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Abstract

We propose two first-order methods for convex, non-smooth, distributed optimization problems,
hereafter called Multi-Timescale Gradient Sliding (MT-GS) and its accelerated variant (AMT-GS).
Our MT-GS and AMT-GS can take advantage of similarities between (local) objectives to reduce
the communication rounds, are flexible so that different subsets (of agents) can communicate at
different, user-picked rates, and are fully deterministic. These three desirable features are achieved
through a block-decomposable primal-dual formulation, and a multi-timescale variant of the sliding
method introduced in [23, 24], where different dual blocks are updated at potentially different rates.

To find an e-suboptimal solution, the complexities of our algorithms achieve optimal depen-
dency on €2 MT-GS needs O(7A/e) communication rounds and O(7/€2) subgradient steps for
Lipchitz objectives, and AMT-GS needs O(7A/,/eit) communication rounds and O(7/(ep)) sub-
gradient steps if the objectives are also p-strongly convex. Here, 7 measures the “average rate of
updates” for dual blocks, and A measures similarities between (subgradients of) local functions.
In addition, the linear dependency of communication rounds on A is optimal [3], thereby provid-
ing a positive answer to the open question whether such dependency is achievable for non-smooth
objectives [3].

1. Introduction

Distributed optimization is a branch of optimization, where multiple agents, each having access to
only partial information about the (global) objective, work together to solve the global problem. As
an example, in distributed empirical risk minimization for machine learning, the global objective
function is the sum of local loss functions, each depending on the local dataset which is only avail-
able to one agent [2—4, 9, 21]. Examples of other application include power system control [27, 29],
multi-robot system control [10, 17, 29, 35], and signal processing [8, 25, 32], to name a few.

In this work, we study the following convex, non-smooth, distributed optimization problems:

min Z fo(x) (P)

where V' = [m)] represents m agents, X C R? is a nonempty, closed convex set, and f, : X — R is
a convex and possibly non-smooth objective function such that for some M, u > 0, forallv € V,

Ll =yl? < fule) = foly) = o)z =) < Mz —yl, VoyeX, O

where f/ : X — R? is a subgradient oracle, i.e. f/(z) € Of,(x) forall z € X, and f/ is only
available to agent v. For instance, when || f} ||, < My, M = 2M{ holds.
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We assume that agent v maintains and updates x,, a local version of the decision variable x.
In this setting, due to the lack of “global views” from agents’ (local) perspectives, information
aggregation — such as communication and averaging — is necessary for agents to reach consensus
and approximately solve (P).

We target settings where within and between different subsets of the local objectives, the scales
of the function similarities and the costs of information aggregation could be (vastly) different.
For instance, in distributed empirical risk minimization, local loss functions could inherit potential
similarities in local datasets, which helps reduce the communication round needed [2, 3, 22, 34,
38, 46]; the costs of communication could depend on factors such as the distance between agents,
methods of communication, and amounts of data sent [6, 8, 33, 40, 41].

The heterogeneity in the function similarities and the communication costs makes it desirable
to have more refined control over the numbers of communication rounds among different subsets
of agents. In addition, sometimes stochastic algorithms are impractical or inefficient due to factors
such as unpredictability, random memory access [37], and sampling overhead [14]. For these rea-
sons, we aim at designing deterministic algorithms which allow users to pick different numbers of
communication rounds among different subsets of agents.

Toward this end, we make contributions to both the problem formulation (Section 2, Appendix
B) and the algorithm design (Section 3, Appendices C and D). Moreover, our algorithms achieve
linear, and thus optimal dependence on similarities between (subgradients of) local functions (Sec-
tion 4). Numerical experiments for the support vector machine problem with regularized hinge
losses confirm the effectiveness of our algorithms and demonstrate the above dependence (Section
5, Appendix E).

2. Formulation: generalized, block-decomposable penalties for consensus
constraints.

We propose relaxing the consensus constraints through generic convex penalty functions, generaliz-
ing the characteristic function penalty used in previous works:

S
min _ F(X)+ Y R(K.X), F(X):=3Y_ folz) (Pr)

X:(CCU)UGVEX s=1 veV

Above, X = XV c R™ K, : R™ — R is a linear operator which imposes “consensus
constraints” within a subset of the agents, and NS_; ker(K) is the subspace in R™? where {x, },cv
does not violate the consensus constraints. R, : R™ — R is a proper, convex, and lower-semi-
continuous regularization term, penalizing the deviation of KX from 0. For instance, R could be
the characteristic function of {0}, or any scaled norm Rs(ys) = A||ys]|-

We further consider the saddle point reformulation of (P,):

S

S
min max K:X,ys) + F(X) — R (ys), Ps
nin g (KX, ys) + F(X) ; (ys) (Ps)

where R} is the Fenchel conjugate of R;.
Requirements on the penalties. We propose a set of conditions on the growth rates of penal-
ties (Lemma 3 and Corollary 5), under which the duality gap for (Ps) provides upper bounds on
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objective value suboptimality and consensus constraint violation. This relates solution qualities for
the penalized problems ((P,.) and (Ps)) back to the original distributed optimization problem (P).

Communication protocol. We assume that the objective functions { f, },cv are distributed
among m primal agents: for each v € V, Agent(x,) has access to f,, the first order oracle for f,,
and is responsible for updating the variable x,,. In addition, we assume that there are S dual agents:
for each s € [S], Agent(ys) is responsible for updating the variable ys.

We assume that for any pair (s,v) € [S] x V such that K, # 0, Agent(z,) and Agent(y;)
can communicate (in both directions). For instance, all agents might be nodes in a connected graph
with vertices [S] U V' (representing S dual agents and m primal agents), and communication can
be realized through edges (directly) or through paths (i.e. with the help of intermediate agents).
In particular, since the graph is connected, any pair can communicate, but the resources consumed
and/or time taken by communication between different pairs could be (significantly) different. In
Figure 1, we present examples of a decentralized setting and a hierarchical setting.

hn Y2

Figure 1: Left: abstract setting with m primal agents and S dual agents. Middle: realization in the decentralized setting, where
S = m = 4, Agent(xzs) = Agent(ys), and the underlying graph is (V, E = {{1,3},{1,4},{2,3}}). Right: realization in the
hierarchical setting.

3. Algorithm: (accelerated) multi-timescale gradient sliding.

When there is only one block (S = 1) and R is the characteristic function of {0}, (Ps) can be solved
through the decentralized communication sliding (DCS) [24], a communication efficient variant of
the classical primal-dual hybrid gradient algorithm. As a recap, at iteration k, DCS performs the
following updates:

XE = X ap(XF - XF
Yk =argmin R*(Y) + (=K X", Y) + 7 Dy (Y, Y1)
Y €R™
X* ~argmin F(X) + (K*Y* X) + npD,x (X, X1
XcX
where D,,v and D, x are the Bregman divergences generated by the distance generating functions
wY and w”, respectively. Further, the proximal update for X* is solved inexactly through the
Communication-Sliding (CS) procedure (i.e. T} steps of mirror descent) locally by each primal
agent. DCS is communication efficient, since only computing K X* and K*Y'* requires communi-
cation between primal and dual agents.

For the formulation (Ps), taking advantage of the block-decomposable structure, we propose
MT-GS and AMT-GS, where the dual blocks are updated at different rates. Below, we provide an
overview of the updating rules.

Dual updates. The dual blocks are updated at potentially different, user-chosen frequencies: we
associate each dual y, with a rate 7, € N and a local time ¢ = 0,1,..., Ny — 1,suchthat N + 1 =
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condition (1) | communication round | subgradient oracle
MT-GS (Corollary 9, 10) >0 O(TAYDY) O(TmMZDY )
— = 2
AMT-GS (Corollary 15, 16) >0 O(Z4) ORIy

Table 1: Communication rounds and subgradient oracles needed to find an € suboptimal solution to (P). 7 = ZSS:1 rsps, A measures
function similarities, DX = D, x (X*, X #nit) Subgradient oracle for AMT-GS assumes S = 1; for general S, see Section D.2.

rsNs. Fork =0,1,..., N, ys is updated only for k = r4is for some is € {0,1,..., Ny — 1}, using
the following rules:

rets—1 reis—1
s ~k! E— k'
xlss,’l) = Qg i, E ek‘/ (xv - I, TS) + E 9k5’+7‘s$v ’ RS ‘/7
k'=rgis—rs k' =rgis—rs
. ~q * 1s—1
yés = argm1n<_ E : KS,sts;vu y8> + Rs (y5> + Ts,is Dw;’ (y57 yss )

s ‘s s -1
ySERnS ZZ/Z:;::S ek‘/ veV
Primal updates. At each iteration, our algorithms apply a generalized communication sliding
procedure [24] — consisting of multiple subgradient (mirror descent) steps — to approximate the
proximal updates of the primal variables:

S S
OARTNS argmin f,(7) + O K gE )+ ks Due (z,2577), W eV
z€ s=1 s=1

Final outputs. Denoting Z* = (X*, ?k), then the output is ZV = (fovzo )1 Zévzo 0,2".

Performance. Denoting the (weighted) average of these frequencies as 7, we show that the du-
ality gap of MT-GS converges at the rate of O(7/k) for Lipschitz convex objectives (Lemma 7, The-
orem 8), and the duality gap of AMT-GS converges at the rate of O((7)?/uk?) for u-strongly convex
objectives (Lemma 11, Theorem 12). When specialized in the setting of distributed optimization, to
find an e-suboptimal solution, the communication round and subgradient oracle complexities of our
algorithms (Table 1) have optimal dependency on e.

To the best of our knowledge, MT-GS and AMT-GS are the first deterministic algorithms for
saddle point problems with block-decomposable duals that allow different number of updates for
different dual blocks. This extra flexibility in choosing the update frequencies allows one to de-
sign more communication-efficient algorithms, especially when the cost of updating different duals
and/or the domain sizes of different duals are different (Section C.5).

4. Beyond Lipschitz constants: function similarity based complexity.

We formalize the notion of function similarity for non-smooth objectives (Definition 4) studied in
[3]. For example, in the simplest setting where there is only one block (S = 1), our measure of

similarity is
1
reon L ’ 2
EEEZ [fo@) = — > fu@)IP,

veV v’ eV

where f] is a subgradient of f,,. We show that with proper choices of the penalties, the communi-
cation round complexities of MT-GS and AMT-GS have linear, and thus optimal, dependency on
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function similarities (Sections C.5 and D.2). This provides positive answers to the open question
whether the theoretical communication round lower bounds proposed in [3] can be attained.

5. Numerical experiments: support vector machine

We consider the Support Vector Machine (SVM) problem with hinge loss and additional regulariza-
tion. More precisely, each primal Agent(x,,) is given m, pairs { (b, yf))}le[ms] such that b, € R?
is a feature vector satisfying ||b || = 1, and !, € {£1} is the label. The goal of SVM is to find a
weight vector z € R such that the linear classifier b — sign((b, )) agrees with most pairs (b, y)
in the dataset. To achieve this, one common approach is to solve the following (regularized) hinge
loss minimization problem (in a distributed fashion)[15, 24]:
ms
min 3 fu(@), ful@) = — S ybith, )]s + Ll v e, @
TEX Mg 2
veV =1
where we take d = 50, X = {z € RY|||z|| < 5}, and [c]y = max(0,c) for all ¢ € R. When
w = 0, (2) is the classical hinge loss minimization problem, and when p > 0, the local objectives
are pu-strongly convex.
Below, we show how the objective values depend on the iteration k, the mean updating rate 7,
and the function similarities. For detailed setup, see Appendix E.
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Figure 2: MT-GS (u = 0). Figure 3: MT-GS (u = 0). Figure 4: AMT-GS (u = 0.01). Figure 5: AMT-GS (p = 0.01).
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Figure 6: MT-GS (© = 0). Nor- Figure 7: MT-GS (@ = 0). Figure 8: AMT-GS (1 = 0.01). Figure 9: AMT-GS (¢ = 0.01).
malized F(ITX*) and iteration Normalized F/(IIX*) and func- Normalized F/(IIX*) and itera- Normalized F/(IIX*) and func-
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Appendix A. Related works

Non-smooth distributed optimization. Since the seminal works [8, 39], numerous algorithms
have been proposed for non-smooth distributed optimization under various settings, and we refer
readers to surveys such as [4, 20, 30]. For the function class of Lipschitz, non-smooth, convex
objectives, most of these algorithms fall into the following two categories: subgradient based and
dual based [24]. Subgradient based algorithms such as the incremental gradient method [7], de-
centralized subgradient method [28], and the dual averaging [15] usually require O(1/€?) rounds
of communication, each followed by one gradient step. Within the function class, this achieves the
optimal subgradient oracle complexity, but is suboptimal with respect to the communication rounds:
as proven by [3, 33], the communication rounds needed is O(1/¢).

As a comparison, dual based algorithms, which dualize the consensus constraints, usually have
better communication complexity: O(1/¢) rounds are needed for distributed ADMM [5, 42] and the
decentralized communication sliding (DCS) [24], as examples. However, each round of communi-
cation is followed by optimization of Lagrangians or proximal updates, performed locally by each
agent. To make the overall algorithm first-order, [24] proposes the Communication Sliding (CS)
procedure, which approximates the proximal updates through O(1/¢) steps of (local) mirror de-
scent, thereby achieving the O(1/¢2) subgradient oracle complexity. The CS procedure has roots in
the gradient sliding technique [23], which can save gradient computation for the smooth component
when the objective involves a smooth and a non-smooth component.

For the class of strongly convex objectives, DCS can be accelerated, needing O(1/+/¢€) rounds
of communication and O(1/€) gradient steps in total, both achieving the theoretical optimal [24]. In
this work, due to the different time scales, we generalize the CS procedure for problems involving a
mixture of Bregman divergences. In addition, we point out that for problems with smooth objectives,
Local SGD — which applies gradient steps locally but communicates only once in a while — has been
studied under various settings [36, 43, 47].

Primal-Dual Hybrid Gradient and its block variant. DCS [24] is inspired by the Primal-
Dual Hybrid Gradient (PDHG) algorithm [11, 12]. In this work, motivated by real-life settings
where the costs — e.g. time and/or resources — needed for communication between different agents
are different [33], we further decompose the dual variables into blocks, and propose updating them
at different frequencies. Thus, our algorithms can be viewed as multi-timescale variants of the
PDHG. As a comparison, existing block-coordinate descent type of algorithms for the saddle point
problem of interest, such as the Stochastic Primal-Dual Coordinate (SPDC) [45] and the Stochastic-
PDHG (S-PDHG)[1, 13], update a random subset of blocks in each iteration k£, where all blocks
have strictly positive probability of being selected. The O(1/k) rate of convergence, due to the
randomness, is only shown for the expected objective value suboptimality (for SPDC) or expected
duality gap (for S-PDHG). Nevertheless, in real applications, stochastic algorithms could potentially
be less efficient, due to reasons such as random memory access [37] and potential overhead in
computing sampling distributions [14]. Although deterministic block coordinate descent for convex
optimization has been shown to converge, such as under the cyclic updating rule [37, 44], to the
best of our knowledge, the multi-timescale updating rule we propose is the first deterministic block
updating rule for PDHG with separable duals, such that different blocks could be updated different
numbers of times, and the duality gap converges deterministically at the optimal rate.

Lower bounds on communication. In [3], it is shown that for distributed convex optimization,
O(1/¢) rounds of communication are needed for 1-Lipschitz objectives, and O(1/,/Jz€) rounds

10
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are needed when the objectives are also u-strongly convex. These lower bounds are achieved by
splitting a “chain like” objective into two, each given to one agent. [33] extends these results to
a decentralized, network setting and shows the dependence of the lower bounds on the network
diameter and communication delay. [40] provides lower bound and (nearly) optimal algorithm for
a different setup, where distributed agents have stochastic first order oracles to the same smooth
nonconvex objective, but computation and communication speeds are bounded and different for
different edges and agents. Apart from the round complexity, [41] shows a dimension-dependent
lower bound on the bit-complexity of communication.

In addition, motivated by distributed training in machine learning, communication lower and up-
per bounds have been established using function similarities [2, 3, 18, 19, 22, 34, 38]: for instance,
in (distributed) empirical risk minimization, the local loss functions have the same functional form
but use different subsets of data, thereby inheriting the similarity in data. In [3], function similarities
are measured using norms of the differences in (sub)gradients (and Hessians if exist), and a com-
munication round lower bound linear in this measure is shown for convex Lipschitz objectives and
strongly convex objectives. Known algorithms that take advantage of function similarities usually
require additional assumptions such as strong convexity and smoothness [2, 18, 19, 22, 34, 38, 46].
As pointed out in [3], there is no known algorithm which achieve these communication round lower
bounds for non-smooth convex objectives. In this work, we formalize the notion of function sim-
ilarity for non-smooth convex objectives (Definition 4), and show that the communication round
complexity for our (A)MT-GS indeed achieve these lower bounds, thereby answering [3]’s open
question positively.

Appendix B. Setup and formulations

In (1) above and in the rest of this work, (-, -) is the standard Euclidean inner product. In addition,
we assume that R? is equipped with a norm || - || not necessarily generated by the inner product, and
denote its dual norm as | - ||;,«. We extend this norm to R™? through || X'||? := 3 .y |2 ||? for
any X’ € R™, and its dual norm satisfies || X"||% , = >°,cy l|l2]|% .. When there is no confusion,
we drop the subscript z and X. We make the following assumption.

Assumption B.1 (P) has an optimal solution x* € X.

When Assumption B.1 holds, we denote X* € R™ as (X*), = z* forallv € V.

B.1. Saddle point problem formulations and assumptions

Consensus constraints. In (P,), K, : R™? — R”s is a linear operator such that Nscg ker(K) is
the subspace in R™? where {zy }vev does not violate the consensus constraints. That is, denoting
n = Zle nsand K : R™ — R" as (KX), = K,X for s € [S], we make the following
requirement.

Assumption B.2 KX = 0 ifand only if x, = x, forall v,v' € V.

Denoting IT : R™? — R™ as the projection such that for any X € R™4, I[(X), = £ 3, 2y,
we have K X = 0 if and only if II.X = X. Thus, Assumption B.2 implies that

KY(KK*)'/K =111

11
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For convenience, we further decompose K; X = ZUGV Ky, for K, : R — R™s,

Penalty. In (P,), R; : R™ — R is a regularization term, penalizing the deviation of K X
from 0. We further define R : R® — Ras R(y1,...,ys) = Zle Rs(ys). Recall that the Fenchel
conjugate of I, is defined as

Ri(ys) = sup (ys,ys) — Rs(yl),
yLER™s

and it is easy to see R*(Y) = Zle R (ys) for Y = (ys)sc[s)- We make the following assumption.
Assumption B.3 For each s € ], Rs : R™ — R,

1. Ry is proper, convex, and lower-semicontinuous;

2. Rs(ys) > 0forall ys € R, and Rs(ys) = 0 if and only if ys = 0.

As an example, if for all s € [S], R; is the characteristic function of the set {0}, i.e. R5(0) = 0
and Rs(ys) = oo for ys # 0, then (P,) is equivalent to (P), and R} (ys) = 0 for all y5 € R™s. As
another example, R, can be any scaled norm, for instance Rs(ys) = A|/ys||, for some p > 1 and
A > 0, then R} (ys) = 0 for ||ys||; < A and R}(ys) = oo otherwise, where || - ||, is the dual norm
of || - ||l G.e. p~1 + ¢! = 1). Thatis R} is the characteristic function of the dual-norm-ball of size
A. We would like to point out that the first condition in Assumption B.3 is standard in the PDHG
literature [11, 12]. We discuss further requirements on the choices of R in Section B.3.

Under the first part of Assumption B.3, we have R; = R:* (Theorem 11.1 [31]). Thus, (P,)
can be equivalently formulated as the saddle point problem (Ps).

Performance measure. To measure the performance of X & X, following [24], we consider
the (e, 0)-solution, satisfying the following conditions

FX) < F(X%) +e  [(I-ID)X] <0 (©)

That is, X is e-suboptimal in terms of the objective value, while violating the consensus constraints
by at most 6.

To solve (P), we resort to the primal dual formulation (Ps), where the common measure of
performance of (X,Y) is the duality gap, defined as G : Z x Z — R where Z = X x R" as

GX,Y; X, Y') :=(KX,Y') + F(X) - R*(Y")
—{(KX",Y) + F(X') - R*(Y)} . (4)
Our algorithms are guaranteed to find a pair Z = (X, Y’) such that supcz G(Z; Z') is small

(Theorems 8 and 12). To transfer such duality gap guarantee back to (e, §)-solution guarantee, in
Section B.3, we propose additional requirements for the regularization R.

1. In [24], || KX || < § is used instead of ||(I — II) X ||, and K is assumed to be the Laplacian matrix for the underlying
graph of communication. However, we use a generic K satisfying condition B.2. In particular, for any K that is
a valid choice, AK is also valid for any A # 0. Thus, it makes sense to “normalize” K, and we use / — I =
K*(KK*)'K.

12
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Distance generating functions and mirror maps. We equip X with a distance generating
function? w” : X — R with modulus 1, and extend it to X’ through wX (X) = >, .\, w®(zy).
Similarly, for each s € [S], we assume that R™s is equipped with a norm || - || not necessarily
generated by the inner product, and a distance generating function w¥ : dom(R}) — R with
modulus 1. Recall that for any distance generating function w, the Bregman divergence is defined
as Dy(z,2) == w(z) —w(z) — (Vw(z),z — 2).

Assumption B.4 For any y, € dom(R}), g € R"s the following problem can be solved exactly:

min _ R{(ys) + (9, ¥s) + Dy (s, Us)-
ys€dom(R})

For any g € RY, the following problem can be solved exactly:

: x
gél/l\/l<g,$> + w”(x).

B.2. Agents, communication, and additional requirements on K

By distributed optimization, we mean that the objective functions { f, },cy are distributed among
m primal agents: for each v € V, Agent(x,) has access to f/, the first order oracle for f,, and is
responsible for updating the variable x,. In addition, we assume that there are S dual agents: for
each s € [S], Agent(ys) is responsible for updating the variable ys.

We assume that for any pair (s,v) € [S] x V such that K, # 0, Agent(z,) and Agent(ys)
can communicate (in both directions). For instance, all agents might be nodes in a connected graph
with vertices [S] U V (representing S dual agents and m primal agents), and communication can
be realized through edges (directly) or through paths (i.e. with the help of intermediate agents).
In particular, since the graph is connected, any pair can communicate, but the resources consumed
and/or time taken by communication between different pairs could be (significantly) different.

At this point, we abstract away from how such communication is realized, and leave the dis-
cussion of the costs of communication to Sections C.5.1 and C.5.2. Below, we provide two such
realizations: decentralized and hierarchical, and provide examples in Figure 1.

Decentralized setting. In this setup, we assume that the dual variables are kept and updated
by primal agents, respecting a graph based communication constraints. Precisely, let G = (V| E)
denote an undirected, connected graph, and for each s € [S], we assign all tasks of Agent(ys) to
Agent(z,, ) for some v, € V, such that {v,, v’} € E for each K,/ # 0.

As an example, let W € RY*V be a doubly stochastic matrix such that Wy # 0 only if
{v,v'} € Eorv = v/, and ker(I — W) = Span(1) (and so K := (I — W) ® I, satisfies
Assumption B.2). We can choose S = m, ns = d, and decompose K as Kg := (I — W) ® I,

KsX:Z(I—W)s,Ul'v:J)s— Z Ws,vxvy s=1,...,m.
veV {v,s}€E

2. For a convex closed set S, a function w : § — R is a distance generating function [16] with modulus v > 0 w.r.t.
|| - || if w is continuously differentiable and

(x — 2, Vw(z) — Vw(z)) > v|z - 2||?, Vr,z€S.

13
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Thus, Agent(ys)’s tasks can be assigned to Agent(zs).

Hierarchical setting. In this setup, we assume that there is an underlying tree with nodes
[S] UV, where all non-leaf nodes ([S]) correspond to dual agents and all leaf nodes (V') correspond
to primal agents. Each non-leaf node can communicate with its child nodes directly. Precisely, for
s € [S], we use Chi(s) C [S] UV to denote the child nodes of Agent(ys), and Des(s) C V to
denote all primal agents in the subtree rooted at Agent(ys).

For convenience, for each s € [S], we denote the “mean” of all descendants of Agent(ys) as
Ts = [Des(s)| ™" 2 jepes(s) 5+ Then, consider K : R™ — RICh()I defined as

(K X)i =T — Ty =T — Y
JEChi(s)

==, 1€ Chi(s). 5)

Then, it is easy to see that K satisfies Assumption B.2, and since Z; can be computed in a bottom
up manner, {K;}qc[s) can be realized through this tree. In addition, the set of { K}c[s) admits
the following orthogonality properties which will be useful in choosing R. We defer the proof to
Appendix F.1.

Lemma 1 Let {K}cg) be as defined in (5). Then for s # s' € [S], KK}, = 0. In addition,
denoting T, := K*(K,K*)' K, we have for any X, X eR™

<)?7H85(:> = <HS)?>HS)}:> = Z |Des(i)| ’ <(Ks)?)1a (Ksjz)2>
1€Chi(s)

B.3. Requirements for R

Recall that when R is the characteristic function of {0}, the penalized formulation (P,) and its
primal-dual version (P;) are equivalent to (P). In this section, we discuss the requirements for R
such that the duality gap provides upper bounds on the suboptimality of the objective value and the
violation of the consensus constraints.

Lemma 2 Under Assumption B.3, we have for any X € X suchthat KX = 0,

F(X)<F(X)+ sup GX,Y;X, Y.
Y’edom(R*)
In particular, under Assumption (B.1), ifsupyledom(R*)G(X,Y;X*,Y’) < ¢ then F(X) <
F(X*) +e
Proof [Proof of Lemma 2] Notice that by Assumption (B.3),

Sup (KX, V) + F(X) = R'(Y) = P(X) + R(KX).

In addition, since R(0) = 0, we have R*(Y") = supycpn(Y',Y) — R(Y’) > (0,Y) — R(0) = 0,
and so R R R R R
(KX, Y)+ F(X) - R(Y)<F(X), VXeX, KX =0.

The second claim follows directly from the first since K X* = 0. |
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To connect the duality gap with the constraint violation ||(1 —II) X || in (3), or with the objective
value suboptimality of + — > wev Tu, it turns out additional requirements are needed for R.

For convemence we denote g

tin(Ks) = miny cgma_ JXH0 H||H X”H*,where the numerator uses

the dual norm to the norm in R™ and the denominator uses the norm in R"¢. As an example, when

all norms are I norms, 0. (Kj) is the smallest non-zero singular value of K.

B.3.1. REQUIREMENTS ON R UNDER ORTHOGONALTIY

Below, we show that if K, measures the constraint violation in orthogonal subspaces, then as long
as R grows fast enough, the duality gap provides an upper bound on the constraint violation ||({ —
IT) X|| and the suboptimality of TT.X.

Lemma 3 Under Assumption (B.3), further assuming that for any s # s' € [S], KsK}, = 0, and
foreach s € [S|], denoting

I, = K}(K,K)'K,, as> sup T, VE(X) |+,
X'eX, KX'=0

where VF : X — R™ is an arbitrary subgradient oracle, i.e. (VF(X)), € Of,(xy). If Assump-
tion B.1 also holds and supy ¢ gom(p+) G(X,Y; X*,Y') <€

1. X is an (e, €/&)-solution if for each s € [S],

5‘1'&3

Rofu) 2 () 1= e

/s (6)

mln
2. the projected solution 11X is an (e(1 + 1/&),0)-solution if for each s € 5],

(1 +§)as

as > 07 RS(yS) 2 R;gr](yS) N (K )

[1Ys [ - (M

mln

In Lemma 3 (Corollary 5 below), the superscript ccv means { R }¢(g ({Rev} se[s]) are de-
signed to provide guarantees on the consensus constraint violation, and the superscript prj means
{RV"7} sels] ({RY" }sels)) are designed to provide guarantees the projected solution ITX.

Proof [Proof of Lemma 3] First, notice that by the orthogonality of { K} sc|s), for any Y € R"

(KK*Y) Z Khyy) = KK ys, Vs € [9].

s'=1
That is, K K* is diagonal, and so
(KEHY),s = (KK ys, Vs € [S].
Thus, we can make the following decomposition

S S
K*(KK*)'KX =) KI(K,K})'K,X =) T,X.
s=1 s=1
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For convenience, we denote X := I1X, and by Lemma 3,

sup GX,)V;X"Y')<e = F(X)+R(KX)<F(X")+e<F(X)+e (8
Y’edom(R*)

In addition, using the convexity of F’,

S
F(X) = F(X) < ~(VF(X),(I -T)X) = = > (VF(X),T,X)
S _ SZIS
<D VP - [T X <D as - [TLX]. ©)
s=1 s=1

For the first claim, since || K X ||« > ||l X||o.. (K;), with the first condition (6) on Ry, we
have

Combining the (8), (9), and (10), we get

S S S
£ ILX[I<e = |0 -IDX|| =) X[ <) |ILX| < e¢/e

s=1 s=1 s=1

For the second claim, following a similar argument as above but with the second condition (7) on

R, we get
S

D as - ILX|| < e/ (11)
s=1

Thus, using (8), (9), and (11), we have

FX)<F(X)+€e/{ <F(X")+e/¢+e
|

We would like to point out that in (9), (VF(X),II,X) is upper bounded using ||VE(X)]|, -
|ITLs X||. A tighter upper bound could be obtained if one has more information about the set G5 :=
{II,VF(X'), X' € X, KX' = 0}. Indeed, (VF(X), LX) < Supg, g, (Gs, 1L, X), and so the
inner product can be bounded using the support function of the set Gs.

B.3.2. FUNCTION SIMILARITY FOR GENERAL CONVEX FUNCTIONS

The terms {as}4¢[s) in Lemma 3 can be viewed as a “decomposition” of the function variation into
different subspaces spanned by (the row spaces of) { K} sels]- To be more concrete, consider the
hierarchical setting presented in Section B.2, which satisfies exactly the conditions in Lemma 3 due
to Lemma 1. Defining ps(i) = l‘gee:((?)“ for i € Chi(s) as a probability measure, and assuming that

all norms are /5 norms, then by Lemma 1,

ZjGDes(i) f/'

ILVF|2 = [Des(s)] Varioy, (), 7= SE250 i Chifs), (12
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where for a random vector V, we denote Var(V) := E[||V — E[V"]||?]. Thus, ||II;V F||. measures
the function variation among the descendants of different child nodes of Agent(ys), i.e. among

, .
{Z jeDes(i) fj }ieChi(s). As aresult, the agents closer to the root of the tree, with more descendants,

take care of function variation at larger scales, but at lower resolution, since for all ¢ € Chi(s), the

variation inside { fj’(x)} Des(i) has been taken care of by the dual agents in each sub-tree rooted
j€Des(¢
at 7.
For general but still orthogonal { K} se[s]» &s measures the function variation along the span of
K. This interpretation in mind, we make the following definition regarding function similarity.

Definition 4 Assume that forall s # s' € [S], K;K}, = 0. We say that the set of functions { f,, }vev
is {(as, Ks)}se|s)-similar if there exists a subgradient oracle VF : X — R™, ie. (VF(X)), €
Ofv(xy)), such that for each s € |5,

Il = K:(KSK:)TK& as > Sup HHSvF(X,)H*
X'eX, KX'=0

If S = 1and1ly = I — 11, we abbreviate {(a1, K1) }-similar as a,-similar.

For instance, if S = 1 and all norms are /5 norms, then Assumption B.2 requires that IT; = I — II,
and one can take aq as
@22 s 3 If(@) - — 3 S
TEX ey =it
Thus, if || f,(z)|| < My forallv € V,z € X, we can also take a; = 2\/mM;.

Comparisons with existing notions of function similarity. [18] proposes the bounded gradi-
ent dissimilarity for differentiable convex objectives, which coincides with our Definition 4 when
S = 1 and when the objectives are differentiable. For twice differentiable objectives, function sim-
ilarity is also defined in terms of differences in Hessians, i.e. |V2f, — V2f| [3, 18, 20, 38]. For
general convex functions which could be non-differentiable, [3] informally defines it (d-relatedness
in their terminology) as the condition that “subgradients of local functions are at most J-different
from each other”. Our Definition 4 formalizes this idea, and extend it to the case where S > 1.

B.3.3. REQUIREMENTS ON Rs; WITHOUT ORTHOGONALITY

The above Lemma 3 imposes orthogonality assumptions on {KS}SE[S]. In the more general case
where such assumptions do not hold, one can always view (Ps) as a problem with only 1 block,
with K and R as the corresponding operator and regularization. Applying Lemma 3, we get the
following corollary.

Corollary 5 Under Assumption (B.3), denoting a1 > sup y/c% o y/—o ||(I —I)VF(X")|[« where
VF : X — R™ is an arbitrary subgradient oracle, i.e. (VF (X)), € Of,(xy). If Assumption B.1
also holds and Supy-¢gom(p) G(X,Y; X*,Y') <¢,

1. X is an (¢, €/&)-solution if for each s € [5],

§+a
T

Rolys) 2 R () = 55

llys I+, (13)

min
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2. assume that ay > 0, then the projected solution 11X is an (e(1 + 1/£),0)-solution if for each
s e[S,

Dprj (1+&a

Rs(ys) = R (ys) :=

i ()

min

HysH* (14)

Assume that all norms are /2 norms, then with orthogonality, K K* is “diagonal” and so a;{lm(K )
K). In addition, since ||(I — II)VF(X)|| > ||[UsVF(X)]| for any X € X and
s € [5], one can always take as < a; for all s € [S]. Thus Jf“%{) > OEJF(‘I;‘{ )

function h(x) = A||x|| defined on R™ for some A > 0, the conjugate h* is the characteristic func-
tion of {z € R™|||z| < A}, ie. dom(h*) = {x € R™||lz|| < A}. As will be seen in Theorem
8, the convergence is faster with smaller domains, suggesting that one should use the more refined
decomposition when orthogonality holds. A

Comparisons with [24] when S = 1. Assume that ﬁ’l’” in (14) is used for some constant £ > 0
and a; = 2/mM #» where M (defined below) is an upper bound on the norm of the subgradient
oracle f € f, (i.e. only one subgradient in the subdifferential for each x € X, v € V). Then, the

diameter of dom(R*) is O( v/m My ). In [24], it is shown that for (Ps) with R being the characteristic

U$in(K)
. . . : . mM;
function of {0}, there exists an optimal dual solution ||Y™*|| < T ()

: +
MiN e[S O pmin

. Since for the

, where M s an upper bound

on the norms of all subgradients g € 0f,:

—

My = sup lgll« > My = sup |[|f(2)]
z€X, vEV, g€ [y () zEX, vEV

Thus, even without function similarity, our ﬁf” provides better control over the dual variables,
leading to faster convergence. Moreover, when X # R?, due to the normal cones at the boundary
of X, My = oc.

Appendix C. Multi-timescale gradient sliding

To solve (Ps) with the costs of information aggregation in mind, we resort to the decentralized
communication sliding (DCS)[24], a communication efficient variant of the classical primal-dual
hybrid gradient algorithm. As a recap, at iteration k, DCS performs the following updates: (R is the
characteristic function of {0}, and w¥(Y) = (Y, Y))

XF = XF 4 ap(XF - XP (15)

VE = argmin R*(Y) + (~KX*Y) 4 7, Dy (Y, Y1) (16)
Y eRrn

X*  ~argmin F(X) + (K*Y*, X) + np D, x (X, X% 1) a7
Xex

where the proximal update (17) is solved inexactly through the Communication-Sliding (CS) pro-
cedure (i.e. T} steps of mirror descent) locally by each primal agent. Since only computing K X*
and K*Y* requires the communication between primal and dual agents, to reach e suboptimal-
ity in terms of the gap, O(1/¢) rounds of communication/matrix-vector multiplication are needed.
This is desirable, especially when the bottleneck of the entire algorithm is communication and/or
matrix-vector multiplication.
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We take a step further: with separable duals, we consider potential heterogeneity in the costs of
information aggregation (e.g. sending messages and/or computing matrix-vector products). Since
the dual (16) can be separated into .S blocks, one can apply block-coordinate descent type of al-
gorithms such as S-PDHG [13], which updates only a random subset of the dual blocks at each
iteration. The flexibility in choosing the sampling distribution allows one to control the frequency
of updates of different blocks. However, due to the randomness, the O(1/k) rate of convergence is
usually shown only for the expected gap.

To maintain the deterministic convergence guarantee as well as the flexibility in choosing the
number of updates applied to each dual block, we propose the Multi-Timescale Gradient Sliding
(MT-GS) for (P;), where different dual agents live in different timescales, and update at different
rates: Agent(ys) only updates ys at iteration 0, 4, 275, . ... Our convergence results indicate that
to reach € duality gap, the number of communication rounds needed is N = O(g) where 7 is
the weighted average of {r;}cs, with weights depending on “dual domain sizes”, and thus on
the function similarities if the penalties R;’s are chosen as suggested by Section B.3. In addition,
when the costs of updating different duals and/or the function variation along different K;’s are
different (significantly), one can take advantage of the flexibility in choosing {75} c[s) to design
more efficient algorithms.

C.1. Updating rules of multi-timescale gradient sliding

We assume that there is a global time £ = 0,1,2, ..., N.

Initialization. We assume that each Agent(z,) is given some " € X, and initialize 2% =
¥ = 2 for all k’ < 0. Similarly, each Agent(y,) is given some y””t € dom(R}), and initialize
Yo = y;mt for all k' < 0.

Dual updates. We associate each dual ys with arate r; € Nand alocal timeis = 0,1,..., Ny—
1, such that N + 1 = r4Ng. For k = 0,1,..., N, Agent(ys) remains dormant (no computation or
communication) unless k = r4is for some i; € {0,1,..., Ny — 1}, where Agent(ys) computes the

updated y’s using the following rules.

reis—1 reis—1
T, = agg, Z O (ZF — 2 | + Z Oprsr 2, v eV, (18)
k'=rgis—rs k'=rgis—rs
: ) 1
yg = argmin(— — 7 — Z Ko wB20, ys) + Riu(Ys) + Toi, Dy (ys, ye ™). (19)
ysERMs Zk'/:Tsis ek/ veV
Further, we denote 7% = ygk/ TSJ, i.e. the corresponding dual y, at the global time k, and
=k
Y™ = (y];)se[S]
Primal updates. All primal variables are updated at each global time, through a generalized CS
procedure, which we provide details in Section C.2. For k = 0, 1,...,N,

(25, 3%) = CS(fs, X, Due, Tk, (M,s)ses), (257 seS],Zstys, zb ™), VeeV. (20)

With correct choices of the parameters, (20) provides approximate solutions to the following prob-
lem

min f, (v Z T +ans we (2,287, 1)
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Final outputs. Denoting Z* = ()A( k. ?k), then the output is

N N

ZN =000 ozt (22)

k=0 k=0

Algorithm 1: (Accelerated) Multi-timescale gradient sliding

Data: {as,is }7 {Hk}7 {Tk}v {nk,8}7 {Ts,is }7 {T8}7 Ximt? Ymit
(Xk’, )?k’, Yk’) V. (Xinit’ Ximt, Yzmt) for all &' < 0;
fork=0,1,...,Ndo
> implicitly i = | k/rs| for all s € [S] for s € [S] such that k = 0 ( mod rs) do
for v € V such that K, # 0 do
‘ Agent(z,) computes T, using (18), and sends to Agent(ys);

end
Agent(ys) computes ¥’ using (19), and sends yis — yi=~1 (0 if is = 0) to Agent(z,)
for all v € V such that K, # 0;
end
forv e V do
‘ Agent(z,) computes ZSSZI K;jvy’;, and updates (¥, 2¥) using (20);
end

end
Output Z N'in (22);

Notice Agent(x,) needs to be able to compute all the Z,, which could require extra space to

s,0°
store past (x,, Z,)’s. One approach is to keep in memory all g 2rma)i(k=1) g g gk mrmas):(k=1)
where 7max = maxge(g) rs. This requires storing 3rmax vectors in R?. Another approach is to keep
in memory the accumulative (z,, 2 ): for each s € [S], for rs(is — 1) < k < rgis, keep in memory
(previously computed) 375" "7} 04, @, while computing the sum > j5% 1 6,z and

g — / . . . . .
St ! Ok r, % as k increases. This requires storing 35 vectors in R%. Also, due to the

k' =rgis—rs

proximal centers, x&k_r"‘a"):k should be kept in memory, which requires storing 7, vectors.
In addition, notice that in Algorithm 1, Agent(ys) calculates K ,7¢, and sends a vector in

R", Agent(z,) calculates K} (7% — 7%!) and sends a vector in R, In fact, there are many task
assignment strategies: for instance, K S,Uﬂjv can also be computed by Agent(z,), and the message
from Agent(z,) to Agent(y,) will be K, Z%,,. This is preferable if Agent(z,) can compute matrix-
vector products faster/at lower cost than Agent(ys). Due to this variability, in the cost analysis in
Section C.5, we take a “modular” perspective and assume that the cost of updating ¥ (including all
matrix-vector multiplication and communication) is cs.

C.2. Generalized communication sliding

In [24], the CS procedure is used to approximately solve the primal proximal updates. However,
due to differences in dual time scales, we need extra control on the variation of the primal se-
quence. Intuitively, when computing X*, the Ky, term is evaluated using 7% = yi*, where
is = |k/rs]. However, yi is computed at the global iteration r,|k/rs| < k, using the (outdated)
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X S(Tsis_grs):(ms_l) and X S(ms_rs) H(rsis—1) Thus, for the multi-timescale updates to converge, we

need to control the variation of the primal sequence. To achieve that, we take the proximal term
in the primal updates as a mixture of proximal terms centered at {X k*“}se[s}, which gives the
formulation (21).

Motivated by this, we propose the following generalization of the CS procedure in [24] (which
is a special case where |Z| = 1).

Algorithm 2: Generalized communication sliding procedure

Data: The sequences {£3;} and {\;}, ¢/ : U — R% a subgradient oracle for ¢.
Result: (u,ul) = CS(¢,U, Dy, T, (0i)icz, v, (2:)icz, 2™), an approximate solution to

in
min (u) :== (v,u) + é(u +Z77, (u,x;)

€L
(uo,u/\o) — ($z‘nit,xinit)’ N Zz‘ez Nis
fort=1,...,Tdo
u' = argmin(v + ¢/ (u )+ Z i Do (u, 27) + 0B Dy (u, u' ™)

uelU icl
end
T

T
= (Z )\t)il Z )\tut.
t=1

As a corollary to Lemma 18, we have the following performance guarantee.

Corollary 6 Assume that U C R% is a convex set, and ¢ : U — R is a convex function such that
I
Sl =l < o@) = 6(y) = (F (W), —y)) < M|z —y|, VuyeU,

where ¢ : U — R is a subgradient oracle, i.e. for eachy € U, ¢'(y) € 0¢(y) is a subgradient.
With Ay =t+ 1and By = %fort > 1, we have for any u € U

2
T =T n zmt
() +o(u” ) —o(u < + (u, x;)
(T + 1)(T+2) 4M*?
T(T +3) )= 2 mbu (@) T3
1€T
Further; if i > 0, and Dy (z,2") < § |z — 2’2 for some C' < oo, then denoting n = 3,1 i,
setting \y =t and By = (t;]g + % we have for any u € U,
(0, 0" —u) + ¢@") — ¢(u) <Y miDu(u,2:) = Y miDu(@", ;)
1€T 1€L
p 2M2 /7 = At
= (5 +m)Du(u,u”) + >
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2M? /n ZT At o ACM?
T(T+1) t=1 3, = ,u(T—I—l)

C.3. Convergence of multi-timescale gradient sliding

The proof of convergence of Algorithm 1 follows a similar type of argument as the proof of conver-
gence of PDHG and DCS: the primal updates (20) and dual updates control the following two terms
((25), (26)):

N
{Z(K*Yk, Xk - X) 4+ F(XF) - F(X)}

k=0

15=0

Ns—1
+ { Z <_Ks)?és7ygs - ys> + TS(R:(yés) - R:(ys))} :

The above sum (approximately) matches the gap ch\;o Q(Z kZ) up to an additive term ((27))

S N Ns—1 rg—1
k s Trsis+i Fls s
ZZ /7] K;k,v(ys Z Z VT = ?9117K;,v(y5 - y; )>
s=1 k=0 is=0 =0

Notice that as compared to the proof of PDHG and DCS, due to the different timescales for the
duals, we bound the above terms at dual time scales: instead of controlling (z% — & Lkv/ -] K (Ys

ystk/rsJ )) for each k, we control the cumulative term (sum from k& = 735 to k = r5(i1+1)—1). With

our choice of the X is and the mixture terms used in primal proximal updates, the result follows. We
defer the proof to Appendix F.3.

Lemma 7 Under Assumption B.4 and the first part of Assumption B.3, with the following choice
of parameters:

°as7¢8:a:1,6k:1,Tk:T21;

. nks—npswherepSZOandZ 1 Ps =1,

2k2
psm

* Nt =t+ 1land B, = t/2 for the CS procedure for all iteration k.

.TS

J|1<1 K5 ys

Then for any Z € X x R™,

(N+1)-Q(z";Z)

S
3 o
<n {2(§ rsps)Dyx (X, X" — D x (X, XN)}
s=1

S ~9 2
1 R5Ts it N1 AmM=(N +1)
h 3D, (ys, y™t) — Dy (ys, y fmP AT
5 {;Zl o 13Dy (s 0™ = Duy (s ys™ )} + =y

Thus, with proper choices of 7, ps, T, we get the following bound.
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Theorem 8 For X € X, assume that the following are finite:

Dx (X, XMty < DX < o0, sup Dy (ys,y"") < DY < o0.
ySEdOm(R;‘)
= / DY
Under the conditions in Lemma 7, taking n = (ZSS,ZI Ks\/ DY) 3,%, ps = —=VP: L ang

S ~ y
Zs’:l Kyt \ Ds/

> | AmM?2(N+1)

7"(25 1 RsV/ DY)?

=] where 7 := 235:1 rsps, we have

2V/67 - (Zs HS\/W)'\/DT'

sup Q(ZN; X,V < (23)
Y/€Rn ( )< N+1
. . Rs\/ DY
Proof [Proof of Theorem 8] From Lemma 7, we first notice that with ps = —
DT Fgly /Df,

5 K2rsD

S350

s=1 s'=1
Thus, we have

2 2 S ~2.

T43> 74mé\4 EN—i—ly) . 4m]\§(N+1) < ZHSTSDS
T(X o1 FsV D5)? +3 =1 Ps
Thus, with the additional assumptions, we get
- [ 3nDX & 4 S w2r DY
sup Q(ZY; R, Y) < (N+1)7 2 (3 rp) + (30 B0
Y’eR™ —1 nm= Ps
3nD*
=(N+1)" {77 T 77’2/{5\/ }
2\[7“(2 /1 Rs'\/ DY) - VDX
N+1 '
|

We would like to point out that Algorithm 1 and the above guarantees Lemma 7 and Theorem
8 (as well as Lemma 11 and Theorem 12 below) hold for any saddle point problem of the structure
(Ps), where the duals are block-separable. In particular, the convergence holds without the assump-
tions specific to distributed optimization problems, such as the assumption that ker(X’) = Span(1)
(Assumption B.2), or R has to be nonnegative and R;!(0) = {0} (second part of Assumption
B.3). In addition, Lemma 7 (and Lemma 11 below) can be used to show the convergence of
sup,.z Q(ZN; Z), with DX > supy % D, x (X, X™"). In Theorem 8 (and Theorem 12), we
give the “weaker” convergence for a fixed X. This is due to our Lemmas 2, 3, and Corollary 5,
which only require an upper bound on supy/cps Q(Z; X*,Y”). In addition, as will be seen in
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Section D.1, the dependence on D, x (X*, X*"*) rather than sup y .3 D,,x (X, X" is crucial to
obtain complexities which depend on function similarities for AMT-GS.
o . . 2
In addition, we point out that according to Theorme 8, T' = O(? =5, ml]\;[s,A\f/DT,)? ), and so the

total subgradient needed to find an e suboptimal solution is

mM?N? _0 (?mMQDX
_ S  ~
T(3 04 Ry /D)2

C.4. Communication round complexities for (P)

NT = O ).

€2

With additional assumptions specific to distributed optimization, and with proper choices of R;’s,
the duality gap for (Ps) can be related to the suboptimality in terms of objective values F' and/or
violation of the consensus constraint for the original problem (P). Next, we establish such connec-

tion.
We point out that with w¥ = 3||ys]|3 and 30 = 0, we can take \/2DY as —%— for RS in

mln(KS)
(6), as i*f’lj) for RY™7 in (7), as i*‘(‘;{) for R in (13), and as (f:f()% for RZ7 in (14).
Corollary 9 Assume that all norms are the ly norm, and take y? = 0, wi(ys) = 3||ys|? and

w*(z) = 5||z||*. Assume that Assumptions B.1, B.2 and B.3 and the conditions of Theorem 8 hold,
and { f, }vev is ay-similar. Take ps = Al = ZSS:1 7sps, and assume D, x (X*, X"it) <

S K
DX, then for

= X
o NEAVDY
€
1 NN vk ) i i ccv (2 KD
1. 57 2op—o X" is an (e, €/&)-solution if Ry = R as defined in (13) and A =
(€ +ar);

2. H(ﬁ Eszo X*) is an (e(1 + 1/€),0)-solution if Ry = RV as defined in (14) and A =

<1+s><zf NN
K) )

mln(
Corollary 10 Assume that all norms are the ly norm, and take y9 = 0, w¥(ys) = %||ys||* and
w(z) = §||z||* Assume that K,K?, = O for all s,s' € [S], that Assumptions B.1, B.2 and
B.3 and the conditions of Theorem 8 hold, and that {f,}vev is {(as, Ks)} se(s)-similar. Take T =

Zle rsps, and assume D x (X*, X" < DX | then for
= A/ DX
N> 2V3FAV D 7

€

1. ﬁ SN X* isan (e, e/€)-solution if Ry = RS as defined in (6), ps = (= 5+(a;( ))/(ES 1 %)
”KS” min s min s

and A =37 (€ +as) - o (K

min

2. H(ﬁ Zkao X*Yisan (e(141/€),0)-solution if Ry = RE' satisfies (7), ps = (U+'GEK5))/(ZS %)
Ks
and A= (1+&)(T, a5 - 27 555).

Hlln(
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Thus, the communication round N depends on 7, the weighted average of the rates at which the
duals are updated, as well as A, which measures the function similarities.

C.5. Discussions

Below, we look at the communication rounds (/V) and the subgradient oracle complexities (7' and
NT) of Algorithm 1 in order to find an e suboptimal solution. In Section C.5.1, we focus on the
saddle point formulation (Ps), assuming that the regularization R is given. In Section C.5.2, we
look at the original distributed optimization problem (P), and choose R based on the discussion in
Section B.3.

C.5.1. SADDLE POINT PROBLEM (Ps)

Theorem 8 implies that to find an e-suboptimal solution, one can take

m (XL R v/DY) - VDX M?mV/DX
N =0( )y T=0(——5—=—7=)
€ € o 1 ksV Ds
S ~ ./ _
where 7 := Z;q:l TsPs = %'%\/Dﬂyg. In particular, the total rounds of communication is O(%).
s=1Fs s

For the subgradient, notice that NT' = O(Wiignl)x), which agrees with [24] for when r; = 1 for
all s.

To further illustrate the benefits of having different update frequencies for different duals, we
analyze the “cost” of Algorithm 1. Precisely, we assume that every time y; is updated, the cost,
including all the communication between Agent(ys) and Agent(x,) for K, , # 0, together with
the matrix-vector products involving { K , },ecv, is ¢s € [0, 00]. When multiple duals S C [S] are
updated at the same time (in parallel), we assume that the total cost is additive, i.e. Zse S Cs-

Then, with the above N, the dual variable y; is updated O(é) times, which is different for
duals with different r5. Thus, suppose one is allowed to choose the update frequencies {7’5}56[5],
to minimize the total cost to find an e suboptimal solution, the following should be (approximately)
minimized

With 74 o< \/cs/ps>, the above becomes O((ZSS:1 \/CspPs)?). As a comparison, the strategy where
all rs = r{, are the same has the cost O(Zle ¢s). By Cauchy—Schwarz inequality, (Zle VCsps)? <
ZSS:1 ¢s, and the difference can be very large when {c;ps} se[s) are very different, thereby showing

the benefit of optimizing the updating rates {7} sc[5) When {cs/(Ks V' DY)} se[s] are heterogeneous.

The additive cost is motivated by resources consumption when sending messages along each
edge. In general, the total cost can be an arbitrary set function of the set of duals updated. For in-
stance, to model time required to send messages (in parallel) where total time depends on the largest
time, the cost could be max¢cs cs. In fact, when the costs {cs}se[g} are differently significantly (e.g.

3. Here and below, cx means (approximately) proportional to, i.e. there exists 7o € R such that rs = ro+/cs/ps for all
s € [9].
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by an order of magnitude), max,cs cs = ) g Cs. Precisely, assume that there exists > 1, such
that for any s # s’ € [S], either ¢s < £cg or ¢y < Ecs. In this case, for any S C [S],

5|1

- S £
chg(gg l)' sG%g{CSSfj.?e%(csgfj‘zcs’

seS seS

and so the additive cost is a constant approximation to the maximum.

C.5.2. DISTRIBUTED OPTIMIZATION PROBLEM (P)

For the distributed optimization problem (), the more natural measure of performance is the ob-
jective value suboptimality and the consensus constraint violation, as defined in (3). As indicated
by Corollaries 9 and 10, with good choices of the regularization R, ﬁ > kN:O XF or its projection
using II satisfies (3). In the rest of Section C.5.2, we assume that all norms are /5 norms, and take
w”(z) = 5llz]? and wi(2) = 5ysl*.

Bounds using the Lipschitz constants. Consider the case where || f, | < My, and to guarantee
that ﬁ fozo X" is an (e, €/€)-solution, in Corollary 9 we can take ¢ = @1 = 2/mM; which
gives the following N1, and in Corollary 10, we can take { = a, = 2y/mMjy for all s € [S], which
gives the following Ny:

_ _ S
_ O(er\/mDX Dy HKSH) N, = O(T‘Mf\/mDX ’ | K ||
€ ot (K) 7 € ot (Kj)

min s=1 ~min

Ny ))-

Both N; and N> depend linearly in 7. However, when { K} se[s) are orthogonal, as discussed
in Section B.3, of, (K) < o (K;) for all s, and so in terms of the rounds of communica-
tion NN, it appears that orthogonality allows a more refined (i.e. s-dependent) control over the
decomposition of the function variation and thus the dual domain size, thereby achieving better
convergence. In addition, similar to the argument in Section C.5.1, when the cost of updating ¥

is ¢, and total cost is additive, one should choose s o y/cs/|| K| when Corollary 9 holds, and

rs o \/es/ (|| Ksll /o, (Ks)) if Corollary 10 holds. Similar results hold for I = X*) to
be an (e, 0)-solution.

Bounds using the function similarity. In reality, sometimes the functions {f,},cy exhibit
similarity. For instance, in the extreme case f, = f, for all v,v’ € V, and thus communication is
not needed at all! In that case, the bound on sup g r-5_o [|(/ = I)VF(X)]| (and other terms
using II;) using the Lipschitz constant M is too loose: in fact, one can choose a1 = ag = € for
all s for arbitrarily small €5 > 0, then when R are set according to (14) or (7) with constant £, one
only needs N = O(2 255:1 7s), Which can be arbitrarily small.

More generally, choosing £ = 1 and setting R, according to (14) or (7), we obtain the following
bound on the rounds of communication following Corollary 9 (N3) and 10 (/V4)

DX Y5 K . VDX & a|K|
T “a1), Ni=O0(——( ¥
€ o (K) € o (Ks)

min s=1 ~min

N3y = O( ))-

Importantly, the number of rounds needed now depends on the function similarity instead of
crude quantities such as Lipschitz constants.
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In fact, when S = 1, such dependency is optimal. Indeed, [3] designs a pair of “chain like”
functions {F}, F»}, such that for any v > 0, {yF1,vF} is v/1.5y-similar. In addition, when
m/2 agents are given yF; and the rest are give vF5, finding an e suboptimal x (in terms of the
objective value) in the /5 unit ball requires Q(e/im) rounds of communication (see Theorem 2 and the
discussions after it in [3]). For our algorithm, with a; = O(y/m~), D* =1/2,and K = I —1II (and
so |K|| = o, (K)), we have N3 = O(:/l;g) Thus, y; is updated only N3/r; = O(E/im) times,
which is also the number of actual communication rounds needed. This achieves the theoretical
lower bound, and so is optimal.

However, to achieve the above function-variation-dependent bounds, the parameters a; and
{as} se[s) heed to be set correctly. It is an interesting open question how one can achieve such
dependence without additional prior knowledge (such as function similarity) about { f, } yev

The hierarchical setting and function similarity at different scales. In addition, we provide
results when function variations could be different along the span of K for different s € [S]. As an
example, consider the hierarchical setting discussed in Section B.2, with the additional assumption
that for each non-leaf layer of the tree, all dual variables in that layer have the same number of child
nodes. Then it can be shown that || K;|| = o, (K,) = +/|Chi(s)|/|Des(s)| (by (24) in the proof

of Lemma 1), so the above bound Ny can be simplified as

7 (X5 a,) - VDX
O( (2 )W), ps < asy/|Des(s)].

€

Ny =

As discussed in Section B.3.2, a; measures the function variation along the span of K, i.e. variation
in { fu }veDes(s) 0t taken care of by Agent(y, ) in the subtree rooted at Agent(y;). In addition, (12)

shows that a? = |Des(s)|-sup,cx Variwu, (f/;(x)), and so ps |Des(s)|-\/supmex Varu, (f';(z)).
Thus, from the cost-minimization perspective in Section C.5.1, denoting the cost of updating
¢s/|Des(s)|
\/SHPIEX Varips (f"i(2))
along some K the function does not vary by too much (Var;.,, (f';) is small), then Agent(y;) does
not need to update y, very frequently (can use larger ).

. This corroborates the intuition that if

Ys as cs, one should choose 75 \/

Appendix D. Accelerated convergence under strong convexity

The convergence result in Section C.3 can be applied to objectives { f, }yey where p = 0. In
case strong convexity holds, i.e. ;> 0, Algorithm 1 can achieve the accelerated convergence rate
O(1/N?). We defer the proof of Lemma 11 to Appendix F.4.

Lemma 11 Under Assumption B.4, further assume that Doy (z,2') < S|z —2' || forall z,2' € X
for some 1 < C < oo, and ji > 0. Let {ps}c(s) be a distribution over [S], T = Z‘g:l rsps and
similarly define 12 and 3.

With o, = 1, 0 = k + 22 /T, g = o (k + 12/7), s = Mpss Toia (s 7o Opr) =

Ts = % : @, Ti,/N =T/N > maX(\/%’ %‘T) where D = “;J(\ZZ/;)Q Dy, assume that the CS
(t+1)p

procedure at iteration k is run with \; = t and 5f = onc T %for t=1,...,Ty, then for any
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37 4+ 5(r2/7)2 -
Q(ZN,Z) < N(]V2+ 1){“( 3/ _;g( 2/ ) )DwX(X,XmZt)

As a direct consequence, we have the following theorem.

Theorem 12 For X € X, assume that the following are finite:

D, x (X, X"t < DX < o0, sup D,y (ys, ¥ < DY < oo.
ys€dom(R})
Under the conditions in Lemma 11, taking ps = __ReVDi and Dy = DX/m,

S =~ /py
Eslzlﬁs’ DS

NS o 2 p(PB)F+ 702 /7)2) | 4C(F)? )
YS/IE%Q(Z ;XY < N(N+1){ 50 D +M(£ﬁs/\/D§/) }

Notice that (1) implies that ||z — 2/|| < % for all z,2/ € X. Thus, one can take DX =
O(%ﬁvp) The resulting upper bound, when 73 = O((7)?) and r2 = O((7)?), becomes

_ S
sup Q(ZN;)?,Y’) = O(i {mM2 + C(Z ES/\/D>3,)2}).

N2
Y'eR" K 1

D.1. Good initialization for (P)

In Theorem 12, assuming that X is compact, then one can always use DX > SUp y ¥ D, x(X, X mit),
suggesting that X should be chosen as the “center” of X', and D~ measures the (squared) radius
of X. The resulting N, then, depends on DX . However, such dependence on the size of X could be
suboptimal, especially when local objectives are similar. Indeed, in the extreme case where all local
functions are the same, then primal agents can optimize their local objectives without communica-
tion at all.

To take advantage of potential similarities in the local functions, we propose initializing the
primal variables at (approximate) local optimal solutions, which has the following guarantee on
Dwx (X*, szt)

Lemma 13 Assume that all norms are the ly norm, and for some ¢y > 0, X = (Zy)vev € X
satisfies the following condition

F(X) < min F(X) + €.
XeX

Assume that (1) holds for some j1 > 0 and Assumption B.1 holds, and { f, }vev is {(as, Ks)}se[s)-

similar, then
S 2y1/2 S 2
S _1Q . a 2¢€
||X _X*H < (Zsfl s) + \/2521 s 0‘
7 7 I
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Proof [Proof of Lemma 13] By the suboptimality condition for X and (1), we get
gn)? — X*|2 < F(X) - F(X*) — (VF(X*),X — X*) < ~(VF(X*), X — X*) + .
Notice that by the first-order optimality condition of X*, we get
(VF(X*),TI(X — X*)) > 0.
Combining the above two results, we get

SIX = X*|P < ~(VE(X™), (I - (X = X)) + <0

:—ZHVF IL(X — X*)) + €

S
<D IILYEQ)] - (X = X7 + e
s=1

S S
ZHH VEXHH)Y2- O I (X = X)) + e
s=1

S
<O a)'? | X = X*| + e,
s=1

where the last < is because of the assumption that {f, },ev are {(as, Ks)}se|s)-similar, and all

norms are o norm. The above inequality is quadratic in H)? — X, |

The above Lemma 13 shows that if {Z, },cy are all approximately optimal to local objectives,

~ S 2
then D, x (X*, X) ~ % To find such initialization, one can apply the CS procedure.

Corollary 14 Assume that all norms are ly norms and w®(x) = ||z, that (1) holds with some
w > 0, and that Assumption B.1 holds. For each v € V, assume that Agent(x,) is given some
29 € X such that sup,¢ y Dye (7,29) < D* < 00

(- 2"") = OS(fo, X, Dus, T, 1, 0,25, 1),
where the CS procedure uses ), By according to Corollary 6 (for 1 > 0), then with eg = a2/,

SCM m €0/2
Tr=> €0 mD®

and n =

D (X* X’mzt) < 4;:2
TP

where a = ay if {fv}vev is ai-similar for some a; > 0, and a = (Zle a)V2 i { f,}vev is
{(as, Ks)}sc[s)-similar such that (Zsszl a2)'/2 > 0.
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D.2. Complexities for (P) and discussions

Recall that with w¥ = %|jy,]|3 and 30 = 0, we can take \/2D¥ as f+(a;( ) for RS in (6), as

% for R in (7). as 470 for RS in (13), and as (5022 for RE' in (14). Now, combin-

ing Theorem 12, Corollary 14, Lemma 3, and Corollary 5, we get the following results.

|? and

Corollary 15 Assume that all norms are the ly norm, and take y° = 0, w¥(ys) = 3||ys
w®(z) = 3 ||z||%. Assume that Assumptions B.1, B.2 and B.3 and the conditions of Theorem 12 and
Corollary 14 hold, and { f,}vev is ai-similar for some a1 > 0, and take ps = % In

.. s'=1 s
addition, assume that X"™ is initialized according to Corollary 14, then we have

> QU X Y') < S ()P + 767 (7 -+ A3

Y’eR"
and so for
. L G
N
~ S
1. Zf:N eka is an (€, €/&)-solution if Ry = RS as defined in (13) and Ay = (Zsffliy;{(;l” .
k=0 T min
(€ +a1);
2. H(ZkN ekHX ) is an (e(1 + 1/€),0)-solution if Ry = R as defined in (14) and Ay =
k= O
(L) (2 1K)
anlill(K)
Corollary 16 Assume that all norms are the ly norm, and take y9 = 0, w¥(ys) = %||ys||* and

w®(z) = §||z||*. Assume that K,K?, = 0 forall s,s' € [S], that Assumptions B.1, B.2 and B.3 and
the conditions of Theorem 12 and Corollary 14 hold, and that {f,}vev is {(as, Ks) }sc[s)-similar
where ag > 0 for all s. In addition, assume that X*™* is initialized according to Corollary 14, then
we have

S
sp Q(zV; x*, vy < 20 {<r3/<> +7<r2/<r>2>2>~<2a3>+A3},

Y'eR” pN? —1
and so for
27 A &
N > . A= \/r3/F)B+7(r2/(T)2)2 - a?)'? + A,
i /()2 +7(r?/(T)?) (; ) 0
Z — C §+CLS S 5—‘1-(15/
1. z’“:i\, 09 F isan (€,€/&)-solution if Rs = RS as defined in (6), ps = (U$in(Ks))/(ZS,:1 U$in(K$/)+),
K
and Ay = Es:l(f + ag) - %
Z]kV:O Qk)/(:k . . . _ pprj . o as S
2. H(izl\, o) isan (e(1+1/€),0)-solution if Ry = R satisfies (7), ps = ("7 % ))/(Zs,:

andAo—(1+§)(Zs 18s - UJL(}!S))
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Subgradient oracle complexities. With the initialization in Corollary 14 and C = 1, the
number of subgradient steps needed to find X" is T > BmM , constant in €.

In addition, in Theorem 12, we can take Dy = T and so D = 2(1(]\4# Thus, the require-
ment on T becomes T /N > max(\/%, %) ie. T/N = Q(max(]‘gg, (%)2 -7)), and so the
total subgradient steps needed (for each agent) is

M/a ,M/a 72 A? M/a M/a
N2 O(max(/2 (M2 ) oA a2 (M0 )
r2/t r?T e r2/T 2T
In the special case where S = 1 and ||K| = O(o". (K)), we have a = Q(A). Further assuming
that A = O(y/mM ) (which holds when || f}|| < M for all v and M = 2My), the above can be
simplified as ?\/TieMZ

Communication rounds complexities. For both Corollaries 15 and 16, the communication
rounds needed is N = O(j%), where A depends on function similarities and higher moments
of {rs}ses)- In terms of N and 7"s dependency on ¢, u, O(1/,/p€) communication rounds and
O(1/(pe)) gradient steps are needed.

Now, consider the special case where 72 = O((7)?) and 3 = O((7)?), i.e. 7, has small
variation, then \/ﬁ/(7)3 +7(r2/(7)2)2 = O(1), and s0 A = O(a + Ap), then £ = 1 with RE"™
and R?"™ give the following N7 and N, respectively

—~ S _ S
Tar Y. =1 | K || T | ||
N =0 s L N =0 (a2,
1 ( Ve o (K) : VEH ; ’ O min (Ks)

both have linear dependence on 7 and function similarities. (For N3, we use (255:1 a?)l? <
S
Zs 10s and ”K H > amln(K )) L
Comparison with communication lower bounds. When S = 1 (and so 72 = (7)?), K =
I —1I (and so |K|| = o (K)), with wx( ) = %[|z||* and w¥(ys) = %||ys||*, assuming that
| )l < My (and take M = 2M;), a? < m~? for some v < My, we have N = O(* \\/F»W) Since

communication is only needed when Agent(y; ) updates, the total number of communication rounds

is N/rs = O( ‘/\/?), which achieves the theoretical lower bound (Theorem 2 and discussion after

in [3]) on the communication round complexity for y-strongly convex, 1/m~y-similar functions, and
so is optimal®.

Appendix E. Numerical experiments: support vector machine

Setup. We take w®(z) = 3||z||* and w(ys) = ||ys||% and

v :_72%1 1 >yv<bé,x>]+,ux.
ms

4. [3] constructs a pair of “chain like” functions {F},yF>} which are ©()-similar and p-strongly convex. In addition,
when m /2 agents are given yF; and the rest are given v F> (and so this set of m functions is ©(y/m-y)-similar), the

number of rounds of communication needed is (~y W}m ).
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Since ||b}|| < 1 and ||z|| < 5 (since z € X), we have ||f/| < 14 5u and so we can take
M =2(1+b5p).
. . k k Sk 6 XK
Below, we look at the suboptimality of F'(ITX") where X" := %
focus on how F'(ITX k) depends on the iteration k& and the mean updating rates 7. In Section E.2,
we focus on how F(IIX*) depends on the iteration % and function similarities A.

. In Section E.1, we

E.1. Suboptimality and %, 7

In this experiment, we investigate the suboptimality of F'(ILX k) as a function of the iteration num-
ber k£ and the mean updating rates for the dual 7.

Data simulation. We first sample z* € R on the unit sphere uniformly at random as the “true
solution”. For each agent Agent(x,), we generate the feature vectors bl i.i.d. uniformly on the unit
sphere and take !, = sign({b}, z*)) w.p. 1 — p, and y, = —sign((b}, z*)) otherwise, independent
of {bé}UEV,lE[mS]' We take ms = 50 and p = 0.05.

Communication setup. We consider the hierarchical setup, with 3 layers of dual agents and 1
layer of primal agents, where each non-leaf node has 5 child nodes. Thus, there are m = 125 primal
agents and S = 31 dual agents, and |Chi(s)| = 5 for each non-leaf node. We assume that the dual
agents at layer 7 are updated with rate r; for i = 1,2, 3, and test with various (71, r2,73)

Algorithm setup. Notice that the px part in f; is common to all v so we can take a; =
2,/|Des(s)| for all s. We use RL'7 as defined in (7) with ¢ = 1, and set 2/ = 0 and y* = 0.
We test MT-GS for N + 1 = 3000 and i = 0. All parameters are set according to Theorem 8. We
test AMT-GS for N + 1 = 500 and pz = 0.01. We set T = N + 1° and set all other parameters
according to Theorem 12.

Results: F(IIX") and k. In Figures 2 and 4, we present F(ILX") as a function of & for MT-GS
and AMT-GS respectively. Different lines correspond to different (71, 2, 73, 7), with the line colors
indicating 7. As can be seen, for both MT-GS and AMT-GS, all settings of (11, r2,73,7) converge
or show trend of convergence, and the convergence is faster for smaller 7. In addition, comparing
Figures 2 and 4, we see that strong convexity (with AMT-GS) indeed accelerates the convergence.

Results: F(ITX*) and 7. In Figure 3, we present F'(IIX*) as a function of 7, taken at
k = 400,800, ...,2800 for MT-GS. In Figure 5, we present F'(ILX*) as a function of 72, taken
at k = 60,120, ... ,480 for AMT-GS. In both figures, the line colors indicate k. As can be seen, as
k increases, the suboptimaltiy of F(ILX") is approximately linear in 7 for MT-GS and is approxi-
mately linear in 7 for AMT-GS, agreeing with our Theorem 8 and 12.

E.2. Suboptimality and &, A

In this experiment, there is only one dual agent (thus A = O(a;)) who updates at rate r; = 1. We
focus on (normalized) F/(ILX) as a function of k and function similarities a;.

Dataset induced function similarities. In this experiment, similarities between { f, },c are
inherited from similarities in the local datasets. More precisely, we generate a global dataset
{0, 1obat> Yhtobat) Yielmyronai) CONSIStNG Of Mgiobar pairs of data. In addition, for each agent, we
generate Mmyocqr pairs of private data {(bj,,q y» Ylocarw) Hielmupen]- Thus, Agent(z,) has access to

(4 ! l [ _ :
{(bglobal7 yglobal)}le[mglobal] U {(blocal,zﬂ ylocal,v)}le[mlocal]7 a total of my = Mglobal + Myocal PAITS
of data.

5. According to Lemma 11, 7" should be linear in NV, and in this experiment, we set it as [N + 1 for simplicity.
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Data simulation. We simulate the z* and all pairs of data the same as in Section E.1, with
ms = 50, Miocal = | YMs) and Mmgjopar = Ms — Myocar, for vy = 0.1,0.2,...,0.9. We assume that
there are m = 500 primal agents. Due to the global dataset, we have || f; — f,,|| < "<l for any
v,v" € V, and so we can take a; = 2y/m.

Algorithm setup. We consider two setups.

1. Type-0 setup. We use R, = RE'7 as defined in (7) with £ = 1, and y"* = 0. We set the
parameter 7 = N + 1° and all other parameters are set according to Theorems 8 and 12.
For the initialization, for MT-GS, we use xfjmt = 0 and for AMT-GS, we use g?) = 0 and

construct ™ according to Corollary 14.

2. Type-1 setup. In addition to the above y-aware setup, we also test our algorithms for Ry =
100RY"7, a3 = 2+4/m, and 2™ = 0, which we denote as type-1 setup. Compared to type-0,
type-1 has larger dual domain size and ignores the function similarities, making it a closer
approximation to the DCS algorithms in [24].

For both types of setups, we test MT-GS for N +1 = 500 and 4+ = 0 and AMT-GS for N +1 = 200
and = 0.01. Since the datasets are different for different v, below, for each v, we normalize
F(I1X*) such that F(0) = m = 500 is normalized to 1, and the minimum (over k and two types)
of F(IT1X") is normalized to 0.

Results: normalized F(I1X*) and k. In Figures 6 and 8, we present the normalized F(ILX*)
as a function of k& for MT-GS and AMT-GS respectively. Different lines correspond to different
types of setup and different , with the line colors indicating . As can be seen, our MT-GS and
AMT-GS converge in all the tested settings, and strong convexity (with AMT-GS) accelerates the
convergence.

Moreover, from Figure 6, solid curves are always below dotted curves of the same ~ (color),
indicating that type-0 setups converge faster than type-1 setups. In addition, solid curves corre-
sponding to smaller v (functions are more similar) are dominated by curves corresponding to larger
ones, while dotted curves converge at roughly the same rates. These suggest that type-0 setups,
with the ~-aware domain sizes and parameters, indeed take advantage of the function similarities to
speed up the convergence.

Results: normalized F(I1X*) and ~. In Figure 7, we present normalized F(ILX*) as a func-
tion of 7, taken at £ = 100, 200, 300, 400 for MT-GS. The line colors indicate k. As can be seen,
the normalized F'(ITX k ) is approximately linear in y for MT-GS, which agrees with our Theorem
8.

In Figure 9, we present normalized F(HX’“) as a function of 72, taken at k£ = 10, 15, 20, 25, 30, 40, 80, 120, 160
for AMT-GS. The line colors indicate k. It appears that the normalized F/(ILX*) is increasing in +2
for most v (the dip when v2 = 0.36 could be due to the randomness in the simulated dataset). This
confirms that our AMT-GS can take advantage of function similarities. However, the normalized
F(IIxX k) does not appear to be linear in y2: for small 72, it does not converge to 0, which could
be because setting 7' = N + 1 (smaller than suggested) introduces additional suboptimality; in
addition, it is possible that the normalization process introduces extra y-dependent factors.

6. According to Theorems 8 and 12, 7" should be linear in IV, and we set 7' = N + 1 for simplicity.
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Appendix F. Additional proof
F.1. Proof for Section B

Proof [Proof of Lemma 1] For d = 1, the matrix representation of K, € RIChi(s)Ixm jg
(I — 1(:3:2 ;})JTGCM(S))P where P, € RICh()xm and P, (i, j) = |Des(i)| ! if j € Des(i) and
Py(i,j) = 0 otherwise. Notice that

|Des(j)]
|Des(s)]

)?EChi(s))PsPZ(I—1(M)T T

KSK:’ = (I - 1( ]Des(s’)| J€Chi(s")

If s is not in the subtree rooted at s’ and s’ is not in the subtree rooted at s, then Des(s)NDes(s’) = 0,
and so PSPST, = 0. If s is in the subtree rooted at s’, then s is in the subtree rooted at some
5 € Chi(s'). In particular, (PsPT)(i,j) = 0 forall j # Sand (P PL)(i,s) = |Des(5)| !, and thus
(I —1( Ig:(sgi) e Chi(s)) Ps PT = 0. Similarly for the case when s’ is in the subtree rooted at s. The
case when d > 1 follows by applymg the above argument coordinate-wise.

For the second claim, consider the case d = 1, denoting

D = diag((|Des(j))jecni(s)), v = (IDes(5)])jecnics)/lI(IDes(5)]) jecnics) ll2:

where the norm in the denominator in the definition of v is the /5 norm. Then when d = 1, we have
(applying Theorem 6 in [26])

1
|Des(s)]

K,K;=D""'— 117, (K,K))" =D —vw'D — Do + (vF Dv)vo?. (24)

Thus, noticing that v K, = 0, we have
I, = K}(K,K)K, = KT DK,.
Thus, for any )?, X cR™

(X,1L,%) = (LR, 1L,X) = (5,97 D(,%) = 3 [Des(i)] - (K, %), (K, X)),
1€Chi(s)

The above argument can be applied coordinate-wise, and so extend to d > 1. |

F.2. Proofs for Section C.2

Lemma 17 (generalized lemma 5 in [24]) Let the convex function q : U — R, and T an arbitrary
finite index set. Assume that the points x; € U and the numbers n; > 0 fori € Z. Letw : U — R
be a distance generating function and

u* € argmin g(u) + Z 1 Doy (u, ;).
ucelU icT

Then for any u € U, we have

+an u xz +an U.%'Z anDwuu

1€T 1€l 1€l
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Proof [Proof of Lemma 17] First, by the optimality condition for u*, there exists ¢'(u*) € dg(u*)
such that

(q'(u*) + ZmVDw(u*, zi),u—u*) >0, Yuel.
i€
By definition, we have for each 7 € 7 that
Dy(u, ;) — Dy (u®, ;) — Doy(u,u*) = (Vw(z;) — Vo (u*),u —u*) = —(VDy(u*, z;),u — u™)

Thus, we have for any v € U,

+an uxz

1€T
> q(u*) + (¢ (u*),u — u* —1—2771 (u*, ;) + Dy (u, u*) — (VD (u*, 2;), u — u™))
€L
—"_an u x'L —"_an
1€T i€l

Lemma 18 Assume that U C R% is a convex set, and ¢ : U — R is a convex function such that
I
Sle=yl* < (@) = o) = (¢ (W), z —y) <Mz —y|, Yz,yel,

where ¢ : U — R is a subgradient oracle, i.e. for eachy € U, ¢'(y) € d¢(y) is a subgradient.
In addition, Dy (z,2") < ||z — 2’| for some C' € [0,00]. If {8} and {N\;} in Algorithm 2
satisfies that

A1 (MBrr1 — 1/C) < M(1+ Be)n,  VE > 1,

then fort > 1 and u € U

M? )\
2775t

T
(3" M) (@@T) = B(w)) < (B1 — 1/C)\1 Dun (1, 1%) — (1 + Br) g D1ty ) + Z
t=1

Proof [Proof of Lemma 18]
Applying Lemma 17, and using ) ;7 7; = 1), we have

(v+¢'(u! u) + Y miDw(ul, i) = > niDu(u, ;)
1€l €L
< 0B Doy (u, u' ™) = 0B Doy (u', u' ™) — (1 + Br)nDu(u, ')

The rest follows a similar argument as in the proof of Proposition 2 [24].
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F.3. Proofs for Section C.3
Proof [Proof of Lemma 7] For convenience, denote 7, = Zle Nk,s and 7 = 233:1 TsPs-
Primal update properties. By Corollary 6, forany v € V and z, € X
S

O KL 35 — o) + fol(@) = fulwy)

s=1

2y, 2
< —— D, + E © Ts
S Tk(Tk 3) w' -Tva v Nk,s D, xva v )

B (Tk + 1)(Tk + 2)

AM?
D x ﬂ') A k 7‘3 o .
To(Tyt3) WP l@ne ) Z"’” we(@o, 20+ L

Summing over k, and defining 7, s = O forall K < O and k£ > N + 1, we have

Z Z sv?s?Av - .lev> + fv(ffﬁ) - fv(xv)

k=0 s=1
k+1 .
< x
ko Z (TkJrl (Tk+1 + 3) Z’?k+r5,s> we (T, T2
—max{r )

_Z Tk+ Tk+2)

Dy k

—Zans we +Z

k=0 s=1 Tk+3

Recall that z¥ = 2 for all k < 0, and so with T, = T for all k and 7y s = nps for k =
0,1,....N,

1 S
2Ng11 2 - 2 _
2 < T(T + 3) +an+’”s’s> - (T+3)+erps)_n(T(T+3)+T)'
k=0—max{rs} s=1

Fork=0,1,...,N —1

S

2 ) §-(T+1)(T+2)
+ fy
Tort (Tosr +3) Z Mhtress < 1 T(T +3) +2_ ) T(T + 3)

Thus we have

N S
DO KILE —x) + fol@) — fulw)

k=0 s=1

3 T+ 1)(T +2)

le v wnit ( wa v N
n(iT(T+3)+T) (Ty, 2)"") — “TT+3 " (20, 23,)

4M?(N +1)
k 7

- s Dy (T8, ah=rsy 4 — 2 25
VLA )
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Dual update properties. In addition, by the updating rule for the dual, we have by Proposition
2 in [24] for any ys; € R"s,

- Z KTy, 4 — ys) + Ri(y2) — Ri(ys)
S vev

< Tty (Duy (s, 9 ™1) = Dy (s, 98") = Dy (4,55 71)) -

Thus, with 7, ;, = 7 for all 75, summing over the above, we get

Ns—1
Z _7ZKSstv7ys S>+R:(y;5)—R:(y5)
is=0 5 vev
Ns—1
< 7o (Do (s, VM) = Doy (e y= 1)) = 75+ > Dy (yle,yis™ ). (26)

i1s=0
Gap properties. Notice that for each s € [S] and v € V, we have

N
S K uye) = (oo, K27 |

k=0
Ns—1 (rs—1
_ ~rsls+1i * * 7
= E <xvs ° 7Ks,vys> —Ts <$U7 Ks,vyss>
1s=0 =0
Ns—1 rs—1 N Ns—1
7T is+1 ~z * —k ~i 7
E E v T ss'uﬂ Ks + E .CUU, s vys> + E <K57sts,v7ys - yss>‘
is=0 1=0 k=0

= is=0
(27)
Recall that for i, = 0,1,..., Ng — 1,

Trsis—1 rsts—rs—1 rsis—1

~is __ § : ~k' § : k' § : k'
xssv a( Ly — Ly ) + Ly -
k' =rgis—rs k' =rsis—2rs

k'=rsis—rs

We first bound the first term in (27). Notice that for s = 0,1, ..., Ny — 1, we have

re—1
(D @t = F, K (ys — u2))
TSil . . . . T‘Sil . . . . .
= <Z (Freisti — grs(is=D+iy _ o Z (Frelis=DHi _ gra(ia=2)4iy K2 (ys — yi*))
i=0 i=0
T,S_l . . . . .
= (D@t =T KD (s — yl))
i=0
TS_]‘ . . . .
- a3 (@I = G, K (g — i)
i=0
Ts_l . . .
Fal 30 @I oD Ky — ).
i=0
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Thus, with o = 1, and recall that for i, = 0,7 = 0, .. —1, Ars(ls_l” — mZS(ZS_Q)H =
xMt — it = 0, we have
Ng—1 rs—1

YD O E = F, K (ys — )

veV is=0 =0
rs—1
= (D (RN N Ry, — )
=0
Ns—1 rs—1

+ Z Z er is—1)+i er(zs 2)+1) K*( yés 1))

is=1 =0

re—1

<ZHX“N51 — X N2 R (g — g

Ns—l rs—1

Y0 D R XD (gl — g
is=1 2=0

Thus, for any p > 0, we have

Ng—1 rs—1

ST apiet - F K (g — yE)

veV 1s=0 =0

N roie2 Ns—1
Py —rs
< SO DIRE - X TR ok T T @)
k=0 ts=1

Bounding the gap. Thus, with (25), (26), and (28), we have the following upper bound on the
gap

QX*Y" 2)

M= I[M]=

S N
=S {FEN - r ) - FX) + BT+ 303 (KK ) - (X, T
k=0 s=1 k=0
(T(T2+ 3) PIDu (X, X (T;(lT) (+T3J)r D, (%, X
B Skovherey , AmM?(N +1)
nkZO;psDwx(X ,XFTTsy 4 T s

Ns—1
+ ZTsrs{ ysay;mt) Dwg(ys,yév Z D,y ys 7ys 1)}

1s=0
=2 Nol
NPs || vk k—rs is o —
+ZZ | XF - xh HQ+ZQW e =y P+ llys — w2
k=0 s=1 is=1
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where we take p = np; i [S], we have
N
> Q(XE, ", 2)
k=0
2 _ i (T+1)(T+2) N
_— D x (X, X"y - 2~ _ZpD (X, X

S
3 P | N1 4mM?(N + 1)
E Lz -D,, s e S
+ pot TSTS { 2 (y87 ys ) 2 (y87 ys ) + T](T + 3)

~2
In particular, taking 75 = i':;, and using the convexity, we get

(N+1)-Q(z";2)
2

(T +1)(T +2)
= ”{(T(T+3)

T(T + 3) Dyx (X, XN)}

+ ?)Dwx (X’ szt) -

S

1 R2rs _ 4mM?(N + 1)
- E 3D ’ nit D , Ns—1

+n{s:1 o 13PurWe ™) = Duylum v D) + =

The result follows from noticing that for any 7" > 1, ( 55 < % < %(Z;g:l Tsps), and % >

1.

F.4. Proofs for Section D
Proof [Proof of Lemma 11] Primal update properties. By Corollary 6, foranyv € V and z, € X

S
<Z K:vy’sca/\ﬁ — Ty) + fv(/x\ﬁ) — fo(wy)

s=1

S

2 : k: S § —Ts
S nk,sDwz Ty, Ty, " nks w”” T)

s=1

I A 2M? A\t
—(=+ Dy (2, 2y) + ———= —.

Thus, taking a weighted sum of the above, we get
N
>0 { ZK:@E& — zy) + fu(@h) - fvw}
k=0

M(E/F+5(T2/?) ) mzt k Ts ,u7“2
> 20 Dwz Ly, Ty, ngznks w”” v? Xy )+?D07
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where the bounds on the sum of Bregman divergence terms follows from the following bounds on
the coefficients of D,z (1, 2F) term in the sum (6 = 7, = Oforallk > N4+1)fork =0,1,..., N

S
Z 0k+T5nk+7’s,S - (% + nk)ek
s=1

S
< % {;(k 15+ 2r2T)(k + 1o + 12 /T)ps — (k + 12 )7 4 27) (k + 2r2/r)}

H 2 3 ) 3 /2 2 3 2 2 2
=50 { <k‘ + (27 + ?)k+(4r2+2(7‘2/7’) )> - <k‘ + (27 + ?)k+(4r2+2(7‘2/r) ))} =0,

and for xint
S rs—1 2 ) 3 /= 2 /=\2
T /T 4+ 5(r? /7
Zznksak_2czps 7’57"5 )<T8+2 ) ( / 20( /))
s=1 k=0
The bound on the rest of the terms is since
2tC C 4T, — 1
S5 Z /1 __ <% (IL%) ),
M t:lﬂ A+ + =) (k+r2/T)/2r T K 1+ (k+7r2/7)/2F
and notice that N
k+2r2/7
ZJF—T/T 2(N +1) < 4N,
P 0k+r2/r+2r

and since N + 1 > rpax = mMaxe[g) I's, We have

S S
2= pal <> prdN+1)=(N+1)F = r2/T<N+1<2N.

Thus, for Ty /N = T /N > max( 5D 9C) where Dy = & ](\42/02) Dy, we have
i 2020, i N _ 2M3C {ZN: k+2r2 /7 + A(k + 2r2 /) }
i, =<
= Tk (Te + 1) = By po \Z TeTe+ 1) = (1+ (k+12/7)/27) (T + 1)
2M2C (10N? 32N
C { 3 r} ﬁDo (27
I C
Dual update properties. Similar to (26), we get
Ns—1 ' ‘ rsis+rs—1 .
DD KTy =y + (Y G)(Ri(ye) — Rilys)
i5=0 veV K =rig
Ns—1 rsis+rs—1 .
< > il Y 0 {Dup(ys, v ™) = Dup(ys, ) = Doy (yi,ye ™)}
is=0 K =ris
:TS{D v (Y, yI") = Dy (ys, 1) Z Dy (i, yie™ 1)}. (29)
1s=0
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Gap properties. Notice that for each s € [S] and v € V, we have

N
S0 {(@h Koups) — (o0 K275 }
k=0

Ng—1 rg—1 o '
= > Oy = Fe KT (s — yE))
is=0 =0
N Ns—1 ' '
) 0@ — o, KE N + D (Kew@iy, s — ). (30)
= 1s=0

We first bound the first term in (27). With o ;, = 1

Ns—1 rs—1

Z Z <Z 9T5i5+i§7\25is+i - sva* ( y;s)>

veV is=0 =0

rs—1
= <Z (On g (XN 7Tt o XN =2ms i)y fx (g — gy Ns— 1Y)
i=0
Ns—1 rs—1
* Z D (Or 1y (X7 o7 0H — xro (=200 Jer(yls — g™t
is=1 =0

re—1

S S I D e TR [

Ng—1rs—1

30 ST O iyl XTI XD (g e
is=1 =0

Bounding the gap. Putting the above together, and for convenience, denoting y.'* = ys, we
have

N
3 0.Q(X*, V" 2)
k=0
p(r3/7 + 5(r2/7)?)
2C

NS 1
+ ZTS{ y57y;mt) D (ys’yé\/g—l Z D ys 7yég 1)}

p(2 /7Y

m
< Dx (X, Xt Zekzn,” ox (X XF TS)+?DO

i1s=1
O k—rs |2 . i3 Tr Or (ia=1)4i\ g i, Yo L)2
+Z Z = XE Ry (Y eyl g
s=1 (k=0 is=1 ps i=0 nrs(zs—1)+z
B/ 4 5(27)?) ity T
< 250 DwX(X,XWt) ———Do +ZTS ys,yénlt)
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using
~ _ ~ s—1
Ts = ig . 4TSTC 2 ig . max (T M .
Ps H Ps  is€[Ns] =5 Nry(is—1)+i
Since Zgzo O > N(]\;H) , using convexity, we get
2 pu(r3 /7 + 5(r2/7)?) i
ZN’ 7\ < D X XZTL’Lt
mu(r2 J7)? 470 R o
Ty 4 =2 ) (31, ™)
¢ s=1 s
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