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Abstract

In this paper we show how to exploit interventional data to acquire the joint conditional distribution
of all the variables using the Maximum Entropy principle. To this end, we extend the Causal
Maximum Entropy method to make use of data arising from identifiable interventional distributions
in addition to data from the observational distribution. Using Lagrange duality, we prove that
the solution to the Causal Maximum Entropy problem with interventional constraints lies in the
exponential family, as in the Maximum Entropy solution. Our method allows us to perform two tasks
of interest when marginal interventional distributions are provided for any subset of the variables.
First, we show how to perform parental discovery from a mixture of observational and single-variable
interventional data, and, second, how to infer joint interventional distributions. For the former task,
we show on synthetically generated data, that our proposed method outperforms the state-of-the-art
method on merging datasets, and yields comparable results to the KCI-test which requires access to
joint observations of all variables.

Keywords: Causal Maximum Entropy, Causal Marginal Problem, Parental Discovery

1. Introduction

Randomised Controlled Trials (RCTs) are the standard method for identifying the causal effect of
a treatment on a target variable. However, their utility is often constrained by cost when studying
complex interventions. Determining how a new drug, for instance, interacts with existing medica-
tions or medical procedures requires testing a number of combinations that grows exponentially.
Furthermore, research goals frequently extend beyond the average treatment effect to understanding
its impact under specific combinations of conditions (e.g., medical pre-conditions or risk factors).
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While this conditional knowledge is crucial and must be recorded during the trial, designing an RCT
capable of considering all potentially relevant factors proves challenging. This difficulty often leads
to research where multiple independent studies investigate different aspects or subsets of treatments
and conditions. Consequently, researchers rarely have access to the full conditional distribution of the
target variable or the joint interventional distribution of multiple treatments. This fundamental lack
of joint data complicates the identification of whether a treatment or condition has a direct causal
effect or merely an indirect influence through another factor.

As another real-world example beyond the medical domain, consider the problem of finding
the effect of different fertilisers and planting methods on a particular crop yield (Hindersah et al.,
2022). As the number of fertilisers and planting methods increases, the experimental design becomes
prohibitively expensive due to combinatorial explosion. Nevertheless, a researcher interested in the
combined effect might have observational data and data from single experiments, such as nitrogen
(Qiu et al., 2022) or potassium (Wihardjaka et al., 2022) fertilisers on crop yield. To address this
challenge, we propose a method for combining experimental and observational data to infer joint
interventional distributions.

To do this, we extend the Causal Maximum Entropy (CMAXENT) principle (Janzing, 2021) to the
interventional-CMAXENT (i-CMAXENT). We show that the resulting distribution for i-CMAXENT
lies in the exponential family, similar to the traditional Maximum Entropy (MAXENT) distribu-
tion (Wainwright et al., 2008). This allows us to perform two tasks of interest: (i) We can estimate
joint interventional distributions from single variable interventions (Saengkyongam and Silva, 2020;
Keki¢ et al., 2025) in the marginal causal problem setting (Gresele et al., 2022). (ii) We can perform
parental discovery (Peters et al., 2016; Heinze-Deml et al., 2018) under the causal marginal setting.
That is, under certain graph constraints, it allows us to infer the true causal parents of a variable of
interest from a set of potential causes, even when the variables are not jointly observed.

The contributions of this paper are as follows:

* We extend the Causal Maximum Entropy principle (CMAXENT) to use data from experimental
conditions (Section 5).

* We prove that given a set of statistical constraints, the solution to the proposed method lies in
an exponential family of distributions, extending the scope of these to include causal semantics
(Section 5).

* We provide conditions under which this method can be used to combine observational and
experimental data (Section 5), which is only possible nonparametrically under strict constraints
(Section 3), and test the results empirically against usual CMAXENT (Sections 6 and 7).

2. Related work

Marginal problem and causality Various methods address the statistical problem of merging
information from datasets with overlapping subsets of random variables, called the Marginal Prob-
lem (Deming and Stephan, 1940; Kellerer, 1964). The problem of combining information from
overlapping data in causal structure learning has been studied in (Danks et al., 2008; Tillman and
Spirtes, 2011; Dhir and Lee, 2020). However, the structures they are able to learn are based on
conditional independence tests within the overlapping datasets; in other words, they have to observe
variables jointly. Recently, an extension of this problem was introduced, the Causal Marginal
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Problem, where information from disjoint datasets is merged into a single causal model (Gresele
et al., 2022; Sani et al., 2023). Gresele et al. (2022), for example, address whether data from subsets
of variables together with a known graph structure can be used to determine a set of joint SCMs that
are counterfactually consistent with the marginal data. Their work differs from ours in that we are
interested in finding joint interventional distributions, while they focus on bounding counterfactual
quantities, which allows them to falsify causal models. Further, they assume the causal graph to be
given, while our approach can be used for parental discovery.

Joint interventional distributions A recent object of research interest is the conditions under
which joint causal effects can be identified from interventions on variable subsets, single variable
interventions being the limiting case. This question has been tackled from both a parametric and
a nonparametric point of view. From the nonparametric perspective, causal effect identification
from experimental data was studied by Bareinboim and Pearl (2012), where a sound and complete
algorithm was introduced for z-identification of causal effects under experimental conditions. This
was extended later by Lee et al. (2020), where the g-identification formula was introduced in scenarios
where not all experimental data is available. Jung et al. (2023) presented an estimator based on
the g-identification formula with properties against bias. Tikka et al. (2021) developed a sound
search-based algorithm, where heuristics and search reduction techniques are able to decide (and
provide a nonparametric estimator, if possible) for joint effect identification from observational and
experimental data.

From the parametric perspective, Saengkyongam and Silva (2020) studies identification in non-
linear Gaussian models with confounding between the covariates and the outcomes, while Kekic¢
et al. (2025) provides an unbiased estimator of joint interventional effects from single variable inter-
ventions without distributional assumptions. However, they rely on an additive outcome mechanism
assumption. Gimenez and Rothenhiusler (2022), explore the identifiability of joint causal effects
under different assumptions of the problem such as linear and nonlinear models, the existence of
instrumental variables and sparsity. The potential outcome literature has also studied this question
from a parametric point of view (see (Shi et al., 2023; Colnet et al., 2024) and references therein).

The complementary question of the conditions under which single variable interventions can be
identified from joint causal effects has also been studied. Jeunen et al. (2022), for example, find the
conditions under which single variable interventions can be identified from joint interventions in
confounded additive noise models. In addition to the previous result, Elahi et al. (2024) study how to
obtain all possible causal effects from only some joint interventions in additive noise models with
Gaussian noise.

Causal discovery The task of parental discovery has been addressed from various perspectives,
with the most prominent ones being those based on invariant causal prediction (Peters et al., 2016;
Heinze-Deml et al., 2018). While these methods are powerful and do not assume knowledge about
which variables in the system were intervened upon, they cannot operate in the setting of marginally
observed sets of variables, such as the causal marginal problem.

Furthermore, other research has focused on causal discovery using observational and experimental
data using either Bayesian inference methods (Cooper and Yoo, 1999; Eaton and Murphy, 2007),
causal graph conditions (Tian and Pearl, 2001), meta-analysis methods for combining p-values
(Tillman, 2009), or constraint-based methods (Triantafillou and Tsamardinos, 2015). A particularly
important idea in this line of research is the Joint Causal Inference (JCI) framework (Mooij et al.,
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Figure 1: Graph that allows nonparametric marginal data combination

2020), where these ideas were unified. However, none of these methods work under the causal
marginal problem, which limits their application in heavy missing data problems.

A method that allows for parental discovery, even under this marginal setting is CMAXENT
(Garrido Mejia et al., 2022). However, CMAXENT can only make use of observational data, limiting
the amount of information that it can leverage to find the relevant causal parents. An extensive
comparison of our approach with CMAXENT can be found in Section 7.

3. Motivation

In this section we will prove that even in cases where the parents of the target variable are confounded
we can identify nonparametric joint interventional effects from observational or interventional
marginal data. This holds true even in cases where these joint interventional distributions cannot be
identified using the rules of do-calculus (Pearl, 2009).

Consider a causal system with binary variables X1, Xo,Y and U, where U is an unobserved
confounder, and the joint distribution p(X,Y') := p(X7, X»,Y) is Markov relative to the graph in
Figure 1. We are interested in p(Y | do(X; = x1, X2 = x2)), which in the case of sufficient causal
systems would correspond to p(Y | X1 = 1, X2 = x2). We have p(Y | X1), p(Y | X2) and p(X)
as data. Using a modern interventional distribution identification engine (Tikka et al., 2021), we
verify that the joint interventional distribution is not identifiable using the given data. Nonetheless,
we can still identify the joint interventional distribution nonparametrically:

Proposition 1 (Nonparametric identification through observational data combination) Let X, Y
be binary random variables and suppose p(x) > 0, for all x. Then the joint interventional distribu-
tion p(Y | do(Xy = x1, Xo = x2)) is identifiable using p(X) and p(Y | X;) fori =1, 2.

Remark 2 In the statement above, it is not necessary that X; does not cause X .

The proof is based on the fact that there are four equations, namely one for each p(Y | X; = z;),
and four unknowns p(Y | X; = =1, X9 = z3). All proofs can be found in Appendix A. In the
particular case of the graph in F'igure 1 the backdoor criterion holds, so that if we had interventional
distributions instead of observational ones, the target distribution is also identifiable, giving us the
following Corollary:

Corollary 3 (Nonparametric identification through single variable intervention data combination)
Let X, Y be binary random variables and suppose p(x) > 0, for all x. Then the joint interventional
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distribution p(Y | do(X1 = z1, X2 = x2)) is identifiable using p(X) and the single-variable
interventions given by p(Y | do(X; = z;)) fori = 1,2, as long as each p(Y | do(X; = x;)) is
identifiable.

We see how we cannot apply this idea for more than two variables using either only observational
or interventional data. Indeed, the number of unknowns grows exponentially with the number of
variables, whereas the number of equations grows linearly. Nevertheless, the same result can be
applied once more by combining observational and interventional data in the case of four variables:

Corollary 4 Let X = {X; : i = 1,2,3,4},Y be binary random variables and p(x) > 0 for all x.
Ifp(Y | do(X; = x;)) are identifiable using the backdoor criterion for all i, we can identify the joint
interventional distribution p(Y | do(X)) using p(X), p(Y | X;) and p(Y | do(X; = x;)) for all i.

This result motivates our search for methods that allow us to combine both observational and
interventional data beyond four variables.

4. Causal Maximum Entropy

In this section, we formally state the Maximum Conditional Entropy problem (Koller and Friedman
(2009, Chapters 8 and 20), Berger et al. (1996)), and its causal interpretation, Causal Maximum
Entropy (CMAXENT) (Sun et al., 2006; Janzing, 2021; Garrido Mejia et al., 2022), which we will
use as a basis for our proposed model in Section 5.

Consider a set of D random variables X = { X1, ..., Xp} of potential causes, and an effect Y,
with realisations x € X and y € ). We define P to be a probability measure on ) x X'.

Let F = {f;} be a set of K marginal measurable functions with fi : Y x X5, — R, where
S; €{1,...,D}isan 1ndex set of potent1a1 causes. For these functions, we are given emplrlcal
averages denoted by fk =¥ Zl 1 [r (v, Xg, ), where N is the number of observations of y* and

5,- The expectations of the marginal functions can be computed with respect to any valid joint
density of Y and X: E[f4(Y, X, )] = >, « P(y, %) fk(y, x5, )-

Furthermore, let J be a set of conditional measurable functions G = {g;} with g; : J x X5, —
RXs;!. For conditional functions, the empirical averages g;(xs;) = % Zf\; 195 (Y%, Xg;) depend
on the value of the conditioning variables X, where the conditioning set, .S; is different for
every conditional function g;. The expectations are computed with respect to a valid conditional
distribution: E[g;(Y,xs;) | Xs; = x5,] = >_, p(y | x5,)95(y, Xs;)-

Suppose we are given a density of the potential causes p(X) and the sets of functions F and G
with their respective empirical averages, but we do not know the conditional density p(Y | X). Then
the principle of Maximum Conditional Entropy suggests choosing the conditional density py (Y | X)
that has expectations consistent with the given empirical averages and also maximises the Shannon
conditional entropy H (Y | X)) (Jaynes, 1957; Berger et al., 1996; Farnia and Tse, 2016):

max  H(Y | X)= Zpylx x)log p(y | x)

st E[fi(Y,Xg, )] = fk, forallk=1,..., K
Elg;(Y.xs;) | Xs; = x5,] = gj(xs,), forallj=1,....J

Zp(y | x) =1, forall x.
y

ey
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Solving this optimisation problem, using the Lagrange multiplier formalism, yields an exponential
family distribution:

K J
oa(y | %) = exp (z M)+ 3 SN gy )+ a<x>) | o
k=1

7=1 xsj

where a(x) is the normalising constant and A = { g, )\;(Sj } are the Lagrange multipliers.

Intuitively, this density with maximum entropy is as close as possible to the uniform while
satisfying the expectation constraints. Jaynes (2003, Chapter 11) interprets MAXENT as a way to
find a density without introducing more information than given by the data. Critically, MAXENT,
Maximum Conditional Entropy, or CMAXENT do not aim at estimating the “true distribution” of
the data, but instead provide a guess given certain statistical properties of the data. The resulting
MAXENT distribution posses powerful statistical properties that have been deeply studied in the
literature (Griinwald and Dawid, 2004; Wainwright et al., 2008; Farnia and Tse, 2016).

In CMAXENT (Sun et al., 2006; Janzing et al., 2009; Janzing, 2021; Garrido Mejia et al., 2022),
causal semantics are introduced via graphical models. In other words, we assume that the variables
in our system have some cause-effect relation that can be represented by a causal graph (Pearl, 2009).
In CMAXENT, the densities are computed in the causal order given by a (hypothesised) causal graph.
For example, if X are potential causes of Y, we first find the MAXENT density of X subject to
constraints on X, and then the density with Maximum Conditional Entropy of Y given X using
the found p(X) and subject to the constraints associated with X and Y. Because of the introduced
causal semantics, we can use expectations involving interventions in the estimation of the density
pa(y | x), which corresponds to the so-called Independent Causal Mechanisms (Scholkopf et al.,
2012) of Y given its potential causes X.

The use of interventional data would not be possible for non-causal Maximum Conditional
Entropy, since the conditional distribution there is devoid of any causal structure and hence cannot be
used for operations of the causal hierarchy like interventions or counterfactuals (Pearl and Mackenzie,
2018). In Section 5, we exploit this observation to extend the CMAXENT method to use data from
interventions.

5. Interventional CMAXENT (i-CMAXENT )

In this section, we introduce i-CMAXENT , the modification of CMAXENT to include data on
interventional distributions, and prove that the solution to the optimisation problem is an exponential
family distribution, as in traditional MAXENT.

Before formally introducing i-CMAXENT , we present the necessary assumptions needed to use
interventional data in the optimisation problem.

Assumption 5 (Weak causal sufficiency) We assume there are no unobserved confounders be-
tween the effect Y and its potential causes X. However, there can exist hidden confounders among
the potential causes.

Assumption 5 is needed to exclude any backdoor paths between any potential cause and the target
Y. More specifically, if hidden confounders exist between X and Y, then we cannot phrase the
interventional moments in terms of the distributions of observed nodes alone.
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Assumption 6 (Positivity of the potential causes) We assume p(x) > 0 for all x.

Assumption 6 is required to ensure well-defined conditional distributions for all values x of X.

We also assume Faithful f-expectations as in Garrido Mejia et al. (2022, Definition 1), this
assumption is used to relate the results of statistical estimation with a causal graph, as in the usual
faithfulness assumption.

Assumption 7 (Faithful f-Expectations) A distribution P is said to have faithful f-expectations
relative to a DAG G, if for any distribution Q Markov relative to G it holds that whenever )\% #0,

then )\Pk #0.

For an intuitive explanation, consider a triplet X, Y, Z drawn from a distribution P Markov
relative to a DAG G, for which X /Lp Y | Z. Then according to Assumption 7, the dependence of
X and Y after observing Z, will also hold in the projected space of the MAXENT distribution. By
contrapositive, an independence in the space of MAXENT will also hold in the original distribution
space. In Appendix F we discuss other definitions of faithfulness in the literature and how Faithful
f-expectations relates to these different notions.

Next, let us introduce the required additional notation. Let H = {h;} be a set of L interventional
functions for which the empirical averages are denoted by H. Further, suppose that, in addition to a
conditioning set S, we also have a set Sll of variables that were intervened upon. For these functions,
the expectations are computed with respect to the interventional density p(Y | do(X Slz), X 5c ):

Elh(Y,xg1,x5¢) | do(Xgr = xg1), Xge = Xge] = D p(y | do(xgr), xge)huly, Xs7, X50)-
Y

3)

We assume SZC N Sl] = () for all indices [, as otherwise it would imply that the variables in the
distributions we used to compute the empirical averages are both conditioned and intervened upon.

The reasoning behind the extension to i-CMAXENT is the following: for a given interventional
function hy, if the corresponding interventional density p(Y | do(XSlz), X Szc) is identifiable, we
can express the expectation in Equation (3) using the observational densities p(Y | X) and p(X).
In this case, we can estimate p)(Y | X) by fitting the parameters A such that the interventional
expectations under p) (Y | X) are as close as possible to those given as constraints. In other words,
we leverage graphical nonparametric identification to write the interventional expression in terms of
observational probabilities, allowing us to introduce interventional data as constraints for the joint
density p) (Y, X). As above, we find the distribution that maximises the conditional entropy such
that its interventional expectations are close to the observed empirical averages.

We obtain the optimisation problem for i-CMAXENT by adding the following constraint to
Equation (1):

Elhi(Y,xg1,%5¢) | do(Xgr = xg1), Xgo = xg0] = ;Ll(xslz,xslc), foralll=1,...,L. (4)

Note that even though p(y | do("s{)a e Szc> appears as part of the constraints, we consider it to be
identifiable and hence can compute this interventional distribution as a functional of observational
distributions.

By including empirical averages that come from interventions on X, we can use a richer class of
data sources in comparison to CMAXENT, which could only use observational data. In the following
theorem, we study the resulting distribution of the i-CMAXENT optimisation problem.
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Theorem 8 (Exponential family of i-CMAXENT) Using the Lagrange multiplier formalism, the
solution of Equation (1) with the additional constraint from Equation (4) is given by the following
exponential family:

K J
pA(y | x) =exp (Z Nefr(y: %)+ 303 A7 gy %)
k=1

]:1 ij

L
XgIXgC
3 S T g+ 06

=1 XSlI’xSlC

)

where ((x) is the normalising constant, as in the conditional case.

In Theorem 8, we show that the well-known exponential family solutions of MAXENT and
Maximum Conditional Entropy (Wainwright et al., 2008; Farnia and Tse, 2016) can be generalised
to the i-CMAXENT solution in an intuitive way. The proof is shown in Appendix A.

i-CMAXENT for parental discovery In Garrido Mejia et al. (2022), we showed that causal
edges can be inferred from the estimated Lagrange multipliers of the solution of the CMAXENT
problem. Since we have Assumption 7, which is required for those results to hold, and the solution
of i-CMAXENT is an exponential family distribution, we can also use i-CMAXENT to infer causal
edges. Note that we need to know which interventional distributions are identifiable without requiring
knowledge of which of the potential causes actually has a direct causal link to the effect variable if
we want to use i-CMAXENT for parental discovery. The following proposition shows that this is
possible.

Proposition 9 (Identifiability and adjustment set of variables with only incoming arrows) Let
X be a set of candidate causal parents of Y, which can be confounded. Assume we know the density
p(X). If the only child of X; € X is potentially, but not necessarily, Y, then p(Y | do(X})) is
identifiable and a valid adjustment set for the atomic intervention is X \ X;. That is, the rest of the
potential causes.

A different way of thinking about Proposition 9 is that we can decide whether we can use
interventional data in an i-CMAXENT estimation only by looking at the arrows between X and
without any knowledge of the arrows between X and Y.

6. Experiments

We test i-CMAXENT both for parental discovery and for joint interventional distribution estimation.
In all experiments, we find the Lagrange multipliers of the exponential family distribution by min-
imising the norm of the residuals between empirical averages and the corresponding expectations (see
Appendix B for details on the norm minimisation and Appendix E for details about the optimisation
convergence).

Synthetic data generation All used causal graphs comply with Assumption 5 and consist of
three levels: unobserved confounders U, potential causes X, and an effect Y. While we assume
causal sufficiency for the lower part of the graph, that is, no hidden confounders between X and
Y, we do allow for hidden confounders U to exist among the potential causes X. The considered
graph structures are shown in Figures 2(a) to 2(c). Further details on synthetic data generation are in
Appendix D.
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(a) Structure graph (a) (b) Structure graph (b) (c) Structure graph (c)

Figure 2: (Figure 2(a)), (Figure 2(b)), and (Figure 2(c)) show the graph structures used for our
synthetic experiments. We randomise the presence of the edges in the lower part of the graphs
(dashed arrows). The solid arrows are always present in the shown way.

Causal discovery The main question of this task is: from a set of potential causes X of our variable
of interest Y, which of those variables are actual causal parents? To keep our model as comparable
as possible with previous work on CMAXENT, we use the same graph structures as in Garrido Mejia
et al. (2022). For each structure in Figures 2(a) to 2(c), we sample 200 random graphs as explained
in Appendix D. When randomising the true causes of Y, we ensure that there is at least one causal
parent and that at least one potential parent is not a true cause, so that the ROC curve is always
defined.

Parental discovery benchmarking i-CMAXENT , CMAXENT, and KCI In this setting, we
compare i-CMAXENT against CMAXENT and the Kernel Conditional Independence (KCI) test
(Zhang et al., 2011). For i-CMAXENT , we use constraints on the single-variable interventional
densities p(Y | do(X;)) (in the case of binary variables, this coincides with E [Y | do(X;)]) for all
potential causes X;. Since we have five potential causes in each graph, this means we have data on
five interventional distributions. For CMAXENT, we use constraints on the marginal conditional
densities p(Y | X;) (in the case of binary variables, this coincides with E [Y" | X;]) for each of the
five potential causes X;. Hence, we again have data on five conditional distributions in this case. For
both i-CMAXENT and CMAXENT, we consider two cases: in the first case, we are also given data
on the full joint observational density p(X). In the second case, only the marginal observational
densities p(X1),...,p(X5) are given.

In the second case, we estimate p(X) by merging the constraints on the marginals, also using
MAXENT. We generate 100 observations per case and per sampled graph. From these samples,
we compute the empirical averages used as constraints in the optimisation procedure. For the KCI
test, we assume that KCI has access to 1,000 samples from the joint density p(X, Y'). This does not
reflect the causal marginal problem we are considering in this paper. In fact, KCI could not be run in
such a scenario. | Nevertheless, we benchmark our method against KCI to show what performance
can be achieved on this task with access to the full joint observational distribution.

Parental discovery with combinations of interventional and conditional information using
i-CMAXENT In this setting, we evaluate the performance of i-CMAXENT for parental discovery

1. Similarly, ICP (Peters et al., 2016) is not designed for the causal marginal problem. Hence, we do not compare against
it.
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when interventional information is available for a fraction of the variables, while for the other
variables we only have conditional information. With this experiment, we want to emulate a scenario
that often occurs in real datasets: namely, that not all variables are intervenable. In this scenario,
we assume that we are given data on the full joint observational distribution p(X) of the potential
causes.

We use Proposition 9 to decide which potential parent can provide interventional instead of
conditional data. For example, in Figure 2(c), it follows from Proposition 9 that we can use
p(Y | do(X2)) as a constraint regardless of the existence of the dashed edges because it is identifiable.
However, p(Y | do(X7)) is not identifiable if the edge between X and Y exists. As a result, we can
only use conditional expectations for X;.

In both settings, we use the relative difference estimator defined in Garrido Mejia et al. (2022) as
the parameter for the ROC curves of CMAXENT and i-CMAXENT (for details see Appendix C).
For the ROC curve of the KCI test, we vary the threshold on the p-value of the test.

Joint interventional distributions from single interventions We are interested in finding multi-
variate interventional distributions when our available data comes from single-variable interventions.
For this task, we use the DAG shown in Figure 2(a) and sample 200 random graph instantiations.

We perform five experiments to assess how varying the type and amount of constraints influences
the estimation of the joint interventional density p(Y | do(X7, X32)). In all of these cases, we use
1,000 observations to compute the empirical averages: (i) Two potential causes .X; and X; are chosen
at random, and we provide i-CMAXENT with constraints on p(Y | X;, X;). Additionally, we
provide constraints on single-variable interventional distributions for the rest of the potential causes;
that is, p(Y" | do(X})) for all k # 4, j. (ii) We only provide constraints on p(Y | X;, X;). (iii)
We only provide constraints on the single-variable interventional densities for all potential causes
p(Y | do(Xj;)) for all 4. (iv) We only provide constraints on the single-variable conditional densities
p(Y | X;) for all potential causes. This scenario coincides with CMAXENT. (v) As an additional
baseline, we finally estimate MAXENT without constraints. We then estimate the joint interventional
density p(Y | do(X1, X3)) for each graph and plot the residuals against the true distribution, as
shown in Figure 4.

7. Results

Parental discovery Figures 3(a) to 3(c) show the ROC curves corresponding to the graphs in Fig-
ures 2(a) to 2(c), respectively. Across all cases, i-CMAXENT consistently outperforms CMAXENT,
and in graphs Figure 2(a) and Figure 2(b) achieves accuracy close to KCI despite using far less
information. Even for graph Figure 2(c) where the potential causes interact with each other, we
observe that the difference between i-CMAXENT and KCI remains modest.

Figures 3(d) to 3(f) show the performance of i-CMAXENT in scenarios where information
about the interventional distributions is provided as constraints only for a fraction of the potential
causes, while for the remaining only conditional distributions are used. We observe that the causes
are recovered better as we increase the share of variables for which interventional data is provided.

Joint interventional distributions from single variable interventions Figure 4 depicts the
residuals between the estimated joint interventional distributions and the true joint interventional
distributions, for interventions on X; and X». Any added constraint improves estimation, with
i-CMAXENT reducing residuals to around 5% even when relying only on either single-variable
conditional or interventional information.

10
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Figure 3: Results for parental discovery. (Figure 3(a)), (Figure 3(b)), and (Figure 3(c)) show ROC
curves for the identification of causal edges between the X;s and Y in setting 1. For i-CMAXENT
, we use constraints on all five single-interventional densities p(Y | do(X;)). For CMAXENT,
we use constraints on the five single-conditional densities p(Y | X;). The KCI test has access to
observations from the joint p(X,Y"). For i-CMAXENT and CMAXENT, we consider two cases:
(i) The joint observational density of the causes p(X) is known (blue and orange line). (ii) p(X) is
estimated (green and red lines) from constraints on the five marginal densities p(X;). Although our
approach only uses single-variable interventional constraints as input, it achieves similar performance
to the KCI test that uses the full generated dataset.
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Figure 4: Residuals between true and estimated joint interventional distributions. The vio-
lin plots show the residuals between the true and the estimated joint interventional densities
p(Y | do(Xi,X2)) for five cases that differ in the constraints we use in the estimation. The
constraints are: (i) the joint conditional p(Y" | X;, X;) for a randomly chosen pair X;, X, and single-
variable interventionals p(Y | do(X})) for the rest of the variables (blue); (ii) only p(Y" | Xj, X)
(orange); (iii) single-variable interventionals p(Y | do(X})) for all causes (green); (iv) single-
variable conditionals p(Y | X}) for all causes (red); and (v) no constraints at all (purple).

Comparing residuals across settings, using only p(Y" | X;, X;) yields the highest variance, while
single-variable conditionals give slightly lower variance than the other cases. Moreover, the extrema
(the horizontal marks at the end of each distribution) of the residuals have similar spreads, depending
on the regime.

8. Discussion

Causal marginal problem with interventional distributions We proved in 8 that the causal marginal
problem can be solved using interventional distributions as constraints within the Maximum Entropy
framework, yielding solutions in the exponential family. This extends CMAXENT to i-CMAXENT
and shows that interventional information from experimental data on subsets of variables can be
combined without requiring joint observations. i-CMAXENT therefore provides a principled tool for
applications where the joint effect of disjoint treatments must be estimated from limited interventional
data.

This extension enables two key tasks: parental discovery and estimation of joint interventional
distributions. In feature selection, i-CMAXENT achieves performance close to methods with full
joint data (KCI, (Zhang et al., 2011)), while operating under the harder marginal setting. For joint
interventional distribution estimation, i-CMAXENT with single-variable interventions performs
comparably to using only single-variable conditionals. Its advantage is that it can directly incorporate
experimental data when available, without distributional constraints (Saengkyongam and Silva, 2020)
or functional form constraints (Keki¢ et al., 2025).

Limitations Our method requires knowing which variables were intervened upon to match
expectations in the optimisation problem. This is inherent to the Maximum Entropy framework:
constraints must specify the intervention. By contrast, methods like ICP only assume interventions
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occurred on some subset, but they require access to full joint observational data, which we do not.
Furthermore, identifiability remains an important question. It is clear that not all joint conditional
distributions can be identified using the method, regardless of the empirical success we observe in
Section 7. We conjecture that some potential functional form constraints, such as the Generalised
Additive Model (GAM) (Hastie and Tibshirani, 1986) assumption in (Keki¢ et al., 2025) might be
enough for identification with i-CMAXENT .
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Appendix A. Proofs of the main results

Proposition 10 (Nonparametric identification through observational data combination) Ler XY
be binary random variables and suppose p(x) > 0, for all x. Then the joint interventional distribu-
tion p(Y | do(Xy = x1, Xo = x9)) is identifiable using p(X) and p(Y | X;) fori =1,2.

Proof We have
pP(Y | X1 =0)=p(Y | X1 =0,X2=0)p(X2=0] X1 =0) ©)
+p(Y [ X1 =0,Xo=1)p(X2=1[X; =0)
PY | X1 =1)=p(Y | X1 =1, X0 =0)p(X2=0] X1 =1) 7
+pY [ X1 =1, Xo=1)p(Xo=1]X; =1)
P(Y | X2=0)=p(Y | X1 =0,X2=0)p(X1 =0] X2 =0) @)
+p(Y [ X1 =1, X2 =0)p(X; =1] Xz =0)
PY | Xo=1)=p(Y | X1 =0,Xo=1)p(X1 =0] X2 =1) ©)
+pY [ X1 =1, Xo=1)p(X; =1[ Xz =1).
Using Equations (6) to (9) we can find the following expressions:
pY [ X1=0)—pY | X1 =0,Xo=1)p(Xo=1]X; =0)
Y| X1=0,X0=0)= 10
pY [ X1=1)-pY | X1 =1,Xo=0)p(Xo=0] X; =1)
Y[ Xi=1Xo=1)= 11
PV [ Xi=1%=1) p(Xo=1[X;=1) (b
p(Y [ Xo=0)—p(Y | X1 =0,Xo=0)p(X; =0] X2 =0)
Y| X1 =1,X9=0) = 12
p(Y" | X 2=0) p(X;1=1]Xy=0) (12)
Y| Xo=1)—pY | Xi=1.Xo=1p(X;=1|X9=1
p(¥ | X, = 0,3, = 1) P2 Z V2P | A =1 A ))p( =R =g

p(Xl =0 | X2 =1
with which we can replace recursively to find the following expression for p(Y | X; = 0, X3 = 0):

p(Y | X1 =0,X2=0)=p(Y | X1 =1,Xo=1)p(X2=0| X; =0)""
P [X1=0)—p(Xo=1| X1 =0)p(X1 =0| Xz =1)""
PV | Xo=1)-p(X1=1|Xo=1)p(Xo=1]| X; =1)""
P | X1 =1)-p(X1 =0 Xo=0)p(X1 = 1] Xy =0)""
p(Y | X2 =0) —p(Y | X1 =0,X2 =0)]]]],
(14)

and after some algebra we can find an expression of p(Y | X; = 0, X2 = 0) as a function of

only bivariate distributions, which we can replace again in Equations (6) to (9) to find the other
distributions of interest. |

Theorem 8 (Exponential family of i-CMAXENT) Using the Lagrange multiplier formalism, the
solution of Equation (1) with the additional constraint from Equation (4) is given by the following
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exponential family:

K J
Ay | X) —eXp<Z/\kfk %)+ S X gi(y,x

)
L o] X
+Z Z >\l hl(y7XSl17XSlC) +B(X) )
=

where ((x) is the normalising constant, as in the conditional case.

Proof We start by setting up the Lagrangian, where we have one \ for each constraint in our
optimisation problem.

Zpy\x x)log p(y | x)
+Z)\k Zpy\x ) fi(y, %) = fr)

+ZZA;SJ' (Zp(y | %5,)95(y, xs,) = G5(xs,)) (15)

7j=1 Xs.

XsC Xl -
+ Z Z by Zp y | do(xsz) Xsc)hl(y,xso xsz) - hl(xslc,xslz))

l= 1x507 SI

+Y MO plyx) - 1)

The above Lagrangian contains an interventional distribution that depends on p(y | x). In
order to optimise the Lagrangian we need to replace p(y | do(x)) as a function of p(y | x). In the
following, we will use s; and slI to denote elements of the set S; and SlI . In the following derivation,
we will denote the complement of S; in X as SJ‘.

p(y | xs,) =D py:xg | xs)) (16)
XS/
:Zp(y | XSQaXSj)p(XS'; ’ ij) a7
Xs,
=> ply| X)p(xg | xs;)- (18)
Xg!
J

Using this technique, we can express p(y | do(xSlz), xslc) as a function of p(y | x), that is,

p(y | do(xgr),xgc) = p(y | X)p(y | do(xgr), X gc), where p(y | do(xgr), xgc) is a combination
of sums and products of known observable quantities.
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Differentiating with respect to each p(Y = y | X = x) and all the multipliers, we obtain

oL
O p(x)[log p(y | x) + 1]

+Z>\kp ) fi(y, x)

+ZZA > plxse | xs,)9;(y,xs,) (19)

J= 1xs SC

I
+Z Z /\ st y|do(x51) xSc)hl(y,xSc,xsz)

=1 sy
+A\*
Zp y | X)p() fr(y, %) — fi, Yk (20)
oL . )
NI :Zp(y | %s;)95(y,Xs;) — §j(Xs;), V55 € S, Vj 1)
j v

oL ~
W :Zp(y ] dO(XSlI),XSZC)hl(y,XSZC,XSZI) — hl(xslc,xslz), vs¢ e SC sl e SE Vi
1 Y
(22)

8/\}( Zpy]x —1 Vx (23)

Notice that the derivative with respect to the Lagrangian in Equation (19) is O for those functions
fx, g; and hy for which x ¢ S;, Sk, SE, ST.

We then find the solution to p(y | x) when the above equations are equal to 0. From Equation (19)
we get

K
p(y | x) =exp | > Aef(y,x) ZZA 9i(y,xs;) > p(xse | xs;)

k=1 j 1 Xs; xSc

L
1 CXgl 1
( Z Z x50 Xl p(y | do(xsz) XSc)hl(y,xSc XSI> —|——p(x))\x
: Xl

(24)

Notice that this equation is well-defined as long as pgx) > ( for all x. Because the elements inside
the exponential depend on x, we can rename A with A. In addition, we gather the constants into the
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normalizing constant, which depends on x, giving us

K J
p(y [ %) =exp | D Nefily, %)+ D D X 7 gi(y,xs,)
k=1

e (25)

XCXI

+ZZZ)\ lhl y,XSc XSI)+,8( )

=1 x50 X

as required. |

Proposition 11 (Identifiability and adjustment set of variables with only incoming arrows) Let
X be a set of candidate causal parents of Y, which can be confounded. Assume we know the density

p(X). If the only child of X; € X is potentially, but not necessarily, Y, then p(Y | do(Xj})) is
identifiable and a valid adjustmem‘ set for the atomic intervention is X \ X ;. That is, the rest of the
potential causes.

Proof Because of the assumed generative process, the causal sufficiency assumption, and the fact
that Y is the only potential child of X, there are no “bidirectional” arrows connected to any child of
X in the sense of Tian and Pearl (2002). As a result, the conditions of Theorem 2 in Tian and Pearl
(2002) apply and p(Y" | do(X)) is identifiable using observational quantities.

We have just proved the identifiability of the interventional distribution. Now we would like to
prove that the set X’ = X\ X is a valid adjustment set. This is true for the following reasons. First,
the assumption of the three levels of the generative process, which has as a consequence that there is
no collider (or descendants of a collider) between Y and the elements in X’. Second, Assumption
(1) which states there is no unobserved confounder between X and Y, thus X’ blocks any potential
backdoor path between X; and Y through any confounder. |

Appendix B. Computation of Maxent through norm minimisation

As shown in Theorem 8, the interventional maximum entropy solution is equivalent to maximum
likelihood where the dual variables are the parameters of the exponential family. We will now show
how the maximum likelihood problem can be expressed as the minimisation between the difference
between the given empirical averages and the expectations of the functions given the exponential
family distribution. The way we maximise Equation (25) for all our data, with respect to the Lagrange
multipliers (the );), is by making equal to O the derivative of the log-likelihood with respect to the
parameters:
N
Ologp(Y =y [X=x) 1 S fly ) Fe(: ) D Mfs0:%) _ o g
exp .y > Ak fi(y, %)

Because we have empirical averages, the previous equation (for the whole data) becomes

fk(ya X) - IEp,\ [fk(y7 X)] =0, 27)

O\ N

n=1
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which we can compute by using any method that minimises the difference between the observed
empirical average and the entailed expectation using the exponential family distribution. That is, we
can compute the solution to the dual problem of the exponential family with

A= argAmiank(y,X) — Ep, [fr(y, x)]] (28)

In the synthetic experiments Section (6), there were situations where p(x) = 0. We fixed this by
adding a machine epsilon to all possible combinations and renormalizing.

Appendix C. Relative difference estimator

The relative difference estimator introduced in (Garrido Mejia et al., 2022) is an estimator of how
close two parameters are to each other so that an analyst can decide whether there exist conditional
independence. The relative difference estimator can take values between 0 and 1. However, there is
no probabilistic analysis of the estimator, so one cannot consider the value of the relative difference
estimator as a well-calibrated probability of the difference between multipliers (or difference between
a multiplier and 0). The estimator is defined as

0; = A =] € [0,1] (29)
Comax{ M N [AF AL T

where A}, )\12 are the two Lagrange multipliers for the constraints associated with X;.

Appendix D. Details of data generation processes

The data generation process consists of two steps. For each of the three graph structures we first
sample the parameters of a generative process. For this we sample for each variable Z € {U, X, Y}
a value for p(Z=1 | PA) by sampling from a uniform distribution between 0.1 and 0.9. We do
this for each combination of values of the parents PA, of Z. For X and U he parents are fixed by
the respective graph structure, but for Y we randomise the parents with probability 0.5 for including
any particular X; as a parent of Y. Next, we sample observations using this generative process.
That is, we do ancestral sampling where we sample each variable Z using a Bernoulli distribution
with the before chosen probability p(Z = 1 | PAyz). To obtain the data from the interventional
distributions, we simply set the variable to the particular intervened value and then proceed in the
generative process.

Appendix E. Optimisation and convergence

To find the Lagrange multipliers, using the norm minimisation procedure explained in Appendix B,
we use the Broyden—Fletcher—Goldfarb—Shanno (BFGS) algorithm implemented in the JAX Python
library (Bradbury et al., 2018). We consider an estimation as converged if the norm (the sum of the
squared of the residuals between the empirical averages given as constraints and the expectations
entailed by the exponential family distribution) are less than 0.01, or if the optimiser terminates
successfully. In some cases, convergence in this sense is not achieved on the first application of
the optimisation algorithm. When this happens, we simply use the optimisation algorithm again
using the previously found Lagrange multipliers as the initial values for the optimisation. We repeat

21



GARRIDO MEJIA KIRSCHBAUM KEKI¢ SCHOLKOPF MASTAKOURI

this process until convergence in the above sense is achieved. We found that in most cases one
extra optimisation is enough to achieve convergence, there were four cases where we had to run the
optimiser more than two times: twice for three, once for four, and once for five.

Appendix F. Other faithfulness assumptions

The main goal of faithfulness assumptions is to make conclusions about the causal graph from
statistical conclusions. The most important use of this is to do causal discovery from finite sample
data. We begin with one of the simplest notions of faithfulness (Spirtes et al., 2000):

Assumption 12 (Faithfulness) A distribution P is faithful to a DAG G if no conditional indepen-
dence relations other than the ones entailed by the Markov property are present.

Since Theorem 12 does not depend parametrically on how we measure conditional independence,
Zhang and Spirtes (2002) modify this notion to include a A parameter:

Assumption 13 (\-strong Faithfulness) Given \ € (0, 1), a multivariate Gaussian distribution P
is said to be \-strong-faithful to a DAG G = (V, E) if forany i,5 € V and any S C V' \ {i,j} such
that j is d-separated from i given S if and only if |Corr(X;, X; | Xg)| < A

As Uhler et al. (2013) prove, and in contrast with the usual Faithfulness assumption, the set of
distributions for which Theorem 13 hold does not have Lebesgue measure zero. There is an important
implication: it has been proven that the usual faithfulness assumption holds “almost surely” as the
set of distributions for which the assumption does not hold has measure zero. However, if this were
to change, that is, if this set of distributions did not have Lebesgue measure zero, then there are
uncountably many such distributions, and the possibility of being in such scenario is non-zero. Of
course if faithfulness does not hold, the causal graphs built from conditional independence tests
might be wrong. More recently Olko et al. (2025) studied strong faithfulness in the context of neural
causal discovery and non linear models, confirming the results found by Uhler et al. (2013) in the
linear case and the PC algorithm.

Other notions of faithfulness have been introduced in Zhang and Spirtes (2008):

Assumption 14 (Restricted \-strong Faithfulness) Given \ € (0, 1), a multivariate Gaussian
distribution P is said to be restricted \-strong-faithful to a DAG G = (V, E) if both of the following
hold:

(i) min{|Corr(X;, X; | Xg)| : (4,7) € E, S C V\ {4,j}, such that |S| < deg(G)} > A where
deg(G) denotes the sum of the indegree and the outdegree of nodes in G. This condition is also
known as Adjacency faithfulness (Zhang and Spirtes, 2008), according to Uhler et al. (2013).

(i) min{|Corr(X;, X; | Xs)| : (¢,4,5) € Ng} > A, where Ng is the set of triples (i, j,S) such
that i, j are not adjacent but there exists k € V making (i, j, k) an unshielded triple (a triple
of the form i — k < j) and i, j are not d-separated given S. This condition is also known as
Orientation faithfulness (Zhang and Spirtes, 2008), according to Uhler et al. (2013).

Assumption 15 (Triangle Faithfulness) Suppose the true causal DAG of a set of nodes V is G.
Let X, Y, Z be any three variables that form a triangle in G (i.e., each pair of vertices is adjacent):
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(i) IfY is a noncollider on the path X — 'Y — Z, then X and Z are not independent conditional
on any subset of V \ {X, Z} that does not contain 'Y .

(ii) IfY is a collider on the path, (i.e., X — Y < Z), then X and Z are not independent conditional
on any subset of V' \ { X, Z} that contains Y.

Out of these definitions of faithfulness only Theorems 12 and 13 have been studied to a certain

degree, given the difficulty of analysing these assumptions. We believe that the assumption of faithful
f-expectations possess the same genericity as Theorem 12.
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