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ABSTRACT

Bilevel Optimization has witnessed notable progress recently with new emerging
efficient algorithms and has been applied to many machine learning tasks such as
data cleaning, few-shot learning, and neural architecture search. However, little
attention has been paid to solving the bilevel problems under distributed setting.
Federated learning (FL) is an emerging paradigm that solves machine learning
tasks over distributed-located data. FL problems are challenging to solve due
to the heterogeneity and communication bottleneck. However, it is unclear how
these challenges will affect the convergence of Bilevel Optimization algorithms.
In this paper, we study Federated Bilevel Optimization problems. Specifically,
we first propose the FedBiO, a deterministic gradient-based algorithm, and we
show that it requires O(e~!-3) number of steps/communication steps to reach an
e-stationary point. Then we propose FedBiOAcc to accelerate FedBiO with the
momentum-based variance-reduction technique under the stochastic scenario. We
show that FedBiOAcc needs O(e~1-5) number of steps and O(¢~1) communica-
tion steps, this matches the best known rate for single-level stochastic federated
algorithms. Finally, we validate our proposed algorithms via the important Fair
Federated Learning task. More specifically, we define a bilevel-based group fair FL
objective. Our algorithms show superior performance compared to other baselines
in numerical experiments.

1 INTRODUCTION

Bilevel optimization problems |Willoughby|(1979);|Solodov|(2007) involve two levels of problems:
an outer problem and an inner problem. The two problems are entangled: the outer problem is a
function of the minimizer of the inner problem. Recently, great progress has been made to solve this
type of problems, especially, efficient single loop algorithms have been developed based on various
gradient approximation techniques Ji et al.| (2020); [Huang & Huang| (2021). Bilevel optimization
problems also frequently emerge in machine learning tasks, such as hyper-parameter optimization,
meta-learning, neural architecture search efc.. However, most existing Bilevel Optimization work
focuses on the standard non-distributed setting, and how to solve the Bilevel Optimization problems
under distributed settings is underexplored. Federated learning is a recently promising distributed
learning paradigm. In Federated Learning McMahan et al.| (2017), a set of clients jointly solve a
machine learning task under the coordination of a central server. To protect user privacy and reduce
communication burden, clients perform multiple steps of local update before communication, but this
slows down the convergence. Various algorithms |Wang et al.|(2019b); [Yu et al.| (2019); Haddadpour
& Mahdavi (2019); [Karimireddy et al.|(2019); Bayoumi et al.|(2020); Xing et al.| were proposed to
accelerate its training. However, most of these algorithms focus on standard single level optimization
problems. In|Xing et al., the author considered one type of bilevel formulation, but their algorithm
needs to communicate the Hessian matrix for every iteration, which is impractical in practice due to
high communication cost. So efficient algorithms designed for Federated Bilevel Optimization are
still missing. In this work, we propose two novel algorithms for Federated Bilevel Optimization and
aim to make one step forward to mitigate this gap.

More specifically, we propose FedBiO and FedBiOAcc. The FedBiO algorithm adapts single
loop bilevel algorithms to the federated setting. More precisely, clients optimize their local bilevel
problems with a single loop algorithm for several steps and then communicate with the server to
average their local states. To further accelerate the FedBiO algorithm, we utilize the momentum-
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based variance reduction technique to control the stochastic noise in the local updates of FedBiO. We
denote this accelerated algorithm as FedBiOAcc. The convergence analysis of the two algorithms
is very challenging and our first main contribution is to provide a rigorous analysis of the two
algorithms. We need to carefully balance two types of errors to show the convergence. The first
type of error is the ’consensus error’: In Federated Learning, clients make updates locally, and
local states drift away from each other. As a result, the gradient directions queried in these states
do not represent the true descent directions. The consensus error also exists in Federated Bilevel
Optimization problems where both inner and outer variables drift. The second type of error is
‘(hyper)-gradient bias’: In bilevel optimization, exact (hyper)-gradient requires solving the inner
problem which is computationally expensive. So a practical compromise is to solve the inner problem
approximately and use a biased (hyper)-gradient in the training. In Federated Bilevel Optimization,
the (hyper)-gradient bias entangles with the consensus error, which makes the analysis even more
difficult. However, by carefully choosing a potential function and exploiting the recursive relations of
the above errors, we successfully show the convergence of our algorithms.

Finally, to illustrate the application of our algorithms, we study the group fairness problem in
federated learning through the lens of Bilevel Optimization. Fairness over sensitive groups is one of
the most important desiderata in the development of machine learning models. However, Federated
Learning by design does not learn group-fair models. Meanwhile, due to the fact that sensitive groups
often spread across different clients and clients are not allowed to share data with each other. Fair
algorithms developed in non-distributed setting can not be applied directly. Recently, several research
works focus on group fairness in Federated Learning: [Papadaki et al.[(2021)) exploited the notion of
minimax fairness to learn group fair models, but requires access of the global statistics of sensitive
groups; (Cui et al.| (2021)) enforced the local group fairness with linear constraints, but a local fair
model may not be global group fair as clients often have heterogeneous distributions. On top of these
limitations, we propose a bilevel formulation to develop group fair models. More precisely, we use a
small set of samples that are balanced group-wise to tune the groups weights; in other words, we find
the optimal group weights such that the learned weighted model can perform well over the validation
set. We solve this problem with our two proposed algorithms and validate them over real-world
datasets. Finally, we highlight the main contributions of our paper as follows:

1. We propose two novel federated bilevel learning algorithms: FedBiO and FedBiOAcc. We
theoretically show the convergence of both algorithms: FedBiO has iteration and com-
munication complexity of O(e~!-%) and FedBiOAcc has iteration complexity of O(e~1-5)
communication complexity of O(e~!) and linear speed up w.r.t the number of clients. In par-
ticular, FedBiOAcc matches the optimal rate of single-level stochastic federated algorithms;

2. We propose a Bilevel Optimization Formulation to improve the group fairness in Federated
Learning. We compare our algorithms with various baselines. Experimental results show
superior performance of our new algorithms.

>

Notations We use V to denote the full gradient, use V, to denote the partial derivative for variable x,
higher order derivatives follow similar rules. || - || represents 5 norm for vectors and spectral norm
for matrices. [K] represents the sequence of integers from 1 to K.

2 RELATED WORKS

Bilevel Optimization Bilevel optimization dates back to at least 1960s when |Willoughby| (1979)
proposed a regularization method, and then followed by many research works |[Ferris & Mangasarian
(1991)); Solodov| (2007); [Yamada et al.|(2011);|Sabach & Shtern| (2017), while in machine learning
community, similar ideas in the name of implicit differentiation were also used in Hyper-parameter
Optimization Larsen et al.|(1996); (Chen & Hagan| (1999)); Bengio| (2000); |Do et al.| (2007). Early
algorithms for Bilevel Optimization solved the accurate inner problem solution for each outer variable.
Recently, researchers developed algorithms which solve the inner problem with a fixed number of
steps, and use ‘back-propagation through time’ technique to compute the hyper-gradient Domke
(2012); Maclaurin et al.| (2015)); [Franceschi et al.| (2017); [Pedregosal (2016); |Shaban et al.| (2018).
Very Recently, it witnessed a surge of interest in using implicit differentiation to derive single loop
algorithms Ghadimi & Wang| (2018)); Hong et al.[(2020); J1 et al.[(2020); J1 & Liang (2021); Khanduri
et al.| (2021); |[Chen et al.| (2021)); Yang et al.| (2021)); Huang & Huang| (2021); [Li et al.| (2021a).
The bilevel optimization has been widely applied to various machine learning applications, such as
Hyper-parameter optimization |Lorraine & Duvenaud|(2018); |Okuno et al. (2018)); Franceschi et al.
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(2018)), meta learning [Zintgraf et al.| (2019); Song et al.| (2019);|Soh et al.| (2020)), neural architecture
search [Liu et al.[(2018)); [Wong et al.|(2018); Xu et al.|(2019), adversarial learning Tian et al.| (2020);
Yin et al.| (2020); \Gao et al.| (2020), deep reinforcement learning |Yang et al.| (2018); T'schiatschek
et al.|(2019), etc.

Federated Learning Federated learning[McMahan et al.|(2017) is a promising privacy-preserving
learning paradigm over distributed data. A basic algorithm for FL is the FedAvg McMahan et al.
(2017) algorithm, where clients receive the current model from the server at each synchronization
step and then update the model locally for several steps and finally upload the new model back to the
server. Compared to the traditional data-center distributed learning, Federated Learning poses new
challenges including data heterogeneity, privacy concerns, high communication cost and unfairness.
To deal with these challenges, some variants of FedAvg |Karimireddy et al.|(2019)); L1 et al.| (2019b);
Sahu et al.| (2018));|Zhao et al.|(2018); Mohri et al.[(2019);|Li et al.|(2021b) are proposed. For example,
Li et al.[(2018) added regularization terms over the client objective to reduce the client drift. Hsu
et al.| (2019); Karimireddy et al.[| (2019); |Wang et al.[| (2019a) used variance reduction techniques
to control variates. Fairness in Federated Learning has also drawn more attention recently. Some
researchers Mobhri et al.|(2019); Deng et al.| (2020); [Li et al.| (2019a; 2021b)) focus on making models
exhibit similar performance across different clients. More recently, group fairness is also studied in
federated learning. One possible approach is to learn optimal group weights by formulating it as
a minimax optimization problem Du et al.| (2021)); [Papadaki et al.| (2021)). Another approach is to
re-weight the sensitive groups based on local or global statistics |Abay et al.| (2020); |[Ezzeldin et al.
(2021)), this approach often involves the transfer of sensitive information. Then a recent work|Cui et al.
(2021)) proposes FCFL which improves both client fairness and group fairness with multi-objective
optimization approach. In our work, we formulate the group fairness as a bilevel optimization problem
and solve it as an application of our algorithms.

3 PRELIMINARIES

Bilevel Optimization Bilevel Optimization problems are composed of two levels of entangled
problems as defined in Eq. [T}

in h = - Loy, = i 1Y),
min h(x) = f(z,y:) sty aﬁygeflgng(x y) (1)

As shown in Eq. (1} the outer problem (f(x, y. )) depends on the solution of the inner problem (g(z, y).

In machine learning, we usually consider the following stochastic formulation as shown in Eq. 2}
;IC_I%}“ h(z) = E[f(z,ys; Bf)] s.t. yo = arygeflgin Elg(z,y; By)l, )

where both the outer and inner problems are defined as expectations of some random variables B

(outer) and BB, (inner). Next, we state some assumptions about the problems Eq. [[|and Eq. [2}

Assumption 1. Function f(z,y) = E[f(z,y;Bs)] is possibly non-convex and g(x,y) =

Elg(x,y; By)] is p-strongly convex w.r.t y for any given .

Assumption 2. Function f(x,y) is L-Lipschitz and has B-bounded gradient;

Assumption 3. Function g(x,y) is L-Lipschitz. For higher-order derivatives, we have:

a) [|[V2,9(x,y)|| < Cy 4y for some constant Cy .,

b) VZ,9(x,y) and V2, g(x, y) are Lipschitz continuous with constant L, and Ly, respec-
tively
Assumption 4. We have unbiased stochastic first order and second order derivative oracle with
bounded variance, e.g. we assume E[V . f(z,y;€)] = V. f(x,y) and var(V, f(z,y;€)) < o

Remark 1. As stated in Assumption |1} we study the non-convex-strongly-convex bilevel optimization
problems, this special case is widely studied in the bilevel literature Ji & Liang| (2021)); Ghadimi &
‘Wang| (2018)).

Remark 2. Assumptions [2]and [3] we assume the Lipschitz condition also holds for the stochastic
query, i.e. f(x,y;By)and g(z,y; B,). Furthermore, we require stronger conditions in Assumptions
and[3|than single level optimization problems: bounded gradients (for f) and second order smoothness
(for g). But these conditions are necessary to derive the smoothness of h(z) and some other basic
properties and are widely used in bilevel literature Ghadimi & Wang| (2018); J1 et al.[(2020).
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Remark 3. A more complete version of Assumption[]is included in the appendix, where we state all
properties we assume the unbiased and bounded-variance assumption holds.

Next, we define the properties the hyper-gradient Vh(z), firstly, we denote ®(x, y) as:
®(2,y) =Vof(z,y) = Vi,9(x,y) x [Viag(z,y)] 'V, f(z,y), 3)

Then based on Assumption |1} we can derive ®(x,y,) = Vh(z) (we omit the proof of this fact;
please refer to related bilevel literature such as|Ghadimi & Wang| (2018))). Eq. [3]involves Hessian
inverse, we usually evaluate it approximately. An approach of approximation is through the Neumann
series [Lorraine et al.|(2020). More precisely, suppose we have independent minibatches of samples
B, ={B;j(j =1,...,Q), By, By}, then we estimate ®(x,y) as:

O(x,y; Ba) = Vaf (@,y; Bf) = nVayg(z, y; B Z H (I =nV2ag(x,y; B;))Vy f(x,y; By)
q=—1j=Q—q
“4)

We have the following Proposition about the approximation property of ®(x, y; B,):

Proposition 1. ( Comblne Lemma 4 and Lemma 7 in|Yang et al.|(2021)) Suppose Assumptions 2] 3]
and hold and n) < 4, the hypergradient estimator ®(x,y; B,) w.r.t. x based on a minibatch B, has
bounded variance and bias:

a) E[|E[®(z,y; B.)] — @(z,y)|IP] < G}, where G1 = (1 — nu)9* ML/

b) E||®(z,y; B.) — E[®(z,y; B.)]|? < G3, where Go = 2M? + 12M?L*n?(Q + 1)?
AMPL2(Q +2)(Q + 1)*nto®

Finally, we show some properties of smoothness in Proposition [2] A more formal version of the
proposition can be found in Proposition[6]in the appendix.

Proposition 2. Suppose Assumptions[2|and [B|hold, the following statements hold: For any given
1,22 € X, we have |y., (z2) — Vh(z1)|| < Ly
[D(z13y1) — (s y)|? < Li(lor — 220* + llyr — wel®), furthermore, we have || ®(z;y) —
Vh(x)| < Lnlly: -yl

Federated Learning A general FL problem studies the following problem:

min h(z Z Ee[f™) (x; )], )

cCRP

There is one server and M clients. A basic algorithm to solve this problem is FedAvg McMahan et al.
(2017), where clients perform multiple gradient descent steps before communication with the server.

4 FEDERATED BILEVEL OPTIMIZATION

In this section, we discuss Federated Bilevel Optimization problems. Following the standard FL
setting, we assume that there is one server and multiple clients. Specifically, the optimization problem
solved by each client is a Bilevel Optimization Problem. More formally, we consider the following
Federated Bilevel Optimization problem h(x):

min h(@) =37 Z FO (@ yim) syl = al;gefl;in g™ (z,y), ©)

where M is the number of clients and f(™)(z,y) and g™ (x, y) are the outer and inner problems
of the client m, respectively. h(x) denotes the overall objective. For ease of discussion, we denote
R (z) = £ (a, yg(cm)), while VA (") () denotes the gradient w.r.¢ . Note that it is possible that
both ™) (z,9) # f*)(2,y) and g™ (z,y) # ¢'¥) (x,y) for m # k,m, k € [M]. In other words,
we consider the heterogeneous case.
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Algorithm 1 Federated Bilevel Optimization (FedBiO)

1: Input: Initial states 1 and y; learning rates {v;, 7},
(m)

2 Initialization: Set z;
: fort=1to T do

= andyi™ =y

4 Compute wgm) = Vyg(m)(xgm), y,gm ) and compute I/t(m) = om)(x ,E ), yt(m)) with Eq. ;
50 Update g7 = g™ — yawf™, #7) = 2™ — no™;

6: ift+ 1modI= 0 then

7: o[ = T = 1M Y0

8: else( ) m)

9 Tiiq =T

10:  end if

11: end for

Remark 4. Tt is possible to consider a slightly different formulation where the inner problem is
also distributed across clients; we leave this as a future direction to investigate. Note that bilevel
optimization with multiple lower tasks are considered in|Guo et al.| (2021), however, they do not solve
the problem under FL constraints and instead focus on sampling effect of lower problems.

In machine learning, we consider the stochastic case of Eq.[6]as follows:

min h(z Z E[f ™) (x, y{™; By)] st y{™ = arg min E[g\™ (z, ; By)l. (D
TCRP yERd

Federated Bilevel Optlmlzatlon problems are more complicated than single level Federated Learning
problems. In FedAvg, clients perform multiple steps of local gradient descent before communication
with the server. For the deterministic case, Eq. S} clients evaluate the exact gradient V f(") locally.
However, the local hypergradient VA("™) () of Eq. E] has the following form:

VR (@) =V, [0 (@, y) = V2,07 (2,5.) V329" (@, 42)] 7'V, f7) (2, 92),

where y,, is the minimizer of the inner objective as defined in Eq[6] To get y,,, we need to solve the
inner problem for each new state of x, this is computationally expensive to evaluate a gradient. So it
is infeasible to evaluate the exact hypergradient for Federated Bilevel Optimization, thus, the FedAvg
algorithm is not suitable for solving Federated Bilevel Optimization problems.

The recent progress in Bilevel Optimization J1 et al.[(2020) shows that exact y, is not necessary to
solve the problem, instead, an alternative update of inner variable and outer variable is sufficient.

So, we propose our first algorithm named FedBiO whose procedure is shown in Algorithm|T] In the

(m) (m)

algorithm, we start from two random states ; ~ and y(m) For each local iteration, we update x;

and y,g ™) with a gradient-like step with the gradients defined in line 5 of Algorlthmm For every 1

iterations, we average the x states over clients. Note that we do not average over the y state, as in
Eq. @ yg(gm) only depends on the state - and g(") (, ), the average of outer state (™) is sufficient.

In Algorithm[T} clients perform alternative updates of inner and outer variables locally and communi-
cate with the server every [ iterations. Compared with single level Federated Learning problems, its
convergence analysis is much more challenging. More specifically, suppose we consider the virtual

A(m H2

average state 7; = - Z _1Z; ’, and measure its convergence with ||Vh(i'f) There are two

m —
sources of errors. The first one is the outer variable consensus error deﬁned as M Zm 1 Hx( ) — 72,

m
and the other one is the inner variable estimation error 57 Zm 1 ||yt y( (7,2) |2. Note that the

outer variable consensus error is often seen in the analysis in FedAvg-type algorlthms which is
caused by local updates. As for the inner variable estimation error, it measures the imperfection of
inner variable. In FedBiO, these two types of errors are entangled with each other. To see that, for 4
which satisfies t_S + 1= s x I, we have:

Iy ymw2—mW0@mHP<w¢m ﬁ@mﬂnmmm—%ﬁw

< 2y — y%% +20%24" — 1

s )
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Algorithm 2 Accelerated Federated Bilevel Optimization (FedBiOAcc)
1: Input: constants ¢, ¢, 7, 1, 9, u, o, initial state (z1, y1);

2: Initialization: Set y\"™ =y, 2{™ = 2, form € [M)]
3: fort =1to T do

4:  Randomly sample minibatches B, and B,
5 ift 7 ] then (m)  (m) (m) (m) (m).
6: th = vyg(m)(xtm 7yfm B ) A/m = é(m)(l}m 7y1‘m B.)
7: else( ( ) ( (m)
8: =V, 9™ (z; 7yt B) (1_cwat 1)(% 11—V g(m)(mt 1 Y11, By))
9: Mim) q)(m)(x§m27yt 178) (I)(m)( g ’ytm)7Bw)
00 5™ =™ 4 (1 - c,ad) (" <’"> - ™)
11:  endif
12: Evaluate o = m
3 - et
14: 1ft—|—1m0dI—Othen
m _ m M (5
15: a:E ) = Ty = M Z v , ( )= Vg = M Zj Rz $t+1) =Tpp1 = M Zj:l ﬂfgi)l
16: else () pm) _ 4(m)
17: Ve D=0 gy = Ty
18:  end if
19: end for

The equality is because we average the state (") at step Z,, the first inequality follows the triangle
inequality, and the second inequality follows Proposition [2| The inequality shows that the inner

variable estimation error can be decomposed to two parts: estimation error to y(r[f,a) (denoted by local
Ly

variable 2 mt )) and ||y (m yxt )H2 which is related to outer variable consensus error. The first error

can be bounded followmg the standard argument of the gradient descent step (Line 5 in Algorlthmm)
while for the outer variable consensus error, it relies on accumulated past consensus error, inner
variable estimation error and a term related to the client heterogeneity (please refer to Lemma 3|in
the appendix for detailed expressions). In other words, the imperfect inner variable estimation in
turn increases the consensus error. Although the two types of errors increase the analysis complexity
with entanglement, we could bound them by exploiting their recursive relations. In the convergence
analysis sections, we show that our FedBiO converges with rate O(e~15).

Next, we consider the Federated Stochastic Bilevel Optimization as defined in Eq.[/| To control
stochastic noise, we apply the idea of momentum-based variance reduction (Cutkosky & Orabona
(2019). The algorithm procedure is summarized in Algorithm 2] The main step of the algorithm is as
follows:

W™ =V, (@™ ™ B,) + (1 - coal ) (W™ — Vg (@™ ™) B,))
a§’”> =0 (™ Y™ B 4 (1 - cpal ) (™) — U (@) 4™ B,)).

If t mod I = 0, we average .1‘( ™) a:ET_ni and the momentum state f/t(m) as in line 17 of Algorithm

The analysis of FedBiOAcc is more complicated than that of FedBiO. There are several types o
errors we need bound to get the convergence: including the entangled inner variable estimation
error and the outer variable consensus error as in FedBiO, but also the biases from the momentum

terms, i.e. the outer momentum bias ||1\™ — Vi (z{™)||? and the inner momentum bias [|w{™ —

V9™ (2™, 5™ ||2. However, we still see the favorable O(e~1-%) convergence rate of FedBiOAcc
by balancing different sources of errors. In fact, for both types of momentum bias, we can derive
similar recursive equations as its non-distributed counterpart|Yang et al.|(2021)) but with additional
terms related to the outer variable consensus error. As for the consensus error, we can bound it by
carefully choosing the related hyper-parameters in Algorithm 2]

where ®("™) follows the definition in Eq. E]by replacing f and g with £(™ and (™), respectiveli.
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5 CONVERGENCE ANALYSIS

In this section, we provide a formal analysis of the convergence of our two algorithms, i.e. FedBiO
and FedBiOAcc. Before diving into the convergence results, we introduce two additional assumptions:

5.1 ADDITIONAL ASSUMPTIONS

We first state the assumptions needed in our analysis. We assume f(")(z,%) and g™ (z,v) for
m € [M] satisfy Assumption [} Assumption [2] Assumption [3] and Assumption [4] as Defined in
Section 3. Next, we also need to bound the differences among clients to get convergence results.
More precisely, we assume Assumption [5|holds. Similar assumptions have been used in previous
Federated Learning literature Khanduri et al.| (2021)); [Woodworth| (2021)).

Assumption 5. For any m,j € [M] and z, we have:|V,f(™) (z,y) — V.fU f(z,y)| <
G IV (@, y) = Vo fOf @yl < G IVayg"™ (@) — VaygD (@)l < Coays

Hvyzg(m)(cx,y) - vy29(j)(957?/)“ < Coyys ||i‘/§Jm) - ygy)” < (g+» Where (g, Cg 2y, Cgyy» Cg= are
constants.

Based on the above assumption, we can bound the overall heterogeneity of the function h(") (z),

m € [M], ie. ||VA(™)(z) — VAU (2)|| < ¢ for some constant . The proof of this result is
summarized in Proposition[7]in the Appendix. Next, in addition to the bounded noise Assumption []
We make the following assumption:

Assumption 6. The bias and variance of the stochastic hypergradient are bounded i.e. E[|| ugm) —

Elu{™]|?] < 02 and E[[E[u™] — @ (x{™,5i"™)|?] < G for m € [M] and t € [T}, where ;i{"
is the stochastic hyper-gradient denoted in Line 10 of Algorithm 2]

The assumption is reasonable due to Proposition and we can choose 0 = G and G = Gs.

5.2 CONVERGENCE ANALYSIS FOR FEDBIO AND FEDBIOACC

In this subsection, we provide the convergence result for our FedBiO algorithm[T]and the FedBiOAcc
algorithm[2] Firstly, for FedBiO, we have the following Theorem:

Theorem 5.1. Suppose Assumption|I}|3| 5| hold, § < min U—al-ad) 1wy g <1
ol Pp 17 ) 2Li1\/q'1q1q1 Y 12Lp10 20 ’,7 L

and n = 7173, we have:

T _ ’
1 _ 2(h(zs) —h*)  L?B; 212 B;, M 62
_ h 2 < h-to hPt0
TENV“M”— oT2/3 -9 " U-90—qqg)T ' 725

where B, = 47 Sy lyt™ =y 0|2 e = (1= ), g1 = 1+ L and @1 = 1+ %, h* the
1

. /.,
optimal value, M is some constant.

Remark 5. We omit the exact form of some constants in Theorem [3.1] and the full version can be
found in Theorem 0.1]in the Appendix. As shown by the Theorem, our FedBiO converges with
the O(e~1-%) number of steps (7). This is worse than the optimal rate O(e~!) for non-distributed
deterministic bilevel optimization. The consensus error is the source of this gap; we have to decrease
the learning rate to bound this consensus error. Meanwhile, the communication complexity is O(e™1).

Next we provide the convergence result for the FedBiOAcc algorithm. To prove the convergence of
FedBiOAcc, we denote the potential function G, as follows:

L5 N R .
STDIRLCHIEETDS

Gi = h(@1) + 1ot | S0y

160L2 o, — — a{™
~y M 2
_ (m) _ (m)(,.(m)  (m)
+ 32uL20y m§::1 Wy Vg™ (@ oy )| -

Then we have the following result for FedBiOAcc:
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Table 1: Performance comparison between FedBiO, FedBiOAcc and baselines

Distribution LLD Non-LL.D
Metrics Test Acc. |Train EqOpp.|Test EqOpp.| Test Acc. |Train EqOpp.|Test EqOpp.
FedAvg |.82394.0167|.0391+ .0061 |.0420+.0034|.8283+.0080| .0261+£.0022 |.0507+.0011
Adult FedReg |.82404.0159| .0361+£.0047 |.0425+.0029|.8271£.0077| .0244+.0013 |.0498+.0010
FedMinMax |.8228+.0163| .0220 4-.0057 |.03664-.0049|.82724.0077| .02744.0029 |.0363+.0013
FCFL  |.82384.0159| .03564.0029 [.0452+.0012(.82734-.0074| .02494-.0032 {.0501£.0014
FedBiO |.82284+.0163| .0238+.0058 |.0337+.0012{.8331+.0019| .0263+.0010 {.0338+.0008
FedBiOAcc |.8391+.0163| .0222+.0064 |.0335+.0006|.82044.0013| .0289+.0005 |.0356+£.0055
FedAvg |.6873+.0314| .0788+.0136 [.0599+.0122|.7386+.0011| .0832+.0248 |.1354+.0128
FedReg |.6870+.0374| .0836£.0015 |.05754.0114|.7303+.0097| .0735+.0216 |.13414.0088
FedMinMax |.6759£.0757| .0857£.0042 |.07224.0013|.6966+.0104| .0477+.0155 |.1222+.0024
Credit FCFL  |.6864+.0237| .07274.0073 [.0375+.0028|.7266+.0026| .0777+.0162 |.1463+.0014
FedBiO |.70154.0169| .0548+.0072 |.0513+.0059|.7339+.0033| .0782+.0116 |.1260+.0013
FedBiOAcc |.7067+.0121| .0665+.0034 |.0501£.0051|.73124+.0023| .0799+.0152 |.1021+£.0011

Theorem 5.2, Suppose Assumptlon@]- Tiold and the hyper-parameter c,, C,, 1, 7, 0 and u
are chosen according to Theorem[I10.1|in the Appendix. and the learning rate o is chosen as in
Algorithm[2) then we have:

1
7O E
t=1
where M’ is some constant up to a logarithmic factor and the expectation is w.r.t. the stochasticity of
the algorithm.

Remark 6. The full version of Theorem[5.2)is shown in Theorem[I0.1]in the Appendix. Recall that T’
is the total number of running steps, I is the number of local steps before communication, and M is
the number of clients. Suppose we choose I = T'*/3M ~2/3, the above bound is O((MT)~2/3), thus
we require O(M ~1e=1-%) (up to a logarithm factor) number of running steps to reach an e-stationary
point. Meanwhile, we have a dependence of O(M ~1), so we achieve the linear speedup w.rt the
number of clients. Finally, we also get the number of communication steps, i.e. T/ is O(e~1). In
summary, our FedBiOAcc matches the best known convergence rate for federated stochastic single

level optimization Khanduri et al.|(2021)).

16L,,1
T

Ly
(MT)2/3

R

6 FAIR FEDERATED BILEVEL LEARNING

In this section, we apply FedBiO and FedBiOAcc to solve the Fair Federated Learning tasks. The
code of all experiments is written in Pytorch, and the Federated Learning environment is simulated
via Pytorch.Distributed Package. We use servers with AMD EPYC 7763 64-Core CPU.

6.1 GROUP FAIR FEDERATED LEARNING

In this task, we investigate the group fairness in Federated Learning from the Bilevel Optimization’s
perspective. The basic idea is to exploit a small validation set that are group-balanced to learn a
fair federated model. More specifically, we first assign a weight for each sensitive group and learn
a group-weighted federated model. Then we test the performance of the learned model with our
group-balanced validation set, based on the validation performance, we adjust the group weights.
We repeat this process until we find optimal group weights such that the learned model performs
equally well for all different groups in the validation set. This task can be formulated as a Federated
bilevel problem of the form Eq.[7| an exact formulation of the Fair Federated Bilevel Learning is
included in Section[IT] of the appendix. Note our fair federated learning formulation is general and
is compatible with various group fairness metrics such as Equal Opportunity (EqOpp) Hardt et al.
(2016) and Equalized Odds (EqOdds) Hardt et al.|(2016). Furthermore, it also does not require access
to the global statistics of the groups, which is difficult to acquire in the Federated Learning setting.

Since the fair federated learning model has a bilevel formulation, we solve it with our FedBiO and
FedBiOAcc algorithms. We compare with the following baselines: FedAvg|McMahan et al.|(2017),
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FedReg, FedMinMax [Papadaki et al.| (2021) and FCFL |Cui et al.|(2021). The methods proposed
in (Zhang et al.,|2021)) are similar to FedMinMax; we do not include it in the results. Furthermore,
since our focus is group fairness, we do not include client fairness (robustness) focused models
such as AFL Mohri et al|(2019) and q-FedAvg [Li et al.| (2019a)). The FedReg baseline is to add
a regularization term over the FedAvg objective, and the regularization term could be any fairness
metrics such as EqOpp. Note that FedReg evaluates the metric only with local statistics.

We tested on real-world benchmark datasets: Credit|Asuncion & Newman|(2007) and Adult|Kohavi
et al.|(1996). We pre-process the datasets with code provided by (Diana et al., 2021)). For each dataset,
we first split it into train and test splits with ratio 7:3, and we keep the group distribution the same for
the train and test splits. Then for the train set, we consider both I.I.D and Non-L.I.D cases. For the
LI.D case, we uniformly randomly split the train-set into three subsets and distribute each subset to a
client. For the Non-L.ID case, we split the train-set by sensitive attributes and for each attribute, we
split its data into three shares with ratio 2 : 2 : 6 and then randomly distribute each share to one client.
Finally, for our FedBiO and FedBiOAcc, we select a small subset of the local train set to create the
group-fair validation set. We fit a logistic regression model over the benchmark datasets. For our
methods, we perform a two-stage training procedure: we first estimate optimal group weights with
the bilevel formulation, then we use the learned weight to fit a weighted logistic regression model
with FedAvg. For FedReg and FCFL, we choose its regularization term as the EqOpp metric. The
definition of EqOpp metric is included in the Appendix[IT] Finally, we perform grid search for the
hyper-parameters of all methods and hyper-parameter choices are introduced in the Appendix

use Test accuracy and EqOpp as metrics, we run FedBiOAcc (1.1.D)

10 runs for each case and report the meanand ~ ***{ [T it
standard deviation in the table. The best result

for each metric is highlighted. As shown in the
table, either FedBiO or FedBiOAcc gets the best
result for most cases. FedReg/FCFL are based
on local group statistics to achieve fairness, and
tend to perform worse in the Non-L.I.D case, e.g.
for the Adult dataset, FCFL gets a much lower
Train EqOpp in the Non-1.I.D case compared to

We summarize the results in Table[T[, wherewe | = FedBi0 (1L1.D)
054

Outer Loss

the L.L.D one, but its Test EqOpp is worse. Fed- "0 400 800 1200 1600

MinMax is a strong baseline and can get good Number of Steps (T)

performance in both settings. However, our al-

gorithms have two advantages compared to Fed- Figure 1: Outer objective Loss w.r.t Number of
MinMax. Firstly, we do not query global statis- Communication Rounds for comparison between
tics; furthermore, our algorithms communicate FedBiO and FedBiOAcc for I.I.D and Non-1.1.D
every [ iterations, while FedMinMax collects cases. The results are for the Adult dataset.

the model states from clients at every iteration.

Finally, we compare the convergence rate of the FedBiO and FedBiOAcc algorithms. The results for
the Adult dataset are shown in Figure[T](The results for Credit dataset is deferred to Appendix [T ).
As shown by the plots, FedBiOAcc converges much faster than FedBiO for both I.I.D and Non-1.I.D
cases; furthermore, we observe that data heterogeneity slows down the convergence.

7 CONCLUSION

In this paper, we studied a class of novel Federated Bilevel Optimization problems and proposed two
efficient algorithms, i.e., FedBiO and FedBiOAcc, to solve these problems. In addition, we provided a
rigorous convergence analysis framework for our proposed methods. Specifically, we proved that our
FedBiO has iteration/communication complexity O(e~!-?) and FedBiOAcc has iteration complexity
O(e=1%) and communication complexity O(e~!), meanwhile FedBiOAcc achieves linear speedup
w.r.t the number of clients. Finally, we apply our new algorithms to solve the important Fair Federated
Learning problem with using a new bilevel optimization formulation. The experimental results
validate the efficacy of our algorithms.
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NOTATIONS AND ASSUMPTIONS

Before we start the proof, we first define some notations. We define ts := sI + 1 with s € [S]. Note

at £, iteration, we have z\"™ = z, for m € [M].

Next, we restate more detailed assumptions needed in our proof:

Assumption 0.1. Function f(z,y) = E[f(x,y;By)| is possibly non-convex and g(z,y) =
E[g(z,y; By)] is p-strongly convex w.r.t y for any given z, i.e. for any y1, y» € RY, we have:

o
g(@,y1) > g(z,y2) + (Vgy (@, y2), y2 — y1) + 5”?}2 -l

Assumption 0.2. Function f(z,y) is L-Lipschitz, i.e. for for any z1, z2 € X and for any y1,
yo € R%, and we denote z; = (21, 1), 22 = (22, y2), then we have:

L
F(21) < f(22) + (Vf(22), 21 — 22) + S llz1 = 2.
or equivalently: ||V f(z1) — Vf(z2)|| < L||z1 — #2||. We also assume and f(x, y) has B-bounded

gradient, i.e. for for any x € X and any y € R? and we denote z = (z,y), then we have
IVf(2)I] < M.

13



Under review as a conference paper at ICLR 2023

Assumption 0.3. Function g(z,y) is L-Lipschitz. ie. for for any z1, o € X and for any y1,
yo € RY, and we denote 2, = (z1,¥1), 22 = (72, %2), then we have:

L
9(21) = g(22) + (Vg(22), 21 — 22) + S llz1 — 2|
equivalently: ||Vg(z1) — Vg(22)|| < L||z1 — 22]|. For higher-order derivatives, we have:

a) [|[V2,9(x,y)|| < Cy ey for some constant Cy .y ;

b) VZ,9(z,y) and V2:g(x,y) are Lipschitz continuous with constant Ly ;, and L, > re-

spectively, i.e. for for any z1, o € X and for any y;, yo € RY, and we denote
z1 = (1,41), 22 = (22,y2), then we have: [|VZ g(21) — V2 g(22)]| < Lg,ayll21 — 22|
and [|V2,9(21) — V2ag(z2)|| < Ly pell21 — 22|l

Assumption 0.4. We have unbiased stochastic first order and second order derivative oracle with
bounded variance, more specifically, we have:

a) WQG have vwf(xa Y; 6)’ such that: E[vzf($> Y3 5)] = Vacf(xa y) and U(J/I“(vzf(.’t, Y; 6)) <
g-.

a) we have V, f(z,y;€), such that: B[V, f(z,y;£)] = V, f(z,y) and var(V, f(z,y;§)) <

a2

¢) we have V2, g(2,y,&), such that: E[V2:g(x,y;€)] = Vi.g(2,y), E[Vi.g(x,y:&)v] =

V2ag(x,y)v and var(Viag(z, y; €)) < 0 and var(Vi.g(z, y; §)v) < o for any vector
v.

d) we have V2, gz, y; ), such that: E[V2,g(z,:€)] = V2, g(z,y), E[V2,g(x,y; €)] =
V2,9(x,y)v and var(VZ, g(z,y; €)) < 0 and var(V3,g(x,y; §)v) < o? for any vector
v.

Assumption 0.5. For any m,j € [M] and z, we have:|V,f(™) (z,y) — V. f9 f(z,y)|| <
¢ IV (@,y) = VyfDf (@)l < G IVayg™ (@) = VaygW (@)l < Coays

1V,29"™) (2,9) = Vye gD (@, 9)]| < Copo 198 = 4| < Coes Where Cr, Cooays Coyys G- are
constants.

Assumption 0.6. The bias and variance of the stochastic hyper-gradient is bounded, i.e. IE[Hutm) —

El™])|?) < o® and E[|[E[u{™] — (™, yi™)|1?] < G for m € [M] and ¢ € [T], where ;i{™
is the stochastic hyper-gradient denoted in Line 10 of Algorithm 2]

8 PRELIMINARIES

In this section, we state some propositions useful in the proof:

Proposition 3 (Lemma 3 of [Karimireddy et al.| (2020)). (generalized triangle inequality) Let
{z}, k € K be K vectors. Then the following are true:

Loz 4+ 25> < A+ a)||zi]]2 + (1 + 2)||z;|1? for any a > 0, and

2 ISy @l < Ko [l 2
Proposition 4 (Lemma C.1 of [Khanduri et al. (2021)). For a finite sequence %) € R? for k [K]
define T = 4 Zszl x®), we then have Zszl |z®) — 2% < Zle [|z(F)]|2.
Proposition 5 (Lemma C.2 of Khanduri et al.|(2021)). Let ag > 0 and a1, as,...,ar > 0. We have

T t
S (i D)
ap

t
i—1 Qo+ Zi:t a;

Proposition 6. (Proposition ) Suppose Assumptions2land [5|hold, the following statements hold:
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a) |®(z;y) — Vh(z)| < Cllys — yll, where C = L + LCquy/p + B(Lgzy/p +
L, gm//,“

b) yg is Lipschitz continuous in x with constant p = Cy 5, /1.

¢) h(x) is Lipschitz continuous in x with constant L i.e., for any given x1, 15 € X, we have
||Vh(332) Vh(z1)|| < L||w2 — 21|| where L = (L + C)Cly wy /1t + L + B(Lg 2y B/ 1 +
Lgy2Cy, wu/ﬂ )-

d) | @(z1;91) — ®(x2;92) 1> < T2 — @2ll* + lyr — v2l|?), where T = L+ BLg vy /1 +
Cyay(L/pn+ BLg yy/11?).

We denote L;, = max(L,T', C, p, 1) for convenience.

Next if Case d) holds, it is straightforward to also get the stochastic version, i.e. || ®(z1;y1;8) —
(2392, B)|I? < T2(|lwy — 22]* + [lyr — 22l).

Proof. We only prove the Case d) here. Proof of other cases can be found in Lemma 2.2 of (Ghadimi
& Wang, [2018]).

||‘I)($1;y1) - ‘I’(I‘Q;’yz)H

= ‘ vxf(xla yl) - vmyg(l'hyl)(vyyg(xla yl))_lvyf(mlyyl)

< Hvxf(l’h y1) — Vaf(ze,y2)

= Vo f(w2,y2) — szg(x%y2)(vyyg(xZayQ))_lvyf(x%y2)

Vryg(xla yl)

"

H (Vyyg(@a yz)) 71Vyf(1317 Y1)

— Vayg(x2,92)

—1

H(vyyg<x1,y1>)lvyﬂxl,yl) — (Vig(@a2)) Yy flaape)

BL, ., L BL 2 2\ /2
(i 2 |
1 1 1

which finishes the proof. O

+ Hvzyg(ﬂ«”z,yz)

Tl — T2 Y1 — Y2

"

Proposition 7. With Assumption[I} 2} 3|land Assumption D] hold, we have:
- 4 Cyon B BC,.
||Vh( )(95) - th(x)” < (1 + y)gf,w + ECg,my + %Cg,yy
BL,, Cyuoyl BCyuyL
+ <L+ 92y g,uy + g,ﬂg g,y2><g*

Proof. Follow the formulation shown in Eq. I (P(x yx)) we have:
IR (@) = VRO (@) = Vo T (@, 55™) = V2,07 (2, ) [V (@, 5™ 7V £ 2, yi™)

— (Vaf V(@) = V2,99 @,y 0V 2ag ) (w0, y )19, O () ) |

Hv £ () — 9, £z ym)H N vaygm)(x,y;m))
. X —1
+|[Vars ) HH (T (. 0)) 0,0, 5)

—(Vyyg‘j)(:ay;j))) Vyfm(x,y;j))”
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where the inequality is due to the triangle inequality. Next we bound the three terms separately. For
the first term:

Ve f M) = T )] < [Faf ™ elt) = T )|

+ HV.rf(j)(x,yém)) V9 ()

< Cp + Ly ®)

where the second inequality is due to the Assumption [5)and smoothness assumption the Assumption[2}
The last inequality also follows the Assumption 5] Next, for the second term, we have:

. . -1
‘meg(m)(x,yém)) — V$yg(J)(x7y§;7))"‘ (Vyyg(m)(fcvyém))) Vyf(m)(fcvyém))H

<Gt LH@/S") —y¥

B . .
< ‘LLHvzyg(m) (%y:(cm)) - meg(J)(%yéj))H
B , .
<MHvzyg< )@, y™) = Vay g () H H 199 () — vmygm(x,y;ﬂ))H
< Blg,ay i BLg,zy Yy 9)) H Cywy i BLyg .y (o
7 u 1

where the first inequality follows from the Assumptlon [l 2} the second inequality follows from
triangle inequality; the third inequality follows from Assumption [} 3] the last inequality follows
from Assumption @ Next, for the third term, we have:

. . -1 . . -1 . .
‘ Vryg(j)(m; yij))H H (Vyyg(m)(x, y;m))) Vyf(m)(x, y;m)) - (Vyyg(])(:r, y;”)) Vyf(J)(:Z:, yE«”)H

< Cyay

—1 . i —1 . X
(Voug ™ (@, 58™)) I (55 = (Tyg(,59)) Vyf(”(x,yi”)H

< Cgay (vyyg(m)(l” yg(cm)))lH Hvyf(m)(x, y;m)) - Vyf(j)(a:,yéj))"

+ Cyay (Vyyg(m)(x,yém))) - (V w99 (2, yY HH Yy f 9 (@, y )H
< |9, 1m0, - 9,1V D) |

+MCy,zy (Vyyg(m)(m,yém)))fl - (Vyyg(j)(x,yg(cj)))lH

< Cg@y(Cf + L(:g*)
- 2

+ BCy 2y X

(Vyyg(m) (@, y;m))) -

Hvyyg(m)(% yg(cm)) - vyyg(j)(xa y;j)>H H (Vyyg(j)(x, yéj)))

< Cyay(Cr + Lég-) + BCyay(Cgyy + Lgy2Se+)
- I I
where the first inequality is by Assumption[3} the second inequality is by triangle inequality; the third

inequality is by Assumption the fourth inequality is by Cauchy Schwartz inequality; the last
inequality is by Assumption and the result in Eq. 8] Combine everything together, we have:

-1

B, . BLg 3yCo - o+ LCos
Vo f ™ (2, ™) =V, 9 (2, y0)) H<CfZ+LC + <9’9+ 9.2yCg +Cg, y(Cra + LGy-)
I I I
+ BCy,ay(Cgyy + Lyg,y>Ce+)
2
I
which completes the proof. O
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9 PROOF FOR THE FEDBIO ALGORITHM

In this section, we present the proofs for the FedBiO algorithm, we will focus on the deterministic
case.

9.1 HYPER-GRADIENT BIAS
Lemma 1. Forallt € [ts_1,ts — 1], the iterates generated satisfy:

2

(m) (m)

(m) _
t Yi yxgm)

2
_z, )

2 12 M
HVh(:i:t) —th <y (<1+2Li> x
m=1

"

where 7y = 2 M 0 (2™ 4™, and Vh(z,) = & SN 900 (z,,45).

Proof. By definition of 7, and Vh(Z;), we have:

e 1 X m 2@ 1 | RN
|Vh@) - :HM,,;( VA (@) < Mm; ™ — VR (z,)
(b) L2 M 2 2
SIS ([ ]|+ -t
Mm:l
L2 M m — m m m m 2
< Mh Z ( -T,(g )—l’t + yg ) y((n3> +yim2> _y;(rt )H )
m=1 ¢
L2 M m 2 m m
<y <<1+2Li> 2™~z +Hy§ NG )
m=1

where inequality (a) follows the generalized triangle inequality; inequality (b) follows the Proposi-

tion

9.2 INNER VARIABLE DRIFT LEMMA

Lemma 2. When v < L, we have:

T —
3 1 S B, By, L2 M2q1q(S — 1) .
M| T 1= =g —qd!)  (1-9)2*(1 - qig!)
S—1 _
Q119" Ly, Z L,QLM}%qT772
(1= -aq') 1—¢
A 2
where By = 7 Y “”)—y% Ay = S 6 =E ca= (-5 q= 1+ 2),

= B Cy .z
=1+ andq =1+ -4, M, = 2tCozs)

17
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Proof. Note from Algorithm and the definition of 7, that att = #;_; with s € [S], x§’") = T4, for all

k. Fort € [ts—1 + 1,&s — 1], with s € [S], we have:
2
Y - (’{f,?) <@+ BNy =yl +a+ )Hy% - y(i’i%)
Ty Te_1 ny
m 2 m
<+ - - |+ a2l - y%
Wy ? 2
< (=" =y |+ IR+ )|t =l
By (m) _ym) ’ 2|’
<= S)|m™ — Y, +L2n2(1+)‘vT
2 ( ) h wy t—1
w0 o || 2
<(1- 7) Yirq — ym?i_ni + Ly M (1 + m)
where the second inequality is due to the property of gradient descent for strongly convex function
when v < 1/L. For the last inequality, we use the fact that: [|1\™)] = ||&™ (2{™ y{™)|| <
B+ BCy 4y /1 and we denote My, = B+ BC, ,,, /j1. We also denote ¢ = (1—5!) and ¢ = (1+ )
for ease of notation. By telescoping two sides, we have:
2 B 2 t—1
‘ yt(m) . yg(;gz) < qtftsfl t(s )1 _ y(r(v:z) + L2M;2L772cj qt7171
‘ R 1=,
2 _
(2) gt t(m) y(?:rz) + LiMiq ,
< 1—¢

where in inequality (b), we use the fact q'~t=1 < 1 for any t. Then we average over all M clients
and have:
M

1 (m) _ (m) = o |1, LAMRG ,
Mz:: Yoo T Y om M Z q ' Z/ts LY, . + 1-q )
As for t = t,, we average variable x over the m clients and xf m) — Zg,, while the inner variable

error is related to the = variable before averaging, i.e. zg ™) . By the generalized triangle inequality,

we have:

(m) _m)

? 4l om o
— Yz, + (14— Hyfrfn -y H
o, Lt )|V — e,

) (m)H < (14 1|y

4 2™
w0 o o || 4|0 ’
m m 2 ~(m _
< (1+ I) Y, — ii—;"’) +Lh(1+ B) Ty — Ty,
We denote g1 =1+ “l and g1 = 1 + ;—7. By averaging over M clients, we have:
0. M 2
Q@ (m) _ (m) Lya (m)
_y<m> SMmZI Yz, _?‘J(m) + M mZ::l Tg, T,
We can bound the first term with Eq. (@) by setting ¢ = t,, and we have:
M M 2 o M 2 2 2 _
1 (m) _om) ||” D14 Lyq (m) - Ly Miq1q o
P i <4 B el R D LA R
For ease of notation, we denote B; = & S _ [jyt™) — y(?f,z) [2and A, = & M @™ — )2,
Then the above equations can be written as:
_ L2 M2q _ _
By <q ™ B+ St e [+ 1,8 — 1] (10)
—4q

18
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and:
Ly Miq:1q
1—¢

Bi, <qq'Bi,_ , + L} As, + 0t =t

By telescoping, for s > 1 we have:
L2M2q1(j s—1 o B S . » )
Bz, < ¢;¢°" By, + %ng S ddt+ @l g A,
4 §=0 j=1
Ly Mpqiq
(1=q)(1—qq")

Then by summing Eq. from £,_; to t, we have:

PAqlE > g eI A (11)
j=1

< q¢;q* By, +

t t — —
: L2M2q(t —ts_q — 1) By L2MPq(t —ts_q — 1)

B < I=ts—1 g h*"h s 2 < s—1 rth s 2

th z_lth e 1—¢ TET T 1—¢ !

=ls—1 =ls—1

Combine the above inequality with Eq. (TI) and for S > 2, we have:

6B, | LiMiag
Z By = 2 w1
l—gq (1—=q)*(1 = q1q")
t'=ts_1
L - L M? 1
q1 Z s 1— j)IA hQ(l _qS 1= ),'72 (12)
and for s = 1, we have:
b1 20725 n
i LiMiqt—ts—1—1
Z B tg + h hQ( 1 ),’72 (13)
1—¢q
t' =1,
Finally, we sum ¢ from 1 — T’ and have:
¢ g B, | LEMEqa(S—1)
ZBt T-q¢ " Z 2 ny"
l1—gq (1-9)*(1 - qq")
2 S s—1 2 2
L MZ?gS(I —1)
s—1—j (s 1—)T n4 2
IR > A a—
9= q
s=2 j=
() B, qu qs= 1)1Bt n LIMZq1q(S —1)
n
T 1l-gq l—q (1-¢)2(1 — q1q")
S—1S—j 2 92—
ChL%L s sl LthqS(I — 1) 2
LSS gty MUY,
] 1 s=1
< Bu By, N Ly Mpqiq(S —1) .
Tl-q¢ (1-90-aqd) (1—Q)2(1—q1q1)
L L2 M2qT
91919 ZAt niVipq 772-
(1-q¢)(1—qq") l1—gq
where inequality (a) rearranges the terms in the fourth sum term. This completes the proof. O

9.3 BOUND FOR CLIENT DRIFT

(1-g)(1—q1q") 1 opy
QLi[\/qlqqu P 12Lp10 20

XT:A _ GSLEI*By, o  18(S— DLAMEI® ,  12LLMPTI(I —1)
< 1 "
— 1—gq (1—q)2(1 — q1q") 1—¢q

where At, q, 1, @1, My, are defined as in Lemma

Lemma 3. Forn < min( ) and vy < 1, then we have:

772 4 18T12C2772
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Proof. Note from Algorithm and the definition of ¢ that at ¢t = ¢,_; with s € [S], xi’") = Ty,
for all k. Fort € [f,_1 + 1,L,), with s € [S], we have: 2™ = &™) — ™) this implies that:

fcgm) = x(—m)l 2;1—371 nyém) and T, =T5,_, — 2:%571 ng. Sofort € [to_y +1,t, — 1],
with s € [S] we have:
) t—1 t—1 )
§ S = S a3 - 5 )|
£:{571 625571

() 2 — (m) ( (m) 1 = ) () ’
< i U(Ve — VA > Z (V ( )>
m=1"p=t,_, j:l
9 M t—1 M ( ) 2
4 (m @) (LU
2] S (Vh “3 L)
© 9 M t—1 . 2
<7 Zn(é) Vh”(ﬁ))
m=1"¢=t,_,
5 M t—1 1M _ ) 2
s 25| X () - 43 )
m=1"p=t, , j=1

(14)

where the equality (a) follows from the fact that x%@l = 7, fort = ts_1; (b) uses triangle

inequality and (c¢) follows from the application of Prbposition Then for the first term of |14} we

have:
t—1
> o v |
525571

t 1
< I77 H( (m) Vh(m)( (m)))
—1

t— 2
¢ LQIn — (m) (15)
where (a) Follows Proposition Next, for the second term of 14| . we have:
M t—1 M o 2
> | 3 a(Trel - g v )
m=1"f=t,_4 j=1
t—1 M M 2
@ (m) () 1 () (20
<1 > o VA @) = 57 >0 VA )
ts—1 m=1 Jj=1
= M M 2
<I Yy 7 {3 ST IVA™ @™) — VA ()| +3MHVh Te) MZ VhD (z)
l=ts_1 m=1 7j=1
+3 3 VK - v
m=1
© - M ) 1M 4 2
<I Z [6LEL mZ::l [ — 24| VR (20) — - ; VL) (z) }
p _
< 6L3In? Z ST |2 — z||* + 312, (16)

l=ts_, m=1
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where (a) utilizes the fact that t — {5y < I fort € [ts_1 + 1,15 and the generalized triangle
inequality; (b) follows the generalized triangle inequality; (c) follows from the Lj lipschitzness
of h; and (d) utilizes the heterogeneity Assumption [5| I 5| and also the fact that ¢t — t,_; < I for
te [ s—1+ 1,15

Substituting T3] and [16]in[T4] we get:

M 2
o g < 2T 5 S ey
m=1

m=1¢=t,_,

t—1 M
1 m) -
2L Y o Y ™ @l + 617
0=t m=1

=ts—1
as in Lemma

(m) (m)

Next we use A, = & M 124™) — z,])2 and B, = & XM |lyi™ —y e

m=1

then the above inequality can be s1mpliﬁed to:

A, <202 In? Z By + 1203 I Z Ay + 61%C%0?

(= tq 1 Z:t,,—l
For s > 2, we substitute Eq. (T2) to get:
-1 t—1
Ay <2LiIp® Y B+ 12007 Y A+ 617
I=ts_1 0=ts_1
s— s— _ s—1 s—1—35 (s—1—4)I A_
2L21g; ' VIBy, 5 2GMEIGIG 4 oa, o @ aSTITAG
< 7 '+ 2Ly I g Y
1—q (1 =91 —aqq") ot 1—gq
QLAM2I(I —1 i1
4 ZEh {17( )q 4+612C27]2+12L2177 Z Al
l=ts_1

Summing both sides from ¢t = #,_1 + 1 to ¢, we get:
. o1 (g _ _
Yo A< 2L Py gV Bry® | 2L MRPqiq 4 2L MR 1)

4 32 2
< +6I3¢
i 1—g¢ (1-q)2(1 — qiq)) 1—gq ! !

t=ts_1+1
s—1 s—1—j (s—1— ])]A ts t—1 A
+ 2L 1% 22 st om0 Y A
— 4 t=ts_1+10=t,_1
2L312qf*1q<8-1>13t—0n 2L M212q1q .t 2L MAI?q(I — 1)
1—gq (1-9)(1—aqq") l—gq

5151](51])1A
+2Lir%g, 2Zq1 a

,]74 4 6[34-2772

1—¢q

é:t371
For ease of notation, we denote C'y = ?’:t—sil 41 Ay, then we have:
o < 2irai gV By 2Ly MEI?q1q i 2L MEI?q(I — 1)774 613y
- 1—gq (1-9)*(1 = qq’) 1—gq
3*151](51])114
oy
2L, i’ 1215 I*n°C
+2L} Z — Ly
< 2L21*Bg,n? QL%M,%Iquq_ ot 2L} M212q(I — 1)774 + 6132
T 1-g¢ (1=9)*(1 —aq1g") 1—¢

s=1 s—1—j (s—1— ])IA
pargrge S 0
j=1

L1203 0% C,. (17)

21



Under review as a conference paper at ICLR 2023

The second inequality follows that ¢1qf = (1 + puy/4)(1 — py/2)F < (1 4+ uy/4)(1 — py/2) <
1—py/4< 1.

Next for s = 1, substitute Eq. [I3] we have:
t—1 t—1
Ay <23 > B+ 1203007 Y Ay + 61
l:f() e:ﬂ)
o 2LRIBy o 2LAMRI(T -
- l-gq l—q

t—1
1
) nt 1203002 Y Ay + 6120,
(= to

Summing both sides from t = g + 1 to £, we get:

. 2I3I*B; 2LF MAI?(1 — 1
Ci= Y A< 1h_qt°772+ C fi_( Ja n* +6I°¢*n* + 1203 **Cy (18)

Then we combine [T7] and [T8] to have:

S _
ZC 2SL21°B;, 5  2(S—1)LiMPI2q1q 4 2SLEMPI*(I—1)q 1 682

< n n
1—g¢q (1-9)*(1 — q1q") 1—¢q
SESY qlq STIC
F2LAPqn’ Y Y L 4 12031 220
s=2 j5=1 s=1
_ 2SL,2LI2Bgon2 2(5 — )L;‘LM,fI2q1(jn4 28LEMEI2(I — 1)g o4 65T
- 1-—g¢q (I—Q)Q(l—quﬂ) 1—¢q
2L I? Cthq 2 272 2
Cy +12L3 1%y C,.
(1—q) (1-qq) z_; Z

where in the first inequality, we use the fact that At-j < C}, then by rearranging the terms, we have:
_ T _
( _ 2LhPhad’ s 12L212n2) S i, < BALBG A5 DIMPq
(1-q¢)(1—qq") l1—g¢ (1-9)%*1—qiq")
2SL} MET? (I
+

DI04 6513¢2

1—
: A-9)(d-qqd") 1
Suppose 1 < mm< S TN YL ,12Lh1>,then we have
20 Ly P’’’ 272 2 11 1
— : —12L; I > 1— - —— > =
(1-q)(1 - ad)) S AR TR
So we have:
T _

A 6SL?I1°B;, o 6(S—1)LiMII?qq 4  6SLEMPI*(I—1)g - 3,9 9
> A < U 5 ) +18513¢%
— l—gq (1=q)*(1 = q1q") l—gq

Note that we have
_ ny 2 3wy 2 2
ag=01+—7)1+—-)=5+—F+—-<2+—
( 4 ) u’y) 24y Y

and by the assumption that n < min(1, &), we simplify the above inequality as:

XT:A _ 6SL2I°B;, ,  18(S—1)LAMZI% , 12LiM2TI(I —1)
e e R I O 1—gq

Therefore, the lemma is proved. O

n? + 18TT%(%n?
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9.4 DESCENT LEMMA

Lemmad. Forallt € [t;_1,ts — 1] and s € [S], the iterates generated satisfy:

M M
_ _ n _ L2(1+2L%)n m) L?n m m
W(@11) < h(@:) = S V@) + T2 7 ™ =2+ 5 D ™ =l P
m=1 m=1 ¢
where the expectation is w.r.t the stochasticity of the algorithm.
Proof. Using the smoothness of [ we have:
_ _ _ _ _ Lh - — 2
W(Z41) < 7(2e) + (VAE), Terr = Te) + 7 [Tesr — Te|
(@) n Lh _
= h(z:) = n(Vh(Ze), 70) + 7]/
b 112 _ 2L 2
= i) = g o) - gllwtﬂlz RS

10~ (3-222) o ~ g e -of

(e n 2 2
< h(@) — 2 (VA + HVh (@) —

2
(m) (m) (M)

(d) L?
< ()~ LIvh(e)|? + S ((1+2L2) A [

)
where equality (a) follows from the iterate update given in Step 6 of Algorithm|I} (b) uses (a, b) =

Lllall® + [|b]|* = lla — b]|?]; (c) follows the assumption that 7 < 1/Ly; (d) follows lemma Hence,
the lemma is proved. O

"

9.5 PROOF OF CONVERGENCE THEOREM

. (1—=¢)(1—q1q’) 1wy 1 _§ .
Theorem 9.1. For § < mm( 22 aara il 20 1), v < g andn = 773, we have:

T — *
Z IVREIE < 2(h(Z1) — h*) N L2B;, 212 B,
2 5T2/3 1—)T " (1—q)(1—q¢)T
L PLiMaq 0Ly qM;, ( nlLynd
(1—q)2(1 —gIT?/3 (1 -q)T?/3 (1—q)(1 —qqh)
L2IB; 18LF M2T 1204 M2I(I -1
><<6h fo 82h h . WM L( )—1—1812()23
1—g¢ (1-9)*(1 —qq’) 1—gq 7%/

’ﬂ \

+ L3(1+ 2L,%))

whereBgO_MZm 1||y(m) y((n% ,q:(l—‘g—'y),q‘:(lﬂ—%),ql:1+%andq‘1:1+%
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Proof. From the result of LemmaEL summarize for ¢ = [T'] and multiply both sides by 2/nT we get

T T M
1 (Ze41))  L2(1+2L2) m
7 Vi ||2<Z R TS ™ - P
t=1 t=1 m=1
T M
—;ZZ o™ = w1
t=1 m=1
2h(z1) —h*)  L2(1 +2L2 L& e
< + Ty — 4
T ;mZ:l [E ol
2 T
—;ZZnyﬁ — TP
t=1 m=1
< 2(h(z1) — h*) i L? By, L? B, Ly MZ(S — 1)q1q e
- nT 1-qT (I—Q)(l—qlq’)T (1-¢)2( —q¢")T
thlqlq <m) 12 4 Ly th 2
+
L2(14202) - &
+LZZ|@ a)P
t=1 m=1
2(h(z1) —h*)  L}By, L3} By, LiMZ(S — 1)q1q n?
- nT 1-T (1-¢)(1—-qd)T (1-92(1—-q¢)T
L%M;%q 2 L%QIQIQI 2 2
L2(1+ 2L
AT T T w1215 ) >
(6L,%IBtO 18L4 M2T 1208 M2I(I — 1) 8P CQ> 2
1—¢q (1—-9)%(1 —qiq?) 1—¢q

where the second inequality uses f(Z;) > f* and the fact M ||z{™ — z,2 < M &™) —
%¢||? for all t. The third inequality uses Lemma and the fourth inequality uses|3| Finally, choice of

n= Tl/d’ d is a constant such that § < mm( ;;Iq\)}l qqu ), 12ih17 EL 1) we get
91919
1 X
7 L IvhEI?
Q(h( 1) —h") L? By, . 2L% By, n 2Ly M?q1q §2L M?2q
T 0T 1-9T (A-qg-qd)T (1-q?1—g¢)IT?* (1-qT?*

a1 L2 p%q1q" 6L21B; 18LEM2T
+(( QL p°q1q 1)+Li(1+2p2)>( nBs, nMj;

1-¢)(1—-qq 1-¢q (1—-9)%(1 — qiq?)
1203 MZI(I - 1) 5.0\ 02
+ Ty +181°C ) g

Therefore, we have the theorem.
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10 PROOF FOR THE FEDBIOACC ALGORITHM
In this section, we prove the convergence of the FedBiOAcc Algorithm.

10.1 BOUND FOR HYPER-GRADIENT BIAS

Lemma 5. With all assumptions hold and c,,o? < 1, then for all t € [ts_1,ts — 1], we have:

]

EMW - % i Vh(a;ﬁ’”))Hz] <(1- cyaf_l)QE[

M
8L (cvari )’ [

LM
Vi1 — i mz::I Vh(m)(ft—l)

y(m) - y(@)

]

+8(e,0f 1?6+ =S 3R

m=1

]

—Vt 1

]

where the expectation is w.r.t the stochasticity of the algorithm.

40L2
h77 at 1 ZE{ Dy

2 2
] 40Lh77 ajy Z [
E

1212~2
i i et ¥ W Oét 1 ZE[

Proof. We have:

]

M
1 m m m m
<E Z( ) 4 (1= cpal_ ) (™ = ™)) = VA (2 ”))
=1

_ M
1 m
~ [0 - et ) (5 - 30 ORI

M
1 m m m m m
1 2 (ui P VRO ™) 4 (1= e ) (VRO () >>—u§_i>)

(@) | M 2
< (1—cyal ) IE{ Dy_q — i E VR (Z_1) }
m=1

(19)

where inequality (a) uses the fact that the cross product is zero in expectation; Next for the second
term of the above equation. Now suppose we denote ﬁgm) = E[uim)], then by the triangle inequality,
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we have
1 & .
B |7 22 (= T+ (1= et @R - )|
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m=1

(20)

The last inequality is by the generalized triangle inequality for the second term, the first term uses the
fact that the cross product is zero in expectation. We bound the two terms in the above inequality
separately. For the first term, we have:
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where inequality (a) follows the triangle inequality Proposition 3} (b) follows Propostion ] due to the

definition of ﬂgm); (c) follows the smoothness property of L;, and the bounded variance assumption
(d) follows the fact that c,,a% < 1. Next for the second term, we have:
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where inequality (a) and (b) follows the generalized triangle inequality; (c) follows the smoothness of
h(z) and the bounded bias assumption @ Combine everything together, we have:
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In inequality (a) we use the generalized triangle inequality [3] This completes the proof.

10.2 BOUND FOR INNER VARIABLE DRIFT

Lemma 6. Suppose c,a?_; < 1, thenfort € [ts_1 + 1,5, with s € [S], we have:

]

M 2
1 m m
< (1-cwog 1>2MZEH wi™) = Vg™ (™, gl b\ } +2(cu0fy)%0?
m=1
M 2 2 2
—|—2L2M ZE[anaf_l( Vtml) —Vi—1|| +||[Ve—1 )—F’}/Qaf_l t( 1) ]

where the expectation is w.r.t the stochasticity of the algorithm.
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Proof. Fort € [ts_1 + 1,5 — 1], with s € [S], we follow similar derivation as in Eq. and get:

) = T el 34

? ]

E[Hvyg<m><z£"”,y§m>,6> (1= cnad )™ — 9,0 (@) 57 BL)) — Vg™ (@™ )

]

:E[Hﬁ—cwaf_l)( ) 7,0 (@™ )+ Vg (@™ ™M B,) = Vgt (@™ ™)

2
(1= ewa? (Vg™ @™, 4™ — Vg™ @),y B,)) }
i

+]EH’V9( (@™, g™ B,) = Vg™ (@™, y™)

(a)

< (1- cwafl)gE[ w,fm) - Vyg(m) (xz(sm{a yt(ml))

+ (1= cwa? ) (Vg™ @™ yi™)) — V00 i, 4™, B,))

]

‘v9<m><xim>,y;"’ B,) — Vg™ (™ ™)

]
]

+ Vg™ (@™ ™, By) + Vg™ (@™, y™)) = Vg (2, 4, By)

(b) m m m m
< (1 - cuot 1B [ul ] - 7,0 el 07

+ 2(cwaf_1)2IE{

+2(1 - cpaf 4)’E H‘ — Vg™ (z{™, ™)

]

(C) m m m 2
< (1= cond [l - D0 @ o ||

+2<cwaf_1>%2+2<1—cwaf_o?E[HVgW(xi ) g™ B,) = Vgt (2, ™), B,)

]

—

d) 2
< (- caa B[] - w9 el |

2

(m)

nog—1Vy 1 )

+ 2(cpa? )?0? +2(1 — ca? ) LQEH Yo 1wpq

]

"

) Vg™ (M ™)

2
+

2
2a- a)EH y ] T 2cpal )0

2
) + 'yzaf_l w

(m) _ -

2
+2L2E[2n o2 1( ™ g |+ o (m } 1)

where inequality (a) uses the fact that the cross product term is zero in expectation; inequality (b) uses
the generalized triangle inequality; inequality (c) follows the bounded variance assumption [ and
Proposition [}, inequality (d) uses the smoothness assumption [3} inequality (e) uses the generalized
triangle inequality and the fact (1 — c,a? ;)% < 1.
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When ¢ = {,, the only difference is that we use Z;, _; in Line 8 of the algorithmto evaluate wgm)
(m

instead of xfsj , When t < t,. We follow similar derivation as in Eq|21|and get:
2
[

< (1 . cwatgs—l)ZEH wé:'ljl _ vyg(m)(xgm) (m) )

-1 Y1

]

+ 2(cwatgrl)202 + 2(1 — cwafsl)2L2E[ xgm) — T 1 i + ‘ 'yags,lwgi)l 2]
2
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2 2
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2
< (- oot 2ol - V™) |
| M 2 2
+2(cwai )% +2L°E [M ; 770455711@%),1 + ‘ VO‘frlwtg:Ti)1 ] (22)

The second inequality follows the fact that x%m) = Iz ; the last inequality follows the generalized
triangle inequality and the fact (1 — ¢, O‘tgs—1)2 < 1. Finally, combine Eq.|21{and|22|and average
over all M clients finish the proof. O

Lemma 7. For vy < ﬁh and 0 < oy < 16T1;J’ we have fort € [ts_1 + 1,15 — 1]:
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}_ ’Y4at IEHW

|

v

and when t = t4, we have:

S I |

A v =yl
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2
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5Linag, 1 m ||” 8 o (| om) ’
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122 pyog, —1

Proof. Suppose we denote gjt(fl) = y,gm) - w,ﬁ’”), then we have y,f_Tl) = ytm) + a(;&t(fl) - y,ﬁ’")).

We start the proof, firstly, by the strong convexity of of function g(") (z, 1), we have:

m m m m m m m /JJ m
g™ (@™ ) = 9™ y™) + (Vygat™, u™ )y — ™)+ Sy — ™I

= g™ u™) + ™y = 1) (T ™) o™y = 5
(Vg™ u™), a0 = ™) + Slly =™ 3)
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According to the smoothness assumption of ("™ (x, ), i.e., the function g(" (x, y) is L-smooth, we
have

219 — o > 0™, 5 — g™ ™) — (Vygal™ ™), 5 ™). )
Combining the inequalities 23| with [24] we have
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T Sl e el (25)
Then for second term of the above inequality, we have:
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By rearranging terms, we have:
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So we have:
(Voglat™.u™) = w™ 0 — )
2 m (m m Y2 ad  m
A R R A e el P I

Next, combining the inequalities [29] 31] with[32] we have
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where the first inequality is due to 0 < a; < ﬁ < 1, the second inequality holds by L > p, and
the last inequality is due to and v < i < 6%. It implies that

3’? (6%
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Next, we decompose the term ||y§f1) —y (m) ) || as follows:
it = o )1 = i — )+t = i
< (U SO =y P+ (ol 0 — )P
< (L P -y P+ 1+ ﬁmm — e

Ky O (m) (m) |12 4 2 2 21y~(m)2
—y o F 4+ (1 4+ ——)Lin“ai || . (35)
1 Nyeii ng il ( ~ t) wog ||

=(1+
where the first inequality holds by the Cauchy-Schwartz inequality and Young’s inequality, and the
second inequality is due to case b) of Proposition 3.9, and the last equality holds by Line 13 of
Algorithm2]and the definition that p < Lj;. Combining the above inequalities [34]and 35] we have
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Since 0 < o < 16Lh[ < 16#1, 0<~ <land Lp > L > p,and I > 1 we have:
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Thus, we have
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Fort € [ts_1 + 1,ts — 1], with s € [S], we have:
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It is straightforward to verify the claim in the Lemma as we have 65/16 < 5.

When ¢ = t,, we average variable z over the m clients, i.e. xgm) = Zg,. For (m) (m)

T Y, T Y, & » We
can get similar recursive relation as:
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Combine Eq.[37]and Eq. [38]together, we have:
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For the coefficients, since we set v < <& - < land 0 < o < 6T L} 7 < 16 7, it is straightforward to
verify the following inequalities hold
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Combine with cases whent € [t;_1 + 1,5 — 1] in Eq. completes the proof. O

10.3 BOUND FOR OUTER VARIABLE DRIFT

Lemma 8. For a < ﬁ and 0 <n < 1, we have fort € [ts_1 + 1,ts — 1]:

M
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where the expectation is w.r.t the stochasticity of the algorithm.
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Proof. Fort € [f,_y + 1,L,], with s € [S], we have: 2™ = 2{™) — nay_11™), this implies that:
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Sofort € [ts—1 + 1,5, with s € [S] we have:

(39)
where the equality (a) follows from the fact that J;(m) = 7y,

_, fort = t,_1; inequality (b) is due to
t — ts_1 < I and the generalized triangle 1nequa11ty

Next, we bound the term [|v{™ — ||2, for t € [f,_y + 1,%, — 1], with s € [S]:
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where (a) follows from the the generalized triangle inequality for some 8 > 0. Next we bound the
second term:
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where inequality (a) is from the triangle inequality, (b) follows Proposition[d} (c) follows from the
Lipschitz-smoothness of the h. Next for the second term of the above equation:
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inequality (a) uses triangle inequality; inequality (b) follows Proposition [d} inequality (c) follow
Assumption [6] and generalized triangle inequality; inequality (d) and (e) follows the generalized
inequality; inequality (f) follows the Assumption [6} inequality (g) utilizes intra-node heterogeneity
assumption and Proposition [T}
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Finally, combine everything together, we have:

M
STEI™ - 5?
m=1

M
<(1+8)(1 - ca?y) ZEnut — |2+ 213 (1+ )at 1ZE[ {2 + Iy ™)1?

m=1

+ 4M<1 + ;) (chai_ )0 4+ 64M (1 + ;) (chai |)*G?* +8M (1 + ;) (chai_y)*¢?
1 M
+ 64(1 + 5) (chai_)*L3(1+ p%) Z {|x(m) - xt_1||2]
m=1

a) M m
2 (14 81— e ) ST BT - 51 1||2+2L2(1+ )at 121@[”% 2 4 el

m=1 m=1

+4M(1+;>(cua?1)202+64M<1+;>(cuat PGP+ 8M (1 ) (cvai_1)?¢?
1 t—1
+ 64(1 + ﬂ) (coa? )2L3(1+ p?) Z In*a} Z H (Vém) - Dz)‘
é-i :

( m — m m
( )ZEH (™) _ gy |+ ATL%02 1ZE[M P + ol ’ﬂ

+8IM (c,a? )20 + 128TM (c, 0?1 )2G? + 16IM (c,a?_|)?*¢?

’ 2

t—1

M
2
+128%0% (e, 02 2L+ p%) Y af Y H (m) ﬂg)H

Ztsl m=1

(¢) M .
= ( >ZE”% — U |+ 410507, Y E {Mu( )zl + 2o P el 1Il2]
m=1

+8IM(c,a?_|)?0* + 1281 M (c o 1)2G2 +16IM (c,ai_,)*¢?
t—1
2
+1287%0%(c 0 ) Li(1 4 p?) Z of Z H (m) Dg)”

l=t,_1 m=1

1
< (14 h vsmnintat, ) S Bl -l 4ol 12 2P + P
m=1

+8IM(c,a? )02 +1281M (¢, 02 )?G? + 161M(cyat,1)2<2

t—1 M
2
+ 12817 2(01/0% 1) L2(1+P Z 0‘12 Z H ;™ Dl)”
b=ts_ m=1
< ) 2 S 2 (m) )12
< < 321>7;]E||1/ — 7| +4IL o 12 {2|th 2 + [rw!” ||}
Mo, Pt | SIM(eod (G2 Mcod o
Lh 2Lh Lh
t—1 M
n’epai(1+p%) 2 (m) 2
S e S M L]
=ls—1 m=

36



Under review as a conference paper at ICLR 2023

where inequality (a) follows Eq.[39} in inequality (b), we set 3 = 1/1 and use I > 1; Inequality (c)
uses the generalized triangle inequality. The inequality (d) uses oy < 1577 L 7 and 7 < 1 Therefore,
the lemma is proved. O

Lemma 9. For oy < we have:

_1
T6L,1’

3?2 (1 + p?
(1~ sy ) z z s+ S

t=ts_1
3012,02 3262 3c2¢?\ = 3
+(32Lh ton, T 16Lh> Z A

where the terms D,, E; and F; are denoted below.

Proof. To simplify the notation, we denote A; = E U

Vg — M Z Vh(m (m H } =

(m) v (™, ) H ] D, —

M M
E|:]\1/IZm—1 t _y(m> }’Ct :E|:A1{Zm—1

s i o] oo~ sz

LemmaIEI with our new notation as follows:

o -

12

(m)H ] Then we rewrite

33
D, < (1+321)Dt 1+81Lhat 1772Et 1+ 4IL? at 1Y ’F 4

t—1

ca}_0® 8ol | G? N coai ¢ N n*coi i (14 p?) 2D

2L, Ln Ln 2 Zzt Ut
s—1

Next apply the above equation recursively from 51 + 1 to ¢t. Note that D; |, =
M m _
1M S Elr™, — 7

.., I = 0, so we have:

t—~0 t—20
2 2
Dy <8IL%p Z (1 + 321) aj By +41L7y Z (1 + 32]) aZF,
2o 8c2G? 2 = 33 \""
v v 1 3
+<2Lh+ Ln +Lh)£; (+321) e

2 9 2 t—1 t—~ 4
nc,(1+p7) 33 > 2
Tt 2 (Mrggy) of 2 b

=ts—1 ézts—l

. i1 t—1
3202 24c2G? 3c2(?
) s ) 9 o 9 v v 3
< 24IL% Z Ay +121L37° > Ol/gFeJr( T e >Z
=ts—1

l=ts_1

32021+2 _ -
+77y(2 p?) ZO‘%ZO‘%DE

The second inequality uses the fact that ¢ — I < I and the inequality log(1+ a/z) < a/x for z > —a,

so we have (1 + a/z)* < e/, Then we choose a = 33/32 and = = I. Finally, we use the fact that
£33/(321) < 433/32 < 3.
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Next we multiply c; over both sides and take sum from ¢,_1 + 1 to t,, we have:

ts ts—1 t,—1

> Dy < 24IL Z o Z alE,+ 121039 ) o Z
t=to_1+1 a1 b=t t=ts 1
ts—1 t—1

3c2o?  24c2G? 3c32¢? '
e S DI

QLh Lh Lh

ts—1 ts—1
§241Lin2( > at> > afEﬁlﬂLW(
t:t7571 t:Es—l t
3c20? | UARG?2 322 [ KA
+ v0 + v + uc Z
2L, Ly Ly,

30302 SCEG2 3c2(?
+ +
32L, 2Ly, 16Lp,

3n’ct(1+p°)
32L;, — L=

b) 3772 ts
E F
Z a t+ Z W\ 3ar, " 2L,  16L,

t=ts_1 t=ts_1 =ls—1
fo—1
B+ p)
T 16« 3220 PR

L=ts_1

fo—1 -1
72 N <3¢:l2,02 3c2G? N 303(2) 3

In inequalities (a) and (b), we use o < 1577 multiple times. next notice that Y, ; | @y Dy =

ts—1 .
., auDyas Dy, = Dy, | =0, s0o we have:

3P (L+ %)\ 3P 37
<1 163 + 3212 L1 2 D<oy _Z Bt gr 3, b

3c2o?  3c2G? 3c2(? te1 3
+ + 0y
32L, | 2L, | 16L,

This completes the proof.
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10.4 DESCENT LEMMA

Lemma 10 (Descent Lemma). For all t € [ts—1,ts — 1] and s € S|, the iterates generated satisfy:
o 2a?L 2 o
i) <Enw)] - (% - D50 ) £ ] - e i vmaore]
]

L In @ o 2 1 < (m)
Z ZH ™ )| +natE[HMwat ) 7
m=1

—sl

2

where the expectation is w.r.t the stochasticity of the algorithm.
Proof. Using the smoothness of h(x) we have:

_ _ - _ Ly _ _
E[h(@e1)] < E[h(@:) + (VA(@), Bre1 = 31) + @01 — 21

B [h(z) - o (Vh(@).7) + T 1 2]

e Q@ e a?L 2
Oz - 25| - tuw DI + 25t na) - [+ 2L ]
@ a?L @ e 2
B{n(a) - (204 - o) o - 224 (e + L2t whten) - }
where equahty (a) follows from the iterate update given in Line 15 of Algorlthm l; uses
(a,b) = 3[[lal[* + [|b]|* = [la — b]|]; For the last term, we have:
2 2
E[Hw(mt) — 7, ] < 2IE[HVh Z Vh(z H ] +2E{HM Z Vh™) - o, ]
ZE[HVh (! )H]-i-QE[HMZVh (my _ g, }

2
ik } ol 35w - ]
(d) 2 =1 2 2

2L Iﬂ Z Z H (m) )H +2E|:H]\14 Z Vh(xgm)) . DtH :|
m=1

=te_1 m=1

where inequality (a) uses triangle mequahty, (b) uses the generalized triangle inequality, (c) uses the
smoothness of h(x), (d) uses Eq. Combine the above two equations together, we get:

E[h(er) <E[h<ft>}—(”§”—"2a§“)lﬁ[ o] - e Ivae

L I77 oy Z ZH Ve —V@ H +natE{HMZVh ) — Iy

Hence, the lemma is proved. O

t

10.5 DESCENT IN POTENTIAL FUNCTION

We first denote the following potential function G (¢):
Vt Z Vh H

Vg <x§m>7y£m>>H

Ge = h(Zs) +

2
—y <m>

U
160L2a;

+ 32L2,uozt

In the above definition, we correct the coeﬁ‘ictents of the second and fourth term of potential function
defined in Section 5.2. in the original main-text.
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2
Lemma 11. Suppose % > max( ,6Lp), % > mam(% + ﬁau(ﬁp) + o +

2 16 240L3 _ 2 o2 _ 2 o2 _
2772 + (1 + H)I’ /wh’%) o = 160L;, + 557 Cw = 160L% + 5577, u =
. 2/3 _2/3
mazx(202, 63, 3?53, 2263 ,163 13 M 20 H,0= % then we have:

ts—1 2 2 2 2 2 2 2,2\ ts—l
nat 9 cio o 2c;G 3c; ¢ 3
E|G; | — E|G; < — E Vh + + + + E e
[gts] [gt5_1] — 4 |:|| ( )” :| (16/~L[2 5[’21 [%l 16[% 4 t

t=ts_1 t=ts_1

where the expectation is w.r.t the stochasticity of the algorithm.

Take expectation for both sides of the potential function and we use the notation used in Lemma 9]
the potential function has the following form:

A C
Nt + B+ - Tt
Cl,Oét CwOZt

ElG/] = E[h(z))] + -

We first bound the term A;/ay_1 — Ay_1/ay_o. Fort € [ts_1 + 1,,]. By the condition that

u > 03/ 83, it is straightforward to verify that ¢, a® < 1. Then we rewrite Lemmaas follows using
our new notation:

AcS (1= coad 1P Ay + lcva )P0 /M + 8(cs0d1)°62 + 8L (o0l 1) B
+40Lin*a? Dy 1 +40Lin*a? | Fy 1 +12L34%a? | Fy

Naturally, we get:

Ay A ((1 - Cua%71)2

atl

I
IN

- atl Z)At L+ 4cad [ 0? /M +8c%al |G? 4+ 8L3cRal By
+40L7n*ap—1Dy—1 + 40Lj 1 By 1 + 12057 a1 Fy_q

< (at_ll —ay 12 CLOu_ 1)At 1+ 42 ozt 102/M+80204§’ 1G2 +8L e ozf 1Bi—1
+40L,2177204t_1Dt_1 +4OL%n2at_1Et_1 + 12L,21( cuat 1) Yoy 1F_q

where the inequality is due to the fact that (1 — ¢,a?_;)? <1 —cya?_; < 1forallt € [T]. Next for
the term o, ', — a; %, we have:

@t (e 1) @ o*
T R1T T 5 = 30(u+ o2(t — 1))2/3
(2) 22/30.252 (i) 22/30.2 Q(d) 0.2

= 35%(u+ o2)2/3 368 1= 243L1°"

where inequality (a) results from the concavity of z/3 as: (z+y)'/3—2'/3 < y/322/3, inequality (b)
used the fact that ut > 202, inequality (c) uses the definition of o, inequality (d) uses u > 16313 M?2,

. ~ 2 A~ .
so that oy < 16L 7 forall ¢ € [T']. Since we have ¢, = ¢, + 246%7“1, where ¢, = 160L? is some
. . 2/3,2/3 A
constant. It is straightforward to verify that if we set 6 = MT", we have ¢, < 2¢,. Next, we
have:
Ay A

< —éyay 1 Ar 4R 0% /M 4 8c2ad (G +8LEc2ad By +40Lin*ay 1Dy
Q-1 Q2

+4OL T] [ 77 1Et 1+12L;’}/ Qi 1Ft 1

Then We multiply 7/¢, on both sides and have:

A A
éﬂ (a Lo at 1) < —noy_1Ai1 + 46?,0(?_10'2/(61,]\4) + 8612,7704?_1612/6” + SLicinaf_lBt_l/éy
t—1 t—2

+40L3n s 1Dy 1/é, +40L3n oy 1 Ey 1 /¢, + 12037 nay 1 Fy_1/¢é,
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By telescoping from £, + 1 to t,, we have:
A_ Ai? ts—1 ) ts—1
37(“_%1) < — Z natAt+4’l7012,o'2/<cVM> Z ozf
Cv \ Q-1 Q-1 tet,_y t=ts_1

-1 -1
+ 8nc2G? /e, Z o} +8Linct /e, Z o} By

t=ts_1 =ts_1

ts—1 ts—1
+40L3n /e, Y oDy +40LinPfe, Y auEy
t:t7571 t:1?571
ts—1
+ 12032 /¢, Z o Fy. (40)
t=ts_1

Similarly, by the condition u > ¢ 3/ 3, the condition of Lemma|§|satlsﬁes Fort € [ts_1 + 1,4,
we have:

Cy < (1 —cpa? )?Co1 4 2(cpa? )?o? +4L*n*a? ((Dy_1 + Fi_1) 4+ 2L%~%a? | Fy_4
We bound the term Cy /a1 — Ct—1/c—o and follow similar derivation as A; /a1 — Ap—1/ci—o
and since we have ¢, = 5¢,, + Wrz[, where é, = 32L? is some constant. we get:

C Ci_
ait— o < —5égo 1Crq + 2203 0% + 4L n*ay (D1 + Fy_1) + 2L%v* oy 1 Fy 4
t—1 t—2

Divide /¢, for both sides and then telescope from #,_1 + 1 to 4, we have:

Cy Cs s L2 =
7( 7ts _ 7t371 ><_ Z lat ’yc o? Z at
HCw \ O, —1 A, -1 A o =t .
4L "7 273 t —1
+ Z a(Dy + Ey) + Z oy (41)
HEw t=ts_1 t=ts_1

Next from Lemma we write it as follows, first for ¢ € [t;_1 + 1,5 — 1], we have:

B, < (1 lW%l)B X 321 Fy 4 n 5ya—1Cyq n 10LEn* 1Dy n 10LEn*c—1 By
¢ < |\1——%—|Bt-1—

8 4 % Y oy
and when t = t,, we have:

B, < (1 /.L’}/O{t_1>B . 3'7204t—1Ft—1 + 5’)/0415_1075_1 + 10L%77204t_1Dt_1
t > - t—1 —
8

4 1% oy
10L2 0201 By =
+ RO —1L0—1 +(1+ )IL%J]Z Z OélDl
wy Hyo—1 P
We telescope from £,_; + 1 to £, and have:
ts—1 ts—1 ts—1
10L27%
B, —B;, , < — M’Y Z tBt—f Z atFt'i‘* Z a;Cy + hT Z a Dy
t=ts_1 t=t2_ t=ts_1 il t=ts_1
1OL2 o ts—1 ts—1
4 —h @By + (1 + YIL3n? o2 Dy
py g:l pyag, 1" tg:l !

Next for oy /a7, 1, we have:

o (up, o 03 (Es— 1)V R +o(ts—1—1) 1/3
Qg1 o (ug + o2t)1/3 o up + ot
(I—1)02\"? (I-1)
<14 —~—=— <l4+———F-—<2
( +Ut—|—0'2t - +3(t+l+1)*
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where we use the condition ut > (I + 1)o. Then for the coefficient of the last term in the above

inequality, we have (1+ ;—*—)a} = of + m,iof, < @y + 12t = (1+ %)y Finally, we have:
ts—1 ts—1 ts—1 ts—1
: X 10L37%
B;, — B;,_, < *% Z By — Z o Iy + — Z o Cy + Kl Z oDy
t=ts_1 t=ts_1 t=ts_1 wy t=ts_1
1OL2 2 ts—1 ts—1
+ hn Z OltEt + (1 + 7)[.[/ Z OétDt
Hy t=t, Hy t=t,
—ls—1 =ls—1
iy 5 fael fo—1
Sof 2 @B T ) Rk ) ol
t=t. 1 t=t. 1 t=t, 1
| 10L3? s 16 10 s
h” Z By + ((1 + >I+ )Lin“' 3" D 42)
ny Hy =T,

Next we rewrite Lemmal[I0l as follows:

B[hocn)] < B[ne)] - (Lt - L9 ) 5, — 2t ywnca

t—1
+ L,%In?’at Z alQDl + nag Ay

l=ts_y

We telescope from £,_1 to t5 — 1 to have:

E|1(zr,) - hier, )] < - 5 (Zae - TL) g, Z s 19k P

t=ts_1
To—1 To—1
+LA Y oy Z aiDi+ > magd,
t=t, 1 t=t,
t_s—l 2 2 {S—l
L
S — @ _ n at Et _ ’rlat th( HQ
- 2 2 -
t=ts_1 t=ts_1
ts— ts—1
+szn3< Z ) Z 02D, + Z DAy
t=t,
To—1 na na fo—1 7704
t ‘R 2
<- % (Bt § Bslivn@l]
t:t571 t= ta 1
3 ts—1 ts—1
n
+ % 4 OétDt+ Z natAt. (43)

t=ts_1 t=t7571

In the last inequality, we use the fact that £ — t,_; < I and oy <

16L, T
Recall that Potential function is defined as:
A C
E[G/] = E[h(z))] + 2~ + By + ——
CVOét /.LCUJOét
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Combine Eq. {@0),Eq. @T), Eq. (#2) and Eq. (@3) and we have:
ts—1

EG;] - EGr ] <~ > MK DVh<>W]

t=ts_1

2c2~vo?  Ancto?  8nctG? f—1
+( w19 AT T )
e M Cy

ts—1
n 16, 10L2  4L%y  40nL2\ , X
+ | == 14+ —)I ~ — D
(256+( +/w) e T T )T t; oDy
=ls—1
Since we take ¢, = 32L2 6, = 160L%, oy < Wlh,l’ % = ma:c(%,6Lh), % > max(% +
2 2
2 12(1{? ) 4 o+ oL 7zt (1 + 16)[, 243,6’3 £), then we have:
£ 2 2 2 2\ ts—l
_ ﬁat 2 CL,0 3c,o 3
E(G:,] - Bigr, ] < - Z Blivneor] + (7 + ozr ) 2 o
=ls—1
. -1 -1
—gVQ OétFt—*Zat t_TGZatBt
t=ts_1 t=ts_1 t=ts_1
6(1 + p? fnls
+(1— ( Izp)rf) 3 D (44)

For the term related to F}, we have:

3 2L%y 129L7 3y 3p o 3 v

1
4 péy ¢y 4 16p 4074 4p T2
where we use 7 < v/p and v < p; Next for the term related to E;, we have:

Q_UQQtLh_IOL,QLUQ_ZLLQ’mQ_40L%773 >Q_L2_Q_L772>ﬂ_f 1 4;y
2 2 wy WCoy ¢, 2 321 4 2u — 4

where the first inequality is because ¢, = 32L2, ¢, = 160L%, oy <

inequality is due to l >

py  12L5cgnad o My _ 160 24Lyn _ py  15LGn
8 &y -8 162L212 8 r -

8 \ 47

ny
16L 11 < 40Lz,the last

> 4—” + ﬁ. Next for the term related to B;, we have:

8 1612 ~ 16

B B 5|

The ﬁrst inequality is by ¢, < 2¢,, ¢, = 160L7 and oy < 16 L 75 the third last inequality is by

n<s 40 L2 . Lastly, for the term related to D;, we have:

2 16 10L? 417 40L3 7>
L-i—(l—i——)[—i— h77+ '777 Ah77 7
256 Wy Y Hu ¢y

2 16 1 97 2 16 12(1 + p?
<<77 (1+*)I+ +W>n<<+7+(1+)l>n<1—(”)n

256 Wy 4 2u 256 2u? y
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¢, = 160Lj and n < 5 L2 ; the second inequality is by < 1

The first inequality is by ¢, = 32L2, ¢, =
M + 2+ 2;42 +(1+ 16)] Next, by LemmaEL

; The last inequality is by 5

andnp < 2 W
we have:
322 (1 4+ p?)
(1 16 + 32127 Z oDy < Z oEi+ o 4 ; okt
—ls—1
3c2o?  3c2G? 3c2(P !
Y 45
<32Lh 2L 16Lh> Z o) (3)
since we have:
2 4¢2 4 % 32024
o “ F90 L a5/8 < 4

<
16% % 32LF ~ 16% % 32LF — 16% # 32L%

The first inequality is by ¢, < 2¢,,. So we have
3ncy(1+p?) _ 120%(1+p%) _ 129(1 + p%)

16% « 6412LE = 2 E

Combine Eq. #4) and Eq. (#3) and use v < 1 and ) < 1, we have
ts—1
2 2 cﬁGQ) s

ts—1
620'2 c,0

_ 770% 2
R RS B(1vhel] + (2 + S + o 3

30,2/02 3612/G2+3012,C2 i 3
0%

32L;, 2L, 16Ly, ) 4 t
=ls—1

te—1
7
<= ¥ e\ IvnG@l]
t=ts_1
2 2 2,2 9202 2,2\ ts—1
N ( o . cl,a2 CVQG 3CV<2> ol 46)
ul? 5L L3 16LF) e

which completes the proof.

Theorem 10.1. Suppose = > max( ,6L},),
2 167 240L7 _ 2 o? _ 2
2772 + (1 + H)I’ /wh’%)’ ¢, = 160L; + L, Cw = 160L° + 5577 v =
- - - 2/3 _2/3

max (202, 6%, ¢3/ %83, 3/253,163]3M202),6:%, then we have:
2 2U1/3 2 8/3 202 ) u1/3 2 ) 8/3
o o Tt y i o n fyit

U 1Cw0 1Ce0

T—
2(h(z1) — h*)
h 2
E [”v ”] < R Y
n 202 2o 2c2G? 3c2¢%\ 26 In(T) 16Lh[+ Ly,
16pL2 " 502 L2 1612 ) no? T (MT)

’ﬂ \

where the expectation is w.r.t the stochasticity of the algorithm

First, based on Lemmal[TT] we have:
ts—1 ts—1
2o? 2o’ 232G? 301%(2) 3
a
3 t
1617 ) &=

1_EG 1<- S 1 7|2
G EGr ) <= 3 Bt IvhF] + (1 + 2 + X5

t=ts_1
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Next we sum for all s € [S] and assume 7' = ST + 1, we have:

T-1 2 2 2 2 2 2 2,2\ T-1
na co c,o 2c;G*  3cC
E[Gr] ~E[G:] <~ B [HVh( >|2} + (16@2 TRt ez ) 0

t=1 t=1
So we have:
-1 2 2 2 2 2 ¥2 2,2\ T-1
no 9 coo c,o 2c.G 3c °C
— Vh(z <E —E
z:: 2 [' ol ] < ElG1] - Elgr] + (16 7 I 7 R T Z_:
A C
l/al Cwal
2 o2 202 2222 362 2\ T'=
+ ( w0 . + yo—Z + u2 C2> Z ?
16uL 5L L; 16L —
where we use Gy > h* and h* denotes the optimal value of h. Then for the last term:
T T T
) 53 53 1 53
3 — < —_ = < 5 In(T 47
Zat ;u—kcr?t*;a?—ka% 02 1—|—t (T+1). 47

where the first inequality follows u; > (I + 1)o? > o2, the last inequality follows Proposition
Next use the fact that oy is non-increasing, we have:

”—Tz: IVh@E) 2| < h(@) -t + AL 4 g 2G
2 P CL00 ! Co,01

L c2o? n c2o? n 2c2G? . 3c2(2\ 83 In(T)
— In
16pL?  5L3F L? 16L% ) 02

Divide both sides by 27" /na, we have:

P narT GayarT  narT  néyayarT

'ﬂ \

N ( 2o? 2o 232G 363(2) 263 1n(T)

6uL? * 512 L2 1612 ) noParT

Next we have

=gl - St <ol 32 (96 i - vaia) ] <

m=1

M m m M m
and B = LY -yl < G o= Bl Xl el -
Vyg(m)( Ty ,yl M| 2] < o2, Then we have:

1= _ 2(h(@) — 1) 202 202, 202
ZIE |Vh(Z) || < + - + — A
narT cararT  noarl  ne,oqoarT

t:l

N Zo? N cZo? 232G N 3c2¢%\ 263 In(T)
16 L2 5Lfb LfL 16L,2L noarT
Note that we have:
1 (u+02t)1/3 u1/3 0.2/3
oyt 5t - 6t + 5t2/3
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where the inequality uses the fact that (z + y)/3 < 21/3 + y'/3, Consider t = 1 and t = T and we
have:

1 2Uh(T:) — h* 2 2,,1/3 2 8/3 202 9 1/3 ;2 9 8/3
7ZE |Vh(z, ||2 (h(z1) )+ UAU + ?' + y,1 + ’VUA g + 'V?'
n ¢,0 ¢,0 n Né,0 Néy,0
. 202 n c2o?  2c2G?  3c2(?\ 263 In(T) ul/3 n o2/3
16pL? 5L L? 16L% no? 0T 0T2/3
2(h(z1) — h*) N 20’?111/3 N 2?8/3 N 2C7 N 27u}/302 N 27?8/3
¢,0 ¢,0 n né, 0 NCy0

c2o? 2o’ 2c2G? 3c2¢2\ 268 In(T)) [ut/? 0?3
+ 5 T+ 5 + 5— + 5 5 +
W6uL2 503 L2 1602 ) 1o 5T 6T/

<

Finally, we have ¢, = 16012 + 59— = 16012 + yb < 200L2, ¢, = 160L2 +
2 2 2
st < 160L% + 5 < 20002 < 20012, 6% = M~ < M?0®, then we can ver-

ify that 202 < 163I3M202, 6% < 163I3M202, /%53 < 2003/2M202 < 163I3M2%02 and
21253 < 2003/2M202 < 16313 M202, in other words, we have u < 16313 M252, then we can get:

T— - *
Z IVh@E)I?] < 2(h(z1) — h*) N 20291/3 N 208/3 N 202, N 2yul/3 52 N 2y 8/3
=1 n ¢,0 ¢,0 n néwd néwé

H \

n Zo?  2o?  22G? 3c2¢?\ 26°In(T) 16LhIJr Ly,
16pL?  5L3 L} 16L2 no? T (MT)2/3

which completes the proof.

11 MORE EXPERIMENTAL DETAILS

In this task, we investigate the group fairness in Federated Learning from the Bilevel Optimization’s
perspective.

We first introduce some notations for ease of discussion. We denote a sample as (o,s,a), where o € R?,
s € [I], a € [K] are input attributes, predictive attributes (we use classification as a demonstration)

and sensitive attributes, respectively. Furthermore, we denote D\™ = {o{"™") (™) q{m-y anq
D1(}m) _ {O(m,v) S(m,v)

,al(-m’”)} as training and the validation set at the my;, client, respectively.

Furthermore, we denote ng";’v) as the number of samples which has label s and sensitive attribute

label @ over the validation set of the m;;, client, and we denote n(m v)

label s over the validation set of the my, client and ni a ) as the number of samples with sensitive

attributes a over the validation set of the my, client. Similarly, we define n(m 2 ngn:i ) and n(m 2

for the training set over the my, client.

as the number of samples with

In our task, we assume the validation set of each client is group-balanced, i.e. we assume the

validation sets have the follow properties: n%’f’) = ni“;f), for a1, as € [K]. Then we optimize the
following objective to learn a group fair model:

(m v)

(m (m v) (m,v)

(o)

(m) _ (m t) (m»t)
s.t. Oy = aregegldlnn(m 5 Z W cm, o f(6 ) (48)
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Figure 2: QOuter objective Loss w.r.# Number of Communication Rounds for comparison between
FedBiO and FedBiOAcc for I.I.D and Non-L.I.D cases. Results are for the Credit dataset.

where f denotes the model to fit, we use a two-layer fully connected neural network with Lo regular-
ization in the experiments. w = {w, },a € [K] are weights for sensitive groups, which correspond
to the outer variable x for the problem[6]and # denotes the model parameter and corresponds to the
inner variable of the problem [6]

Intuitively, the objective Eq. 48] achieves fairness through tuning the group weights such that the
learned model 6™ performs well over the validation set ng). Since Dt(m) has balanced samples

from all sensitive groups, the model 05} ™) has to perform equally well for all different groups to get
small loss over the validation set.

In Table[T] we use the well known Equal Opportunity as our main fairness metrics. More precisely, it
is defined as the mazx., .,c(x||P(8 = 1|s = 1,a = 21) — P(5 = 1|s = 1,a = z3)||, where 3 is is
predication made by the model, IP is the probability notation.

For the hyper-parameters, we use I = 5 for FedAvg, FedReg and our algorithms, and I = 1 for
FedMinMax and FCFL. For learning rates, we search over the range of {0.001,0.01,0.1, 1}, most
algorithms get best performance at 0.1 or 1. Then for special hyper-parameters of each algorithms:
For FedReg the regularization coefficient is set as 0.1; For FedMinMax, the stepsize for the group
weights are 0.1; For FCFL, we use hyper-parameters provided from the original paper |Cui et al.
(2021)). For our FedBiO, we set the outer learning rate 7 as 0.1; For our FedBiOAcc, we set ¢ as
0.1,uas 1 and ¢, as 1, ¢, as 1. The results reported in Tableﬂ]are run for 2000 steps with batchsize
128 for the Adult Dataset and 32 for the Credit Dataset. The two datasets we used in experiments
are widely used benchmarks for fair machine learning. More specifically, the Adult dataset aims to
predict income level based on around 200 features, and the race/gender are sensitive groups. We
use the race as the sensitive attribute in experiments, which include 5 different racial groups. Next
the (German) Credit dataset aims to predict good and bad credit risks. the gender and marital status
are sensitive attributes. Lastly, we show the convergence results of FedBiO and FedBiOAcc for the
Credit dataset in Figure 2]

47



	Introduction
	Related Works
	Preliminaries
	Federated Bilevel Optimization
	Convergence Analysis
	Additional Assumptions
	Convergence Analysis for FedBiO and FedBiOAcc

	Fair Federated Bilevel Learning
	Group Fair Federated Learning

	Conclusion
	Preliminaries
	Proof for the FedBiO Algorithm
	Hyper-Gradient Bias
	Inner Variable Drift Lemma
	Bound for Client Drift
	Descent Lemma
	Proof of Convergence Theorem

	Proof for the FedBiOAcc Algorithm
	Bound for Hyper-Gradient Bias
	Bound for Inner Variable Drift
	Bound for Outer Variable Drift
	Descent Lemma
	Descent in Potential Function

	More Experimental Details

