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Abstract

Symmetry is a fundamental concept that has been exten-
sively studied, yet detecting it in complex scenes remains a
significant challenge in computer vision. Recent heatmap-
based approaches can localize potential regions of sym-
metry axes but often lack precision in identifying individ-
ual axes. In this work, we propose a novel framework
for axis-level detection of the two most common symme-
try types—reflection and rotation—by representing them as
explicit geometric primitives, i.e., lines and points. Our
method employs a dual-branch architecture that is equiv-
ariant to the dihedral group, with each branch specialized
to exploit the structure of dihedral group-equivariant fea-
tures for its respective symmetry type. For reflection sym-
metry, we introduce orientational anchors, aligned with
group components, to enable orientation-specific detection,
and a reflectional matching that measures similarity be-
tween patterns and their mirrored counterparts across can-
didate axes. For rotational symmetry, we propose a rota-
tional matching that compares patterns at fixed angular in-
tervals to identify rotational centers. Extensive experiments
demonstrate that our method achieves state-of-the-art per-
formance, outperforming existing approaches.

1. Introduction

Symmetry is a fundamental concept observed across natural
and artificial environments [52, 57], appearing at multiple
scales and orientations [17, 39]. While humans easily rec-
ognize symmetry [53], it remains a challenge for computer
vision. This work focuses on detecting reflection and rota-
tion symmetries in complex 2D scenes [35]. Robust sym-
metry detection requires precise localization of symmetry
axes, along with accurate determination of additional prop-
erties; reflection symmetry involves estimating axis length
and orientation [61], while rotation symmetry requires clas-
sifying the correct fold. These challenges are amplified by
real-world complexities such as occlusion and distortions.

Symmetry detection has evolved from classical to deep
learning approaches. Traditional methods use descriptor
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Figure 1. Comparison of the heatmap-based method [45] and

our axis-level approach on rotated inputs. The red triangle in-
dicates the rotated orientation of input image. Our axis-level sym-
metry detection method captures reflection (green lines) and ro-
tation (red points) axes as precise geometric entities and demon-
strates superior robustness to rotation compared to the heatmap-
based method.

matching for reflection symmetry [3, 27, 36, 37], and fre-
quency analysis [25, 30] or gradient flow [40] for rota-
tion symmetry. Neural networks advanced the field from
early symmetry-aware models [14, 51], to CNN-based
prediction [15, 49], and recent self-similarity and group-
equivariant networks [44, 45].

Despite these advancements, recent neural network-
based approaches face two key limitations. First, most treat
symmetry detection as a per-pixel heatmap prediction prob-
lem [15, 44, 45], which makes it difficult to recover the
precise geometric parameters of symmetry axes. Second,
they either do not incorporate symmetric structure explicitly
into feature representations [44] or lack dedicated matching
mechanisms [45], resulting in inconsistent outputs under
image rotations or reflections.

To address these limitations, we propose an axis-level
symmetry detection that is equivariant to the dihedral group.
We explicitly model reflection and rotation symmetries as
geometric primitives—i.e., lines and points—and use fea-
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tures that are equivariant under the DN (which includes
planar rotations and reflections). Specialized modules are
introduced for each symmetry type to ensure predictions
transform predictably under input rotations and reflections.

For reflection symmetry, we propose orientational an-

chors aligned with the discrete orientations of dihedral
group DN , enabling orientation-specific reflection axis de-
tection. We also introduce a reflectional matching mod-
ule that compares patterns with their mirrored counterparts
across candidate axes. These modules are designed to be
equivariant to DN , while being invariant under input reflec-
tions, consistent with the definition of reflection symmetry.

For rotation symmetry, we introduce a rotational

matching module that compares features with rotated ver-
sions of themselves at fixed angles. This module is con-
structed to be fully invariant to dihedral group, ensuring
consistent detection of rotational symmetry centers regard-
less of image rotation or reflection. Fig. 1 provides an
overview, illustrating that our method produces consistent
reflection and rotation axis detections under input trans-
formations, unlike heatmap-based methods. Experiments
on real-world datasets demonstrate that our method consis-
tently outperforms existing pixel-level approaches in both
reflection and rotation symmetry detection.

The contributions of this paper include:
• We propose a novel axis-level symmetry detection net-

work for reflection and rotation symmetry, leveraging rep-
resentations equivariant to the dihedral group DN .

• We introduce an orientational anchor expansion mecha-
nism that enables orientation-specific detection by incor-
porating the group’s rotation dimension.

• We develop an equivariant reflectional matching mod-
ule and an invariant rotational matching module for
symmetry-consistent feature comparison.

• We validate our approach on real-world datasets and
demonstrate superior performance compared to prior
methods.

2. Related work

Symmetry detection. Early reflection symmetry detec-
tion used keypoint matching [3, 37] with SIFT descrip-
tors [36], while contour [46, 54] and gradient-based [18,
48] methods extracted symmetry structures. Random-
ized approaches [4] aligned patterns via cross-correlation,
while Hough voting [23], local affine frames [10], and
RANSAC [47] refined axis extraction for planar surfaces.
For rotation symmetry, early methods identified periodic
signals in spatial [34] and frequency domains [25, 30],
leveraging spectral density and angular correlation. SIFT-
based techniques [36, 37] normalized orientation for rota-
tion detection, while GVF [40] and polar domain repre-
sentations [1] improved boundary detection. Rectification
methods [29] further addressed affine distortions.

Deep learning advanced symmetry detection from early
feature extraction [14, 51] to CNN-based heatmaps [15, 44,
49], but focused on dense predictions. Recent optimization-
based [24] and neural 3D symmetry reconstruction [31, 62]
methods predict axis-level reflection symmetry but are lim-
ited to isolated objects without background context. [43]
leverages 3D information for 2D axis-level symmetry de-
tection but is limited to rotation symmetry. Feature match-
ing remains underexplored—PMCNet [44] introduced polar
matching but lacked explicit symmetry integration, while
group-equivariant [16, 45] and invariant [12] architectures
improved robustness but focused on appearance features.
To address these limitations, we propose an architecture that
detects both reflection and rotation symmetries at the scene
level by modeling symmetry axes as geometric entities and
integrating equivariant matching for symmetry-aware fea-
ture comparisons.

Equivariant neural networks. Convolutional neural net-
works (CNNs) provide translation equivariance but lack ro-
tation and reflection equivariance, limiting their effective-
ness in symmetry-aware tasks. Group-equivariant CNNs [5,
8, 16] introduced group convolutions to address this, with
advancements in circular harmonics [58], vector fields [38],
and hexagonal lattices [21]. Later work extended equiv-
ariance to 3D data [56], intertwiner spaces [9], and homo-
geneous spaces [6, 7, 55]. Equivariant models have been
applied to aerial object detection [19] and symmetry detec-
tion [45], with recent works improving keypoint descrip-
tions [2] and enforcing group-equivariant constraints for de-
noising [50]. Beyond 2D, 3D-equivariant architectures ad-
dress pose estimation [28] and leverage spherical harmon-
ics for 3D rotation-equivariant encoding [59]. Our approach
builds upon dihedral-group equivariant networks, with spe-
cialized matching for enhanced symmetry detection.

3. Background

Group. A group is a mathematical structure with a set and
an operation satisfying closure, associativity, identity, and
invertibility [42]. Groups describe symmetries: transforma-
tions like rotations and reflections that preserve an object’s
structure. Our work is built upon two common discrete
groups in neural networks: the cyclic group and the dihedral
group. The cyclic group CN represents discrete rotations
{r

0
, . . . , r

N→1}, with the group law r
i
r

j = r
(i+j) mod N .

The dihedral group DN , relevant to our work, includes both
rotations and reflections:

DN = {r
0
, r

1
, . . . , r

N→1
, b, br

1
, . . . , br

N→1}, (1)

where r and b are generators of the dihedral group corre-
sponding to rotation and reflection, respectively, satisfying
b
2 = e and r

n
b = br

→n, with e as the identity. We use the
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regular representation [5] to encode group actions, where
each group element is represented as a permutation matrix
acting on a vector space. A detailed explanation of group-
equivariant representations and their use in convolutional
architectures is provided in Appendix A.

Equivariance. A function f : X → Y is equivariant if it
commutes with a group action. Formally, for linear group
representations ω1 : G → GL(X ) and ω2 : G → GL(Y),
equivariance is defined as:

f(ω1(g) · x) = ω2(g) · f(x), ↑g ↓ G, x ↓ X . (2)

In neural networks, equivariance ensures that transforma-
tions in the input induce predictable transformations in the
output, preserving data symmetries.

4. Proposed method

In this section, we introduce a DN -equivariant network for
axis-level symmetry detection, modeling reflection axes as
line segments and rotation axes as points. The network uses
a dihedral group-equivariant backbone [5] to extract fea-
tures, and then processes these features with two branches:
one branch predicts the midpoint, orientation, and length
of reflection axes, and the other predicts the location and
fold class of rotation symmetry centers (Sec. 4.1). To han-
dle multiple orientations, we introduce orientational anchor
expansion, aligning feature channels with the discrete ori-
entations of the dihedral group (Sec. 4.2). We also present
reflectional matching to capture symmetry across reflection
axes (Sec. 4.3) to compare features with their mirrored ver-
sions, and a rotational matching module (Sec. 4.4) to com-
pare the same features at different rotation angles, while
preserving dihedral group-equivariance. Fig. 2 illustrates
the overall pipeline of our approach.

4.1. Axis-level symmetry detection

Existing neural network-based methods detect symmetry
in 2D scenes using pixel-level heatmaps [15, 44, 45],
methods detect symmetry by predicting dense pixel-wise
heatmaps [15, 44, 45], which makes it hard to recover ex-
act axis parameters. Recent approaches represent reflection
axes as lines [24, 31] but are limited to isolated 2D or 3D
objects without backgrounds. To address these limitations,
we present an axis-level symmetry detection network that
accurately represents reflection and rotation axes in com-
plex real-world scenes with multiple instances.

Feature extraction. Given an input image I, we employ
a DN -equivariant backbone network [5, 20] to extract the
base feature map F ↓ RH↑W↑C|DN |. Here, H and W

denote the spatial dimensions, |DN | = 2N represents the
number of dihedral group elements(combining N rotations

and their reflections), and C is the number of channels per
group element. The extracted base feature F is then fed into
the symmetry detection branches.

Reflection symmetry detection. For axis-level reflection
symmetry detection, we model reflection axes using the
center-angle-length representation [61]. Unlike the end-
point representation [22, 60, 63], this approach inherently
handles rotation and reflection equivariance via orientation
parameterization. The reflection branch Bref processes the
base feature map to predict the reflection axes components:

Yref = [Yp;Yω;Yε] = Bref(F) ↓ R|DN |↑H↑W↑3
, (3)

where Yp provides a probability for each spatial location
being the midpoint of a reflection axis, and Yω and Yε are
the regression outputs for the axis length and orientation at
that location. To obtain reflection component map, we ap-
ply pooling across the group dimension, PoolG as follows:

Oref = PoolG(Yref) ↓ RH↑W↑3
. (4)

At each position (x, y), a reflection axis prediction is pa-
rameterized as (x, y, p, ε, ϑ), where p is the reflection axis
midpoint probability, ε the length, and ϑ the orientation.
The start and end points of the predicted axis are given by:

[
xs
ys

]
=

[
x

y

]
+

ε

2

[
cos(ϑ)
sin(ϑ)

]
, (5)

[
xe
ye

]
=

[
x

y

]
↔ ε

2

[
cos(ϑ)
sin(ϑ)

]
. (6)

Rotation symmetry detection. For rotation symmetry,
our goal is to predict the positions of rotation centers and
classify their fold (symmetry order). An n-fold rotational
symmetry means the pattern looks the same after rotation
by 2ϑ

n
(for example, a 4-fold symmetry repeats every ϑ

2 ). To
predict both axis existence and fold class, rotation branch
Brot produces the multi-class classification score map:

Orot = Brot(PoolG(F)) ↓ RH↑W↑S
, (7)

where S is the number of fold classes including the back-
ground class. Each rotation axis prediction is represented as
(x, y, ps), with ps as the probability of the s-th fold class.

Training objective. The training objective includes both
reflection and rotation symmetry losses. For reflection sym-
metry, we apply losses for midpoint classification, length
regression, and orientation regression. Midpoint classifica-
tion is optimized using weighted binary cross-entropy:

Lp = E(x,y)[↔ϖrefp log(p̂) ↔ (1 ↔ p) log(1 ↔ p̂)], (8)
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Reflectional matching

Rotational matching
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Figure 2. Overall architecture of our proposed instance-level symmetry detection network. Given an input image, a DN -equivariant
backbone extracts features F → RH→W→C|DN |. The reflection branch (top) employs equivariant reflectional matching and orientational
anchor expansion to predict reflection axes as parameterized line segments (ω, x, y, p, ε, ϑ). The rotation branch (bottom) applies invariant
rotational matching to detect rotation axes and classify their fold classes parameterized as (x, y, ps).

where p is the ground truth label, p̂ is the predicted probabil-
ity, and ϖref is a weighting factor. Length ε and orientation
ϑ regression losses are applied only at positions with valid
midpoints (p = 1), enforced by the indicator function Ip=1:

Lω = E(x,y)[Ip=1 · SmoothL1(ε, ε̂)], (9)

Lε = E(x,y)[Ip=1 · |ϑ ↔ ϑ̂|], (10)

where ε and ϑ denote ground truth values, and ε̂ and ϑ̂ are
the predicted values. For rotation symmetry, fold classifica-
tion is optimized using weighted multi-class cross-entropy:

Lfold = E(x,y,s)[↔ϖrotps log p̂s], (11)

where s represents the fold class and ϖrot is applied at po-
sitions with ground truth rotation axis and correct fold class
(p = 1). The total loss is a weighted sum of loss terms:

Ltotal = Lp + ϱωLω + ϱεLε + ϱfoldLfold. (12)

4.2. Orientational anchor expansion

In standard object detection, anchor boxes [33, 41] are
placed at various scales and aspect ratios to guide bound-
ing box regression. Analogously, our reflection symmetry
branch initially treats each pixel as an anchor for a poten-
tial symmetry axis and learns to regress the orientation and
length of the axis. However, this straightforward approach
does not fully exploit the orientation dimension provided by
our group-equivariant features. To address this, we intro-
duce orientational anchor expansion, integrating the group
dimension into the detection framework for orientationally
specialized axis detection and improved handling of axes
with overlapping midpoints but different orientations. Fig. 3
illustrates the proposed orientational anchor expansion.
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<latexit sha1_base64="d57AmrXtTaT3AmHPB4xNHy2NW3M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF48V7Ae0sWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvc387hNVmkXywcxi6gs8lixkBJtMUo9XwbBac+tuDrRKvILUoEBrWP0ajCKSCCoN4VjrvufGxk+xMoxwOq8MEk1jTKZ4TPuWSiyo9tP81jk6s8oIhZGyJQ3K1d8TKRZaz0RgOwU2E73sZeJ/Xj8x4Y2fMhknhkqyWBQmHJkIZY+jEVOUGD6zBBPF7K2ITLDCxNh4KjYEb/nlVdK5qHuNeuP+stZsFnGU4QRO4Rw8uIYm3EEL2kBgAs/wCm+OcF6cd+dj0Vpyiplj+APn8wfEhI4S</latexit>

r
5
b

<latexit sha1_base64="Pr6Xe1qEZEFEDhzJQa2OK0qlvSg=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHgxWME84BkDbOT2WTIPJaZWSEs+QUvHhTx6g9582+cTfagiQUNRVU33V1Rwpmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rc5n7niWrDlHyw04SGAo8kixnBNpf0Yz0aVKp+zZ8DrZKgIFUo0BxUvvpDRVJBpSUcG9ML/MSGGdaWEU5n5X5qaILJBI9oz1GJBTVhNr91hs6dMkSx0q6kRXP190SGhTFTEblOge3YLHu5+J/XS218E2ZMJqmlkiwWxSlHVqH8cTRkmhLLp45gopm7FZEx1phYF0/ZhRAsv7xK2pe1oF6r319VG40ijhKcwhlcQADX0IA7aEILCIzhGV7hzRPei/fufSxa17xi5gT+wPv8AcYJjhM=</latexit>

r
6
b

<latexit sha1_base64="AY3cvsBRrm8sg6AA3Ya/+9vM8S0=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lEWo8FLx4r2A9oY9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vc397hNVmsXywcwSGgg8lixiBJtcUo+NcOhWvZq3AFonfkGqUKA1dL8Go5ikgkpDONa673uJCTKsDCOcziuDVNMEkyke076lEguqg2xx6xxdWGWEoljZkgYt1N8TGRZaz0RoOwU2E73q5eJ/Xj810U2QMZmkhkqyXBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh4KjYEf/XlddK5qvn1Wv3+utpsFnGU4QzO4RJ8aEAT7qAFbSAwgWd4hTdHOC/Ou/OxbC05xcwp/IHz+QPHjo4U</latexit>

r
7
b

<latexit sha1_base64="cP/JqKdzY+aHjQrMVhJzJxrGmAU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuRbQzIIhlAuYCyRJmJ2eTMbMXZmaFsOQJLLRQxNZHsbay80HsnVwKTfxh4OP/z2HOOV4suNK2/WUtLa+srq1nNrKbW9s7u7m9/bqKEsmwxiIRyaZHFQoeYk1zLbAZS6SBJ7DhDS7HeeMOpeJReKOHMboB7YXc54xqY1VlJ5e3i/ZEZBGcGeQvPgrf7w/tk0on99nuRiwJMNRMUKVajh1rN6VScyZwlG0nCmPKBrSHLYMhDVC56WTQETk2Tpf4kTQv1GTi/u5IaaDUMPBMZUB1X81nY/O/rJVo/9xNeRgnGkM2/chPBNERGW9Nulwi02JogDLJzayE9amkTJvbZM0RnPmVF6F+WnRKxVLVzpevYKoMHMIRFMCBMyjDNVSgBgwQ7uEJnq1b69F6sV6npUvWrOcA/sh6+wFBNJD/</latexit>

r

<latexit sha1_base64="Igm1JUdqNWsv4PmK2P+XXP3ACLQ=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuRbQzIIhlAuYCyRJmJ2eTMbMXZmaFsOQJLLRQxNZHsbay80HsnVwKTfxh4OP/z2HOOV4suNK2/WUtLa+srq1nNrKbW9s7u7m9/bqKEsmwxiIRyaZHFQoeYk1zLbAZS6SBJ7DhDS7HeeMOpeJReKOHMboB7YXc54xqY1Wxk8vbRXsisgjODPIXH4Xv94f2SaWT+2x3I5YEGGomqFItx461m1KpORM4yrYThTFlA9rDlsGQBqjcdDLoiBwbp0v8SJoXajJxf3ekNFBqGHimMqC6r+azsflf1kq0f+6mPIwTjSGbfuQnguiIjLcmXS6RaTE0QJnkZlbC+lRSps1tsuYIzvzKi1A/LTqlYqlq58tXMFUGDuEICuDAGZThGipQAwYI9/AEz9at9Wi9WK/T0iVr1nMAf2S9/QAtgJDy</latexit>

e

<latexit sha1_base64="8PxJrKJTIbQiEsY/AYp7bod9oJw=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQYhN2U0Q7A4JYRjQXSNYwO5lNhszOLjOzQljyCCJYKGLrk1hb2fkg9s4mKTTxh4GP/z+HOed4EWdK2/aXlVlaXlldy67nNja3tnfyu3sNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrD8zRv3lGpWChu9CiiboD7gvmMYG2sa3lb7uYLdsmeCC2CM4PC2Ufx+/2hc1zr5j87vZDEARWacKxU27Ej7SZYakY4Hec6saIRJkPcp22DAgdUuclk1DE6Mk4P+aE0T2g0cX93JDhQahR4pjLAeqDms9T8L2vH2j91EyaiWFNBph/5MUc6ROneqMckJZqPDGAimZkVkQGWmGhznZw5gjO/8iI0yiWnUqpc2YXqBUyVhQM4hCI4cAJVuIQa1IFAH+7hCZ4tbj1aL9brtDRjzXr24Y+stx9mj5Gj</latexit>

r
2

<latexit sha1_base64="V/cbwm/VvqBzyMI0tCq80klsq8s=">AAAB6nicbZDLSgMxFIbP1Futt1GXboJFqJsyo1DdWRDEZUV7gXYsmTTThmYyQ5IRytBHEMGFIm59Eteu3Pkg7k0vC239IfDx/+eQc44fc6a043xZmYXFpeWV7GpubX1jc8ve3qmpKJGEVknEI9nwsaKcCVrVTHPaiCXFoc9p3e+fj/L6HZWKReJGD2LqhbgrWMAI1sa6lrfHbTvvFJ2x0Dy4U8iffRS+3x9ah5W2/dnqRCQJqdCEY6WarhNrL8VSM8LpMNdKFI0x6eMubRoUOKTKS8ejDtGBcTooiKR5QqOx+7sjxaFSg9A3lSHWPTWbjcz/smaig1MvZSJONBVk8lGQcKQjNNobdZikRPOBAUwkM7Mi0sMSE22ukzNHcGdXnofaUdEtFUtXTr58ARNlYQ/2oQAunEAZLqECVSDQhXt4gmeLW4/Wi/U6Kc1Y055d+CPr7QdoE5Gk</latexit>

r
3

<latexit sha1_base64="zBJm2uIGQQu3dZb6llhRycWLH2g=">AAAB6nicbZDLSgMxFIbP1Futt1GXboJFqJsyI1LdWRDEZUV7gXYsmTTThmYyQ5IRytBHEMGFIm59Eteu3Pkg7k0vC239IfDx/+eQc44fc6a043xZmYXFpeWV7GpubX1jc8ve3qmpKJGEVknEI9nwsaKcCVrVTHPaiCXFoc9p3e+fj/L6HZWKReJGD2LqhbgrWMAI1sa6lrfHbTvvFJ2x0Dy4U8iffRS+3x9ah5W2/dnqRCQJqdCEY6WarhNrL8VSM8LpMNdKFI0x6eMubRoUOKTKS8ejDtGBcTooiKR5QqOx+7sjxaFSg9A3lSHWPTWbjcz/smaig1MvZSJONBVk8lGQcKQjNNobdZikRPOBAUwkM7Mi0sMSE22ukzNHcGdXnofaUdEtFUtXTr58ARNlYQ/2oQAunEAZLqECVSDQhXt4gmeLW4/Wi/U6Kc1Y055d+CPr7Qdpl5Gl</latexit>

r
4

<latexit sha1_base64="6K88cfI3j/6YmbDAZ4YEoT6K2Ko=">AAAB6nicbZDLSgMxFIbP1Futt1GXboJFqJsyI1jdWRDEZUV7gXYsmTTThmYyQ5IRytBHEMGFIm59Eteu3Pkg7k0vC239IfDx/+eQc44fc6a043xZmYXFpeWV7GpubX1jc8ve3qmpKJGEVknEI9nwsaKcCVrVTHPaiCXFoc9p3e+fj/L6HZWKReJGD2LqhbgrWMAI1sa6lrfHbTvvFJ2x0Dy4U8iffRS+3x9ah5W2/dnqRCQJqdCEY6WarhNrL8VSM8LpMNdKFI0x6eMubRoUOKTKS8ejDtGBcTooiKR5QqOx+7sjxaFSg9A3lSHWPTWbjcz/smaig1MvZSJONBVk8lGQcKQjNNobdZikRPOBAUwkM7Mi0sMSE22ukzNHcGdXnofaUdEtFUtXTr58ARNlYQ/2oQAunEAZLqECVSDQhXt4gmeLW4/Wi/U6Kc1Y055d+CPr7QdrG5Gm</latexit>

r
5

<latexit sha1_base64="npoIJu/Rvyz3r4AR55nLg5Kq4A4=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZF9WdBUFcVrQXaMeSSTNtaCYzJBmhDH0EEVwo4tYnce3KnQ/i3vSy0NYfAh//fw455/ix4No4zhdaWFxaXlnNrGXXNza3tnM7uzUdJYqyKo1EpBo+0UxwyaqGG8EasWIk9AWr+/3zUV6/Y0rzSN6YQcy8kHQlDzglxlrX6rbUzuWdojMWngd3Cvmzj8L3+0PrqNLOfbY6EU1CJg0VROum68TGS4kynAo2zLYSzWJC+6TLmhYlCZn20vGoQ3xonQ4OImWfNHjs/u5ISaj1IPRtZUhMT89mI/O/rJmY4NRLuYwTwySdfBQkApsIj/bGHa4YNWJggVDF7ayY9ogi1NjrZO0R3NmV56F2XHRLxdKVky9fwEQZ2IcDKIALJ1CGS6hAFSh04R6e4BkJ9Ihe0OukdAFNe/bgj9DbD2yfkac=</latexit>

r
6

<latexit sha1_base64="jY39AXE6LC33/ITcxf2Yn8+F7mA=">AAAB6nicbZC7SgNBFIbPxluMt1VLm8EgxCbsWiR2BgSxjGgukKxhdjKbDJmdXWZmhbDkEUSwUMTWJ7G2svNB7J1cCk38YeDj/89hzjl+zJnSjvNlZZaWV1bXsuu5jc2t7R17d6+uokQSWiMRj2TTx4pyJmhNM81pM5YUhz6nDX9wPs4bd1QqFokbPYypF+KeYAEjWBvrWt6WO3beKToToUVwZ5A/+yh8vz+0j6sd+7PdjUgSUqEJx0q1XCfWXoqlZoTTUa6dKBpjMsA92jIocEiVl05GHaEj43RREEnzhEYT93dHikOlhqFvKkOs+2o+G5v/Za1EB6deykScaCrI9KMg4UhHaLw36jJJieZDA5hIZmZFpI8lJtpcJ2eO4M6vvAj1k6JbKpaunHzlAqbKwgEcQgFcKEMFLqEKNSDQg3t4gmeLW4/Wi/U6Lc1Ys559+CPr7QduI5Go</latexit>

r
7

<latexit sha1_base64="cP/JqKdzY+aHjQrMVhJzJxrGmAU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuRbQzIIhlAuYCyRJmJ2eTMbMXZmaFsOQJLLRQxNZHsbay80HsnVwKTfxh4OP/z2HOOV4suNK2/WUtLa+srq1nNrKbW9s7u7m9/bqKEsmwxiIRyaZHFQoeYk1zLbAZS6SBJ7DhDS7HeeMOpeJReKOHMboB7YXc54xqY1VlJ5e3i/ZEZBGcGeQvPgrf7w/tk0on99nuRiwJMNRMUKVajh1rN6VScyZwlG0nCmPKBrSHLYMhDVC56WTQETk2Tpf4kTQv1GTi/u5IaaDUMPBMZUB1X81nY/O/rJVo/9xNeRgnGkM2/chPBNERGW9Nulwi02JogDLJzayE9amkTJvbZM0RnPmVF6F+WnRKxVLVzpevYKoMHMIRFMCBMyjDNVSgBgwQ7uEJnq1b69F6sV6npUvWrOcA/sh6+wFBNJD/</latexit>

r

<latexit sha1_base64="Igm1JUdqNWsv4PmK2P+XXP3ACLQ=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuRbQzIIhlAuYCyRJmJ2eTMbMXZmaFsOQJLLRQxNZHsbay80HsnVwKTfxh4OP/z2HOOV4suNK2/WUtLa+srq1nNrKbW9s7u7m9/bqKEsmwxiIRyaZHFQoeYk1zLbAZS6SBJ7DhDS7HeeMOpeJReKOHMboB7YXc54xqY1Wxk8vbRXsisgjODPIXH4Xv94f2SaWT+2x3I5YEGGomqFItx461m1KpORM4yrYThTFlA9rDlsGQBqjcdDLoiBwbp0v8SJoXajJxf3ekNFBqGHimMqC6r+azsflf1kq0f+6mPIwTjSGbfuQnguiIjLcmXS6RaTE0QJnkZlbC+lRSps1tsuYIzvzKi1A/LTqlYqlq58tXMFUGDuEICuDAGZThGipQAwYI9/AEz9at9Wi9WK/T0iVr1nMAf2S9/QAtgJDy</latexit>

e

<latexit sha1_base64="8PxJrKJTIbQiEsY/AYp7bod9oJw=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQYhN2U0Q7A4JYRjQXSNYwO5lNhszOLjOzQljyCCJYKGLrk1hb2fkg9s4mKTTxh4GP/z+HOed4EWdK2/aXlVlaXlldy67nNja3tnfyu3sNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrD8zRv3lGpWChu9CiiboD7gvmMYG2sa3lb7uYLdsmeCC2CM4PC2Ufx+/2hc1zr5j87vZDEARWacKxU27Ej7SZYakY4Hec6saIRJkPcp22DAgdUuclk1DE6Mk4P+aE0T2g0cX93JDhQahR4pjLAeqDms9T8L2vH2j91EyaiWFNBph/5MUc6ROneqMckJZqPDGAimZkVkQGWmGhznZw5gjO/8iI0yiWnUqpc2YXqBUyVhQM4hCI4cAJVuIQa1IFAH+7hCZ4tbj1aL9brtDRjzXr24Y+stx9mj5Gj</latexit>

r
2

<latexit sha1_base64="V/cbwm/VvqBzyMI0tCq80klsq8s=">AAAB6nicbZDLSgMxFIbP1Futt1GXboJFqJsyo1DdWRDEZUV7gXYsmTTThmYyQ5IRytBHEMGFIm59Eteu3Pkg7k0vC239IfDx/+eQc44fc6a043xZmYXFpeWV7GpubX1jc8ve3qmpKJGEVknEI9nwsaKcCVrVTHPaiCXFoc9p3e+fj/L6HZWKReJGD2LqhbgrWMAI1sa6lrfHbTvvFJ2x0Dy4U8iffRS+3x9ah5W2/dnqRCQJqdCEY6WarhNrL8VSM8LpMNdKFI0x6eMubRoUOKTKS8ejDtGBcTooiKR5QqOx+7sjxaFSg9A3lSHWPTWbjcz/smaig1MvZSJONBVk8lGQcKQjNNobdZikRPOBAUwkM7Mi0sMSE22ukzNHcGdXnofaUdEtFUtXTr58ARNlYQ/2oQAunEAZLqECVSDQhXt4gmeLW4/Wi/U6Kc1Y055d+CPr7QdoE5Gk</latexit>

r
3

<latexit sha1_base64="zBJm2uIGQQu3dZb6llhRycWLH2g=">AAAB6nicbZDLSgMxFIbP1Futt1GXboJFqJsyI1LdWRDEZUV7gXYsmTTThmYyQ5IRytBHEMGFIm59Eteu3Pkg7k0vC239IfDx/+eQc44fc6a043xZmYXFpeWV7GpubX1jc8ve3qmpKJGEVknEI9nwsaKcCVrVTHPaiCXFoc9p3e+fj/L6HZWKReJGD2LqhbgrWMAI1sa6lrfHbTvvFJ2x0Dy4U8iffRS+3x9ah5W2/dnqRCQJqdCEY6WarhNrL8VSM8LpMNdKFI0x6eMubRoUOKTKS8ejDtGBcTooiKR5QqOx+7sjxaFSg9A3lSHWPTWbjcz/smaig1MvZSJONBVk8lGQcKQjNNobdZikRPOBAUwkM7Mi0sMSE22ukzNHcGdXnofaUdEtFUtXTr58ARNlYQ/2oQAunEAZLqECVSDQhXt4gmeLW4/Wi/U6Kc1Y055d+CPr7Qdpl5Gl</latexit>

r
4

<latexit sha1_base64="6K88cfI3j/6YmbDAZ4YEoT6K2Ko=">AAAB6nicbZDLSgMxFIbP1Futt1GXboJFqJsyI1jdWRDEZUV7gXYsmTTThmYyQ5IRytBHEMGFIm59Eteu3Pkg7k0vC239IfDx/+eQc44fc6a043xZmYXFpeWV7GpubX1jc8ve3qmpKJGEVknEI9nwsaKcCVrVTHPaiCXFoc9p3e+fj/L6HZWKReJGD2LqhbgrWMAI1sa6lrfHbTvvFJ2x0Dy4U8iffRS+3x9ah5W2/dnqRCQJqdCEY6WarhNrL8VSM8LpMNdKFI0x6eMubRoUOKTKS8ejDtGBcTooiKR5QqOx+7sjxaFSg9A3lSHWPTWbjcz/smaig1MvZSJONBVk8lGQcKQjNNobdZikRPOBAUwkM7Mi0sMSE22ukzNHcGdXnofaUdEtFUtXTr58ARNlYQ/2oQAunEAZLqECVSDQhXt4gmeLW4/Wi/U6Kc1Y055d+CPr7QdrG5Gm</latexit>

r
5

<latexit sha1_base64="npoIJu/Rvyz3r4AR55nLg5Kq4A4=">AAAB6nicbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZF9WdBUFcVrQXaMeSSTNtaCYzJBmhDH0EEVwo4tYnce3KnQ/i3vSy0NYfAh//fw455/ix4No4zhdaWFxaXlnNrGXXNza3tnM7uzUdJYqyKo1EpBo+0UxwyaqGG8EasWIk9AWr+/3zUV6/Y0rzSN6YQcy8kHQlDzglxlrX6rbUzuWdojMWngd3Cvmzj8L3+0PrqNLOfbY6EU1CJg0VROum68TGS4kynAo2zLYSzWJC+6TLmhYlCZn20vGoQ3xonQ4OImWfNHjs/u5ISaj1IPRtZUhMT89mI/O/rJmY4NRLuYwTwySdfBQkApsIj/bGHa4YNWJggVDF7ayY9ogi1NjrZO0R3NmV56F2XHRLxdKVky9fwEQZ2IcDKIALJ1CGS6hAFSh04R6e4BkJ9Ihe0OukdAFNe/bgj9DbD2yfkac=</latexit>

r
6

<latexit sha1_base64="jY39AXE6LC33/ITcxf2Yn8+F7mA=">AAAB6nicbZC7SgNBFIbPxluMt1VLm8EgxCbsWiR2BgSxjGgukKxhdjKbDJmdXWZmhbDkEUSwUMTWJ7G2svNB7J1cCk38YeDj/89hzjl+zJnSjvNlZZaWV1bXsuu5jc2t7R17d6+uokQSWiMRj2TTx4pyJmhNM81pM5YUhz6nDX9wPs4bd1QqFokbPYypF+KeYAEjWBvrWt6WO3beKToToUVwZ5A/+yh8vz+0j6sd+7PdjUgSUqEJx0q1XCfWXoqlZoTTUa6dKBpjMsA92jIocEiVl05GHaEj43RREEnzhEYT93dHikOlhqFvKkOs+2o+G5v/Za1EB6deykScaCrI9KMg4UhHaLw36jJJieZDA5hIZmZFpI8lJtpcJ2eO4M6vvAj1k6JbKpaunHzlAqbKwgEcQgFcKEMFLqEKNSDQg3t4gmeLW4/Wi/U6Lc1Ys559+CPr7QduI5Go</latexit>

r
7

<latexit sha1_base64="3A7HRC2+QirTrNcOP+YZkv37q5M=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lEqseiF48VbC00IUw2m3bpZrPsbsQS+le8eFDEq3/Em//GbZuDtj4YeLw3szvzIsGo0q77bVXW1jc2t6rbtZ3dvf0D+7DeU1kuMenijGWyH4EijHLS1VQz0heSQBox8hCNb2b+wyORimb8Xk8ECVIYcppQDNpIoV33MZWYkRiUDv0xCAGh3XCb7hzOKvFK0kAlOqH95ccZzlPCNWag1MBzhQ4KkJqal6c1P1dEAB7DkAwM5ZASFRTz3afOqVFiJ8mkKa6dufp7ooBUqUkamc4U9EgtezPxP2+Q6+QqKCgXuSYcLz5KcubozJkF4cRUEqzZxBDAkppdHTwCCVibuGomBG/55FXSO296rWbr7qLRvi7jqKJjdILOkIcuURvdog7qIoye0DN6RW/W1Hqx3q2PRWvFKmeO0B9Ynz9eYpSs</latexit>↭ω

<latexit sha1_base64="F1Q6zRMdVZ1bZXtw8mK+xYV1QAs=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSkuiy6cVnBPqQJ5WY6aYdOJmFmopTYT3HjQhG3fok7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva2V1bX1js7RV3t7Z3du3KwdtFaeS0BaJeSy7ASjKmaAtzTSn3URSiAJOO8H4Ovc7D1QqFos7PUmoH8FQsJAR0Ebq2xUvAj0Kwux+2vfGkCTQt6tOzZkBLxO3IFVUoNm3v7xBTNKICk04KNVznUT7GUjNCKfTspcqmgAZw5D2DBUQUeVns+hTfGKUAQ5jaZ7QeKb+3sggUmoSBWYyD6oWvVz8z+ulOrz0MyaSVFNB5ofClGMd47wHPGCSEs0nhgCRzGTFZAQSiDZtlU0J7uKXl0n7rObWa/Xb82rjqqijhI7QMTpFLrpADXSDmqiFCHpEz+gVvVlP1ov1bn3MR1esYucQ/YH1+QOo/5RH</latexit>

Yω

<latexit sha1_base64="eROAPyDVPXKgZTHUIxLdtKD/TiI=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSkuiy6cWcF+4AmlJvppB06mYSZiVJiP8WNC0Xc+iXu/BsnbRbaemDgcM693DMnSDhT2nG+rZXVtfWNzdJWeXtnd2/frhy0VZxKQlsk5rHsBqAoZ4K2NNOcdhNJIQo47QTj69zvPFCpWCzu9SShfgRDwUJGQBupb1e8CPQoCLPbad8bQ5JA3646NWcGvEzcglRRgWbf/vIGMUkjKjThoFTPdRLtZyA1I5xOy16qaAJkDEPaM1RARJWfzaJP8YlRBjiMpXlC45n6eyODSKlJFJjJPKha9HLxP6+X6vDSz5hIUk0FmR8KU451jPMe8IBJSjSfGAJEMpMVkxFIINq0VTYluItfXibts5pbr9XvzquNq6KOEjpCx+gUuegCNdANaqIWIugRPaNX9GY9WS/Wu/UxH12xip1D9AfW5w+Zh5Q9</latexit>

Oω

<latexit sha1_base64="gPj8BmW5CvxOclx4xCstmPClh2A=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRKR6rLoxpVUsA9oQriZTtqhk0mYmYgl5FfcuFDErT/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5mG9J+NUYNLFMYvFIABJGOWkq6hiZJAIAlHASD+Y3hR+/5EISWP+oGYJ8SIYcxpSDEpLvll3I1ATDCy7y313CkkCvtmwm/Yc1ipxStJAJTq++eWOYpxGhCvMQMqhYyfKy0AoihnJa24qSQJ4CmMy1JRDRKSXzbPn1qlWRlYYC/24subq740MIilnUaAni6Ry2SvE/7xhqsIrL6M8SRXheHEoTJmlYqsowhpRQbBiM00AC6qzWngCArDSddV0Cc7yl1dJ77zptJqt+4tG+7qso4qO0Qk6Qw66RG10izqoizB6Qs/oFb0ZufFivBsfi9GKUe4coT8wPn8AYaiUrg==</latexit>

Nω

<latexit sha1_base64="gPj8BmW5CvxOclx4xCstmPClh2A=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRKR6rLoxpVUsA9oQriZTtqhk0mYmYgl5FfcuFDErT/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5mG9J+NUYNLFMYvFIABJGOWkq6hiZJAIAlHASD+Y3hR+/5EISWP+oGYJ8SIYcxpSDEpLvll3I1ATDCy7y313CkkCvtmwm/Yc1ipxStJAJTq++eWOYpxGhCvMQMqhYyfKy0AoihnJa24qSQJ4CmMy1JRDRKSXzbPn1qlWRlYYC/24subq740MIilnUaAni6Ry2SvE/7xhqsIrL6M8SRXheHEoTJmlYqsowhpRQbBiM00AC6qzWngCArDSddV0Cc7yl1dJ77zptJqt+4tG+7qso4qO0Qk6Qw66RG10izqoizB6Qs/oFb0ZufFivBsfi9GKUe4coT8wPn8AYaiUrg==</latexit>

Nω

…

…

+

+

<latexit sha1_base64="sHruf4oFjgYpIriYKb3mUtD6HHs="></latexit>

↭ω =

{
+, if ω → {p, ε}
↑, if ω = ϑ

<latexit sha1_base64="bIuZZWItfnZ1jp8Pjdr/wSKlTvY=">AAACD3icbVA9SwNBEN3z2/gVtbRZDIqFhDuRaCnaWEYwKuSOMLfZS5bs7S27c0I48g9s/Cs2ForY2tr5b9x8FBp9sMvjvRlm5sVaCou+/+XNzM7NLywuLZdWVtfWN8qbWzc2yw3jDZbJzNzFYLkUijdQoOR32nBIY8lv497F0L+958aKTF1jX/MohY4SiWCATmqV98MkMyAlDXugNdBQKBoW+pCGppu5H7scIRy0yhW/6o9A/5JgQipkgnqr/Bm2M5anXCGTYG0z8DVGBRgUTPJBKcwt18B60OFNRxWk3EbF6J4B3XNKm7rF3FNIR+rPjgJSa/tp7CpTwK6d9obif14zx+Q0KoTSOXLFxoOSXFLM6DAc2haGM5R9R4AZ4XalrAsGGLoISy6EYPrkv+TmqBrUqrWr48rZ+SSOJbJDdskBCcgJOSOXpE4ahJEH8kReyKv36D17b977uHTGm/Rsk1/wPr4BuNOb2Q==</latexit>

→ω ↑ {p, ε, ϑ}

Figure 3. Illustration of our orientational anchor expansion

on D8 group. The D8-equivariant features Yω undergo transfor-
mation Nω and aggregation ↭ω, creating C8-equivariant features
Oω. These are combined across opposite orientations to handle
the ϑ and ϑ + ϖ equivalence, allowing each orientation channel to
specialize in specific angular ranges and improve detection of axes
with overlapping midpoints. Each arrow represents a feature map.

Reflectional counterpart aggregation. In a DN -
equivariant feature map, each group dimensional channel
of F corresponds to a particular element of the dihedral
group. Recall that reflection branch outputs in Eq. (3)
produce tensors Yϖ ↓ R|DN |↑H↑W for each component
ς ↓ {p, ε, ϑ}. The 2N channels in this first dimension
can be thought of as N pairs, where each pair (i, i + N)
consists of a feature responding to some rotation r

i and
its reflected version br

i. To make use of the orientation-
specific information, we aggregate each such pair of
reflection counterparts into a single response, in a way that
preserves the feature’s equivariance under pure rotations.

For the reflection symmetry midpoint scores Yp and
length Yω, which are unchanged by reflecting the image,
we add the two responses. For the orientation output Yε,

4



<latexit sha1_base64="XEYtyyv+exiVSUqGxppKgh0JAlA=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmXKibYtGNy4r2Au1QMmmmDc0kQ5IRytBHcONCEZf6Lu7diG9jello6w+Bj/8/h5xzwoQzbTzv28ktLa+sruXX3Y3Nre2dwu5eXctUEVojkkvVDLGmnAlaM8xw2kwUxXHIaSMcXI3zxj1VmklxZ4YJDWLcEyxiBBtr3Yqy1ykUvZI3EVoEfwbFiw+3nLx9udVO4bPdlSSNqTCEY61bvpeYIMPKMMLpyG2nmiaYDHCPtiwKHFMdZJNRR+jIOl0USWWfMGji/u7IcKz1MA5tZYxNX89nY/O/rJWa6DzImEhSQwWZfhSlHBmJxnujLlOUGD60gIlidlZE+lhhYux1XHsEf37lRaiflPzT0umNV6xcwlR5OIBDOAYfzqAC11CFGhDowQM8wbPDnUfnxXmdluacWc8+/JHz/gMqX5C7</latexit>

n = 0

<latexit sha1_base64="+0LckRaCXZtLHvyg6cxPr5EpY24=">AAAB/HicbVDLSsNAFJ3UV62vaJduhhZBEEvioroRit24kgr2AU0Ik+m0HTqZhJmJENL6Fe7duFDErR/irn/jpO1CWw8MHM65l3vm+BGjUlnW1MitrW9sbuW3Czu7e/sH5uFRS4axwKSJQxaKjo8kYZSTpqKKkU4kCAp8Rtr+qJ757UciJA35g0oi4gZowGmfYqS05JlFfj12AqSGIkjrE+9uDM9tzyxbFWsGuErsBSnXSs7Z87SWNDzz2+mFOA4IV5ghKbu2FSk3RUJRzMik4MSSRAiP0IB0NeUoINJNZ+En8EQrPdgPhX5cwZn6eyNFgZRJ4OvJLKdc9jLxP68bq/6Vm1IexYpwPD/UjxlUIcyagD0qCFYs0QRhQXVWiIdIIKx0XwVdgr385VXSuqjY1Ur1XrdxA+bIg2NQAqfABpegBm5BAzQBBgl4AW/g3XgyXo0P43M+mjMWO0XwB8bXDyUZl20=</latexit>

n = |CN | → 1

<latexit sha1_base64="VpVtI+C15xrfwPFGMVPAkyC3y+g=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmXKibYtGNy4r2Au1QMmmmDc0kQ5IRytBHcONCEZf6Lu7diG9jello6w+Bj/8/h5xzwoQzbTzv28ktLa+sruXX3Y3Nre2dwu5eXctUEVojkkvVDLGmnAlaM8xw2kwUxXHIaSMcXI3zxj1VmklxZ4YJDWLcEyxiBBtr3Yqy3ykUvZI3EVoEfwbFiw+3nLx9udVO4bPdlSSNqTCEY61bvpeYIMPKMMLpyG2nmiaYDHCPtiwKHFMdZJNRR+jIOl0USWWfMGji/u7IcKz1MA5tZYxNX89nY/O/rJWa6DzImEhSQwWZfhSlHBmJxnujLlOUGD60gIlidlZE+lhhYux1XHsEf37lRaiflPzT0umNV6xcwlR5OIBDOAYfzqAC11CFGhDowQM8wbPDnUfnxXmdluacWc8+/JHz/gMr45C8</latexit>

n = 1

<latexit sha1_base64="LHfZIcc39Mp0wCLFyon8o2oZQro=">AAACE3icbVDLSgMxFM34rPU16tJNsAjVRZkRqS6LunAlFewD+hgyaWYammSGJCOUYf7Bjb/ixoUibt24829MH4K2HgicnHMv997jx4wq7Thf1sLi0vLKam4tv76xubVt7+zWVZRITGo4YpFs+kgRRgWpaaoZacaSIO4z0vAHlyO/cU+kopG408OYdDgKBQ0oRtpInn3cVjTkyGtzpPuSp5KEWTf9+V1l3k1W9LuO7Iojzy44JWcMOE/cKSmAKaqe/dnuRTjhRGjMkFIt14l1J0VSU8xIlm8nisQID1BIWoYKxInqpOObMnholB4MImme0HCs/u5IEVdqyH1TOVpWzXoj8T+vlejgvJNSESeaCDwZFCQM6giOAoI9KgnWbGgIwpKaXSHuI4mwNjHmTQju7MnzpH5Scsul8u1poXIxjSMH9sEBKAIXnIEKuAZVUAMYPIAn8AJerUfr2Xqz3ielC9a0Zw/8gfXxDRDLnuQ=</latexit>

ω
DN
reg (b0

r
n)

<latexit sha1_base64="A5wM3qiw9TT4ftdOL63TJzPAd90=">AAACE3icbVDLSgMxFM34rPU16tJNsAjVRZkRqS6LunAlFewD+hgyaWYammSGJCOUYf7Bjb/ixoUibt24829MH4K2HgicnHMv997jx4wq7Thf1sLi0vLKam4tv76xubVt7+zWVZRITGo4YpFs+kgRRgWpaaoZacaSIO4z0vAHlyO/cU+kopG408OYdDgKBQ0oRtpInn3cVjTkyGtzpPuSp5KEWTf9+V1l3k1W9Luu7Iojzy44JWcMOE/cKSmAKaqe/dnuRTjhRGjMkFIt14l1J0VSU8xIlm8nisQID1BIWoYKxInqpOObMnholB4MImme0HCs/u5IEVdqyH1TOVpWzXoj8T+vlejgvJNSESeaCDwZFCQM6giOAoI9KgnWbGgIwpKaXSHuI4mwNjHmTQju7MnzpH5Scsul8u1poXIxjSMH9sEBKAIXnIEKuAZVUAMYPIAn8AJerUfr2Xqz3ielC9a0Zw/8gfXxDRJTnuU=</latexit>

ω
DN
reg (b1

r
n)

<latexit sha1_base64="iZQvIst2Mjuf5M//Fj4qymdY6Uk=">AAACGHicbVDLSsNAFJ3UV62vqEs30SJUlJp0UbtwURTEZQX7gL6YTCft0MkkzkzEEvIZbvwVEVwo4rY7/RonfYC2Hhg4c8693HuP7VMipGl+aYmFxaXlleRqam19Y3NL396pCC/gCJeRRz1es6HAlDBclkRSXPM5hq5NcdXuX8Z+9R5zQTx2Kwc+brqwy4hDEJRKauunDRfKnu2EV1ErzJgn7Chqh1PtITrmLZaZfu8iZeppM2uOYMwTa0LSxdyLXfg+3y+19WGj46HAxUwiCoWoW6YvmyHkkiCKo1QjENiHqA+7uK4ogy4WzXB0WGQcKqVjOB5Xj0ljpP7uCKErxMC1VWW8o5j1YvE/rx5Ip9AMCfMDiRkaD3ICakjPiFMyOoRjJOlAEYg4UbsaqAc5RFJlmVIhWLMnz5NKLmvls/kblcYFGCMJ9sAByAALnIEiuAYlUAYIPIJn8AbetSftVfvQPselCW3Sswv+QBv+AElno4s=</latexit>

F(0,n)
x+rn(q)

<latexit sha1_base64="lWNTEAcT4OGFcPSVHtKJPQ/nE/g=">AAACGXicbVDLSsNAFJ3UV62vqEs30SJUlJJ0UbtwURTEZQX7gDYtk+mkDp1M4sxELCG/4cZf0YULRVzqSr/GSR+grQcGzpxzL/fe4wSUCGmaX1pqbn5hcSm9nFlZXVvf0De3asIPOcJV5FOfNxwoMCUMVyWRFDcCjqHnUFx3+meJX7/FXBCfXclBgG0P9hhxCYJSSR3dbHlQXjtudB63o5x1xA7iTjTR7uJDh7dZbvK/iZWrZ828OYQxS6wxyZYLT07p+2S30tE/Wl0fhR5mElEoRNMyA2lHkEuCKI4zrVDgAKI+7OGmogx6WNjR8LLY2FdK13B9rh6TxlD93RFBT4iB56jKZEcx7SXif14zlG7JjggLQokZGg1yQ2pI30hiMrqEYyTpQBGIOFG7GugacoikCjOjQrCmT54ltULeKuaLlyqNUzBCGuyAPZADFjgGZXABKqAKELgHj+AFvGoP2rP2pr2PSlPauGcb/IH2+QMW46P4</latexit>

F(1,n)
x+brn(q)

<latexit sha1_base64="fMysIwr77ryv41wBJvkjR33trlw=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdi2gjBm0sEzAXSJYwOzmbjJm9MDMrhCVPYGOhiK0+jL2N+DZOLoVGfxj4+P9zmHOOnwiutON8Wbml5ZXVtfy6vbG5tb1T2N1rqDiVDOssFrFs+VSh4BHWNdcCW4lEGvoCm/7wapI371AqHkc3epSgF9J+xAPOqDZWbdAtFJ2SMxX5C+4cihfv9nny9mlXu4WPTi9maYiRZoIq1XadRHsZlZozgWO7kypMKBvSPrYNRjRE5WXTQcfkyDg9EsTSvEiTqfuzI6OhUqPQN5Uh1QO1mE3M/7J2qoMzL+NRkmqM2OyjIBVEx2SyNelxiUyLkQHKJDezEjagkjJtbmObI7iLK/+FxknJLZfKNadYuYSZ8nAAh3AMLpxCBa6hCnVggHAPj/Bk3VoP1rP1MivNWfOeffgl6/UbMSGQNA==</latexit>

h

<latexit sha1_base64="fMysIwr77ryv41wBJvkjR33trlw=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdi2gjBm0sEzAXSJYwOzmbjJm9MDMrhCVPYGOhiK0+jL2N+DZOLoVGfxj4+P9zmHOOnwiutON8Wbml5ZXVtfy6vbG5tb1T2N1rqDiVDOssFrFs+VSh4BHWNdcCW4lEGvoCm/7wapI371AqHkc3epSgF9J+xAPOqDZWbdAtFJ2SMxX5C+4cihfv9nny9mlXu4WPTi9maYiRZoIq1XadRHsZlZozgWO7kypMKBvSPrYNRjRE5WXTQcfkyDg9EsTSvEiTqfuzI6OhUqPQN5Uh1QO1mE3M/7J2qoMzL+NRkmqM2OyjIBVEx2SyNelxiUyLkQHKJDezEjagkjJtbmObI7iLK/+FxknJLZfKNadYuYSZ8nAAh3AMLpxCBa6hCnVggHAPj/Bk3VoP1rP1MivNWfOeffgl6/UbMSGQNA==</latexit>

h

<latexit sha1_base64="fMysIwr77ryv41wBJvkjR33trlw=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdi2gjBm0sEzAXSJYwOzmbjJm9MDMrhCVPYGOhiK0+jL2N+DZOLoVGfxj4+P9zmHOOnwiutON8Wbml5ZXVtfy6vbG5tb1T2N1rqDiVDOssFrFs+VSh4BHWNdcCW4lEGvoCm/7wapI371AqHkc3epSgF9J+xAPOqDZWbdAtFJ2SMxX5C+4cihfv9nny9mlXu4WPTi9maYiRZoIq1XadRHsZlZozgWO7kypMKBvSPrYNRjRE5WXTQcfkyDg9EsTSvEiTqfuzI6OhUqPQN5Uh1QO1mE3M/7J2qoMzL+NRkmqM2OyjIBVEx2SyNelxiUyLkQHKJDezEjagkjJtbmObI7iLK/+FxknJLZfKNadYuYSZ8nAAh3AMLpxCBa6hCnVggHAPj/Bk3VoP1rP1MivNWfOeffgl6/UbMSGQNA==</latexit>

h

…

<latexit sha1_base64="r8hSxCroPXhhCTLWOsJv74vw9/g=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmIckS5idzCZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc99iI2VAlPTb9c8av+HGiVBDmpQI5Gv/zVGyiSCiot4diYbuAnNsywtoxwOi31UkMTTMZ4SLuOSiyoCbP5wVN05pQBipV2JS2aq78nMiyMmYjIdQpsR2bZm4n/ed3UxtdhxmSSWirJYlGccmQVmn2PBkxTYvnEEUw0c7ciMsIaE+syKrkQguWXV0nrohrUqrX7y0r9Jo+jCCdwCucQwBXU4Q4a0AQCAp7hFd487b14797HorXg5TPH8Afe5w8akJCg</latexit>⊕
<latexit sha1_base64="oZMHolcfLB6JRFlBI9zv9qiZmwA=">AAAB9XicbVDLSgMxFM3UV62vqks3oUUQhDLjoros6sKVVLAP6Iwlk2ba0CQzJBllmPYvXLhxoYhb/8Vd/8ZM24W2HggczrmXe3L8iFGlbXti5VZW19Y38puFre2d3b3i/kFThbHEpIFDFsq2jxRhVJCGppqRdiQJ4j4jLX94lfmtRyIVDcW9TiLicdQXNKAYaSM9jFyO9EDy9HrcvR11i2W7Yk8Bl4kzJ+VayT19ntSSerf47fZCHHMiNGZIqY5jR9pLkdQUMzIuuLEiEcJD1CcdQwXiRHnpNPUYHhulB4NQmic0nKq/N1LElUq4byazkGrRy8T/vE6sgwsvpSKKNRF4diiIGdQhzCqAPSoJ1iwxBGFJTVaIB0girE1RBVOCs/jlZdI8qzjVSvXOtHEJZsiDI1ACJ8AB56AGbkAdNAAGEryAN/BuPVmv1of1ORvNWfOdQ/AH1tcPFZCV4g==</latexit>

|DN |

<latexit sha1_base64="MacVNkYtba4jikrUrfAhHI1aNyI=">AAACAnicbZDLSsNAFIYnXmu9RV2JIINFcFUSF9WVFOrClVSwF2hDmEwn7dCZJMxMhJIGN76E7t24UMStT+HOt3GSdqGtPwx8/Occ5pzfixiVyrK+jYXFpeWV1cJacX1jc2vb3NltyjAWmDRwyELR9pAkjAakoahipB0JgrjHSMsb1rJ6644IScPgVo0i4nDUD6hPMVLacs39LkdqgBFLauk4Z8GTy9S9HrtmySpbueA82FMoVQ8fMz3VXfOr2wtxzEmgMENSdmwrUk6ChKKYkbTYjSWJEB6iPuloDBAn0knyE1J4rJ0e9EOhX6Bg7v6eSBCXcsQ93ZktKWdrmflfrRMr/9xJaBDFigR48pEfM6hCmOUBe1QQrNhIA8KC6l0hHiCBsNKpFXUI9uzJ89A8LduVcuVGp3EBJiqAA3AEToANzkAVXIE6aAAM7sEzeAVvxoPxYrwbH5PWBWM6swf+yPj8AWm/m9Q=</latexit>

C|DN |

<latexit sha1_base64="34w9B+QGnHLiyeaHpqd9xTFnyCU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRZBEMpuKdVj0YvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpneZ332iSrNIPppZTH2Bx5KFjGCTSbXplTcsV9yquwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsIbP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukU6t6jWrjoV5p3uZxFOEMzuESPLiGJtxDC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHHbaNpg==</latexit>

2k + 1

<latexit sha1_base64="34w9B+QGnHLiyeaHpqd9xTFnyCU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRZBEMpuKdVj0YvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpneZ332iSrNIPppZTH2Bx5KFjGCTSbXplTcsV9yquwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsIbP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukU6t6jWrjoV5p3uZxFOEMzuESPLiGJtxDC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHHbaNpg==</latexit>

2k + 1

<latexit sha1_base64="uZfI/UWs/5DdMLzytXAQcwv6hrw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLYjSupYB/QjiWTZtrQJDMkGaVM+x9uXCji1n9x59+YabvQ1gOBwzn3ck9OEHOmjet+Oyura+sbm7mt/PbO7t5+4eCwoaNEEVonEY9UK8CaciZp3TDDaStWFIuA02YwrGZ+85EqzSJ5b0Yx9QXuSxYygo2VHsYdgc1AibQ66d6Ou4WiW3KnQMvEm5MizFHrFr46vYgkgkpDONa67bmx8VOsDCOcTvKdRNMYkyHu07alEguq/XSaeoJOrdJDYaTskwZN1d8bKRZaj0RgJ7OQetHLxP+8dmLCKz9lMk4MlWR2KEw4MhHKKkA9pigxfGQJJorZrIgMsMLE2KLytgRv8cvLpHFe8sql8t1FsXI9ryMHx3ACZ+DBJVTgBmpQBwIKnuEV3pwn58V5dz5moyvOfOcI/sD5/AH5UJLW</latexit>

|CN |

<latexit sha1_base64="aRgb98G/eGulN8RxX7YXzIpsvG0=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWwVWZEakui924kgr2Au0wZNK0DU0yQ5IRyrS48VXcuFDErU/hzrcxM52Ftv4Q+PjPOeScP4gYVdpxvq3Cyura+kZxs7S1vbO7Z+8ftFQYS0yaOGSh7ARIEUYFaWqqGelEkiAeMNIOxvW03n4gUtFQ3OtJRDyOhoIOKEbaWL591ONIjzBiSX02zVhyg/7t1LfLTsXJBJfBzaEMcjV8+6vXD3HMidCYIaW6rhNpL0FSU8zIrNSLFYkQHqMh6RoUiBPlJdkJM3hqnD4chNI8oWHm/p5IEFdqwgPTmS6pFmup+V+tG+vBlZdQEcWaCDz/aBAzqEOY5gH7VBKs2cQAwpKaXSEeIYmwNqmVTAju4snL0DqvuNVK9e6iXLvO4yiCY3ACzoALLkEN3IAGaAIMHsEzeAVv1pP1Yr1bH/PWgpXPHII/sj5/ABmcl+Y=</latexit>

C|CN |

<latexit sha1_base64="fMysIwr77ryv41wBJvkjR33trlw=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdi2gjBm0sEzAXSJYwOzmbjJm9MDMrhCVPYGOhiK0+jL2N+DZOLoVGfxj4+P9zmHOOnwiutON8Wbml5ZXVtfy6vbG5tb1T2N1rqDiVDOssFrFs+VSh4BHWNdcCW4lEGvoCm/7wapI371AqHkc3epSgF9J+xAPOqDZWbdAtFJ2SMxX5C+4cihfv9nny9mlXu4WPTi9maYiRZoIq1XadRHsZlZozgWO7kypMKBvSPrYNRjRE5WXTQcfkyDg9EsTSvEiTqfuzI6OhUqPQN5Uh1QO1mE3M/7J2qoMzL+NRkmqM2OyjIBVEx2SyNelxiUyLkQHKJDezEjagkjJtbmObI7iLK/+FxknJLZfKNadYuYSZ8nAAh3AMLpxCBa6hCnVggHAPj/Bk3VoP1rP1MivNWfOeffgl6/UbMSGQNA==</latexit>

h

<latexit sha1_base64="fMysIwr77ryv41wBJvkjR33trlw=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdi2gjBm0sEzAXSJYwOzmbjJm9MDMrhCVPYGOhiK0+jL2N+DZOLoVGfxj4+P9zmHOOnwiutON8Wbml5ZXVtfy6vbG5tb1T2N1rqDiVDOssFrFs+VSh4BHWNdcCW4lEGvoCm/7wapI371AqHkc3epSgF9J+xAPOqDZWbdAtFJ2SMxX5C+4cihfv9nny9mlXu4WPTi9maYiRZoIq1XadRHsZlZozgWO7kypMKBvSPrYNRjRE5WXTQcfkyDg9EsTSvEiTqfuzI6OhUqPQN5Uh1QO1mE3M/7J2qoMzL+NRkmqM2OyjIBVEx2SyNelxiUyLkQHKJDezEjagkjJtbmObI7iLK/+FxknJLZfKNadYuYSZ8nAAh3AMLpxCBa6hCnVggHAPj/Bk3VoP1rP1MivNWfOeffgl6/UbMSGQNA==</latexit>

h

<latexit sha1_base64="fMysIwr77ryv41wBJvkjR33trlw=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdi2gjBm0sEzAXSJYwOzmbjJm9MDMrhCVPYGOhiK0+jL2N+DZOLoVGfxj4+P9zmHOOnwiutON8Wbml5ZXVtfy6vbG5tb1T2N1rqDiVDOssFrFs+VSh4BHWNdcCW4lEGvoCm/7wapI371AqHkc3epSgF9J+xAPOqDZWbdAtFJ2SMxX5C+4cihfv9nny9mlXu4WPTi9maYiRZoIq1XadRHsZlZozgWO7kypMKBvSPrYNRjRE5WXTQcfkyDg9EsTSvEiTqfuzI6OhUqPQN5Uh1QO1mE3M/7J2qoMzL+NRkmqM2OyjIBVEx2SyNelxiUyLkQHKJDezEjagkjJtbmObI7iLK/+FxknJLZfKNadYuYSZ8nAAh3AMLpxCBa6hCnVggHAPj/Bk3VoP1rP1MivNWfOeffgl6/UbMSGQNA==</latexit>

h

…

<latexit sha1_base64="r8hSxCroPXhhCTLWOsJv74vw9/g=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmIckS5idzCZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc99iI2VAlPTb9c8av+HGiVBDmpQI5Gv/zVGyiSCiot4diYbuAnNsywtoxwOi31UkMTTMZ4SLuOSiyoCbP5wVN05pQBipV2JS2aq78nMiyMmYjIdQpsR2bZm4n/ed3UxtdhxmSSWirJYlGccmQVmn2PBkxTYvnEEUw0c7ciMsIaE+syKrkQguWXV0nrohrUqrX7y0r9Jo+jCCdwCucQwBXU4Q4a0AQCAp7hFd487b14797HorXg5TPH8Afe5w8akJCg</latexit>⊕

<latexit sha1_base64="NXcXSBplcQ04NyQdRIc8jzgOlz4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHiOYByRJmJ7PJkHksM7NCWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uKOHMWN//8gorq2vrG8XN0tb2zu5eef+gZVSqCW0SxZXuRNhQziRtWmY57SSaYhFx2o7GNzO//Ui1YUo+2ElCQ4GHksWMYOuke3EV9MsVv+rPgf6SICcVyNHolz97A0VSQaUlHBvTDfzEhhnWlhFOp6VeamiCyRgPaddRiQU1YTY/dYpOnDJAsdKupEVz9edEhoUxExG5ToHtyCx7M/E/r5va+DLMmExSSyVZLIpTjqxCs7/RgGlKLJ84golm7lZERlhjYl06JRdCsPzyX9I6qwa1au3uvFK/zuMowhEcwykEcAF1uIUGNIHAEJ7gBV497j17b977orXg5TOH8AvexzfKx41+</latexit>

m = 1

<latexit sha1_base64="CfiE0Mv6nl8dm/GOfpNrjxlSCrA=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUr0IRS8eK7ptoV1KNs22oUl2SbJCWfoTvHhQxKu/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9nfvuJKs1i+WgmCQ0EHkoWMYKNlR7Eda1frrhVdw60SrycVCBHs1/+6g1ikgoqDeFY667nJibIsDKMcDot9VJNE0zGeEi7lkosqA6y+alTdGaVAYpiZUsaNFd/T2RYaD0Roe0U2Iz0sjcT//O6qYmugozJJDVUksWiKOXIxGj2NxowRYnhE0swUczeisgIK0yMTadkQ/CWX14lrVrVq1fr9xeVxk0eRxFO4BTOwYNLaMAdNMEHAkN4hld4c7jz4rw7H4vWgpPPHMMfOJ8/zEuNfw==</latexit>

m = 2

<latexit sha1_base64="QZznii7ygead2tFk0ms76tuOGlo=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvgqiRFqhuh6MaVVLCt0IQymU7aofMIMxOhhGzc+CtuXCji1n9w5984TbPQ1gMXDufcy733hDElSrvut1VaWl5ZXSuvVzY2t7Z37N29jhKJRLiNBBXyPoQKU8JxWxNN8X0sMWQhxd1wfDX1uw9YKiL4nZ7EOGBwyElEENRG6tuH7MKnERVC+jqSEKU3WVrPfJlLfbvq1twcziLxClIFBVp9+8sfCJQwzDWiUKme58Y6SKHUBFGcVfxE4RiiMRzinqEcMqyCNP8ic46NMnAiIU1x7eTq74kUMqUmLDSdDOqRmvem4n9eL9HReZASHicaczRbFCXU0cKZRuIMiMRI04khEElibnXQCJowtAmuYkLw5l9eJJ16zWvUGren1eZlEUcZHIAjcAI8cAaa4Bq0QBsg8AiewSt4s56sF+vd+pi1lqxiZh/8gfX5A2mrmS4=</latexit>

m = →N

2 ↑

<latexit sha1_base64="/3J7eGtsUnoZxqbV4Mtl99/Ph/I=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3pLwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6KPjNg=</latexit>

I

<latexit sha1_base64="jA9WdXH3rzOCSg6B2avAr70mUeQ=">AAACE3icbZDLSsNAFIYn9VbrLV52boJFqBdK4qK6LArisoK9QBrLZDpph04mcWYilpBHENz4Km5cKKJLN+58Gye9gLb+MPDxn3OYc343pERI0/zWMjOzc/ML2cXc0vLK6pq+vlETQcQRrqKABrzhQoEpYbgqiaS4EXIMfZfiuts7S+v1W8wFCdiV7IfY8WGHEY8gKJXV0vebPpRd14vPk+u4YB6ae0krHnt3ycEYb5KkpefNojmQMQ3WCPLlwy37/qOiVVr6V7MdoMjHTCIKhbAtM5RODLkkiOIk14wEDiHqwQ62FTLoY+HEg5sSY1c5bcMLuHpMGgP390QMfSH6vqs60xXFZC01/6vZkfROnJiwMJKYoeFHXkQNGRhpQEabcIwk7SuAiBO1q4G6kEMkVYw5FYI1efI01I6KVqlYulRpnIKhsmAb7IACsMAxKIMLUAFVgMADeAIv4FV71J61N+192JrRRjOb4I+0zx/LKaEK</latexit>

F(0,0)
x+q

<latexit sha1_base64="Dj2BmFTsFYjyvghGbmmz0y8ZSnM=">AAACGHicbVDLSsNAFJ3UV62vqEs30SJUlJp0UbtwURTEZQX7gL6YTCft0JkkzkzEEvIZbvwVEVwo4rY7/RonfYC2Hhg4c8693HuP7VMipGl+aYmFxaXlleRqam19Y3NL396pCC/gCJeRRz1es6HAlLi4LImkuOZzDJlNcdXuX8Z+9R5zQTz3Vg583GSw6xKHICiV1NZPGwzKnu2EV1ErzJgn7Chqh1PtITrmLZaZfu8iZeppM2uOYMwTa0LSxdyLXfg+3y+19WGj46GAYVciCoWoW6YvmyHkkiCKo1QjENiHqA+7uK6oCxkWzXB0WGQcKqVjOB5Xz5XGSP3dEUImxIDZqjLeUcx6sfifVw+kU2iGxPUDiV00HuQE1JCeEadkdAjHSNKBIhBxonY1UA9yiKTKMqVCsGZPnieVXNbKZ/M3Ko0LMEYS7IEDkAEWOANFcA1KoAwQeATP4A28a0/aq/ahfY5LE9qkZxf8gTb8AUYzo4k=</latexit>

F(0,m)
x+rm(q)

<latexit sha1_base64="fQarbaqE8Ah+dvk3kzzIKw9uvHI=">AAACEHicbVDLSsNAFJ34rPUVdekmWMS6KYlIdVnUhSupYB/QpGEynaRDZ5IwMxFKyCe48VfcuFDErUt3/o2TNoK2Hhg4c8693HuPF1MipGl+aQuLS8srq6W18vrG5ta2vrPbFlHCEW6hiEa860GBKQlxSxJJcTfmGDKP4o43usz9zj3mgkThnRzH2GEwCIlPEJRKcvUjW5CAQddmUA45SzkOsn7687vK3Jusyvvs2NUrZs2cwJgnVkEqoEDT1T/tQYQShkOJKBSiZ5mxdFLIJUEUZ2U7ETiGaAQD3FM0hAwLJ50clBmHShkYfsTVC6UxUX93pJAJMWaeqsw3FbNeLv7n9RLpnzspCeNE4hBNB/kJNWRk5OkYA8IxknSsCEScqF0NNIQcIqkyLKsQrNmT50n7pGbVa/Xb00rjooijBPbBAagCC5yBBrgGTdACCDyAJ/ACXrVH7Vl7096npQta0bMH/kD7+AYD+p3V</latexit>

ω
DN
reg (rm)

<latexit sha1_base64="urzzqauY3fysvBa5PnYAM/Nol00=">AAACDnicbVBNS8NAEN3Ur1q/oh69LJaCp5IUqR6LvXiSCrYVmlA22027dLMbdjdCCfkFXvwrXjwo4tWzN/+N2zQHbX0w8Hhvhpl5Qcyo0o7zbZXW1jc2t8rblZ3dvf0D+/Cop0QiMeliwYS8D5AijHLS1VQzch9LgqKAkX4wbc/9/gORigp+p2cx8SM05jSkGGkjDe2aFyE9wYil7cxjIRNCejqUCKc3WdrIPJlLQ7vq1J0ccJW4BamCAp2h/eWNBE4iwjVmSKmB68TaT5HUFDOSVbxEkRjhKRqTgaEcRUT5af5OBmtGGcFQSFNcw1z9PZGiSKlZFJjO+fFq2ZuL/3mDRIeXfkp5nGjC8WJRmDCoBZxnA0dUEqzZzBCEJTW3QjxBJgxtEqyYENzll1dJr1F3m/Xm7Xm1dVXEUQYn4BScARdcgBa4Bh3QBRg8gmfwCt6sJ+vFerc+Fq0lq5g5Bn9gff4A6sOdTw==</latexit>

C→N

2 ↑

<latexit sha1_base64="CBnIJvITfOOqwuzIgq3JrBc0vwU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmKVJdFN66kgn1AE8pkOmmHTmbCzEQoIeDGX3HjQhG3/oQ7/8ZpmoW2HrhwOOde7r0niBlV2nG+rdLK6tr6RnmzsrW9s7tn7x90lEgkJm0smJC9ACnCKCdtTTUjvVgSFAWMdIPJ9czvPhCpqOD3ehoTP0IjTkOKkTbSwD7yWMiEkJ4OJcLpbZbWM0/m0sCuOjUnB1wmbkGqoEBrYH95Q4GTiHCNGVKq7zqx9lMkNcWMZBUvUSRGeIJGpG8oRxFRfpr/kMFTowxhKKQprmGu/p5IUaTUNApMZ4T0WC16M/E/r5/o8NJPKY8TTTieLwoTBrWAs0DgkEqCNZsagrCk5laIx8iEoU1sFROCu/jyMunUa26j1rg7rzavijjK4BicgDPgggvQBDegBdoAg0fwDF7Bm/VkvVjv1se8tWQVM4fgD6zPHwvXmHA=</latexit>

→N

2 ↑

Reflectional matching Rotational matching

<latexit sha1_base64="TZmJ96F12/v0zv+WGVnpMISY6JQ=">AAACCnicbVC7TsMwFHXKq5RXgJElUCExVQlChbGChbGV6ENqoshxndaq7QTbQaqizCz8CgsDCLHyBWz8DU6aAVqOZOn4nHt17z1BTIlUtv1tVFZW19Y3qpu1re2d3T1z/6Ano0Qg3EURjcQggBJTwnFXEUXxIBYYsoDifjC9yf3+AxaSRPxOzWLsMTjmJCQIKi355rErE+anLoNqEoTpfeYSXnwQpGkn86eZb9bthl3AWiZOSeqgRNs3v9xRhBKGuUIUSjl07Fh5KRSKIIqzmptIHEM0hWM81JRDhqWXFqdk1qlWRlYYCf24sgr1d0cKmZQzFujKfEu56OXif94wUeGVlxIeJwpzNB8UJtRSkZXnYo2IwEjRmSYQCaJ3tdAECoiUTq+mQ3AWT14mvfOG02w0Oxf11nUZRxUcgRNwBhxwCVrgFrRBFyDwCJ7BK3gznowX4934mJdWjLLnEPyB8fkD+mybuw==</latexit> ∑

q→Qk

<latexit sha1_base64="pAMtdv4YpiPWiy/yX0kX5F97A/4=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oh5JJM21okhmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WNza3tneJuaW//4PCofHzS1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeY3Gd+Z0qVZpF8NLOY+gKPJAsZwcZKfl9gMyaYp835YDIoV9yquwBaJ15OKpCjMSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2X+ommMSYTPKI9SyUWVPvpIvQcXVhliMJI2ScNWqi/N1IstJ6JwE5mIfWql4n/eb3EhLd+ymScGCrJ8lCYcGQilDWAhkxRYvjMEkwUs1kRGWOFibE9lWwJ3uqX10n7qurVqrXmdaV+l9dRhDM4h0vw4Abq8AANaAGBJ3iGV3hzps6L8+58LEcLTr5zCn/gfP4AEcWSUA==</latexit>

Qk

<latexit sha1_base64="TZmJ96F12/v0zv+WGVnpMISY6JQ=">AAACCnicbVC7TsMwFHXKq5RXgJElUCExVQlChbGChbGV6ENqoshxndaq7QTbQaqizCz8CgsDCLHyBWz8DU6aAVqOZOn4nHt17z1BTIlUtv1tVFZW19Y3qpu1re2d3T1z/6Ano0Qg3EURjcQggBJTwnFXEUXxIBYYsoDifjC9yf3+AxaSRPxOzWLsMTjmJCQIKi355rErE+anLoNqEoTpfeYSXnwQpGkn86eZb9bthl3AWiZOSeqgRNs3v9xRhBKGuUIUSjl07Fh5KRSKIIqzmptIHEM0hWM81JRDhqWXFqdk1qlWRlYYCf24sgr1d0cKmZQzFujKfEu56OXif94wUeGVlxIeJwpzNB8UJtRSkZXnYo2IwEjRmSYQCaJ3tdAECoiUTq+mQ3AWT14mvfOG02w0Oxf11nUZRxUcgRNwBhxwCVrgFrRBFyDwCJ7BK3gznowX4934mJdWjLLnEPyB8fkD+mybuw==</latexit> ∑

q→Qk

:

<latexit sha1_base64="mZ4uq0gJtpc8CvDscmXo+PzN4KA=">AAAB/HicbVBPS8MwHE3nvzn/VXf0EhyCp9GKTI9DLx4nuDlYS0mztAtL0pKkQinzq3jxoIhXP4g3v43p1oNuPgg83vv9+L28MGVUacf5tmpr6xubW/Xtxs7u3v6BfXg0UEkmMenjhCVyGCJFGBWkr6lmZJhKgnjIyEM4vSn9h0ciFU3Evc5T4nMUCxpRjLSRArvpKRpzFHgc6YnkhSTxLLBbTtuZA64StyItUKEX2F/eOMEZJ0JjhpQauU6q/QJJTTEjs4aXKZIiPEUxGRkqECfKL+bhZ/DUKGMYJdI8oeFc/b1RIK5UzkMzWWZUy14p/ueNMh1d+QUVaaaJwItDUcagTmDZBBxTSbBmuSEIS2qyQjxBEmFt+mqYEtzlL6+SwXnb7bQ7dxet7nVVRx0cgxNwBlxwCbrgFvRAH2CQg2fwCt6sJ+vFerc+FqM1q9ppgj+wPn8AhbWVWw==</latexit>

ωreg : Permutation matrix
(Regular representation)

: Reflection
: Rotation

Figure 4. Illustration of our equivariant reflectional matching (left) and invariant rotational matching (right) modules. The re-
flectional matching computes similarity scores between rotated features and their reflections across all |CN | rotation angles, preserving
dihedral group equivariance with rotation invariance. The rotational matching computes similarities between feature pairs with different
rotation angle interval, yielding rotation-invariant features for detecting n-fold rotation symmetry centers. Both modules incorporate spatial
neighborhoods Qk for robust detection across multiple scales.

which flips sign under reflection (an axis at angle ϑ be-
comes ↔ϑ), we subtract the reflected response. Formally,
let Y(i)

ϖ denote the feature map for the i-th rotation chan-
nel and Y(i+N)

ϖ the corresponding reflection channel. We
compute an aggregated feature Ỹϖ with only N channels
as:

Ỹω =

|CN |⊕

i=1

[
Nω([Y

(i)
ω ;Y

(i+N)
ω ]) ↭ω Nω([Y

(i+N)
ω ;Y

(i)
ω ])

]
, (13)

where ↭ϖ is the pairwise aggregation operator defined as
↭ϖ = + for ς ↓ {p, ε} and ↭ϖ = ↔ for ς = ϑ. Rather than
directly adding or subtracting feature maps which discards
useful details, we apply a learnable transformation Nϖ to
extract and reweight information from each channel before
combining, while preserving both the reflection transforma-
tion properties and CN -equivariance.

Orientational anchor construction. Even after merging
reflection pairs, there remains an ambiguity in the orienta-
tion representation: a line at orientation ϑ is equivalent to
the one at ϑ + φ, since both describe the same physical axis
line. To address this ambiguity, we combine the aggregated
response at rotation channel index ↼ with that at ↼ + N/2 to
produce Oref = [Op;Oω;Oε] ↓ R|CN |/2↑H↑W↑3 :

Oϖ,ϱ = Ỹϖ,ϱ + Ỹϖ,ϱ+N/2, ↼ = 1, . . . ,
N

2 , (14)

for each component ς ↓ {p, ε, ϑ}. Each anchor Oϱ spe-
cializes in detecting axes with orientation offsets within
[↔ ϑ

N
,

ϑ

N
) from its base orientation 2ϑϱ

N
. We predict offsets

rather than absolute orientations to directly adapt invariant
orientation regression values across different anchor orien-
tations. At each position (↼, x, y), an axis is represented
as (↼, x, y, p, ε, ϑ), where the output O(ϱ,x,y) = (p, ε, ϑ)

determines its start and end points as:
[
xs,ϱ
ys,ϱ

]
=

[
xϱ

yϱ

]
+

ε

2

[
cos(ϑϱ)
sin(ϑϱ)

]
, (15)

[
xe,ϱ
ye,ϱ

]
=

[
xϱ

yϱ

]
↔ ε

2

[
cos(ϑϱ)
sin(ϑϱ)

]
, (16)

where ϑϱ = 2ϑϱ

N
+ ϑ represents the absolute orientation.

4.3. Reflectional matching

Reflection symmetry can be validated by comparing a pat-
tern with its mirrored counterpart, known as reflectional
matching [3, 37]. Unlike hand-crafted descriptors such as
SIFT [36], conventional neural features [13, 20] lack rota-
tion and reflection equivariance, limiting their effectiveness.
To address this, we leverage DN -equivariant features [5] for
reflectional matching, providing a strong cue for symmetry
detection. Fig. 4 (left) illustrates the detailed process.

For a feature fiber f ↓ RC|DN | from a DN -equivariant
feature map F, its transformation under l reflections and n

rotations is:

f (l,n) =
C⊕

c=1

ω
DN
reg (bl

r
n)fc ↓ RC|DN |

, (17)

where fc ↓ R|DN | represents the group-equivariant subset
of the fiber, and f = [f↓

1 , . . . , f↓
C ]↓. Here, ω

DN
reg (bl

r
n)

denotes the regular representation of DN for l reflections
and n rotations. The group-aware similarity h between two
fibers f1

, f2 ↓ RC|DN | is defined as:

h(f1
, f2) =

C⊕

c=1

f1
c

· f2
c

↗f1
c
↗↗f2

c
↗ ↓ RC

. (18)

To capture symmetry across orientations, reflectional simi-
larity scores are computed for each rotation, comparing ro-
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tated and rotated-then-reflected fibers:

Href,x =

|CN |→1⊕

n=0

h(F(0,n)
x ,F(1,n)

x ) ↓ RC|CN |
, (19)

where F(0,n)
x and F(1,n)

x represent fibers at position x under
the regular representation for n rotations, with and with-
out reflection. The resulting similarity score map H ↓
RC|CN |↑H↑W is equivariant under the dihedral group while
remaining reflection-invariant. To detect broader symme-
tries beyond single points, we extend matching to spatial
neighborhoods defined by a set of 2D offset vectors:

Qk = {(i, j) | i, j ↓ {↔k, . . . , k}} , (20)

where k ↓ N controls the neighborhood size. The neigh-
borhood similarity is computed as:

H
(k)
ref,x =

∑

q↑Qk

|CN |↓1⊕

n=0

h(F
(0,n)
x+rn(q),F

(1,n)
x+brn(q)) → RC|CN |, (21)

where b
l
r

n(q) denotes the transformed offset after n rota-
tions and l reflections. To improve robustness, we use multi-
scale reflectional similarity features H(k1)

ref , . . . ,H(kM )
ref ,

concatenated with the base feature map F to capture sym-
metry across various spatial scales while preserving equiv-
ariance. The matching output is equivariant to DN while
preserving reflection invariance, as demonstrated in the de-
tailed proof provided in the Appendix B.

4.4. Rotational matching

Rotation symmetry is identified by comparing a pattern with
its rotated version around its axis. Our rotational matching
module implements this by comparing features with their
rotated versions around each candidate center point (Fig. 4
right). An n-fold rotational symmetry remains invariant un-
der every 2ϑ

n
rotation. To reduce redundancy in similarity

comparisons, we exploit the consistency of feature com-
parisons at fixed angular separations, requiring only ↘N

2 ≃
unique comparisons instead of N C2 feature pairs. The com-
plete rotational matching feature is computed as:

Hrot,x =

↔ N
2 ↗⊕

m=1

h(F(0,0)
x ,F(0,m)

x ) ↓ RC↔ N
2 ↗

, (22)

which remains dihedral group-invariant, as similarity val-
ues are preserved. To extend matching to spatial neighbor-
hoods, we use the approach from Sec. 4.3:

H(k)
rot,x =

∑

q↘Qk

↔ N
2 ↗⊕

m=1

h(F(0,0)
x+q ,F(0,m)

x+rm(q)) ↓ RC↔ N
2 ↗

. (23)

Following the multi-scale approach in Sec. 4.3, we compute
features at multiple kernel sizes and concatenate them with
the pooled base feature map from Sec. 4.1, enabling precise
detection of rotation axis and fold classes. The resulting
output remains invariant to both rotation and reflection.

5. Experiments

5.1. Implementation details

Dataset. We use the DENDI dataset [45] for both train-
ing and evaluation. It provides annotations for reflection
symmetry axes and rotation symmetry centers, along with
corresponding fold numbers. The original training set com-
prises approximately 1.8k images. To augment the data, we
extract 15k symmetry-annotated masks, which are pasted
onto other images without overlapping existing annotations,
thereby expanding the dataset to 30k training images. We
also report F1-scores on the SDRW [32] and LDRS [45]
datasets for comparison with prior methods.

Evaluation metrics. For reflection symmetry, we adopt
structural Average Precision (sAP) [63], where a prediction
is correct if d

2
1 + d

2
2 < ↽ or d

2
p

<
ς

2 , with at least 70% over-
lap within the annotated ellipse. Here, d1 and d2 are end-
point distances to the ground truth, and dµ is the distance
from the ellipse center to the predicted midpoint. For ro-
tation symmetry, sAP is computed with d

2
center <

ς

2 , where
dcenter denotes the distance between predicted and ground
truth rotation centers. We also report fold sAP, which re-
quires correct fold classification. All results are evaluated
at ↽ = 5, 10, and 15 pixels. For heatmap-based base-
lines [15, 45], F1-scores are computed using 5-pixel dilated
ground-truth and predicted axes.

Model and training. We use a D8-equivariant ResNet-
34 [5, 20] as the feature extractor. Both reflectional and
rotational matching modules utilize multi-scale similarity
features (scales 1, 3, and 5). In the reflection branch,
group convolution [5] is implemented via image rotation,
group channel permutation, and standard convolution, as
the e2cnn [55] framework does not support reflection-
invariant dihedral groups or operations such as deformable
convolution [11] while preserving equivariance. The model
is trained for 100 epochs with a batch size of 32 using
AdamW [26], starting with a learning rate of 10→3, reduced
by a factor of 10 at epochs 50 and 75. Loss weights are
set to ϱω = 1 (length), ϱε = 150 (orientation, account-
ing for radian scale), and ϱfold = 2 (fold classification).
Weighted binary cross-entropy with a positive class weight
of 3 is used for Lmid and Lfold.

5.2. Evaluation of the proposed method

Reflection symmetry detection. As shown in the last row
of the Tab. 1, the proposed model achieves sAP scores of
18.7, 22.7, and 24.7 at 5, 10, and 15-pixel thresholds on the
DENDI dataset [45]. Fig. 5 demonstrates robust reflection
symmetry detection across diverse scenes, handling multi-
ple orientations and scales, even in complex backgrounds.
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PMCNet[44] EquiSym[45] Ours Ground truth PMCNet[44] EquiSym[45] Ours Ground truth

Figure 5. Qualitative comparison of symmetry detection methods. Our instance-wise approach produces clearer, more precise symmetry
instances compared to heatmap-based methods [44, 45], especially for smaller objects and complex scenes. Green lines in ground truth
and our results represent reflection axes, while red points represent rotation axes.

Method Ref. sAP (%)
@5 @10 @15

Axis-level detection 6.2 9.3 11.2
+ Orientational anchors 16.6 19.9 21.1

+ Ref. matchk=0 17.6 20.7 21.8
+ Ref. matchk=0,1 18.4 22.0 23.7
+ Ref. matchk=0,1,2 18.8 22.7 24.7

Table 1. Ablation results for reflection symmetry detection on
the DENDI dataset. Ref. matchk represents reflectional match-
ing with kernel sizes 2k + 1. Best results are shown in bold.

Rotation symmetry detection. The rotation symmetry
branch outputs classification scores for multiple folds. For
center detection, we pool the maximum score as the cen-
ter probability for binary evaluation. In the last row of the
Tab. 2, we report both center sAP and fold sAP. Our method
achieves center sAP scores of 36.8, 39.1, and 40.0 and fold
AP scores of 26.6, 28.3, and 28.9 at 5, 10, and 15-pixel
thresholds, respectively. Fold misclassifications primarily
occur between 2-fold and 4-fold symmetries. Fig. 5 shows
robust detection across complex scenes.

5.3. Ablation study

Reflection symmetry detection. We conduct ablation
studies on our reflection symmetry components in Tab. 1.
The baseline axis-level detection achieves sAP scores of
6.2, 9.3, and 11.2. Adding orientational anchors signifi-
cantly improves performance, increasing sAP to 16.6, 19.9,
and 21.1 by enabling orientation-specific feature learning.
Incorporating single-kernel reflectional matching (k = 0)
further boosts performance, achieving sAP scores of 17.6,

Method Center sAP (Fold sAP) (%)
@5 @10 @15

Axis-level detection 31.5(22.5) 34.7(24.6) 35.7(25.3)
+ Rot. matchk=0 35.9(25.4) 37.8(26.6) 37.0(27.2)
+ Rot. matchk=0,1 36.2(26.2) 38.2(27.8) 37.4(28.1)
+ Rot. matchk=0,1,2 36.8(26.6) 39.1(28.3) 40.0(28.9)

Table 2. Ablation results for rotation symmetry detection on the
DENDI dataset. Rot. matchk represents rotational matching with
kernel sizes 2k + 1. Best results are shown in bold.

20.7, and 21.8. Expanding to multi-kernel matching (k =
0, 1) enhances detection, reaching 18.4, 22.0, and 23.7. The
best performance is obtained with k=0, 1, 2, achieving sAP
scores of 18.8, 22.7, and 24.7. These results confirm that
multi-scale reflectional matching effectively captures sym-
metry patterns across different spatial scales.

Rotation symmetry detection. Tab. 2 shows the effec-
tiveness of our rotational matching approach. The baseline
axis-level detection achieves sAP scores of 31.5, 34.7, and
35.7, with fold sAP scores of 22.5, 24.6, and 25.3. Adding
single-kernel rotational matching (k = 0) improves sAP by
4.4, 3.1, and 1.3, with greater gains at smaller thresholds (5
pixels), indicating better localization. Expanding to multi-
kernel matching (k = 0, 1 and k = 0, 1, 2) further enhances
performance. Our final model achieves sAP scores of 36.8,
39.1, and 40.0, with fold sAP scores of 26.6, 28.3, and
28.9, demonstrating the effectiveness of rotational match-
ing across scales.
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SDRW [32] (Ref.) LDRS [44] (Ref.) DENDI [45] (Ref.) DENDI [45] (Rot.)

(a)

SDRW [32] (Padding vs F1)

(b)

Ours

EquiSym

PMCNet

Figure 6. Evaluation of our symmetry detection approach. (a) Precision-recall curves for reflection symmetry detection on SDRW [32],
LDRS [44], and DENDI [45] datasets, and rotation symmetry detection on the DENDI dataset; (b) Analysis of F1-score with varying axis
padding values(multiplied to image diagonal) on the SDRW dataset. For rotation symmetry evaluation on DENDI, we compare only with
EquiSym [45], as PMCNet [44] does not support rotation symmetry detection.

Method Ref. F1 (%) Rot. F1 (%)

SDRW [32] LDRS [44] DENDI [45] DENDI [45]

PMCNet [44] 68.8 37.3 32.6 -
EquiSym [45] 67.5 40.0 36.7 22.4
Ours 68.3 43.4 37.2 26.8

Table 3. Comparison with the state-of-the-art methods using pixel-
wise F1-score on multiple datasets. Ref. and Rot. denote reflec-
tion and rotation symmetry respectively. Best results in bold.

Equivariance Analysis To quantitatively validate the ro-
tation equivariance illustrated in Fig. 1, we compute the
RMSE between outputs from non-rotated and rotated in-
puts on the DENDI test set. In Fig. 7 (a), axis-level predic-
tions are converted to heatmaps for fair comparison with the
heatmap-based group-equivariant method [45]. Our model
consistently achieves lower RMSE across all rotation an-
gles, demonstrating greater robustness. In Fig. 7 (b), we
compare the length map Oω between the equivariant and
non-equivariant variants of our model. The equivariant ver-
sion yields significantly lower RMSE, confirming the ef-
fectiveness of our equivariant design in preserving rotation
robustness.

(a) (b)

RMSE
RMSE

Rot. Angle Rot. Angle

Figure 7. Rotation robustness evaluation on the DENDI

test set. (a) Comparison with the heatmap-based equivariant
method [45]. (b) Comparison of Oε between equivariant and non-
equivariant variants of our model.

5.4. Comparison with the state-of-the-art methods

F1-score. Tab. 3 shows F1-scores across multiple bench-
marks. Our method outperforms previous work on
LDRS [44] (+3.4) and DENDI [45] (+0.5) for reflection
symmetry and achieves a significant gain(+4.4) in rota-
tion symmetry detection on DENDI. For the SDRW [32],

our method (68.3) is comparable to PMCNet (68.8). This
slight difference stems from the disparity between heatmap-
based segmentation and detection approaches. As shown in
Fig. 6(b), when the evaluation criterion becomes more strin-
gent (smaller padding values), our axis-level approach out-
performs PMCNet’s region-based predictions due to more
precise axis localization.

PR curve. Precision-recall curves in Fig. 6(a) further
highlight performance differences. Our method maintains
higher precision, especially in LDRS and DENDI. Unlike
pixel-level methods that boost recall by predicting all pix-
els, our approach models symmetry as geometric primitives,
where a single midpoint score affects the entire axis. This
results in higher precision but more variable recall. Post-
processing steps like Non-Maximum Suppression and score
thresholding further prioritize precision over recall.

6. Conclusion

We have introduced a dihedral group-equivariant approach
for axis-level symmetry detection, representing symmetries
as geometric primitives instead of pixel-level heatmaps.
Our method integrates orientational anchors and reflectional
matching for reflection symmetry detection, and invariant
rotational matching for rotation symmetry detection to cap-
ture symmetry across orientations and scales. Experiments
demonstrate superior performance over existing methods,
with ablations validating the effectiveness of our approach.
Future work can extend our model to continuous groups, 3D
spaces, and varying viewpoints for real-world applications.
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