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ABSTRACT

Discrete diffusion models are widely used for learning and generating discrete
distributions. As the generation process is inherently sequential, the acceleration
of sampling is of significant importance. In this work, we parallelize the main-
stream T-leaping algorithm for absorbing discrete diffusion in a Continuous-Time
Markov Chain (CTMC) framework. By leveraging the continuous-time stochas-
tic integral form of the 7-leaping algorithm and the Picard iteration method,
we achieve parallel-in-time sampling acceleration. We implement a predictor-
corrector structure based on the Markov chain Monte Carlo (MCMC) method
to control for additional errors and provide a proof of exponential convergence
for our algorithm. We improve the overall time complexity of 7-leaping from
O(d?log? d) to at most O(d3/21og®? d). In practice, our accelerated algorithm
can achieve at most 5 to 8-fold sampling speedup over the traditional time-
sequential 7-leaping with respect to wall-clock time on convex, non-convex, and
high-dimensional discrete distributions. Our research broadens the scope of lever-
aging discrete diffusion models in various challenging areas like molecular struc-
ture generation and Large Language Models (LLMs).

1 INTRODUCTION

Diffusion models over discrete spaces (Austin et al., 2021) have become central to generative model-
ing for categorical data, with increasing impact across applications including molecular design (Vi-
gnac et al., 2022), protein engineering (Gruver et al., 2023), DNA sequence generation under bio-
physical constraints (Sarkar et al., 2024), and high-fidelity generation of text (Zheng et al., 2023),
music (Yang et al., 2023), and images (Lezama et al., 2022).

However, due to the sequential nature of the sampling process, to generate a high-quality sample via
diffusion models often requires a large number of sequential rounds, and sequential evaluation of
the neural network-based score function with expensive time cost (Song et al., 2020). However, the
algorithms underlying the above results are highly sequential and fail to fully exploit contemporary
parallel computing resources such as multi-core central processing units (CPUs) and many-core
graphics processing units (GPUs).

The primary focus of existing parallel sampling algorithms is on parallel-in-tokens (Wu et al., 2025;
Xie et al., 2025). While parallel-in-time algorithms for continuous diffusion models have been ex-
tensively studied (Shih et al., 2023; Anari et al., 2024; Chen et al., 2024a; Zhou & Sugiyama, 2025),
their counterparts for discrete diffusion models remain largely unexplored.. This gap motivates our
investigation into the question:

Whether parallelization can fundamentally accelerate sampling for discrete diffusion models?

In this paper, we make significant progress in both theoretical and practical sides. The key contri-
butions of this work are summarized as follows:

* A fast parallel sampler. We introduce the first parallel-in-time T-leaping algorithm (Cao
et al., 20006) for discrete diffusion inference, namely the Picard 7-leaping method. Our

method has been shown as a fast sampler that reduces the time complexity from (5(032)
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Table 1: Comparisons of our parallel methods and sequential methods for 7-leaping given §2-
accuracy of the score. Here, S denotes the size of vocabulary.

Time Complexity Space Complexity
(Campbell et al., 2022, Theorem 1) o(L) O(d)
(Ren et al., 2025, Theorem 4.7) O(%) O(d)
(Liang et al., 2025, Theorem 1) O(d;—zs) o(d)
Ours, Theorem 3.1 O(w) O(d*/? 1og!/?(d))

to O(d®/?) with slightly larger space complexity' (See Theorem 3.1). Here, © omits the
logarithmic factors. We summarize the comparison between existing sequential methods
and our results in Table 1.

* Practical parallel sampling via Corrector. We also propose two Markov Chain Monte
Carlo (MCMC)-based correctors designed to address sampling in both simple and complex
scenarios for further mitigating the parallel iteration and discretization error with detailed
convergence analysis (See Section 4).

* Experimental evaluation. Our method achieves substantial improvements in sampling
efficiency over the original sequential algorithm, measured by both the Number of Function
Evaluations (NFE) and wall-clock runtime in experiments (See Section 5).

In Appendix B, we discuss more related works.

2 PRELIMINARIES ON DISCRETE DIFFUSION MODELS

In discrete diffusion models, the forward process is a continuous-time Markov chain (CTMC)
(wt)te[O,T] on a finite state space X. Let p; € AXI denote the law of @; as a column vector.
The forward equation is

% = Q:pt, Q= (Qt(yax))a:’yexa (1)
where Q) is a rate matrix with (i) Q(z,y) > 0 for z # y and (i) Q;(z,z) = — ZWAI Q:(y,x).
We write ét = Q; — diag(Q:) for the off-diagonal part. The time-reversed (backward) process
(fit)te[o,T]’ with %; := #p_,, is again a CTMC with law p, and generator @, satisfying (Kelly,

2011)

dp, 5 o
ditt = Q. by, (2)
where for z 7é Y, Qt(y7x) = g:gzg Qt(m7y)a and Qt(xax) = - Zy’;é:c Qt(y/wr)a and Qt =

Qr_;.

According to Proposition 3.2 in (Ren et al., 2025), discrete diffusion models can also be interpreted
as stochastic integrals with Poisson random measure. The forward process in discrete diffusion
models (1) can thus be represented by the following stochastic integral:

t
T, = x0 + / / vN[A|(dt, dv), 3)
0o JD

where the intensity X is defined as A\ (v, w) = Q, (- (w) + v, 24— (w)) if 2,- (W) + v € X and 0
otherwise. Here, the outcome w € 2 and x;,— denotes the left limit of the cadlag process x; at time
t with zo- = xo. We will also omit the variable w, should it be clear from context.

The backward process in discrete diffusion models (2) can also be represented similarly as

t
Yt = Yo +/ /DVN[;L}(ds,du), 4)
0

"'We note, in this paper, that the space complexity refers to the number of words (Cohen-Addad et al., 2023)
instead of the number of bits (Goldreich, 2008) to denote the approximate required storage.
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where the intensity p is defined as

pe(v,0) = 5 (Yo, Y- +1)Q(Ysm, Ys +v) (5)
if y,— + v € X and 0 otherwise. During inference,
t
Gi=do+ [ [ vNE@sw) ©)
o Jp

is used instead of Equation (4), where the estimated intensity / is defined by replacing the true score
s; with the neural network (NN) estimated score S; in Equation (5).

3 PARALLEL SAMPLING FOR ABSORBING DISCRETE DIFFUSION MODELS

In this section, we introduce the parallel-in-time 7-leaping algorithm for discrete diffusion models
in a CTMC framework. The key idea is to extend the application of Picard iteration (See Appendix
C.2) from the domain of diffusion models in continuous state spaces to the stochastic integral form
of 7-leaping (Cao et al., 20006) in discrete state spaces.

This section is organized as follows. Section 3.1 introduces and details our parallel algorithm based
on Picard iteration. Section 3.2 then states the assumptions and their justifications that are necessary
for the subsequent theoretical analysis. Finally, Section 3.3 presents the main theorem regarding the
algorithm’s error bound and computational complexity, followed by its proof.

3.1 OUR ALGORITHM

Discretization Scheme. In this work, the total time horizon 7T’ is firstly segmented in to N blocks
with the large time grid (¢,),e[o,n],t0 = 0,tx = T. For each block, the time interval [t,, ;1]
is divided into M steps with the small time grid (7, m)nejo,N—1],me[0,M] Tn,0 = tn, and T, 1 =
tn+1. We also define the small step size € = 7,y — T m—1. It is also possible to set M = M,, and
€ = €, for flexible grid when using early stopping.

When describing the standard 7-leaping algorithm with the form in (equation 6), the main update
step in Picard iteration can be described as

m—1

(k+1 ~ ~(k ~0 k
yt(nw?,e =Y, + Z < Z (y' — yt(nl_js) ’ P(Mtn+je(y/|g§"z{-je) ) 6))7 (7
J=0 “y'eX
where g/]t(f)ﬂ-e is the sample state a t = ¢, + je in the k-th Picard iteration. P(ﬂ?nﬂé(y’@ffljé)

is the numerical form of N [ﬁf | |, which denotes the number of jumps from ﬂt(’jl_ je to Y during the
small time interval e. In the block-wise parallel algorithm, the computation for each block starts

from its initial state g;, which is also the terminal value of the last block.

One may notice that such update includes a summation among all possible adjacent states, i.e.
Zy,ex, which would lead to an exponential computation complexity with respect to the data di-
mension d. In practice, the computation cost is controlled at O(Sd) with the vocabulary size S,
using techniques such as dimension factorization (Campbell et al., 2022) and Top-K candidate set
truncation (Ye et al., 2024). Our analysis is also based on such settings.

The Picard method transforms the dependence on the previous time step in the 7-leaping process
into a dependence on the entire trajectory of the previous iteration. The state of the new trajectory at
time point ¢,, + me is equal to the initial state of the block 7, plus the sum of all jump vectors from
j = 0to 7 = m — 1 in the last iteration which is fully known, therefore the calculation of jump for
all time steps within a block can be fully parallelized with cumulative sum operation using parallel
prefix sum algorithm, eliminating the need for a sequential loop. The overall computation process is
summarized in Algorithm 1.

One may notice that there is an optional corrector added after computing one block. Such a module
can compensate for the additional error introduced by the Picard iteration for a minor increase in the
number of function evaluations (NFE). This, in turn, relaxes the constraints on the parameters of the
parallel algorithm, such as the number of blocks N or small intervals M. A more detailed analysis
will be presented in Section 4. It is important to note that the following analysis in Section 3.3 will
focus exclusively on the parallel 7-leaping method itself without considering the corrector.
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Algorithm 1: Parallel 7-Leaping Algorithm for Discrete Diffusion Model Sampling

Input : gy ~ qo, large time grid (t,,),e[o,n] With tg = 0,y = T — £, small time grid
(Tn,m)nelo,N—1],me[0,n] With 7 0 = tpn, T ar = t,4 1 and small step size
€ = Tn,m+1 — Tn,m; Picard depth K,; intensity ﬁf ; score estimate Ef; fixed random
seeds.

Output: A sample y;,, ~ Gty -

forn=0ton=N —1do

Initial Guess: @\gg)_s_me <« O, forallm € [0, M]

for k =0to K, — 1do

for j = 0to M — 1 Parallel do
P ~ ~(k)
B T ()

Jj,y’ ~ P(ﬁj (y ) ) for all y/ € Xnez’ghbor
~(k) ~(k
Ay; = Zy’exneignbm- (y/ - ytnlje) ’ ijU'

end
for m = 1 to M Parallel do
@\gkize — yt + Z 4k)
end
end

~(Kp)
yt'n+l — yt +Me

Ynt1 + Corrector(yy, .., s7) (Optional)

end

3.2 ASSUMPTION

We first list the assumptions that will be used in the subsequent analysis and proofs, which mainly
follows the settings in (Ren et al., 2025) due to the shared CTMC and stochastic integral frame-
works. These assumptions align with those established in previous theoretical works, such as those
described by (Ren et al., 2025).

Assumption 3.1 (Bounded Score and Rate Matrix). The true score function s¢(x,y), learned
score function 57 (x, y), and the symmetric time-homogeneous rate matrix () satisfy:

() 8¢ (2,y) € [ms, M) and s¢(x,y) <1V E7, for Vr,y € X, ¢ >0, and a constant y € [0,1).

(i) Q(z,y) < Cand |Q(z,z)| = | —>_, ., Q(z,y)| < D forVa,y € X, ¢ > 0 and some constants
C,D > 0.

(iil) p(Q) as the modified log-Sobolev constant of @) has a lower,bound p > 0.

Assumption 3.2 (Score Estimation Accuracy). The neural network 5? () learned the true score
s¢(x¢, t) with §-accuracy, which is described as

N—1 5t6 (ze,,y)\ ~ ~ )
E —_tE K| Ztn\TinrJ) <
n=0 (tn-‘,-l tn) |:/X (/S\tn (mtna y) > Sty ('rtn’ y)Q('/Etn ) y)V(dy) = o ’

where K = x — 1 — log x and @ denotes the matrix () with the diagonal elements set to zero.
Assumption 3.3 (Continuity of Score Function). For any ¢ > 0 and y € X such that Q(z;-,y) >

0, we have
‘uﬁ(y)‘ _ | pela-)@ae, )
11 (y) pe(2) Qw4 y)
for some exponent v € [0,1) and ¢T, ¢~ denotes the right and left limits.

Remark 3.1. For simplicity, we do not consider the early-stopping in our framework, which requires
v < 1 according to Proposition C.5 in (Ren et al., 2025).

Assumption 3.4 (Lipschitz Continuity). Given the learned intensity function 1f(y|z) =

(2, y)Q(z, y) and the small step size €, for Va1, 25 € X, the following Lipschitz condition with
respect to the Poisson expectation holds:

Y E(P@E!W |e1) - €) = P(A{ (' |22) - €)%] < (Lye)® (|1 — .

y'eX

1‘§1vw,
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Assumption 3.4 is newly introduced which plays an important role in deriving the convergence of
Picard iteration as shown in (Anari et al., 2024; Chen et al., 2024a; Zhou & Sugiyama, 2025). Since
the intensity function is constructed by the learned score and the non-diagonal rate of the forward
process (Ren et al., 2025), and both two components have continuity or bounded properties based
on Section 2 and Assumption 3.3, the setting could be reasonable.

3.3 THEORETICAL GUARANTEES

Next, we provide an approximated error bound of our algorithm without correctors.

Theorem 3.1 (Theoretical Guarantees for Parallel 7-Leaping). Under the assumptions above in
this section, the Picard T-leaping algorithm (Algorithm 1) achieves the following approximation

error bound:
Drcr(polldr) < e log |X| + + CKrpoly(D)
—— ~——

parallization error

2 -—=2
1) + D €T
N~~~ N——
truncation error  Score estimation error  discretized error

with constant C < 1. Furthermore, by choosing parameters of the following order and with assum-
ing D = O(d) (Ren et al., 2025),

T = O(log(dd~2)), e=0(6%d 2log ' (d672)), K, = O(log(dd~?)),
h=0O(6d~%?1log~?(d672)), N =T/h= 0 (d*?1og”?(ds~2))),

the algorithm achieves NK = O(671d3/210g”/%(d6~2)) = O(61d3/?) approximate time com-
plexity and dM = dh/e = O(6~1d3/? log'/?(d6—2)) space complexity.

The meaning of notations is shown in Algorithm 1. Compared with the sequential 7-leaping, our
parallel algorithm improves the approximate time complexity from O(d?) to O(d>/?) with the cost
of increasing O(d'/? log!/ %(d)) space complexity. The proof can be found in Appendix D.

The main obstacle to improving the parallel complexity to poly log(d) is that even under Lipschitz
condition (Assumption 3.4), ensuring convergence of the Picard iteration requires the length of time
slice scales as §/(d%/2L,) rather than 1/L, in continuous case where L,, denotes the smoothness of
the intensity.

Remark 3.2 (Practical choices of the depth). Following the practical settings of Picard-based
parallel algorithms in continuous diffusion models (Shih et al., 2023), one may choose depth from
2 to 12 depending on the complexity of the problem and See Section 5.1.1 for experimental results.

4 PARALLEL SAMPLING WITH CORRECTORS

Although Theorem 3.1 provides an error bound for the parallel sampling algorithm, the block width
h cannot achieve O(1) with respect to d. Consequently, in practical applications, the selection of the
width or the number of parallel steps is more restricted compared to parallel continuous diffusion
(Chen et al., 2024a). To address this limitation, in this section, we propose two MCMC-based
Plug-and-Play correctors to refine the generated distribution after the parallel algorithm completes
the computation of a block. We provide a general error analysis of the corrector described in the
following theorem.

Theorem 4.1 (Error Control of the MCMC Corrector). Suppose D, is the true target distribution
derived from the forward process, and Gy, is the generated distribution from our predictor-corrector
algorithm 2 and 3. The MCMC-based corrector with stationary distribution p;_ ., described has the
following rate of error control:

Epi1 =TV (GprrsProy) < Y(Bn + Ap) + Ao, (8)

where Py, is the the true distribution and @z, is the generated distribution at time t,,. A\, denotes the
discretization error from the predictor, A, is the corrector approximation error from learned score,
v < 1 is the contraction coefficient related to the conductance of the problem, and K . is the number
of corrector steps.

n+1

The proof is demonstrated in Appendix E.1.
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Remark 4.1 (Comparison with Theorem 3.1). Since the theoretical guarantees analyzed in Theo-
rem 3.1 do not take the corrector into consideration, the error analysis in Theorem 4.1 is independent
to the analysis in Theorem 3.1. However, based on the experimental results in Section 5, we believe
that the condition and bound in Theorem 3.1 could be relaxed and improved after adding correctors
to the proof framework,which will be explored in future work.

4.1 METROPOLIS-HASTINGS CORRECTOR

We first introduce a Metropolis—Hastings Algorithm-based MCMC corrector with symmetric pro-
posal distribution for experiments in the next section. The computation framework is summarized
in Algorithm 2.

Algorithm 2: Metropolis—Hastings Algorithm as Corrector (Correctormu (¢, , , 57))

Input : Sample from the predictor ypreda = Yt,,, 1>
symmetric proposal distribution Q(3'|y) = Q(y|y’), score estimate 5.

Output: Corrected sample 7;, ., ,
Initialization: Yeyrrent 4 Ypred
for k =0to K. do

Yproposed ™~ Q(y/‘ycurrent)

A < min (1, §?ﬂ - (Yeurrents yproposcd))

u ~ Unif ([0, 1])

if u < A then

| Yeurrent — Yproposed
end

end

Given the output of the predictor after one block sampling y;,, ., = ﬂf(szm = Ypred, the corrector

runs a short, serial Metropolis-Hastings (MH) MCMC process using p;,, , ,, the true distribution at
tn+1, as the stationary distribution. The MH corrector accepts or rejects new proposed states accord-
ing to the probability distribution at the current timestep ¢,,4.1 provided by the learned score function.
This process pulls y;,,, from potentially low-probability regions back into high-probability ones,
effectively correcting the error.

Lemma 4.1 (Acceptance rate with symmetric proposal distributions). Given the estimated score
5% with the symmetric proposal distribution Q(y'|y) = Q(y|y’), the acceptance rate of changing
from y to y the Metropolis-Hastings MCMC corrector can be approximated as

AY'ly) ~ min(1,5¢ (y, /), 9)

The lemma above can be easily proved according to the definition of acceptance rate and symmetric
proposal distributions ):

Al =min (12650010 ) = (4 360)

where 7(-) = Py, , is our target stationary distribution. Then, according to the definition of concrete
score in (Lou et al., 2024):

ﬁtn+1 (y/)
ﬁtn+1 (y)

we can naturally use the learned score as the approximated acceptance rate.

= gtn+1 (y7 yl)7

The setting of symmetric proposal works well in low-dimension cases (see Section 5). However it
makes the corrector difficult to work in more complex situations such as language models because
such symmetry does not naturally hold, and the proposal sample requires a uniform sampling in the
entire vocabulary which leads to slow mixture and acceptance rate (Levin & Peres, 2017).
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4.2 Topr-K BARKER CORRECTOR

To adapt the corrector to more complex cases, with the example of absorbing diffusion, we introduce
an MCMC corrector with Uniform Top-K Proposal and Barker Acceptance (Livingstone & Zanella,
2022) in Algorithm 3.

)

Input : Current time ¢, vocabulary V = {1,...,n} ,Zprea = (21,...,24q) € ye,
score estimate §§, candidate count K, subset of positions to correct Z C {1,...,d},
absorbing token M’ € V

Output: Corrected sample 7;,, ,

Create masked copy: & = 2" M) such that 7; < M’ forV € 7
7 80 (x0M) g forVi € I,5 € V
Compute unnormalized log-weights: u; j < logr; ;
for: € 7 do
Sort j € V by u; ; descending and select top K indices as K;
ifa:=z; ¢ K; then
| Replace the last element of /C; by a
end
b~ qi(-), where q;(j) = 1/Ky,j € K;
Aj = Ujp — Ujq
i ¢ Trom =)
u ~ Unif]0, 1]
if U < «; then
end

Algorithm 3: Top-K Barker Algorithm as Corrector (Correctorgarker (¥t,, i1

end

The method uses the network’s outputs to score single-site replacements, but builds proposals in a
MASK-anchored context so that the proposal is independent of the current token.

A Top-K truncation focuses computation on promising candidates, and a uniform or softmax pro-
posal over this set keeps the step cheap while preserving correctness. We use the Barker acceptance,
yielding a smooth decision that satisfies the detailed balance condition. So the corrector provably
leaves the reverse-time marginal invariant rather than introducing a bias. The entire correction round
requires only one network forward for a batch of positions and can be fully parallelized.

Definition 4.1 (Single-Coordinate Barker Kernel). Let z = {x1,...,24} € X be the state, and
X = V¥ be a finite state space with vocabulary V = {1,...,n} and data dimension d. For absorbing
diffusion, we set the mask token as M’. For a position ¢ € {1,...,d} and element (token) j € V,
we denote 2(*7) as the state after replacing x; with j. Suppose the target distribution is 7, : X —
(0,1] with full support. Define u; ;(x) = 5 (x, (" 7)) given a trained score 57 , and an anchor
context () := (i M")  Construct a candidate set Ki(@®) C V of fixed size K}, and define
a proposal distribution ¢;(-|z) supported and uniform on it. We define a single-coordinate Barker
kernel K;(z,z'). Given x, one first sample b ~ ¢;(-|«) and construct 2/ = z(*%), Then accept '
with probability
1

aj(z =) = xp(=Ay)’

A; = U b — Uja,
where a := z; is the current token.

The designed kernel has the property described in Theorem 4.2.

Theorem 4.2 (Invariance of the Top-K Barker Corrector Kernel). Forall i € {1,...,d}, the
Markov kernel K; is ms-reversible and has m; as the stationary distribution satisfying the detailed
balance condition.

() K (2, 2') = (2 ) Ky (2, ). (10)
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See Appendix E.2 for the proof. With the proposition above, Algorithm 3 can then be incorporated
into the error analysis framework of Theorem 4.1.

5 EXPERIMENTS

In this section, we evaluate the performance of our parallel T-leaping algorithm against the sequential
T-leaping algorithm. The evaluation is conducted on four synthetic distributions shown in Table 2,
image generation based on Imagenet, and text generation based on OpenWebText.

5.1 SYNTHETIC EXPERIMENTS

Oracle Models To directly verify the speedup of our parallel 7-leaping algorithm over its se-
quential counterpart, we employ an Oracle Model. This model provides the sampler with perfect,
analytically tractable score information, thereby eliminating approximation errors from the score
network. Consequently, the quality of the final samples serves as a direct measure of the sampling
algorithm’s intrinsic precision and stability.

Controlled Variables The essence of the Parallel-in-time acceleration strategy is to partition the
original total number of serial time steps U into N blocks. The U/N time steps within each block are
then computed through parallel iterations, thereby reducing the total amount of serial computation
and the Number of Function Evaluations (NFE).

For a fair comparison, we fix the number of correction steps K., parallel blocks N, and steps per
block M in each experiment. The sequential baseline algorithm runs for a total of M x N steps,
with a correction applied every M steps. The number of samples is controlled to avoid GPU memory
bottlenecks, and all experiments utilize the Metropolis-Hastings corrector.

We conduct experiments on sampling 4 types of synthetic distributions: Chessboard, Circle, Hyper-
cube, and Embedded Hypercube. The feature and settings of parameters are demonstrated in Table
2. One can check more detailed explanation in Appendix F.

Table 2: Characteristics and Parameter Settings of Experimental Distributions. Runtimes and KL
Divergence for all experiments are averaged over 20 runs.

Distribution Characteristics Dimensions/Grid N M K., Samples

Chessboard Sparse, Multi-modal 8 x 8 40 50 5 8196

Circle Non-Convex, 32 x 32 60 50 8 4096
Connected

Hypercube High-dimension 6-d 100 50 10 2048

Embed-Hypercube ~ -OW-dimension 6din12-d 50 100 8 2048

manifold

5.1.1 PERFORMANCE

Given that the Picard iteration depth K, is a parameter unique to the parallel sampling algorithm,
we evaluate its performance at various £, values against the sequential algorithm. The comparison
is based on three key metrics: Wall-Clock Runtime, NFE, and the KL Divergence of the gener-
ated distribution. Table 3 shows the comprehensive performance comparison across four baseline
distributions.

As can be seen from the table, our parallel predictor-corrector algorithm significantly reduces the
Number of Function Evaluations (NFE) and clock-wall runtime while maintaining high accuracy
across the vast majority of experimental settings. However, we also observe a diminishing marginal
return with a continued increase in the iteration depth K. Furthermore, when the batch size is
large, increasing the number of parallel iteration steps leads to higher data /O and communication
cost. Once the GPU bandwidth bottleneck is reached, the efficiency of the parallel algorithm will
decrease. Therefore, in practical applications, a moderate iteration depth is sufficient.
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Table 3: Performance comparison on four distributions. Top: Performance on Chessboard and Circle
distributions. Bottom: Performance on Hypercube and Embedded Hypercube distributions.

Alg. K Chessboard Circle

g Runtime (s) KL Divergence] NFE Runtime (s) KL Divergence| NFE
Seq. / 243 4+£0.22 0.0021 & 0.0005 2200 3.53+0.05 0.0493 +0.0038 3480
2 0.36 = 0.06 0.0023 +0.0004 280 0.77 £0.09 0.0500 + 0.0023 600
4 0.54 £0.11 0.0021 & 0.0006 360 1.14 +=0.08 0.0498 +0.0047 720
p 6 0.70 £0.07 0.0019 £0.0005 440 1.33 £0.09 0.0495 = 0.0030 840
a g 0.88 =0.07 0.0019 +0.0004 520 1.89+0.06 0.0491 +0.0042 960
10 1.07+0.10 0.0018 +0.0003 600 2.22+0.07 0.0488 +0.0043 1080
12 126 +£0.09 0.0019 £0.0004 680 1.59+0.08 0.0482 + 0.0050 1200

Alg. K Hypercube Embedded Hypercube
! Runtime (s) KL Divergence] NFE Runtime (s) KL Divergence| NFE
Seq. / 3.424+£0.07 1.0287 £0.0263 5400 3.52+0.13 0.1647 +0.0095 6000
2 1.17+£0.06 1.0171 £0.0275 500 099 +£0.03 0.1611 £0.0105 1200
4 2.034+0.10 1.01744+£0.0296 600 1.18 £0.05 0.1582 +0.0103 1400
Par 6 2.88 £20.07 1.0078 0.0404 700 136 +0.05 0.1544 +0.0060 1600
T8 3,70 £0.05 1.0002 +0.0354 800 1.554+0.04 0.1531 +0.0083 1800
10  4.55+0.09 1.0055+0.0271 900 1.774+0.06 0.15524+0.0110 2000
12 542 +£0.06 09982 +0.0252 1000 1.894+0.08 0.1564 4+ 0.0078 2200

5.1.2 ABLATION STUDY

We conducted an analysis to independently and jointly assess the impact of two distinct algorithmic
components—the Predictor and the Corrector—on the final KL divergence on circle and hypercube
distributions. The result in Table 4 shows the importance of both correctors and predictors.

Table 4: Ablation study of KL Divergence under different sampling strategies.

Sampling Strategy KL Divergence |
(Kp, K.) Description Ring Distribution Hypercube Distribution
(0,0) Baseline 1.6076 4+ 0.1551 3.4351 +0.1199
(2,0) Predictor-Only 0,1203 4+ 0.0212 1.2730 4+ 0.0432
(0,1) Corrector-Only 0.1161 4+ 0.0066 0.9388 + 0.0320
(2,1) Predictor + Corrector ~ 0.0628 + 0.0038 0.7360 + 0.0132

5.2 REAL-WORLD DATA EXPERIMENTS

To further test the algorithm’s performance on complex high-dimensional real cases, we have
added experiments on the acceleration effects in image and text generation from the perspective
of the Number of Function Evaluations (NFE). The experiment was conducted on a single NVIDIA
RTX4090 laptop GPU with 16GB memory. More experiments about memory cost and hyperparam-
eter are shown in Appendix F.2.

Table 5: Parameter settings and GPU memory cost for image and text generation.

Tasks  Seq. Memeory Cost Para. Memory Cost M N K,
Text 6.7GB 11.6GB 8 32 2
Image 3.0GB 3.7GB 10 20 2
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5.2.1 IMAGE GENERATION

The experiment utilized a MaskGiT-based score model (Chang et al., 2022; Besnier & Chen, 2023)
pretrained on ImageNet (Deng et al., 2009). We compared the performance of both sequential and
parallel 7-leaping when generating 256 x 256 resolution images and evaluated the The Fréchet
Inception Distance (FID) score based on 10000 samples. The parameter settings are shown in Table
5, and the results are shown in Table 6. Based on the results, when compressing the NFE from 400
to 40, our method still achieves a comparable FID score.

Table 6: Performance of sequential and parallel 7-leaping for image generation.

Imagenet NFE Runtime(s) FID]
Sequential 80 1.92 13.38
Parallel 40 1.43 12.05

Figure 1: Generated samples from the Imagenet experiments.

5.2.2 TEXT GENERATION

The experiment utilized an RADD-based score model (Ou et al., 2024) pretrained on the OpenWeb-
Text dataset (Gokaslan & Cohen, 2019) which has GPT-2-level text generation capabilities (Radford
etal., 2019). We compared the performance of both sequential and parallel 7-leaping when generat-
ing 512-token texts, and evaluated the average generative perplexity score with 1024 samples. The
parameter settings are shown in Table 5, and the results are shown in Table 7. Based on the results,
our method achieved a better average perplexity while reducing the NFE from 128 to 64.

Table 7: Performance of sequential and parallel 7-leaping for text generation.

Language Model NFE Runtime(s) Avg. Perplexity|
Sequential 128 2.84 52.698
Parallel 64 2.36 48.747

6 OUR CONCLUSION

In this work, we propose a parallel-in-time 7-leaping algorithm for discrete diffusion models based
on Picard iteration within the Continuous-Time Markov Chain (CTMC) and stochastic integral
framework. We reduce the time complexity from O(d?) to O(d*/?) and provide proofs for both
computational complexity and error analysis. Furthermore, we introduce MCMC-based predictor-
corrector strategies to effectively control the additional error introduced by parallel computation.
Our method achieves significant acceleration on various synthetic distribution sampling tasks, pro-
viding innovative insights and directions for the future development of discrete diffusion models.

10
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A LLM USAGE STATEMENT

In preparing this manuscript, we used large language models (LLM) solely as a polishing tool to
improve the clarity and readability of the text. The LLM was not used for generating original ideas,
content, or experimental results. All conceptual contributions, analyses, and conclusions presented
in this work are entirely from the authors.

14
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B RELATED WORK

B.1 DISCRETE DIFFUSION MODELS

Masked and Uniformed discrete diffusion models have developed from a wide range of aspects.
Austin et al. (2021) provides foundational formalisms for discrete diffusion—multi-nomial corrup-
tion and structured transition matrices as the absorbing states. Chao et al. (2025) introduce inter-
mediate token states between masked/unmasked to avoid redundant computation when sequences
barely change across steps. Vignac et al. (2022) performs discrete denoising on graphs by nois-
ing/denoising categorical node and edge types. Gu et al. (2022) code sequences with discrete dif-
fusion for text-to-image, improving quality and speed versus auto-regressive token decoders. Gru-
ver et al. (2023) introduces NOS guidance to design protein sequences directly in sequence space,
demonstrating antibody optimization in vitro. Wang et al. (2024) pptimizes discrete diffusion gen-
erators with task rewards to design biomolecular sequences.

B.2 ACCELERATION FOR DISCRETE DIFFUSION SAMPLING

So far, there have been numerous studies on accelerating sampling for discrete diffusion models.
Chen et al. (2024b) replaces the standard Markov chain with a non-Markov schedule to skip steps
and cut the number of network calls without retraining. Sahoo et al. (2025) adapts consistency
distillation to discrete diffusion by constructing the duality connection between continuous and
discrete diffusion. Zhu et al. (2025) proposes a token initialization strategy that injects random-
ness while maintaining similarity to teacher training distribution, achieving one-step distillation of
masked diffusion models. Zheng et al. (2023); Ou et al. (2024) design equivalent reparameterization
of discrete diffusion that yields more effective training and decoding strategies. Wu et al. (2025)
develops confidence-aware parallel decoding to accelerate multi-token sampling while maintaining
accuracy. Zhang (2025) gives a principled choice of discretization schedule for efficient sampling.
Shaul et al. (2024) allows arbitrary discrete probability paths, giving more control to find shorter
or easier trajectories with fewer steps for discrete generation. Zhao et al. (2024) derives a simple
backward denoising formula, enabling exact and accelerated sampling and unifying discrete-time
and continuous-time discrete diffusion.

B.3 PICARD ITERATION

Parallel sampling based on Picard recursions has been applied to various models such as first-order
Markov chains for both Monte Carlo methods (Yu & Dalalyan, 2025; Anari et al., 2024) and contin-
uous generative models (Zhou & Sugiyama, 2024; Shih et al., 2023; Gupta et al., 2024).

C BACKGROUNDS

In this section, we introduce the basic concepts and existing convergence analysis results of discrete
diffusion models in Section 2 and parallel simulation for diffusion model based on Picard iteration
in Section C.2.

C.1 POISSON RANDOM MEASURE

Definition C.1 (Poisson Random Measure). Let (2, 7, P) be a probability space and (X, B, v) be
a measure space satisfying that

/ 1V ] v [yv(dy) < oo,
X

The random measure N (d¢, dy) on RT x X is called a Poisson random measure w.r.t. measure v if
it is a random counting measure satisfying the following properties:

(i) Forany B € Band 0 < s <t, N((s,t] x B) ~P (v(B)(t — 9));

(ii) For any ¢ > 0 and pairwise disjoint sets { B; }ic[n) C B, {Nt(B;) := N((0,t] x B;)}
independent stochastic processes.

i€[n] are
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Definition C.2 (Poisson Random Measure with Evolving Intensity). Let (2, 7,P) be a proba-
bility space and (X, B, v) be a measure space. Suppose A:(y) is a non-negative predictable process
on RT x X x  satisfying that forany 0 < T < T,

T
/ / LV [y V |yl (y)v(dy)dt < oo, as..
o Jx

The random measure N [\](d¢,dy) on RT x X is called a Poisson random measure with evolving
intensity \¢(y) w.r.t. measure v if it is a random counting measure satisfying the following proper-
ties:

(i) Forany B € Band 0 < s < t, N[\]((s, ] x (f I A (y)v(dy dT)

(ii) For any ¢ > 0 and pairwise disjoint sets {B; };c},] C B,
{NA(Bi) == NAJ((0,#] x Bi)}

i€[n]

are independent stochastic processes.

C.2 CONTINUOUS DIFFUSION MODELS AND PICARD ITERATION

In score-based diffusion models, one considers forward process (x¢)c[o,7] in R? governed by the
canonical Ornstein-Uhlenbeck (OU) process (Ledoux, 2000):

1
dz; = —§mtdt +dBy, To ~ qo, t € 10,7, (11)

where qq is the initial distribution over R? and B, is the Brownian Motion. The corresponding
backward process (&) c[o,) in R? follows an SDE defined as

{dit = [1{1—315 + VIOgﬁt(it):l dt + dBt te [O,T],

12
Lo ~ po ~ N (04, I4) (12)

where (-, -) represents the normal distribution over R?. In practice, the score function V log 5, (wt)
is estimated by NN st R? — R?, where 6 is the parameters of NN. The backward process is
approximated by

{dyt = [3y¢ + s (y:)] dt +dB; t€[0,T], (13)

Yo ~ N(0g, Iy).

The main idea of parallelized simulation via Picard iteration is to regroup the discrete grids along
time horizon and update all grids in same group simultaneously (Clenshaw, 1957; Anari et al., 2024;
Zhou & Sugiyama, 2025). Specifically, to approximate the difference =, ,, — x; over time slice

n41
[tn, tnt1] as
tni1 0
2w, = [ sl@)ds 4 VEB,,, - B
tn
Z w;s{ .. (i, 1r,,)+ V2B, — B,
with a discrete grid of M collocation points as Ty, = ¢, 47, 0 < Tty tryy < Thpdry, < 00 <
Tty trnay = Ty, WE update the points in a wave-like fashion, which inherently allows for
parallelization: form’ =1,..., M,
M—1
+1 0
m€n+7—n,7n = mt’n + Z wmstn"l'Tn,i(mfnJFTnnn) + \/ﬁ(Btﬂr—"_Tnvm - Btn)'
m=1

With such regrouping, as long as the total time length of each group scales as O(1/L), the grids will
converge exponentially fast. Given a sufficiently accurate starting point at time ¢,,, the initial error
scales as O(d). Therefore, K = O (log (%)) steps suffice for the convergence of each group and
resulting log d/d times speed-up.
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D MISSING PROOF IN SECTION 3

In this section, we provide the detailed proof about the error bound of Picard-based parallel sam-
pling.

D.1 USEFUL FACTS
Definition D.1 (Mixing Time). We define the mixing time ¢,,;;(€) of the continuous-time Markov

chain with rate matrix @ as the smallest time ¢ such that starting from any initial distribution pg, the
KL divergence Dkp,(p:||7) is less than ¢, i.e.

tmix(€) = inf {t eRy

Dt (i) = Dict. (e~ @po|m) < } .

Theorem D.1 (Truncation Error Theorem C.1 in Ren et al. (2025)). The forward process equa-
tion 1 converges to the uniform distribution po, = 1/|X| exponentially fast in terms of the KL
divergence, i.e.

Dxk1.(pt]|pss) = Dk (pt

1
|X|> < e P log|X],

where |X| is the size of the state space, and t,,;, is the mixing time of the continuous-time Markov
chain corresponding to the rate matrix Q defined in Definition D. 1.

D.2 STOCHASTIC INTEGRAL FORMULATION OF PARALLEL T-LEAPING
Proposition D.1 (Stochastic Integral Formulation of backward process (Ren et al., 2025, Propo-

sition 3.2)). The backward process in discrete diffusion models equation 2 can be represented by
the following stochastic integral:

£, — %o // N[ (dr, dy), (14)

:u‘r(y) = gr(f'r* ) y)éf(f'r* s y)7

where

and X,- denotes the left limit of a cadlag process X; at time t.

Proposition D.2 (Stochastic Integral Formulation of parallel 7-Leaping). In time [t,,, t,+1], for
any k € [K], Ui, +me can be interpreted by following stochastic integral equation:

U =T //y i ON[E( T (dr, dy), (15)

where the evolving intensity ﬁLrJ_l (y) is given by
in which we used the symbol | 7| = min{t,, + le : I € [N]} for 7 € [tn, tnt1).

Proof. Without loss of generality, suppose the time block [t,, t,+1] is uniformly divided into M
small steps with grid (s;);c[0.1), then we have

ot [ [ - TEONGEE

L(t o )/eJ
SR S N A RS R

I.(t_tn)/ej
= Dt D / (y—ﬂfj) NN ((si-1, 8], dy), (16)
x -

i=1

~K
Yt

17



Under review as a conference paper at ICLR 2026

since X is finite, it can be decomposed into the following sum of jumps:

L(t_tn)/éj
=t Y [ (57 NGl

i=1
[(t—tn)/e]
=t 3 3 (- ) N sl )
i—1  yex it
L(t—tn)/e]
S DY (=72 ) PG5 = i) ), an
= yeX
which is exactly the Picard update formula (7) in Section 3.1. O

D.3 DECOMPOSITION OF KL DIVERGENCE
Theorem D.2. Let p.p and Go.1 be the path measures of the backward process with the stochastic

integral formulation equation 14 and the interpolating process equation 15 of T-leaping algorithm,
then it holds that

Dxr1.(Po.71|qo:7) < Dkr(Dol|qo)+E

] <ut<y>log$ﬁy) ) + B >> u<dy>dt],
0 JX M (y)

(18)
where the expectation is taken w.r.t. paths generated by the backward process equation 14.
Proof. By the chain rule of KL divergence, we have
Dk (Po.rl|Go:r) = Drr(Poll@o) + E[Dk L (Po.r||Go:rZo = yo = y)]- (19)

One can rewrite the second term as

—

o~ e dp, - _q [pft
E[Dk r(Po.71Go:7Z0o = yo = y)] = E [log a4 0L | %o = yo = y)] =E [logZTl [M p ” :
OT

where Zr denotes the Change of Measure in Theorem 3.3 in (Ren et al., 2025) with the form of

log Zz / / log - (y) N\|(dr x dy) — /0 t /X (he(y) = DA (r(dy)dr. QD)

Given h =

log <ZT V;lD - /OT/Xlog (’W) N{ul(dt x dy)
- / / (MM ) 1) ps(y)v(dy)di

Eventually, we can compute the expectation as
K1 T =1y =1y
E {logZ;l [“ ” - E / / “log |~ () 4+ ( )—1 pe(dy)dt
I 0o Jx 1t (y) 1 (y)
10 (y) ~K—1 d dt
gAK ) —pe(y) + 1y (y) | v(dy)

M)

O
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Now, the problem remaining is reduced to bound the following discrepancy with G(z;y) =
z(logz —logy) — x,

/ e / ( y) log - (f/()y) pe(y) + BT 1(@/)) v(dy)dt

Hie)
it e (y) .
/ /(um )log S22 — iy (y) + 5 (1)
M(y)

=Ay,
+ G (y); il (W) = Gy (v); 115 (9))
=B,

~K
By ) ~

+ i (y) log AKLl(y) it )+ 1(y)>V(013»/)018;
Pli)

=Cy,,

where A, is the estimation error of score function, B;, measures the discretization error, and C},
measures the error by Picard iteration.

D.4 DISCRETIZATION ERROR AND ESTIMATION ERROR

Proposition D.3 (Discretization error and Estimation Error (Ren et al., 2025)). Foranyn € [N],
we have
T tni1 _
/ / Ay v(dy)ds < 6 and / / B, v(dy)ds < D eh.
0 JX tn X

D.5 CONVERGENCE OF PICARD ITERATION

Proposition D.4 (Convergence of Picard iteration). By taking h = me = O(=3), for any
n€[N],je[K],yeXandt € [t,,tnt1] we have

J_ ~K—j—1 K—j—1  ~K—j—2
L L N ] it |
with some constant C' € (0,1).
Proof. The update step inside the block is as follows:
m—1
R G Z Agf)
where
(K k . k
AT =3 = B e) - Numjump? ('), Numjump(® (y') ~ P(Ef, (' 5 s0) - ©)-

y'eX
Suppose the state difference between iteration k + 1 and & in block n at time t¢,, + me is defined as

~(k+1 ~(k
6k+1(m) = yt(n+nze yg )+m67

such difference can also be considered as the difference of accumulated jump:

m—1

ex(m) = 3 (Ag" - agl).

j=0
Take square norm on both sides and use Cauchy-Schwarz Inequality, we have

m—1

> (83 - 23" H]<m2 o = a0

Jj=0

Eflex(m) 2] = E[
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Now we split the difference between two total jump vectors by using || A + B||? < 2||A||% +2||B||*:

2 i g

[HM’“) A ] < 21E[ > = 55 (NumJump{ (') — NumJump{* ()
y'eX N

I

-

1 9E (i/g\j(.kfl) _ /y\](k)) Z NumJumpEkfl) (y/)
y'eX -

Iy

For the first term, from the Cauchy-Schwarz Inequality, we have:

~(k k—1

1< XIS E[lly = 5712 - (Numdump (') - NumdJump(*~ (/)2
y'eX
We define RE = max |21 — x2]|? as the scale of the state space. From the Lipschitz Continuity
T1,T2€
in Assumption 3.4, we have
~(k)  ~(k—1
L < %] - B - (LuoEN155Y — 511

For the second, we utilize the Law of total expectation to decompose the form as:

2
I, = E E[ ﬁj(k Y g//\] (Z NumJumpS( D(y’)) gycl)’gj(_k)ﬂ
y'ex
2 2
= E ﬂ;kil) —@é’“) ]EK > NumJumpgkl)(y/)> gj(kl)” 22)
y'ex

For the inner expectation, the sum of NumJump is also the sum of independent Poisson variables,
which is still a Poisson variable. Thus we have

k—1 ~(k—1 ~(k—1)
Motar = Y E[NumJump{* V()5 = 7 (/13
y'eX y’'eX
According to the assumption of rate matrix regularization and bounded score, we have

S uwE Y= > FEV 0@ Y y) < MoD = Apga

Y #A(k b Y #A(k 2
For x ~ P()), the second momentun is E[z%] = A2 + ), therefore we have
|:< Z NumJump ) A(k 1):| (EAmar)2 + (eAmar)v
y'eX
and the second term is bounded as
I < 2E[|[78 Y = 572 - (202,40 + eAman)- (23)

Overall, we have

2
[t - o

IN

~Nk—1 ~k
(IXI| - BZ - (Lue)® + €A%, 4, + Amaa) - E[[77 = 71712

= Co-E[lg" " - 7717, (24)
with Cy = || X|| - R% - (Le)? + eQAE,mx + eMnaz- Thus we have

. 2
e B -7 5w effan—age ]

tE€[tn tny1]

m—1
< m-Co- D B[ -1 29)

j=0
< mPGE[|gE I - gF 2 06

~K K—j

= Cte[ﬁfﬂ}EHyw‘yw H 27)
the last inequality holds if we take h = me = O( dg% ). .
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D.6 PROOF OF THEOREM 3.1

Combining Theorem D.1, Lemma D.2, Proposition D.3, and Proposition D.4, we have

T
/O /X (ut(y) log Afﬁt_(ly() —pe(y) + ﬁﬁfl(y)> V(dy)dt]

D1 (Po.rllgor) < Dxu(bollgo) +E
MLtJ y)

N tn+1
< Dol + B [ [ A+ B, + Cuv(dy)as
n=1 “tn X

< S e Tlog|X| + 6% + D°eT + CXpoly(D).

E MISSING PROOF IN SECTION 4

E.1 PROOF OF THEOREM 4.1: ANALYSIS OF ALGORITHM 2

Suppose p;,, is the true target distribution derived from the forward process, and ¢, is the gen-
erated distribution from our predictor-corrector algorithm. We use the total variance distance
E, =TV(q,,pt,) as the measurement of the error before entering the n-th block computation.

The predictor generates gpreq from the initial distribution g; . Suppose the predictor also generates
a Gpred from the true distribution f;, , then the error generated by the predictor TV (Gpred, Pt., +1) can
be decomposed by the trigonometric inequality as

Tv(apreda ﬁtn+1) S Tv(a\preda apred) + Tv(apred7 ﬁtn+1 ) (28)

The first term can be considered as the propagation of the error. Since qured and gpreq are generated
by the same mapping (parallel 7-leaping) from the initial (g;,, , p¢, ), according to the Data Processing
Inequality [], we have

TV(qurcd, aprcd) § TV(E]\tnvﬁtn) - Env (29)
which means the predictor will not amplify the previous error.

The second term 1’ V(ijred,ﬁtn +1) means the new error introduced by the predictor, which consists
of the discretization error from 7-leaping and Picard iteration, and the approximation error from
the network learning. We denote this term as A,. Therefore the bound of the total error after the
predictor stage is:

Epred < En + Ap~ (30)

The corrector use Gpred as the initial distribution, and generate g, ., after running K. steps of
Metropolis-Hastings MCMC process, which is designed with the target distribution p;, ., as the
only stationary distribution. Since the transfer kernel of the MCMC is a contraction mapping with
respect to the Total Variance distance with the factor ~, after K. steps, we have

En+1 = TV((/I\tn+1?ptn+l) < '-YKCEpred + Ac = '-YKC (En + AP) + ACa (31)

where A, is the small approximation error of the corrector itself, since it also used 39 for computing
acceptance rate. Eventually, the total error after N blocks can be computed as

KA, + A,
En < ’}’1_# JF’YNK“EO 32)

The estimation of the contract factor +y is described in the following Proposition.

Proposition E.1 (The Estimation of MCMC Contraction). In finite state space 2, suppose there is
a reversible MCMC transfer kernel P with non-negative eigenvalues and stationary distribution .
Denote the second largest eigenvalues of P as \, and ® as the conductance of the graph corre-
sponding to P, for any distribution p, we have

1 1 P2\t
IuP' ==l < 3 ~1(1- =) (33)

o Tmin 2
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Proof. Let f := ” sothat y = fmand u — m = (f — 1)m. First, by Cauchy—Schwarz,

1 1 1
[p—mlrv = gzﬁ(fﬂ) [f(@) =1 = SlIf = U < SIf = Lo

x

Reversibility implies P is self—adjoint on L?(7) and (using detailed balance)

pt
u Zf Zf ) P'(y,x) = (P'f)(y),
hence P* — m = (P'(f — 1)) and therefore
lpP* = wllrv = 31P(f = Dllix < 5P (f = 1ll2,x- 34)

Next, since the chain is reversible, the spectrum of P lies in [0, 1] and there is an orthonormal
eigenbasis of L3(7) := {g : >, g(z)m(z) = 0}. Expanding g € L () in that basis gives

1P gll2e < Alllglloe = (1 —7)"
Applying this with g = f — 1 and combining with (equation 34) yields
lpPt = wllrv < 51 =" [If = 12 (35)

We now bound the initial L2 deviation:
w(x 1
||f*1||§,w:Z7r(x)(7*1) =25 Zu <—-1,

where we used 7(z) > mmin and p(x)? < p(x) for probabilities. Hence
1

7Tm1n

If

—1. (36)

min

Finally, Cheeger’s inequality for lazy reversible chains states

so(1—v)f<(1- %2)t. Plugging this and (equation 36) into (equation 35) gives

1 1 B2\t
Pt — < = 1 (1 - —) .
[l mllry < s\ 5

E.2 PROOF OF PROPOSITION 4.2: ANALYSIS OF ALGORITHM 3

Fix 2 € X and a token b with b ~ ¢;(-|z) > 0, and set 2/ = 20 and @ = z;. Use the Barker
acceptance with the standard proposal-ratio correction:

M ifq'(a\a:’) >0 T (1,/) q-(a|a:')
ai(z = ') = T+r(z,2) 7 " where ri(m,a)) = “n 2t
0, otherwise, mi(z) ¢; (b|x)

Setting a; = 0 when the reverse proposal has zero support will enforce symmetric support and
avoids irreversibility. Such a setting defines a single-coordinate Markov kernel K; as

qi(blx) a;(x — '), if o/ = 20 £ g,
Ki(z,2) =<1 — Zqi(b\x) ai(z — a:(“_b)), ifz' ==,

b
0, others.

We first prove two following lemma.
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Lemma E.1 (Anchor Cancellation). For any z, i, (" = 2(i<"M")_and a,b € V, we have

m(20eD) (el D) @) .
log 7rt(a:) = log -, (CC(“_M/)) — log W = uz’b(x ) — uz,a(l' )
—_——

b (T(0) Ui, q (D)
Lemma E.2 (Proposal on Anchored Context). If ¢;(-|x) is defined on /C; (z(")), then for 2/ = 2(1<%),
we have
qi(|7") = qi(*|2)
whenever both are defined, because (¥ is identical for x and z’. In particular, if ¢; is uniform on a
fixed-size set /C;, then

=[ -

¢i(blz) = qi(ala’) =

whenever both are positive.

Now we prove the main result. Consider any 2’ # x such that K;(z,z') > 0; then 2’ = (%) for
some b with ¢;(b|x) > 0. Let a = x; again. If ¢;(alz’) = 0, our definition sets a;(z — z') = 0,
hence K;(x,2’) = 0 and detailed balance holds trivially because K;(z’,z) = 0 as well since the
reverse move is never proposed.
Otherwise ¢;(a|z’) > 0. By the acceptance rule,

Ti($7 xl)
1+ ri(z,2")’

1

1+ ri(z,a’)’
since the reverse acceptance uses r;(2’, z) = 1/r;(z, 2") under Barker. Taking the ratio,

() Ki(z,2") _ mi(z) gi(b]x) 1;}1 _ m(x) qi(blx) ri(x, z') -1
m(2) Ki(z',2)  m(2’) gi(al2’) 15 m(2') gi(al2’) 7

by the very definition

me(x) Ki(z, 2') = m(x) ¢i(b]x)

m(2") Ki(a', x) = m(a') gi(ala’)

m(2') gi(alz’)

() g (blz)
Hence 7 (z) K;(z,2") = m(a’) K;(2', z) for all off-diagonal pairs with positive mass. Including
the diagonal case, which follows by summing both sides over 2/, detailed balance condition holds.
Therefore K is m;-reversible and, in particular, 7;-invariant.

ri(x, o) =

F EXPERIMENTS
We provide extra experiment information in this section.

F.1 EXPERIMENT DESCRIPTION
F.1.1 CHESSBOARD

The chessboard distribution has several key characteristics that make it an excellent test benchmark:
(1) Discrete: The distribution is defined on a finite set of points on a two-dimensional grid; (2)
Sparse: Nearly half of the grid points have a probability of exactly zero. A successful sampler must
learn to restrict its generated samples strictly to the points that have non-zero probability mass (i.e.,
the support of the distribution); (3) Multi-modal: The probability mass is distributed across multiple,
disconnected modes rather than being concentrated in a single region. The sampler is required to
capture all of these distinct modes; (4) Structured: It exhibits a distinct, non-random geometric
structure. This challenges the sampler’s ability to reproduce the correct global pattern, rather than
merely matching general statistical moments.

We conduct the experiment on a 8 x 8 chessboard distribution with varying Picard iteration depths
K,. We fix N = 40, M = 50 and corrector step K, = 5 with totally 8196 samples. Runtimes and
KL Divergence are averaged over 20 runs.
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S

Figure 2: Visualization of the chessboard experiments. (Left) The target distribution. (Middle) The
Picard sampling result. (Right) The sequential sampling result.

F.1.2 CIRCLE

The ring distribution on a 2D discrete grid concentrates its entire probability mass on grid points
located within an annulus defined by an inner radius r;, and an outer radius r,,:. A key character-
istic is its Non-Convexity; the high-probability region encloses a central ’hole” of zero probability,
which leads to the distribution’s support non-convex. Another defining feature is its Connectivity.
Unlike the disjoint, multi-modal structure of the checkerboard distribution, the support of the ring
distribution forms a single connected component, meaning any point on the ring can traverse to any
other point through a series of steps to adjacent locations.

We conduct the experiment on a circle distribution at 32 x 32 2D grid. with varying Picard iteration
depths K,,. We fix N = 60, M = 50 and corrector step K. = 8 with totally 4096 samples. Runtime
and KL Divergence are averaged over 20 runs.

OO

Figure 3: Visualization of the circle experiments. (Left) The target distribution. (Middle) The Picard
sampling result. (Right) The sequential sampling result.

F.1.3 HYPERCUBE

The d-dimensional hypercube distribution is a uniform distribution over2? vertices of a hypercube,
where each vertex corresponds to a unique binary vector in {0,1}¢. With its well-defined graph
structure, exponential state space, and large diameter, this distribution provides a rigorous bench-
mark for evaluating the high-dimensional scalability and mixing efficiency of sampling algorithms.

We conduct the experiment on a 6-dimensional hypercube distribution. We fix N = 100, M = 50
and corrector step K. = 10 with totally 2048 samples. Runtime and KL Divergence are averaged
over 20 runs.

F.1.4 EMBEDDED HYPERCUBE

We design an experiment with a controlled intrinsic dimension by embedding a k-dimensional sub-
cube within a d-dimensional ambient space k < d. While the ambient space is the full hypercube,
the probability mass is confined to a uniform distribution on the subcube. This is achieved by
fixing the final d — k bits to 0. The objective is to test the sampler’s ability to identify the low-
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dimensional manifold containing the data support. A proficient sampler should learn to set the last
d — k dimensions to 0 and generate uniform bit combinations for the first £ dimensions.

We conduct the experiment on a 6-dimensional subcube distribution embedded in a 12-dimensional
hypercube. We fix N = 50, M = 100 and corrector step K. = 8 with totally 2048 samples.
Runtime and KL Divergence are averaged over 20 runs.

F.2 COMPUTATIONAL COST ANALYSIS

To demonstrate the scalability of our algorithm with respect to data dimension d, we conducted
additional experiments on sampling efficiency using d-dimensional independent Bernoulli distribu-
tions (N = 40, M = 10, K, = 3). We observed that as d increases from 32 to 2048, the accuracy
remains stable.

Table 8: Performance of sequential and parallel tau-leaping with different data dimension d.

Dim  Sequential (s) Parallel (s) Sequential Error Parallel Error GPU Memory (MB)

8 0.4341 0.0808 0.0042 0.0026 326
16 0.4344 0.0805 0.0037 0.0045 341
32 0.4242 0.0813 0.0049 0.0047 359
64 0.4155 0.0837 0.0035 0.0031 395
128 0.4153 0.0882 0.0038 0.0025 469
256 0.4203 0.1235 0.0044 0.0053 614
512 0.4097 0.2202 0.0040 0.0034 906
1024 0.5463 0.4144 0.0038 0.0033 1487
2048 1.1652 0.8041 0.0046 0.0042 2647

Although the runtime of our parallel algorithm begins to rise noticeably after d = 128, it maintains
a performance advantage over the serial algorithm. As d increases further, the runtime of the se-
rial algorithm spikes significantly after d = 1024, with a rate of growth that eventually surpasses
that of the parallel approach. This empirically validates that, despite the additional logarithmic in-
crease in complexity, the reduction in the polynomial term ensures the parallel algorithm remains
advantageous in large d cases.

To demonstrate the scalability with respect to the number of small steps M, we tested on 256-
dimensional independent Bernoulli distributions sampling with M from 10 to 40. (N = 10, K, = 3)

Table 9: Performance of sequential and parallel tau-leaping with different data dimension M.

M Parallel (s) Parallel Error GPU Memory (MB)

10 0.1235 0.0053 614
20 0.2668 0.0048 894
30 0.3610 0.0029 1176
40 0.4572 0.0031 1481
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