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Abstract

Semi-Unbalanced Optimal Transport (SemiUOT)
shows great promise in matching two probability
measures by relaxing one of the marginal con-
straints. Previous solvers often incorporate an
entropy regularization term, which can result in in-
accurate matching solutions. To address this issue,
we focus on determining the marginal probabil-
ity distribution of SemiUOT with KL divergence
using the proposed Equivalent Transformation
Mechanism (ETM) approach. Furthermore, we
extend the ETM-based method into exploiting the
marginal probability distribution of Unbalanced
Optimal Transport (UOT) with KL divergence for
validating its generalization. Once the marginal
probabilities of UOT/SemiUQOT are determined,
they can be transformed into a classical Optimal
Transport (OT) problem. Moreover, we propose
a KKT-Multiplier regularization term combined
with Multiplier Regularized Optimal Transport
(MROT) to achieve more accurate matching re-
sults. We conduct several numerical experiments
to demonstrate the effectiveness of our proposed
methods in addressing UOT/SemiUOT problems.

1. Introduction

Optimal Transport (OT) technique is a powerful tool for
discerning and comparing distinct probability distributions.
Nowadays, OT has multiple successful applications in tradi-
tional machine learning (Frogner et al., 2015; Feydy et al.,
2019; Zhuang et al., 2022; Chuang et al., 2023; Riaz et al.,
2023), unsupervised clustering (Asano et al., 2019; Caron
et al., 2020), domain adaptation (Damodaran et al., 2018;
Courty et al., 2017; Redko et al., 2019), diffusion (Khrulkov
et al., 2023; Lipman et al., 2023), generative modeling (Ko-
rotin et al., 2023; Onken et al., 2021; Tong et al., 2023)
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and many others. Nevertheless, directly solving OT dis-
tances could have relatively high computation cost with
around super-cubic time. Although one can adopt entropy-
based Sinkhorn algorithm (Cuturi, 2013) for solving OT
efficiently, it still suffers from the dilemma of dense and
inaccurate solutions (Liu et al., 2023; Lorenz et al., 2021;
Dessein et al., 2018). Moreover, classical OT strictly as-
sume that the masses on both source and target domains
should be equal. It further hurdles the generalization of OT
when the data samples inherit noise or outliers.

Recently, Unbalanced Optimal Transport (UOT) (Benamou,
2003; Chizat, 2017; Séjourné et al., 2023; Scetbon et al.,
2023; Séjourné et al., 2022b) and Semi-Unbalanced Opti-
mal Transport (SemiUQOT) (Le et al., 2021) have become
more attractive in adapting outliers since it allows relax-
ing marginal constraints for transportation results. UOT
adopts several divergences such as Kullback-Leiber (KL)
divergence (Pham et al., 2020), 1 norm (Caffarelli & Mc-
Cann, 2010) and /5 norm (Blondel et al., 2018) for the
relaxation on OT mass equality constraints by adjusting
the corresponding coefficients 7. Meanwhile, KL diver-
gence is the most commonly-used in UOT formulation in
real practice (Séjourné et al., 2022a). UOT also provides
great applications in transfer learning (Tran et al., 2023;
Mukherjee et al., 2021; Pariset et al., 2023), computer vi-
sion (Bonneel & Coeurjolly, 2019; De Plaen et al., 2023;
Choi et al., 2023; Neklyudov et al., 2023; Chang et al., 2022;
Maet al., 2021; Zhan et al., 2021), structure data exploration
(Sato et al., 2020), natural language processing (Arase et al.,
2023) and many areas. Previous solvers always involves
extra regularization terms including entropy regularization
term and proximal point term (Fatras et al., 2021) for tack-
ling UOT problem. While adding additional entropy terms
will lead to dense and inaccurate matching solutions. Latest,
(Chapel et al., 2021) and (Nguyen et al., 2023) further re-
consider solving UOT problem with majority maximization
algorithm without the requirements of regularization terms.
However, these methods are sensitive to the choice of 7, i.e.,
providing sparse and accurate solutions when 7 is small, but
unsatisfying solutions when 7 is much larger. Therefore, it
is quite challenging to efficiently exploit accurate solutions
for both UOT and SemiUOT problems.
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In this paper, we propose a new method, i.e., equivalent
transformation mechanism (ETM), which relieves the need
for extra regularization terms in solving SemiUOT and
UOT with KL divergence. Specifically, ETM first finds
the marginal probability distributions for SemiUOT and
UQOT problems based on Karush-Kuhn-Tucker (KKT) con-
ditions and their dual forms. We can further observe that
the essence of SemiUOT and UOT lies in correspondingly
adjusting the initial weights of different data samples. This
provides us with new insights for understanding SemiUOT
and UOT problems, i.e., we can transform SemiUOT and
UOT problems into classic optimal transport problems based
on initial marginal weights. Though we can exactly solve
the marginal distributions via conventional iterative meth-
ods, e.g., L-BFGS, we further propose ETM-Approx to
achieve the approximate results efficiently and convergently.
Moreover, ETM-Refine resolves exact solutions via quasi-
Newton optimization where the start points are these ap-
proximate solutions. Compared with original ETM, ETM-
Apporx and ETM-Refine obtain accurate solutions while
competitively balancing computational cost. Beyond solv-
ing the marginal distribution, we also discover that the KKT
multipliers provide valuable guidance for addressing the OT
problem, which is transformed from the SemiUOT and UOT
problems with marginal weights. Therefore we further pro-
posed Multiplier Regularized Optimal Transport (MROT)
for achieving more sparse and accurate OT matching so-
lutions. We summarize our contributions: (1) To our best
knowledge, we first propose both exact and approximate
solutions for ETM on two problems, i.e., SemiUOT and
UQT. After optimizing these problems, one can obtain the
sample marginal probabilities and transfer SemiUOT/UOT
into standard optimal transport problems. (2) We first in-
novatively propose multiplier constraint terms to establish
MGOT for achieving more accurate results. (3) We con-
duct extensive experiments on both synthetic and real-world
datasets to demonstrate the performance of proposed ETM.

2. Preliminary

We first provide a brief preliminary definition of OT, UOT
and SemiUQOT. Let us consider two sets of data samples
X € RM*XD and Z € RV*P in source and target domains,
where M, N denote the number of samples and D denotes
the data dimension. Each data samples has corresponding
prior-given mass weights a € RM>1 and b € RV*!, Mean-
while the total masses of these data samples are equal as
a'1,; = b 1. The classical OT problem was defined by
(Kantorovich, 1942) with a linear problem to measure the
minimum transportation cost among data sample X and Z:
71y =b,

mi>n Jor = (C,7) s.t.wly =a,

;520
where C € RM*N denotes the pairwise distance matrix.
Meanwhile 7w € RM*¥ denotes the coupling matching ma-
trix among the data samples X and Z. One can directly

solve Jot via utilizing network-flow algorithm (Kenning-
ton & Helgason, 1980; Ahuja et al., 1988). To consider
more general cases (e.g., filtering out the noise or outliers),
one can relax two marginal constraints, i.e., mly #* a
and 7w "1,; # b, to achieve unbalanced optimal transport
problem (Pham et al., 2020):

mgl Juor = (C,7) + 7KL (71ln]||a) + 7’17KL(7K'T].MHb)7

;520

where KL (-) denotes Kullback-Leiber (KL) divergence
which has been widely used in dealing with UOT. 7, and 7
denote the balanced hyper parameters between the min-
imizing cost and marginal relaxation. Note that when
TasTh — +00anda ' 1y = b’ 1y, UOT problem will turn
into classical OT. Moreover, we can add one marginal con-
straints to formulate SemiUOT. For instance, we relax the
constraint 71y # a and keep the constraint v ' 1,; = b:

mi>n0 Jsemivor = (C,7) + 7KL (7wln|la) s.t. ' 1y =b.

Tij 2

Previous researches always add entropy regularization term
for solving OT, UOT and SemiUOT. Although entropy regu-
larization term can enhance the scalability of solving 7r*, it
still suffers from the dense and inaccurate solution dilemma.
In the following, we will first investigate the problem of
UOT/SemiUOT from the perspective of marginal probabil-
ity distribution, in order to find out the accurate solution of
7* for OT, UOT and SemiUOT.

3. Methodology

In this section, we will provide the calculation details
on finding the solutions for commonly-existed UOT and
SemiUOT. Previous methods (Pham et al., 2020; Chizat
et al., 2018) always directly adopted entropy-based reg-
ularization term into tackling UOT and SemiUOT prob-
lem. Although such approaches can provide fast computa-
tion speed, it will lead to relatively ambiguous and dense
solution which does not match most of situations in real
practices (Li et al., 2023; Scetbon et al., 2021). Latest,
(Chapel et al., 2021) adopted majorization-minimization
algorithm or regularization path for solving UOT/SemiUOT
problem. However, majorization-minimization algorithm is
sensitive to the choice of 7, and still causes inaccurate and
dense solutions when 7 — 4-o00. Worse still, regularization
path could involve heavy matrix computation on inversion,
requiring complicated optimization procedure. To solve
the above problem, we change the perspective of solving
the UOT/SemiUOT problem, i.e., originally exploiting the
marginal probability of UOT/SemiUOT via our proposed
Equivalent Transformation Mechanism (ETM) approach. In
this way, we can obtain some interesting insights on un-
derstanding the intrinsic characteristics of UOT/SemiUQOT.
Moreover, we further propose KKT-Multiplier Regulariza-
tion with Multiplier Regularized Optimal Transpor (MROT)
with theorems and corollaries to achieve more accurate
matching solution on SemiUOT and UOT respectively.
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3.1. Equivalent Transformation Mechanism

In this section, we will first introduce the proposed equiva-
lent transformation mechanism approach. Specifically, we
propose an ETM-based method to determine the marginal
probabilities of source data samples in SemiUOT, accom-
panied by detailed illustrations. We then extend the ETM-
based method to address the more complex UOT problem.

Equivalent Transformation Mechanism for SemiUQOT.
To start with, we first exploit the marginal probability dis-
tributions for SemiUOT via the proposed ETM method.
Specifically, ETM includes three different approaches, i.e.,
ETM-Exact, ETM-Approx and ETM-Refine. By utilizing
the methods above, one can transform SemiUOT into classic
optimal transport problem. In this section, we will intro-
duce the deduction and optimization details for the proposed
ETM-based method on SemiUOT.

Proposition 1. (Principles of Equivalent Transformation
Mechanism for SemiUOT) Given SemiUOT with KL-
Divergence JsemivoT, one can obtain its Fenchel-Lagrange
multipliers form as:

M N
fit¢
min |7 a;e” — bi(g; —
pin |73 >0 o} N

s.t. fz +9; +5si5 = Cij, Sij > 0.
where f, g, s and ( denotes Lagrange multipliers. More-
over, SemiUOT problem can be transformed into classic
optimal transport as follows:

ly = a ®exp (7&) =
m>1101 Jp = (C,m) s.t. T
a ﬂ'T].M:b
)

Note that when T — o0, the source marginal probability can
be determined as wly = wa where w = (b,1n)/{a, 1p).

The proof of Proposition 1 can be found in Appendix A.
We can observe that SemiUOT is set to assign different
weights on data samples. To further simplify the calculation
by reducing variable g, we set g; = infycias (Crj — fr)
according to the c-transform theorem (Villani et al., 2009).
Therefore, we only need to optimize f and ¢ without addi-
tional constraints as follows:

mlan—TE a;e” T

3)
We refer to Lp as the newly proposed Exact SemiUOT
Equation. Specifically, we initialize ( = 0 for the opti-
mization. We first fix  then adopting L-BFGS method
(Berahas et al., 2016; Virtanen et al., 2020) to reach optimal
results of f* and g = infrenr(Cr; — fi) at the (-th itera-

tion. Then we optimize { = T[log(zij\il a;exp(—ff/T))—
b;)] which is obtained by considering Vo Lp = 0

N
10g(Zj:1
and it guarantees Y7 | ae~(F+O/T = S by Weit-

eratively update Ly to reach the optimal solution on (¥,
f* and g*. Here we refer to the entire optimization pro-
cedure as the ETM-Exact approach for addressing the Ex-
act Semi-UOT Equation. Although Lp is convex and has
unique solutions, the presence of inf(-) renders it a non-
smooth function, leading to inefficient optimization (An
et al., 2022). To further accelerate the optimization process,
we consider to make a smooth approximation on replac—

ing inf(-) as infrear) [Crj — fr] = felog[zk 1€ e k]].
Note that e > 0 denotes the balanced hyper parameters
among the accuracy and function smoothness. Smaller e
(e.g., € approaches to 0) could lead to more accurate while
less smooth solutions. Then we can obtain the proposed
Approximate SemiUOT Equation as Lp by replacing inf(+)

with the smoothness term for fas below:

M L qe

min Ep = TZaie 17 + Zb [log [Z ECkJ :| + (]
Fi¢ = k=1

“4)

Proposition 2. (Calculation for Approximate SemiUOT

Equation) Given Approximate SemiUOT equation Ep, it
can be optimized via Equivalent Transformation Mechanism
with Approximation (ETM-Approx). That is, ETM-Approx
aims to solve the following equation for each f:

LZ b; exp (7&) o

a.]?s ) j=1 Zklx (kck1>

aLp _ Fs+¢

&)
Specifically, we can adopt fixed-point iteration method for
solving Eq.(5) at the (-th iteration as follows:

=v |log (a1€_§> —log [32:31 <%>H

P0+1
1

N —Chprj/e
0+1 _< bj@ Mj
v =V |loglame 7 ) —log [ <A ,
() e |2 (59

j=1

Q)

where v = T¢/ (T + €) for simplification and ¥ ;(f*) de-
notes the corresponding calculation as shown below:

M ]’(.\g C
P — Cy;
Wei(f) = ;exp <k€]> . (N
The proposed procedure can be convergence with theo-
retical guarantee after T-th inner iteration. Finally, up-

dating variable ¢ by further considering V¢:Lp = 0 via
¢ = rlog(32, as exp(—f; /7)) — log(35L, by)]. One

can achieve the optimal solution on f and ¢ accordingly.

The proof of Proposition 2 can be found in Appendix B.
Generally, Proposition 2 outlines the optimization proce-
dure using the newly proposed ETM-Approx approach for
addressing the Approximate Semi-UOT Equation. We can
observe that the ETM-Approx approach is easy to compute
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Figure 1. The SemiUOT matching solutions on 7v* when 7 = 0.1 or 7 = 100 among the Robust-SemiSinkhorn (Le et al., 2021) and
our proposed ETM + MROT-Ent, ETM + MROT-Norm with ¢ = 102 and € = 1072, We set fjreg = 0.1 for entropy or Lz-norm
regularization term. Our proposed method can avoid ambiguous matching solution and achieve more accurate results.

and implement, while avoiding complex calculations (such
as finding the step size and estimating the Hessian matrix)
and not requiring a large amount of storage space against
previous methods. Therefore, the ETM-Approx approach is
an efficient method for determining the optimal result of f *
and g5 = —elog[ZQ/Ll exp((f,j — Ckj)/€)], transforming
SemiUOT into a classical optimal transport problem.

Moreover, we can finally figure out the exact optimal so-
lution f* via the approximate optimal solution f* on Ep
using Proposition 2. That is, if we directly optimize Lp
from a randomly initial point, we could cost more time on
gradient descent for reaching f*. Since f * is close to f*,
it should be more efficient to use f* as the initial guess
for optimizing f* in the quasi-Newton optimization proce-
dure on Lp (Jin & Mokhtari, 2021; 2023; Rodomanov &
Nesterov, 2021) and we regard it as ETM-Refine method.
In summary, one can utilize ETM-based approach (e.g.,
ETM-Exact, ETM-Approx and ETM-Refine) to transform
SemiUQT into classic optimal transport problem. We also
summarize the optimization details in Appendix C.

Equivalent Transformation Mechanism for UOT. We
have obtained the marginal probability of SemiUOT via tack-
ling Proposition 1 with proposed ETM-based method. In
this section, we will further extend our methods for solving
the marginal probability on UOT which is also a commonly
exist optimization problem. That is, we will generalize
ETM-based method on solving UOT problem accordingly.

Proposition 3. (Principles of Equivalent Transformation
Mechanism for UOT) Given UOT with KL-Divergence
Juor, its Fenchel-Lagrange multipliers form is given:

M
E ae
i=1

s.t. u; +vj + si5 = Cij,

N
¢ _J
—+ 7 E bje b
j=1

Sij Z 0.

Ta

min |7,
uw,v,¢

®

where u, v, s and ( denotes Lagrange multipliers. More-
over, UOT problem can also be transformed into classic
optimal transport as follows:

u* 4+ ¢ ) Ca
Ta

v* _ C*
)=s
b
©))
Note that when 1,, T, — 00, the source and target marginal

probability can be determined as wly = \/wa and
w1y = b/\/w where w = (b,1x)/{a, 1)) respectively.

wly = a®exp (f
min Ju = (C, 7) s.t
>0

w1y = b o exp (—

The proof of Proposition 3 can be found in Appendix D.
Likewise, we set v; = infycip (Crj — ux) according to
the c-transform theorem (Villani et al., 2009) to simplify the
calculation. Therefore we can obtain Exact UOT Equation:

e (ur—Cry)

Zbe

M

mmLU—Ta E a;e

i=1

u;i+¢
"'a +Tbe"'b

b

10)
We first fix ¢ then adopting L-BFGS method to optimize Ly.
Then we optimize ( = li[log(zij\il a; exp(—ut/74)) —
10g(2 vf/m))] at the f-th iteration where

vf = 1nfke[M] (Crj — uf;) and k = 7,7/(7a + ™) by
considering V¢ Ly = 0. Here we regard the above process
as the ETM-Exact approach for solving UOT problem. Note
that the non-smooth function sup(-) will result in inefficient
optimization. However, if we directly apply the similar func-
tion approximation to replace sup(-) following Eq.(4), the
optimization problem becomes quite complex, making it
relatively difficult to determine the iterative solutions. Mean-
while Proposition 2 enlightens us with a completely new
ETM-Approx approach for optimizing UOT.

1 bjexp(—

Optimization 1. (Calculation of ETM-Approx approach for
UOT) Since the optimization problem in Eq.(8) is convex,
we can also utilize block gradient descend to optimize the
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Figure 2. The UOT matching solutions on 7w* when 7, = 7, = 0.1 or 7, = 7, = 100 among the Ent-UOT (Pham et al., 2020), MM-UOT
(Chapel et al., 2021), GEMUOT (Nguyen et al., 2023) and our proposed ETM + MROT-Norm with g = 10? and njreg = 0.1.

problem. Specifically, we first fix ' and optimize variable
@' at the [-th iteration by replacing the original marginal
probability b in Eq.(4) with b © exp(—(v — {)/7) = 3
accordingly to transform UOT into SemiUOT problem:

M At

R N M o€
k=3 e 3 o [0 .
“ j=1 k=1

i=1
an
Note that it is equivalent to solve the following equation by
taking the differentiation w.r.t. on %, over L{j and set it O:

e (-4)

=0.
St

12)
Obviously, it is equivalent to replace b with 3 in Eq.(5) for
solving Eq.(12). Then we can utilize the iteration step shown
in Eq.(6) to obtain w'*!. After that we fix u'*! and opti-
mize variable v'*! via 6;“ = —elog[zliwzl exp((uy™ —
Cij)/€)]. We can achieve the optimal solution on u*
and v* via iteratively computing via the above procedure
accordingly. Finally, we update variable ¢ via consider-
ing ¢ = (am/(7a + 7)) [log(X, as exp(—a /7)) —
log(Z?{:1 bj exp(—7 /73))]. Due to the space limits, the
deduction details are provided in Appendix E.

=~ N
oLy _BstC s
o0 = —ase Ta +ec E
u
S ‘7:1

In summary, Optimization 1 for solving the UOT can be
seen as an extension of Proposition 2 applied to SemiUOT,
demonstrating the robust generalization capability of the
proposed ETM method. Likewise, one can utilize u* and
v* as the initial guess for solving Exact UOT Equation on
Eq.(10) as ETM-Refine. Hence, UOT can be transformed
into classic optimal transport using the ETM-based method.

3.2. KKT-Multiplier Regularization

According to the Proposition 1-3 that discussed in Section
3.1, we have figured out the marginal probability distribu-
tions on both UOT and SemiUOT with commonly used
KL Divergence via proposed ETM-based method. Moti-
vated by this, we can observe that the core mechanism of

UOT/SemiUOT is carefully reweighting the weights of dif-
ferent samples accordingly. If the samples are noise or
outliers, the corresponding weights will be much smaller
than the corresponding weights among similar data samples.
Therefore, UOT/SemiUOT has better adaptability than tra-
ditional OT that commonly treats all data samples equally.
In this section, we will further exploit the matching results
of 7 for SemiUOT and UOT using the following corollary:

Corollary 1. Given any UOT/SemiUOT with KL divergence,
we can transfer the original problem into classical optimal
transport via adopting proposed ETM approach flexibly. We
can further utilize existing OT solver for solving ™" as:

(UOT,SemlUOT) ETM Method OT OT Solver .

This observation provides us with entirely new unified in-
sights into solving the matching results of 7v* for UOT and
SemiUQT. It is essential to utilize the proposed ETM-based
method, as it offers a variety of OT solvers that yield more
efficient and accurate results than directly optimizing UOT
or SemiUQOT. Specifically, one can further adopt Sinkhorn
(Cuturi, 2013; Carlier, 2022), £2-norm term (Blondel et al.,
2018) or some other sparsification OT solver (Liu et al.,
2023; Genevay et al., 2016) with different regularization
terms to achieve the transportation solution on 7*.

Although previous efficient OT solvers (e.g., Sinkhorn (Cu-
turi, 2013)) could figure out 7* efficiently, they often pro-
duce ambiguous matching results that may deviate signifi-
cantly from the correct solutions (Montesuma et al., 2023;
Liu et al., 2023). Therefore, finding an accurate matching
solution for 7w* efficiently remains a challenge. Recalling
the whole process of ETM-based approach, we not only
obtain the marginal probabilities for each data sample, but
also derive the multipliers s which can be further utilized.

Corollary 2. Given the optimal u* and v* in UOT via
ETM-based approach, one can obtain s on UOT by s;; =

max(0,C;; — uf — v}). Likewise, the multipliers s on

i J
SemiUOT can be obtained via ETM-based approach as

si; = max(0,Cy; — fF — g;‘) Multipliers s indicates the
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value of m, i.e., (case 1) s;; > 0 when m;; = 0 and (case 2)
835 = 0 when m;; > 0 according to the KKT conditions.

The Corollary 2 demonstrates that the value of 7;; can be
reflected via s;;. This observation inspires us to further
utilize such useful information in calculating 7*.

Proposition 4. (The Definition and Usage of KKT-
Multiplier Regularization) Given any OT with multiplier
s, one can obtain accurate solution 7* via proposed KKT-
multiplier regularization term G(w, s) = (m, 8), which for-
mulates Multiplier Regularized Optimal Transport (MROT):

min Jo = (C, ) + 1 (7, ) + Reg LReg ()
T=0 (13)
st wln = «, w1y = B3,

where Lreg () denotes the regularization term on 7. o, B
denote the final marginal probabilities obtained by ETM-
based approach and nRreg, N denotes the hyper parameter.
Ideally, ng should be set as a relatively large number. Mean-
while the dual form of MROT is given as:

o (it oy — T
max L = (e, ) + (8, &) — niesLives (%)
14

where C; ; = Cij+ngsij and ¢ and 1) denote the Lagrange
multipliers for MROT. L}, (+) denotes the conjugate func-
tion of Lreg(+) and one can figure out the matching results

of T via solving V., Lreg(mi;) = (i + ¢5 — Ci)/Meg:

The deduction process of MROT can be found in Appendix
G. That is, minimizing s;;7;; to O could resultin s;;7m;; = 0
which is consistent with the KKT complementary condition.
Generally, we can adopt different kinds of regularization
term LReg(-) on MROT for optimization. For instance,
one can use the widely adopted entropy regularization term
LReg(m) = —(m,log(m) — 1) to formulate Entropic Mul-
tiplier Regularized Optimal Transport (MROT-Ent). The
matching results of 7 in MROT-Ent can be obtained as:

Tij = exp <—LG8U) exp <7¢1 R Oij) (15)

TIReg TIReg

Obviously, the multipliers information s has been involved
for achieving more accurate solutions. Specifically, the
non-matching samples pairs will get lower value on m;;
since G(7, s) = (mr, s) avoids rigorous results. Otherwise,
the matching results on 7;; will mainly be determined by
the transportation cost. Similarly, one can also adopt Lo-
norm regularization term Lgeg () = 2 (r, ) to formulate
Sparse Multiplier Regularized Optimal Transport (MROT-
Norm) with similar characteristics. More discussions on
MROT-Norm can be found in Appendix. In conclusion, we
can integrate the ETM-based approach with MROT method
to solve UOT and SemiUOT, achieving accurate results for
both marginal probabilities and the matching solution 7;;.

4. Related Works

Unbalanced and Semi-Unbalanced Optimal Transport.
(1) Related works on UOT: UOT with KL divergence has
been widely investigated for dealing with diverse applica-
tions (Peyré et al., 2019; De Plaen et al., 2023; Séjourné
et al., 2019; Le et al., 2022). Different types of UOT solu-
tions can be distinguished in terms of using entropy regular-
ization term or not. Involving entropy in UOT can enhance
the model scalability, yet resulting in dense matching re-
sults (Sinkhorn & Knopp, 1967; Balaji et al., 2020). Latest,
(Chapel et al., 2021) further considers UOT without en-
tropy terms by Majorization-Minimization (MM) (Chizat
et al., 2018; Sun et al., 2016) or regularization path methods
(Mairal & Yu, 2012; Massias et al., 2018; Liu & Nocedal,
1989). However, the nature of MM algorithm inherits inex-
act proximal point of KL term (Xie et al., 2020), which still
causes dense mapping when 7 becomes larger. Meanwhile
regularization path methods could be quite slow in computa-
tion especially when 7 — +o0. Furthermore, as the number
of samples increases, it can lead to high storage space con-
sumption which can be problematic. (2) Related works on
SemiUOT: SemiUOT with KL divergence only relaxes one
of the marginal constraints comparing with UOT. (Le et al.,
2021) first fully investigated the corresponding problem and
proposed Robust-SemiSinkhorm algorithm. Nevertheless, it
still suffers from inaccurate matching solutions with entropy
regularization term. Currently, there only exists extremely
few works for solving SemiUOT (Montesuma et al., 2024).
Therefore, how to efficiently provide accurate solution on
both UOT and SemiUOT is still a challenging problem.

5. Experiments

In this section, we conduct experiments on both synthetic
and real-world datasets to evaluate our proposed methods.

5.1. Experimental setup

Synthetic Datasets. We first conduct the experiments on
the synthetic datasets. That is, we set the source and target
domain distributions as Px = ({:ﬂ , E ‘f]) and P, =
N5l | os Tv®|) following previous works (Flamary
et al., 2021; Chapel et al., 2021). We will sample a num-
ber of source and target data via x ~ Px and z ~ Py
respectively to establish the synthetic datasets.

Datasets for Domain Adaptation. We conduct the unsuper-
vised domain adaptation tasks on Digits (Lecun et al., 1998;
Hull, 2002; Netzer et al., 2011), Office-Home (Venkateswara
et al., 2017), and VisDA (Peng et al., 2018). More details on
these datasets are provided in Appendix H.

Baselines. We compare ETM-Refine with MGOT method
with the following state-of-the-art UOT/SemiUOT solvers
on the synthetic datasets. (1) Ent-UOT (Pham et al., 2020)
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Table 1. Classification accuracy (%) on Office-Home for UDA and Partial UDA

Method for Partial UDA Ar—Cl Ar—Pr Ar—Rw Cl—=Ar Cl—=Pr Cl—-Rw Pr—Ar Pr—Cl Pr—Rw Rw—Ar Rw—Cl Rw—Pr Avg

ResNet (He et al., 2016) 46.3 67.5 75.9 59.1 59.9 62.7 58.2 41.8 74.9 67.4 482 74.2 61.4

ETN (Cao et al., 2019) 59.2 77.0 79.5 62.9 65.7 75.0 68.3 554 84.4 75.7 57.7 84.5 70.5
JUMBOT (Fatras et al., 2021) 62.7 77.5 84.4 76.0 733 80.5 74.7 60.8 85.1 80.2 66.5 83.9 75.5

AR (Gu et al., 2021) 67.4 853 90.0 77.3 70.6 85.2 79.0 64.8 89.5 80.4 66.2 86.4 78.3

m-POT (Nguyen et al., 2022) 64.6 80.6 87.2 76.4 717.6 83.6 77.1 63.7 87.6 814 68.5 87.4 78.0
MOT (Luo & Ren, 2023) 63.1 86.1 923 78.7 85.4 89.6 79.8 62.3 89.7 83.8 67.0 89.6 80.6

MOT + UOT(ETM + MROT-Ent) 65.2 87.3 92.8 79.5 86.4 91.0 80.8 64.5 90.7 84.5 67.9 90.4 81.8
MOT + UOT(ETM + MROT-Norm) 65.8 88.0 93.1 79.9 86.2 91.3 81.4 64.9 91.2 84.9 68.3 90.7 82.1
MOT + SemiUOT(Robust-SemiSinkhorn) ~ 66.0 88.2 93.0 80.5 86.8 91.5 81.3 65.2 91.6 85.2 68.5 90.9 824
MOT + SemiUOT(ETM + MROT-Ent) 68.6 90.4 94.2 83.7 89.5 93.9 83.5 67.4 93.9 88.4 71.8 92.1 84.8
MOT + SemiUOT(ETM + MROT-Norm) 69.1 90.7 94.6 84.0 90.3 94.0 83.8 67.9 94.4 88.5 71.3 93.6 85.2
Method for UDA Ar—Cl Ar—Pr Ar—Rw Cl—-Ar Cl—Pr Cl-=Rw Pr—Ar Pr—Cl Pr—Rw Rw—Ar Rw—Cl Rw—Pr Avg

ResNet (He et al., 2016) 349 50.0 58.0 374 41.9 46.2 38.5 31.2 60.4 53.9 41.2 59.9 46.1
DeepJDOT (Damodaran et al., 2018) 50.7 68.6 74.4 59.9 65.8 68.1 55.2 46.3 73.8 66.0 54.9 78.3 63.5
ROT (Balaji et al., 2020) 472 71.8 76.4 58.6 68.1 70.2 56.5 45.0 75.8 69.4 52.1 80.6 64.3
JUMBOT (Fatras et al., 2021) 55.2 75.5 80.8 65.5 74.4 74.9 65.2 52.7 79.2 73.0 59.9 83.4 70.0
JUMBOT + UOT(MMUOT) 56.3 76.2 81.6 66.0 75.3 75.1 66.4 529 79.2 73.8 60.7 84.1 70.6
JUMBOT + UOT(GEMUOT) 57.5 774 82.7 67.2 76.0 75.6 66.1 54.5 80.5 74.9 61.8 85.2 71.6
JUMBOT + UOT(¢5-Norm Solver) 57.0 76.7 81.8 66.1 74.5 75.5 65.9 534 79.6 74.2 60.6 833 70.7
JUMBOT + UOT (Sparse Solver) 57.8 77.1 823 66.7 76.2 75.8 67.0 54.1 80.7 75.4 61.3 84.6 71.5
JUMBOT + UOT(ETM + MROT-Ent) 59.0 78.5 834 68.7 77.1 77.6 68.3 57.2 824 76.2 62.5 86.4 73.1
JUMBOT + UOT(ETM + MROT-Norm) 59.4 78.7 84.1 68.5 77.3 78.5 68.6 579 82.8 76.3 62.5 86.5 73.4

Table 2. Classification accuracy (%) on Digits (Source: LeNet)
and VisDA dataset (Source:ResNet50) for UDA task

Method S—M M—U U—M Avg  VisDA
Source 68.3+0.3 65.34+0.5 662402 66.6 524
DeepJDOT (Damodaran et al., 2018) 954+0.1 95.6+04 964403 958  68.0
JUMBOT (Fatras et al., 2021) 98.9+0.1 96.7+£0.5 982+0.1 979 725
JUMBOT + UOT(ETM + MROT-Ent) ~ 99.4+0.1  98.7+£0.3 99.2+0.1 99.1 73.6
JUMBOT + UOT(ETM + MROT-Norm)  99.7+0.1  99.3+0.2 99.6+0.1 99.5  74.2

utilizes the entropy regularization term on tackling UOT
problem. (2) MMUOT (Chapel et al., 2021) adopts major-
ity maximization algorithm for solving UOT. (3) GEMUOT
(Nguyen et al., 2023) adopts ¢5-norm term for reaching
transport solutions on UOT which is the state-of-the-art ap-
proach. (4) Robust-SemiSinkhorn (Le et al., 2021) adopts
the entropy regularization term for solving SemiUOT prob-
lem. We also involve DeepJDOT (Damodaran et al., 2018),
ROT (Balaji et al., 2020), JUMBOT (Fatras et al., 2021),
ETN (Cao et al,, 2019), AR (Gu et al,, 2021), m-POT
(Nguyen et al., 2022), MOT (Luo & Ren, 2023) as the
model baselines for the domain adaptation task. The model
details will be provided in Appendix.I.

Implemented details. For both synthetic and real-world
datasets, we set ¢ = 0.01 on both Ly and Lp. We set
ne = 10?2 and nreg = 0.1 for MROT in the calculation.
The initial value of @(®) and F(©) as set as zero vectors.
The initial sample weights are set to be equal, i.e., a; = ﬁ
and b; = % And we adopt square Euclidean distance
for the cost C;;. Besides, we follow the same framework
and experimental settings as UDA model JUMBOT (Fatras
et al., 2021) for domain adaptation. Meanwhile, we adopt
the same framework and experimental settings as partial
UDA model MOT (Luo & Ren, 2023) for partial domain
adaptation. For all the experiments, we perform five random
experiments and report the average results.

5.2. Performance on Synthetic and Real-World Datasets

Performance on Synthetic Datasets. We sample 50 data
samples on both source and target distributions for find-

ing * on UOT/SemiUOT. We first set 7 = {0.1, 100} on
SemiUOT and the matching solutions are shown in Fig.1(a)-
(b). Note that we randomly sample 20% of noise in the
source datasets. We can observe that previous method
Robust-SemiSinkhorn could lead to ambiguious results.
Our proposed ETM-Refine with MROT+Ent can reach rela-
tively clear results even if 7 is large (e.g., 7 = 100). More
importantly, ETM-Refine with MROT+Norm can achieve
more precise results comparing with ETM-Refine with
MROT+Ent shown in Fig.1. Then we also set 7, = 7, =
{0.1,100} on UOT and the matching solutions are shown
in Fig.2(a)-(b). From that we can observe: (1) Ent-UOT
could merely provide dense transport solutions which are in-
accurate. (2) MMUOT obtains relatively accurate solutions
when 7 is small. However, MMUOT cannot better handle
the case when 7 is large (e.g., 7 = 100) due to the deteriora-
tion of majority maximization algorithm. (3) GEMUOT can
even reach more sparse matching solution against Ent-UOT
and MMUOT with the aid of /5-norm term. However, the
matching results obtained from GEMUOT remain coarse
and ambiguous, especially when 7 is large. (4) ETM-Refine
with MGOT-Norm can reach more accurate results with a
smaller error compared to the standard UOT solutions.

Performance on Real-World Datasets. We further conduct
the experiments on the real-world datasets to validate the our
proposed method. The experimental UDA task results on
Office-Home, Digits and VisDA are shown in Table.1 and Ta-
ble.2. We also directly adopt ¢5-norm (Blondel et al., 2018)
and sparse solver (Liu et al., 2023) on solving Jy. We can
observe that replacing entropy-based UOT with other regu-
larization term (e.g., GEMUQOT or Jy with £3-norm) could
lead to better results. Moreover, our proposed ETM-Refine
with MROT obtains the best performance, which indicates
the method efficacy for finding more accurate results. Then
we adopt the same experimental protocol as MOT to es-
tablish the partial UDA task where target label space is a
subset of source label space and it is more challenging than
classic UDA task (Cao et al., 2018; Luo et al., 2020). The
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for the proposed ETM-Approx methods on solving SemiUOT and UOT problems.

partial UDA results on Office-Home are also shown in Ta-
ble.1. We can easily observe that MOT + SemiUOT (ETM +
MROT-Norm) achieves the best performance on the partial
UDA task. UOT relaxes the dual transportation constraints,
thus resulting in that some target samples cannot be trans-
ported to the source domain. Meanwhile, SemiUOT could
overcome the mentioned issue while avoid negative transfer
in partial UDA, which boosts the model performance. We
also conduct more experiments with applications and please
kindly refer to Appendix.I, J, K for more details.

5.3. Analysis

Solver Comparison. To further analyses the proposed
ETM-based method with MROT, we conduct the solver com-
parison on the aspects of computation time, computation
error, and model performance on real-world datasets. We
first sample the same number of source/target data samples
from Px and P respectively. Then we conduct the experi-
ments on both UOT and SemiUOT with7, = 7, =7 =1
and the results are shown in Fig.3(a)-(b). We can con-
clude that ETM-Exact with MROT-Norm is most time-
consuming. Meanwhile ETM-Refine reaches similar com-
putation time with ETM-Approx suggests that utilizing u*
or f * could accelerate the process for finding w* or f* via
L-BFGS algorithm. Moreover, we calculate the computa-
tion error e between matching solution 7r learned by ETM
with MROT and the standard UOT/SemiUOT solution with
CVXPY as 7* via absolute error e = >, . [|mi; — 7|1
We sample 500 number of data samples ranging from
Ta = T = 7 = {0.01,0.1, 1,10, 100} for calculation and
the results are shown in Fig.3(c)-(d). We can observe that
although ETM-Approx with MROT-Ent has the fastest com-
putation speed, the provided results 7r still have the highest
error compared to the ground truth 7v*. Meanwhile ETM-
Refine with MROT-Norm can further reach more accurate

solutions against MROT-Ent. We also collect the compu-
tation error on UOT using MMUOT and GEMUOT. We
can observe that our propose ETM-Refine method achieves
much better results, especially when 7 is relatively large,
which is consistent with our discovery in Fig.1-Fig.2.

Parameter sensitivity. We finally study the effects of hyper-
parameters on model performance. We tune € in range of
e € {0.01,0.1} and show the results in Fig.4(a)-(d). We can
observe that smaller e could provide good approximation on
UOT/SemiUOT, reducing the iteration steps for optimizing
Ly and Lp. Although e could hardly effect the performance
on ETM-Refine, larger value on € could consume more
iteration steps for solving Ly and Lp since the initial values
are less accurate. Additionally, we collect the computation
error e, = ||& — a*||oo, which measures the discrepancy
between the marginal probability learned via ETM-Approx
a and the ground truth o*. Larger values of ¢ may fail to
reduce the computation error e, when compared to smaller
values of e. Hence we set ¢ = 0.01 empirically and more
experimental results can be found in Appendix.L, M.

6. Conclusion

In this paper, we propose Equivalent Transformation Mech-
anism (ETM) approach with ETM-Exact, ETM-Approx
and ETM-Refine to solve the marginal probabilities of
SemiUOT and UOT. We illustrate that the essence of
UOT/SemiUOT is reweighting data samples accordingly
and thus UOT/SemiUOT problem can be transformed into
standard optimal transport. Moreover, we propose KKT-
Multiplier Regularization with Multiplier Regularized Opti-
mal Transport (MROT) to obtain more accurate solutions.
We conduct experiments to demonstrate the superior perfor-
mance of our proposed ETM with MROT, on both synthetic
and real-world datasets of different tasks and applications.
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7. Potential Broader Impact

This paper provides a new insight on solving (semi) unbal-
anced optimal transport problem. Moreover, we first utilize
multipliers information into solving transportation solutions.
The extensive experiments on both real-world and synthetic
datasets with diverse domain adaptation problems show the
efficacy of the proposed ETM method with MROT.
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Appendix

A. Proof of Proposition 1
Proposition 1. (Principles of Equivalent Transformation Mechanism for SemiUOT) Given SemiUOT with KL-Divergence

JsemivoT, One can obtain its Fenchel-Lagrange multipliers form as:

M N
fite

min |7 ae” — bi(g; —

£.9.¢ ; ;J(gj % (16)

st fi+gj+si;=Cij,  si5 2 0.

where f, g, s and  denotes Lagrange multipliers. Moreover, SemiUOT problem can be transformed into classic optimal

transport as follows:
min Jp = (C, )
>0
ly = a®exp <_f+<) o (7)
s.t. T
TI'TlM =b

Note that when T — o0, the source marginal probability can be determined as wly = wa where w = (b, 1n)/(a, 1)

Proof. To start with, we first review the definition of SemiUOT as shown below:
rnln Jsemivor = (C, ) + TKL (wly||a)
(18)

Tij 2

st. w1y =b.

Then we can rewrite the optimization problem:
m>i%J = (C,w) + 7KL (7wly]a)
(Constraint) : ' 1y =b 19)
(Optional) : wly =«
Note that we do not need to know the exact value of o beforehand. We adopt this optional constraint only for simplifying

the following deduction. The Lagrange multipliers of SemiUOT with KL-Divergence is given as
<g - C, b> +

max Inln Jsemivor = TKL (wln|la) + (f + {,wlN) +
s>0,f,9, ©> (20)
(C—u@ly -1y v —s,m
where f, g, s and ( are dual variables. By taking the differentiation on 7;; we have
N
Z Tij
8\7 mi j
—5emlUOT TlOgJ +fi+¢ +( = fi— Sij)
87%- a;
. 21
Z Tij
_CZJ+T10g — +<_gj_8ij
7
=0
Therefore we can obtain the results as:
Z ( Ji+ C>
Tij = A3 €XP
(22)
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After that, we can take these back into KL-Divergence to simplify the calculation:
7KL (71'11\]”(1) + <f + C,7T1N>

= 7KL (<a,exp (_f;f'C>> |a) + <f+C,aexp (_fi‘()>
M ex _ fi+¢ ‘ M ‘

:TZ aiexp<_fii-()logaze P( T >—aiexp(—fljc>+ai +Z(fi+C)aieXp<—fZ:<) (23)
i=1

i i=1
M
= Z {—Tai exp (—fljc) + Tal}
i=1

Therefore we can obtain its Fenchel-Lagrange multipliers form of SemiUOT as:
;_H;Ié jSemiUOT = —7KL (7T1N||a’) - <f + <77T]-N> - <g - CaﬂT1M>

—= T eXp (—f_) <a7exp <_‘£>> - <g - C7 b> + OConst (24)

s.it. fi + gj < Cl‘j

where Oconst = — Zf\il Ta; and we can neglect it during the following calculation. Once we obtain the optimal solution
on f*, g* and ¢*, we will discover that:
7KL (71y]ja) = 7KL (<a,exp (—f e >> |a> = Const (25)
T

Hence SemiUOT problem can be transformed into classic optimal transport accordingly. Finally we can obtain the optimal
solution on ¢ by considering 6‘7585% = 0 as below:

M fi N
(=17 |log (Z a; exp (—;)) — log Z b; . (26)
j=1

i=1
Once we set 7 — 00, the results of the limitation will be shown as:

i b1
s (4 () - 823
Therefore we conclude the proof of the Proposition 1. O

B. Proof of Proposition 2

Proposition 2. (Calculation for Approximate SemiUOT Equation) Given Approximate SemiUOT equation fp, it can be
optimized via Equivalent Transformation Mechanism with Approximation (ETM-Approx). That is, ETM-Approx aims to
solve the following equation for each f:

bj exp (— %)

> N
OLp _ fst¢ Fs
67,\ = —ase T + e« E IY; f}—ck‘

fs j=1 Zk:l exp (76 ])

Specifically, we can adopt fixed-point iteration method for solving Eq.(28) at the (-th iteration as follows:

N
b. —Cyj/e
Af“ =v |log (ale_é) —log Z <]e - )

=0. (28)

j=1 %J(ﬂ)

(29)

Ft1 _ ( < ) i bje” i/
far =v |loglaye ™) —log —_— ,
; Wei(£°)

Jj=1
where v = T¢e/(T + €) for simplification and ¥ ;( fé ) denotes the corresponding calculation as shown below:
~ M = Ci
Hei(F) = exp | E—). (30)
k=1

€



Submission and Formatting Instructions for ICML 2025

The proposed procedure can be convergence with theoretical guarantee after T -th inner iteration. Finally, updating the
Lagrange multiplier ¢ by considering V¢ Lp = 0 via ( = 7'[log(2:M1 a;exp(—fi/T)) — log(Z;yzl b;)]. One can achieve

i=

the optimal solution on f and ( via iterative computing accordingly.

Proof. We first review the proposed Approximate SemiUOT Equation Ep as below:

~ M Fre o M ho
min Lp :TZaie* B Jerj elog Ze = | +C €29)
fi< i—1 k=1

=1

Then we consider optimizing fs as follows:

OLp <T+6A> ase” 7

— =0 = exp fs] = -

ofs Te $ (b]» exp<fcsj/e)) (32)
Jo} We i (F)

At that time we adopt fixed-point iteration method to optimize f accordingly:

N ) —Clj/ﬁ —~ —~,
i = pelon ) v 3 (57 ) || =
[ ¢ N b,e—CSJ'/E —~, ~,
Fit = v |tog (ase ™) ~log Z(wm) =7 (R ) 33

ol — ¢ N (b /e @
f]\;rlzy log(aMe_?>—log Z < Z-FM(D"wa)’

j=1

By taking the gradient on Fj (ff) W.I.t ff, we can observe that:

Cs;
OF(ff) e 1 0 ﬁ: exp(— p ) b
- = ) - J
oft TtHeN exp(— A:]) b oft =1 Wei(Fh)
j=1 7”&.7‘(]”) J
, o
K 1 i bj exp (—CS“) exp (7]05 C) (34)
THe N fexp(-S22) poim1 | Pealfh) Wei (£
j=1 //E,j(f[’) J
<1
<1
Likewise we can obtain the result:
0F; Ft OFs(fs OFs i
ng.s (ﬁa7%{):‘ /(\{1) + ‘ E\'Z‘) +‘ /(\{]\/[)
ofy ofs Afnr
4
N | bjexp | —=2 M [ exp / “_EC“J
= T |- C52) (e () (33)
T+ € g: cxp(—%) b, i=1 We,j( 2) u=1 %,j(.fg)
j=1 %,j(fe) J

T+ €
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We can easily conclude that:

o i) <1 (36)

Therefore, we can conclude that the proposed method guarantees convergence according to Theorem 2.9 in (Mathews,
2004). O

C. Algorithm for ETM-Based Method on SemiUOT

We also provide the pseudo algorithm of the proposed ETM-Based approachs (e.g., ETM-Exact, ETM-Approx and
ETM-Refine) for solving SemiUOT in Alg.1 to make a more clear illustration.

Algorithm 1 The algorithm of ETM-Based method on SemiUOT
Input: C': cost matrix; a, b: initial marginal probability; 7, e: Hyper parameters.
Randomly initialize the value of f™it,
Choose ETM-Exact, ETM-Approx or ETM-Refine on SemiUOT for optimization.
(1) Function: ETM-Exact on SemiUOT(C, a, b, 7, f!=0 = finit)
Optimize f via L-BFGS algorithm on Lp as:

N
InlIle—TZal = Z{lnf Crj — fe]l = C| b

ke[M
i=1 j=1 €[M]

Optimize g via g; = i?]{l](ckj — [

Optimize ¢ via ¢ = T[log(zl 1 G exp( fi/T)) — log(zyzl b;)] as shown in Eq.(26).
Return: The optimal solutions of f*, g* and *.
(2) Function: ETM-Approx on SemiUOT(C', a, b, T, ft:O = finit)

Optimize f via Proposition 2 on Ep as:

N

~ M Fi+¢ M Fr=Chy
minLp =7 E ae” T+ E b;j |elog E e < | +¢
f i=1 k=1

j=1

Optimize § via §; = elog[sz Lexp((fx — Cij)/€)]-

Optimize ¢ via ¢ = T[lOg(El 1 @i exp(— fi/7) - log(E:j.V:1 b;)] as shown in Eq.(26).
Return: The optimal solutions of f* g* and C*.
(3) Function: ETM-Refine on SemiUOT(C, a, b, 7, F=0 = finit)

Obtain f* ETM-Approx on SemiUOT(C, a, b, T, ft 0= f”“t)

Obtain f* = ETM-Exact on SemiUOT(C, a, b, 7, f©=0 = f*).
Return: The optimal solutions of f*, g* and (*.
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D. Proof of Proposition 3

Proposition 3. (Principles of Equivalent Transformation Mechanism for UOT) Given UOT with KL-Divergence JyoT, one
can obtain its Fenchel-Lagrange multipliers form as below:

M N -
. _ui+¢ Y=<
min |7, E aie” Ta +Tp E bje
u,v,( = P 37
s.t. u; + v+ 8i5 = Cij,  Sij > 0.

where u, v, s and ( denotes Lagrange multipliers. Moreover, UOT problem can also be transformed into classic optimal
transport as follows:

min Jy = (c,m)
]_ = — =
Tly a@exp( . ) « (38)
s.t. -
rTlM:erxp(—v ):,6'
Ty
Note that when 7,,7, — 00, the source and target marginal probability can be determined as ©ly = /wa and
w1y = b/\/w where w = (b,1y)/{a, 1)) respectively.
Proof. To start with, we first rewrite the optimization problem as below:
minJ = (C, ) + 7,KL (wly]|la) + 7, KL(7 " 1,/]|b)
>0 (39)

s.t. (Optional) : wly =, 7 1y =0
where o and 3 denote the marginal probabilities for source and target domains respectively. Note that we do not need the
true value fo  and 3 beforehand. That is, the constraints here are optional for the following UOT deduction. The Lagrange
multipliers of UOT with KL-Divergence is given as:

_max Cm>i% Juot = 7KL (7ly]la) + (u+ ¢, wln) + KL(7w " 1p]|b) + (v — {, 7 1p) + Guor (40)

where ¢vor =), j(C’l~ —u; — v — 8;5)m; = (C—u® 11—'\—, — 1 ®v'" —s,7) and u, v and ( are dual variables. By
taking the differentiation on ;; we have:

N M
> T 3 i

0 = i=
Juor _ Talog = tu; + ¢ | + [mlog =— +v; — ¢ | + (Cij — ui —v; — 517)
87'('7;]' a; j
41
N M
2 i 3 i
= Cij + 7o log = +mlog E— — 5, =0
i J
Then we can obtain the results:
N
< u; + C)
Z Ti5 = QA €XpP | —
: Ta
j=1
M _ (42)
> mij =bjexp (—UJ C)
‘ Tb
=1
C’i'—uq;—vj—sij:()
By taking the above results into KL-Divergence, we can further simplify the results:
M
RL(rlyla) + (et Crty) = Y [ ~marewn (<25 ) e
- Ta
= (43)

Ty

N
7KL <7TT1M||b) +(v— ¢ 1) = Z [—Tbbj exp (—‘M) + Tbbj]
j=1



Submission and Formatting Instructions for ICML 2025

Therefore we can obtain its Fenchel-Lagrange multipliers form of UOT as:
min Juor = ~7KL (wlnlla) = (u+ ¢ mly) = TKL(7w " 1p]|b) — (v — ¢, 7 1)

= T, €Xp <TC) <a,exp <:_L>> ~+ T exXp (i) <b7 exp <:_;>> + Oconst (44)

s.t. u; + Vj < Oij

where Oconst = — Z?; Tali — Zjvzl Tpb; and we can neglect it during the following calculation. Once we obtain the
optimal solution on u*, v* and (*, the KL-Divergence will turn out to be constants and therefore the original optimization
problem can be transformed into classic optimal transport. Finally we can obtain the optimal solution on ¢ by considering

37@% = () as below:
‘= TaTb |:10g <a’ exp (u)> —log <b7 exp <’U> >:| . 45)
Ta + Tb Ta E

Once we set 7, — oo and 7, — 00, the results of the limitation will be shown as:

lim a; exp (—W> = lim a; exp (—C> =aqa; <b’1N>> = wa;

Ta—+=+00,Tp—+00 Ta Ta—+00,Tp—>+00 Ta (@, 1y
(46)
. v —C . ¢ (@, 1y) 1
1 b; _ Y - 1 b; —= ) =bjy/ 7 =—=b;
ra,—>+o<l>g'1b—>+oo 3 &xP < T ) ‘f‘a,—>+0<l>g‘lb—>+00 § P < Tb) ! <b7 1N> \/‘TJ !
Therefore we conclude the proof of the Proposition 3. O

E. Illustrations of Optimization 1

Optimization 1. (Calculation of ETM-Approx approach for UOT) To start with, we first review the Exact UOT Equation is
defined as:

mlnLU—TaZalexp< i:_C)—l—Tbexp( )Zb exp(—)

i=1

, — Oy
Tazazexp< l+<)+Tbexp< )Zb exp <Supk€[M](uk k]))
Th

where v; = — supyear) (uk — Ci;j) meanwhile the marginal probabilities are set as 71y = a © exp (—(u + () /70) = &
and w1, = b®exp (—(v — ¢)/7) = B. Since the optimization problem in Eq.(8) is convex, we can also utilize block
gradient descend to optimize the problem. Specifically, we first fix v and optimize variable ' at the I-th iteration by
replacing the original marginal probability b in Eq.(4) with 3 accordingly to transform UOT into SemiUOT problem:

min Jij = (C,w) + 7,KL (wly||a)

(47)

>0
: T v—¢
(Constraint) : w 1y =b®exp (— ) =0 (48)
-
s.t. +e b
(Optional) : wly = a ®exp (_'u, ) =
T(l
At that time, the Fenchel-Lagrange multipliers form of Eq.(48) is given via the Proposition 1:
M
minL%—TaZaiexp< ZJFC) Zﬂ] v —
i=1 49)

N
u; + .
=T, E azexp< C) g ( inf [ij—uk]—g) Bj
= ke[M]
Note that u and v denote the Lagrange multiplier for Eq.(48) while we have v; = infreas) [Crj — ur] = vj and u = w.
To further accelerate the optimization process, we consider to make a smooth approximation on replacing inf(-) as

U

infrean[Cry — ur] = —elog[zk e« ] = ;. Therefore, we first fix ¥’ and optimize variable @' at the [-th iteration
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4

to solve the following equation on E% accordingly:

R M T, N Moo
Ly =10y apexp (0 el s
min L = . Za exp( . >—|—Zﬁj le og [Ze

= (50)
M G ¢ Moo
:TaZaiexp( . ) Zb eXp( ) elog Ze c +C
i=1 k=1
At that time we adopt fixed-point iteration method to optimize u accordingly based on the Proposition 2:
~041 _ Taf < Bie=ale ¢ ~0
u1+ :# log(ale Ta)—log Z( =U; (ul,-~- 7uM)
- . o]
~e+1 _ _Ta€ -£ Bje " _ ¢ ¢
utt = P log (ase a) — log Jz_;< V) ) =U; (u1,- uM) (51
[ N —Chrj/e
~0 Ta€ /B Mj ¢
o= [orlowe ) o | (S )| o e )

The iteration process can be shown to converge based on Proposition 2. After that we fix u and optimize variable ¥ via
~ M ~ . . . P P . .

v; = —elog[d,_; exp((Ur — Ck;)/€)]. We can achieve the optimal solution on u* and ¥* via 1terat1vely computing
via the above procedure accordingly. Finally, we update ¢ via ¢ = (7,7/(7a + 77,))[10g(2:Z Laiexp(—uf/1,)) —

log(325L, by exp(~7; /7).

F. Algorithm for ETM-Based Method on UOT

We also provide the pseudo algorithm of the proposed ETM-Based approachs (e.g., ETM-Exact, ETM-Approx and
ETM-Refine) for solving UOT in Alg.2 to make a more clear illustration.

G. Proof of Proposition 4

Proposition 4. (The Definition and Usage of KKT-Multiplier Regularization) Given any OT with multiplier s, one can
obtain accurate solution * via proposed KKT-multiplier regularization term G(m, s) = (m, s), which formulates Multiplier
Regularized Optimal Transport (MROT):

;n;% JG = <Ca 7T> + ne <777 S> + nReg‘CReg(ﬂ-)

(52)
7TT]—M = /63

s.t. wly = «,

where Lreg () denotes the regularization term on w. o, (3 denote the final marginal probabilities obtained by ETM-based
approach and Nreg, NG denotes the hyper parameter. ldeally, g should be set as a relatively large number. Meanwhile the
dual form of MROT is given as:

Vi + @5 —

'L]
TIReg

where C~'Z-j = C;ij + ngsi;j and ¢ and 1p denote the Lagrange multipliers for MROT. El’ieg(') denotes the conjugate function
(Vi + &5 — Cij) /TReg-

max Lg = (« (53)

A 7,¢J> + </37 ¢> - nReg‘Cl*{eg (

of Lreg(-) and one can figure out the matching results of w via solving V., Lreg(Tij) =
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Algorithm 2 The algorithm of ETM-Based method on UOT
Input: C': cost matrix; a, b: initial marginal probability; 7, 7, €: Hyper parameters.
Randomly initialize the value of w™.
Choose ETM-Exact, ETM-Approx or ETM-Refine on UOT for optimization.
(1) Function: ETM-Exact on UOT(C, a, b, 7, 7, ut=° = u/i"t)
Optimize u L-BFGS algorithm to optimize Ly as:

sup (“k C’k)
M kelm)y )

) ¢
min Ly =7, E a;e” Ta +’7’b€"b g bje b ,
u

i=1

Optimize v via v; = kie%](c’“j — ug).
Optimize ¢ via ¢ = o™ [1og <a exp (—7)> log <b exp (—f) >} as shown in Eq.(45).

Return: The optimal solutions of u*, v* and (*.
(2) Function: ETM-Approx on UOT(C, a, b, 74, 7, wl=0 = qinit)
Randomly initialize the value of ot'=t,
fort' =1to T’ do
Optimize 4 via Proposition 2 to optimize LU as:

R M Gt C _¢ Moo o
mjnL%szamxp( Yi ) Zb exp( ) [elog [Ze < ']1—5—(1
“ k=1

i=1

Optimize 3" via 3! = —elog[S 3L, exp((@} — Ch;)/e)].
end for
Optimize ¢ via { = Tzfﬁb [log <a exp (—%)> log <b exp ( )>} as shown in Eq.(45).
Return: The optimal solutions of ©*, ¥* and (*.
(3) Function: ETM-Refine on UOT(C a,b, 1., 7, w0 = uinit)
Obtain * = ETM-Approx on UOT(C, a, b, 7, 7, u!=0 = u/™it).
Obtain u* = ETM-Exact on UOT(C, a, b, 75, 7, ut=C = 4*).
Return: The optimal solutions of u*, v* and (*.

Proof. We first provide the Lagrange multiplier of MROT as:
I}pla(;(?rﬂ;% Jurot = (C, ) + 16 (m, 8) + NReg Lreg () — (Y, 7ly —a) — (¢, 7 1y — B)

Ci; +nGsij — fi — gjﬂ,, LR (ﬂ)}
ij eg\Tij

— (a0} + (8.8) + st | 3|

i TIReg
~ (54)
fi+9; —Cij
= (a0, ¥) + (B, P) — Nreg SUP Z “———m;j — LReg(Tij)
i i TIReg
. (Yt e —Cy
= <a7’lp> + <ﬁ7 ¢> - nReg‘CReg <H
TReg
At that time we have the following results:
i = Cy
dJuror _ 0 Vi Lhes Vit o —Cij ) _ o
81/)1- T’ch
= (535
dJuroT
——— =0 \V4 * '(/)l + (b] ’Lj _ /B
aqu ®;~Reg TReg J
By taking the differentiation on 7;; we have:
N, ~
2% = Cij o+ e Vi Lreg (i) — i = 65 =0 (56)

67‘(’1']'
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For instance, when Lreg(7) = —(m,log(m) — 1) denotes as the entropy regularization term, the dual form of MROT-Ent is
shown as:

max IMROT—Ent = (@, %) + (B, ®) — NReg ZeXp <W>

ij TReg
~ 7 (57)
_ i + ¢ — Cij
mij = exp [ —————=
TReg

When Lgeg () = (7, 7)/2 denotes as the square-norm regularization term, the dual form of MROT-Norm is shown as:

e i+ ¢, —Ci
max jMROTfNorm = <a7’¢> + </67 ¢> - TReg Z w ¢j E
P,P 2 i nReg
N »J + (58)
i+ ¢ — Cij
71'2] = 7¢ + ¢‘7 J
TIReg n
Therefore we conclude the proof of the Proposition 4. O

H. Datasets on Domain Adaptations

Datasets. We conduct the unsupervised domain adaptation tasks on Digits, Office-Home, and VisDA. Digits is the classical
dataset for digit classification which contains three standard digit classification datasets: MNIST (Lecun et al., 1998),
USPS(Hull, 2002) and SVHN (Netzer et al., 2011). Each dataset consists of 10 classes of digits, ranging from O to 9.
Office-Home (Venkateswara et al., 2017) is a standard benchmark dataset which includes 15,500 images in 65 object classes
in office and home settings, forming four dissimilar domains: Artistic images (Ar), Clip Art (Cl), Product images (Pr) and
Real-World (Rw). VisDA (Peng et al., 2018) is the large-scale cross-domain dataset in computer vision on two domains, i.e.,
Synthetic and Real with 280K images in 12 classes.

I. Experiments on Partial Domain Adaptations

Datasets. We further conduct the domain adaptation tasks on new datasets, i.e., Office-31 (Saenko et al., 2010) and
ImageCLEF (Caputo et al., 2014). Office-31 is the commonly-used computer vision dataset for domain adaptation with
4,652 images from three different domains: Amazon (A), Webcam (W) and DSLR (D). Target domain has the first 10
classes (alphabetical order) following (Cao et al., 2018). ImageCLEF contains 3 domains with 12 classes, i.e., Caltech (C),
ImageNet (1) and Pascal (P). Target domain has the first 6 classes (alphabetical order) following (Luo et al., 2020).

Baselines. We involve DeepJDOT (Damodaran et al., 2018), ROT (Balaji et al., 2020), JUMBOT (Fatras et al., 2021),
ETN (Cao et al., 2019), AR (Gu et al., 2021), m-POT (Nguyen et al., 2022), MOT (Luo & Ren, 2023), DMP (Luo et al.,
2020) as the model baselines for the domain adaptation task.

* DeepJDOT (Damodaran et al., 2018) first adopts optimal transport into solving domain adaptation problem with deep
learning framework.

* ROT (Balaji et al., 2020) adopts robust optimal transport into adversarial training for domain adaptation.
e JUMBOT (Fatras et al., 2021) adopts mini-batch unbalanced optimal transport method for domain adaptation.

* ETN (Cao et al., 2019) utilizes example transfer network to jointly learn domain-invariant representations and the
progressive weighting scheme.

* AR (Gu et al., 2021) adopts adversarial reweighting strategy on source domain data for alignment.
* m-POT (Nguyen et al., 2022) adopts partial optimal transport method in the mini-batch settings for domain adaptation.
* DMP (Luo et al., 2020) adopt discriminative manifold propagation for domain adaptation.

e MOT (Luo & Ren, 2023) adopts masked unbalanced optimal transport technique on considering label information for
PDA tasks.
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Table 3. Classification accuracy (%) on Office-31 for partial unsupervised domain adaptation

Method A—-W D—=W W=D A—=D D—=A W=A Avg

ResNet (He et al., 2016) 75.6 96.3 98.1 83.4 83.9 85.0 87.1
ETN (Cao et al., 2019) 84.7 97.4 99.2 91.3 90.2 928 926
JUMBOT (Fatras et al., 2021) 90.2 98.9 99.3 94.5 93.8 934 950
AR (Gu et al., 2021) 93.5 100.0 99.7 96.8 95.5 96.0  96.9
m-POT (Nguyen et al., 2022) 96.2 99.5 100.0  97.6 94.4 953 972
MOT (Luo & Ren, 2023) 99.3 100.0  100.0  98.7 96.1 96.4  98.4
MOT + UOT(ETM + MROT-Ent) 99.4 100.0  100.0 989 96.8 973 987

MOT + UOT(ETM + MROT-Norm) 99.6 100.0  100.0  99.2 97.3 97.7  99.0
MOT + SemiUOT(ETM + MROT-Ent) 99.8 100.0  100.0 994 97.8 984  99.2
MOT + SemiUOT(ETM + MROT-Norm) ~ 99.7 100.0  100.0  99.7 98.4 98.6 994

Table 4. Classification accuracy (%) on ImageCLEF for partial unsupervised domain adaptation

Method I-P P—=I [I-C C—=I C—=P P—=C Avg

ResNet (He et al., 2016) 783 869 910 843 725 915 841
ETN (Cao et al., 2019) 79.6 885 929 872 741 934 86.0
JUMBOT (Fatras et al., 2021) 80.1 913 936 909 757 942 87.6
AR (Gu et al., 2021) 83.1 928 945 924 763 950 89.0

DMP (Luo et al., 2020) 824 945 967 943 787 964 90.5
MOT (Luo & Ren, 2023) 877 950 980 950 87.0 987 93.6
MOT + UOT(ETM + MROT-Ent) 883 956 984 953 876 99.0 94.0

MOT + UOT(ETM + MROT-Norm) 88.7 959 987 958 880 991 944
MOT + SemiUOT(ETM + MROT-Ent) 89.1 962 992 961 885 994 948
MOT + SemiUOT(ETM + MROT-Norm) 89.6 96.7 994 965 89.1 99.6 95.2

Performance. We also conduct the partial domain adaptation tasks on Office-31 and ImageCLEF and the results are shown
in Table.4-5. We can observe that the proposed ETM-Refine with MROT-Norm on SemiUQOT achieves state-of-the-art
performance on Office-31 and ImageCLEF.

J. Experiments on Universal Domain Adaptations

We further conduct the experiments on universal domain adaptations. That is, there are shared labels between the source and
target domains. Additionally, there are private labels specific to each domain (Farahani et al., 2021; Zhang & Gao, 2022).
We conduct the universal domain adaptations on both Office-31 and Office-Home. Specifically, we set the first 10 classes in
alphabetical order as the common label set, the next 10 classes as source private label and the rest 11 classes as target private
label for Office-31. Likewise, we set the first 10 classes in alphabetical order as the common label set, the next 5 classes as
source private label and the rest 55 classes as target private label for Office-Home. We involve the following models as
baselines: (1) OSBP (Saito et al., 2018) adopts domain adversarial learning for open-set domain adaptation, (2) UAN (You
et al., 2019) utilizes transferability criterion for universal domain adaptation, (3) CMU (Fu et al., 2020) learns to detect
open classes with uncertainty estimation, (4) DCC (Li et al., 2021) adopts domain consensus clustering for adaptation, (5)
TNT (Chen et al., 2022) adopts evidential neighborhood contrastive learning for adaptation, (6) UniOT (Chang et al., 2022)
adopts unbalanced optimal transport with adaptive filtering for transferring.

We adopt the same experimental settings as UniOT (Chang et al., 2022). We utilize the commonly-used H-score (Fu et al.,
2020) to validate the final results as shown in Table.6-7. Note that UniOT + UOT(ETM + MROT) only replaces the entropic
UOT in UniOT with our proposed ETM-Refine method with MROT. From that we can observe that UniOT + UOT(ETM +
MROT) reaches the best performance, indicating that UOT with ETM + MROT can provide more accurate matching results.
Moreover, we adopt T-SNE method (Van der Maaten & Hinton, 2008) to plot the source and target data features in the
latent space as shown in Fig.8(a)-(b). We can find that: (1) original UniOT could lead to rather scattered features in the
latent space. That is because UniOT with entropic UOT could lead to dense and inaccurate matching solutions which limits
the model potentials. (2) Our proposed UniOT + UOT(ETM + MROT-Norm) can provide more compact features since it
provides more accurate solutions. Thus it further illustrates the efficacy of our proposed ETM + MROT-Norm method.
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Table 5. H-score (%) on Office-Home for universal unsupervised domain adaptation

Method Ar—Cl Ar—Pr Ar—Rw Cl—-Ar Cl-Pr Cl-Rw Pr—Ar Pr—Cl Pr—Rw Rw—Ar Rw—Cl Rw—Pr Avg
ResNet (He et al., 2016) 44.65 48.04 50.13 46.64 46.91 48.96 47.47 43.17 50.23 48.45 44.76 4843 4732
OSBP (Saito et al., 2018) 39.59 45.09 46.17 45.70 45.24 46.75 45.26 40.54 45.75 45.08 41.64 46.90 44.48
UAN (You et al., 2019) 51.64 51.70 54.30 61.74 57.63 61.86 50.38 47.62 61.46 62.87 52.61 65.19 56.58
CMU (Fu et al., 2020) 56.02 56.93 59.15 66.95 64.27 67.82 54.72 51.09 66.39 68.24 57.89 69.73 61.60
DCC (Li et al., 2021) 57.97 54.05 58.01 74.64 70.62 77.52 64.34 73.60 74.94 80.96 75.12 80.38  70.18
TNT (Chen et al., 2022) 61.90 74.60 80.20 73.50 71.40 79.60 74.20 69.50 82.70 77.30 70.10 81.20 74.70
UniOT (Chang et al., 2022) 67.27 80.54 86.03 73.51 77.33 84.28 75.54 63.33 85.99 71.77 65.37 81.92 76.57
UniOT + UOT(ETM + MROT-Ent) 68.63 81.72 87.94 75.88 79.03 86.21 77.29 68.77 87.14 78.59 73.62 82.83 78.97
UniOT + UOT(ETM + MROT-Norm)  69.02 81.95 88.36 76.12 79.36 86.49 77.03 69.25 87.30 78.93 74.18 82.96 79.25
Table 6. H-Score (%) on Office-31 for universal unsupervised domain adaptation
Method A—-D A—-W D—A D-W W—=A W=D Avg
ResNet (He et al., 2016) 49.78  47.92 4848 5494 4896 55.60 50.94
OSBP (Saito et al., 2018) 51.14 5023 4975 5553 50.16 5720 52.34
UAN (You et al., 2019) 59.68 58.61 60.11 70.62 6034 7142 63.46
CMU (Fu et al., 2020) 68.11 6733 7142 7932 7223 80.42 73.14
DCC (Liet al., 2021) 88.50 78.54 70.18 79.29  75.87 88.58  80.16
TNT (Chen et al., 2022) 85.70  80.40 83.80 92.00 79.10 91.20 85.37
UniOT (Chang et al., 2022) 86.97 88.48 88.35 98.83 87.60 96.57 91.13
UniOT + UOT(ETM + MROT-Ent) 88.25 89.62 89.47 99.48 89.10 9794 9231
UniOT + UOT(ETM + MROT-Norm) 88.67 90.14 90.03 99.58 89.42 9846 92.72
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Figure 5. The T-SNE of data features on Ar — Rw (Office-Home) and Rw — Ar (Office-Home). The first row shows the original data
sample distribution: The brown and gray colors denote the source and target private classes respectively. The rest are common label set
with different colors. The second row indicates the mapping between source and target domain: The red and blue points denote the source
and target samples respectively.

Table 7. Experimental results on Treatment Effect Estimation tasks.

ACIC (PEHE) ACIC (AUUC) THDP (PEHE) IHDP (AUUC)

In-Sample  Out-Sample In-Sample Out-Sample In-Sample Out-Sample In-Sample Out-Sample
OLS (Angrist & Imbens, 1995) 3.749 4.340 0.843 0.496 3.856 5.674 0.652 0.492
TARNet (Shalit et al., 2017) 3.236 3.254 0.886 0.662 0.749 1.788 0.654 0.711
PSM (Rosenbaum & Rubin, 1983) 5.228 5.094 0.884 0.745 3.219 4.634 0.740 0.681
CFR-WASS (Shalit et al., 2017) 3.128 3.207 0.873 0.669 0.657 1.704 0.656 0.715
ESCFR (Wang et al., 2023) 2.252 2.316 0.796 0.754 0.502 1.282 0.665 0.719
ESCFR + UOT(ETM + MROT-Ent) 2.327 2.261 0.839 0.814 0.497 1.275 0.769 0.763
ESCFR + UOT(ETM + MROT-Norm) 2.104 2.216 0.883 0.839 0.475 1.146 0.798 0.802

K. Experiments on Treatment Effect Estimation

Datasets for Treatment Effect Estimation. We further conduct ETM on treatment effect estimation with two semi-synthetic
datasets IHDP (Shalit et al., 2017) and ACIC (Yao et al., 2018). THDP is set to estimate the effect of specialist home visits
on infants’ potential cognitive scores and it contains 747 observations and 25 covariates. ACIC includes 4802 observations
and 58 covariates which comes from the collaborative perinatal project.

Results. We involve the following models as baselines: (1) OLS (Angrist & Imbens, 1995) utilizes least square regression
with treatment as covariates, (2) TARNet (Shalit et al., 2017) adopts integral orobability metrics for adaptation, (3) PSM
(Rosenbaum & Rubin, 1983) adopts propensity score for causal effects, (4) CFR-WASS (Rosenbaum & Rubin, 1983)
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Figure 6. The matching results on ETM + MROT-Norm on SemiUOT with different values of ng = {0, 1, 100}.
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Figure 7. The results of ¢ and Lp on UOT and SemiUOT.

utilizes standard optimal transport for adaptation, (5) ESCFR (Wang et al., 2023) further utilizes unbalanced optimal
transport for adaptation. We adopt the same experimental settings as ESCFR (Wang et al., 2023). We utilize Precision in
Estimation of Heterogeneous Effect (PEHE) (Shalit et al., 2017) and Area Under the Uplift Curve (AUUC) (Betlei et al.,
2021) for the evaluation. Note that ESCFR + UOT(ETM + MROT) only replaces the entropic UOT in ESCFR with our
proposed approximate-to-exact ETM +MROT. The experimental results are shown in Table 8. From that we can observe
that ESCFR + UOT(ETM + MROT) achieves the best performance, indicating the efficacy of our proposed ETM method.

L. More Experimental Results

Parameter sensitivity. We tune ¢ on SemiUOT via ETM-Refine with MROT-Norm in range of ng € {0, 1,100} using
the same data samples shown in Fig.1 and show the results in Fig.6. We can observe that when 7¢ is smaller (e.g., ng = 0
or g = 1), the proposed KKT-multiplier regularization term G (7, 8) = (mr, s) may struggle to play a significant role
during the optimization process. Meanwhile when g = 100, ETM-Refine with MROT-Norm can achieve more accurate
matching results comparing with the ground truth result. We can conclude that choosing larger value of 7 can fully utilize
the knowledge provided by KKT multiplier and enhance the final results. Therefore we set 7g = 100 empirically.

M. Miscellaneous Discussions

The role of ( in ETM-based method. We first discuss why we should involve translation invariant ¢ in both Ly and Lp.
Specifically, we first analyse the case of SemiUOT. The Fenchel-Lagrange conjugate form of SemiUOT without translation
invariant mechanism is given as:

M . N
min 7 ae” 7 — big;
f,g.,g[ ; i ; ;95 (59)
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We can adopt c-transform on Eq.(59) to obtain the unconstrained optimization problem as:

N
mlan —TZ(IZ e —Z inf [Ck; — frlbj, (60)

ke[M]

We adopt L-BFGS to optimize Ep using the same data samples as shown in Fig.1 with 7 = 1. Meanwhile, the translation
invariant term ¢ in SemiUOT should be calculated as follows:

M f; N

¢ =rlog <Zaiexp <—T>> —7log ij 61)
i=1 j=1

Ideally, ¢ should equals to O since ZZ 1 @5 €xXp ( L ) = Zjvzl b;. However, we can observe that ¢ > 0 during the iteration

epoch on optimizing Lp as shown in Fig.7(a). Therefore we can conclude that  is imdispenable during the calculation on
SemiUOT. Likewise, the Fenchel-Lagrange conjugate form of UOT without translation invariant mechanism is given as:

min [Ta<a e~ 7 ) + (b, 67:717>:|

v,u (62)
s.t. U; + Vj S Clj
Here we can adopt c-transform on Eq.(62) to obtain the unconstrained optimization problem as:
. J\‘([p (u K—Chj)
mln LU =T, Z a;e” e + Ty Z bje v (63)

We also adopt L-BFGS to optimize LU using the same data samples as shown in Fig.2 with 7, = 7, = 1. Meanwhile, the
translation invariant term ¢ in UOT should be calculated as follows:

— TaTb {log <a7 exp (_u)> — log <b7 exp (_v) >} (64)
Ta + Tp Ta T

Ideally, ¢ should equals to O since <a, exp (f%)> = <b, exp (f%) > However, we can observe that ( > 0 during

the iteration epoch on optimizing Ly as shown in Fig.7(b). Therefore we can conclude that ( is imdispenable during
the calculation on UOT. In conclusion, the concept of translation invariant was first proposed in (Séjourné et al., 2022b).
However, (Séjourné et al., 2022b) only utilizes translation invariant for entropic UOT. We highlight that, in this paper, we
further extend translation invariant for standard UOT/SemiUOT scenario. We illustrate that translation invariant is
essential in solving UOT and SemiUOT problems.



