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Abstract—We investigate the approximation error of func-
tions with continuous and piecewise-linear (CPWL) represen-
tations. We focus on the CPWL search spaces generated by
translates of box splines on two-dimensional regular lattices.
We compute the approximation error in terms of the stepsize,
length ratio, and angle that define the lattice. Our results
show that hexagonal lattices are optimal, in the sense that they
minimize the asymptotic approximation error.

Index Terms—Approximation error bounds, Cartesian grids,
continuous and piecewise linear, Fourier-domain analysis,
hexagonal grids.

I. INTRODUCTION

ONTINUOUS and piecewise-linear (CPWL) represen-

tations play a fundamental role in signal processing,
computer graphics, and computational mathematics [ 1[]—[3]].
They are widely appreciated for their simplicity, computa-
tional efficiency, and ability to approximate complex struc-
tures. They are also of interest in machine learning because
they encompass the same class of functions generated by
neural networks with the rectified linear unit (ReLU) activa-
tion functions [4]]. Box splines extend univariate B-splines
to multiple dimensions and provide a structured framework
for the construction of CPWL search spaces [|5]-[9].

A significant body of research investigates the approx-
imation error associated with CPWL representations [10],
[11]. However, much of this work focuses on the upper
bounds of the error, and less attention is paid to the exact
form of the asymptotic error. Fourier-domain methods such
as [12] provide powerful tools to analyze such asymptotic
behaviors. However, their final results are limited to the one-
dimensional scenario.

In this paper, we focus on the two-dimensional case. We
rely on box splines to construct each CPWL function over
a domain that is partitioned by triangulations where the
vertices are on regular lattices. These lattices and the edges
of the triangulation form an underlying grid for each CPWL
function. Cartesian and hexagonal grids are the well-known
examples. Cartesian grids are simple to use, whilst hexagonal
grids are known to have better sampling properties [|13[]—
[15]. Our goal is to investigate the effect of the grid on the
approximation error. Our main contributions are as follows.
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1) Computation of the approximation error for a general
grid: We compute the approximation error for a box-
spline-based CPWL search space with a general grid
in terms of its length ratio, angle, and stepsize. We
provide this result in Theorem [I} In Theorem [2| we
present an upper bound for the dominant term of this
error in the asymptotic regime. Notably, we compute
an asymptotic error constant that depends on the length
ratio and the angle that define the grid.

2) Optimality of the hexagonal grid: We show that the
asymptotic error constant is minimized for the hexag-
onal grid. We present examples that validate this result.

3) Relation to ReLU neural networks: We provide in The-
orem [3]a concise representation of box splines as two-
layer neural networks with ReLU activation functions.
To our knowledge, this is the simplest construction of
two-dimensional box splines with ReLU functions.

In Section we define our basis function and its as-

sociated CPWL search spaces, and present our proposed
parameterization for the grid. We then formally define the
approximation error. In Section we present our results
for the computation and analysis of this approximation error.

II. PRELIMINARIES AND PROBLEM FORMULATION
A. Definition of the CPWL Basis Function
2_, are linearly

Let {&,}2_, be three vectors, where {&,,
independent and &35 = &; + £3. We refer to E as the grid
matrix and define it as E = [€; &3] € R?*2. In this paper, we
define our basis function Bz through its Fourier transform

as
.
Bz(w) = |det~|Hs1nc(£2 ) )

where |det | is the determinant of = and sinc(w) = S«

Note that Bg is a shifted CPWL box spline that is centered
around the origin.

If we choose 2 = T (identity matrix), we obtain the
Cartesian basis with Fourier transform

2
P(w) = sinc (WI;—M) Tl;[lsinc (%) . 2)
The formula for the spatial evaluation of ¢ ensues, with

o(x) = max (1 + min(z1, 22, 0) — max(z1, 22, 0), O), 3)



taken from [9]. The basis Bz can be expressed in terms of
the (centered) Cartesian box spline ¢ as Bz(x) = p(E~1x).
This follows from a simple change of variable in the Fourier
domain. In Figure [T} we present two examples of (centered)
box splines: Cartesian box spline with Ec,y = 71, and
hexagonal box spline with Egex = TDpex With Dyjex =

1 —-05
(@)—0-5 [O V3 } for some T > 0.
2

B. CPWL Search Space
We define the CPWL search space

Vs = { S M B=(-~Zk): ] € MZQ)}, )

keZ?

or equivalently ,

Ve = { > clkle(E— k)l 662(22)}. )

keZ?

There, we have used the Cartesian box spline ¢ and the
relation Bz(x) = ¢(E~'ax). The translated basis functions
{Bz(-—Ek)}geze form a Riesz basis of Vg, which guaran-
tees a unique link between each mapping s: R? — R and its
expansion coefficients c. It can further reproduce any affine
mapping [7]]. The domain of each function s € Vg thus con-
sists of triangles with vertices located on the regular lattice
{Ek}rczz- This lattice and the edges of the triangulation
form an underlying grid for each function. The grid lines
are parallel to the directions &1, &2, and €3 = &1 + &> where
we had that E = [£; &).

C. Parameterization of the Grid Matrix

We parameterize Z by the the scalar A > 0, the angle
0 < § < 27 and, the stepsize T as

_ T [/\ cosé}
VAsine |0 sind |’

Here, § controls the angle between the two vectors of
the grid and A is the ratio of their lengths. It follows
that |det Z| = T2, which ensures that the number of grid
points per area remains invariant for grids constructed with
different parameters A and §. This invariance allows for a
fair comparison of grids. Our parameterization encompasses
the Cartesian grid matrix Ecart With A = 1,6 = 7, and
the hexagonal grid matrix Ege, with A = 1,0 = %’r We
represent the central parts of the grids constructed with
Ecart and Epex in Figure 2}

[

(6)

D. Formulation of the Problem
For f € Lo(R?), we are interested in the minimum Lo-

error solution

fCPWL = arg min ||f - SHL2 . (7)
seV=

Bz, (¥1,%2) =By, (x1,%) = 9Dl (x1,x2))

Bz, (x1.32) = Bn(x1,.x2) = ¢(7.7)

Fig. 1. (Centered) Cartesian (left) and hexagonal (u = (%2)~0-3) (right)

2
box splines.
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Fig. 2. Cartesian grid with Ecay = [€1 €2] = o T (left)
T —0.5uT
and hexagonal grid with Egex = [€1 &2] = |:/»L0 0 50\/5§LT:| and

n= (g)*o'5 (right). The highlighted region depicts the support of the
corresponding box splines p=, , and p=; -

This solution could be computed through the projector
Py_ as

ferw (@) = Puz{f}H (=) ®)
1 —_1
= Z <f’|detE|¢(:' _k)>

keZ?
which is taken from [[16] and is a classic result in approxi-
mation theory [[17]-[19]. The dual basis ¢ is defined through
its Fourier transform

(B — k), 9)
Lo

) P(w)
Hw) = oy (10)
with
Ap(w) = > |p(w + 27k)|*. (11)
keZ?
We define
e=(f) = If — Pv={f}Hlp, - (12)

In this paper, we want to quantify the error eg(f) in terms
of the stepsize T, the length ratio A and the angle 6 found
in (6). In simple words, we want to quantify the effect of
the grid on the approximation error.

III. METHODS

We first present our results for the computation of the
error ez(f) and define an asymptotic error constant that
depends on the length ratio and the angle of the grid.
Then, we investigate the effect of the grid parameters on the
approximation error. Mainly, we show that the asymptotic



error constant is minimized for hexagonal grids. Finally, we
relate our findings to the approximation that results from
ReLU neural networks.

A. Computation of the Approximation Error

We first present an explicit formula for A, in Proposition
[} which is crucial for the calculation of the error. Then, in
Theorem [T} we provide our result for the computation of
e=(f). Finally, in Theorem [2} we provide an upper bound
for the dominant term which involves the asymptotic error
constant C'(\, 9).

Proposition 1. Let ¢ be the Cartesian box spline. Then, one
has that

Ay(w) = %—i— %(cos(wl) + cos(ws) 4 cos(wy +ws)). (13)

Proof. The cumbersome computation of the infinite sum in
(TI) is simplified by the equality

> |é(w +27k)%| = DTFT{ (¢ o(—)) (k) b (14)

kez?

To compute the autocorrelation sequence alk] = (¢ *
¢©(—))(k), k € Z?, we use the spatial evaluation of ¢
in (3) and compute the result integrals to obtain that

, k=0
15, k€ {(0,£1),(£1,0),(-1,-1),(1,1)}
0, otherwise.

| o=

alk] =

15)
Now, to complete the proof and obtain (I3), we use the
definition DTFT{a[k]}(w) = Y xc = alkle 7' and the
equality cos(-) = (el + 7). O
Theorem 1. For a band-limited f € WY (Sobolov space of
order p) with p > 2 and for a general grid 2 defined with
0<T <1and X and ¢ from (6), it holds that

e=(f) = ezanm(f) + O@T™ ), (16)
where
T «Q ’Y] 2 2
=,asym = T = H ) d 17
) = 5z ([ Es@) |5 ]ra) an
There, Hy denotes the Hessian of f and
a_COSQ(S—I—)\COS(S-i-/\Q 5= sin’ &
B |Asin §| ’ ~ |Asiné|’
sin 20 + Asin §
= T 18
7= T asing] (18)

Proof. For a general grid =, a change of variables lead to

e=(f) = ern <f (;E>> .

From Section 2.4 of [[16], with f € W{ and p > 2, it holds
that

19)

er1(f) = €qom,11(f) + O(T?), (20)

where

! /ze¢,¢(wT)’f(w)‘2dwF. 1)

2
47 R

€dom,71([f) = {
The error kernel €4 , is defined as

|(w)|*
Aso(w) .

In our case, from (2) and Proposition simplifies to

eop(w)=1— (22)

€pp(w) =1 (23)
H$:1 sinc? (42 )sine® (wy + wo)

L+ L(cos(wr) + cos(ws) + cos(wr +wn))’

(24)
By a Taylor series around 0, we get that
4
€pp(WT) = ﬁO(w% +wiws + w22+ O(T%). (25
Then, it follows that
6dom,TI(f)2 - 6Taylor,TI(f)2 + O(TG)v (26)

2
where we used that [, O(T°) ’f(w)‘ dw = O(T®) due to
f being band-limited, and

T A 2
etaytor,T1(f)? = 283072 /]R2 (W] + wiws +w3) f(w)) ?2";)
From and (20), we have that

€E(f) = eTaylor,TI(f(%

1 .
= ETaylor,TI(f(fE-)) + O(T™n(P3),

0]

D))+ O(T?) + O(T?)
(28)

Next, we define D = %E and compute

ctopo 1 (2 = o3 [ | eo.olT) (/D7) "

= 7 | cos@TD(F) 0z

— oo [ (@t +mm + B F2) 0z

= 30 | @ g+ Gy + P g )

:% e [g‘ g])Qdm. (29)
O

For T' < 1, €z aym(f) is the dominant term of the error.
Moreover, in the asymptotic case 7' — 0, we have that
e=(f) = €=asym(f). Now, we present an upper bound for

6E,asym(f)'

Theorem 2. For ez qm(f) under the same conditions as
there in Theorem (1), it holds that

ez.amm(f) < COOT? [Hyllpp, .  (0)

1
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C(4,0)

Fig. 3. Error constant C(),d) (left) and one-dimensional profiles of
C(A,9) for X € {0.25,0.5,1,2,4} (right). In both plots, we only show
C (X, 8) where C(\, ) < 10 for better visual representation.

where we define the asymptotic error constant C(\,0) =
1

(a? + %2 +~%)? through o, B, and ~ given in (), along

with the mixed norm |A()|| 1, = (fpe | A(2)] 7 dz)>.

Proof. Holder’s inequality for matrices yields that

By |3 1) <IH@I 02 4 8242 D

Then, through (T7), we have that

T4(o® + 8% +9%)
2

=,asym S

€=, asy (f) 720

B. Analysis of the Effect of the Grid

Now, we investigate the effect of the length ratio A arg
the angle § on the error constant C'(),¢). In Figure |3, we
plot C(), ). We observe that for different values of 4, the
error constant is minimized at A = 1. This suggests that the
equilateral grids perform better in terms of approximation
error. For such grids, the minimum of C()\,4) is v/1.5 and

is achieved when A = 1 and § = 2Z or § = 47”, which

3
corresponds to a hexagonal grid. Note that v/1.5 is also the
minimum value of C(A, ).

We now present explicit formulas for ez ,ym(f) in the
case of the Cartesian (E = Ecart) and hexagonal (2 =
EHex) grids that are defined in Section @ In these two
cases, we illustrate the computation of ez asym( f) for a
function f whose Fourier response is a disk function.

1) Error for the Cartesian and Hexagonal Grids: For the
Cartesian grid (A = 1,0 = §), we have thata =3 =y =1
and C(1,5) = V/3; therefore, (T7) simplifies to

[ 18 (@) da.
(32)

e syl )
T2
- s (L

For the hexagonal grid (A = 1,0 = %’T), we have that o =

0*f(z)
81'18£U2

0%f (=)

2
Oxy

+ 8zf(aj))Qdm:)

2
O0x3

Nl=

(33)

8= @ and v = 0, which then yields the elegant formula

T 2f(x)  O%f(x)\2. \3
EEHex,asym(f) — 8\/3(/]1{2( 3x% + ax% ) dQS)
T2
= = 1A, (34

where A represents the Laplacian operator. We recall that in
this case C'(1, %ﬂ) = /1.5, which is the minimum achieved
by C(A,9).

2) Error Computation for a Fourier Disk: In this exam-
ple, we define the function f through its Fourier transform

as
A c, w% + w% < Wmax
fwy=10

otherwise.
for some wmax > 0 and ¢ € R. We then compute €z asym(f)
for Cartesian and hexagonal grids with the help of Z9) as

(35)

T2 Je| winax
€=, . asym(f) = ——
=(Cart,asy (f) 7680’/T
T? |c|w?,
€= as = ———___max, 36
Etex,asym () TTE50. (36)

Therefore, we have that ez, asym(f) < €=mgu,i,asym(f) for
a Fourier disk. This observation confirms our claim that
hexagonal grids are better in terms of the approximation
error.

C. Box Splines as ReLU Networks

We now focus on interpolation with box splines on the
compact domain €2 = (0, 1)2. Consequently, each function
s € Vrr can be constructed using N = (4 — 1)? nonzero
basis functions for 7' < 1.

Theorem 3. We can represent the Cartesian box spline ¢
using the ReLU(-) := max(-,0) function as

o(x) = ReLU(1—ReLU(x1—x2)—ReLU(x2)—ReLU(—11))).
(37

Proof. Let us enumerate all configurations of the inequality
between x; and x2 and 0. Then, we observe that @) and

(37) are equal in all cases. O
While the relation between box splines and the ReL.U

function has been investigated in many works [4], [20]-[22],
Theorem [3] provides the simplest representation for a two-
dimensional box spline (a.k.a finite-element basis) through
ReLU networks, up to our knowledge. Combining this theo-
rem with || we conclude that any s € Vg can be constructed
using a ReLU network with two hidden layers and M = 4N
neurons in total. Moreover, the interpolation error decays at
the same rate as (33) where 7 = (0.5v/M+1)? now depends
on the total number of neurons M. One can generalize this
result to any spline Bz by using Bz(x) = ¢(E~'z), and
proper handling of the domain ).

IV. CONCLUSION

We have presented an analysis of the approximation error
with continuous and piecewise-linear (CPWL) representa-
tions using box splines on two-dimensional grids. By deriv-
ing explicit error bounds in terms of the grid parameters, we
have shown that hexagonal grids minimize the upper bound
of the asymptotic error, which emphasizes their optimality
in CPWL-based applications.
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