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ABSTRACT

Learning discrete neural samplers is challenging due to the lack of gradients and
combinatorial complexity. While stochastic optimal control (SOC) and Schrédinger
bridge (SB) provide principled solutions, efficient SOC solvers like adjoint match-
ing (AM), which excel in continuous domains, remain unexplored for discrete
spaces. We bridge this gap by revealing that the core mechanism of AM is state-
space agnostic, and introduce discrete ASBS, a unified framework that extends AM
and adjoint Schrodinger bridge sampler (ASBS) to discrete spaces. Theoretically,
we analyze the optimality conditions of the discrete SB problem and its connection
to SOC, identifying a necessary cyclic group structure on the state space to enable
this extension. Empirically, discrete ASBS achieves competitive sample quality
with significant advantages in training efficiency and scalability.

1 INTRODUCTION

Sampling from unnormalized distributions is a fundamental problem across computational statistics
(L1, [2008; Brooks et al., 2011}, Bayesian inference (Gelman et al., 2013}, and statistical mechanics
(Landau & Binder, 2014). The goal is to draw samples from a target distribution v on a state space X,
where v(z) o< e=?#(#) is specified through an energy function £ : X — R and inverse temperature
B > 0. In high-dimensional settings with complex energy landscapes, traditional methods such as
Markov chain Monte Carlo (MCMC) suffer from slow mixing and poor scalability. Recent advances
in neural samplers address these challenges by parameterizing sampling dynamics with deep neural
networks, enabling efficient learning even without i.i.d. samples from the target. Crucially, they
provide amortized inference, replacing costly MCMC with rapid generation from a pretrained model.

For continuous state space X = RP, neural samplers have achieved remarkable success through
diverse methodologies (He et al., 2025; Sanokowski et al.| |2025b)), including sequential Monte Carlo
(Phillips et al., [2024), escorted transport (Vargas et al.| [2024; |Albergo & Vanden-Eijnden, 2025}
Chen et al.| 2025} Blessing et al., |2025b; |Du et al., [2025)), stochastic optimal control (SOC, |Zhang
& Chen| (2022); |Vargas et al.[(2023); Richter & Berner|(2024)), parallel tempering (Rissanen et al.,
2025; |Akhound-Sadegh et al., 2025 [Zhang et al., |2026)), etc. Among SOC approaches, adjoint
matching (AM, Domingo-Enrich et al.| (2025a); Havens et al.| (2025)) has emerged as a powerful
solver, enabling the framework of adjoint Schrodinger bridge sampler (ASBS, |Liu et al.|(2025a)),
which offers fast convergence, scalability, and flexibility in reference dynamics. However, AM relies
fundamentally on continuous calculus, making its extension to discrete state spaces highly nontrivial.

Motivated by these successes, recent work has explored discrete neural samplers based on continuous-
time Markov chains (CTMCs), proposing similar methods based on escorted transport (Holderrieth
et al.,|2025; Ou et al.} 2025b) and SOC formulations (Zhu et al.,|2025a; |Guo et al., [2026). Despite
this progress, the Schrodinger Bridge (SB) problem — a distributionally constrained optimization
framework central to optimal transport (Léonard, 2014; (Chen et al., [2016b; [2021)) and continuous
diffusion models (Chen et al., [2021; |De Bortoli et al., 2021} |(Chen et al., [2022; [Liu et al., 2022}
Shi et al., [2023)) — remains underdeveloped for discrete spaces (Ksenofontov & Korotin, 2025; |[Kim
et al.| 2025)). The theoretical connection between discrete SB and SOC is not fully established, and
no discrete SOC solver achieves the efficiency of continuous AM. While a recent work So et al.
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Table 1: Conceptual comparison between denoising matching and adjoint matching in continuous
and discrete state spaces. Denoising matching holds for general reference dynamics while adjoint

matching requires | additive | noise.

Continuous state space X = R” Discrete state space X' = Z{
Ref. dyn. p” dX, = b(Xy)dt + oy dWy, Xo ~ CTMC (X,) with transition rate (r;), Xo ~ p
Ctrl. dyn. p* dX; = (b + opuy)(Xy)dt + oy dWy, Xo ~ p CTMC (X) with transition rate (u;), Xo ~ f
1 1
SB Prob. i B[] (X)) i E | log % + 1, — wr) (y, Xo)dt]
o o B ] 21O B % (log e - u) (v X))
1 N 1 ~
SOC Prob. min E [[%Hut(Xt)sztJrlog 'ﬂ(xg] min _E [[ Y (ulog ¥ + 1y —ug)(y, X,)dt + log ﬂ(xl)]
u X~puly v u Xepuly yEX, Tt v
Opt. Ctrl. uj(z) = 04 Vlog gy (x) uf(y,x) =r(y, ) i:g))
Corrector Vlog 1 (z) ;:—EZ))
Example of b =0 = |p)(z1]2) = @u(21 — @) ‘ (Y, 2) = Flinyy=1 = |P1e(21]2) = ¢t(z1 — ) ‘
Noise @) =NT(0,520) a(e) = A(t, 1) B(Z, T)P -0
. o(y) _ Pl (1ly)
Denoising Viogi(r) = Ep;  (a1]x) Ve log i), (21]2) (1) oy = Epr,@ale) o7 o)
Aatchi o1(x) =Epr (2ola gp” o (z|x 2 0110 (y|20)
Matching Vo 21(x) = By, (aoja) Vi 108 Py o l0) ) 2 = Epy ,olo) i “eTe0)
Adjoint Vlog oi(z) = Epy (a1} Vlog 1(1) 3) L) — By (o) 2UTEE
Matching Vlog §i(z) = By, (ola) V 10g %o(zo) 4 gig; =Ep , (wola) %

(2026) attempted to adapt AM to masked discrete diffusion, their approach yields complex training
objectives, leaving a principled and efficient discrete AM framework an open challenge.

In this work, we develop a unified theoretical framework for SB and SOC on discrete state spaces,
introducing the discrete adjoint Schrodinger bridge sampler (DASBS). We derive optimality
conditions for the discrete SB problem that structurally mirror the continuous setting, and extend AM
to discrete domains through novel controller and corrector learning objectives. Our approach reveals
that a group structure on the state space and uniform reference dynamics are essential — requirements
that parallel the additive noise assumption in continuous AM.

Our key contributions are: I. Unified Discrete Framework: We formalize discrete neural sampling
as an SB problem for CTMCs and establish its equivalent SOC formulation. II. Generalizing
Adjoint Matching: We identify state-space agnostic principles underlying AM, providing conceptual
clarity for extensions beyond continuous spaces. III. Discrete ASBS: We introduce discrete ASBS, a
principled algorithm that alternates between adjoint and corrector matching, derived from variational
characterizations of the learning objectives. IV. Empirical Validation: We validate DASBS on
high-dimensional discrete benchmarks, demonstrating competitive performance and efficiency.

2 PRELIMINARIES

Diffusion Samplers on Continuous State Space ¥ = R” MCMC sampling based on equilibrium
dynamics is typically slow to mix when the target distribution is complex. Recent progress in
non-equilibrium measure transport for generative modeling such as diffusion models (Song et al.|
2021) has motivated sampling methods based on controlled stochastic differential equations (SDEs),
commonly referred to as diffusion neural samplers. The sampling dynamics are described by SDE:

pu : dXt = (bt + O'tut)(Xt)dt + O'thVt7 X() ~ [, (5)

where b : [0,1] x X — X is the base drift, o : [0, 1] — R is the noise schedule, and 1 is the initial
source distribution. Given (b., 0., i), the goal is to learn a parameterized control w : [0,1] X X — X
such that the marginal distribution of X; matches the target distribution . We use p* to denote the
path measure induced by this SDE with control u. Formally, p* (X[, 1)) can be viewed as the limit
of the joint distribution of (X3, X3,, ..., Xt, ) as the partition 0 = tg < ¢; < ... < tx = 1 becomes
finer and finer, and a rigorous definition is through the Radon-Nikodym derivative (RND).

Schrodinger Bridge Problem on Continuous State Spaces One way to formulate the learning of

diffusion samplers is through a distributionally constrained optimal transport problem known as the
Schrodinger bridge (SB) problem (Léonard, 20144 Chen et al., 2016b):

. u r 11 2
min_ {KLG"p) = B[ luxo|ae), ©)

u s.t. X1~v 0 2
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where p" is the controlled path measure (5) and p” is the path measure of a reference dynamics with
zero control (v = 0). The optimal control can be characterized by

uy () = 0¢Vlog o (x), @)

where the SB potentials (¢, ;) are defined (up to multiplicative constants) through time integrations
with respect to the reference transition kernel py (y|z):

[
=

—
N

er(z) = [p1(Wlx)e1(v)dy,  po(x)Po(x)
Gu(@) = [pio(zly)o(y)dy, ¢1(2)P1(x)

I
<
—
g

Stochastic Optimal Control Characteristics of SB  An interesting connection between the SB
formulation and stochastic optimal control (SOC) is revealed by the characterization of the optimal
control u*. As shown in|Dai Pral (1991); |Chen et al.| (2016b); [Liu et al.|(2025a), u* is also the
solution to the following SOC problem:

1 .
, 1 2 $1(X1)
H%meiEpu{/o 2“ut(Xt)H dt + log v(X1) } ®

highlights that SB () admits an SOC interpretation, where the terminal marginal constraint is

encoded through the terminal cost log %. This perspective provides a useful bridge between SB
theory and SOC formulations.

Adjoint Schrodinger Bridge Sampler (ASBS, [Liu et al. (2025a)) When b, = 0, the reference
dynamics reduces to Brownian motion. In this setting, the reference transition kernel is additive in
the sense that sampling from p{lt(~|x) can be achieved by adding a noise € ~ ¢; onto z, i.e.,

pieyle) =@y —2), @= N(0,571), )

where 77 = i) tl o2ds. Importantly, this additive property is central in simplifying the associated SOC
problem @; it yields tractable conditional distributions p;‘ , and enables explicit expressions for the
quantities appearing in the optimality conditions (Havens et al.| [2025)). Exploiting this structure, Liu
et al.[(2025a)) derived the adjoint matching (AM) identities and , as well as the corresponding
denoising matching (DM) identities (T)) and (2), and proposed an alternating procedure based on
and (3)) to learn the controller and the corrector, which converges under suitable regularity conditions.
See the left part of Tab. [T|for details.

Connection to the Memoryless Case (Adjoint Sampling) An earlier work, adjoint sampling
(Havens et al.; 20235]), considered a special case in which the reference path measure p” is memoryless,
ie. pp1(7,y) = py(x)pi(y), under which one can show that ¢; o pj. As a consequence, the
corrector V log ¢ is known and the learning problem reduces to a single regression objective for
the controller. From this perspective, ASBS is a generalization of adjoint sampling that relaxes
the memoryless assumption, allowing for nontrivial boundary coupling. It is also observed in |Liu
et al.[(2025a)) that non-memoryless reference dynamics enable reduced noise levels compared with
memoryless ones, thus offering improved performance.

3 SB AND SOC THEORY FOR CTMC

In this section, we introduce the SB problem for continuous-time Markov chains (CTMCs), serving
as a discrete analog of @ We then extend the corresponding SB and SOC theory from R” to
the discrete CTMC (Léonard, 2014). In particular, we derive optimality conditions for the optimal
transition rate u*, analogous to (7)), and formulate an associated SOC problem in the spirit of (8).

3.1 PROBLEM SETTING

Continuous-time Markov chain Throughout this paper, we will consider the discrete state space
X as the set of length-D sequences with N possible states [N] := {1,2,..., N},ie., X = [N]". A
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continuous-time Markov chain (CTMC) (X);c|o,1] is a stochastic process taking values in X" and

characterized by its transition rate r = (r;(y, x))fe*fgﬁ, defined by

. Pr(Xygn =yl X =2) — 1=,
Tt(y7x):,llg% (t+ ylht ) Y ,

where 14 € {0, 1} is the indicator of a statement A.

SB Problem on Discrete State Spaces Following Sec.[2] we address sampling problem by formu-
lating a SB problem for CTMCs, whose optimal path measure p* satisfies the boundary marginal
constraints p§ = p and pi = v. Let r(y,z) and w;(y, z) denote the reference and controlled
transition rates, and write p” and p* for their induced path measures. We assume a common initial
distribution pj; = pg; = p. Consider the following SB problem for CTMCs:

1
min {KL(p“HpT) - E. /0 y;{ (ut log% try— ut) (v, Xt)dt}. (SB)

u s.t. p{'=v

Next, we will make explicit the connection between this SB problem and a corresponding SOC
formulation, in direct analogy with (g).

3.2 SB AND SOC THEORY FOR CTMC

Characterization of the Optimal Transition Rate We now characterize the optimal transition rate
solving (SB). The following result provides an explicit description of the optimal transition rate in
terms of a pair of time-dependent potentials, which play a role analogous to the SB potentials in the
continuous-state setting. See App. for the proof.

Theorem 3.1. The optimal transition rate u* for (SB) can be expressed as

et (y)
ul(y,x) = r(y, ), Yy # x, 10
i(y,x) (@) t(y,z), Vy # (10)
where the SB potentials (p:, p;) satisfy
vo(x) =Y _ i (ylz)e:(y), (11)
VO<s<t<l: { Y ~
Gi(x) =Y 1y (2]y)Ps (v), (12)
y
and the optimal path measure p* satisfies
n Pis(@ly)  o(a) PoWlz)  Bu(y)
pi(z) = ¢e(x)Pr(x), - = ; - = (13)
! e p.ly)  esy)  pRLely)  Gile)

(TT) and (12) is a forward-backward representation with respect to the reference transition kernel, and
the boundary marginal constraints are encoded through the coupling conditions at boundary times:

PoPo = {1, p1P1 = V.
SOC Problem on Discrete State Spaces The SOC problem with terminal cost g : X — R is

min_ {KLGUIp) + E g(X1)} (30C)
u s.t. py=p X~pu

SOC Characteristics of SB  While the optimality conditions in provide an explicit characteri-

zation of u*, they are challenging to solve in practice. The main difficulties are twofold: the coupled

boundary constraints at times ¢t = 0 and ¢ = 1, and the need to evaluate expectations with respect

to the reference transition kernels. The SOC formulation circumvents these by avoiding the direct

solution of coupled equations. The following is an SOC reinterpretation of the SB problem:

Theorem 3.2. The optimal transition rate u} for @) solves || with terminal cost g < log £*.
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Sketch of proof. The optimal path measures of and (SOC) can be respectively written as
Ps(Xpo.1) _ o(Xo) v(X1)

’ - 51(X1) (14)
P (X))  w(Xo) @1(X1)
ngC(X[O,l]) e—9(X1) v
= A —FE - 9(y) 15
pT(X[O,l]) Z(Xo) ’ (.’I}) pl‘o(y\z)e (15)

See App. for the full proof. Thm. [3.2]shows that admits an equivalent SOC formulation

where the terminal marginal constraint p}’ = v is incorporated through the terminal cost g = log %.
This will be instrumental for developing tractable learning objectives in the discrete setting.

Connection to Memoryless Reference Dynamics If further assume p” is memoryless, then (TT)
implies ¢o(z) = Epre™9 = const, and implies @1 (2) = pi(z) >_, Po(y) o< pi(x). Therefore,

g =log %1 + const.

Relation to Continuous State Spaces Finally, we note that the SOC and SB theory developed
above for discrete state spaces closely parallels its continuous counterpart introduced in Sec. 2] A
detailed comparison is provided in the upper part of Tab. [I]

4 DISCRETE ADJOINT SCHRODINGER BRIDGE SAMPLER (DASBS)

In this section, we introduce a principled theory and algorithm for learning the optimal transition
rates in the discrete SB problem. Building on the SOC and SB formulation for CTMCs developed
in the previous section, we propose a discrete analogue of ASBS (Liu et al., |2025a) by developing
discrete versions of adjoint matching and denoising matching for controller and corrector.

A key challenge in the discrete setting is the absence of additive noise structure (9) that plays a central
role in developing AM framework. To address this issue, we will adopt a cyclic group structure on
the discrete state space, which allows discrete transitions to be interpreted in an additive form. Under
this perspective, a uniform reference transition rate emerges as a natural choice for inducing tractable
and symmetric transition kernels.

Choice of the Reference Path Measure (I0) implies that it suffices to learn the ratio of ¢, at all
pairs of z,y € X such that r;(y, z) > 0. We follow the typical strategy in discrete diffusion models
(Campbell et al., 2022} |Lou et al., 2024; Schiff et al., 2025) to restrict the transition to pairs of z, y
with Hamming distance dy (z,y) = 1, i.e., x and y differ at exactly one entry. Throughout this paper,
we consider the reference path measure p” starting from an arbitrary tractable initial distribution
pg = p and induced by the following uniform transition rate r that keeps the uniform distribution
on X (Punit = ﬁ) invariant:

%a lde(yvl') = ]-7
Tt(yvz) = —’}/tD (1 - %) ’ lfy =, (16)
0, if otherwise,

where . : [0, 1] — R is a noise schedule. We remark that for two given time steps 0 < s < ¢t <1
and states z,y € X, pﬁym) can be written in a closed form (Prop. , and so is pj) | ([0, 71)

(Prop. mi See App. B.5|for details. Thus, it suffices to learn Zlgi’; for all dy(x,y) = 1. Define the
controller matrix ®; (z) € RP*YN whose (d, n)-th element is &} () a4, = %

denotes the vector obtained by replacing the d-th entry of x with n.

, where g4«

Cyclic Group Structure for the State Space To extend AM (3)) to discrete space, we treat the state
space X = [N]P as Zﬁ, where Z is the cyclic group of integers modulo N. Thus, the sum and
difference of any two elements in A" are still in X. The key benefit of doing so is that the transition
kernel py, () is again additive:

Jg; (see Prop.[B.5)  s.t. Pie(ylz) = @ty — o). (17)
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Controller Adjoint Matching With an additive noise, we can thus consider a target score matching
(De Bortoli et al., 2024 |Zhang et al.,|2025)) objective like in the continuous AM (Domingo-Enrich
et al., 2025a; Havens et al., 2025). Applying (I7), we can refactor (IT) as follows:

er(y d'ﬂ'b > ph@ly)er (@) & D pha+ Aly + A)pr (1)

£E1€ZD xleZD

. ez1+A Z put (z1]y + A)pr(x] — A) A Z p’{lt(ac/1|x)<p1(x’l —z+y), (18)

z) €zl z €LY
1 +y—x 1 +y—x
. ely) Eyr (o11o) pr(x+y—w) _ Eye (o11o) pr(z+y—z) (19)
ei(z) ak pi(z) @ e p1(21)
When y < 24 ™, since 27" — z has at most one non-zero coordinate, 1 and 1 + 27" — z =

d«—m‘li—i-nf.rd

x differ in at most one entry. Let Df(allb) = f(a) — f(b) — (a — b)f'(b) > 0 be
the Bregman divergence induced by a strictly convex and differentiable function f, and note that
E{ = argmin, ., ED(€||c) for any random variable £ (Lou et al.,[2024). We thus have the following
variational characterization of the controller *:

* = argmln EtBp: | (2,21) Z Z Dy
d=1n#zxd

d
(%(ﬁ”l*”" )

901(961)

by (x)d,n> ; (20)

where # is a random variable in (0, 1) and one can sample p; ; (7, 1) by

P01 (%0, T, 1) = p§ 1 (20, 21)Pijo 1 (%]%0, 1) = P§ 1 (T0, 21)Pho,1 (%]T0, T1).

()

We can further rewrite the ratio in (20} as follows: H

AR L C ) / P15 )

e1(z1) @  v(z1) P1(1) D

=&*(z1)a,n

d<—n
Notably, here, we require the discrete score = — ("(z @ )) of the target distribution, which is a
d,n

first-order oracle similar to the score of the target distribution in continuous AM.

Corrector Adjoint Matching From (20) and 1)), to learn the controller &7, we require estimating
2 (y% for all dy(x,y) = 1. Let the corrector matrix *(x) € RP*N be defined by its entries

5*(33)(1@ = M. Following the spirit of , we can derive the following identity and

?1(x)
variational characterization of &* (see App. for proof):
y+=z
gl me ()) vt € [0,1), (22)
bt

(Pt d(—z +n— md)
Pi(x)

— P = argmin By () Z > Dy §(x1)d7n> . (23)
P

d=1 n#zd

However, if t # 0, leveraging the relation @) requires knowing the intractable p;; otherwise, as p is
known, and assume it is fully supported on X, we hav

900( d<—EI) _ /L(:U‘R_D) sDo(CUd(_D)
Po(x) @ plx) / po(z) -

=25(#)a,0

For conciseness, A := z¢ +n —2? and O := 2¢ + n — z{.
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Corrector Denoising Matching A limitation of and is that they require the explicit
density of . to be positive everywhere. To circumvent this, one can leverage the following identity:

B _ o o Ble) _ g PnCel)
) @ 25 6) @ 2 g G i >

Notably, while (P;ZP relies on the additive noise 1i @ holds under general p§|t- Thus, one can

obtain a similar variational characterization of the corrector ¢* by replacing the regression target

i (" )
T CHED)

P1}¢(+), we borrow the terminology in the continuous domain and call it denoising matching (DM).

(i.e., the ratio) in l) with . As this is related to the discrete score of the transition kernel

Alternating Update We can thus arrive at the core algorithm of discrete ASBS, following the

practice in ASBS to learn ¢ ~ ¢* and ® ~ &* with an alternating update. We initialize &) to0 be
all-one following the practice in |Liu et al.[(2025a), and for stage k = 1, 2, ..., we solve the following
two problems sequentially:

o) = argmln E;,w;E sg(r‘(I’)(mO o) Z Z

P01 (@0, 11) d=1nzzd

L(1<—IU+11—11)
o) .— = argmin E o0 Z Z Dy (9’00
3

d
Y s
e1(71)

P, (m)dm> ,  (ctrl-AM)

g%(xl)d,n) . (corr-AM)

d 1n¢xl U(LU())
d<—n
Py f(ll |2) || ~
A —argmm E;wE Sg(ﬂ,(k))(m ) g g <P1(1’1|T) D(x1)dm |- (corr-DM)
L T (@

Pijo,1(zlT0,21)

The stop gradient operator sg(-) applied onto a model means not tracking the gradient when querying
the model. In (ctr-AM) and (corr-DM), ¢ ~ Unif(0,1), w. : [0,1] — Ry is a time weight

function. For the two AM losses, the ratio in (ctrl-AM)) is computed via ( . ) by replacing &* with
the current sg(@*~1), and the ratio in (corr-AM]) is computed via ( . ) by replacing ¢* with the
current sg(¢(*)). In all three losses, p*¢("®) means sampling from the CTMC with transition rate
up (", x) = (", x) sg(Py () a,n ). n # x%, which replaces pj ; in the expectation with the
detached non-optimal path measure. The theoretical justification of the validity of this replacement
will be discussed in Thm. and in practice, an optional trajectory importance reweighting using
the RND p*(z(,1])/p*#"®) ([9,1)) can be incorporated (App. .

Initialization Following ASBS (Liu et al.,[2025a)), one can initialize either the controller or the
corrector to be non-informative (i.e., output all ones). In Prop.[B.12] we prove that under the reference
transition rate @ and uniform initialization . = pynif, these two approaches are equivalent, and
hence we always start with the all-one corrector.

Inference We use the T-leaping method (Gillespie, [2001; |Campbell et al.,[2022; [Lou et al., [2024)
to sample each dimension’s transition independently. Since u,(z%", ) = LPy(x)gn, n # x°, this
means we fix & (X, )4, on the interval 7 € [t, ¢t + h] for a small step size h > 0, and assume each
dimension evolves independently. We defer the details to App.

5 ADDITIONAL THEORY AND INSIGHTS OF DASBS
In this section, we provide further theory and insights to the DASBS framework.

AM v.s. DM for Corrector Recall that our derivation of the AM losses (ctrl-AM) and (corr-AM))
leverages the relations (I9) and (22), which rely explicitly on the additiveness of the reference
transition kernel pf, (-|x) lb In contrast, the DM loss li does not rely on this condition.

AM v.s. DM for Controller A parallel relationship holds for the controller, which yields a different

‘ zen)

way of the alternating update by replacing the ratio in (ctrl-AM) with % (see App.
and (ctrl-DM)) for details). However, though theoretically grounded, this formulation may suffer
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from a weak mutual supervisory signal during alternating updates: we rely on the trained pk=1)

to supervise the training of #(*), but such supervisory information only comes in from the implicit
o~ d<mn

boundary relation $1(x)qnP(x)an = % which is not explicitly enforced in the loss. Even

when the reference dynamics is memoryless and there is no need to learn the corrector, we discover

in Fig. I that AM works significantly better than its DM counterpart (ctrT-DM)).

Further Connection to Target Matching Such contrast resembles the distinction between target
matching (TM) and denoising matching (DM) in the literature of learning scores of continuous
probability distributions (De Bortoli et al.| 2024} [Kahouli et al.,|2025)): for two continuous random
vectors x, y ~ p(x,y), we can express the score as

Ep(z\y)v:l: 1()gp(7‘) = vy 1ng(y) = Ep(z\y)v!/ 10gp(y|.’13),

for additive p(y|z) for general p(y|z)

where additive means p(y|z) = ¢(y — x) for some distribution ¢. In other words, TM regresses onto
the target score, whereas DM regresses onto the score of the transition kernel. TM leverages a more
meaningful learning signal and avoids the numerical instability of DM when the noise level is very
small (where V,, log p(y|x) becomes singular), thereby providing faster convergence of training, a
benefit we observe directly in our discrete experiments (Fig.[I)).

Unified View of Adjoint Matching Adjoint matching (AM, Domingo-Enrich et al.|(2025a)))
is originally derived by analyzing the ODE of the adjoint state — the gradient of the cost-to-go
from X; = x with respect to x. This formulation connects the adjoint state to the gradient of the
objective with respect to control parameters, yielding a learning objective whose unique fixed-
point corresponds to the optimal control. However, such gradient-based perspective is not directly
generalizable to discrete domains. Recently, |So et al.| (2026) made a first attempt by expressing the
optimal control as an expectation under the optimal path measure; however, their reliance on masked
transition rate resulted in a complex training objective, due to the lack of the additive property. In
contrast, our derivation identifies that the additive reference noise is the key structural requirement
that enables a TM-like loss in discrete domains. We refer readers to the lower half of Tab. [l for a
side-by-side comparison of DM and AM formulations across continuous and discrete settings, and
conclude with a unified characterization of the intrinsic nature of AM:

AM: a fixed-point iteration driven by a target matching objective converging to the optimal p*.

DASBS Unifies Existing Memoryless SOC Solvers We further establish the connection between
DASBS and the weighted denoising cross-entropy (WDCE) loss for solving memoryless SOC
problems (Zhu et al.l 2025azb)) (see Props. and for full statement and proof):

Proposition 5.1. Under a memoryless reference path measure p” (for both uniform (16) and masked

(39) discrete diffusion), the denoising loss for the controller (ctrl-DMY)), with trajectory importance
. . . . N 1 . . ﬁ . .

reweighting, generalized KL divergence, and time weight wy <— 47, is equivalent to the WDCE loss.

Convergence Analysis Finally, following the continuous arguments (Liu et al.,|2025a, Thm. 4), we
establish the following convergence guarantee of DASBS.

Theorem 5.2. (1) The path measure induced by the unique fixed-point of (@) solves a
forward half bridge problem min,, ,; ,,—, KL(p||q¢(1k_l) ) for some path measure qagk_l) induced
by @(k_l) (Def. @ . (2) The unique fixed-point of is the same as the unique fixed-point
of . Denote it as @), which induces a path measure q“a(lm that solves a backward half
bridge problem min,, ,, 5, —, KL(p™®" | q).

Consequently, convergence is guaranteed by the theory of iterative proportional fitting (Riischendorf]
1995; [Chen et al| 20164} De Bortoli et al., [2021). See App. [B.IT]for the proof.

Experiments We postpone the experiments to App.

'f(t) =tlogt = Dy(al|b) = alog$ —a+b.
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6 CONCLUSION AND FUTURE WORK

In this work, we introduced a unified framework for discrete SB and SOC, proposing DASBS as an
optimal-policy fixed-point iteration. By leveraging an additive noise scheme based on group structure,
DASBS effectively extends AM to discrete domains. Several limitations remain: our evaluation is
currently restricted to synthetic benchmarks, and performance on more complex distributions remains
unknown. Additionally, the first-order nature of DASBS may be costly to implement if computing
energy is expensive or not parallelizable. Future directions include extending the framework to
discrete SOC with running costs (Domingo-Enrich et al.,|2025a)), exploring non-uniform reference
dynamics like the Ehrenfest process (Winkler et al.| 2024), and broadening our theoretical insights of
AM to general state (e.g., [Park et al.| (2024); [Woo et al.| (2025)); [Park et al.| (2025)).
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A RELATED WORKS

1. Adjoint Matching The idea of AM (Domingo-Enrich et al.||2025a) can be traced back to the
adjoint method in optimal control theory (Pontryagin, [1987), and a few of its earlier applications
in machine learning (Han & E, |2016; |Chen et al.| 2018} |L1 et al., |2020; [Domingo-Enrich et al.,
2024). The core idea is to define the adjoint state a;(X; u) associated with a control » and trajectory
X = (Xt)eepo,1] as Vx,J:(X), where J;(X) the cost-to-go along the trajectory starting from X;.
Then, one can establish the dynamics of the adjoint state as an ODE backward in time starting from
a1 being the gradient of the terminal cost. Furthermore, the gradient of the full cost-to-go at the
initial time ¢ = 0 with respect to the control parameter can be written as an integral associated with
the adjoint state, thus leading to a matching objective using the stop-gradient operator. It is shown
in Domingo-Enrich et al|(2025a) that the optimal control is the unique fixed-point of the learning
objective. AM-based methods have been applied to multiple tasks including continuous neural
sampler training (Havens et al., [2025; |L1u et al., 2025a; |Choi et al., 2025} [Blessing et al., |[2025a),
fine-tuning diffusion/flow-based models (Blessing et al., 2025a; [Liu et al., |2025b; [Domingo-Enrich
et al.| 2025b), and transition path sampling (Pidstrigach et al.| [2025; Howard et al.,|2025)), showing
competitive performance.

While AM is popularly applied in continuous state spaces, its generalization to discrete state spaces
remains unexplored. Recently, [So et al.|(2026) made a first attempt by defining the discrete adjoint
state as an estimator of the exponential of the value difference, and establishing its connection with
the optimal transition rate, leading to a matching objective whose unique fixed-point is the optimal
transition rate. However, their training loss requires row-out from intermediate states given the
samples in the buffer, which is complicated.

2. Discrete Diffusion Neural Samplers The study of continuous neural samplers has inspired the
construction of similar algorithms for learning discrete distributions. For uniform-based discrete
diffusion, Holderrieth et al.|(2025) employed the discrete Jarzynski equality and learns the transport
via locally equivariant neural networks, Ou et al.| (2025b) followed and refined this line of study by
proposing a different loss formulation, and |Kholkin et al.| (2025]) proposed a neural sampler based
on target concrete score identity. For mask-based discrete diffusion, Zhu et al.|(2025a) formulated
the sampling problem as an SOC problem similar to/Zhang & Chen|(2022), and proposed samplers
based on masked and uniform discrete diffusion. Finally, discrete diffusion neural samplers are also
used for solving combinatorial optimization problems via sampling from a low-temperature target
distribution, e.g.,[Sanokowski et al.| (2023];|2024; 2025a)); |Ou et al.|(2025b); |Guo et al.| (2026).

B THEORETICAL DERIVATION

B.1 KOLMOGOROV EQUATIONS FOR CONTINUOUS-TIME MARKOV CHAINS

Proposition B.1. Suppose p,;(y|x), 0 < s < t < 1 are the transition kernels of a CTMC with
transition rate r. Then the following equations hold:

* Kolmogorov forward equation (KFE):
Oipyys(yla) = re(y, 2)pys(2]2), (KFE)

e Kolmogorov backward equation (KBE):
Oupyis(ylz) = =D ra(z,2)pys (yl2). (KBE)

These are standard results in the theory of CTMC and can be proved by leveraging the definition of
the transition rate.

B.2 SCHRODINGER BRIDGE: PROOF OF THM.

We refer readers to|Léonard| (2014)) for a comprehensive review of the SB theory. For completeness,
we provide a self-contained proof here.
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Lemma B.2. There exists some non-negative functions ¢, o1 such that the optimal path measure p*
satisfies

P{0,1)j0,1 = P(0,1)]0,1> (26)
P01, y) = po 1 (2, 9)d(@)p1(y), s.t.p5 =, pi = v. 27)

In other words, p*(X[0,17) = p" (X[0,1])#(Xo0)w1(X1).

Proof. By the chain rule of KL divergence, we have
KL(p"[]p") = KL(PSJHPEJ) + ]Epg’,l(xg,xﬂKL(p?O,lHO,l('|x07x1)||p20,1)|071('|x07xl))'

Therefore, the optimal p}‘

% 0,1)[0,1 is p(0,1)|0,1’ and we only need to solve the following static SB
problem:

min KL(po,1po.1)

stpo—u7p1—l/<=>2p01xy Zpowcy—l/(y)
Yy

Let the Lagrangian multiplier functions for the above constraints be «(z) and 3(y), respectively. The
Lagrangian function is

po.1(7,y)
L(po,laaa/g) = po,1(df,y) log r’
zZy: P0,1($7y)

+> a(z) <Zpo,1(x,y) - u(@) +Y By) (Zpo,l(x,y) - V(y)> ~

Set the partial derivative with respect to pg 1 (z, y) to zero, we have

po,l(l%y)

+1+alx)+By) =0 = p5.(z,y) =p; x,yefl*a(z)*ﬁ(y).
PCR) (z) + () 51 (2.y) = ph1(2.y)

log

Therefore, by defining ¢(z) := e~ '~*(*) and ¢, (y) := e~?®), we complete the proof. Note that ¢
and ¢ are defined up to a constant scaling factor. O

Lemma B.3. Define gy := ¢pj, and define the SB potentials ¢; and p; through the following

relation:
2) =Y i wle)eiv), Bilx) =D pio(aly)Bo(y). (28)
y y
Then,
Dupr(x Zwt ri(y, z), (29)
atﬁpt Z@t 7"t x y (30)

and furthermore, and hold.

Proof. First, we prove (29) and (30):
Orpr(x Zatput (yle)er(y) = *ert 2, 2)p7, (yl2)er (y) = Zrt(z 2)pi(2),

O (w Zatpt\o (]y)@o(y ZZH (z,2 Pt\o zly)@o(y ZTt x,2) P (2
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Next, we prove (T) and (T2) by verifying that the partial derivatives to ¢ in (IT)) and to s in (I2)) are
zero:

Zat Pis(Wl@)e(y)) = ZZH (4, 2)py)s (2]7) e (y Zzpt\ (ylz)re(z, y)pe(2) = 0,
Za Pl (=) @s (y ZZT 2, y)pis (2]2)Ps(y +22pt|5 z|y)rs(y, 2)ps(2) = 0.

O

Proof of E We first study the marginal distribution at an arbitrary time point ¢ € [0, 1]:

pi(x Z Poa xo,xl)qu 1 (2|70, 1) 9 a d@ Z Po,1 330,1?1)¢(930)801(951)pt|0 1(z]@o, z1)
xo,T1 Z0o,T1
= > ph(o)pijo(elo)(z0) Y pijy(w1lz)pr (1) i P (@)eul()-
xo Z1

Next, we study the joint distribution at two arbitrary time points 0 < s < ¢ < 1:

Pho(a,y) = > o1 (@0, 2Pk 4104 (2, ylao, 21)

Zo,T1
= " phal@o, m1)d(x0) e (@1)P] 401 (2, Yl T0, 71)
@)and@ Zo,T1
= ZPS,S,M(%,J% Yy, 21)9(x0)w1(z1)
xo
= ph(xo)pho(xlzo)d(z0) Y pfjs (Wla)ph (1 |y)er (1)
o 1

& Ps(2)py)s (ylz) e (y)-

Therefore, the second and third equalities in (I3) follow immediately.
Proof of (T4). This is obvious from Lem. [B.2]and (T3):

P*(X0,11) = P"(X[0,1))0(Xo)p1(X1) = pT(X[o,u)@O(XO)@l (Xy) = pT(X[o,l])%(XO) v(X1) :

1(Xo) 1(Xo) 1(X1)
O
Proof of (10). From (13), for y # ,
Prynp(ylT) Py (ylz) Py nje(l)
*(y’ ) — lim Ptthlt g1 — lim t+hl|t @t+h(y) _ ‘pt(y) lim t+hl|t _ SDt(y) Tt(yax)
h—0 h h—0 h pt() pi(x) h—=0 h ei(z)
O
B.3  STOCHASTIC OPTIMAL CONTROL: PROOF OF (13)
Proof. Using the chain rule of KL divergence and as pj = pj = pu, we have
wl|,.r _ pu(X(0,1]|X0)
KL(p ||p ) + EX~p“g(X1) = IE,u(Xo) EP“(X(D,U\XO) log pT(X(o,1] |X0)e*9(X1)
Therefore, for any X, the optimal p* (X g, 1| Xo) is
x L. _
p*(X(0,17X0) = mp (X(0,11/Xo0)e 9(x),
where
Z(XO) = ]Ep’"(X(OylﬂXo)e_g(Xl) = ]EPI‘O(ZI‘XO)eig(y)'
Finally, combining this with pfj = pj = 1 completes the proof. O
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B.4 PROOF OF THM.

Proof. See Apps.[B.2]and [B.3|for the proofs of (T4) and (T3], respectively. To conclude the proof, it
suffices to show the equivalence when g < log £!:

B pﬁo(ylx) - p6|1(17|y) _ po.1 (@, y) _ k(=)
Gl T el aw TG T aw

O

Corollary B.4. The problem (SOC) with terminal cost g is equivalent to the problem (SB)) with
terminal distribution

—g(e , p(y -
v(z) = e 9 )Zpuo(i’?‘y)ma where Z(y) = Epr (e 7
y

Proof. 1t suffices to express v by g by comparing and . We have 1 = $oZ and v =

~

p1e~9. From , P1(x) =22, p{lo(x|y)<ﬁ0(y). Combining all these three equations completes the
proof. O

B.5 UNIFORM REFERENCE DYNAMICS

We write ¢ (y, ) = vr(y, ) where

%7 1de(y,m) = 13
T(y,l‘): -D (1_%)7 lfy:%
0, if otherwise.

By verifying the detailed balance condition, one is easy to see that this transition rate keeps pynis =
Unif (X) invariant:

g
punif(‘r)'rt(y7x) = punif(y)rt(xvy) = NTt_,'_lldH(y,m):h Va 7é Y.

Proposition B.5. Define 7, , := f: Yudu. Then for x,y € X and 0 < s < t < 1, the reference
transition probability is

1 —e Vst 1 N —1 Vst
p:‘s(y|x) = A(s,t)dH(:‘”’?”)B(s,t)D*dH("‘””)7 where A(s,t) := 6T7 B(s,t) :== * Je .

N
3D
Remark. As a corollary, pj |, (ylz) = q:(y — x) where g;() = A(t, 1)du(=0) B(t, 1)P—dn(=0),

Proof. Note that each dimension evolves independently with transition rate matrix ~; ]2 where
R € RV*N has off-diagonal entries 3- and diagonal entries 1 —1,i.e., R = 3117 —I. Forz € [N],
the vector p’t”|s( |x) = (p’t”‘s(y|z))y€[ ) satisfies the Kolmogorov forward equation 8tp:‘s(~|z) =
Ve Rpj)(-|x) with initial condition p{, (-|z) = e”, i.e., the one-hot vector with 1 at the z-th entry.

Therefore, we have pj (-|z) = eTatRer,

The matrix exponential can be computed as follows:

117 o s Tk o s k—144T N -1
et =" (11" :I+ZHN 1T =1+ 11
k=1

k! N ’
k=0 =

1—e?
N

A
-1
117,

2197 A 211T e _
AR o N11TAT A A1 :eA<I+ 11T>:e ya

Therefore, the per-dimension transition probability for =,y € [N] is

e T = A(s, t) ify £ ,

p"‘s ylr) = —1)e Vst :
t| ( l ) {H‘(N;[) :B(S,t) lfy:.’lﬁ

(32)
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which implies the full transition probability for z,y € X is 3.
O

Remark. Note that when 7, ; = oo, we have pj|,(y|z) = ~p forall z,y € X, i.e., the reference
dynamics is memoryless. Under the assumption that p{; = punis, P} = Punir and thus pfu (ly) can be

implemented as follows: for each entry of 3, independently, with probability 1 — e~ 7t.1, replace it
with a random state from Unif[N].

Proposition B.6. Under the reference dynamics p”, each dimension of pgl o1 (@|zo, 1) for x, o, x1 €
X is independent, and the per-dimensional distribution is given by

AODALD  iry ¢ (g, 1},

( 9
ifwg # 1 (AS)OK“) ifr = zq,
Pijo,1(2]wo, x1) = A(OXT, ifr =1, (33)

1)
A(0,t)A(t,1) ifr # 19 = 11
ifao = a1 : {«%131) o=z =2
B(0.1) , 0 1

forz,xo,x1 € [N].

Proof. Due to the Markov property of p”, we have

Po1 (o, , 1) p;o(ﬂzo)pﬁt@ﬂx)

poalzo,z1)  pfje(zi]zo)

Pijo,1(z]zo, 21) =

Note that again, each dimension is independent under p”. Using the per-dimension transition
probability (32)), one can easily obtain the desired result. [

Choice of Noise Schedule v, We consider the following noise schedules:

* Constant schedule: v, =+ > 0,7, = 'y(t —s).

* Modified log-linear schedule: v, = 7 for some v, > 0,7, , = vlog - t+a

means a stronger memory effect, and a = 0 recovers the memoryless case.

. A larger o

The ablation studies of the noise schedules can be found at Figs. [2|and 3]

B.6 INFERENCE VIA T-LEAPING

Proposition B.7. Using T-leaping to discretize the controlled CTMC, the transition probability for
any dimension d is approximated as

’Yt}:]+i¢t(x)d,na lfn 7& xd7
1- ’Yf%h Zn’#x‘i Qt(l")dm/’v lfn =z,

The approximate transition probability can be computed as

Pr(X{,, = nlX, = z) ~{

D
pf+h|t y|x H Pr Xtd+h =Y |Xt = :E)
d=1

1yd_ya

1yd sy =~
H (% t+h g d) 1— WT‘HL Z By (1) g ) (34)

= n’;ﬁwd

We summarize the sampling procedure in Alg. [T} Note that for uniform discrete diffusion models,
other samplers such as uniformization (Chen & Ying| [2025} [Ren et al.l |2025a)) and higher-order
T-leaping (Ren et al.,|2025b)) can also be applied, which we leave as future works.
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Algorithm 1 Sampling of discrete adjoint Schrodinger bridge sampler (DASBS) via 7-leaping

Require: Model 9, initial distribution yu, time discretization 0 =ty < t1 < ... < tpr = 1.
1: Sample initial state o ~ p.
2: fori =0to M — 1do
3 Query @, (z;) € RP?*YN and compute Vst
4:  For each d € [D] (in parallel), independently sample
d Ty tH—l Dy, (xZ)d n if n # xz?
Pr(ziy, =n) = ’Yt tl+1 d
1-— Zn;ﬁxd@t(%)dnv if n=azf.

5: end for
output z )/ as the generated sample.

B.7 TARGET MATCHING LOSS

Proof of @I)
Z P (2]2) P (@ @ Z P1e(z + Alz + A)Pi(z)
TGZD z€ZR
— T AV !/
v Zaa 2 PG ARG =A) = D pule)B —y +2),
x' €Ly ' €L
?1(2) Pi(r—y+2) wfx*y+2)
= = 12 y|$)7 P} B~ —
?1(y) Z e Z il i (x)
O
B.8 DENOISING MATCHING LOSS
We first prove the denoising matching characterization of the controller'
©i(y) , ©1(z2) P (2ly) put(zlx am (=
= > pip(zly) = = p z|x),
) @ Z N oy () ;pm( ) me i (2
(35)
pr (Il‘xden)
= P = argmmEt]Epf (@,21) Z Z Dy 1\17 Di(X)an | - (36)
d=1 n£zd pllt(l‘1|l')

Thus, the denoising matching loss for the controller reads

(k) ]){\t(:’7'l |:[/,(/<—7l,)
_ al“gmlnEtUJtE sg(rqp)(mo o) Z Z W
Pioa (@ |zo,x1) d=1 n#zd AR

D, (x)d,n> . (ctrl-DM)

Moreover, the variational characterization of ®* in the style of denoising matching is as follows:

d<n
~ pl 'rl |Z‘)
* = argmin BB, (o, 11)2 Z Dy ( It o 1)d,n> }
&
P (I[o 1])

d= 17175:11 pl‘t l’l‘x)
By trajectory importance reweighting, we refer to the practice when we use the RND P (@0 1) in
computing the losses (ctrl-AM) to (corr-DM)). For instance, m corr-AM)) becomes the followmg form:

B.9 TRAJECTORY IMPORTANCE REWEIGHTING

[0,1])psg(’r‘¢) (96[0,1]) o 1(x1)

21

) : P*(0,1) IS
PV = arg;nln Eywy Epsetre) (2 1) “arrd p”m z|zo,21) Z Z Dy | —

@t (x)d’n> .
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In practice, for stability, after obtaining the log RND log psﬁ%% up to an additive constant over
0,1

a batch of trajectories, one typically apply softmax to normalize the sum of weights to one.

Leveraging Props.|B. and | we can approximately compute log u E ? With the approximation

p*(z 01)
P“(9501)'

in the following Lem. |B.8| we can approximate the log weights for importance sampling, log

Lemma B.8. When the reference dynamics is memoryless, log g:g%{z'ﬂ; log V((I )) + const;
otherwise, the log RND can be computed and approximated as follows:
(20, 1 T
= o] / Z ( ) re(y, xy)dt + Z log %((x t)) (37)
o, 1] YF£x L tiwy  Fxy Peile_
M—-1 >
t77 i+1
~ Y Z S S (=B (w)an) + Y logdy, @t )awg | 68
=0 [d=1 n;tT d:xd 7£qu+1 ’

where 0 = tg < ... < tyr = 1 are the discretized time points.

Proof. From ll one can find log ¥ o Ezf) ﬂ; = log Z;g% When memoryless, following the argu-

ment in Sec. , o = const, log 1 = log % &= = log % 5~ + const, which yields the desired result.
Py

For general cases, inspired by the discussion in [Liu et al.| (2025a, App. D.4): (29) implies
Orpr(x) =Y (¢ W)re(y,x) = O logpr(z) = (1 - SOt(y)) re(y, ).

ve N el@)

Hence, we have

p1(r1) /1 o1 ()
= O lo x,)dt + lo
E o) " Jy QEEdE D, T

/o 2 ( o) )Tt(y7$t)dt+ 3 log pr(xe)

y#, t:xy_ FTy

Under our setting, the summation in the first term can be easily calculated:

Z(l_ %(y)> (y, 22) ZZ( W)” 217 7, ZZ (1- xtdn)%~

Y#Tt @t(xt) d=1 ;éa: SD* Tt d= 1n7$a:

For the second term, in theory, z;_ and x; differ by one dimension only, but during discretization,
multiple dimensions may change simultaneously. A heuristic approximation is to decompose it into
multiple single-dimension changes:

d(—’I‘t

€T
og 20 S g P D S g (o )

@t(xtf) d:xd ;éd @t(xt,) d:xd #xd
t_ t_ 7T

P (%0,11) _ p1(z1)
f e = betes)

We can thus summarize the approximate calculation o on the time-discretized

trajectory (zy,, ¢, , ..., Tt,, ) as follows:

M—-1

& <p1 Z Z Z ’Yt“ l+1 @Z (xti)dvn) + Z 1Og QZ ('rti)d7x?i+l

SOO =0 d= 1TL¢.L d.l,t 751t

i+1

Finally, as the ground-truth @* is unavailable, we use @ to approximate its value. This concludes the
proof.

O
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Remark. Unlike the method proposed in|Liu et al.[(2025a, App. D.4), here we don’t need to train
gfgzg along the trajectory. This is because here we derive through ilgilg instead of ‘Plgéi
Remark. In the case of masked diffusion, the path measure p* can be exactly sampled and the log
P*(i’[o,l]) in-
p*(z[0,1])
volves time discretization error, and furthermore, learning error if we use @]) under non-memoryless
cases. This possibly explains the low ESS observed in Fig.|l|even after convergence.

RND on a give trajectory can be computed precisely; however, here, the estimated log

B.10 CONNECTION BETWEEN DASBS AND WDCE

Proposition B.9. Assume 7, ; = 0o, i.e., the reference path measure p" is memoryless. Then the
denoising loss for training the controller (ctrl-DM)) with tra]ectory importance reweighting, D

being the generalized KL divergence and time-weight w; < Xt reduces the denoising cross-entropy
(WDCE) loss in UDNS (Zhu et al.| 20254} App. F), which is equal to KL(p*||p*) + const.

Proof. The first equation on|Zhu et al.|(2025al Page 39) reads (using the notation in this paper)

Py (@)

pt\l $‘$1)

oy P*(Tp,1)
KL(p"[[p*) = Epssto @.1)) psg<u>(z[071])Et N Epy  @z0) Z > Dy

d=1n#zxd

@t(x)dm) + const,

where Dy is the generalized KL divergence. Under the memoryless assumption, we have pt*| (z]zy) =
Pjj1 (z|21). Due to the symmetry pj, (z|1) = pj), (1]), the equivalence to 1) is obvious.
O

Proposition B.10. Consider the mask-augmented state space X = {1, ..., N,M}P. Let the reference
transition rate be

ri(y,x) = § —vl{d: a2t =M}, ify ==, (39)
0, otherwise,

for some noise schedule ~. : [0,1] — R,. Let Vs 1= fst Yudu for 0 < s < t < 1, and assume
Y1 = o0 forany 0 <t < 1. Then, the denoising loss for training the controller (ctrl-DM) with

trajectory importance weighting, Dy being the generalized KL divergence,m and time-weight %
reduces to the WDCE loss in MDNS (Zhu et al.||2025al), which is also equal to KL(p*||p™) + const.

Proof. Throughout the proof, we always assume n € [N] is a non-mask state. From Zhu et al.
(2025a), we have the following results:

wr (2" x) =, XPr (X =n|X™M ="M 4 M
~v

(@ = L) N by (0 XM Oy
' ei(x) Xrov B
_~ 1.4
1— Vst y4¢#M _
pgs(y|x) = H (]ev) (e_"’Svf)lyd:M . H lya—ya, 0<s <t <1
d:xd=M d:xd#£M
p{lt(x1|xd‘_”) d d_ . d
——————— = N1 _a__1_a_p; (Suppose Vd s.t. x M, z{ =2z
p;‘t(xl‘m) r{=n-x M ( pp 7é 1 )

Letsg: X — RQOXN be the neural network to learn the conditional distribution in v, i.e., s¢(z)q,n ~
PrXN,,(Xd — n|XUM — mUM) for ¢ = M, and 56(2)dm = lga_, for 2% £ M. We assume
271:/:1 so(2)d,n = 1 forall d.
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Therefore, with generalized KL divergence, the loss (ctrl-DM)) with trajectory importance reweighting
becomes

D
dp*
EtthPSg(")(I[o,u) dpse(® (x[O,l])Epaoyl(zlro,m) Z Z Df(lefznlmd:M||N30(x)d,nlrd:M + 1gazp)
d=1 n;éa:d
dp*
= E,wE pEO) (20, 1])d sg(a)( [0, 1]) Dy, () Z ZDf (N1 d_n”NSQ( )d n)
d:xd=M n=1
dp* 1 d
= B Epes) a10.1) sy (P01 Bog (aten) D Z (Nl $=n 108 =5 = Nl + Noo(2)a, )
d:xd=M n=1 80( )
dp*
= E,wE pE(®) (0. ll)d sg(G)( [0, 1]) AN CIED) Z —N log 89( )d wd + const.
d:xd=M

Thus, with ¢ ~ Unif(0, 1) and time weights %, the loss

. dp*
m;n]Epsg”Mwm,u)W(96[0,1])]EtNUnif(o,n%]Ep;ll(x|x1) > —logsg(x) g,
d:zd=M

which is exactly the same as the WDCE loss in|Zhu et al.|(2025a) if we choose the canonical noise
schedule in masked diffusion model: v; = % [

B.11 CONVERGENCE OF ALTERNATING UPDATE: PROOF OF THM. @

Definition B.11. For a function 1 : X — R, we use q" to denote the path measure of a CTMC

Yi)ieio0.1) induced by the backward transition rate ui (y,x) = Yt (v) r(x,y), y # x and initialized
€lo,1] t e (z)

atYy ~ v, where 1y satisfies 1V (x) = Zy P§|0(=’E|y)¢o(y), 1 = 1. In other words,

. Pri/tfh:y}/t:m)_lw:
uz_(y,x):}llli% ( |h L.

Remark. By the Bayes formula, one can obtain its equivalent forward transition rate (Kellyl 201 1)):
fory # x,

EPT(Yt = 2|Yirn = y) Pr(Yipn = y)

1
 (y,z) = lim — Pr(Yiyp = y|Y; = 2) = lim
h—0 h

h—0 h Pr(Y; = x)
o 1aa®), ) (a7 /¥)(v)
= lim — u (@, y)h+o(h)) = —=u; (z,y) = ————=1(y,x).
R R gy o) = Y = gy )
B.11.1 PROOFOFPART(I)OFTHM.@
Proof. Let (Yi)iepo,1) ~ qa(lkil) =:¢. By ,
Orge( Z% Z(qt(y)u?(x,y)—Qt(a?)U?(yvx))
yF#T
(q1/¢) () 7(%/7/%)(?/)7& 2o
- Z (( /'(/Jt y (-T,y)Qt(y) (Qt/%)(l’) t(y7 )qt( ))7
_ Vi (y >r o) — (%/%)(?ﬂr T
- Wquf("””)‘;(wt(w) V)~ G 0)
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On the other hand, using (KFE) again,
O (x Zatpt\o (zly)tholy ZZH 2, 2)Pho(21y)tbo(y) = Y ri(w, 2)hi(2)

z

— Z re(z, Y)Y (y) —Tt(yw)i/)t(fl?)),

y#T
— orlogun(e) = X (e 240 (3.,
y#£T

Now we compute KL(p“||q) where p* is the path measure of a CTMC (X;)c[o,1) induced by
transition rate u; and initial distribution p:

KL(p"lg) = KL(ullao) + e / > (uelog o+ 0" = ) (. X0t
y# X

KL(xllg0) + Epe / Z Ut log— + 7 _Ut>(y7Xt)

y# X

g W) )
(X Tor 1 B0y * Ta(Ry K0 i X0) |

The second term is KL(p*||p"). To deal with the third term, we leverage Lem. [B.13}

(¥1/a)(X1) _ L o /a0
Epu(x) IOgm =Epu(x) {/0 (O log Y1 (X) — 01 g(Jt(Xt))dt"‘t:th: log Wr/a0) (X))
Qt/l/Jt o
/ y;{ qt/¢t Xt (vat) t(ant))dt
(Ve/q:)(y)
JFEp“(X)/ y;(t el i) log (wt/Qt)(Xt)d
Therefore, we conclude that
(v1/q1)(X1)

KL(p“llg) = KL(p"[|p") + Epu(x) log + const

(¥0/40)(Xo)

= KL(p"|lp") + Epu(x) log %(Xl)—kconst
(k—1)

_ Wl T Y1

= KL(p"[lp") + Epu(x) log

where const does not depend on u. Therefore, this is an SOC problem with terminal cost g <
A k 1)

log #— . Let the optimal path measure to this SOC problem be p(*) and, by relating this SOC
problem w1th an equivalent SB problem through Cor.[B4] let the SB potentials to this problem be

(<p§ ), <p§ )) Then, cp(k) =e 9= (k,l) by Cor. From App.and similar argument as ,
we can leverage the additive noise aIlld obtain

(X1) + const,

k ~(k—
¢t (y) —E @ o (@1 4y —a) —E /@)@ +y —2)
k T1|T k (x| ~(k—1 :
AT e SRR (7= o [C2)

On the other hand, from the property of Bregman divergence, the unique fixed-point of (ctrl-AM)),
&F) | satisfies

(U/A(k 1))($d<—z‘f+n—wd)

PR /e @)

k n
oM (@dm)

oM (2)4 =E

Thus, we conclude that @gk)(az)d,n ="
Py T
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B.11.2 PROOF OF PART (2) OF THM.[5.2]

Proof. By similar arguments using Bayes formula, we can write p@(k) =: p as a backward CTMC
initialized at p; with backward transition rate

S IC) I ()
/@) e ()
(k)

where ¢,/ and gp( ) are the SB potentials to the SOC problem in the proof of the first part. Then, for
any backward CTMC (Y})se[0,1] ~ ¢ initialized at Y; ~ v with backward transition rate u;~, we have

“(k)(

Y,z ) Tt(%y)7

<—(k)
KL(pllg) = KL(p[[) + Ex~p / > (™ 1o e - um =) (9, X,
y# Xy

(k)
Therefore, it is obvious that the optimal u{~(y, z) is equal to u;” "™ (y, z) = ffk)gy;rt(:r, y), i.e
Py T

the optimal q is qag’“) (Def. . By similar arguments as in the proof of , we have o, (x) =
>y Pio([y)@o(y), and hence by definition the optimal ¢ to the backward half bridge problem is

q“ﬁgk). On the other hand, by similar arguments as and lb

P g Pl @yt (e )@y te)
(ﬁgk)( ) p”l(zly)pht(y‘x) Py)1 (2ly) @(()k)('r) (M/(,O(k))( )

On the other hand, using the property of Bregman divergence, the unique fixed-point of
satisfies

@gk)(l‘dﬁn) E pm&(xlH |x)
_— = (k) _—
(ﬁgk) (37) Pt‘1($0|x) pllt(gc1|gg)
while the unique fixed-point of (corr-AM) satisfies

~(k n d<zi+n—=x
APt (/™) (o)
S B wola)
o1 (x) | (1/24”) (o)
By comparing the three equations above, the proof is complete. O

B.12 OTHER OMITTED RESULTS AND PROOFS

Proposition B.12. Assume pi = punir. Using the reference transition rate (16), initializing the
controller to be one (i.e., let @go) (%) g = 1 forall n # x?) and alternatively training the corrector

and the controller is equivalent to initializing the corrector to be one (i.e., let $(©) (x)an = 1forall
n # x%) and alternatively training the controller and the corrector.

Proof. Suppose we let ¢§0> (x)an = 1 for all n # z?. Then the optimal corrector can be computed
as follows:

p1\t(xle |$) p:u(ﬂxl)
q‘j(l) —-E ol _ r “—n
(Z1)d,n CANCIERD) ($1|x) . pﬁt(mlx)p” H(@f ")
d<n
pt 7‘ d<—n d<n pl(xl )
E : 1|t |z) = E pi(z Put (21 ‘m)_ipl(zl) :

Thus, under , when pfj = & = Punif, one has pi = punit, SO 5(1)(131)617” =1foralln #z{. O

Remark. We remark that this choice coincides the optimal corrector when assuming p” is memory-
less, since under memoryless condition p; o< pf.
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Lemma B.13. For a CTMC (X;)c[0,1] ~ p" with transition rate u; and any function g : [0, 1] x
X X X = R, we have

1
By Y 906X X) =By [ 3 ot Xeswualy, X,
t: Xt #Xi 0 y#X¢

Proof. Consider the time-discretization: At = % and t,, = nAt. Then,

N—-1
Epexy D, 96X X)) =Epux) O Ixo 2x,,,, 9(tns Xi,, X1,p,) + O(AY)
t: Xy #Xy n=0

N-1
= Z Zp?n (x)pgwrﬂtn (Y]2) Loty g(tn, z,y) + O(AL)

n=0 z,y
N-1
=3 P (@)D e, (4, 2)g(tn, 7, y) At + O(At)
n=0 =z y#x
1
= EP”QQ/(; Z g(taXtyy)ut<ant)dt-

y# Xt

C EXPERIMENTS

Table 2: Sampling from lattice Ising models with L = 24. Best and second best results among all
uniform-based discrete neural samplers are highlighted. *: Measured on one A6000 GPU with largest
feasible batch size for Byign. t: For Beritical and Biow, using warm-up strategy in PDNS (Guo et al.)
2026). I: Failed to converge to meaningful distributions at S¢yitical and Siow €ven with warm-up.

Inv. Temp. Bhigh = 0.28 Beritical = 0.4407 Biow = 0.6
Type Metrics | Steps (x1e3)*  Runtime (h)*  AMag. ACorr. EWs2  AMag. ACorr.  EW,;  AMag. ACorr.  EW,
DASBS 3.75 0.5 27c—3 18¢—3 86 57e—2 47e—2 121 20e—2 18:—3 2.0
§ LEAPS 30 8.4 1.8¢—3 9.2¢—4 3.1 59e—2 28e—1 96.5 3.0e—2 55e—1 176.6
Uniform gt 50 11.9 90e—3 87e—3 236 = = = = = =
DFNS# 50 2.1 93e—1 80e—1 661.6 - - - - - -
Masked MDNST 50 16.8 3.9e—3 Tde—4 0.1 l.le—2 5.6e—3 5.1 9.0e -3 4.7e—3 5.3
MCMC MH - - 89e—4 29e—-4 1.2 25e—2 3.7e—3 2933 4.0e—2 6.6e—4 109.9

Table 3: Learning to sample from lattice Potts models with L = 16 and N = 4. Best result among

all uniform-based discrete neural samplers are highlighted. {: For Bcyitical and Siow, Using warm-up
strategy in PDNS (Guo et al.| 2026)).

Inv. Temp. Bhigh = 0.9 Beritical = 1.0986 Brow = 1.3
Type Metrics | AMag. ACorr. EW,;  AMag. ACorr. EW,;  AMag. ACorr. EW,

Uniform DASBS 87e—3 66e—3 53 4le—3 29e—2 200 42—-3 73c—-3 3.6
LEAPS 57¢—-3 50e—3 82 32-1 26e—1 1799 36e—1 35e—1 90.5

Mask MDNS 6.5e—3 b5.le—3 6.4 5.2e—3 4.6e—3 1.9 84e—4 6.le—4 0.7
MCMC MH 52e—2 47e—2 986 49e—1 40e—1 2732 68 —1 64e—1 313.1

C.1 MAIN RESULTS

In this section, we evaluate the effectiveness and efficiency of the proposed DASBS algorithm.
We demonstrate that it achieves competitive sample quality across standard benchmarks while
offering significant advantages in training speed. We further investigate the benefits of AM and
non-memoryless reference dynamics through ablation studies.
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Experimental Setup We test our method on two discrete distributions from statistical physics: the
Ising and Potts models on square lattices. They are well known for exhibiting phase transitions as a
function of the inverse temperature (Onsager, |1944; Beffara & Duminil-Copin, |2012) and serve as
standard benchmarks for discrete sampling. For the Ising model, we use a lattice of size L = 24 (i.e.,
sequence length D = L? = 576) with states {1}, and consider inverse temperatures Shigh = 0.28,

Beritical = log(1 + v/2)/2 = 0.4407, and Biow = 0.6. For the Potts model, we use L = 16
(D = L? = 256) with N = 4 states, and consider Buigh = 0.9, Beitical = log(1 + /q) ~ 1.0986,
and 5 = 1.3. We benchmark DASBS against leading discrete neural samplers, including LEAPS
(Holderrieth et al., [2025)), DENS (Ou et al., [2025b), UDNS (Zhu et al.| 2025a, App. F), and MDNS
(Zhu et al., 2025a)), as well as the classical Metropolis-Hastings (MH) algorithm.

Results and Discussion Quantitative results for the Ising and Potts models are summarized in
Tabs. [2]and [3] respectively. We assess sample quality using three metrics: the deviation of the magne-
tization (AMag.), the deviation of the 2-point correlation (ACorr.), and the energy Wasserstein-2
distance (EW>), all relative to ground-truth samples from the Swendsen-Wang (SW, [Swendsen &
Wang| (1986; 1987)) algorithm. For Ising model with high temperature, we also report the number
of training steps and runtime on a single A6000 GPU, utilizing the maximum feasible batch size.
Across all regimes, DASBS delivers satisfactory sample fidelity that is highly competitive with
state-of-the-art uniform-based discrete neural samplers. Notably, DASBS confers a distinct advantage
in training efficiency. We attribute this speed-up to three factors: (1) the use of the discrete score as
a highly informative first-order oracle; (2) a memory-efficient design that avoids storing full roll-outs
or computing loss over full trajectories; and (3) the simplicity of the matching loss objective.

EW, ESS

150 H 1 [

0.3 N\N M‘A /\Wll\v |\
LY
U AN
10r 0.2f M oIk 1
St 0.1p 1
0 I n
0 1000 2000 3000 4000 5000 - 0 1000 2000 3000 4000 5000
Training Steps Training Steps
—— DM, w/ reweight AM, w/ reweight AM, w/o reweight

Figure 1: Ablation study of the adjoint matching (AM) and denoising matching (DM) training
losses for the memoryless noise schedule ~; = % on Potts model with L = 8, N = 3, Bpign = 0.5.

Reweighting means using trajectory importance weight p* / p*8(") in the training losses. DM with
reweighting corresponds to UDNS (Zhu et al., [2025a, App. F). Left: Energy Wasserstein-2 distance
to the ground-truth samples from SW algorithm. Right: Effective sample size computed from the
trajectory importance weights.

Ablation Study: AM v.s. DM in Learning Controller In Fig. [2] we empirically validate the
claim that AM is more efficient than DM. We focus on an 8 x 8 Potts model (N = 3, Bhignh = 0.5).
We choose the standard memoryless noise schedule v; = % (Ou et al., [2025a; Zhu et al., 20254l
to isolate the impact of the training objectives v.s. (ctuI-DM). Fig.[I| shows that, while
all three methods eventually converge, AM exhibits significantly faster convergence than DM
when trajectory importance reweighting is enabled. Furthermore, we observe that the importance
reweighting can inadvertently slow down the convergence due to small effective sample sizes (even
after convergence), likely stemming from variance of the estimated RND.

Ablation Study: Memoryless v.s. Non-Memoryless We investigate the impact of the noise
schedule 7, in Fig.[2 and in particular, we show that non-memoryless noise schedule performs better
than the memoryless one. We adopt the modified log-linear schedule v; = Hia on the 24 x 24
Ising model with Spizn, = 0.28, which is memoryless when oo = 0. Fig. 2 shows that when either
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Figure 2: Ablation study of the hyperparameters « and ~y for the modified log-linear noise schedule
Ve = u%a on Ising model with L = 24 and By;gn = 0.28. The case of o = 0 is memoryless. NFE
is the number of function evaluations during generation for both training and inference. Top: fix
~ = 1 and vary a. Bottom: fix o = 1 and vary +. Left: average number of jumps for each dimension
during generation. Right: 2-point correlation error and energy Wasserstein-2 distance to ground-truth
samples drawn from SW algorithm.

Ave. # of Jumps / Dim. Errors

—8— NFE = 100

| —— NFE =100
—— NFE =20

2-pt Corr. Err.
EW,

0.5F 4 « 0.01

Figure 3: Ablation study of the hyperparameter « for the constant noise schedule v; = + on Ising
model with L = 24 and Bpign, = 0.28. NFE is the number of function evaluations during generation
for both training and inference. Left: average number of jumps for each dimension during generation.
Right: 2-point correlation error and energy Wasserstein-2 distance to ground-truth samples drawn
from SW algorithm.

hyperparameter is fixed at 1, the error metrics exhibit a distinct U-shaped curve as a function of
the other parameter. Deviating from the optimal regime leads to degradation in sample quality:
small v or large « reduces the transition rate magnitude and may hinder exploration, while large
v or small « (particularly the memoryless case o = 0) induces excessive jumps during generation,
also degrading performance. Notably, these trends remain consistent across different computational
budgets, demonstrating the robustness of the optimal configuration. A similar study for the constant
noise schedule ; = - is provided in Fig. 3] and a similar trend happens as the modified log-linear
schedule: the generated samples reach the best quality at around v € [0.5, 1].
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C.2 TARGET DISTRIBUTIONS

We consider Ising and Potts models on a square lattice A = [L]? with L sites per dimension. We write
i~ jifi,j € A are adjacent on the lattice. For simplicity, we impose periodic boundary conditions
in both the horizontal and vertical directions. Both target distributions can be written in the form of

1
v(z) = Ze_ﬂE(I),

where E is the energy function (Hamiltonian), S > 0 is the inverse temperature, and Z =
> sex € PE@) is the partition function.

For Ising model with interaction parameter J € R and external magnetic field & € R, the energy is

Frsing(z) = fJZ:cixj - thi, ze {+1}A
inj i
We keep J = 1 and h = 0 through out the experiments. For Potts model with NV states and interaction
parameter J € R, the energy is

Hpotts(x) = —JZ 1$i=$j, x € [N]A
i
We keep J = 1 through out the experiments. Finally, we can compute the discrete score of these two
distributions as follows:

v(ztm) exp (B(n — ') (J D jmi zd + h)) , Vn € {£1}, Ising;

viz) exp (BJ (Zj: i (Lpiep — 1133'::67'))) , Vn € [N], Potts.

C.3 IMPLEMENTATION DETAILS

Model Backbone We follow the implementation of MDNS (Zhu et al., [2025a) to use vision
transformers (ViT, Dosovitskiy et al.| (2021))) to serve as the backbone for the discrete diffusion
model. In particular, we use the DeiT (Data-efficient image Transformers) framework (Touvron et al.,
2021) with 2-dimensional rotary position embedding (Heo et al., |2025)), which better captures the
2-dimensional spatial structure of the Ising and Potts models. While MDNS’s model only requires the
position input 2 € [N], in our learning objectives, the controller also receives time input ¢ € [0, 1].
Hence, we adopt the adaptive layer normalization (adaLN) mechanism in the DiT (Peebles & Xiel
2023) and SiT (Ma et al., [2024) to deal with the time conditioning. For learning 24 x 24 Ising
model and 16 x 16 Potts model with 4 states, we use a model with 6 blocks, hidden dimensions
32 and 4 heads. The total number of parameters in the model is around 144k (controller, with time
conditioning) or 95k (corrector, without time conditioning).

Training Among all the training tasks, we use the AdamW optimizer (Loshchilov & Hutter, [2019)
with a constant learning rate of 1e — 3 (Bnign) and 5e — 4 (Beritical, Slow). We always use exponential
moving average (EMA) to stabilize the training, with a decay rate of 0.9999. All experiments
are trained on an NVIDIA RTX A6000 GPU. For all distributions, we always use the generalized
KL divergencem as the Bregman divergence, always use uniform time weight w; = 1, and adpot
the modified log-linear noise schedule with v = 1 and o = 0.5. We train for 5 stages with 500
steps for controller and 250 steps for corrector. We keep a running buffer of size 512 (Bnign) or
4096 (Beritical, Blow ), and resampling a batch of 128 pairs of (g, z1) using the current controller
every 20 (Bnigh) or 10 (Beritical, Blow) gradient updates. Finally, for Spign, We use (= punir as an
initialization and adopt AM loss for the corrector; for Beriticals Blow, WE Observe that
uniform initialization does not lead to good performance, and thus initialize x4 as the zero-temperature
distribution (i.e., Unif{£1} for Ising and Unif{1,21,..., N1} for Potts, where 1 is the all-one
vector). We use DM loss for training the corrector as y is not positive everywhere.

Generating Baseline and Ground Truth Samples We follow the implementation in existing
literature (Guo et al., [2026) for baselines. For the learning-based baseline, we train LEAPS and
MDNS on 24 x 24 Ising model and 16 x 16 Potts model for up to 150k steps for each temperature.
For MDNS, we apply the warm-up strategy (Zhu et al.,|2025a)) to initialize the training under Beyitical
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from the pretrained checkpoint for Bpign, and initialize the training under By from the pretrained
checkpoint for SB;itical. The Metropolis-Hastings (MH) and Swendsen-Wang (SW) sampling exactly
follows the implementation in |Guo et al.|(2026) that ensures sufficient mixing.

Evaluation We follow the procedure detailed in|Zhu et al.| (2025a, App. D.3, E.2) for the computa-
tion of magnetization and 2-point correlation error. To compute the empirical energy Wasserstein-
2 distance for two set of samples {x; } and {y; }, we obtain the energies of the datasets & = {E(x;)}
and & = {E(y;)}, and use the function np.sqrt(ot.wasserstein_1d(&;, &, p = 2)) from the
POT package (Flamary et al., 2021).

Effective Sample Size (ESS) We follow the practice in existing literature on neural samples (Zhang
& Chen, [2022; Holderrieth et al., 2025 Zhu et al., 2025a). For a batch of i.i.d. samples {z;};c[p]

from p, suppose we associate each sample x; with a weight w; = ggi;, where ¢ is the unnormalized

probability density / mass function of a probability distribution ¢, then the (normalized) effective

N2
sample size (ESS) of the samples with respect to g is defined as (%223722) € [%.1].

B i i
Ablation Studies on TM v.s. DM (Fig. E]) We use a model with 4 blocks, hidden dimension 32
and 4 heads. We use a batch size of 256 and in (ctrT-DM]) and (ctrl-AM]), we sample 32 t’s following
Unif|0, 1] for each pair of (z¢, z1). All three cases are trained under the same random seed for 5000
steps, with a buffer size of 1024 and resampling frequency 20 with generation NFE 100.

Ablation Studies on Noise Schedules (Figs. 2 and[3) We use a model with 4 blocks, hidden
dimension 32 and 4 heads. We use a batch size of 64 and in (ctrl-AM])), we sample 8 ¢’s following
Unif|0, 1] for each pair of (xg, z1). All runs are trained under the same random seed for 5 stages with
200 controller update steps and 200 corrector update steps. The buffer size is 256 and resampling
frequency is 20.
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