit the derivations of Eq. (8.52)) and Eq. (8.53)) as they follow the same argument
as that in the proof of Theorem 2 and Eq. (3.8).

In order to show that Q(Z | X;, W, Ag) is a consistent estimate for Q(Z | us, W, Ag), it suffices to show that
the following quantities

1(Z) = |V (Z = )], DV (Z = )], — DW(Z = X0)] ) I (Z - X)) | (8.54)
2(Z) = | Wa (2 — )], DV (Z — )], — DA (Z = X)] [, W (Z — X)) | (8.55)

both converge to 0 as n — oo.

Assume without loss of generality that Z is a test sample from class 1, i.e,. Z ~ N,(u1,%1). Then

QI<Z) < CloH[Wl(Z —,ul) —W (Z —Xl A0H2

) i (8.56)
+ 2a0||Wi(Z — p1)] ao || o, X [|[WVL(Z = 1) = W(Z — X)) 4o || o,

where ag = |Ag| < a1 + ag, with a; = |A4;].
Let hi(Z) := ||[Wi(Z — 1) — Wi (Z — Xl)]AOHOO. Then by Corollaries |1| and [2| and following the same
arguments as that for Eq. (8.47)), we have

hi(Z) < [ = W) lloo + 1[0V = )12 ) g lloo + WX — Whia[|oo

<c\/H \/1H”1HP \/lnp) (8.57)

with probability at least 1 — O(n~?2), where e, ~ N(0,Z,). An almost identical bound also holds for
ha(Z) := ||Wa(Z — p2) = Wa(Z — Xa)] 4, || ., namely

ha(Z) < [[(W2 = Wa)p oo + [[(W2 — Wa)E Ez A(JHOO + [ WaXa — Wapia|| o

with probability at least 1 — O(n~?2).

Next, [|[Wi(Z — ul)}AOHOO and ||[W1(Z — ul)}AOHOO can be bounded by the quantity ¥(Z) as defined in
Eq. (8.48)) which, by Assumption [8] is bounded in probability.

Finally, by Proposition 2 and Lemma 2 in |Jiang et al.[ (2018]), we have |& — k| — 0 in probability. Combining
the above statements yield the proof of Theorem [6] O
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