Online Restless Bandits with Unobserved States

Bowen Jiang! Bo Jiang' JianLi? Tao Lin3 Xinbing Wang' Chenghu Zhou*

Abstract

We study the online restless bandit problem,
where each arm evolves according to a Markov
chain independently, and the reward of pulling an
arm depends on both the current state of the corre-
sponding Markov chain and the pulled arm. The
agent (decision maker) does not know the tran-
sition functions and reward functions, and can-
not observe the states of arms even after pulling.
The goal is to sequentially choose which arms
to pull so as to maximize the expected cumu-
lative rewards collected. In this paper, we pro-
pose TSEETC, a learning algorithm based on
Thompson Sampling with Episodic Explore-Then-
Commit. The algorithm proceeds in episodes of
increasing length and each episode is divided into
exploration and exploitation phases. During the
exploration phase, samples of action-reward pairs
are collected in a round-robin fashion and utilized
to update the posterior distribution as a mixture
of Dirichlet distributions. At the beginning of the
exploitation phase, TSEETC generates a sample
from the posterior distribution as true parameters.
It then follows the optimal policy for the sampled
model for the rest of the episode. We establish
the Bayesian regret bound O(v/T') for TSEETC,
where T is the time horizon. We show through
simulations that TSEETC outperforms existing
algorithms in regret.

1. Introduction

The restless multi-armed bandits (RMAB) is a general
setup to model many sequential decision making problems
ranging from wireless communication (Tekin & Liu, 2011;
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Sheng et al., 2014; Xiong et al., 2022b), sensor/machine
maintenance (Ahmad et al., 2009; Akbarzadeh & Mahajan,
2021) and healthcare (Mate et al., 2020; 2021). This prob-
lem considers one agent and N arms. Each arm ¢ is modu-
lated by a Markov chain M with state transition function
P? and reward function R’. At each time, the agent decides
which arm to pull. After the pulling, all arms make a state
transition independently. The state transitions can be action-
dependent or not, and we consider the action-independent
case. That is to say, the state of each arm makes one tran-
sition per time slot regardless of being pulled or not. More
importantly, the transition function remains the same when
pulling or not pulling. The goal is to decide which arm
to pull to maximize the expected reward, i.e., ]E[Zle ],
where r; is the reward at time ¢ and 7" is the time horizon.

In this paper, we consider the online restless bandit prob-
lem with unknown parameters (transition functions and
reward functions) and unobserved states. Many works as-
sume the arms’ states are known and concentrate on learning
unknown parameters (Liu et al., 2010; 2011; Ortner et al.,
2012; Wang et al., 2020; Xiong et al., 2022a;d;c). However,
the arms’ states are often unobserved in real-world appli-
cations, such as cache access (Paria & Sinha, 2021) and
recommendation system (Peng et al., 2020). In the cache ac-
cess problem, the user can only get the perceived delay but
cannot know whether the requested content is stored in the
cache before or after the access. In the recommender system,
we do not know the user’s preference for the items. There
are some studies that consider the unobserved states. How-
ever, they often assume the parameters are known (Mate
et al., 2020; Meshram et al., 2018; Akbarzadeh & Mahajan,
2021) or there is no discussion about the regret bound (Peng
et al., 2020; Hu et al., 2020).

One common way to handle the unknown parameters but
with observed states is to use the optimism in the face of
uncertainty (OFU) principle (Liu et al., 2010; Ortner et al.,
2012; Wang et al., 2020). However, existing policies may
not perform close to the optimal offline policy, e.g., Liu et al.
(2010) only considers the best policy that constantly pulls a
fixed arm, which is not optimal for RMAB problems. Ortner
et al. (2012) derives the lower bound O(v/T) for RMAB
problems. Another way to estimate the unknown parameters
is Thompson Sampling (TS) (Jung & Tewari, 2019; Jung
et al., 2019; Jahromi et al., 2022; Hong et al., 2022). TS
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algorithms do not need to solve all instances that lie within
the confident sets as OFU-based algorithms (Ouyang et al.,
2017). What’s more, empirical studies suggest that TS
algorithms outperform OFU-based algorithms in bandits
and Markov decision process (MDP) problems (Scott, 2010;
Chapelle & Li, 2011; Osband & Van Roy, 2017).

Some studies assume that only the states of pulled arms are
observable (Mate et al., 2020; Liu & Zhao, 2010; Wang et al.,
2020; Jung & Tewari, 2019). They translate the partially
observable Markov decision process (POMDP) problem into
a fully observable MDP by regarding the state last observed
and the time elapsed as a meta-state (Mate et al., 2020;
Jung & Tewari, 2019). Mate et al. (2020), and Liu & Zhao
(2010) derive the optimal index policy but they assume the
parameters are known. Restless-UCB in Wang et al. (2020)
achieves the regret bound of O(T%/3) and their algorithm
is restricted to restless bandit problems with birth-death
state Markov chains. A general Markov chain is considered
in (Xiong et al., 2022¢) with a regret bound of @(\/T)
guarantee. There are also some works that consider that the
arm state is not visible even after pulling (Meshram et al.,
2018; Akbarzadeh & Mahajan, 2021; Peng et al., 2020; Hu
et al., 2020; Zhou et al., 2021; Yemini et al., 2021) and the
classical POMDP setting (Jahromi et al., 2022). Meshram
et al. (2018) and Akbarzadeh & Mahajan (2021) study the
RMAB problem with unobserved states but with known
parameters. However, the true value of the parameters are
often unavailable in practice. Some works study POMDP
problem from a learning perspective, e.g., Peng et al. (2020);
Hu et al. (2020), but there is no regret analysis. Under
the unobserved states setting, the state-of-the-art algorithm
achieves @(TQ/ 3) bound on the frequentist regret (Zhou
et al., 2021). Yemini et al. (2021) considers the arms are
modulated by two unobserved states and with linear reward.
This linear structure is quite a bit of side information that
the decision maker can take advantage of and a instance-
dependent regret bound of log(T") is given.

To the best of our knowledge, there is no known policy
that performs close to the offline optimum with a provable
regret bound of @(\/T) for online restless bandits with un-
observed states even after pulling. The unobserved states
and unknown parameters bring many challenges. First, we
need to control estimation error about states, which are not
directly observed. Second, the error depends on the model
parameters in a complex way via Bayesian updating and the
parameters are still unknown. Third, since the state is not
fully observable, the decision-maker cannot keep track of
the number of visits to state-action pairs, a quantity that is
crucial in the theoretical analysis. To deal with this chal-
lenge, we design a learning algorithm TSEETC to estimate
these unknown parameters and update the posterior distri-
bution about unknown parameters as mixture of Dirichlet
distributions. We define the pseudo-count about the number

of visits to state-action based on Dirichlet distribution and
with this pseudo-count we obtain a bound about parame-
ters’ estimation errors. Benchmarked on a stronger oracle,
we show that our algorithm achieves a bound O(v/T) in
Bayesian regret. In summary, we make the following contri-
butions:

Problem formulation. We consider the online restless
bandit problems with unobserved states and unknown pa-
rameters. Compared with Jahromi et al. (2022), our reward
functions are unknown.

Algorithmic design. We propose TSEETC, a learning algo-
rithm based on Thompson Sampling with Episodic Explore-
Then-Commit. The whole learning horizon is divided into
episodes of increasing length, each of which consists of
exploration and exploitation phases. During the exploration
phase, we utilize a mixture of Dirichlet distributions to up-
date posterior distributions and estimate unknown parame-
ters. The belief state is implemented to encode previous his-
torical information for unobserved states. In the exploitation
phase, we sample parameters from the posterior distribution
and derive an optimal policy based on the sampled parame-
ter. Furthermore, we design increasing episode lengths to
control the total number of episodes, which is crucial to
bound the regret caused by exploration.

Regret analysis. We consider a stronger oracle which
solves POMDP based on our belief state. And we define
the pseudo-count to store the state-action pairs. Under a
Bayesian framework, we show that the expected regret of
TSEETC accumulated up to time 7" is bounded by O(v/T),
where O hides logarithmic factors. This is the first O(v/T)
Bayesian regret bound in the setting with unknown parame-
ters and unobserved states even after pulling the arm.

Experiment results. We conduct the proof-of-concept ex-
periments, and compare our policy with existing baseline
algorithms. Our results show that TSEETC outperforms ex-
isting algorithms in regret and the regret order is consistent
with our theoretical result.

2. Related Work

We review the related works in two main domains: learning
algorithm for unknown parameters, and methods to identify
unknown states.

Unknown parameters. Since the system parameters are
unknown in advance, it is essential to study RMAB prob-
lems from a learning perspective. Generally speaking, these
works can be divided into two categories: OFU (Ortner
et al., 2012; Wang et al., 2020; Xiong et al., 2022a; Zhou
et al., 2021; Xiong et al., 2022d;c) or TS based (Jung et al.,
2019; Jung & Tewari, 2019; Jahromi et al., 2022; Hong
et al., 2022). The algorithms based on OFU often construct
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confidence sets for the system parameters at each time, find
the optimistic estimator that is associated with the maximum
reward, and then select an action based on the optimistic
estimator. Apart from these works, Thompson sampling
(Jung & Tewari, 2019; Jung et al., 2019) were used to solve
this problem. A TS algorithm generally samples a set of
MDP parameters randomly from the posterior distribution,
then actions are selected based on the sampled model. Jung
& Tewari (2019) and Jung et al. (2019) provide theoretical
guarantee O(1/T) in the Bayesian setting for the online rest-
less bandit with partially observed states. TS algorithms are
confirmed to outperform optimistic algorithms in bandit and
MDP problems (Scott, 2010; Chapelle & Li, 2011; Osband
& Van Roy, 2017).

Unknown states. There are some works that consider the
states of the pulled arm are unobserved (Mate et al., 2020;
Liu & Zhao, 2010; Wang et al., 2020; Jung & Tewari, 2019).
Mate et al. (2020) and Liu & Zhao (2010) assumes the unob-
served states but with known parameters. Wang et al. (2020)
constructs an offline instance and give the regret bound
O(T?/3). Jung & Tewari (2019) considers the episodic
RMAB problems with observed states about pulled arms
and the regret bound @(\/T ) is guaranteed in the Bayesian
setting. Some studies assume that the states are unobserved
even after pulling. Akbarzadeh & Mahajan (2021) and
Meshram et al. (2018) consider the RMAB problem with
unknown states but known system parameters. And there is
no regret guarantee. Peng et al. (2020) and Hu et al. (2020)
consider the unknown parameters but there are also no any
theoretical results. The most similar to our work is Zhou
et al. (2021) and Jahromi et al. (2022). Zhou et al. (2021)
considers that all arms are modulated by a common unob-
served Markov chain. They proposed the estimation method
based on spectral method (Anandkumar et al., 2012) and
learning algorithm based on upper confidence bound (UCB)
strategy (Auer et al., 2002). They also give the regret bound
O(T?/3). Jahromi et al. (2022) considers the POMDP set-
ting and propose the pseudo counts to store the state-action
pairs. Their learning algorithm is based on Ouyang et al.
(2017) and the regret bound is also O(7%/3).

3. Problem Setting

Consider a restless bandit problem with one agent and N
arms. Each arm ¢ € [N] := {1,2,..., N} is associated
with an independent discrete—time Markov chain M? =
(8%, P), where S' is the discrete state space and P* €
RS *S" the transition functions. Let s denote the state of
arm 4 at time ¢ and s; = (s},s2,...,s) the state of all
arms. Each arm ¢ is also associated with a reward function
R’ € RS"*R where R’ (r | s) is the probability that the
agent receives a reward » € R when he pulls arm ¢ in state
5. We assume the state spaces S° and the reward set R are

finite and known to the agent. The parameters P* and R’,
i € [N] are unknown, and the state s, is also unobserved to
the agent. For the sake of notational simplicity, we assume
that all arms have the same state spaces S with size S. Our
result can be generalized in a straightforward way to allow
different state spaces.

The whole game is divided into 7" time steps. The initial
state s} for each arm i € [N] is drawn from a distribution h;
independently, which we assume to be known to the agent.
At each time ¢, the agent chooses one arm a, € [N] to pull
and receives a reward r; € R with probability R (r; | si*).
Note that only the pulled arm has the reward feedback. His
decision on which arm a; to pull is based on the observed
history H; = [a1,71,a2,72 - ,at—1,7:—1]. Note that the
states of the arms are never observed, even after pulling.
Each arm ¢ makes a state transition independently according
to the associated P?, whether it is pulled or not. This process
continues until the end of the game. The goal of the agent is
to maximize the total expected reward.

We use 6% to denote the unknown P’ and R’ for arm i
and denote @ as the unknown P? and R’ for all i € [N]
collectively. Since the true states are unobservable, the
agent maintains a belief state b} = [bi(s,0%),s € S] € As
for each arm 7, where

bi(s,0") =P (s; = s | He,0"),

and Ag = {beRJ : > _sb(s) =1} is the probabil-
ity simplex in RS. Note that b (s, #*) depends on the un-
known model parameter §°, which itself has to be learned
by the agent. We aggregate all arms as a whole Markov
chain M and denote its transition matrix and reward func-
tion as P and R, respectively. Note that the states of the
arms at any given time ¢ are independent, since the ini-
tial states are independent and they also evolve indepen-
dently. As a consequence, for a given 6, the overall belief
state by = (b}, b?,--- ,bY) is a sufficient statistic for H; 1
(Smallwood & Sondik, 1973). Thus the agent can base his
decision at time ¢ on b; only. Let A, = Xi]\; Ag be the
state space of the overall belief state of the system. A deter-
ministic stationary policy 7 : Ay — [N] maps a belief state
to an action. The long-term average reward of a policy 7 is
defined as

T
1
J™(h,0) :=limsup =E re | h, 0] . €))
( ) T—o0 T l; ! ‘|

We use J(h, ) = sup,. J™(h,0) to denote the optimal long-
term average reward. We assume J(h, 0) is independent
of the initial distribution h as in Jahromi et al. (2022) and
denote it by J(#). We make the following assumptions.

Assumption 3.1. The smallest element €7 in the transition
functions P*,7 € N is larger than zero.
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Assumption 3.2. The smallest element €5 in the reward
functions R*,% € N is larger than zero.

Assumption 3.1 and Assumption 3.2 are strong in general,
but they help us bound the error of belief estimation (De Cas-
tro et al., 2017). Assumption 3.1 also makes the MDP
weakly communicating (Bertsekas et al., 2011). For weakly
communicating MDP, it is known that there exists a bounded
function v(+,0) : A, — R such that for all b € A, (Bert-
sekas et al., 2011),

J(6)+v(b,6) = max {r(b, a)+ Y P(r|ba,0)w (b, 9)} ,

@
where v is the relative value function, r(b,a) =
Do 2 b%(s, )R (r | s)r is the expected reward, b’ is the
updated belief after obtaining the reward r, and P(r | b, a, 6)
is the probability of observing 7 in the next step, conditioned
on the current belief b and action a. The corresponding opti-
mal policy is the maximizer of the right part in (2). Since the
value function v(, €) is finite, we can bound the span func-
tion sp(6) := max; v(b, §) — ming v(b, §) as in Zhou et al.
(2021). We show the details about this bound in Proposition
D.1 and denote the bound by H.

We consider the Bayesian regret. The parameters 6% is
randomly generated from a known prior distribution () at
the beginning and then fixed but unknown to the agent. We
measure the efficiency of a policy 7 by its regret, defined
as the expected gap between the cumulative reward of an
offline oracle and that of 7. If an oracle knows P?, R’
and underlying state s, the problem becomes simple as
the agent would select a; = argmax, ¢y 4R (ry | s¢*)
where R (r; | s¢*) is the reward function of the pulled arm
at and ry is the obtained reward. If we benchmark a learning
policy against the oracle, then the regret must be linear in
T, because the oracle always observes s; while the agent
cannot predict the transition based on the history. Whenever
a transition occurs, there is a non-vanishing regret incurred.
Since the number of transitions during the time interval
[0,T7] is linear in T, the total regret is of the same order.
Since comparing to the oracle knowing s; is uninformative,
we consider such an oracle that assumes the unknown states
and known parameters. The offline oracle is similar to Zhou
et al. (2021), which is stronger than those considered in
Azizzadenesheli et al. (2016) and Fiez et al. (2018). We
focus on the Bayesian regret of policy = (Ouyang et al.,
2017; Jung & Tewari, 2019) as follows,

t=1

Ry :=Egp-ng [Z (J(67) — m] : 3)

The above expectation is with respect to the prior distribu-
tion about 8*, the randomness in state transitions and the
random reward.

4. The TSEETC Algorithm

In section 4.1, we define the belief state and show how to
update it with new observation. In section 4.2, we show
how to update the posterior distributions under unknown
states. In section 4.3, we show the details about our learning
algorithm TSEETC.

4.1. Belief Encoder for Unobserved State

Here we focus on the belief update for arm ¢ with known
parameters §° = (P?, R"). At time t, the belief for arm i in
state s is bi (s, 6"). Then after the pulling of arm i, we obtain
the observation r;. The belief b%(s’, 6%) can be updated as
follows:

P (o) = 2 bi(s, 0) R’ (ry | 5) P'(s' | )
e S bi(s, 00 R (e |s)

where the P?(s’ | s) is the probability of transitioning from
state s at time ¢ to state s’ and R* (1 | s) is the probability
of obtain reward r; under state s.

“

If the arm 1 is not pulled, we update its belief as follows:
biya (s,0°) = D0 (s, 0 P'(s | 5). )

Then at each time, we can aggregate the belief of all arms
as b;. Based on (2), we can derive the optimal action a; for
current belief b;.

4.2. Mixture of Dirichlet Distribution

In this section, we estimate the unknown P? and R’ based
on Dirichlet distribution. The Dirichlet distribution is pa-
rameterized by a count vector, ¢ = (¢1,...,dr), where
¢; > 0, such that the density of probability distribution

p = (p1,...,px) is defined as f(p | ¢) o T} p{" "
(Ghavamzadeh et al., 2015).

Since the true states are unobserved, all state sequences
(and their corresponding Dirichlet posteriors) should be
considered, with some weight proportional to the likelihood
of each state sequence (Ross et al., 2011). Denote the reward
history collected from time ¢; till ¢5 (not including t5) for
arm i as rj ., and similarly the states history is denoted
as sy,.;,- And the belief state history is denoted as by, ;.
Recall that we assume the smallest element in the transition
functions and reward functions are €; and e, respectively.
To satisfy this, we can assume the transition function Pi
takes the form P’ = €1 + (1 — Se;) P?, where P follows
the Dirichlet distribution and 1 is the vector with one in
each position. Similarly, we assume the reward function
R takes the form R = ex1 + (1 — Sez) R?, where R’ also
follows the Dirichlet distribution. The element 1 can have
different lengths in correspondence with the dimension of
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P"and R'. Then with these history information b ., and
T4 .4, the posterior distribution g;(P*) and g,(R") at time ¢
can be updated as in Lemma 4.1.

Lemma 4.1. Assuming the transition function P* has prior

g0 (P*) = f( 1V_S€611 | ¢%), and the reward function R has

prior go (Rz) it }f —5321

and bjy., , the posterior distributions in the unobserved state
setting are as follows:

g0 (P*) o D (g0 (P*) w(s,)
564, €S*

H(m)w‘;mﬁ)wi )

1—61

| %), given the information r{.,

(6)

s,s’

and
ge (R) o< D (g0 (RY) w(sf.y)x
SZMESt

I R 15) — 2w (si)+ut, -1y

1—62

)

)

s,T

where w(s}.,) is the likelihood of state sequence s, and S*
is the all possible states sequences from time 0 tot — 1. ¢’
and 1) are the count vectors for the transition matrix and
reward function of arm 1, respectively.

This procedure is summarized in Algorithm 1. In line 2-3,
we consider all the possible state transition sequences and
calculate their corresponding weights. Then we derive the
Dirichlet distribution related to the specific sequence (in line
4-8). In line 9, we update the posterior distribution as the
mixture Dirichlet distribution.

Algorithm 1  Posterior Update for R'(s, -) and P(s, -)
1: Input: the history length 71, the state space S, the be-
lief history b0 - the reward history ré - the initial
parameters qbz’s/, Pt mfors s’ €S, reR,

2: generate S™! p0s51ble state sequences

3: calculate the weight w(j) = []7;" bi(s,0),5 € S™

4: for jin1,...,8™ do

5:  count the occurence times of event (s, s’) and (s, r)
as Ng o NZ, in sequence j

6: update DL o P GL o+ NL gl =YL+ N,

7. aggregate the ¢!, as ¢(j), ¥, as ¢(j) for all

s,ss €S, reR
8: end for
9: update the mixture Dirichlet distribution

9r (P1) o 5550 w(i) (=822 | 6(4),
gn (RY) oc Y57 w(i) F(E=EL | ()

Algorithm 2 Thompson Sampling with Episodic Explore-
Then-Commit

1: Input: prior go(P),g0(R), initial belief by, exploration

length 71, the first episode length T3

2: for episode k =1,2,...,do

3 start the first time of episode k, ty, :=t

4: Sample Rtk ~ Gtp_147 (R) and Ptk ~ Gt_14m (P)
5. for t =ty tx+1,...,t + 71 do
6.
7
8

pull the arm ¢ for 74 /N times in a round robin way
receive the reward r;
update the belief b} using Ry, , P, according to

“

9: update the belief b/, j € N \ {4} using P,, accord-
ing to (5)

10:  end for

11: for :=1,2,...,Ndo

12: input the obtained T¢, .t 47y, Tegittr o
bty ity 4rys-ees Otyit+m, to Algorithm 1 to update

the posterior distribution g4, 1 -, (P), g, 4= (R)
13:  end for
14: sample Rtk+71 ~ Gt +11 (P)’ Ptk+71 ~ Gtp+m (R)

15 for:in0,1,..., N do

16: re-update the belief bi from time O to ¢, + 7 ac-
cording to R, 4, and P, -,

17:  end for

18:  compute 7 (-) = Oracle (-, R, 4+, Pip+r)

190 fort=t,+m+1,-- ,tgy1 —1do

20: apply action a; = 7}, (b)

21: observe new reward 7y

22: update the belief b; of all arms using (4), (5)

23:  end for

24: end for

4.3. Our Algorithm

In this section, we present the details about our TSEETC
algorithm. TSEETC operates in episodes with different
lengths. The total number of episodes is denoted by k7.
The length of episode k is denoted as T} and is determined
by Ty =11 +k—1,where T} = [@—‘ . Denote the first
time of the episode k by t;. Each episode is split into an
exploration phase and an exploitation phase. The length of
exploration phase in each episode is fixed as 7; such that
nKr = (’)(\/T) and 1 < W Define the sampled
parameters at time ¢ as R; and P;. With these notations, we
show the pseudo-code about TSEETC in Algorithm 2.

In episode k, for the exploration phase (line 3-17), we first
sample the Ry, , P;, from the distribution ¢;, , 4, (P) and
Gt,_,+m (R) to update the belief states. We pull each arm
for 71 /N times in a round-robin way. For the pulled arm, we
update its belief according to (4) using I?;, and P, . For the
arms that are not pulled, we update its belief according to
(5) using P, . The reward and belief history of each arm are
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input into Algorithm 1 to update the posterior distribution af-
ter the exploration phase. Then we sample the new R;, 4, ,
P;, 4, from the posterior distribution, and re-calibrate the
belief b; based on the most recent sampled Ry, +-,, Pt, 4+,
Next, we enter into the exploitation phase (line 18-23). First,
we use an Oracle to derive the optimal policy 7, for the sam-
pled parameters Ry, t-,, Pi,+r . The Oracle can be the
Bellman equation for POMDP as we introduced in equa-
tion (2), or the approximation methods (Pineau et al., 2003;
Silver & Veness, 2010), etc. The approximation error is
discussed in Remark 4.2. Then we use policy 7y, for the rest
of the episode k.

Our deterministic linear increment of episode length guaran-
tees the episode number k7 is order O(v/T) as in Lemma
B.6. Then the regret of the exploration phases can be bound
by O(\/T), which is an crucial part in Theorem 5.1.

Remark 4.2. If the oracle returns an eg-approximate
policy 7 in each episode instead of the optimal pol-
icy, ie., (b, (b)) + >, P(r | b,7x(b),0)v (V',0) <
max, {r(b,a) + Y., P(r | b,a,0)v (b,0)}—e, then there
will be an extra regret termE [Zk:tkgT(Tk — Tl)ék:| in

the exploitation phase. If we control the error as
e, < ﬁ, then this extra regret can be bounded as

E > i< (Tk — Tl)Gk] < kr = O(VT) by Lemma B.6.
Thus the approximation error in the computation of optimal
policy does not affect the order of our regret bound.

5. Performance Analysis

In Section 5.1, we show our theoretical results and some
discussions. In Section 5.2, we provide a proof sketch and
the detailed proof is in Appendix B.

5.1. Regret Bound and Discussions

Theorem 5.1. Suppose Assumptions 3.1,3.2 hold and the
Oracle returns the optimal policy in each episode. The
Bayesian regret of our algorithm satisfies

Rr <48C1C35+/NT log(NT) + C1Co+
(AR + H +4C,CoSNIVT,

where C; = L1 + LoN + N2 4+ 82.Cy = rypae + H
are constants independent with time horizon T, L1 =

4(1—e€;p)? _ 4(1—e)?
Ne%eg ’L2 - €3

of the functions P* and R*, respectively. T, is the fixed ex-
ploration length in each episode, AR is is the gap between
the maximum and the minimum rewards, H is the bounded
SPan, Tomaq 1S the maximum reward obtain each time, N is
the number of arms and S is the state size for each arm.

, €1 and €y are the lower bounds

The best existing bounds on both the frequentist regret and
the Bayesian regret are O(T?/3) in the setting with both

unobserved state and unknown parameters. Our algorithm
is the first to achieves the O(1/T') Bayesian regret bound on
average. Whether one can achieve the O (V/'T) frequentist
regret bound is still open.

The key ingredients that allow us to obtain the O(v/T)
bound are as follows. First, we estimate the unknown param-
eters based on Thompson sampling to update the posterior
distribution of unknown parameters as the mixture of each
combined distribution. Second, to control the regret caused
by the exploration phases, we use an episodic algorithm and
increase the episode length in a deterministic manner that
guarantees the total episode number is order O(\/T ), s0
the regret of the exploration phases is bounded by O(v/T).
Third, we propose a novel pseudo count of the state-action
pairs based on Dirichlet distribution, which allows us to
bound the total estimation errors about unknown parameters
and unobserved states in the exploitation phase by @(ﬁ ).

The algorithm in Zhou et al. (2021) is also episodic and
each episode is divided into an exploration phase and an
exploitation phase as ours. Their cumulative regret bounds
in each phase are both @(T 2/3) in the frequentist sense.
The bottleneck of their method is the spectral estimator
used for parameter estimation, which has an error bound
of order 1/ \/E, where k is the episode index. To control
this error, they had to use a longer exploration phase than
we do, which results in a larger regret. In contrast, the re-
grets of our algorithm in both phases are well controlled by
O(VT), in the Bayesian sense though. Jahromi et al. (2022)
considers a similar problem in the POMDP setting and ob-
tain a Bayesian regret bound of O(7%/3). They define the
pseudo counts of state-action pairs, but their pseudo counts
are always smaller than the true counts with a nonzero prob-
ability at any time. On the other hand, in our algorithm,
the sampled parameter is more concentrated around the true
values with the posterior update. Therefore, our belief-based
pseudo counts defined in (13) approximate the true counts
more closely, which helps us obtain the final (5( VT ) regret
bound.

The existing work in restless bandits provide regret bounds
depending on the mixing time 7T,;x. To guarantee an
accuracy of %, the mixing time T},;x can be bound by
O(logT) (Jung et al., 2019). Therefore, bounds depend-
ing on Th,ix can be bound as O(log T\/T) (Jung et al.,

2019) and © <1og7/ 2 T\/T> (Ortner et al., 2012). Our re-

gret bound depends on the lower bounds €; and €2 in As-
sumptions 3.1,3.2, which is independent with the time hori-
zon T Then our regret bound is O(y/T log T'). Therefore
our regret bound improves those two bounds by a logarith-
mic factor.

Remark 5.2. (Continuous reward functions). We assume
the reward set is finite as Jung & Tewari (2019); Zhou et al.
(2021); Singh et al. (2022). However, our TSEETC algo-
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rithm can be extended to handle continuous rewards. First,
for unknown states, we can update the belief states incorpo-
rated with such continuous reward function. After pulling
the arm and observing r, the belief state b is revised accord-
ing to Bayes’ theorem: b (s') o< > _b(s)R(r | s)P (s' | s)
(Hoey & Poupart, 2005), where R(r | s) is a probability
density function. Second, the posterior distribution g(R)
should be updated with continuous reward. For the case
where each arm has two states, g(R) is the Beta distribution.
We can accordingly modify TSEETC so that after observing
the reward r; € [0, 1] at time ¢, it performs a Bernoulli trial
with success probability ;. Let the random variable 7, de-
note the outcome of this Bernoulli trial, and let S;(t), F;(t)
be the number of successes and failures in the Bernoulli
trials until time ¢. If 7, = 1, we set S;(t) = S;(t) + 1. Oth-
erwise, we let F;(t) = F;(t) 4+ 1. Then we can update the
parameters in g(R) accordingly. We leave the theoretical
analysis for continuous reward as future work.

Remark 5.3. (Thompson sampling approximation error).
The establishment of the final regret bound and the total
estimation error for belief states requires satisfying not only
Assumption 3.1 and Assumption 3.2, but also relies cru-
cially on the Oracle returning the optimal policy in each
episode and exact posterior updates. However, in practice,
marginalizing the full state sequence in Algorithm 1 is an ex-
ponentially costly task. Therefore, we approximate the pos-
terior distribution (Urteaga & Wiggins, 2018; Lu & Van Roy,
2017) by sampling M state transition sequences, where M
is a hyperparameter. As such, it is necessary to consider the
impact of approximation errors on the posterior distribution
(Phan et al., 2019; Mazumdar et al., 2020) in relation to the
regret bound. A desired final regret bound comprises two
terms: the first term is the regret bound achieved by Thomp-
son sampling with an exact posterior, while the second term
is an incremental term and accounts for posterior mismatch.
Importantly, the second term converges to zero as the size
of sequences considered M approaches infinity. To achieve
this, we need to study the divergence between two distribu-
tions g(P) and ¢’ (P) defined by different Dirichlet counts
and bound the gap between the sampled transition matrix
and the true parameters based on such a divergence. This is
nontrivial and it deserves further study.

5.2. Proof Sketch

The total regret can be decomposed as follows:

kr trk+71
RT :]Eg* [Z Z J(G*) —Tt]
k=1 tg
Regret (A)
kr try1—1 ®)
+ R, (> J07) —rt] :
k=1t,+11+1

Regret (B)

Bounding Regret (A). The Regret (A) is the regret caused
in the exploration phase of each episode. This term can be
simply bounded as follows:

kT

ZTIAR

k=1

Regret (A) < [y, < 11 ARkr )

where AR = 7,40 — Tmin 18 the gap between the maximum
and the minimum rewards. The regret in (9) is related to the
episode number k7. Since the first episode has length of
order O(v/T) and the episode length is increasing linearly
with the episode index, we can easily bound the total episode
number by O(+/T) as in Lemma B.6.

Bounding Regret (B). Next we bound Regret(B) in the
exploitation phase. Let b, denote the belief updated with pa-
rameter 0, and b} the belief with true parameter 6*. During
episode k, based on (2) for the sampled parameter 6;, and
that a; = 7*(by ), we can write:

T (0k)+v(be, 0x) = 1 (b, ar)+ Y P(r | by, ar, 06 v (b, 6).

(10)
With (10), we proceed by decomposing the regret as:
Regret(B) = R1 + Ro + Rs + Ry (11
where each term is defined as follows:
kT
Ry =Eg- Y [(Th — 11— 1) (J(67) — T (68))],
k=1
kT tpt1—1 .
R2 = Eg* Z [ Z (’l}(bt_;,_l,ok) — U(bt,gk))] s
k=1 Ltpx+m1+1
kr tpp1—1 .
Rz = Eg- Z [ Z (ZP(T | be, ar, O )o (Y, Ox)
k=1 Ltp+7m1+1 r

- v(5t+1’9k)>]7

kr [ tk+1—1 )
Ry =Eg- Z Z (T(bta ar) —r(by, at))] .
k=1 Ltx+71+1

Bounding R;. A key property of TS algorithms is that
when the prior distribution g¢ coincides with that of the true
parameter §*, given the history #,, , the sampled ¢}, has the
same distribution as 0* at time ¢;, as stated in Lemma 5.4.
Since the length T}, is deterministic and independent of 6y,
R is zero thanks to this property as stated in Lemma 5.5 .

Lemma 5.4. (Posterior Sampling (Ouyang et al., 2017)). In
TSEETC, ty, is an almost surely finite o (Hs, )-stopping time.
If the prior distribution go(P),go(R) is the distribution of
0*, then for any measurable function g,

Elg (07) | He] = Elg (0k) | Hu,] -
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Lemma 5.5. R; satisfies that R; = 0.

Bounding R,. The inner sum in Rj is a telescopic sum
that reduces to the difference of two value functions, which
is upper bounded by the span and hence by H. Since the
number of episodes kr is deterministic and O(v/T), we
have Ry < Hkr = O(H\/T) and we have Lemma 5.6.

Lemma 5.6. Ry is bounded by Ry < O(H/T).

Bounding R3; and R,. The regret terms R3 and R, are
related to the estimation error of § (including the transition
function P and reward function R) and estimation error of
belief state. The belief estimation error can be bounded in
terms of the estimation errors of 6 by a result of Xiong et al.
(2022e), reproduced in Proposition D.2. Thus the key is to
bound the estimation error of 6. Recalling the definition
of ¢,7 in Lemma 4.1, we define the posterior mean of
Pi(s' | s) and R(r | s) for arm i at time ¢ as follows:

a1+ (1—e)dl (1)
Ser+ (1 —€) Hq{)z t)“1

)

t)

Pi(s' | s) =
(12)
€ + (1 - 62 (t
Seq + (1 — €9 sz
For a fixed arm ¢, it can be pulled or not each time. The
action a is 1 or 0 depending on whether the arm is pulled

or not. Then we define the pesudo count of the state-action
pair (s, a) before the episode k as

N (s,1) = [l ()|, — [[vi ), (3

k—1
0)=(_T)) — N}, (s,1), (14)
j=1

where 4% (t),) is the parameter in the Dirichlet distribution
at time ¢ about reward function of arm 7. Let M}C be the
set of plausible MDPs in episode k with reward function
R (r | ) and transition function P (s | 2) satisfying,

S|P 1) = B | 2)] < Aule)
s'eS

SR 12 - R 2)

reR

Ri(r|s)=

I

(15)
< Br(2),

%% is chosen conserva-
tively (Auer et al., 2008) so that M} contains both P} and
P}, Ri and R} with high probability. P! and R’ are the
true parameters as we defined in Section 4.1.

where i (s, a) :=

The core of the proof lies in deriving a high-probability
confidence set with our pseudo counts and showing that the
estimated error accumulated to 7" for each arm is bounded
by \/T Thus, we can derive the final error bound about the
MDP aggregated by all arms as stated in Lemma 5.7 . The
proof of Lemma 5.7 is in the Appendix B.3.2.

Lemma 5.7. (Estimation errors of unknown parameters).
Suppose Assumptions 3.1,3.2 hold and the posterior distri-
butions are exactly updated, then the total estimation error
about unknown parameters accumulated by all exploitation
phases satisfies the following bound

Kr teg1—1
> > IP* =Py | <48SN\/NTlog(NT)
k=1t=tr+711+1
+4SN?VT + N,
Kp trey1—1
Z > IR = Rilly | <48S/NTlog(NT)
=1t=tp+71+1

+4SNVT +1,

where Py, Ry, are the sampled parameters in episode k.

With Lemma 5.7, we can bound the estimation errors about
belief states as stated in Lemma 5.8. The proof of Lemma
5.8 is in the Appendix B.3.2.

Lemma 5.8. (Control belief error). Suppose Assumptions
3.1,3.2 hold and the posterior distributions are exactly up-
dated, then the total estimation error about belief states
accumulated by all exploitation phases satisfies the follow-
ing bound

Kpr  treg1—1

DS

k=1t=tp+711+1

+ 48015\/ NTlog(NT) + Cl

The Lemma 5.8 shows that the accumulated belief errors
about unobserved states is also bounded by O(+/T). Then,
we can obtain the final bound about R3, R4 and the detailed
proof in Appendix B.3,B.4.

|[bF — by||1 | <A4CLSNVT

Lemma 5.9. Rj3 satisfies the following bound
Ry < 48C,SH+/NT1log NT + 4C1SNHNT + C1 H
Lemma 5.10. R, satisfies the following bound

Ry <48C1S7maz/ NT log(NT)
+4015N’f‘maz\/f+ CiTmaz-

Then the claim of the Theorem 5.1 directly follows from
Lemma 5.5, Lemma 5.6, Lemma 5.9, 5.10.

6. Numerical Experiments

In this section, we present proof-of-concept experiments. To
implement TSEETC efficiently, we just consider the most
possible states transition sequences in the posterior update
about unknown parameters. This approximation reduce the
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Table 1. The average accumulated regrets of different algorithms with different arms and states

(ARMS, STATES) TSEETC SEEU RUCB Q-LEARNING €-GREEDY SLIDE-UCB
2,2) 580 871 1259 1710 2653 4039
4,2) 9968 10253 13520 14932 16684 17690
(6,2) 14640 25940 26932 29875 30260 33894
(8,2) 27252 34614 35650 42261 44962 46541
(10, 2) 39635 42600 44506 49580 51540 54652
(2, 3) 4654 6065 7420 7976 8598 9590
2,4) 10080 11652 14064 15648 17895 18953

computational complexity and the final simulation results
show that this approximated algorithm can still achieve bet-
ter performance than the existing algorithms. We consider
two arms and there are two hidden states (0 and 1) for each
arm. We pull just one arm each time. The learning horizon
T = 50000, and each algorithm runs 100 iterations. At state
1, the reward set is {10, 20} and the reward set is {—10, 10}
at state 0. The transition functions and reward functions
for all arms are the same. We initialize the algorithm with
uninformed Dirichlet prior on the unknown parameters. The
baselines include e-greedy (Lattimore & Szepesvari, 2020)
with € = 0.01, Sliding-Window UCB (Garivier & Moulines,
2011) with specified window size( equal to 50), RUCB (Liu
et al., 2010), Q-learning (Hu et al., 2020), and SEEU (Zhou
et al., 2021). The pseudo-counts in Jahromi et al. (2022) are
related with the expectation of true counts, which can not
be obtained due to the unknown states. Thus we excluded it
in our experiments. The results are shown in Figure 1. We
observe that approximate TSEETC has the minimum regret
among these algorithms.

4500

—e— slide_UCB
4000 { —— &-Greedy
—— Qlearning
3500 o RUCB
—— SEEU
3000 4 —4— TSEETC

2500 4

2000 4

Accumulated regret

H
G
S
3

1000 -

500

0 10000 20000 30000 40000 50000
Time

Figure 1. The cumulative regret

In Figure 2, we plot the cumulative regret versus 7' of the
six algorithms in log-log scale. We observe that the slopes
of all algorithms except for our TSEETC and SEEU are
close to one, suggesting that they incur linear regrets. What
is more, the slope of TSEETC is close to 0.5, which is better
than SEEU. This is consistent with our theoretical result.

Next, we show the robustness of TSEETC to other action
and state dimensionalities. We first consider the setting with

—e— slide_UCB

404 —— eGreedy

—— Qlearning
RUCB

—— SEEU

| == TseETC

— slope=1
slope=0.5

2.0

3.8 4.0 42 44 4.6
log(T)

Figure 2. The log-log regret

different arms and each with the same state space. Secondly,
we consider the case where the number of arms is equal,
but the state spaces of each arm are different. The results
are shown in Table 1. It shows that our TSEETC achieves
minimal cumulative regret among all compared algorithms
under different settings.

7. Conclusion

In this paper, we consider restless bandits with unknown
states and unknown dynamics. We propose the TSEETC
algorithm to estimate these unknown parameters and derive
the optimal policy. We also establish the Bayesian regret of
our algorithm as O(+/T'). Numerical results validate that the
TSEETC algorithm outperforms other learning algorithms
in regret. A related open question is whether our method
can be applied to the setting where the transition functions
are action dependent. We leave it for future work.
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A. Table of Notations
Notation | Description
T The length of horizon
kr The episode number of time T’
Ty, The episode length of episode k&
Ty The fixed exploration length in each episode
P The transition functions for arm i
R’ The reward function for arm i
Py The sampled transition function for aggregated MDP
Ry The sampled reward function for aggregated MDP
Tt The reward obtained at time ¢
bi(s,0) | The belief state for being in state s at time ¢ for arm ¢ with parameter
Et The belief of all arms at time ¢ with parameter 0},
b} The belief of all arms at time ¢ with parameter 6*
a; The action at time ¢
r(bt,as) | The expected reward obtained when the belief state is b; and the action is a;
J(0r) The optimal long term average reward with parameter 6y,
Tmax The maximum reward obtained each time
Tmin The minimum reward obtained each time
AR The biggest gap of the obtained reward

B. Proof of Theorem 5.1

Recall that our goal is to minimize the regret :

M%

Ry := Ep-

) —10) ] . (16)

t:l

r+ depends on the state s; and a;. Thus r; can be written as 7(s;, a;). Due to Egs [r (s¢,a:) | He—1] = 7(b}, a;) for any ¢,
we have,

T
Ry := Eg- Z ) — (b5, ar)) (17)
In our algorithm, each episode is split into the exploration and exploitation phase then we can rewrite the regret as:
kr tp+T1 kr try1—1
Ry = Ep- ZZ JO) =7 a))+Y > (] rbt,at))], (18)
k=1tx+11+1

where 77 is the exploration length for each episode. 7; is a constant. ¢, is the start time of episode k. Define the first part as
Regret (A) which is caused by the exploration operations. The another part Regret (B) is as follows.

kr trp+71

Regret (A) = Ey- [Z > ) —r bt,at))] ,

kr trk+1—1

Z Z JO) —r bf,at))].

k=1tr+11+1

Regret (B) = Egy-

Recall that the reward set is R and we define the maximum reward gap in R as AR = 7.,40 — Tmin- Then we get:
J(O0) —r(bf,a:) < AR.

13
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Then Regret (A) can be simply upper bounded as follows:

kT

> nAR

k=1

Regret (A) < Ep- < ARkr.

Regret (A) is related with the episode number k7 obviously, which is bounded in Lemma B.6. Next we should bound the

term Regret (B).

During the episode k£, based on (2), we get:

T (0k) + v(bs, 0k) = r(be,ar) + > P(r | be, ar, 0)v (¥, 0k) ,

19)

where J (0y) is the 0pt1ma1 long-term average reward when the system parameter is 0y, by is the belief at time ¢ updated
with parameter 60y, (bt, ay) is the expected reward we can get when the action a; is taken for the current belief bt, b is the

updated belief based on (4) with parameter ;, when the reward r is received.

Using this equation, we proceed by decomposing the regret as:
Regret(B) = R1 + Ro + R3 + Ry,

where

kT

Ry =g 3 (T — 71— 1) (J(07) — J(0)]

k=1

kp [ te41—1 A A
R2 = Eg* Z Z (U(bﬁ,l, Hk) — ’U(bt7 Gk))] 5

k=1 Ltx+71+1

kr [trkr1—1
R3 = ]Eg* Z Z (Z P(T ‘ bt,at,ek)v(b/,ek) — U(bt+1,9k)>] 5

k=1 Ltg+71+1 r

Ry = Eo- kZT -tkiil (T(l;t,at) - T(bi‘,at))] .

k=1 Ltp+11+1

Next we bound the four parts one by one.

B.1. Bound R;
Lemma B.1. R; satisfies that R; = 0.

Proof. Recall that:
kT

Ry =Ep- Y (T 71— 1) (J(67) — T(6:)].

k=1

For each episode, T}, is determined and is independent with 6;,. Based on Lemma 5.4, we know that,

Eg-[J(67)] = Eg-[J (0r)].

therefore, the part R; is 0.

B.2. Bound R,

Lemma B.2. R, satisfies the following bound
Ry < Hkr,

where kr is the total number of episodes until time T

14
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Proof. Recall that R; is the telescoping sum of value function at time ¢ 4 1 and ¢.

kr tp41—1
R2 = ]Eg* Z l Z |:U((;t+1, Gk) — ’U(?)lg, 9]0j|1 . (21)

k=1 Lt=tp+71+1
We consider the whole sum in episode k, then the Ro can be rewrite as:

kr

Ry=Ep- ) [U(i)tw 01) = 0(bpyr 14 9k)} :
k=1

Due to the span of v(b, 6) is bounded by H as in proposition D.1 , then we can obtain the final bound,
Ry < Hkr.

B.3. Bound Rj3

In this section, we first rewrite the R3 in section B.3.1. In section B.3.2, we show the details about how to bound Rs.

B.3.1. REWRITE Rj3

Lemma B.3. (Rewrite R3 ) The regret R3 can be bounded as follows:

kr  try1—1

+ HEp- lz Z ||b:_l;t”1

k=1t=tp+m1+1

kr  trg1—1

Rs < HEy- [Z Z [[P* — Pyl

k=1t=tp+711+1

kr  trp1—1

> > IR Ry

k=1t=tp+71+1

+ S2HEy-

)

where Py, is the sampled transition functions in episode k, Ry, is the sampled reward functions in episode k, b} is the belief
at time t updated with true P* and R*, by is the belief at time t updated with sampled Py, Ry.

Proof. The most part is similar to Jahromi et al. (2022), except that we should handle the unknown reward functions.

Recall that Rs = Eg- 307 [z;g; S (zr PO | ey ag, 0)0 (', 05) — v(bes1, ek))] :

Recall that H; is the history of actions and observations prior to action a;. Conditioned on H;, 8* and 6, the only random
variable in by is 7;41, then we can get,

Eg* [U(Et+1’6k) | Htaak] = Zv (blaek) P(T | b:va’hg*)? (22)
reR

where P(r | b}, at, 0*) is the probability of getting reward r given b}, a;, 6*. By the law of probability, P(r | b, as, 0*) can
be written as follows,

P(r| b}, a,0%) = ZR* (r|s")P(sip1 =5"| He,0%)
iZR* 7’|S ZP St_;,_lfS ‘SffS ’Ht,at, ) (st:5|7-[t,9*) (23)

fZZb* YP*(s' | s)R* (r | §'),

where P* is the transition functions for the MDP aggregated by all arms, R* is the reward function for the aggregated MDP.
Therefore, we can rewrite the R3 as follows,

kr  tkt1—1
Z Z (Z(P(r | by, ar, 0) — P(r | b, ar,0%)v (b’,@@)] .

k=1t=tr+7m1+1 reR

R3 = ]EQ*

15
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Based on (23), we get

= ]Ee*

kr  trr1—1
Z Z (ZZv(b',ek) Ry (7 | s')zgt(s)Pk(s’ | s))}

k=1t=tr+7m1+1 r

kr  tk41—1
Z Z <Z Zv (b',0k) R* (1] ) ZbI(S)P*(s’ | s))]

k=1t=tp+7m1+1 T

~ Ep-

= EQ*

kr  tk41—1
> (Z S v, 06) Ri (r | ) bi(s)Pe(s’ | 5))]

k=1t=tr+7m1+1 T

(24)

Mkr  ter1—1 _
~Eo- > D (ZZv(b’,ekams'>2bz<s>P*<s'|s>>

Lk=1t=tr+11+1 r

Mkr  ter1—1 _
+Ee D D (ZZv(b',ekams'>2bz<s>P*<s'|s>>

Lk=1t=tr+11+1 r

Ckp o trepi—l -
— Eg- Z Z (ZZU (0, 0:) R* (r | ) be(s)P*(s’ | s)) )

Lk=1t=tr+11+1 r

where Ry, is the sampled reward function for aggregated MDP, Py, is the sampled transition function for aggregated MDP.
Define

kr  teg1—1
=Eo- [>. > <ZZ (b, 0) Ry (r | 8 [th VPils' |8) =D b (s)P"(s" | S)D] ;
k=1t=tj+7m1+1 \ r s
kr  try1—1
= Ey- Z Z <ZZU (b',0k) [Ri (r | s') — R* (r| §')] be(s)P*(s' | s))] .
k=1t=tr+7m1+1 T s’ s

Bounding Rj. The part R can be bounded as Jahromi et al. (2022).

R, = Eg

ZT Z (ZZ (b',0k) R (r | s) [th VPi(s' | s) — be(s)P*(s’s)])]

k=1t=tr+71+1 r
= R3(0) + R3(1)

kr  tg41—1
= Eo- lz > (Zzlv(b’,Ok)Rk(Ms’)ZEt(s)Pk(s'|5)>]

k=1t=tp+11+1 T

—Ee*lkZT tki_l (ZZ (v, 0k) Ri (r | §) Zb Pks|s>]

k=1t=tr+7m1+1 r

where

kr  trp1—1
(1) = Eg- [Z > (sz(b’,akmk(rs/)Zb;(s)Pk(sws))]

k=1t=tp+711+1 T

kr  tr+1—1
— E,- [Z 3 <sz(b’,9k)Rk(r|s’)Zb:(s)P*@’ls))]

k=1t=tr+7m1+1 T

16
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For R3(0), because ), Ry, (r | s') = 1,3, Pr(s' | s) = Lv (V',0,) < H, we have

kp  trg1—1
>y (Z > v, 06) Ri (r | ) bi(s)Pe(s’ | s))]

k=1t=tr+7m1+1 r

i tki_l (ZZ (V',0k) Ri (1] §) th Pks|s>]

k=1t=tp+711+1 I

kr  tk+1—1
S0 SN D3 SHURAENAND S AERLRTAAR) |

k=1t=tp+711+1 T

kr  trp1—1
> > (ZZ (v, Or) R 7‘|8)Z|bt( )—bf(8)|Pk(8'|8)>]

k=1t=tp+71+1 \ =

S )

k=1t=tr+7m1+1 s

bi(s) —b:<s>H1)] ,

where the first inequality is due to by (s) — b} (s) < |b¢(s) — b} (s)| and the second inequality is because > Re(r]s) =1,
Yoo Pr(s | s)=10v(,0,) < H.

For the first term in R5(1) , note that conditioned on H,, 8*, the distribution of s, is b;. Furthermore, a, is measurable with
respect to the sigma algebra generated by H, 0y, since a; = 7*(by, 6, ). Thus, we have

1(0) = Ep-

— Eg-

= ]EG*

< Ey-

< HE,-

S

k=1t=tp+7m1+1

— HE,.

v (b, 0k) ZP* (s | s)b*(s) | Hhek} =v (b, 0,) Eg [P* (5" | s) | Hy, 0] (25)

Eg- lv (b, 6k) ZPk (s" | s)b*(s) | Ht,Okl =v(V,0k) Eg« [Pr (5" | s) | He, O] . (26)

Substitute (25), (26) into R%(1), we have

kr  teg1—1
S (szwxekmk (r 1 5) (Pu(s' | 5) — P*(s' | 5»)]

k=1t=tr+7m1+1 r

kr  tkp1—1
S (zzv<bcek>m 1) 1P | 8) - PGS | SM

k=1t=tp+7m1+1 T

= Ky

< Ee-

kr  tkt1—1

> > (gmc(s’ | 5) = P(s'| s>|>]

k=1t=tp+71+1

< HE,4.

kr  tky1—1

YooY =Py

k=1t=tp+711+1

< HEy-

where the first inequality is because Py (s' | s) — P*(s’ | s) < |Pr(s' | s) — P*(s’ | s)|, the second inequality is due to
v(V,0r) <Hand ) Ry (r|s)=1

Therefore we obtain the final results,

kr  tr41—1

R, < HE lz Y 1P =Bl

k=1t=tp+71+1

kr  tek41—1

S b bk

k=1t=tr+711+1

+ HE

17



Online Restless Bandits with Unobserved States

Bounding R%. For part R, note that for any fixed s, Y~ b7 (s)P*(s" | s) < S, therefore we can bound R as follows,

> X (Zva’ﬂmRm|s’>—R*<r|s'>JZb:<s>P*<s'SM

k=1t=tr+7m1+1 r

= Ee*

kr  tkg1—1
SSHE@* Z Z <ZZ[Rk (7’|5/)7R* <T| S,)}>‘|

k=1t=tp+711+1 s’ T

kr  trg1—1 @7
< SHEe- [> > S|R—R*|;

k=1t=tp+711+1

kr  tp41—1

< S?HE,- [Z > R — R,

k=1t=tp+11+1

3

where the first inequality is due to v (b',0,) < H and > _b;(s)P*(s' | s) < S, the second inequality is due to for any
fixeds’, > [Ri(r|s)—R"(r|s)] <||Re — R¥||;.

B.3.2. BOUND Rj3
Lemma B.4. Rj satisfies the following bound

Ry < 48(Ly + LyN + N + S*)SH\/NTlog(NT) + (L1 + LoN + N + S*)H
+4(Ly + LyN + N? + SHSNH(T, + kr — 71 — 1).

Proof. Recall that the R3 is as follows:

kT try1—1
Ry =Eg- Y [ > (Z Plr | by, ag, Ok]v (W, 0;) — v(ém,ek)ﬂ .

k=1 Lt=tp+11+1 T

This regret terms are dealing with the model estimation errors. That is to say, they depend on the on-policy error between the
sampled transition functions and the true transition functions, the sampled reward functions and the true reward functions.
Thus we should bound the parameters’ error especially in our unobserved state setting. Based on the parameters in our
Dirichlet distribution, we can define the empirical estimation of reward function and transition functions for arm ¢ as follows:

e+ (1 —e)dl (1) A €2+ (1 —e)bl (1)

) R’L r = A .
|| (r]s) Sea + (1 — €3) ||1/’§(t)H1

P’i(s’ | 3) = Se, + (1 _ 61) H(ﬁéy(t) 1

(28)

where ¢’ _(t) is the parameters in the posterior distribution of P* at time ¢, ¢i,r(t) is the parameters in the posterior

distribution of R at time ¢. For each arm, it can be pulled or not. When it is pulled, we define the action a is 1 and the action
a is 0 when it is not pulled. Then we define the pseudo count N7, (s, a) of the state-action pair (s, a) before the episode k
for arm 7 as

N, (s,1) fHW @)ll; = [[45.],

N; (s,0) ZT] — N} (s,1).

For notational simplicity, we use z = (s,a) € S x A and 2z, = (s¢, a;) to denote the corresponding state-action pair. Then
based on Lemma B.3 we can decompose the R3 as follows,

kr  tkr1—1
Z Z (Z Plr | by, ar, OJv (¥, 01) — U(Z)t-i-hek))]

k=1t=tp+711+1 T

3 (P(r | by s, 03) — P(r | b;‘,at,é*)> v(b’,&k)H

r

R3 = Eg*

kr  trp1—1

PIEDS

k=1t=tj+71+1
0 1 2
< Ry + R3 + R3

= E@*

18
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where
kr  tk+1—1

Y. > P =Rl

k=1t=tp+71+1

RY = HE,-

)

kr  tp41—1

R — HE, [z S —zath] |

k=1t=tp+71+1

kr  tk+1—1

Yo D> IR Rl

k=1t=tp+71+1

R% - SQH]EQ*

Note that the following results are all focused on one arm. Define P! is the true transition function for arm 4, P} is the
sampled transition function for arm 7. We can extend the results on a arm to the aggregated large MDP based on Lemma D.3.

Bounding Rj. Since 0 < v (v, ;) < H from our assumption , each term in the inner summation is bounded by

YL [ 2) = PL(s [ 2)) o (s, 6)

s'eS
<H Y |Pi(s' [ 2) = Pi(s' | 1)
s'eS

<H Y|P | 20) = Bi(s | 2)| + H Y |PEGS | 20) = BEGS | =)
s’eS s'eS

where P! (s | z) is the true transition function, P} (s | z;) is the sampled reward function and P} (s’ | z;) is the posterior
mean. The second inequality above in due to triangle inequality. Let M, be the set of plausible MDPs in episode £ with
reward function R’ (r | z) and transition function P’ (s’ | z) satisfying,

SP 1) - B 2| < B Y |R 12 - RG] 2)| < Bi2),

s'eS rER

145 log(2Nt, T)
max{l,N;‘IC (s,a)}
R! and R} with high probability. P! and R’ are the true parameters as we defined in section 4.1. Note that 3} (z) is the
confidence set with 6 = 1/ty.

where ﬁ,i(s, a) = is chosen conservatively (Auer et al., 2008) so that M}C contains both P! and P,i,

Then we can obtain,
SR L 2) = PG 20|+ 0 PG L 20) = B | =)
s'eS s'eS (29)
< 26 (1) + 2 (H{P:‘%Bk} + H{P;¢Bk}) :

We assume the length of the last episode is the biggest. Note that even the assumption does not hold, we can enlarge the
sum items as T}, _; — 71. This does not affect the order of our regret bound. With our assumption, because the all episode
length is not bigger than the last episode, that is tx+; — 1 — (tx + 71) < Tk, — 71, then we can obtain,

kr trkt1—1 kp Top—T1
Z Z By (z) < Z Z B (zt) - (30)
k=1t=ty+71 k=1 t=1

Note that Y . |PL (8" | 2¢) — Pi (s | zt)‘ < 2 s always true. And with our assumption 7; < THET=1 't is easy to

show that when N} > Ty, — 71, B} (2) < 2 holds. Then we can obtain,

19
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kr Thp—T1 kr Thp—T1

Z Z min{2, % ( Zt}<z Z 2I(N{, < Ty — 71)

kr TkT_
. 14Slog (2Nt T)
+Y 0> I, szT—n)\/ : .

k=1 t=1 max (1’Ntlk (Zt))

3D

Consider the first part in (31). Obviously, the maximum of N; is Ty, — 71. Because there are totally S A state-action
pairs, therefore, the first part in equation (31) can be bounded as, Zk 1 ZT’“T o 2I(N{, < Tpp — 1) < 2(Thp — 11)SA.
Due to T}, =711 + k7 — 1 and Lemma B.6, we get ,

2Ty, — 71)SA=2(T1 + kp — 71 — 1)SA = O(VT).

Consider the second part in 31. Denote the N} (s, a) is the count of (s, a) before time #(not including t). Due to we just
consider the exploration phase in each episode, then N (s, a) can be calculated as follows,

Ni(s,a) = |{T <t,7 € [ti,tis + 1),k < k(t) : (st al) = (s,a)}|,
where k(t) is the episode number where the time ¢ is in.

In the second part in (31), when Ntik > Ty, — T1, based on our assumption 71 < %

e Tkl

27 §T1+kT71:TkT.
therefore, T}, — 71 > 71. Because NgA > Ty, — 71, then Ntik (s,a) > 7. Forany t € [tg, tx + 71],we have

, We can get,

N{(s,a) < Ny, (s,a) + 1 < 2N} (s,a).

Therefore N/ (s,a) < 2N}, (s, a). Next we can bound the confidence set when Ny (s, a) < 2Ny, (s, a) as follows,

Ty —T
i kTZ ' 8 (2 it’“il 14Slog (2Nt T)
E\%t i
k=1 t=1 k=1 t=ty max Ntk (Zt))

kr tr41—1
145 log (2NT?)
<> 2

k=1 t=ts max (LNtik (Zt))

B 28S'log (2NT?)
B Z max (1, N} (z))

(32)

t=1

< /565 10g(2NT) >

t=1 Inax(l N} (2 ))

where the second inequality in (32) is due to ¢, < T for all episodes and the first equality is due to N/ (s, a) < 2N (s,a).

Then similar to Ouyang et al. (2017), since N/ (2;) is the count of visits to z;, we have

T T

L -y Lz=2)

=1 y/max (1, N{ (z,)) > =1 y/max (1, N{(2))

Nqiwrl(z)_ll
3 LEIRE LD S
j=

IA

Z( T+12)>0}+2m><3zm
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Since ), Ni (z) < T, we have

3% \/Niy,(2) <3, [SN Y Ni (2) =3VSNT. (33)

With (32) and (33) we get
kr tk41—1
2HY > Bi(z) < 6V56HS\/NTlog(NT) < 48HS\/NTlog(NT).
k=1 t=ty

Then we can bound the (30) as follows,

kr tr41—1
> Bila) < 248\/NTlog(NT) + 25A(Ty + kr — 71 — 1). (34)
k=1 t=ty

Choose the 6 = 1/T in Lemma D.4, and based by Lemma 5.4, we obtain that

. ) 1
P(P. ¢ By) =P (P! ¢ B,) < ——.
(Pi ¢ Bt) (P ¢ k)—15Tt2
Then we can obtain,
ko 4 oo 4 oo
—6 -6
2Eo- | Y T (H{G%Bk}w{gk@k})] gﬁZtk gBZk <1. (35)
k=1 k=1 k=1
Therefore we obtain .
T
2HEg- | > Tk (Io-¢p,) +H{9k¢3k})] < H. (36)
k=1

Therefore, we can obtain the bound for one arm as follows,

kr  tek41—1
Eg+ [Z Z (Z (Pi (s ] 2¢) — P (s | zt)) v (s’,&@)]

h=1t=trtr1+1 \s'€S 37
< H 4+ 4SNH(T) + kr — 7 — 1) + 48HS\/NT log(NT).

Next we consider the state transition of all arms. Recall that the states of all arms at time ¢ is s;. Because every arm evolves
independently, then the transition probability from state s; to state sy is as follows,

N
P (st41 ] 8,0%) = Hpi (si41 | 5t)
i=1

where P! is the true transition functions of arm i. Based by the Lemma D.3 and our assumption that all arms have the same
state space S, we can obtain

N
D P (segn | 56,0%) = P(segn | s6,06)| <D |PE (5151 | s1) — Pr (siar | s,
7

St41 (38)
<N ||P>: (3§+1 \ 53&) - P (S%H | 3%)”1 .
Therefore, we can bound the Rg as follows:
Rg < NH + 4SN2H(T1 +kr—7—1)+48SNH+/NTlog(NT). (39)
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Bounding R}. Based on the Proposition D.2, we know that

br — étHI < Ly|[R* = Relli + Lo max |P*(s,7) = Pa(s, )]l

Note that the elements in the true transition matrix P* and the sampled matrix Py are between the interval (0,1). Then
based on the facts about the norm, we know that

max [[P*(s,:) = Pr(s,:)lly < [1P* = Pyl -

Therefore, we can bound the belief error at any time as follows:

bt — by

) < Li||R* — Rill1 + La||P* — Pylf1 (40)

Recall in the confidence for My, the error bound is the same for || R* — Ry||; and || P* — P
(34) and (35), we can bound the R} as follows:

1, and based by the bound in

kr tk+1—1
Ry < HEg- | Y > (L1||R* = Rilly + La| P* — Pillr)
k=1 t=ty
kr try1—1 A
k=1 t=tg

< 48(Ly + LoN)SH/NT1og(NT) + (L1 + LoN)H
+ 4(L1 + LQN)SNH(Tl +kr—7m — 1)

Bounding R%. Based on (34) and (35), we can bound R% as follows,

kr  try1—1

> ||R*('5)_Rk('|5)||1]

k=1t=tp+711+1

Rg - SQHEQ*

kr  tkg1—1

Z Z (Qﬂllc (ze) +2 (H{R*in} + H{RkéBk}))]

k=1t=tp+711+1
< HS? +4S3NH(Ty + kp — 11 — 1) +48HS®\/NT log(NT).

(42)
< S2HE,-

Combine the bound in (39), (41) and (42), we bound the term Rj3 as follows:

Rs < 48(Ly + LyN)SH\/NTlog(NT) + 4(Ly + LoN)SNH (T} + kp — 11 — 1)
+ (L1 + LoN)H + NH + 4SN?H(Ty + kr — 1 — 1) + 48SNH+\/NTlog(NT)
+ HS? 4+ 4S3NH(T) + kp — 7 — 1) + 48HS*\/NT log(NT) (43)
=48(Ly + LoN + N + S*)SH\/NTlog(NT) + (L1 + LyN + N + SH)H
+4(Ly + LoN + N? + S2)SNH(Ty + kr — 7 — 1).

B.4. Bound R,

Lemma B.5. R, satisfies the following bound

Ry < 48(Ly 4 LyN + N 4 5%)S7mae v/ NT1og(NT) + (L1 + LoN 4+ N + S*)7ae
+4(Ly + LoN 4+ N + S*)SAr oo (Th + kp — 71 — 1).
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Proof. We can rewrite the R4 as follows:

£y (zm D o)

k=1t+711+1 S
g(g rksat Emsat —&-Emsat Ersat
S

where 7, (s, a;) = Zr rR;*(r | s) is the expect reward conditioned on the state s of pulled arm and a;, when the reward
function is R}*. And 7* (s,a¢) = Y, 7R$*(r | s) is the expect reward conditioned on the state s and a,,with the true reward
function R$*. The (44) is due to the add the term ) _ 7, (s, a¢) b; (s) and subtract it.

R4 == Eg*

(44)

< Eop-

Denote .
R = Ey- Z (Z T (8, at) l;t(s) - Zrk (s,a) b,’{(s))] ,
t=1 s s
T
Ri:]Eg* Z( T (s, a¢) bj (s Zr S, at) )]
For RY,
T
RS = Ey- [Z (Z ri (5,05) bi(s) = D i (s af)bt(s)ﬂ
T
= Ep- [Z (Z ri (s, a0) (Bu(s) - b:@)))] (45)
t=1 s

where the last inequality is due to the fact 7y (s, a¢) < Tmaz-

For R}l,

Ri=Eg > (Zrk EXBIAOED I (s,at)b;‘(s)ﬂ
=Eo- [> (D]
< Eg- Z

(s,a¢) — 1" (s, at)] b?(S))]
Z|7‘k s,ap) —r* (s, at)|>] (46)
ZZ |Rt (r | s) — R:t(T|S)|>‘|
T
> (IR = Re“ll,)

Iﬂ

Il ~

—_
/_\/_\A

where the first inequality in 46 is due to b} (s) < 1,7y (s,a¢) —7* (s,a¢) < |1k (s,a:) — 7* (8, a¢)| and the second inequality
isdueto )[Ry (r|s)— R (r|s)] < ||Ry — R,

Based on the (41), we can bound the Rg,

RO < 48(Ly + LyN)S7maz/NTlog(NT) + (L1 + LaN)Tras
+ 4(L1 —|— LQN)SNTmax(Tl + kT —T1 — 1)
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Note that for any reward function R (7 | z) in confidence set My, the reward function satisfies,
> |R0 12 = Ri(r] )] < 8i(2)
r€R

Then based on (42), we get

R} < 485%7,,00/NT 1og(NT) + 25* N7y (Ty + k7 — 71 — 1) 4+ STmae-

Then we can obtain the final bound:
R4 § 48(L1 -+ LQN -+ S)Srm,am\/ NTIOg(NT) + 4(L1 + LQN + S)SNT’maI(Tl + kT —T1 — 1)
+ (Ll + LaN + S)T'rnax
< 48(Ly + LyN + N 4+ 8% S7 a0V NT1og(NT) + (L1 + LoN + N + S*) 7 as
+4(Ly + LoN + N + S*)SN7pau(T1 + kp — 71 — 1)

where the last inequality is due to S < N + S2. O

B.5. The total regret

Next we bound the episode number.

Lemma B.6. (Bound the episode number) With the convention Ty = [‘/T;H—‘ and Ty, = Tx,_1 + 1, the episode number is

bounded by kr = O(VT).

Proof. Note that the total horizon is 7. The length of episode k is T}, = T} + k — 1. Then we can get,

T=T+To+ ...+ Tk,
=T+ (TN +1)+..+ (T +kr—1)

=krTi+(1+2+ ...+ kr—1) 47)
kr(kr —1
— oy, 4 Frlhr =1)
2
Therefore,
k3 + (271 — 1)kr — 2T = 0. (43)
With the convention 77 = [‘ﬁ;ﬂ , then we can get kr = O(V/T) O

Denote Oy = Ly + LyN + N? + 52, Cy = H + ryp45 and C3 = Ty + k7 — 71 — 1, then we can get the final regret:

Ry = Regret(A) + R; + R + Rs + Ry
< 71 ARky + Hky + 48C1 SH\/NT 1log(NT) + AC, C5SAH + C1 H
+ 48C1 STmae VVNT 10g(NT) + 4C1C38 Arpmae + Chrma
< (AR + H)VT 4 48C1S(H + rpaz)/NT log(NT)
+4C, S A(Timaz + H)VT + C1(H + rmag)
= 48C1C2S\/NT1og(NT) 4+ (AR + H + 4C,CoSNIWT + C1Cs.

Thus, we get the final Theorem.
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Theorem B.7. Suppose Assumptions 3.1,3.2 hold and the Oracle returns the optimal policy in each episode. The Bayesian
regret of our algorithm satisfies

Ry < 48C1C58/NTlog(NT) + (AR + H 4 4C1CSN)VT + C,Cs,

where C1 = L1 + Lo N + N2 4+ 82, Cy = ryae + H are constants independent with time horizon T, L1 = 4%;6612)2 , Lo =
4(1—e€;p)? '

o

in each episode, AR is is the gap between the maximum and the minimum rewards, H is the bounded span, 7,4, is the
maximum reward obtain each time, N is the number of arms and S is the state size for each arm.

, €1 and €5 are the minimum elements of the functions P* and R*, respectively. T, is the fixed exploration length

C. Posterior distribution

Note that we assume the state transition is independent of the action for each arm. Denote the states visited history
from time 0 till ¢ of arm i as s, and the reward collected history is 7§ ,. And the action history from time 0 to ¢ is aj).,.
Denote N! 5.5’ (sg t) as the occurence time of state evolves from s to s’ for arm i in the state history sf.,. Hence, if the
prior g (P;(s,-)) is Dirichlet (¢% ..., % s ), then after the observation of history s}, the posterior g (Pi(s, -) | sp.;) is

Dirichlet (¢% o, + NZ g, (sb.i) s, dLs, + Nis, (sb.)) (Rossetal., 2011).

Similarly, if the prior g (R;(s, )) is Dirichlet (vl o ;9% ,..), then after the observation of reward history r{., and s, ,
the posterior g (R;(s,-) | ri., sb.,) is Dirichlet (¢, + Ni . (s, 78) -0l + N (b, 7)), and N s the
number of times the observation (s, r) appears in the history (so:t, Té:t)'

Here we drop the arm index and consider a fixed arm. For the unknown transition function, we assume its prior go (P) =
1 113 :5;1 | ®). We consider this special prior is due to the minimum elements of the transition matrix is bigger than €;. Next
we show the details that how to update the posterior distribution for unknown P and omit the details of unknown reward

function R.

P(ro.¢—1,5¢| P,ao.t—1) g (P,ao.t—1)
[ P (roi—1,8¢ | Pyags—1) g (P,ag—1) dP
 Ysgurest P (roa—1, 504 | Prao:—1) g(P)
[ P(ro—1.s¢ | Poag:e—1) g (P, ags—1)dP
i Esm,lest (P )Hz 1P(Sz | si—1)
[ P(rou—1,5¢ | Pyagi—1) g (P, ag:—1) dP

S epnsest 9 (P) [Tl (Pt )Nowr )|
[ P(roa—1,5: | P,ao—1) g (P,ag:—1)dP

Q(P | aO:t—hTO:t—l) =

where the last equality is due to the prior for unknown P is go (P) = f(£= ;.163 | @).

Next we show the Bayesian approach to learning unknown P and R with the history (ag..—1, 70.¢). Since the current state s,
of the agent at time ¢ is unobserved, we consider a joint posterior g (s¢, P, R | ag.t—1,70:t) over s¢, P, and R (Ross et al.,
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2011). The most parts are similar to Ross et al. (2011), except for our special priors.
9 (¢, P, R [ ao:t—1,70:4-1) <P (1o, 8¢ | P, R, a0:—1) g (P, R, agie—1)
o Z P (ro.t, so:¢ | P, R, ao4—1) 9(P, R)

s0:t—1€S*
t
X Z So,P R H (Si | Sifl)R(’f'i | Si)
s0:t—1€S? =1

P(s —
ST 1) | (LCAR IR

1—¢
50:t—1€S" 5,8 1

’

H(M)Nm(so:tﬁo:tfl)

1—c¢
s, 2

where g (sg, P, R) is the joint prior over the initial state s, transition function P, and reward function R; Ny (So.¢) is the
number of times the transition (s, s’) appears in the history of state-action (s¢.¢); and Ng,. (So.¢, 70.¢—1) is the number of
times the observation (s, r) appears in the history of state-rewards (Sg.¢, 70.t—1)-

D. Technical Results

Proposition D.1. (Uniform bound on the bias span (Zhou et al., 2021)). If the belief MDP satisfies Assumption 3.1,3.2, then
for (J(0),v(:,0)) satisfying the Bellman equation (2), we have the span of the bias function span(v, §) :=max; g v(b, ) —
ming g v(b, ) is bounded by H, where

—€

S(ﬁ—F(l‘FO&)loga%) 0.1
1761/26(7 )

11—«

H .=

., witha =

Proposition D.2. (Controlling the belief error (Xiong et al., 2022¢)). Suppose Assumption 3.1,3.2 hold. Given (R, Py),
an estimator of the true model parameters (R*, P*). For an arbitrary reward-action sequence T+, as, let by (-, Ry, Py,) and

b(-, R*, P*) be the corresponding beliefs in period t under (Ry,, Py) and (R*, P*) respectively. Then there exists constants
L1, Lo such that

Joute B2 Py = Bu R P < Ll B = Bl + Lo mase [P (m,2) = Pa(m, )

4(]3]2%661) L _ 4(1 el)

where L1 = , €1 and ey are the minimum elements of the functions P* and R*, respectively.

Lemma D.3. (Lemma 13 in Jung et al. (2019)) Suppose ay, and by, are probability distributions over a set [ng] for k € [K].

Then we have
K K K
Z Hak,wk - ku,wk SZHak_kal'
= k=1 k=1

ze®K_ | [ni] 1k=1
Lemma D.4. (Lemma 17 in Auer et al. (2008)) For any t > 1, the probability that the true MDP M is not contained in the
set of plausible MDPs M(t) at time t is at most that is

5
15¢67
)

P{M ¢ M)} < o5
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