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Abstract

We study provable multi-agent reinforcement
learning (MARL) in the general framework of
partially observable stochastic games (POSGs).
To circumvent the known hardness results and the
use of computationally intractable oracles, we pro-
pose to leverage the potential information-sharing
among agents, a standard practice in empirical
MARL and a common model for multi-agent con-
trol systems with communications. We first es-
tablish several computation complexity results
to justify the necessity of information-sharing,
as well as the observability assumption that has
enabled quasi-efficient single-agent RL with par-
tial observations, for computational efficiency in
solving POSGs. We then propose to further ap-
proximate the shared common information to con-
struct an approximate model of the POSG, in
which planning an approximate equilibrium (in
terms of solving the original POSG) can be quasi-
efficient, i.e., of quasi-polynomial-time, under
the aforementioned assumptions. Furthermore,
we develop a partially observable MARL algo-
rithm that is both statistically and computationally
quasi-efficient. We hope our study can open up
the possibilities of leveraging and even designing
different information structures, for developing
both sample- and computation-efficient partially
observable MARL.

1. Introduction

Recent years have witnessed fast development of reinforce-
ment learning (RL) in a wide range of applications, includ-
ing playing Go games (Silver et al., 2017), robotics (Lilli-
crap et al., 2016; Long et al., 2018), video games (Vinyals
et al., 2019; Berner et al., 2019), and autonomous driving
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(Shalev-Shwartz et al., 2016; Sallab et al., 2017). Many
of these application domains by nature involve multiple
decision-makers operating in a common environment, with
either aligned or misaligned objectives that are affected by
their joint behaviors. This has thus inspired surging research
interests in multi-agent RL (MARL), with both deeper theo-
retical and empirical understandings (Busoniu et al., 2008;
Zhang et al., 2021a; Hernandez-Leal et al., 2019).

One central challenge of multi-agent learning in these appli-
cations is the imperfection of information, or more generally,
the partial observability of environments. Specifically, each
agent may possess different information about the state and
action processes while making decisions. For example, in
vision-based multi-robot learning and autonomous driving,
each agent only accesses a first-person camera to stream
noisy measurements of the object/scene, without accessing
the observations or past actions of other agents. This is also
referred to as information asymmetry in game theory and de-
centralized decision-making (Nayyar et al., 2013a; Shi et al.,
2016). Despite its ubiquity in practice, theoretical under-
standings of MARL in partially observable settings remain
scant. This is somewhat expected since even in single-agent
settings, planning and learning under partial observability
suffer from well-known computational and statistical hard-
ness results (Papadimitriou & Tsitsiklis, 1987; Mundhenk
et al., 2000; Jin et al., 2020). The hardness is known to
be amplified for multi-agent decentralized decision-making
(Witsenhausen, 1968; Tsitsiklis & Athans, 1985). Existing
provable partially observable MARL algorithms either only
apply to a small subset of highly structured problems (Zinke-
vich et al., 2007; Kozuno et al., 2021), or computationally
intractable (Liu et al., 2022b).

With these hardness results that can be doubly exponen-
tial in the worst case, even a (quasi-)polynomial efficient
algorithm could represent a non-trivial improvement in par-
tially observable MARL. In particular, we ask and attempt
to answer the following question:

Can we have partially observable MARL algorithms that
are both statistically and computationally efficient?

We provide some results towards answering the question
positively, by leveraging the potential information-sharing
among agents, together with a careful compression of the
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shared information. Indeed, the idea of information sharing
has been widely used in empirical MARL, e.g., centralized
training that aggregates all agents’ information for more effi-
cient training (Lowe et al., 2017; Rashid et al., 2020); it has
also been widely used to model practical multi-agent control
systems, e.g., with delayed communications (Witsenhausen,
1971; Nayyar et al., 2010). We defer a thorough literature
review to §A, and detail our contributions as follows.

Contributions. We study provable MARL under the gen-
eral framework of partially observable stochastic games
(POSGs), with potential information sharing among agents.
First, we establish several computation complexity results
of solving POSGs in the presence of information sharing,
justifying its necessity, together with the necessity of the
observability assumption made in the literature. Second, we
propose to further approximate the shared common informa-
tion to construct an approximate model, and characterize the
computation complexity of planning in this model. We show
that for several standard information-sharing structures, a
simple finite-memory compression can lead to expected ap-
proximate common information models in which planning
an approximate equilibrium (in terms of solving the original
model) has quasi-polynomial time complexity. Third, based
on the planning results, we develop a partially observable
MARL algorithm that is both statistically and computation-
ally quasi-efficient. To the best of our knowledge, this is
the first provably quasi-efficient partially observable MARL
algorithm, in terms of both sample and computational com-
plexities. Finally, we also provide experiments to validate:
1) the benefit of information sharing as we considered in
partially observable MARL; ii) the implementability of our
theoretically supported algorithms.

Notation. For two sets B and D, we define B\ D as set B
minus set D. We use () to denote the empty set and [n] :=
{1,---,n}. For integers a < b, we abbreviate a sequence
(X4 Xg415 "+ »Xp) BY X4.p. If a > b, then it denotes an empty
sequence. When the sequence index starts from 1 and ends
at n, we will treat X,.;, 88 Xmax{a,m):min{b,n)-

2. Preliminaries
2.1. POSGs and common information

Model. Formally, we define a POSG with n agents by
atuple G = (H,S,{A;}}_ {0}, T,0, py, {r;};_ ), where
H denotes the length of each episode, S is the state space
with S| = S, A; denotes the action space for the i agent
with |A4;| = A;. We denote by a := (a1,---,a,) the joint
action of all the n agents, and by A = A; x---x A,, the joint
action space with [A| = A =TT}_, A;. We use T = (T}, }j¢[y)
to denote the collection of the transition matrices, so that
Ty(-|s,a) € A(S) gives the probability of the next state if
joint action a are taken at state s and step /. In the following

discussions, for any given a, we treat T (a) € RS¥IS! as a
matrix, where each row gives the probability for the next
state. We use p to denote the distribution of the initial
state s;, and O; to denote the observation space for the
it" agent with |O;] = O;. We denote by 0 := (01,...,0,)
the joint observation of all n agents, and by O := O; x
-+ x Oy with |O] = O =T17_, O;. We use O = {Op}pepr+1]
to denote the collection of the joint emission matrices, so
that Oy(-|s) € A(O) gives the emission distribution over
the joint observation space O at state s and step h. For
notational convenience, we will at times adopt the matrix
convention, where Oy, is a matrix with rows Oy(-|sj,). We
also denote ©O; ;(-|s) € A(O;) as the marginalized emission
for the i agent. Finally, r; = {ri ntne[H+1) is a collection

of reward functions, so that r; ;,(0y,) is the reward of the i th
agent given the joint observation oy, at step h. This general
formulation of POSGs includes several important subclasses.
For example, decentralized partially observable Markov
decision processes (Dec-POMDPs) are POSGs where the
agents share a common reward function, i.e., r; = r,Vi €
[n]; zero-sum POSGs are POSGs with n = 2 and r{ = —15.
Hereafter, we will use the terminology cooperative POSG
and Dec-POMDP interchangeably.

In a POSG, the states are always hidden from agents, and
each agent can only observe its own individual observa-
tions. The game proceeds as follows. At the beginning
of each episode, the environment samples s; from p;. At
each step h, each agent i observes its own observation o; ,
and receives the reward r; ;(0;,) where oy, := (01 p,...,0, )
is sampled jointly from Oy(-|s;,). Then each agent i takes
the action a; ;. After that the environment transitions to
the next state sy1 ~ T}, (-|sj, ap). The current episode ter-
minates immediately once s, is reached and the reward
ti H+1(0m+1) is received. Since the reward at the first step
r;1(0; 1) does not depend on the policy, we will assume the
trajectory starts from a; instead of 0.

Information sharing, common and private information.
Each agent i in the POSG maintains its own information,
T; ;» a collection of historical observations and actions at
step h, namely, t; ;, € {a1,0,, - ,a;-1,0p}, and the collec-
tion of the history at step h is given by 7; ..

In many practical examples (see concrete ones in §3), agents
may share part of the history with each other, which may
introduce more structure in the game that leads to both sam-
ple and computation efficiency. The information sharing
splits the history into common/shared and private informa-
tion for each agent. The common information at step h is
a subset of the joint history j,: ¢, C {41,020, ,a4-1, 01},
which is available to all the agents in the system, and the
collection of the common information is denoted as C;, and
define Cy, = |C;|. Given the common information ¢y, each
agent also has the private information p; j, = 7; j, \ ¢}, where
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the collection of the private information for the ith agent is
denoted as P; j, and its cardinality as P, ;,. The joint private
information at step h is denoted as pj,, where the collection
of the joint private history is given by P, =Py j, X --- X P,
and the corresponding cardinality is B, = I}, P, ;. We
allow ¢y, or p;j, to take the special value () when there is
no common or private information. In particular, when
Cj, = {0}, the problem reduces to the general POSG without
any favorable information structure; when P, j, = {0}, every
agent holds the same history, and it reduces to a POMDP
when the agents share a common reward function and the
goal is usually to find the team optimal solution.

Throughout, we also assume that the common information
and private information evolve over time properly.

Assumption 1 (Evolution of common and private infor-
mation). We assume that common information and private
information evolve over time as follows:

e Common information ¢y, is non-decreasing with time,
that is, ¢;, C ¢j,4q forall h. Let zj,,1 = ¢;41 \ ¢ Thus,
Che1 = {Ccn, 2341} Further, we have

Zh1 = Xh+1(Pho AR, Ohs1), 2.1

where x4 is a fixed transformation. We use Zj;
to denote the collection of z;; at step h. Since we
assume the trajectory starts from a; instead of 0, we

have ¢; = 0.
¢ Private information evolves according to:

Pihe1 = Eihe1 (Pi g 3 0 s 1), (2.2)

where &; 1,11 is a fixed transformation.

Equation (2.1) states that the increment in the common infor-
mation depends on the “new" information ay, 05,1 generated
between step h and /1 + 1 and part of the old information py,.
The increment common information can be implemented
by certain sharing and communication protocol among the
agents. Equation (2.2) implies that the evolution of private
information only depends on the newly generated private in-
formation a; j, and 0; j,..1. These evolution rules are standard
in the literature (Nayyar et al., 2013a;b), clearly specifying
the source of common information and private information.

2.2. Policies and value functions

We define a stochastic policy for the i agent at step h as:

T Qp X Py X Cp — A(A)). (2.3)
The corresponding policy class is denoted as IT; . Hereafter,
unless otherwise noted, when referring to policies, we mean
the policies given in the form of (2.3). Here w;;, € (O, is
the random seed, and ()}, is the random seed space, which is
shared among agents. We further denote I'T; = Xy I1; 5
as the policy space for agent i and IT as the joint policy

space. As a special case, we define the space of deterministic
policy as I';, where 7t; € IT1; maps the private information
and common information to an deterministic action for the
it" agent and the joint space as I1.

Another important concept in the common-information-
based framework is called the prescription (Nayyar et al.,
2013b;a), defined for the i th agent as

Vi Pin — A(A;).

With such a prescription function, agents can take actions
purely based on their local private information. We de-
fine I} ; as the function class for prescriptions, and I’ :=
{Ti,n}ie[n),ne[H) @s the function class for joint prescriptions.
Intuitively, the partial function 77; j,(+| w; p, cp, <) is a pre-
scription given some w;j, and c¢,. We will define 7; as a
sequence of policies for agent i at all steps h € [H], i.e.,
7t; = (1 1,--+,7; ;) and I1; as the corresponding collec-
tion of policies for agent i. A (potentially correlated) joint
policy is denoted as 7w = 1] O 7, -+ O 1y, € I1. A product
policy is denoted as 7@ = 7y X 75+ x 71, € I if the dis-
tribution of drawing each seed w; j, for different agents is
independent. For Dec-POMDPs, using stochastic policies
will not yield better policies than using only deterministic
policies (Oliehoek & Amato, 2016). However, for general
POSGs, there might not exist a pure strategy solution in
the deterministic policy class. Furthermore, sometimes, we
might resort to the general joint policy 7@ = {7y, 7o, -+, 73},
which could potentially go beyond I, where 7t;, is defined
as: 1t : A1 x O"=1 — A(A). We denote the collection of
such policies as I18". For some policy 7t and event £, we
write lpsgl:h;ﬂl;h—lloz;h’vnl:h—l (€) to denote the probability of £
when (s1.5,, 41.—1, 02.5,) is drawn from a trajectory following
the policy 7t1.;,_1 from step 1 to 1 —1 in the model G. We
will use the shorthand notation H’glih’l’g(-) if the definition
of (s1.1,41.5—1,02.5) is evident. At times, if the time index
h is evident, we will write it as IPZ’g(-). If the event £ does
not depend on the choice of 7t, we will use ]Pg(-) and omit

7t. Similarly, we will write ]Egl:h’al:h—lloz:h’vn[.] to denote

expectations and use the shorthand notation IEY[-] if the ex-
pectation does not depend on the choice of 7t. Furthermore,
if we are given some model M (other than G), the notation
of IPﬁA(-), EM([.] is defined in the same way. We also denote
the indicator of £ as 1(£) = 1 if the event & is true and 0
otherwise. We will use strategy and policy interchangeably.

We are now ready to define the value function for each agent:

Definition 1 (Value function). For each agent i € [n]
and step h € [H], given common information ¢; and
joint 7t, the value function conditioned on the com-
mon information of agent i is defined as: Vﬁgg(ch) =
IE% [Z{f,:}ﬂl tiw(on) ) ch], where the expectation is taken
over the randomness from the model G, policy 7, and the
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. yg —
random seeds. For any cpy1 € Cyyy @V, (cay1) == 0.

From now on, we will refer to it as value function for short.

Another key concept in our analysis is the belief about
the state and the private information conditioned on the
common information among agents. Formally, at step h,
given policies from 1 to h — 1, we consider the common
information-based conditional belief H’Z”“‘"g (sp,pnlen).
This belief not only infers the current state s, but also
each agent’s private information p;,. With the common-
information-based conditional belief, the value function in
POSGs has the following recursive structure:

V9 (en) = Bolri 1 (0pa1) + VI3 (enen) len), (24)
where the expectation is taken over the randomness of
(Sp» Py Aps Opy1) given T hie[n) (and corresponding ).
With this, we can define the prescription-value function
correspondingly, a generalization of the action-value func-
tion in Markov games and MDPs in Definition 11.

2.3. Equilibrium notions

With the definition of the value functions, we can accord-
ingly define the solution concepts. Here we define e-Nash
equilibrium (NE) and team-optimal solution as follows, and
defer the standard definitions of coarse correlated equilib-
rium (CCE) and correlated equilibrium (CE) to §B.2.

Definition 2 (e-approximate Nash Equilibrium). For any
€ > 0, a product policy v* € IT is an e-approximate Nash
Equilibrium (NE) of the POSG g if:

nxrt,G *,
NE-gap(rr*) := max| max V; | 0)- V90| <e.

i \mjell;

Definition 3 (e-approximate team-optimal policy in
Dec-POMDPs with information-sharing structures). When
the reward functions r; ;, are identical for all i € [n], i.e.,
rin = 1, and the POSG reduces to a Dec-POMDP, then

a policy t* € I is a team optimal policy if: Vln*’g(ﬂ)) >
max . Vl7I ’g((l)) —€.

By restricting to deterministic policies, it does not lose any
optimality (Nayyar et al., 2013b). It is also worth noting
that, the team-optimal solution is always a NE, a NE is
always a CE, and a CE is always a CCE.

3. Information Sharing in Applications

The aforementioned information-sharing structure can in-
deed be common in real-world applications. For example,
for a self-driving car to avoid collision and successfully
navigate, the other cars from the same fleet/company would
necessarily communicate with each other (possibly with
delays) about the road situation. The separation between

common information and private information then arises
naturally (Gong et al., 2016). Similar examples can also be
found in cloud computing and power systems (Altman et al.,
2009). Here, we outline several representative information-
sharing structures that fit into our algorithmic framework,
and defer more examples in §B.4.

Example 1 (One-step delayed sharing). At any step h €
[H + 1], the common and private information are given as
cp ={02:4-1,a1.n-1) and p; j, = {o; ;,}, respectively. In other
words, the players share all the action-observation history
until the previous step h — 1, with only the new observation
being private information. This model has been shown
useful for power control (Altman et al., 2009).

Example 2 (State controlled by one controller with asym-
metric delay sharing). We assume there are 2 players for
convenience. It extends naturally to n-player settings. Con-
sider the case where the state dynamics are controlled by
player 1, i.e., Ty,(-|sp, ayp azp) = Th(-|sh,a1,h,u£’h) for all
Sh,al,h:az,h’a/z,h’h- There are two kinds of delay-sharing
structures we could consider: Case A: the information
structure is given as ¢ = {01,2:1,02,2:1-4,1,1:h-1}> P1,h = 0,
P2 = {02h-d+1:1)> 1.€., player 1’s observations are avail-
able to player 2 instantly, while player 2’s observations are
available to player 1 with a delay of d > 1 time steps. Case
B: similar to Case A but player 1’s observation is available
to player 2 with a delay of 1 step. The information structure
is given as ¢, = {01,2:1-1,02,2:h-a,a1,1:0-1}> P1,p = {010}
P2 = {02,h-d+1:n}, Where d > 1. This kind of asymmetric
sharing is common in network routing (Pathak et al., 2008),
where packages arrive at different hosts with different de-
lays, leading to asymmetric delay sharing among hosts.

Example 3 (Symmetric information game). Consider the
case when all observations and actions are available for all
the agents, and there is no private information. Essentially,
we have ¢, = {021, a1.5-1} and p; ;, = 0. We will also denote
this as fully sharing hereafter.

4. Hardness and Planning with Exact Model
4.1. Hardness on finding team-optimum and equilibria

Throughout, we mainly consider the NE, CE, and CCE
as our solution concepts. However, in Dec-POMDPs, a
special class of POSGs with common rewards, a more com-
mon and favorable objective is the team optimum. How-
ever, in Dec-POMDPs, it is known that computing even
approximate team optimal policies is NEXP—complete
(Bernstein et al., 2002; Rabinovich et al., 2003), i.e., the
algorithms as in (Hansen et al., 2004) may take doubly ex-
ponential time in the worst case. Such hardness cannot
be circumvented under our information-sharing framework
either without further assumptions, since even with fully
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sharing, the problem becomes solving a POMDP to its opti-
mum, which is still PSPACE-complete (Papadimitriou
& Tsitsiklis, 1987).

Recently, (Golowich et al., 2022b) considers observable
POMDPs that rule out the ones with uninformative observa-
tions, for which computationally (quasi)-efficient algorithms
can be developed. In the hope of obtaining computational
(quasi)-efficiency for POSGs (including Dec-POMDPs), we
could make a similar observability assumption on the joint
observations as below. Note that this observability assump-
tion is equivalent (up to a factor of at most YO) to the
e-weakly revealing condition in (Liu et al., 2022b), under
which there also exists a statistically efficient algorithm for
solving POSGs.

Assumption 2 (y-Observability). Let y > 0. For h € [H],
we say that the matrix Oy, satisfies the y-observability as-
sumption if for each h € [H], for any b,b’ € A(S),

o7~y

27 e-v

L
A POSG (Dec-POMDP) satisfies (one-step) y-observability
if all its Oy, for h € [H] do so.

However, we show that even under such an assumption,
and with the favorable 1-step delayed sharing structure as
introduced in §3, computing team optimal policy in Dec-
POMDPs can be NP-Hard. Moreover, we show that miss-
ing either Assumption 2 or any information-sharing struc-
tures will make the problem of even computing NE/CE/CCE,
the more relaxed solution concepts than team optimum in
Dec-POMDPs, PSAPCE—-Hard. This shows the necessity
of both Assumption 2 and certain information-sharing struc-
tures. Next, we will focus on planning and learning in
POSGs under these assumptions.

4.2. Planning with strategy-independent common belief

For optimal/equilibrium policy computation, it is known that
backward induction is one of the most useful approaches
for solving (fully-observable) Markov games. However, the
essential impediment to applying backward induction in
asymmetric information games is the fact that a player’s
posterior beliefs about the system state and about other play-
ers’ information may depend on the strategies used by the
players in the past. If the nature of system dynamics and the
information structure of the game ensure that the players’
posterior beliefs are strategy independent, then a backward
induction can be derived for equilibrium computation (Nay-
yar et al., 2013a; Gupta et al., 2014). We formalize this
conceptual argument as the following assumption.

Assumption 3 (Strategy independence of beliefs). Consider
any step h € [H], any choice of joint policies 7 € TT, and
any realization of common information cj, that has a non-
zero probability under the trajectories generated by 7ty.;_1.

Consider any other policies T(i:h_l, which also give a non-
zero probability to c¢j,. Then, we assume that: for any such

¢y € Cy, and any py, € Py,sp € S, ]PZ”"I’Q (swpnlen) =

L
P, """ (sppnlcn).

This assumption has been made in the literature (Nayyar
et al., 2013a; Gupta et al., 2014), which is related to the
notion of one-way separation in stochastic control, that is,
the estimation (of the state in standard stochastic control
and of the state and private information) in Assumption
3 is independent of the control strategy. A naive attempt
to relaxing this is to also include the past 7t1.;,_; in addi-
tion to ¢, when computing the belief of states and private
information. In other words, one can firstly find a solu-
tion 70* = {77} }he[r1), Where the execution of 77, depends
on the past n’f:h_l. Then one can eliminate such depen-
dency through a methods called “forward-sweeping” to find
some policy 7* so that Vi"*’g((l)) = Vi?’g((l)), and T can
be executed in a decentralized way. In fact, such an idea
turns out to be useful for computing team optimal policies
in Dec-POMDPs (Nayyar et al., 2013b), but not effective
for finding equilibrium in the game setting, since one joint
policy’s value being equal to that at an equilibrium does
not necessarily imply it is also an equilibrium policy. For
more detailed discussion, we refer to (Nayyar et al., 2013a).
There are also works not requiring this assumption (Ouyang
et al., 2016; Tavafoghi et al., 2016), but under a different per-
fect Bayesian equilibrium framework. We leave the study
of developing computationally tractable approaches under
this framework as our future work. Before proceeding with
further analysis, It is worth mentioning that examples intro-
duced in §3 all satisfy this assumption (see (Nayyar et al.,
2013a) and also §E.4).

With Assumption 3, we are able to develop a planning al-
gorithm (shown in Algorithm 1) with the following time
complexity. The algorithm is based on value iteration on
the common information space, which runs in a backward
way, enumerating all possible ¢;, at each step & and comput-
ing the corresponding equilibrium in the prescription space.
Detailed description of the algorithm is deferred to §C.

Theorem 1. Fix € > 0. For the POSG G with information
structure satisfying Assumption 3, given access to the belief
IPg(sh,ph |cy,), Algorithm 1 computes an e-NE if G is zero-
sum or cooperative, and an e-CE/CCE if G is general-sum,
with time complexity maxj¢(p] Cp, - poly(S, A, Py, H, %)

This theorem characterizes the dependence of computation
complexity on the cardinality of the common information
set and private information set. Ideally, to get a computation-
ally efficient algorithm, we should design the information-
sharing strategy such that Cj, and P, are both small. To get a
sense of how large Cy, P, could be, we consider one common
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scenario where each player has perfect recall, i.e., she re-
members what she did in prior moves, and also remembers
everything that she knew before.

Definition 4 (Perfect recall). We say that player i has
perfect recall if for any h € [H + 1], it holds that
{ai,1:n-1,0i,0:0} € Tip, and Ty © T s

If each player has perfect recall as defined above, we can
show that Cj, P, must be exponential in the horizon index h.

Lemma 1. Fix any h € [H]. If each player has perfect recall
as given in Definition 4, then for any information-sharing
structures Cj, P, > (OA)"1,

With this result, we know that the computation complexity
of our planning algorithm must suffer from the exponential
dependence of Q((OA)"). This negative result tells us it is
barely possible to get computational efficiency for running
planning algorithms in the true model G, since the C, D,
has to be very large oftentimes. It is worth noting that for
obtaining this result (Theorem 1), we did not utilize our
Assumption 2. Thus, this negative result is consistent with
our hardness results in Proposition 3.

5. Planning and Learning with Approximate
Common Information

5.1. Computationally (quasi-)efficient planning

Previous exponential complexity comes from the fact that
Cy, and Py, could not be made simultaneously small under
the common scenario with perfect recall. To address this
issue, we propose to further compress the information avail-
able to the agent with certain regularity conditions, while
approximately maintaining the optimality of the policies
computed/learned from the compressed information. No-
tably, there is a tradeoff between compression error and
computational tractability. We will show next that by prop-
erly compressing only the common information, we can
obtain efficient planning (and learning) algorithms with fa-
vorable suboptimality guarantees. To introduce the idea
more formally, we first define the concept of approximate
common information model in our settings.

Definition 5 (Approximate common information). We de-
fine an expected approximate common information model
of G as

M= ({az}he[H+1]' {he1 e[y {H)i,\/t,ZrH)hM’o}he[H]:r:?):

where I is the function class for joint prescriptions, IPZM’Z :
Cp x Ty, = A(Zy,1), gives the probability of zj,; under
given ¢y, € Cy,, where Zj,, is the space of increment com-

. . o . Mo .
mon information, and {y; p}ie[n] € Ij;. Similarly, ;™" :

(7;1 x I, = A(O) gives the probability of 0;,; under given
T, € Cy, and {Vinbien) € . We denote Cp, := |Cp| for any
h € [H +1]. We say M is an (€,(M), e,(M))-expected-
approximate common information model of G with the ap-
proximate common information defined by {c}yem) for
some compression function ¢;, = Compress;(cy), if it satis-
fies the following:

¢ Tt evolves in a recursive manner, i.e., for each h there
exists a transformation function ¢y, such that

Tier = Gt (G 2ner), 5.1

where we recall that zj,,.; = ¢j41 \ ¢, 1 the new com-
mon information added at step h.

« It suffices for approximate performance evaluation, i.e.,
for any prescription y;, and joint policy 7¢’ € TT8"

g
E o oruere B i1 (0ne1) | e v

—EM[T 1 (051) | T )| < (M), (5.2)

e It suffices for approximately predicting the com-
mon information, i.e., for any prescription y; and

joint policy 7’ € T18°", and for IPg(zhH e vp) and
IPhM’Z(ZhH [Ch, vi), we have

g G Mz, =~
]E“I:h—1,02:h~71’||lph(.|Ch’yh) -, Z('|Ch,7’h)H1 = eZ((/5M3).)

Remark 1. M defined al/)\ove is indeed a Markov game,
where the state space is {Cp,}je[H+1], I is the joint action

space, {H’ﬁ/t'z}he[H] together with {@,H bneH) is the transi-

tion, and EM [7i h+1(0n+1) |y 1] is the reward given state
¢y, and joint action yy,.

Remark 2. Note that our requirement of approximate in-
formation in the definition can be much weaker than the
existing and related definition (Kao & Subramanian, 2022;
Mao et al., 2020; Subramanian et al., 2022), which re-
quires the total variation distance between I[’g( |ch, vh) and

IPZM’Z(- |h, ¥1) to be uniformly bounded for all cj,. In con-
trast, we only require such distance to be small in expec-
tation. In fact, the kind of compression in (Kao & Subra-
manian, 2022; Mao et al., 2020; Subramanian et al., 2022)
may be unnecessary and computationally intractable when
it comes to efficient planning. Firstly, some common in-
formation may have very low visitation frequency under
any policy 7, which means that we can allow large varia-
tion between true common belief and approximate common
belief for these cj,, which are inherently less important for
the decision-making problem. Secondly, even in the single-
agent setting, where ¢, = {aj.;,_1,05.;}, the size of such
approximate information with errors uniformly bounded
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for all {ay.,_1, 0,.;} could not be sub-exponential, as shown
by Example B.2 in (Golowich et al., 2022b). Therefore,
for some kinds of common information, it is actually not
possible to reduce the order of complexity through the ap-
proximate common belief with errors uniformly bounded.
Requiring only expected approximation errors to be small
is one key to enabling our efficient planning approach next.

Although we have characterized what conditions the ex-
pected approximate common information model M should
satisfy to well approximate the underlying G, it is, in gen-
eral, unclear how to construct such an M, mainly how to
define {lPhM’Z, IPZM’O}hE[H], even if we already know how
to compress the common information. To address this, in
the following definition, we provide a way to construct
{]PZM’Z, IPﬁA’O} ne[H) by an approximate belief over states and
private information {IPﬁ/l’C(sh, Pr|¢h)}ne(m) by Definition 13,
which will facilitate the construction for M later.

It is direct to verify that we can construct an expected ap-
proximate common information model M(G) for G such
that €,(M(G)) = €,(M(G)) = 0, where in this M(G), we
have ¢j, = ¢, forany h € [H + 1],¢c;, € Cp,, 7= r, and M(G)
is consistent with {IPg(sh,ph |cn)bne(r)- Without ambiguity,
we will use the shorthand notation €,, €, for €,(M), €,(M),
respectively. With such an expected approximate common
information model, similar to Algorithm 1, we develop a
value-iteration-type algorithm (Algorithm 3) running on
the model M instead of G, which outputs an approximate
NE/CE/CCE, enjoying the following guarantees.

Theorem 2. Fix €,,€,,€, > 0. Suppose there exists an
(€., €,)-expected-approximate common information model
M for the POSG G that satisfies Assumption 3. Fur-
thermore, if M is consistent with some given approxi-
mate belief {lPﬁ/l’C(sh,ph |€h)}he[r)» then Algorithm 3 out-
puts a 7 such that NE-gap(7*) < 2He, + H?e, + He,
if G is zero-sum or cooperative, and CE/CCE-gap(7t*) <
2He, + H?e, + He, if G is general-sum, where the time
complexity is maxpe[p) Eh -poly(S,A, P, H, é)

The detailed description of the algorithm is deferred to §C
and the consistency between the model and belief is defined
in Definition 13. As a sanity check, it is easy to see that if we
use previous M(G) as the expected approximate common
information model with the uncompressed common infor-
mation such that €,(M(G)) = €,(M(G)) = 0, then by letting
€, = %, we recover our Theorem 1. Then Theorem 2 shows
that one could use a compressed version, if it exists, instead
of the exact common information, to compute approximate
NE/CE/CCE, with the quantitative characterization of the
error bound due to this compression. To get an overview of
our algorithmic framework, we also refer to Figure 2.

Criteria of information-sharing design for efficient plan-
ning. Now we sketch the criterion of designing the
information-sharing strategy for efficient planning:

* {Chlhe[H+1) satisfies Assumption 3.
* Cardinality of {7 }¢[r+1) should be small.

e Cardinality of {a’l}he[ H+1] should be small.

» Construction of the expected approximate common
information model M, i.e., the construction of
EM[F; 11 (0541) [G y] and Py (- [, 74) should be
computationally efficient.

Planning in observable POSGs without intractable or-
acles. Theorem 2 applies to any expected approximate
common information model as given in Definition 5, by
substituting the corresponding Cj,. Note that it does not pro-
vide a way to construct such expected approximate common
information models that ensure the computation complexity
in the theorem is (quasi-)polynomial.

Next, we show that in several natural and standard infor-
mation structure examples, a simple finite-memory com-
pression can attain the goal of computing e-NE/CE/CCE
without intractable oracles, where we refer to §E.4 for the
concrete form of the finite memory compression. Based on
this, we present the corresponding quasi-polynomial time
complexities as follows.

Theorem 3. Fix € > 0. Under Assumption 2, there exists
a quasi-polynomial time algorithm that can compute e-NE
if G is zero-sum or cooperative, and an e-CE/CCE if G is
general-sum, with the information-sharing structures in §3.

5.2. Statistically (quasi-)efficient learning

Until now, we have been assuming the full knowledge of the
model G (the transition kernel, observation emission, and
reward functions). In this full-information setting, we are
able to construct some model M to approximate the true
G according to the conditions we identified in Definition 5.
However, when we only have access to the samples drawn
from the POSG G, it is difficult to directly construct such a
model due to the lack of the model specification. To address
this issue, the solution is to construct a specific expected
approximate common information model that depends on
the policies that generate the data for such a construction,
which can be denoted by M(rc'*H). For such a model, one
could simulate and sample by running policies 7 in the
true model G. To introduce such a model M(r!*), we have
the following formal definition.

Definition 6 (Policy-dependent expected approximate com-
mon information model). Given H joint policies 7t'*H,
where 7t € TI8" for h € [H] and approximate reward func-
tions 7, we define the policy-dependent approximate com-
mon information model M(7c!*H) such that it is consistent
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with the policy-dependent belief {IP
per Definition 13.

] —_
7 (51, PR 1T ey as

The key to the definition above resorts to an ap-
proximate common information-based conditional belief

h
{IPZ ’g(sh,ph |Ch)} e[ that is defined by running policy
" eTI8" in G. In particular, we have the following fact.

Proposition 1. Given M(r!*H) as in Definition 6, it holds
that for any h € [H], ¢, € Cp, Yy € Iy 011 € O, 2341 €

M 1:H X . h’ .
Zpy: Py T e G = Py (21 [Gho v
/\7 1:H , - h’ -
P, T (01 | yn) =Py 9 (0ns1 1% yi)-

This proposition verifies that we can have access to the
samples from the transition and reward of M(rc'*H) at step
h, by executing the policy 7" in the underlying model G.
Now we are ready to present the main theorem for learning
such an expected approximate common information model
M(rc'H). A major difference from the analysis for plan-
ning is that in the learning setting, we need to explore the
space of approximate common information, which is the
function of a sequence of observations and actions, and we
need to characterize the length of the approximate common
information as defined below.

Definition 7 (Length of approxunate common information).
Given {Ch} he[H+1]> define the integer L > 0 as the minimum
length such that for each h € [H + 1] and each ¢}, € Ch,
AL x Ol - Cp, and the
, 01}, such that

there exists some mapping fh
sequence x; = {a Amax{h-L,1)’ “max{h-L,1}+17 """
fulxn) =T

Such an T characterizes the length of the constructed ap-
proximate common information, for which our final sample
complexity would necessarily depend on, since we need
to do explorations for the steps after h —T. It is worth
noting that such an L always exists since we can always
set L = H, and there always exists the mapping fh such
that fh a1.4-1,02.,) = Cp,, where fh is a composition of the
mapping from {ay.,_1, 0.5} to ¢j, which is given by the evo-
lution rules in Definition 1, and the compression function
Compress,,, the mapping from cy, to ¢j,. With this defini-
tion of L, we propose Algorithm 5, which learns the model
M(rc'H), mainly the two quantities in Proposition 1 by ex-
ecuting policies 77" in the true model G with the following
sample complexity depending on L.

Theorem 4. Suppose the POSG G satisfies Assumption
3. Given compression function of common infor-
mation, Compress;, : C;, — Cp for h € [H], T is as
defined in Definition 7. For any H policies rt'‘H,

where 7" € T18%", T(Z—fh = Unif(A) for h € [H], and

approximate reward functions 7 = {{’r}’h};’:l}fﬂ, we
assume M(nl Hy is an (e,(n"H,7),e,(n'* 1)) expected
approximate common information model of G. Fix
some parameters 61,0,0,,C1,C, > 0 for Algorithm 5,
€, > 0 for Algorithm 3, and ¢ > 0, define the approx-
imation error for estimating /W(T(LH ) using samples
under the policy 7' as €apx(T0 H,/L\,Cl,Cz,Ql,Qz,(j)).
Then é\_gonthm 5, together with Algorithm 3, can
learn M(rc"*H) with the sample complexity Ny =
poly(maxy, B, maxy, Ch,H A, O’Cl et Qll,e%)log 51_1’
and output an e-NE if G is zero-sum or cooperative, and
an e-CE/CCE if G is general-sum, with probability at least
1 -6, where € := He, (", 7) + H?e,(n"H) + (H? +
H)egpy(n'H,L,C,05,01,0,,¢) + He,.

A detailed version of this theorem is deferred to §D.3.
This meta-theorem presents a sample complexity guar-
antee of learning expected approximate common infor-
mation model M(7c'*H) under the approximate common-
information framework, in the model-free setting. It
is agnostic to the choice of approximate common infor-
mation ¢, policies 7', and approximate reward func-
tion 7. Therefore, the final results will necessarily de-
pend on the three error terms e,(""H,7), e, (e'*1), and
€apx (T HT, C1,C,,01,05,¢), which will be instantiated
for different examples later to obtain both sample and time
complexity results. As before, the meta-theorem applies to
cases beyond the following examples, as long as one can
compress the common information properly. The follow-
ing examples just happen to be the ones where a simple
finite-memory truncation can give us desired complexities.

Sample (quasi-)efficient learning in POSGs without in-
tractable oracles. Now we apply the meta-theorem, Theo-
rem 4, and obtain polynomial sample and quasi-polynomial
time complexities for learning the e-NE/CE/CCE, under
several standard information structures.

Theorem 5. Fix € > 0. Under Assumption 2, there exists
a multi-agent RL algorithm that learns an e-NE if G is
zero-sum or cooperative, and an e-CE/CCE if G is general-
sum, with information-sharing structures in §3, in time and
sample complexities that are both quasi-polynomial.

A full version of the theorem is presented in §D.3, with proof
provided in §E.5. Note that our algorithm is computationally
(quasi-)efficient, in contrast to the only existing sample-
efficient MARL algorithm for POSGs in (Liu et al., 2022b),
which uses computationally intractable oracles.

Algorithm description. We briefly introduce the algo-
rithm that achieves the guarantees in Theorem 5, i.e., Al-
gorithm 7, and defer more details to §C due to space lim-
itation. The first step is to find the approximate reward
function 7and policies 7t1*H such that the three error terms

€apx(TVH T, 01,00, 01,04, ), €,("*H,7), and €,(n ") in
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Figure 1. Performance of MAPPO and IPPO in various delayed-sharing settings.

Theorem 4 are minimized. It turns out that the three er-
rors can be minimized using Barycentric-Spanner-based
(Awerbuch & Kleinberg, 2008; Golowich et al., 2022a) ex-
ploration techniques. The next step is to learn the empirical
estimate //\/T(nl:H ) of ./\7(7'(1:H ), by exploring the approxi-
mate common information space {a,}he[ H+1] using Algo-
rithm 5. The key to exploring the approximate common
information space is to take uniformly random actions from
step h —T to h, which has been used for exploration in
finite-memory based state spaces in existing works (Uehara
et al., 2022; Ijﬁroni et al., 2022; Golowich et al., 2022a).
Once such a M(rc!*H) is constructed, we run our planning
algorithms (developed in §5.1) on ./\//T(T(LH ) to compute an
approximate NE/CE/CCE. The final step is to do policy
evaluation to select the equilibrium policy to output, since
for the first step we may only obtain a set of {77} jelK]
for some integer K > 0 and only some of them can mini-
mize the three error terms. Specifically, for any given policy
7* and i € [n], the key idea of policy evaluation is that we
compute its best response introduced in Algorithm 4 in
all the models {J\//l\(nliH'j)}je[K], where K = poly(H, S) to

get {nt’ij }je[k) and select the one T(t;-j for some Twith the
highest empirical rewards by rolling them out in the true
G. With the guarantee that there must be a j € [K] such

that ./\/;l\(nhH’j ) is a good approximation of G in the sense

of Definition 5, it can be shown that T(:.] will be an approx-
imate best response in G with high probability. With the
best-response policy, we can select the equilibrium policy
with the lowest NE/CE/CCE-gap, which turns out to be an
approximate NE/CE/CCE in G .

6. Experimental Results

Information sharing improves performance. We con-
sider the popular deep MARL benchmarks, multi-agent
particle-world environment (MPE) (Lowe et al., 2017). We
train both state-of-the-art centralized-training algorithm
MAPPO and decentralized-training algorithm IPPO (Yu

—— MAPPOd =1 MAPPO d = 1
—— MAPPO d =2 —— MAPPOd =2
—— MAPPOd =5 —— MAPPOd =5
MAPPO d = MAPPO d =
EIV')ime];teplg
Boxpushing Dectiger
Horizon  Ours FM-E RNN-E Ours FM-E RNN-E
3 62.78 6422  8.40 13.06 -6.0 -6.0
4 81.44  77.80 9.10 20.89 -4.76  -7.00
5 98.73  96.40  21.78 2795 -6.37 -10.04
6 98.76  94.61 94.36 36.03 -7.99 -11.90
7 14535 138.44 132.70 3772 -799  -13.92

Table 1. Final evaluation rewards of our methods compared with
methods FM-E and RNN-E in (Mao et al., 2020).

et al., 2021) with different information-sharing mechanisms
by varying the information-sharing delay from O to co. Note
that the original algorithm in (Yu et al., 2021) corresponds
to the case, where the delay is d = co. The rewards during
training are shown in Figure 1. It is clear that in all domains
(except MAPPO on Spread) with either centralized training
or decentralized training, smaller delays, which correspond
to sharing more information will lead to faster convergence,
higher final performance, and reduced training variance. For
decentralized training where coordination is absent, sharing
information could be more useful.

Validating implementability and performance. To fur-
ther validate the tractability of our approaches, we test
our learning algorithm on two popular partially observable
benchmarks Dectiger (Nair et al., 2003) and Boxpushing
(Seuken & Zilberstein, 2012). Furthermore, for scalability
and compatibility with popular deep RL algorithms, we fit
the transition using neural networks instead of the count-
ing methods adopted in Algorithm 7. Both our algorithm
and baselines are trained with 80000 time steps. We com-
pare our approaches with two baselines, FM-E and RNN-E,
which are also common information-based approaches in
(Mao et al., 2020). The final rewards are reported in Ta-
ble 1. In both domains with various horizons, our methods
consistently outperform the baselines.
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Supplementary Materials for
“Partially Observable Multi-agent RL with (Quasi-)Efficiency:
The Blessing of Information Sharing”

A. Related Work

Decentralized stochastic control and decision-making. Decentralized stochastic control and decision-making are known
to have unique challenges, compared to the single-agent counterpart, since the seminal works (Witsenhausen, 1968; Tsitsiklis
& Athans, 1985). In particular, (Tsitsiklis & Athans, 1985) shows that variations of the classical “team decision problem” can
be NP-hard. Later, (Bernstein et al., 2002) shows that planning in Dec-POMDPs, a special class of POSGs with identical
reward functions among agents, can be NEXP-hard in finding the team-optimal solution. (Hansen et al., 2004) provides a
popular POSG planning algorithm, though without any complexity guarantees. There also exist other approximate/heuristic
algorithms for solving POSGs (Emery-Montemerlo et al., 2004; Kumar & Zilberstein, 2009; Hordk et al., 2017).

Information sharing in theory and practice. The idea of information-sharing has been explored in decentralized
stochastic control (Witsenhausen, 1971; Nayyar et al., 2010; 2013b), as well as stochastic games with asymmetric information
(Nayyar et al., 2013a; Gupta et al., 2014; Ouyang et al., 2016). The common-information-based approach in the seminal
works (Nayyar et al., 2013a;b) provides significant inspiration for our work. However, no computation nor sample
complexities of algorithms were discussed in these works. On the other hand, information-sharing has become a normal
practice in empirical MARL, especially recently in deep MARL (Lowe et al., 2017; Foerster et al., 2018; Sunehag et al., 2018;
Rashid et al., 2020). The sharing was instantiated via so-called centralized training, where all agents’ information was shared
in training. Centralized training with shared information has been shown to significantly improve the learning efficiency.
One caveat is that these empirical works also popularize the centralized-training-decentralized-execution paradigm, while
our MARL algorithms under the common-information sharing framework require sharing in both training/learning and
execution.

Provable multi-agent reinforcement learning. There has been fast-growing literature on provable MARL algorithms
with sample efficiency guarantees, e.g., (Bai et al., 2020; Liu et al., 2020; Zhang et al., 2020; Xie et al., 2020; Zhang et al.,
2021b; Daskalakis et al., 2020; Jin et al., 2021; Song et al., 2021; Daskalakis et al., 2022; Mao et al., 2022). However, these
works have exclusively focused on the fully observable Markov/stochastic games. The only MARL algorithms under partial
observability that enjoy finite-sample guarantees, to the best of our knowledge, are those in (Liu et al., 2022b; Kozuno et al.,
2021). However, the algorithms in (Kozuno et al., 2021) only apply to POSGs with certain tree-structured transitions, while
those in (Liu et al., 2022b) require computationally intractable oracles.

RL in partially observable environments. It is known that in general, even planning in single-agent POMDPs can be
PSPACE-complete (Papadimitriou & Tsitsiklis, 1987) and thus computationally hard. Statistically, learning POMDPs
can also be hard in general (Krishnamurthy et al., 2016; Jin et al., 2020). There has thus been a growing literature on RL in
POMDPs with additional assumptions, e.g., (Azizzadenesheli et al., 2016; Jin et al., 2020; Liu et al., 2022a; Wang et al.,
2022; Zhan et al., 2022). However, these works only focus on statistical efficiency, and the algorithms usually require
computationally intractable oracles. More recently, (Golowich et al., 2022b) has identified the condition of y-observability
in POMDPs, and has shown that quasi-polynomial-time-complexity planning algorithm exists for solving such POMDPs.
Subsequently, (Golowich et al., 2022a) has developed an RL algorithm based on the planning one in (Golowich et al.,
2022b), which is both sample and computation quasi-efficient.

B. Additional Definitions and Examples
B.1. Belief states

In such partially observable games, each agent cannot know the underlying state but could infer the underlying distribution
of states through the observations and actions. Following the convention in POMDPs, we call such distributions as the belief
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states. Such posterior distributions over states can be updated whenever the agent receives new observations and actions.
Formally, we define the belief update as:

Definition 8 (Belief state update). For each h € [H + 1], the Bayes operator (with respect to the joint observation)
By, : A(S) x O — A(S) is defined for b € A(S), and y € O by:

' _ Ou(y | x)b(x)
By(b;y)(x) = Y s On(y | Z)b(Z).

Similarly, for each h € [H],i € [n], we define the Bayes operator with respect to individual observations B; j : A(S) x O; —
A(S) by:

‘ _ Oinly I x)b(x)
Bin(b;)(x) = Y2es Oin(y 12)b(2)

For each h € [H], the belief update operator U}, : A(S) x A x O — A(S), is defined by

Un(b;a,v) = By (Ty(a) - b;),

where T}, (a) - b represents the matrix multiplication. We use the notation b, to denote the belief update function, which
receives a sequence of actions and observations and outputs a distribution over states at the step h: the belief state at step
h =1 is defined as by (0) = ;. For any 1 < h < H and any action-observation sequence (ay.,_1,05.;), We inductively define
the belief state:

bpi1(ar:n,02:1) = Tylan) - bp(ay.n-1,02:1),
bi(a1:n-1,02:1) = Bu(by(ai:n-1,02:5-1); 0n)-
Also, we slightly abuse the notation and define the belief state containing individual observations as
bp(a1:-1,02:1-1,0in) = Bi n(bp(a1:1-1,02:0-1); 05 1)

We also define the approximate belief update using the most recent L-step history. For 1 < h < H, we follow the notation of
(Golowich et al., 2022b) and define

bapxlg(m,D) - Hi ifth=1
k ’ D  otherwise,

where D € A(S) is the prior for the approximate belief update. Then for any 1 < h— L < h < H and any action-observation
sequence (@j_1.h—1, On—L+1:1), We inductively define
apx,G apx,G
bhﬁl (ah-L:hs 0h—L+1:h;D) = Th(ah) : th (ah—L:h—ll On-L+1:15 D),
apx,g apx,G
b, (ap-r:h-1, Op-1+1:03 D) = B0, (@pr:1-1, 0n1.41:0-13 D) 01)-

For the remainder of our paper, we shall use the important initialization for the approximate belief, which are defined as
. gapx,G i .
by (an-r:h-1,0n-141:1) = b} (@p_L:h-1, Op—p 41 Unif(S)).

B.2. Additional definitions of solution concepts

Definition 9 (e-approximate Coarse Correlated Equilibrium). For any € > 0, a joint policy 77* € IT is an e-approximate
Coarse Correlated Equilibrium of the POSG ¢ if:

X1, G

CCE-gap(7*) := max| max Vil (0) - Viﬁ*’g((l)) <e.

i \mell;

15



Partially Observable Multi-agent RL with (Quasi-)Efficiency: The Blessing of Information Sharing

Definition 10 (e-approximate Correlated Equilibrium). For any € > 0, a joint policy 7c* € IT is an e-approximate Correlated
Equilibrium of the POSG G if:

jorr)or* ;G *
iemDO S 0) - v 0)) < e,

CE-gap(r*) := max n}i)axV
where ¢; is called strategy modification and ¢; = {Q; ¢, p; I,y p; > With €ach @i e . A; — A, being a mapping
from the action set to itself. The space of ¢; is denoted as ®@;. The composition ¢; ¢ 7;; will work as follows: at
the step h, when the agent i is given ¢;, and p; j, the action chosen to be (ay p, -+, a;p, -+, a,,) will be modified to
(@t,n e Pincypip(@in) -+ ayp). Note this definition follows the definition in (Song et al., 2021; Liu et al., 2021; Jin et al.,
2021) when there exists common information and is a natural generalization from the normal-form game case (Roughgarden,
2010).

B.3. Additional definitions of value functions and policies

First, we define the prescription-value function in the POSG G below as a generalization of action-value function in Markov
game.

Definition 11 (Prescription-value function). At step h, given the common information ¢y, joint policies 7t = {rt;}_, and
prescriptions {y; ,}7_,, the prescription-value function of the i th agent is defined as:

Qﬂg(Ch,{Vj,h}je[n]) = B5 77 1 (Ons1) + v hgl(Ch+1)|chr{7/j,h}je[n]]r

where the prescription y; j € A(A; )Pil replaces the partial function 70 (| @j , cp, ) in the value function.

This prescription-value function indicates the expected return for the i*" agent when all agents firstly adopt the prescriptions
{¥)n}je[n) and then follow the policy 7.

With the expected approximate common information model M defined in Definition 5, we can define the value function and
policy under M accordingly as follows.

Definition 12 (Value function and policy under M). Given an approximate common information model M. For any policy
7 € I, for each i € [n], h € [H], we define the value function as

M _ _
Vi (en) = IE{wj,h}jE[n]lEM[ri,hu(0h+1) +V; h+1(Ch+1)|Chf{77j,h('|wj,hrchr Yien - (B.1)

For any cpy,q1 € Cy,1, we define Vl Fal (CH+1) = 0. Furthermore, for a policy 7@ whose 7; j, : Q) X P; , X (’Z\h — A(A;) takes
approximate instead of the exact common information as the input, we define

M _
VI @) = Bl B Finet (0na1) + Vi h+1(0h+1)|ch,{ﬂ] h(1 @) )i} (B.2)

where similarly, for each Ty, € C 1.1, we define VZ Hael (CH+1) 0. With a slight abuse of notation, sometimes 7; ;, may
also take cj, € Cj, as input and thus 7 € I1. In this case, when M and the corresponding compression function Compress,,
are clear from the context, it means 7¢; j, (|-, ¢y, ) := 7 y(-| - Compress;,(cy), -). Accordingly, in this case, the definitions of

4 hg(ch) and V (ch) follows from Definition 1 and Equation (B.1), respectively.

B.4. More examples of information sharing

Example 4 (Information sharing with one-directional-one-step delay). Similar to the previous cases, we also assume there
are 2 players for convenience. Similar to the one-step delay case, we consider the situation where all observations of the
player 1 are available to player 2, while the observations of player 2 are available to player 1 with one-step delay. All
past actions are available to both players. That is, in this case, ¢, = {01,2:4,02,2:5-1,41:1-1}, and player 1 has no private
information, i.e., p, j, = 0, and player 2 has private information p, j, = {0, 5,}.

Example 5 (Uncontrolled state process). Consider the case where the state transition does not depend on the actions, that
is, Ty (- | sp, ap) = Wy(- | sy, a;,) for any sy, ap, a;, h. Note here the evolution of common and private information does not
need include the actions anymore since doing so does not lose any optimality. Meanwhile, different agents are still coupled
through the joint cost. An example of this case is the information structure where controllers share their observations
with a delay of d > 1 time steps. In this case, the common information is ¢j, = {05.;,_4} and the private information is

Pih = 10i h-d+1:h}-
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B.5. Model-belief consistency

Definition 13. We say the approximate common information model M is consistent with some belief {]Pﬁ/l’c(sh, PrlCi)}nelH
if it satisfies the following for any i € [n], h € [H],

M, — M, —
Py @t (G ) = ) > P, (s | h) H}Ll?/j,h(ﬂj,hlpj,h)ZTh(Sh+1ISh,ah)®h+1(0h+1ISh+1),
Sh. ProanOn+1: X a1 (Pho@hsOns1)=2h+1 Sh+1
(B.3)
M, - M, —
Py, (ops1 [y yi) = Z Py (sh, pi i) H?:1Vj,h(ﬂj,h|Pj,h)ZTh(5h+1|5h'“h)®h+1(0h+1|5h+1)- (B.4)
SioPhsAh Shel
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C. Collection of Algorithm Pseudocodes

Here we collect both our planning and learning algorithms as in Algorithms 1, 2, 3, 4, 5, 6. For a high-level overview of our

algorithmic framework, we refer to Figure 2.

Common information evolution:
cn = {cn-1,2n}

Virtual coordinator:
{Yiptiem = Equilibrium({QZf(ch’ yees

) ) ?:1)

ZhT l'Yn,h

ain ~ Y1,a(P1,0)

Decision making from the perspective of the virtual coordinator

anp ~ Ynh(Pn,p) AiPin {E
\_ 4

P;
eoe A oh

n
C
h y

oo o AP {EE
h

h

Brute-force search

Common information-based

decomposition

(Nayyar et al 2013a,b)

Proposition C.7

~

J

Computing equilibrium in prescription space

Figure 2. An overview of our algorithmic framework. The left part of the figure shows that there is a virtual coordinator collecting the
information shared among agents. Based on the common information cy,, it will compute an equilibrium in the prescription space and
assign it to all the agents. The right part shows the computation of equilibrium. Let’s take the example of A; =2, B, =3, Cj = 2. If

P:
we search over all deterministic prescriptions, the corresponding matrix game will have the size of Aich " = 64. Then (Nayyar et al.,
2013a;b) propose the common information-based decomposition and solves Cj, games of smaller size. However, (Nayyar et al., 2013b)

treats each deterministic prescription as an action and the size of each sub-game will be A; “h — 8. Furthermore, Proposition 9 shows
that we can reformulate each sub-game as a game whose payoff is multi-linear with respect to each agent’s prescription, and whose

dimensionality is A; P; j, = 6.

Algorithm 1 Value iteration with common information

Input: G, e,

for each i € [n] and cy,; do
V,'TI'-?H(CHH) <0

end for

forh=H,---,1do
for each ¢;, do

Define Q:’hg(ch, Vi Vn,h)

,G
V:h+1(ch+1)]

IEsh,ph~IPg(-,~|ch)IE{“j,h“’7j,h(' IPj,h)}je[n]]EOh+1~®;,T+1Th('|Shﬂh) [7in41(0ns1)

+

(”Th(' [ Chye)ree s n”:h(. |- ch .)) — NE/CE/CCE({Q’;’hg(ch, e ,))y,€.) /] we refer the implementation to

§E.2
for each i € [n] do

V:;',g(ch) — [

end for
end for
end for
return 7c*

) *,G
@jn}jeln] ]E:Sh,ph'\fﬂ)g(','|Ch)]E{aj,h~T(;h(‘|(Uj,hrch,pj,h)}]‘g[n]IEOh+1~®;+1Th(-|5h,ah)[rl,h+l (0p41) + Vi,h+1 (che1)]
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Algorithm 2 BR(G, 11,1, €,): Best Response for agent i

Input: G, 7,1, e,
V:IfH (cr+1) < O for all cpyyq

forh=H,---,1do
for each ¢, do

*,G — :
Define  Q; nyih s Vup) = IESh,Ph~]I)f('r|Ch)1E{“j,h“’7/j.h('|Pj,h)}je[n]IE0h+1~O;+1Th(‘|5hr“h)[r"h+1(0h+1) +

VA9 (ens)]
n’i*’h(- |- cpy ) « NE/CE/CCE—BR(QZ’hg(ch, S AT R e )Y jen) 1, €)1/ we refer the implementation to
§E.2 G
X,
Vi,h (ch) < IE{“)]',h}jE[n]IEsh,ph~]Pf(~,~ICh)IE“i,h“’T(:h('|wi,h’fh’Pi,h)r“—i,hN”—i,h(‘|w—i,hrCh’P—i,h)lEOthl~(D;,T+1Th('|5h'“h)[ri'h+1(0h+1)+
,G
V:h+1(ch+l)]
end for
end for
return 7cf

Algorithm 3 VIACM(M, €,): Value Iteration with (expected) Approximate Common-Information Model

Input: M, e,
for each i € [n] and ¢y, do

*, M~
Vi,H+1(CH+1) <0

end for
forh=H,---,1do
for each ¢;, do
Define Q" (@ Y1+ Van) = BMIF et (011) + V773 @it ) 1 G (Vi) g for any i € [1]
(7?]*,},(- [+ Chr )y ,Tz’;‘h(- |-, Chy -)) — NE/CE/CCE({QZ}IM(?h, o))y €) /] we refer the implementation to

§E.2
for each i € [n] do
Vi @) = Bl BV T (0ne1) + V77 @it ) 1 G 75 (10 G D]
end for
end for
end for
return 77*

Algorithm 4 ABR(M, T, i, €,): Approximate Best Response for agent i under approximate common information model

Input: M, 7,1, €,

M~ .
Vi Chgr) < O for all Ty

forh=H,---,1do
for each ¢;, do
Define Q75 @ V1> Vi) = BM[F i (0e1) + V541 @) 18 1]
n’*i,h(- |- Chy ) < NE/CE/CCE—BR(QZ#(’C\;I, v AT R[5 Ch ) jepn) i €)1/ we refer the implementation to

§E.2
VA @) Ba o BN Pt (0ne1) + Vi @t ) | G (75, (105, ), i (-l @0 G )]
end for
end for
return 707
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Algorithm 5 Construct (r'HJ, (7 1}1 1’{Ch}he[H+1] {¢h+1}he[H]:r C1,Cp,01,0,,071): Constructing empirical estimator
/T/l\(RI:H) of M(r'H)

Input: "7, (7 ,}Z 1f{ch}he[H+1]f bni1) he[H] 1, C1,C2,01,02,01
for 1 <h<Hdo
Define Ny as in Equation (D.1).
Draw Nj independent trajectories by executing the policy 71, and denote the k'" trajectory by (a’l‘: Ho1 0’5: ), for
ke [No]
for each ¢y, € (’Z\h do
Define (P( ) = Hk Compressh(fh 1:h— 1/015 h)) = Ch! and gh( Ay 1!02 h) ph}|

1:H
Set P M) ) 16 = (> ~ for all py, € P

end for -
for eachc;, € Cy, pj, € Py, a, € Ado

Define i(0y1) := |{k : Compressy(fu(al,; ;,05,)) = T gn(@},_y, 05,) = P afy = @i, and o), = 0p1).

M H) n
Set IP, . (ops1lChr prray) == % for all 0,1 € O.
end for

end for -
Define for any h € [H], ¢, € Cp,, i €11y, 0p1 € Optts Zni1 € Zpar

/’\;T I:H)’ . I\/T 1:H M 1:H
P, T 2t G yn) — Z P, o )(Ph@)n?:ﬂi,h(ﬂi,h|Pi,h)1Ph ") (0 1[G P 1)
PhAn, 0h+1')(h+1(!7h ApOh+1)=2Zht1
M(rH), - M H
P, T O [G ) Z]P Phrh) 1 Vin(ain | pin) Py T
Phsan
— . M\ le, .//\-/l\ 1:H)l .
return M(r"H) := ({Ch}he[HH {¢h+l}he[H] {IPh " )Z’Iph e o}he[H]rr: {?1}}?:1

Algorithm 6 PoS({./\//T(nliH'f)}je[m], {re)K

=1 €,,N,): Policy Selection

Input: {M(ﬂlerj)}je[m]’ {N*'j }5‘<:1' €0, N>
forie[n],j€[K],me[K]do
Tc?’]’m — ABR(M(r'Hmy 7%iive,)  Ili.e., Algorithm 4
end for
for j € [K] do
Execute 7%/ for N, trajectories and let the mean reward for player i be R;
end for
forze[n]]e[K] m € [K] do
Execute 7'( "on i] for N, trajectories and let the mean reward for player i be R]
end for

—

j < argmin; | max; maxm(Rf’m - R{))

return 77*/
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Algorithm 7 TLACI(G, {@}hE[HH], {ahﬂ}he[H],I‘,i €,07,01,09,01,0,,01,N»,€,): Learning with Approximate Common
Information
Input: G, {aq}hg[H+1]/{$h+1}he[H],rlf; €,02,C1,C2,01,02,01, Ny, €
{retH }j.;l, {{?{}f;l}f:l — BaSeCAMP(G,L,€,6,) /ie., Algorithm 3 of (Golowich et al., 2022a)
for j € [K] do
M(r¥ 7y e construct (e, (FYL | (Crlneproa) (Pnet bnee T.C1, 02, 01,02,81) /e, Algorithm 5

1

) — vIacM(M(n'*H)e,) 1li.., Algorithm 3

enchor - ' ‘
) — Pos({M(nltHrJ)}jgl, (% }j.il, €.,N,) /li.e., Algorithm 6
return 7%/
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D. Full Versions of the Results
D.1. Hardness of finding team optimum and NE/CE/CCE

Throughout, we mainly consider the NE, CE, and CCE as our solution concepts. However, in Dec-POMDPs, a special class
of POSGs with common rewards, a more common and favorable objective is the team optimum, where all agents jointly
maximize the same expected return. In normal-form games, this team-optimal policy can be achieved by choosing the entry
with the largest value in the payoff matrix and naturally extends to cooperative Markov games, when the model is known
and the algorithm is centralized. However, in Dec-POMDPs, when partial observations appear, computing even approximate
team optimal policies is NEXP-complete (Bernstein et al., 2002; Rabinovich et al., 2003), which means algorithms as in
(Hansen et al., 2004) may take doubly exponential time in the worst case.

Then a natural question arises: if Dec-POMDPs have some favorable information-sharing structures, is computing the
team-optimal policy still intractable? Unfortunately, even the agents share all the information without delays, which makes
this Dec-POMDP a centralized POMDP, it is still PSPACE-complete to find the (team-)optimal solution (Papadimitriou
& Tsitsiklis, 1987).

Recently, (Golowich et al., 2022b) considers observable POMDPs that rule out the ones with uninformative observations,
for which computationally (quasi)-efficient algorithms can be developed. For POSGs including Dec-POMDPs, we could
make a similar observability assumption, Assumption 2, on the joint observations, in the hope of obtaining computational
(quasi)-efficiency.

This assumption only holds for the undercomplete setting where S < O. For the overcomplete setting, whether there
also exists a computationally tractable algorithm is still open even for POMDPs. In fact, this observability assumption is
equivalent (up to a factor of at most VO) to the e-weakly revealing condition in (Liu et al., 2022b), under which there also
exists statistically efficient algorithms. Directly adopting the main conclusion from (Golowich et al., 2022b), we can obtain
the guarantee that with this full information sharing, there exists a quasi-polynomial algorithm computing the approximate
team-optimal policy (see Proposition 4).

Given this simple positive result, one may wonder for Dec-POMDPs if we relax the strict requirement of fully sharing, but
only with partial information sharing (but still under Assumption 2), is computing the team optimal policy still tractable?
Unfortunately, we show that even under the strong sharing structure of only one-step delayed sharing, computing the team
optimal policy is NP-hard. The formal proposition is introduced here.

Proposition 2. With 1-step delayed information-sharing structure and Assumption 2, computing the team optimal policy in
Dec-POMDPs with 1 = 2 is NP-hard.

Proposition 2 implies that the standard observability assumption as in both single- (Golowich et al., 2022a) and multi-agent
(Liu et al., 2022b) partially observable RL (i.e., Assumption 2) is not enough. Hence, instead of finding the overall team-
optimum, hereafter we will mainly focus on finding the approximate equilibrium solutions (also known as person-by-person
optimum in the team decision literature (Radner, 1962; Ho, 1980)). In particular, we focus on finding the NE in zero-sum
or cooperative games, and CE/CCE in general-sum games, which are weaker notions than the team optimal solution in
Dec-POMDPs.

Although the tractability of NE/CE/CCE in both zero-sum and general-sum normal-form games has been extensively studied,
its formal tractability in POSGs has been less studied. Here by the following proposition, we will show that both Assumption
2 and some favorable information-sharing structure are necessary for NE/CE/CCE to be a computationally tractable solution
concept even for zero-sum or cooperative POSGs, the proof of which is deferred to §E.1.

Proposition 3. For zero-sum or cooperative POSGs with only information sharing structures, or only Assumption 2, but not
both, computing e-NE/CE/CCE is PSPACE-hard.

This proposition shows that in order to seek a tractable algorithm even in zero-sum or cooperative POSGs, and even for the
approximate and more relaxed solution concepts as CE/CCE, the condition of informative observations in Assumption 2 and
the sharing of information are both necessary, in the sense that missing either one of them would make seeking approximate
NE/CE/CCE computationally hard.
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D.2. Planning
Here we state and prove our claims regarding planning in POSGs with the fully-sharing structure in §4.1.

Proposition 4. Let € > 0. Suppose the POSG G has a fully sharing structure and satisfies Assumption 2, then there is an
algorithm that outputs an e-suboptimal joint policy and has quasi-polynomial time complexity H (AO)CV—4 10g(*&) for some
universal constant C > 0, where we recall 7 is the constant appeared in Assumption 2.

To prove this, we first notice the following fact:

Fact 1. A Dec-POMDP with fully sharing structures can be solved by treating it as a (centralized) POMDP. The only
difference is that in Dec-POMDPs, we care about policy 7t; € I'l;. Meanwhile, a POMDP planning algorithm will provide a
solution 77* € TT8°", where there could be a potential correlation among agents when taking actions. However, since there
always exists deterministic solutions in POMDPs (Kaelbling et al., 1998) and as long as 7* is deterministic, it could be
splitted into 77* = (71, 7y, -+, 7,,) such that 7t; € IT;.

Hence, Proposition 4 comes from Fact 1 since the planning algorithm in (Golowich et al., 2022b) computes a deterministic
policy, the Dec-POMDP is essentially a centralized POMDP, with joint observation and action space.

Below we state the full version of Theorem 2.

Theorem 6. Fix €,,€,,€, > 0. Suppose there exists an (€,, €,)-expected-approximate common information model M for
the POSG ¢ that satisfies Assumption 3. Furthermore, if M is consistent with some given belief {Il)ﬁ/l’c(sh, PulCh)bne(m)s
then there exists a planning algorithm (Algorithm 1) outputting 7% such that NE-gap(7*) < 2He, + H?e, + He,, if G is
zero-sum or cooperative, and CE/CCE-gap(7c*) < 2He, + H %2¢, + He, if G is general-sum, where the time complexity is
maxje[] a, -poly(S,A, Py, H, eie)

Now let us state the full version of Theorem 3.

Theorem 7. Fix € > 0. Suppose the POSG @ satisfies Assumption 2. There exists a quasi-polynomial time algorithm
computing e-NE if G is zero-sum or cooperative and e-CE/CCE if G is general-sum with the following information-sharing
structures and time complexities, where we recall y is the constant appeared in Assumption 2:

* One-step delayed information sharing: (AO)CV*4 log *¢ for some universal constant C > 0.
* State controlled by one controller with asymmetric d = poly(log H)-step delayed sharing sharing:

(AO)C(V_4 log $-+d) for some constant C > 0.

¢ Information sharing with one-directional-one-step delay: (A O)CV*4 1og ° for some universal constant C > 0.

“4log %er)

* Uncontrolled state process with d = poly(log H)-step delayed sharing: (AO)C(V for some universal

constant C > 0. i sH
+ Symmetric information game: (A0)C? 198°¢ for some universal constant C > 0.

D.3. Learning

Here we state the full version of Theorem 4.

Theorem 8. Given compression function of common information, Compress,, : Cj, — al for h € [H], L is as defined in
Definition 7. Given H policies 7', where 7" € T18", T(Z—’Eh = Unif(.A) for h € [H], and approximate reward functions

T={(Tin)i, }1;1{:1 , assume M(rc'H) is an (e, (", 7), e, (7' ))-approximate common information model of G that satisfies
Assumption 3. Fix some parameters 01,01,0,,C,C, > 0 for Algorithm 5, €, > 0 for Algorithm 3, and ¢ > 0, define the

approximation error for estimating M(7'*T) using samples under the policy 7c'*H as:
Lol
L:H T &) A0 = 6 ( G h)
€ 7w, L,01,02,01,0,,0) = 001 + 2Amax P, == + AmaxP,0) + —————= +max max L[h>L]-2-d7 (U7 ("],
apx( €1,C2,01,02,9) 1 i hCl i hY2 ® W pelleen ( ] Sh-L ¢,h7L( )

where for any policy 7" € I18",h € [H], ¢ > 0, we define dgll’ig(s) = H’Z,’g(sh =s), us

Gar)i=lseS: dzid(s) < o),

representing the under-explored states under the policy 7t’.
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Then, Algorithm 5 can learn an model /\//l\(T(LH ) with the sample complexity

C(maxy, B, +log 4Hmb—alxhch) CA(O +log 4Hmax§1(ChPh)A)

C,07 ' C,03

Ny = max , D.1)

for some universal constant C > 0, such that with probability at least 1 — 8y, for any policy 7 € I'l, and i € [n]:
2

. H g =~
ez(T(LH) + (7 + H)eapx(nl‘HrLr C1,Co, 61' 62' ¢)

(e liH ) H?
V9 - VM) < H- e R +

Furthermore, the policy output from the planning on ./T/l\(nl:H ) is an e-NE if G zero-sum or cooperative and e-CE/CCE if G
is general-sum, where

€= He, (", 7) + H?e,(r"H) + (H? + H)e g (17, 1,01, 05, 01,04, 9) + He,.

Below we state the full version of Theorem 5.

Theorem 9. Fix €, > 0. Suppose the POSG G satisfies Assumption 2. There exists a multi-agent RL algorithm (Algorithm
7) that learns an e-NE if G is zero-sum or cooperative and e-CE/CCE if G is general-sum with probability 1 — o, under the
following information-sharing structures and corresponding sample and time complexities:

4]0y SHO
¢ One-step delayed information sharing: (AO)CV log %y¢ log% for some universal constant C > 0.
+ State controlled by one controller with asymmetric d = poly(log H)-step delayed sharing sharing:
~4]og SHO
(AQ)C o %) log 1 for some constant C > 0.
~4]og SHO
+ Information sharing with one-directional-one-step delay: (A0)“7 %8 7 log % for some universal constant C > 0.

- SHO
(y*log e

* Uncontrolled state process with d = poly(log H)-step delayed sharing: (A O)C +d) log % for some univer-

sal constant C > 0.
o . . Cy~*log SHO 1 .
¢ Symmetric information game: (AO) 7¢ log 5 for some universal constant C > 0.
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E. Technical Details and Omitted Proofs
E.1. Hardness of finding team optimum and NE/CE/CCE

To prove Proposition 2, we will firstly consider Dec-POMDPs with H = 1 and then connect the 1-step Dec-POMDP with
Dec-POMDPs that have I-step delayed sharing. We will show the reduction from Team Decision Problem (Tsitsiklis &
Athans, 1985):

Problem 1 (Team Decision Problem). Given finite sets ), V,, U;, U,, a rational probability function p : }; x YV, — Q and
an integer cost function ¢ : J; x V, x Uy x U, — IN, find decision rules y; : V; — U;,i = 1,2, which minimize the expected
cost:

J(yi.v2) = Z Z c(¥1,¥2,71(01), 72(¥2)p(¥1, ¥2)-
V1€Y1 126V,

Proposition 5. Without any information sharing, computing jointly team optimal policies in Dec-POMDP with H =1,
n=2is NP-hard.

Proof. We can notice that the team decision problem is quite similar as our two-agent one-step Dec-POMDP. The only
difference in Dec-POMDP is that the joint observations are sampled given the initial state, which is again sampled from p;.
Now we will show how to reduce the team decision problem to a Dec-POMDP. For any team decision problem, we can
construct the following Dec-POMDP:

e A;=U;,i=1,2
0, =), U(VixU;),i=1,2
e S=0;x0,

* O(0qp,02115n) =1if s, = (01,1,0,,p), else 0, for h € {1,2}.
* 12(01,2,02,2) = —c(v1,V2,a1,a;), where 01 5 = (v1,41) and 05 5 = (v, 4;). We also define r; = 0.

* p1(s1) = p(y1,92), where s; = (1,35)
e Ty(syls1,a1,a;) = 1if sy = (s,ay,a;).

Based on the construction, computing the optimal policies (7'(’1* 1 7'(’2* 1) under the no-sharing structures in the reduced

Dec-POMDP problem will give us the optimal policies (¥},73) in the original team decision problem. Concretely,
Vi) = ”?,1 (0;,1), where 0; 1 = ;. Given the NP-hardness of the team decision problem shown in (Tsitsiklis & Athans,
1985), solving the corresponding Dec-POMDP without information sharing is also NP-hard. O

This result immediately implies the hardness of Dec-POMDPs with 1-step delayed sharing structure:

Proposition 6. With 1-step delayed information-sharing structure, computing jointly team optimal policies in Dec-POMDPs
with n = 2 is at least NP-hard.

Proof. Since there exists 1-step delay for the common information to be shared, when the Dec-POMDPs have only 1-step,
there is no shared common information among agents. Therefore, based on Proposition 5, which concerns exactly such a
case, computing joint optimal policies in Dec-POMDPs with n = 2 is also at least NP-hard. O

Finally, we are ready to prove Proposition 2.

Proof. Similar to the proof of Proposition 6, it suffices to show that the proposition holds for Dec-POMDPs, with H = 1
and without information sharing. Note in the proof of Proposition 5, the constructed Dec-POMDPs has the state space
defined as the joint observation space (the Cartesian product of the individual observation space), the observation emission
is actually a one-to-one mapping from state space to joint observation space. Correspondingly, Oy, is indeed an identity
matrix. Therefore, we have ”(D;b - (D;b’”1 =||b—b’||y, for any b, b’ € A(S), verifying that y = 1. O

Now let us restate and prove our hardness results regarding NE/CE/CCE in Proposition 3 as the following two propositions.

Proposition 7. For zero-sum or cooperative POSGs with any kind of information-sharing structure (including the fully-
sharing structure), computing e-NE/CE/CCE is PSPACE-hard.

25



Partially Observable Multi-agent RL with (Quasi-)Efficiency: The Blessing of Information Sharing

Proof. The proof leverages the known results of the hardness of solving POMDPs. Given any instance of POMDPs, one
could add a dummy player with only one dummy observation and one available action, which does not affect the transition,
and use any desired information-sharing strategy. Since this dummy player only has one action and therefore it has only one
policy. And the reward could be identical to the original player for cooperative games or the opposite of that for zero-sum
games. Therefore, e-NE/CE/CCE in this constructed POSGs with desired information-sharing strategy gives the e-optimal
policy in the original POMDP. Given the known PSPACE-hardness of POMDPs (Papadimitriou & Tsitsiklis, 1987;
Lusena et al., 2001), we conclude our proof. O

Proposition 8. For zero-sum or cooperative POSGs satisfying Assumption 2 without information sharing, computing
e-NE/CE/CCE is PSPACE-hard.

Proof. Similar to the proof of Proposition 7, given any instance of POMDPs, we could add a dummy player with only one
available action, and the observation of the dummy player is exactly the underlying state. Formally, given an instance of
POMDP P = (S7, A?,07, {Of}he[HH]; {"Jlf}he[HH], rP), we construct the POSG G as follows:

«S=87.

M ./41 = AP, and Az = {(Z)}

A 01 = OP, and 02 = SP.

e Forany he [H+1], 01, €Oy, 05, € Oy, 55 €8S, it holds that

O (ornlsn)  if 02 = sy
On(o1,m02nlsn) =4 " -
0 otherwise ,
e Forany he [H+1],a;, € Ay, ay, € Ay, sp,5p41 €8S, it holds that Ty, (sp1 |Sp, a1 5, a2,) = "ll"zl)(shﬂ |Sn,a1,1)-
e Forany h € [H+1], 01, € O1, 0y € O,, it holds that ry (01 ,025) = rf(ol,h), and r, = rq for cooperative games and
r, = —r; for zero-sum games.

Now we are ready to verify that the joint observation emission satisfies Assumption 2 with y = 1. Consider any b, b’ € A(S),
denote b — b’ = (6;)]_g as the column vector. For any 1 € [H + 1], it holds that

IOF (b= = ) 1) Oulormorls)sl= ) 104(014102)30,,1 = ) 180, 1= 1b=1'l]

01,h,02,n SES 01,h,02,1 02,

which verifies that » = 1 for our constructed POSG. Computing e-NE/CE/CCE in such a 1-observable POSG immediately
gives us the e-optimal policy in the original POMDP. Furthermore, note that 7 < 1 for any possible emission, therefore, the
conclusion also holds for any y-observable POSG, which proves our conclusion. O

Finally, we provide the proof for Lemma 1.

Proof. Fix any h € [H + 1]. If each player has perfect recall, then it holds that for any joint history (a;,05,::-,0;) €
O"1 x AF=1 there exists some cj, € Cj, and py, € P, such that (cj, pj,) = (a1,05,-++,aj,_1,0p,). Therefore, we conclude that
O"-1 x Ah=1 C ¢, x P,, implying that C, B, > (OA)"1. O

E.2. Common information-based value iteration for POSGs

Similar to the value iteration algorithm in Markov games (Shapley, 1953), which solves a normal-form game at each step,
we utilize a similar value iteration framework. However, it is not really possible to utilize the structure in Equation (2.4)

to perform backward induction since {H’Z“”‘l’g (Sh» Pl cn)}ne[r) has dependency on the past policies 7;.;,_; . Therefore, to

compute 77}, one not only needs to know 77} |, but also 7t} | because of the dependence of IPZ”"I’Q on 771.;,_; . However,

with Assumption 3, we can actually avoid the dependency on past policies and have

v

G _ ) ,G
‘/i,h (Ch) - IE{wj,h}je[n]IEsh,ph~ng(~,- | L‘h)IE{“j,h"nj,h('I“’j,hrch;Pj,h)}jE[n]EOh+1"‘®ZHTh('|Sh,ﬁh) [rl,h+1 (0h+1 ) + ih+1 (Ch+1 )]

With Assumption 3, we are ready to present our Algorithm 1.

26



Partially Observable Multi-agent RL with (Quasi-)Efficiency: The Blessing of Information Sharing

Now we will discuss the three equilibrium or best response (BR) subroutines we consider, where NE or NE-BR is used for
zero-sum or cooperative games, and CE/CCE (or CE/CCE-BR) is used for general-sum games for computation tractability.
To find efficient implementation for these subroutines, we need the following important properties on the prescription-value
function.

Proposition 9. fo (Ch» Y1,hr -+ » Vi) defined in Algorithm 1 is linear with respect to each y; ;. More specifically, we have:

aQ?’Pzg(Ch Vi V)

(E.1)
871 h az h|p1 h)
*,
Z Z]P Sh;Pz P i,h|Ch)7/—i,h(a’,i,hlpii,h) Z ®h+1(0h+1|5;,1+1)1rh(5;,+1|5;’1rah)[ri,h+1(0h+1)+Vi,hil(chﬂ)]-
Shp ih —lh 0h+1’5}’1+1

Proof. The partial derivative can be easily verified by algebraic manipulations and the definition of Q?’hg. From Equation

(E.1), we could notice y;j, does not appear on the RHS, which proves Q’;’hg(ch, Y1k s Van) i8 linear with respect to
Vih- O

With such kind of linear structures, we are ready to introduce how to implement those oracles efficiently.

e The NE subroutine will give us the approximate NE )/’1* W 7’: , Up to some error €., which satisfies:

Qi ew vz max QN (en yin i ,) —€o Vi€ n).
Vin€A(A;)Bh
This NE subroutine will be intractable for general-sum games even with only two players (Daskalakis et al., 2009; Chen
et al., 2009). However, for cooperative games and zero-sum games, this NE subroutine can be implemented efficiently.
At first look, this can be done by formulating it as a normal-form game, where each agent has the corresponding action

space Af’h Howeyver, this could not be tractable since the action space is indeed exponentially large. Fortunately, for
cooperative games and two-player zero-sum games, we could utilize the linear (concave) structure, where y; j, is a
vector of dimension A;P; j, to develop an efficient algorithm to compute €,-NE using standard no-external-regret or
specifically gradient-play algorithms (Daskalakis et al., 2011; Zhang et al., 2021c; Leonardos et al., 2022; Ding et al.,
2022; Mao et al., 2022), which will run in poly(S, A, B}, el—e) time. To further illustrate how we avoid the dependence of

A?'h , we refer to Figure 2. Similarly, the best response (BR) subroutine for NE, NE-BR subroutine will give us the
approximate best response )/l*h for agent i given {y; n}je[u] up to some error €,, which satisfies:

*,G * *,G
Qi (Vi v=ip) 2 max = Q (s Vi V-in) =
)/,-’hEA(A,') b

Its implementation is straightforward by linear programming since Qf’hg is linear with respect to each player’s
prescription.
* The CCE subroutine will give us the approximate CCE {7/;’;, oV, h} _1 Up to some error €,, which satisfy:

T
= (ew ¥l Y5 = max Qe Vim V) — €0 Vi€ [n].
T; zh i,h i,h y,heA(A)’hTZ i,h i ih e

This subroutine can be implemented using standard no-external-regret learning algorithm as in (Gordon et al., 2008;
Daskalakis et al., 2011) with poly(S, A, P, L) time.

Similarly, the CCE-BR subroutine will give us the best response V?h given {7/{ W 7/; h}tT:1 up to some error €,,
which satisfies:

T T

1 *,G * ot 1 *,G t

T ZQi,h (en Vi riin) 2 max T ZQi,h (Ch Vi Vi) =
=1 Vip€AA) T LT

The implementation of CCE-BR is the same as CCE except that only the player 7 runs the no-external-regret algorithm
and other players remain ﬁxed Once we get the sequence {y T } | from the no-external-regret algorithm, we can take

7/1‘ W= T Zt 1 7/1 h since Q h is linear with respect to each player S prescription.
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» The CE subroutine will give us the approximate CE {)/’f’,z, V) h} _1 up to some error €,, which satisfy:

M“’

*,t .
1h Ch’Vzh’V zh >max—ZQ1h Cpy U lhoylh,y_i’h)—ee,\v’le[n].
t=1

Here u; j, = {u; ,p; ,}p; , 18 the strategy modification, where u; j, ., : A; — A; will modify the action a; j, to u; j, . , (a; )
given the private information p; j,. It is easy to see that the composition of u; ;, with any prescription ; j, is equivalent to
(i o yvinainlpin) =2, ain Vi, h(a; u|Pin).- One can verify that u; , o y; , = U - y; ,, for some matrix U €
IRA Pz hXA

ishpi (@
oh (in a block diagonal form) Therefore, the composition of u; ;, and ; j, is indeed a linear transformation.
Now, as long as the function Q¥ ; w(Ch Y1+ Vi) 1s concave with respect to each p; j,, one can run the no-linear-regret

algorithm as in (Gordon et al., 2008) in poly(S, A, Ph, ) time, such that the time-averaged policy will give us the
approximate CE.

The CE-BR subroutine will give us the best strategy modification ”:h given {V{,h' e, yn h} _1 Up to some error €,,
which satisfies:

T T
1 *,G * t t 1 *,G t t
T ZQi,h (€ UlR © Vi Voip) 2 X 5 ZQi,h (Cs tin @ Vi Vi) =
t=1 " t=1

For notational convenience, we shall slightly abuse the notation, writing y;,’f = ufh o yith for any t € [T] and we

assume our CE-BR subroutine returns {u?h o Vz‘th}te[T] instead of u?h. Its implementation still follows that of CE
except that only the agent 7 runs the no-linear-regret algorithm.

E.3. Near optimality of policies with approximate common information

To prove the main theorem, Theorem 2, we will first bound the sub-optimality at each step h through the following two
lemmas.

Lemma 2. Fix the input M and €, > 0 for Algorithm 3. For any h € [H + 1], ¢;, € C};, and 7; € I1;, for computing
approximate NE/CCE, the output of Algorithm 3, 77* satisfies that

7'(,‘X?~,M

Vi T (en) SV, M(cp)+ (H+1-h)e,

Proof. Obviously, the proposition holds for h = H + 1. Note that 7t; does not share the randomness with 77* ;- In other words,
the following w; , is independent of w_; ,. Then, we have that

™M - X, M

o en) = By Bray oo B T 0nan) + Vg 7 (ehia) |G {7110 S ) T (i G )]
<Eo;, Bloj)q ]EM[?ihﬂ(OhH) + Vl el M(en) 1 {70 n (-1 @]y o), T3 (i T )Y + (H = e, (E2)
= Eot Bl Qe 10 i ) T 100G ) + (H = e
< ]Ew;'hIE{wj,h},-E[,,]Q?X?’i'M(Ch'ﬂh(' | @ipr € )y 75 3 (L@ s T ) + (H =+ e (E3)

= VI Mep) +(H=h+1)e,

™,
i,h+1
70 (- | -, Cp,-) is an €,-NE/CCE. o

Equation (E.2) comes from the inductive hypothesis. Equation (E.3) holds since 1% il (ch+1) =V M('c7,+1) and

Lemma 3. For any h € [H], ¢;, € Cy,, and ¢; € O;, for computing approximate CE, the output of Algorithm 3, 77* satisfies
that

LT )oY M
v (e1) <V Micy) + (H=h+ e,
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Proof. Obviously, the proposition holds for h = H + 1. Moreover, we have

VT ) = Bpay o BN oo (0ns) 4 Ve E T M ) G Ay © T 101G T 0B )
< IE{wj,h}jE[n]IEM[’r\i,hﬂ (Ops1) + V, M (i) | T (Dine, © Tl @i €y ) 785, w—z‘,hrau )]+ (H - h)e, (E4)

< IE{wj,h}jE[,l]IEM[ﬁ,hn (Ops1) + Vl a1 Menan) 15, {7 (N i € ), 75 4 (L oy G )] + (H = h)e, (E.5)

= VoMo + (H—h+ e,

Equation (E.4) comes from the inductive hypothesis. Equation (E.5) holds since Ve ) (Ch+1) = \/liJr/lM(’c},Jrl) and

70 (| -, Cp,+) is an €,-CE. O

Now we need the following lemma, showing the difference between the approximate value functions and true value functions
under the same set of policies.

Lemma 4. For any given policy v’ € [18", w € I'l, and h € [H + 1], we have

(H-h+1)(H-h)

E > €.

on) = VM e < (H=h+1)e,

Y
al:h—l!OZ:h"’n/ [l‘/li-lh (

Proof. Obviously, the proposition holds for h = H + 1. Furthermore, we have

: M
IEﬂl;h-l’02:h~71'[|Vi7,Zhg(Ch) - VZI;, (cn)l]
< Eulzh,1,02:h~n’[|1E{wjlh}j€[,l]IEg[ri,h+l(0h+1) L en Artn(-lwjnen g 1 - ]E{wj,h}jE[,,]lEM[Ti,hu(0h+1) [T A1 (- 1wj e )Yy ]
+E /(I (V59 ((en 2ne1))]

~ E
@1:n-1,02:n~T WA @; ) jeln) 2 ~IP (| e (e | 0 o Nizy)

]E{ﬂ’] ntjeln] IEzh+1 ~I[J£’1'Z(. |’C\h:{71j,h(' | wj,h/Chr')};lzl ) [Vi,]’;+l (fens zna1 })]”

Mz, |~
<e+(H- h)IEaljh,l,02:h~n’IE{wj’h}jE[,l]||1Pg(’|Chr{nj,h(’|wj,hfch")}?:1) =[G (e e e )Yyl

M .G
+ IE“l:h’OZ:thl“’("i;h_lrnh:H)[|Vi7,1h+l (Ch+1) = Vi7,1h+1 (en+1)l]
(H-h=1)(H=h)_

<€ +(H-h)e,+(H-h)e, + > z

(H-h)(H-h+1)

<(H-h+1)e, + 2 €5,

which completes the proof. O
Finally, we are ready to prove our main theorem, Theorem 2.

Proof. For computing NE/CCE, we define

=k
M
7f €argmax V, | ()}
;i €ll; i1

Now note that
IE“I h=1,02:~T [
ﬂi’g ™M ™M ™,
= Eayy yogyer [(V,,h (en) = Vi e+ (Vi Mew = Vi Oten)|
it T XT M ™M ™,
< Eayyponre (Vi e = Vi )+ (VM) = VI e[+ (4 1= e,
<2H-h+1)e,+(H-h)(H-h+1)e,+(H—-h+1)e,.
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Let h = 1, and note that ¢; = 0, we get
VT 0) - vIT9(0) < 2He, + He, + He,
By the definition of TC?, we conclude

NE/CCE-gap(7*) < 2He, + H?e, + He,.

For computing CE, define

Now note that

(¢7 o )Or* .G 7
IE¢11:h—1,02:h~71'[Vi,h (cn) — V:(h g(ch)]
(¢7 0T O .G M )
=Eq, 00~ [(Vlh (cn) - Vi,h ) |+ V,nh (cn) — V,nh g(Ch))]
(¢} T )OT,,G (pFoTT O M .
< Bayv00~m [(Vi,h (en) = Vi (Ch)) + (V w7 en) =V, g(ch))] +(H+1-h)e,

<2(H-h+1l)e,+(H-h)(H-h+1)e,+(H-h+1)e,.
Let h = 1, and note that ¢c; = 0, we get

y(PFomOT G

o (0)- V7 9(0) < 2He, + H?¢, + He,.

By the definition of ¢, we conclude
CE-gap(7*) < 2He, + H?e, + He,.

The last step is the analysis of the computation complexity. A major difference with the exact common information setting
is that it is unclear whether there exists efficient NE/CE/CCE subroutines at each step h. However, if M is consistent with

some approximate belief {IPhM’C(sh, PrlCh)ner)> through exactly the same argument as in Proposition 9 with H’g(sh, prlcn)

replaced by IPZM’C(sh, prlch), we conclude the NE subroutine for zero-sum or cooperative games and CE/CCE subroutine for
general-sum games can be implemented efficiently in the computation complexity of poly(S, A, Py, ei) Now computation

complexity of the Algorithm 3 is H maxy, 6h poly(S, A, Py, Ei), where Eh comes from the loop at each step h. O

E.4. Approximate common information with finite memory

Theorem 2 provides a structural result for the optimality of NE/CE/CCE policy computed with approximate common
information in the underlying POSG when the approximate common information satisfies the condition in Definition 5.
However, it is not clear how to construct such approximate common information and how high the induced computational
complexity is. Here we will show when the joint observation is informative enough, specifically satisfying Assumption 2,
we could simply use truncation to compress the common information and the corresponding most recent L steps of history is
indeed a kind of approximate common information. Here we need the following result showing that most recent history
is enough to predict the latent state of the POSG. Here we shall use a slightly stronger argument than (Golowich et al.,
2022b), since we need to allow the policy 7¢” € IT8" to be stochastic while in POMDPs, deterministic policies are enough
for optimal solutions. The proof goes quite similar to that in (Golowich et al., 2022b). Firstly, we shall need the following
important lemmas.

Lemma 5 (Lemma 4.9 in (Golowich et al., 2022b)). Suppose the POSG satisfies Assumption 2, b, b” € A(S) with b < b’,
and fix any h € [H]. Then

]Ey~®;b[\/eXP(D2(Bh(b;yil|Bh(b/;y)))_1}3(1—7/4/240)-\/exp(DZ(Z”b/))_L
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This lemma states that once the emission Oy, satisfies the condition in Assumption 2, the Bayes operator By, is a contraction
in expectation. Since the individual emission ©O; j, does not necessarily satisfy Assumption 2, the individual Bayes operator
B; j, follows a weaker proposition. We first state a more generalized lemma as follows.

Lemma 6. Given two finite domains X, Y, and the conditional probability g(y|x) for x € X,y € Y. Define the posterior
update F1(P;y): A(X) = A(X) for Pe A(X),y € Y as

| _ P(x)q(ylx)
) = P Ty

Then for any 61, 0, € A(X) such that 0; < 95, it holds that

D, (Fi(6¢; Fa(6,; Do (54118
mx%yeq(,lx)\/exp( (o) (z?)))_ls\/exp( 20 2))_1.

Proof. This is a direct consequence from the proof of Lemma 4.9 in (Golowich et al., 2022b) by allowing y = 0 since here
we do not assume any observability on g. [

(E.6)

Corollary 1. Suppose b,b’ € A(S) with b < b’, and fix any h € [H],i € [n]. Then

\/eXp(Dzwi,h(b;yinBi,h<b';y>>)_1 g\/exp(—D2 (Z”b'))_l.

Lemma 7 (Lemma 4.8 in (Golowich et al., 2022b)). Consider probability distributions P, Q. Then

IE;} ~®Ih b

IP - Qlly < 4-+/exp(D,(P[IQ)/4) - 1.

Theorem 10 (Adapted from Theorem 4.7 in (Golowich et al., 2022b)). There is a constant C > 1 so that the following
holds. Suppose that the POSG satisfies Assumption 2 with parameter p. Let € > 0. Fix a policy t” € IT8" and indices
1<h-L<h-1<H.IfL>Cy™* log(%), then the following set of propositions hold

EY o lbn(@in-1,02-1) = By (@h -1, 0n-Lo1n-)llt S €. (E.7)

g
w1109y~ 1OR(@11-1,02:) = By (ap-L.p-1, 0p-L+1:0)ll1 < €. (E.8)
]Eagl:hfl,02:h~n/||bh(a1:h—1»02:h—1r01,h) = by(ap-rn-1,0n-r+1:n-1, 000l < €. (E.9)

Furthermore, for any finite domain Y, conditional probability g(y|s) and the posterior update operator F1 : A(S) — A(S) as
defined in Lemma 6, it holds that

]Eglzh_l,02:h~n’]Ey~q-bh(a1:h,1,02:;1)”Fq(bh(ulsh—lr 02:h);y) - Fq(b;l(ahfL:hflf 0h7L+1:h);y)”1 <e (E.10)

Proof. Let us prove (E.7) first. Note that if 7 — L < 1, then we have by(a1.4-1,02:4-1) = b} (@h—1:-1,0p-r+1:4-1). The
proposition trivially holds. Now let us consider & > L+ 1. Fix some history (a;.;_1-1,02.4—1—1)- We condition on this history
throughout the proof. For 0 < ¢t < L, define the random variables

b1+t = bp_p44 (A1 h-L44-1,02:h—L+1-1) s

7 ’
by rat =0 @ Lh-L-1,On-L+1:h-L+t-1)

Dz(bh—L+t”b;l_L+t)]_1

Y, =4|exp 1
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Then D,(by_|Ib],_,) = log By, Z:E; <log($) since by,_; = b]_, (B) = Unif(S), so we have Y, < \/exp(Dz(bh_LHb;l_L)) <

S. Moreover, for any 0 <t <L -1, we have

E Y = E E

ap—p+¢~70 (|1 L44-1,02:1-L++t)

\/exp ( Dy(Ty—r4¢(@n-r+t)* Bnor4t On-r+6> 0h—L+t N Th—r+¢(ap—r4¢) - BhfLth(b;l_LH; Oh-r+t)) ) _1

A Lh-L+t-Oh-Lt Lh-L+t~TC Ap—Lih-Ltt-1,0h-Lt 1:h-L+t~T

4

7
<F E DZ(Bh—L+t(bh—L+t;0h—L+t)||Bh—L+t(bh_L+t;0h—L+t)) 1
S Bay e poe1v0n- Lo Lo~ oy ~O_, byrie \|SXP 4 -

4
5(1—7/—

240 ) IE“h—L:h—L+t—1’Oh—L+1:h—L+t—1 ~ Yy,

where the second last step comes from the data processing inequality and the last step comes from Lemma 5. By induction
and the choice of L, we have that

]th—L:h—l’ah—L:h—l ~1’4| €XP (E.11)

4

M]—15(1—74)L5

It follows from Lemma 7 that

IEﬂh-L;h—pOh—Ln:h-l~71'||bh - b;l||1 <€
Taking expectation over the history (0j,_.;—1,45-1.,—1) completes the proof of (E.7). Finally, (E.8) follows from (E.11) and
Lemma 5. (E.9) follows from (E.11) and Corollary 1. The (E.10) follows from (E.11) and Lemma 6. ]
Before instantiating our information structure with particular cases, for convenience of our proof, we firstly identify a more

sufficient condition for our Definition 5.

Lemma 8. Given any belief {Il’ﬁ/t’c(sh,phl’c\h)}he[H], assume M is consistent with {H’ﬁ’l’c(sh,phl’c})}he[m. Then it holds that
forany he [H],c;, € Cp, vy €I

P (-lew vi) = PR (16 villy < 1P (- Len) = PR G- 18, (E.12)
IE (7 he1 (0041) | i V] = EM [T (0ne1) 1 Gyl < PG (1L 1) = PV, [0 (E.13)

Proof. Note that

_ _ _ M,
IES[7 1 (0n1) | i Vi) = EM [T pet (0ns1) | G vl < Xlﬂ’i«mﬂ lchs vn) =Py (041 [k, i)l-

Oh+1

Therefore, it suffices to bound }_,, | |]Pg(0hH ek, )/h)—ll’ﬁ/l’o(ohﬂ [ch, ¥l for (E.13). Now, note that for any c¢j, € Cp,, yp, € Iy

Z |1Pg(5h; Shi1s Pho @ Ot | Vi) = PV (S S 12 P A O 1[G V)|

ShPhshsSh+1,0h+1

=) 1P (sn )Ty Y@y TS |5 @) Ot (Ot Isisn )

StyPhs@hsSh+1,0h+1
M,
=P, (s plC)TLE_y 1@ 1Py T (St 15, @) Ot (Ons1 Isna )|
G M,
= Zlﬂ’h(shrphkh)—ﬂ’h “(sn palcn)|-

Sh/Ph
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Finally, since after marginalization, the total variation will not increase, we conclude that

> 1P o L yi) = P (21 [ )|

Zh+1

g M
< Z P} (S1s Sk 1 Phs @ns Ot | €s Vi) = 3 (S St P s 01 [0 Vi),
ShsPhr@hsSh+1,0h+1
E M,
|H)g(0h+l Ichl 7/}1) - lPh 0(0h+1 rc\h, 7/]1)|
Op+1

) g M
< P} (Ss Sk 15 Ps @ns Ot | s Vi) = 3 (S St P s 01 [0 Vi),
ShPhr@hsSh+1,0h+1

which proved the lemma. O

Therefore, in the following discussion, we only need to define ¢, and the corresponding belief

{H’ﬁ/t’c(sh,phl’c})}he[m. The definition of IPZM’Z(zhH (G 1) and BM[7; 41 (0p41)[Ch, vi] will follow from the consistency
(B.3) and (B.4). Furthermore, it suffices to bound IEaljh,l,ozjh~n’||H)g(‘:' cp) — ]PZM’C(', -[ep)ll; since for the following discus-
sion, we have been assuming knowledge of G and can just use true * for 7. Now we will show when the information structure

satisfies our Assumption 3 how we can construct approximate common information with history truncation that satisfies
Definition 5.

One-step delayed information-sharing. For this, the information structure has c; = {a1.4-1,02.5-1}, Pin = {0i n}s 241 =
{op,ap}). Fix L > 0, we define the approximate common information as ¢;, = {aj,_j.;_1,0p—-1+1:5—1}- Furthermore, define

. . .. . M,c
the.commo.n 1nf9rmat10n C(.)I}dmoned belief as Py, (sp,, pulcy) = b}, (an-r:n—1, Op-r:n-1)(51)On(0plsy). Now we are ready to
verify that it satisfies Definition 5.

* Obviously, it satisfies condition (5.1).
* Note that for any ¢, € Cj,:

P50 Ten) =Py (- Gl

= Z|bh(a1:h—1’02:h—1)(Sh)®h(0h|5h) = b (ap_r:5-1, On-L+1:1-1) (1) On(0plsp)]
Shs0p

= lbp(a1:n-1,02:0-1) = by (@n_r:n-1, 0n—r+1:1-1)ll1 -

Therefore, by setting L > Cy~* log(%), according to Equation (E.7) in Theorem E.4, we conclude that for any
7’ 18" he [H]:

/\/1, —
E P (L) =P (- [ Gl

a1:h-1,02:
/

< ]Ealzh,l,02:h~n’l|bh(u1:h71r02:h71) - bh(ah—L:h—l: op-r+1:h-1)lh < €.
Therefore, conditions (5.2), (5.3) are satisfied with €, = €, = €.

Finally, to guarantee 77* is an e-NE/CE/CCE, according to our Theorem 2, one needs L > C )/‘4 log(STH). Formally, we
have the following theorem:

Theorem 11. Let €, > 0. Algorithm 1 given a y-observable POSG of one-step delayed information sharing has time
complexity H (AO)CV?4 log 5 poly(S,A,O,H, %) for some universal constant C > 0.

Proof. 1t is obvious that 6;, = (AO)L and P, = AO, the polynomial dependence on S, H, A, and O comes from computing
IPﬁ/l’C(sh, prlcy) and equilibrium subroutines. O

State controlled by one controller with asymmetric delay sharing. The information structure is given as ¢j, =

{01,200 02,2:h-d,81,1:h-1}s PLE = 0, poy = {02,h-g+1:1}- It is a little tricky to verify Assumption 3 and ]Pg(sh,ph |cp,) can
g

be computed as follows. Denote 7,4 = {a1n-a-1,02n-a}s fo = @ p-an-1bs fo = {01 n-ar1:n}. Now Py (sp,pulen) =
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Y PY(sp, | Shds far fo)PY (Sh—d | Thods far ). Tt is easy to see that H’g(sh,ph |Sh—d» far fo) does not depend on the policy.
For IPY (s;_g | T4, fur f,)- the following holds

P9 (S far fo | Tha)
H?g(sa,d;j%lj;|7h—d)

PY (S| Theds four fi) = 5

Shed

Now note that
PY(sd fr fol Thea) = bra(@1n-a-1,02:0-0)(5h-a)P% (a1 pa | T PO (01 pair |Shar @1 pa) - P01 b | Sh_d A1 pdih1)-

Now let us use the notation P(f, |ss_g4, f,) := H‘leng(oLh_dH |Sh—d» a1 h-d:h—d+t—1)- Then it holds that ):fa P(folsn_ar fa) =
1, which suggests that the notation P(f,|ss_4, fa can be understood as a conditional probability. With such nota-

. by,_4( (fol 4 |- . ;
tion, PY(sy_g| g, fur fo) = T : ﬁhaihafhldozlhojh s ih df Sfilihfd ) = FPCII(by,_g(a1:4-a-1,02:-a); fo)(Sh_a). Finally,

we Compute:
Py (53, il cn) = Z]Pg(shrph |Shds for fo) ETC T (b g(@10 a1, 0203 f) (Shat)-
Sh-d

Now for some fixed L > 0, we construct the approximate common information
€ = {01, hd—L+1:h 02,h-d-L+1:h-d» @1, h-d-L:n—1} and correspondingly.

Py (s pnl @) = ) P (sn pulsn-a fur fo 1PN B)_y(@n-a-rn-a-1 0n-a-Lern-a)i fo)lsn-a)-  (E.14)
Sh—d
To verify Definition 5:

* Obviously, it satisfies the condition (5.1).
* For any ¢, € Cy,, it holds that

[ ACRIAES A R 31
< NEPCHS(by_g(arpa 1, 00-a); fo) = EPU () san-a rn-a—1r0n-a—rirn-a)i fo)lli-

Finally, for any policy 7’ € TT8" taking expectations over tj,_g, f,, f,,» we conclude that as long as L > Cy~*log %, we
conclude that

EY NPT (- len) =P (- [E)l < e

A1:h-1,02:p~TC

Finally, to guarantee 7* is €-NE/CE/CCE, according to Theorem 2, one needs L > Cy~ 4log( ). Formally, we have the
following theorem:

Theorem 12. Let €,y > 0. Algorithm 1 given a y-observable POSG of state controlled by one controller with asymmetric
delay sharing has time complexity H (AO)C“F4 log *¢+d) poly(S,A,0,H, %) for some universal constant C > 0.

Proof. 1t follows from the fact that Ch (AO)L*? and B, < Od The polynomial dependence on S, H, A, and O comes
from computing IPh “(sn, plcy) and the equilibrium subroutines. O

Information sharing with one-directional-one-step delay. For this case, we have
cn = {a1:1-1,02:1-1,01,1} P1n = 0, pay = {02}, and 2,1 = {01 y4+1,02,4,a). Fix L > 0, we construct the approximate
common information as ¢, = {ay_1.5—1,0k-1+1:4-1, 01,4} Furthermore, define the belief as

M,c — O (01,1,02,hIsn)
Py (s, P Ich) = b, (@n_r:n—1, Oh—1+1:1-1, 01,1) (51) P (02 n[s, 01,1,), Where Py, (05 plsp, 01,) = m Now we
are ready to verify that Definition 5 is satisfied.

* Obviously, the condition 5.1 is satisfied.
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* Note that for any ¢, € Cj,:
[ ACHEAES AR CR A
= Z b1 (a1:1-1,02:1-1,01,1) (5n) P (02,nlsh, 01,1)
Sh02,h
— b (an-r:1-1, On-L+1:1-1, 01,1)(51)Pp (02 plsp, 01,1
= ||bh(alzh—1:02:h—lr01,h) - b;,(ah—L:h—lr0h—L+1:h—1'01,h)”1

gen.

Therefore, by setting L > C 7/‘4 log(%), according to (E.9) in Theorem E.4, we conclude that for any 7¢’ € T1

M, —
oy onr P (- L) = P Gy
<K, 1 00p~m1O0(@1:1-1, 0221, 01,1) = b} (@h_L:0-1, Op-L+1:0-1, 01,01 S €.
Therefore, conditions (5.2), (5.3) are satisfied with €, = €, = €.

Finally, to guarantee 77* is an e-NE/CE/CCE, according to Theorem 2, one needs L > C )/_4 log(%). Formally, we have the
following theorem:

Theorem 13. Let €, > 0. Algorithm 1 given a y-observable POSG of information sharing with one-directional-one-step
delay has time complexity H (AO)CV?4 log ¢ poly(S,A,O,H, %) for some universal constant C > 0.

Proof. 1t is obvious that Eh = (AO)L and P, = O,. The polynomial dependence on S, H, A, and O comes from computing
H’;l\/l’c(sh, prlcy) and the equilibrium subroutines. O

Uncontrolled state process with delayed sharing. As long as the state transition does not depend on the actions,
Assumption 3 is satisfied. For convenience we consider the most general d-step delayed sharing information structure,
where d > 0 and not necessarily d = 1 like in the one-step delayed information sharing structure. The information
structure satisfies ¢, = {02.,—4}, pin = {0i n-g+1:1}, and zy1 = {op_441}. Fix a L > 0, the approximate common information

s . e M,
is T, = {Oh—d_+1:4-a}- the corresponding belief is )" (sy, pulch) = L, , by (On-dr+1:h-a) (Sh-a)P§ (S Oh—ts1:nlSh—a)-
Now we are ready to verify Definition 5.

* Obviously, the condition (5.1) is satisfied.
* Note that for any cy:
P, [en) =P (- [
= Z | th—d(02:h—d)(5h—d)1[)g(5h: Oh—d+1:h|Sh—a) — Zb;,_d(oh—d—ul:h—d)(Sh—d)IPg(sw Oh—d+1:lSh—a)l
ShsOh—-d+1:h Sh-d Sh—d
= 1) (Br-a(02:1-a)(51-a) — bj_4(0 1) (Sh-a)) P} (51 O—as 1:nlna)|
h-d(02:n-a)(Sn-d) = b},_;(0h—a—1+1:-a) (Sn-a)) P}, (Shs Op—d+1:hlSn-a
ShsOh—d+1:h Sh-d
<bp-a(02:n-a) = bj,_s(0n-a-r+1:1-a)ll1,

where for the last step, we use Lemma 9. Therefore, by setting L > C 7/‘4 log(%), according to (E.8) in Theorem E.4,
we conclude that for any 7t” € [18:

/v[, —
E PV (L) =P (- [E)lly

a1:h—1,02:h
<Eq, o~ On-d(02:1-q) = b)_y(0n_a_r11:n-a)llh <e€.
This verifies the conditions (5.2), (5.3) with €, = €, = €.

Finally, to guarantee 77* is €-NE/CE/CCE, according to our Theorem 2, one needs L > C y’4 log(STH). Formally, we have
the following theorem:

Theorem 14. Let €, > 0. Algorithm 1 given a y-observable POSG of uncontrolled state process has time complexity
H(O)C7’74 log ° poly(S, A, 04 H, %) for some universal constant C > 0.
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Proof. 1t is obvious that 6;, = O and P, = 0%, The polynomial dependence on S, A, H, and O% comes from computing
lPﬁ/l’c(sh, pulci) and the equilibirum subroutines. O

Symmetric information game. For symmetric information game, it has the following information structure. c; =

{a1.n-1,02.1), pin = 0, and zy,1 = {ap, 0541}, Fix L > 0, we construct the approximate common information as ¢j, =
’

{an_1.h-1,0n—_1+1.1}- Furthermore, we define the belief IPhM’C(sh,ph [ch) = b),(an-r:n-1,0n-r+1:n)(sn). Now we are ready to
verify Definition 5.

* Obviously, it satisfies the condition (5.1).
* Note that for any ¢, € Cj,:

M, —
IIJPf(wlch) =P, (- 1)l = Ibp(@rn-1,02:n) = by (@n-r, -1, 0p-r1:0)ll1-

Therefore, by setting L > Cy~* log(%), according to (E.8) in Theorem E.4, we conclude that for any 7¢” € T18°":

M, — ,
]Ealth,l,02:h~n'||11)g('r|Ch) =P, (- 1)l = Ibr(@rn-1, 02:0) = by (@n-pr -1, 0n-r1:)lh < €.
Therefore, the conditions (5.2) and (5.3) are satisfied with e, = €, = €.

Finally, to guarantee 77* is e-NE/CE/CCE, according to Theorem 2, one needs L > C7/‘4 log(STH). Formally, we have the
following theorem:

Theorem 15. Let €, > 0. Algorithm 1 given a y-observable POSG of symmetric information has time complexity
H(AO)CV_4 log 5 poly(S,A,H, O, %) for some universal constant C > 0.

Proof. 1t is obvious that 6}: = (AO)L and P, = A, the polynomial dependence on S, H, A, and O comes from computing
IPﬁ/l’C(sh, prlcy) and equilibrium subroutines. O

Lemma 9. For any given sequence {x;}!”, and {{yi,j};il}?zl such that Z;-’Zl lvijl =1, Vi€ [m],j€[n]. The following
holds

n m n
Y1) xwijl<) il
j=1 i=1 i=1

Proof. Letx = (x1,-++, %) ", Y; = (1,5, ¥m,j) - and Y = (yy,--+, y,). Therefore, we have

n

m n
1) xiyiil= ) Tyl = IY Tl <Y Tl
j=1 i=1 j=1

Note that ||[Y T||; = ||Y]le = max; Z?:l |vi,j| = 1. Therefore, we conclude by

n m n
LD izl <) il
j=1 i=1 i=1

E.5. Learning with approximate common information

Note for our previous planning algorithm, we have been assuming that we know the true model (transition dynamics and
rewards) of the POSG G, which avoids the issue of strategic explorations. For learning NE/CE/CCE in G, one could treat G
as a (fully-observable) Markov game on the state space of c;,. However, this formulation could be neither computationally or
sample efficient because of the typical large space of common information. Therefore, we have to learn NE/CE/CCE in an
approximation M with the state space of ¢}, in Definition 5. However, the key problem is that we can only sample according
to the model of G instead of M. To circumvent this issue, similar to the idea of (Golowich et al., 2022a), the solution is
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to construct /\7(7‘(1:H) for a sequence of H policies 7' = (re!, ..., %), where 7t;, € I18" for any h € [H| such that the
transition and rewards of M(TCI:H ) at each step h is defined by executing the policy o, Formally, Proposition 1 verifies that
/W(T(I‘H ) can be simulated by executing policies 7 at each step h in G. Therefore, different from a generic M in Definition
5, to which we do not have algorithmic access, such a delicately designed transition dynamic and reward function allow us
to actually simulate M(7c"*H) by executing policies 7e'*H in G.

—

The next question is how to explore the state space {C}ye[+1]- It turns out that when such a state ¢, comes from a sequence
of observations and actions, a uniform policy can be used to explore the state space (Efroni et al., 2022; Uehara et al., 2022).
Formally, define the under-explored set of ¢j, and ¢}, U pj, under some policy 7t as follows.

Definition 14. For each h € [H], C > 0, and a policy 7, define the set C}Sg(rf) - @ as
Cleg (m) := (G € Cy = dgy) (@) < T),
the set V}fg(n) CV,:=Cyx P, as
VI () = {vy € Vi 1 diyf (v) < T,
and the set X}:’g(n) CA)y = Amin{iL} o omin{hL} o
X0 (1) 1= {xy € Xy 1 A (x) < T
where d3 (G) := P19 (@), day (sp) := PR (sp). iy (v) = P9 (wy), and diy (xy) = P9 (xy).

Now we shall relate the under-explored set of ¢}, with the under-explored set of s; for some h’ € [H]. Firstly, define the
under-explored states under some policy 7w as

Uy (1) = (s € S 1 d57(s) < B}

Then the following lemma holds.

Lemma 10. Fix any C > 0,¢ > 0,h € [H]. Consider any policy 7, 7/, such that 7" takes uniformly random actions at each
step from max{h — L, 1} to h, each chosen independently of all previous states, actions, and observations. Then

, A2fofc . ,
AR ) < = 4 A>T dgy (g () (E.15)

Proof. Note that we have for each ¢, € al
i@ = ) diea).
X fo ()=
Therefore, we have

Y d@= ) dip) = ) dyia) = ) duin).

GeC (i) THECY (70') xp i (xn) =T Fulxn)eCio¥ () XpeX 3 (1)

This leads to that

10,6 plow, / 7,G  ylow,, _/ AZIOZC T G g ’
dejy (Ce (10) < dy (A7 (70) < % +1[h>L]- ds,hi%,hi(“ ),
where in the second inequality, we use Lemma 10.4 of (Golowich et al., 2022a). O
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1:H M 1:H —
The next step is to learn the transition and reward IPZM(H )’Z(zh+1 [Ch ), ]P;l\/l(n )70(0h+1 [Th, yu) of the model M(rc!iH),

h h
which is equivalent to IPLZ ’g(zhH@, ¥r) and IPLZ ’g(ohﬂ [ch, i) through executing policies 7' in G. The challenge
here is that although y;, serves as the actions for the approximate game /ﬂ\/lv(nle), it is not possible to enumerate all

possible actions, since y, is indeed continuous, and even if we only consider all the deterministic yy,, the number of

all possible mappings from the private information to the real actions in G is still of the order A% . Therefore, learning
M 1:H
IPZ\A(H )’Z(zhﬂ i, ¥1) by enumerating all possible ¢, and y, is not statistically efficient. To circumvent this issue, note

M(rH ),z —~ g "G
the fact that IP, (21 1€ vi) = Py (201100 Vi) = Lr (pmanonss)=znea Bh - (P @hs On41 1€, 1), and the same
7Zle)

ol

M E . .. h
for IP, ( °. Further, notice the decomposition for IP;I “(Phs ans Ops 1Sy Y1):

h h h
Py (i A1 Oy 1 G Vi) = Py ’g(Ph@)H?:ﬂi,h(ﬂi,h|Pi,h)]PZ 9 (Ops1[Ghr Pir an)-

h /!
Therefore, it suffices to learn IP;II 'g(ph@,yh) and IP;II ’g(0h+1|/c\h, Prr-ay). Formally, the following algorithm learns an

approximation ./\//T(T(l:H ) of Mv(nl:H ). The algorithm for constructing the approximation enjoys the following guarantee.
Before stating the guarantees, based on the evolution, we define {fj,}e[r+1] and {€x}nerr+1] @s mappings that maps the joint
history to common information and private information.

Lemma 11. Fix 61,Cy,Cp,01,0; > 0. Suppose for all he[H], 7 satisfies the pre-conditions of Lemma 10, then as long as
C(maxy, Py+log ) CA(O+logw
0,67 ’ (263

1 -y, the following event & holds:

* Forallhe[H],c, ¢ C};’;Vl (1), we have that

4H maxy, Cp,
ek
Ny > max{ L

} for some sufficiently large constant C, with probability at least

,/T/l\ 1:H - h e
Iy )~ B @l < 61 (E16)
 Forall h e [H], (c;,pp) € Vi"g(nh), ay, € A, we have that

/’\Z 1:H - h —
(1P, e )('|Ch,Ph,ﬂh)—1PZ (16 proan)lly < 6, (E.17)

Proof. We will prove the Equation (E.16) first. Note for any trajectory k of Algorithm 5, the distribution of pllj conditioned
h
on’EZ is exactly P ,g(. |E*h)

C1No

Now consider any ¢, C}logl (7). By Chernoff bound, with probability at least 1 — exp(—=g¢), there are at least GlNo

2
trajectories k € [Ny], such that Compress,( fh(a’f: he1 0]5: 1)) = Ci. By the folklore theorem of learning a discrete probability
distribution (Canonne, 2020), with probability 1 — p’, (E.16) holds as long as

1

C;N, _ C(By+log )
> , E.18

7 2 P (E.18)

1

for some constant C > 1. By a union bound over all possible h € [H], and ¢}, € @, (E.16) holds with probability at least

C1Ny

1—Hm}?x(?hexp(— )—Hmhax(?hp'.

4H max; 6],,
— % andit’s easy to verify that (E.18) holds since Ny > Clmaxy Filog 75,
4H maxy, Gh y v y ' i 0= Cle% .
C is sufficiently large, we have that H max, Cj, exp( —%) < %1. Therefore, we proved that with probability at least 1 — 5—1,

equation (E.16) holds for all # € [H], and ¢}, ¢ C;IO(‘:"I ().

Now set p’ = . Furthermore, as long as

h —_
Similarly, consider any trajectory k, the distribution of 0;,,; conditioned on 'EZ, Pn,ay 1s exactly IPLI 'g(- I<h, pyyan). Now

h
consider any (¢, py) € Ckog(nh) and a;, € A. Now note due to the assumption for 7", it holds that ]PZ ’g('c'}l, Phoan) =

38



Partially Observable Multi-agent RL with (Quasi-)Efficiency: The Blessing of Information Sharing

C1N0 t CzNo

h hg
IP7I ’g(’cz, )P, Pr (uhlAh, pn) = . By Chernoff bound, with probability at least 1- exp( ), there are at leas

tra]ectorles ke [NO] such that Compressh (fu( “1 e 1,0’5 W) = Ch gh(a1 g 1,02 W= ph,ah = ah Agaln with probablhty at
least 1 —p’, (E.17) holds as long as

1
Z:ZJ\JO S (:( O+ 1()%; 257)
2A 9%

’

for some constant C > 1. By a union bound over all possible h € [H], ¢;,, pp, i, (E.17) holds with probability at least

— N, _
1- Hm}?x(ChPh)A exp(-=212) - Hm}?x(ChPh)Ap’.

8A

4Hmaxh(6hph JA

SR E— A , it holds that
4Hmax;,(ChPh) FZG

Hmaxh(ChPh JAexp(— (ZNO) S L and Hmaxh(ChPh)Ap < 4 as long as the constant C is sufficiently large. Therefore,

we conclude that with probablhty atleast 1 — 2 , equation (E.17) holds for all h € [H], ¢}, € Ch. Pn € Py, ay, € A. Finally, by
a union bound, we proved the lemma. O

) CA(O+log
. Then since Ny >

Now we set p’ =

With the previous lemma, the next step is to bound the two important quantity in Definition 5. In the following discussion,
we will use M for M(rc'*H), and M for M(r'H).

Lemma 12. Under the event &5 in Lemma 11, for any h € [H], policy 7 € IT8", reward function 7; ;, : O — [0, 1] for any
i € [n], h e [H + 1], and prescription yy, € I}, it holds that

M\, —
a1h102h~nZ|]P (Zha1 [ Y1) =Py (2t [Cho yi)| <

Zh41
/121: ij
061+2APh(C: +Aphez+%+1[h>u 2. dgfL(ugh ("), (E.19)
EY oo BN 1 (0041) 1 G vi] = BM[F 1 (0n41) 1 G ]l <
Gy 2fOIC1 - e G (g
061+2APhC +AP,0, + —+]l[h>L]~2 dy L(u¢h (). (E.20)
Proof. Note that
?i,h+1 Op+1 ﬁ;yh Ti h+1 (Ons1 Ch» Vh 0h+1 Chy Vh h “(opstlen yu)l-
IEMIT o1 (0ne1) | G ] = EM[F; VGl < Y 1P (0t 18 v) = P (0t [ )

Oh+1

Therefore, to prove (E.20), it suffices to bound }_,, [P} pMo *(0ne1 [ yn) — lPhM’O(ohHI'c\h, ¥1)l- Under the event &1, consider
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any cj, € CIOW (") and y, € T,

Z P (p1s ans 0n41 G Vi) = P (P A 01 [Co V)|

Phsah,O0n+1
_ Il)nh'g Hn . . . I[)Tlh,g —IPH Hn . . . IPMO
= P, (pulck)TT_, vin(ain | pi )Py, "~ (0ns1[Chs Py an) = Py (prlen)TL_, Vi n @i p | pi )Py, (O [ PRy an)|
PhsAhsOh+1
0" v (a: | p: ]p"hrg —IP/TA\
im1Vin(@in | pi )Py~ (palcn) — Py (palch)|+
Phs@h,O0n+1

I vin(ain | pin) Py (Phnz)| (0h+1r7uph’ah) P (0441 [G 1 ap)|

h - - A,
< OlP} 9 (-1G) - PGl + ZJP;; S oalG P} (G pao an) =P G pao an)ly
Ph,8n

h h - A,
<00, + Yoo ) D P palenPy G pro ) =P 1 P )y

h ay
PPy g(Phrh fz oy (pulci)> 2

< 061 + 2Aph% +AP]192,
1

h
where the last inequality comes from the fact that if ¢}, & C]"W (7e") and ]P;I ’g(phlal) > %, then (¢, py) € V;log’z (7). Finally,
for any policy 7t, by taking expectations over ¢y, we conclude that

IEgl h=1,02:4~TC Z ”Pi,M(Ph: Apy Op+1 @f Vh) - IPhM(th Apy Op+1 @1 yh)l

Phs8h,0n+1

<06, +2APhE,—+APh92+2 dii ey (i)

AZLoLC1

SOQI+2APh%+APh92+ [h>L] 2.d%
1

g o
S,h— L(u¢ h— L( )
where the last step comes from Lemma 10. By noticing that after marginalization the total variation will not increase:

oA N _ _
Zﬂl’ (Zhe1 G vi) = Py (2t [ )| < Z P (Prs @1y 01116 Vi) = P (P A 01 G V)|

Zp+1 PhsAh:0h+1
P pMo < PM, —PM,
Py (041 [Ch 1) =P, (0psa [Cy )| < P, (hs ans 01 [, Vi) = Py (P @ny On 116 v,
Oh+1 PhsAhsOn+1
we proved the lemma. O

Finally, we are ready to prove Theorem 8, building the relationship between G and /T/l\(TCIZH ) through /\714(711:H ).

Proof. In the following proof, we will use M for /F\/T(Tcl:H ) and M for J\/;l\(T(l:H ). Note that for er(J\//T,'r'), it holds that
€(M7) = m}?XI}IY;}Z(IEgM,Dazwn|IEg[fi,h+1 (0p1) | € vl = M7 p1 (01 | G |
< mﬁlxmf;}xEglzh_l,ozzhwl]Eg[ri,hu(0h+1) | ¢ ] = EM [T st (01) | G vl

[y _
+mﬁxmf;X1Ealhlo”~n|]E U7 et (0ne1) | 0 vi] = BM[F et (041) [ G ]l

< er(nl' j:) + eapx(nle)r
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where the last step comes from Lemma 12. Similarly, for ez(/\//l\), it holds that

M, —
€(M) = m}?xmaX]Ealh 0sparcllPS L vi) =P (1, yally

Mz, |~
<m’fxmaX1Ealh DorrdPTCen i) =Py (1 vl

M, —
+maxm§}X1Ealh 102h~n”IP “Clew yn) =P, Clew vl

lH) 1:H)

< €,(m + €qpx (T

where the last step again comes from Lemma 12. Therefore, with Lemma 4 and Theorem 2, we proved the Theorem. [

E.6. Learning with finite memory as approximate common information

Until now, we have not considered the relationship between Mv( *H) and G, which will necessarily depend on the choice
of approximate common information ¢j, and 7e"*H . For planning, we have seen how to construct an apLox1mate T, using
finite memory. Similarly, here we will also show how to construct Tj, with finite memory so that M(r'*H) is a good
approximation of G. In the followmg discussions, we shall use another important policy-dependent approximate belief

bh(ah Lih1sOp—L+1:h) i= b (ah Lih1s Oh— L+1h:d3h 1)-We shall need the following important lemmas.

Lemma 13. There is a constant C > 1 so that the following holds. If Assumption 2 holds, then for any €,¢ > 0,L € IN so
that L > Cy~* log(ﬁ), it holds that for any policies 7t € IT, 77’ € T8¢,

]Egm_l,ozwn/ (b (@1:1-1,02:) = Bt (ah-L:n-1,0p-141:8)||, S €+ L[> L]-6-d th( ot ( )
agl:h,l,ozwn' “bh (@1:h-1,02:1-1) —EZ (Ah—L:h—1,On—L+1:h—1 )”1 <e+1[h>L]-6- d§ ;}gL( . L )
IEflzhfl,OZZhNn/ ”bh (a1:1-1,02:1-1,01,1) —gf (ap-r:n-1, 0h—L+1:h—1:01,h)”1 <e+1[h>L]-6 dg th( ¢.h— L )
Furthermore, for any finite domain Y, conditional probability q(y|s), and the posterior update operator F4 : A(S) — A(S)
as defined in Lemma 6, it holds that
]Egl:h_l,02:h~n/]Ey~q-bh(a1;h,1,ozth)”Fq(bh(ul:h—lr02:h)}y) — FU(by(ap—r:n-1,0n-r41:0); V)l < €.
Proof. 1t directly follows from Theorem E.4 and Lemma 12.2 in (Golowich et al., 2022a). O]

Note the lemma shows that if we use the d;f T instead of a Unif(S) as the prior, the approximate belief will suffer from an

additional error term dg/,’ﬁL (Ug oL (Tc)). The following lemma shows there already exists an efficient algorithm for finding
7T to minimize dghg_L (Ug heL (71))

2
and ¢ = % for some constant C > 0. There exists an algorithm
BaSeCAMP with both computation and sample complexity bounded by (OA)Llog(/lg) outputting K = 2HS groups of
policies {r lH]}] |» Where nZ, = Unif(A) for i’ > h-L, j € [K] and rewards {(7})/_, }K

least 1 — B, there is at least one j* € [K] such that for any h >T, policy 7 € 18"

Lemma 14. Given a, > 0, > Cw

. It holds that with probability at

g G h]* a
ot U™ )=

—5* (04
IEgl:h,l,Dl;h'vH'rl’,h(Oh) - rl'rh(oh)l <=

Proof. Tt follows from Theorem 3.1 in (Golowich et al., 2022a). O]

By combining two previous lemmas, we can show the following corollary:
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Corollary 2. Given e, &, >0, L > C%

2
Y and ¢ = oo
BaSeCAMP with both computation and sample complexity bounded by N; = (OA)L log(g—z) outputting K = 2HS groups
of policies {7t }5‘(:1’ where nZ’,J = Unif(A) for b’ > h— L,j € [K]. The following event £, holds with probability at least
1—6,: there is at least one j* € [K] such that for any h > L, policy 7’ € [T8"

for some constant C > 0. There exists an algorithm

~ h, *

bh (alzh—1102:h) - bg ! (ah—L:h—l’ 0h—L+1:h) . <e+ l[h > L] -6 dgj,g_L (ug,h—L (T(h’j ))l

g

a1:p-1,02:p~1

g

a1:p-1,02:5~T

—_~ h,'* ’ e
by (@15-1,0051) = OF * (p_rh-1,0p-L1h-1)|| <e+1[h>L]-6- df;,’f_L (Ugyh_L (ﬂh’] )),
1
~_h,i*

,] /’ ’,*
g by (a1:5-1,02:8-1,01) = by~ (@h—L:h-1,Op-L41:h-1,0ip)|| <€+1[h>L]-6- d};hg_L (Ugrh_L (ﬂh] ))

a1:p-1,02:p~1

Azl g, (") <e,

/\]'*
EJ . onprltin(0n) = rplon)l <e.

log(-L
Proof. Leta = cnzﬂe’ 0, = B, and L > max{C Og;f/’), Clog(HSﬁ/(ay)) }. Combing Lemma 13 and 14 leads to the conclusion.
O

—~ ~ ; P~ — * — i* . .
In the discussion thereafter, we will use M for /\/l(rcl:H’]*) and G for M(r“*HJ™) and Tin for’r;fl , interchangeably. There is
still one issue unsolved, which is that BaSeCAMP does not tell us which j € [K] is the j* we want. Therefore, we have to
evaluate the policies {7*"/ }5-(:1. The policy evaluation and selection algorithm is described in Algorithm 6.

Lemma 15. For Algorithm 6, suppose that the K groups of policies {rc!*FJ }le and K reward functions {(’r‘i])?:1 }5-(:1 satisfy

M :H*
that there exists some j* € [K] such that for any policy 7 € I1, i € [n], we have |Vin1’g((2)) - Vl-nl'M(n ™)
HZ log K?n

2

6—03 for some constant C > 0, then with probability at least 1 — 63, the following event £3 holds

) <e. If

Ny, >C

NE/CE/CCE-gap(r*/) < NE/CE/CCE—gap(rc*’j*) + 6€ + He,.

nixnt;}[f\z(nle,m)m

Proof. For NE/CCE, note that T(?'j " earg max,, V, (@) for m € [K]. By a union bound, with probability
at least 1 — 63, the following event £ holds for any i € [n],j € [K],m € [K]:

. "
IR -VI50) <e,
*,j,m *,j

jm U xn_] LG
RV}

U0 <e.

In the following proof, we will assume the previous event holds. Define mf j = argmax, R{’m. Now we will firstly show

that max,, R?'m approximates the best response of nt’i] . Note that for any i € [n],j € [K]:

*

*,j,m¥ . .
] "’YJ ><7I*'-] g
i

©)-V;i

b4 nf’-j,g jm nixn’:'-j,g
: "7(0)—maxR;" >maxV, ' (0)—€ > —e.
1,1 m 1 T 1,1
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On the other hand,
*, . J] *,j,m *,j
xT_;,G j, X7 G ;xnLG
n}gx Vil (0)- mrngi <maxV,, (0) - max Vil 0)+e€
*,j xjmkj i 1:H, %
X7 ,G 7k M
<maxV,|" 77 (0)-maxV, M )((Z))+2€
T 4 m ’
*, x5 *,j 1:H
xn_:,G . X707, M(7c )
<max V" o) - v M )4 26
1
*,]j *j T 1:H.i*
mxn G X, M(mtd
<maxV, " 7 7(0)-maxV, ( )(@)+2€+H€e
7T 4 7T 4
<3e+He,,

where the second last step comes from Lemma 2 and the last step comes from the fact that the max-operator is non-expansive.

Now we are ready to evaluate 7%/

N : *T *]
NE/CCE-gap(r*) = miaxn}TaX[VﬁX"" “o0)-v; ]'g(o)]
- =
<maxmax| V. ,9(0) —Rl|+e
i s 1,1 1

< max (maxR{’m - Rg +4e + He,.
1 m
Meanwhile for 7%/, we have that

i T

o . *’.j* *,i*
NE/CCE-gap(r*” )=maxmaX[Vﬁm" ’g((b)—Vﬁ] ’g((b)]

i U il

. *'_j* *
> m,axmax(Vn'Xn" ,g(@) -R ] —€

" .
max R? " R; ) - 2e.

2> m_ax(
m

1

Recall the definition of T: argmin; (maxi maxm(R{:’m - R{)), we conclude that NE/CCE-gap(r*) < NE—gap(T(*’j*) +
6€ + He,.

. *,j *j 7 1:H,mym . . .
iOTT; M ’ . i i . .. .
For CE, let (j)f]m € argmaxg, Vl((f o Jom_ M) (@), write n?] "= qb:] "o T(?] for m € [K]. Similarly, by a union

bound, with probability at least 1 — &3, the following event €5 holds for any i € [n],j € [K],m € [K]:

IRl - V90 <e,

*,j, *,j
j mon_l]lg

IR -V 0)| < e.

In the following proof, we will assume the previous event holds. Define mf = argmax,, R{’m. Now we will firstly show

j
that max,, R;'m approximates the best strategy modification with respect to L

7. Note that for any i € [n],j € [K]:

i (¢'0n4*'j )@n*’vj G T:’j’m?’j o™ g
n}Pax (0)- max Rf’m > n};x Viyoh O -V 0)—€e > —e.

i i

*,j *,j
e Neor™! .6
i1
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On the other hand,
oo™l ; o\ *jm %]
n}l)ax Vi((lp,onl Jor; ,9(0) — max R?'m < né)ax Vi(clp,on‘ Jor; ,9(0) — max Vl’nf on_; ,g(@) ‘e
i ’ m i ’ m ’
*j\ jm | kj a1:H
coryor®, , ] M
< né)ax VZ(T o O g(@) —max Vinf oM )((2)) +2e¢
i ’ m ’
< max V((/)"Wi*'j)@“t;j'g(@) - Vn?’jlj*O"t}j'M"l:H'j*)((Z)) +2¢e
b i1 i1
*,j *,j *,j *J gy 1:H,*
ioT; e jom_;Jor_;,M o
< max Y PN () max v DT ) ) 4 oy He,
<3e+He,,

where the second last step comes from Lemma 3 and the last step comes from the fact that the max-operator is non-expansive.
Now we are ready to evaluate 7%/

i ¢

- o\ ~
CE—gap(T[*J) = max max[Vi(’(f’Q"’ Jor_; ’g(w) _ VZE*J,Q(@)]

< maxmax
i i

o) *]A’ =)
(Vi(j)zonl Jor_; g(@) _R;J ‘e
< max (mafo:'m - RD +4e + He,.

1 m

Meanwhile for 7*/, we have that

o (piomror*T" g G
CE-gap(r™") = maxmax Via @ -V 70
o T Ve -
> maxmax| V% 17 ,g(w) -R |-¢
i b i1 i
> max (max Rf*'m - Rf:*) - 2e.
i m

Recall the definition of 7: argmin; (maxi maxm(RZ’m - R{)), we conclude that CE—gap(Tc*'jA) < CE—gap(n*’j*) + 6€ +
He,. O

We put together the entire learning procedure in Algorithm 7. In the following discussion, we will see the sample complexity
of our algorithm instantiated with particular information structures.

One-step delayed information sharing. For this, the information structure has c; = {a1.4-1,02.-1}, Pin = {0i n}s Zn41 =
{op, ap,}. Fix L > 0, we define the approximate common information as ¢}, = {aj_1.4—1,0h_+1:5—1)- For any t"*H it is easy
to verify that

M 1:H

, —_— h, ~_h
P, e )C(Sh'ph|ch) =Py g(Sh,Ph@)ZbZ (@h-L:h-1,On—L+1:h-1)(51)Op(0plsp).
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Meanwhile, =L Therefore, we conclude that if L > C
1-061 — 0, — 03, it holds that

bgh{iﬂ by a union bound, with probability at least

LH,* =y _ Mz =
e (re ) = maxmax B, o, nl B (1o (0n1) | € Vi = B [Tt (0h1) 1 7]

= m}?xry%}?Eglzh_1,02:h~nllEg[ri,h+l(0h+1) | i ] = B9 (7 a1 (0n1) | o vl

_ v _
+ m}?xr?;’-/i(]Egh;,,l,oz;wnlmg[ri,hﬂ (ons1) | e il =BV [T h1 (0n11) | Ch wall

~_hi*

]
<e+ mhaxmaxIEglzh,l,022h~n”bh(a1:h—lr02:h71 )=by " (an-rn-1,0n-Le1:n-1)lh

<2€+mﬁxmax]l[h>L] 6- dSh L(Z/lgh L( h]*)).

1:H,j* M,
e () = maxm;i/x]Ealh D onnrd PEC e i) = Py (e vl

h
= *
< m;xmgxlEfl gy~ 1PR(@1:0-1,02:0-1) = b (@p-L:p-1,Op-L41:8-1)I1

Se+mﬁlxm7§1x]l[h>L] 6- dggL(ug,h—L(ﬂh’j*))'

According to the choice 7! it holds that

maxmax 1[h>L]-6 dg,(f . (Ug’hi (nh’j*)) < 6e.

. _ a _ a _ 72 _ a _

Therefore, for any a,0 > 0, setting € = —200(H+1)2, 0, = 200(H+1)70° Cr = (i, 0, = TOET P Ama B ¢ =
: a¢ a ey’ S _d UEH Y

Min{ se6m T arTor To ) Amag B, P = c7Esssor €e = 00m> 01 = 02 =03 = 3, M(r"H7") is an (e,, €;)-expected-

approximate common information model of G, where €,, ¢, < 200}% This leads to that 777" is a 12?)%‘ -NE/CE/CCE,

(o L:H*
and [V/59(0) - v5 M (o)

<
NE/CE/CCE—gap(Tc*J*) + 9la <
algorithm.

% for any policy 7t € I1 by Lemma 4. By Lemma 15, NE/CE/CCE-gap(7* )
a.

Finally, we are ready to analyze the computation and sample complexity of our

Theorem 16. Let «, 9,y > 0. Algorithm 7 given a - observable POSG of one-step delayed information sharing structure

has time and sample complexity bounded by (AO)Cy *log 52

a-NE/CE/CCE with probability at least 1 — 9.

log for some universal constant C > 0 outputting an

C(maxy, Ph+log CA(O+log M)

s N N
Cl 1 C262 }

4Hmaxh Ch )
o1

Proof. Recall that C;, < (OA)L, P, < O, Ny = max{ ~ (0A) log(1),

H2 1o Kr2 n
and N, = Ce—z‘>3 for some constant C > 0. The total number of samples used is KN + N + (K + nK?)N,. Substituting
the choices of parameters into Ny, N7, and N,, we proved the sample complexity. Furthermore, for time complexity analysis,
since our algorithm only calls the BaseCAMP and our planning algorithm polynomial number of times, time complexity is

-4 SHO
also bounded by (OA)“” log %2 log L. O

State controlled by one controller with asymmetric delay sharing. The information structure is given as cj, =
{01,202, 2:h-d>811:0-1)s P1.h = 0, po = {021—4+1:x}. Fix some L > 0, the approximate common information is con-
structed as €, := {01 p—d—L+1:1> 02, h—d—L+1:h-d» @1,h—d—L:h—1}- Then for any given policy 7 H | following exactly the same
derivation as in (E.14), it holds that
(- 1:H ~
P o pn @) = P 1Pl @) = Y Pk It fu S FP IR BE" (1101, 021-0); o) (Shoa).

Sh-d
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Meanwhile, T=L+d. Therefore, we conclude that if L > C
1- 61 — 62 — 631

W, by a union bound, with probability at least
Y

1:H,j* M7 =
e (T =mﬁxmaxlEagl:h,l,onIIEg[ri,hu(0h+1) | e i) = EM [ a1 (0ns1) 1 G v

—mﬁixrglé;flﬁglh s~ BT 11 (0n41) | € Y] = B9 [T 1 (0n41) | € vl

g — v _
+ m}?X?Q%‘IEulzh,l,OZ:h~n|IEg[ri,h+1 (on+1) L e Yol =B (1 i1 (o) 1Sy vl

P(-|- P(-|-, hi* .
S€+mﬁixmaxlEgl:h_1,oz:h~nllF (1S (b g(arn-g-1,00:1-a); fo) — FF'] f“)(bﬁ_d (Ah—d—L:h-d—1,Oh—d-L+1:h-d); fo)llh

.G G h,j*))
<2e+m}?xmax]l[h>L] 6- dSh L(u(ph L( .

1:H,* /W’
ex(r ] )=mﬁxrpaxEglzh,l,ozzhwllﬂ’g(-|Chr7/h)—H’h “(len ynlh

EY FP(1+fa) . P(-]fa)
<maxm a . . a
}?ch%( Ay lyOZhNn/” (bp-d(a1:n-d-1,02:h-a) fo) = (bh (ah d-L:h—d—1Oh—d-L+1:h-d )3 fo)lln

. 6. 4G G h,j*))
§e+mﬁ1xm7$x]l[h>L] 6- dSh L(u¢h L( .

According to the choice 7‘(1:H’j*, it holds that

T7. 7,6 4 it
m}fxmﬁx]l[h>L] 6- dSh L(U¢h L( ))S6e.

Therefore, for any «,6 > 0, setting € = 0, = —2—~, {p = Clz, 0, =

a a —
200(H+1)2° 200(H+1)20 200(H+1)2Amax, P, G =

ad a _ ey? _ s _ s _ 0 FA(LH*Y
0TI ATTA o0 Too(HT) Amany B P = CZrrssor: € = zoom» 01 = 92 = 03 = 3, M(m ) is an (e, €;)-

expected-approximate common information model of G, where ¢, €, < %.

min{

This leads to that 7" is a
T(’/\’A‘(an i*

12?)‘3 -NE/CE/CCE, and |V ( )= V| , )((Z))l < % for any policy w € Il by Lemma 4. By Lemma 15,
NE/CE/CCE-gap(n ’]) < NE/CE/CCE-gap(m *J )+ 13 a. Finally, we are ready to analyze the computation and

sample complexity of our algorithm.

Theorem 17. Let @, 6, > 0. Algorithm 7 given a y-observable POSG of state controlled by one controller with asymmetric

. . . C(y*log $HO 1 g)
delay sharing has computation and sample complexity bounded by (OA) va

C > 0 outputting an a-NE/CE/CCE with probability at least 1 — 6.

log % for some universal constant

c 4HmaxhCh

— I d (maxy, Py+log 7)

Proof. Recall that C;, < (AO)", P, < (AO)%, Ny = max{ e s
-1Y1

CA(O+log Ml

Cz@% }’ Nl -

~ 210 K2
(OA)L log(b-l—z), and N, = C% for some constant C > 0. The total number of samples used is KNy+N; +(K+1nK?)N,.
Substituting the choices of parameters into Ny, N, and N,, we proved the sample complexity. Furthermore, for time
complexity analysis, since our algorithm only calls the BaseCAMP and our planning algorithm polynomial number of times,
C(y~*log %%d)

time complexity is also bounded by (OA) log %. O

Information sharing with one-directional-one-step delay. For this case, we have
ch ={01,2:102.2:n-1,81:5-1}> P1.h = 0, poy = {021}, and 21 = {01 41,024, a3}. Fix L > 0, we construct the approximate
common information as ¢y, = {01 y_r+1:h 02,h—L+1:h-1, Ah—L:h—1 - FOr any nH it is easy to verify that

(ﬂlZH),C . T(h,g ~T(h
P, (swpnlen) =P, (sp, pulen) = by (01, n-L:10 02 h-L:h—1, Ah—L:1—1) (51)Pr(02,pls1, 01,1),
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Oy,(01,1,02,1I5h)
Z ‘Dh(01 105 plsn)”

union bound, with probablhty at least 1 — 97 — 6, — 03:

Furthermore, T=L. Therefore, we conclude that if L > C

log(HSO/(e
where Pj,(0, plsy, 01,) = 8( = (7))

,bya

LH,j* = _ M —
e T) = mﬁxmaxmghh_l,02:h~n|]Eg[ri,h+1(0h+l) | i i) = BM7 pt (0ns1) | 6o vl

= mleIg%dEal o~ B [ et (0n0) | € ] = B9 (7 a1 (0ns1) | € vl

+ maxmax EY ol BTt (0n1) | e vi] = EM[7 st (0041) | T vl

—~ h/*

]
< €+ maxmax IE%:,,,I,OZ,,WIIbh(al:h_p 02:1-1,01,1) = by " (@n-r:n-1,0n-L+1:n-1, 01,11

S26+m}?xm7?x]1[h>L]‘6 dgg L(L{grhi(nh'j*)).

1:H,j* M
62(7( ! ) m}?xm?/X]Ealh 1 02h~71||1P ( Ich'yh)_lPh z('|Ch:7/h)||1
g T i*
SmaxmaxlE; o pn Abr(a1:8-1,02:0-1,01,0) = b~ (@p-L:n-1, Op-L+1:0-1,01,1) |1

<e+m}?xmax]l[h>L] 6- dSh L(Z/{g’h%(nh,]‘*)).

According to the choice RI:H’j*, it holds that

maxmax 1[h>L]-6 dgg L (Ug’h% (nh’j*)) < 6e.

Therefore, for any a,0 > 0, setting € =

a _ a _ 72 _ a —
200(H+1)2° 0, = 200(H+1)20° Cr =Ly, 02 = 200(H+1)2Amax;, B’ G
. ap a _ ey’ _ s _ —_ 5 A 1:H,'* :
Min S 55 T P AT or Zoo(H+1) Amani By @ = cZisssor: €e = o0m» 01 = 02 = 03 = 3, M(r00 ) is an (e, €;)-expected-

approximate common information model of G, where €,,¢, < 200}%1) This leads to that /" is a 123‘5 -NE/CE/CCE,

M 1:H
and |Vi7,11’g(0) - VZTfM(n ] a for any policy 7t € IT by Lemma 4. By Lemma 15, NE/CE/CCE-gap(r* )

2
I\IIE/ CE/ CCE-gap(Tc*'j*) + 917‘6’ < a. Finally, we are ready to analyze the computation and sample complexity of our
algorithm.

Theorem 18. Let ,9,y > 0. Algorithm 7 given a y-observable POSG of one-directional-one-step delayed information

~41yg SHO
sharing structure has time and sample complexity bounded by (AO)Cy log % log% for some universal constant C > 0
outputting an a-NE/CE/CCE with probability at least 1 — 9.
4Hmaxh Cy 4Hmaxh(6hPhA))

C(maxy, B,+log ) CA(O+log 8 } Nl B (OA)L log(L)
s - 52 ’

167 ! 263

Proof. Recall that Cj, < (OA)L, P, < O, Ny = max{
H?log & K2 2

and N, =C 6—3 for some constant C > 0. The total number of samples used is KNy + Ny + (K +nK<)N,. Substituting

the choices of parameters into N, N, and N,, we proved the sample complexity. Furthermore, for time complexity analysis,

since our algorithm only calls the BaseCAMP and our planning algorithm polynomial number of times, time complexity is

-4 SHO
also bounded by (0A)<7 '8 7« log L. o

Uncontrolled state process with delayed sharing. The information structure satisfies c;, = {0.4-4}, Pin = {0i h—d+1:1)>
and zj,,; = {0,441 ). Fix a L > 0, the approximate common information is j, = {0,_g_r.+1:4_4}. For any policy r"*H it is
easy to verify that
M(r'H),c = G Tl
P, (sw, plen) =Py 7 (sp, pplen) = Zbg_d(Oh—d—L+1:h—d)(sh—d)ﬂ)(shr0h—d+1:h|5h—d)~

Sh-d
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Furthermore, T=L+d. Therefore, we conclude that if L > C
1- 61 — 62 — 631

bgh{iﬂ by a union bound, with probability at least

1:H,j* _ M= -
() = m}?xm?/xEglzh_1,02:h~nllEg[ri,h+l(0h+1) | i ] = EM [T st (01) | G v

—mﬁXIﬁlf%lEm D 0nerd E [T a1 (0n1) | i V) = O[T it (0n01) | e |

+m}?XI}g§X]Ea1h onyrc B [T st (0ns1) | e yn] - EM T e (0n1) G )

—~ ,j*
< €+ maxmax EJ | opmrlPrhoa(02-a) = b1y (0p—a—re1n-a)ll

1. G g hj*
et o)

M,
maxmaxEy .Y (-lcn yu) =Py Clen yally

1:H,j* )
h  TYR

€,4(m

g Frhi®
< mfxm?/x]Eal +vosp~r 1Ph=d(02:1-a) = by (0p-a-r+1:n-2)ll1

— .G G i
<e+maxmaxl[h>L]-6-d., L(%h at ))

According to the choice RI:H’j*, it holds that

Tlo6.d™% (S (whi*
m}?xmﬁx]l[h>L] 6- dSh L(u(ph L( ))<6e.

Therefore, for any «,6 > 0, setting € = 5, 0 = —2%——, (, = Clz, 0, = # C =

__a
200(H+1) 200(H+1)20° 00(H+1)2Amaxy, B’

: agp _ y? _ _a s = ¢, LH,j*\ -
mln{zoo(H+1)2A2L+d)oL+d’400(H+1)2Amathh} ¢ = c2H85504’ € = qoms 01 = 92 = 03 = M ) is an

(e,, €;)-expected-approximate common information model of G, where €,,€, < 200}131—‘11)2. This leads to that 7z*/
is a 12(5)’6‘ -NE/CE/CCE, and |V”g( 0) - VlnlM( ( ) < % for any policy @ by Lemma 4. By Lemma 15,
NE/CE/CCE-gap(n ) ) < NE/CE/CCE-gap(m uwou )+ 555 9 < a. Finally, we are ready to analyze the computation and

sample complexity of our algorithm.

Theorem 19. Let a, 0,y > 0. Algorithm 7 given a y-observable POSG of uncontrolled state process and delayed information

4100 SHO
sharing structure has time and sample complexity bounded by (OA)C(y log %y~ +4)

outputting an «-NE/CE/CCE with probability at least 1 — 0.

log% for some universal constant C > 0

4H maxh Cp, 4H maxy, (Cy Py)A
2 maxy Gy e

C(maxy, Py+log ) CA(O+log

0,67 ’ 263

)

Proof. Recall that C, < OF, P, < O, Ny = max{
H?%lo K2n

and N, = Ce—z‘53 for some constant C > 0. The total number of samples used is KNy + N + (K + 7K ?)N,. Substituting

the choices of parameters into N, N, and N,, we proved the sample complexity. Furthermore, for time complexity analysis,

since our algorithm only calls the BaseCAMP and our planning algorithm polynomial number of times, time complexity is

also bounded by (OA)C( *log %2> log < O

L, Ni = (OA) log(1),

Symmetric information game. For symmetric information game, c, = {01.5,a1.5-1}, pin = 0, and zj,1 = {ap, 041} Fix
L > 0, we construct the approximate common information as ¢j, = {0j,_1 4 1.1, @h_r:h1 ). For any w5 it is easy to verify that

M 1:H , . h' ~ h
P, T s o) =Py 9 (s plch) = by (Ap-r:h-1,On—1+1:1)(S)-
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Meanwhile, =L Therefore, we conclude that if L > C
1- 61 — 62 — 631

bgh{iﬂ by a union bound, with probability at least

1:H,j* = _ M= =
(e 7) = maxmax By, ol B 07t (0ne1) [ €nr ] = B [T e (000) 1 G )

= mﬁXI??/Z(IEgM_I,02:;,~n|]Eg[ri,h+1(0h+1) | ¢ ] = EO[Fi a1 (0n1) | € vl

+ mhaxr};l)a/z(]Eglz;,,l,ozﬂpn|1Eg[,r;,h+1(0h+1) | ¢ vn] = EM[F et (01) | G vl

—_ h,j*
< e+maxmax By, o rllBh(@rnt, 02n) = (@npn-1,Onrrn)ly

us

b1 L(7"77)).

<2€+m};axmax]l[h>L] 6- dSh L(

1:H,j* M,
eZ(n 1 ) maxm%XIEﬂlh 102h~71||1P ( |Ch’7/h)_lph Z(lchlyh)lll

h
<maxmaxIEg Nbp(a.p—1, 0. )—E“h'j*(a h-1,0 )l
AXTOX a1 00 IOH =1, 02:) = D h—L:h—1, Oh—L+1:1)I11
. g g h,j*
Se+m}?xm7?x]l[h>L] 6-dg;_ L(U¢,hfL(n ))
According to the choice 7! it holds that

maxmax 1[h>L]-6 dgg L (Ug’hi (nh’j*)) < 6e.

Therefore, for any «,0 > 0, setting € = 5, 01

@
200(H+1)
& o 0= oo € = b
200(H+1)2A2LOL” 400(H+1)2Amaxy, B, )’ CZH8550%° ©e = 200H°
approximate common information model of G, where €,,€, < & This leads to that 777" is a 12‘3‘6‘ -NE/CE/CCE,

= 200(H+1)%"
G o M) 150
and |V;7(0) - V; )l < 535 for any policy 7w € IT by Lemma 4. By Lemma 15, NE/CE/CCE-gap(r* )

<
NE/CE/CCE—gap(n*rJ*) +Ua o
algorithm.

= o = - a —
~ 200(H+1)20° Gy = Cf, 0y = 200(H+1)2Amax, B’ G =
01=0,=03= %, M(r 0% is an (e,, €,)-expected-

min{

Finally, we are ready to analyze the computation and sample complexity of our

Theorem 20. Let a, 0,y > 0. Algorithm 7 given a y-observable POSG of symmetric information sharing structure has time

—41og SHO
and sample complexity bounded by (AO)C)’ log 4 log% for some universal constant C > 0 outputting an «-NE/CE/CCE
with probability at least 1 — 6.

4H maxh Ch

— I C(maxy, P +log ) CA(O+log w) L .
Proof. Recall that Cj, < (OA)~, P, = 1, Ny = max{ 007 , X 1 1, N; = (OA) log(g),
1 2
H?%lo ﬁ 2
and N, = Ce—3 for some constant C > 0. The total number of samples used is KNy + N + (K +1K?)N,. Substituting

the choices of parameters into N, N1, and N,, we proved the sample complexity. Furthermore, for time complexity analysis,
since our algorithm only calls the BaseCAMP and our planning algorithm polynomial number of times, time complexity is

also bounded by (OA)C( Hlog 52 )log < O
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F. Experimental Details

Implementation details on MPE. We train both state-of-the-art centralized-training algorithm MAPPO and decentralized-
training algorithm IPPO (Yu et al., 2021) with different information sharing mechanisms by varying the information sharing
delay from 0 to co. For the centralized MAPPO, we also adopt parameter sharing when agents are homogenous, which
is reported as important for improved performance. For decentralized IPPO, we do not enforce any coordination during
training among agents. Note that the original algorithm in (Yu et al., 2021) corresponds to the case, where the delay is

d = co.

Implementation details on our approaches. Furthermore, for scalability and compatibility with popular deep RL
algorithms, we fit the transition using neural networks instead of the counting methods adopted in Algorithm 7. For the
planning oracles used in Algorithm 7, we choose to use Q-learning instead of backward-induction style algorithms as in
Algorithm 3, for which we found working very well empirically. Finally, for constructing approximate common information,
we used finite memory with a length of 4. Both our algorithm and baselines are trained with 80000 time steps.
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