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ABSTRACT

Offline reinforcement learning, which aims at optimizing sequential decision-
making strategies with historical data, has been extensively applied in real-life
applications. State-Of-The-Art algorithms usually leverage powerful function ap-
proximators (e.g. neural networks) to alleviate the sample complexity hurdle for
better empirical performances. Despite the successes, a more systematic under-
standing of the statistical complexity for function approximation remains lacking.
Towards bridging the gap, we take a step by considering offline reinforcement
learning with differentiable function class approximation (DFA). This function
class naturally incorporates a wide range of models with nonlinear/nonconvex
structures. We show offline RL with differentiable function approximation is prov-
ably efficient by analyzing the pessimistic fitted Q-learning (PFQL) algorithm, and
our results provide the theoretical basis for understanding a variety of practical
heuristics that rely on Fitted Q-Iteration style design. In addition, we further im-
prove our guarantee with a tighter instance-dependent characterization. We hope
our work could draw interest in studying reinforcement learning with differen-
tiable function approximation beyond the scope of current research.

1 INTRODUCTION

Offline reinforcement learning (Lange et al., 2012; Levine et al., 2020) refers to the paradigm of
learning a policy in the sequential decision making problems, where only the logged data are avail-
able and were collected from an unknown environment (Markov Decision Process /| MDP). Inspired
by the success of scalable supervised learning methods, modern reinforcement learning algorithms
(e.g. Silver et al. (2017)) incorporate high-capacity function approximators to acquire generaliza-
tion across large state-action spaces and have achieved excellent performances along a wide range
of domains. For instance, there are a huge body of deep RL-based algorithms that tackle challenging
problems such as the game of Go and chess (Silver et al., 2017; Schrittwieser et al., 2020), Robotics
(Gu et al., 2017; Levine et al., 2018), energy control (Degrave et al., 2022) and Biology (Mahmud
et al., 2018; Popova et al., 2018). Nevertheless, practitioners also noticed that algorithms with gen-
eral function approximators can be quite data inefficient, especially for deep neural networks where
the models may require million of steps for tuning the large number of parameters they contain.'

On the other hand, statistical analysis has been actively conducted to understand the sam-
ple/statistical efficiency for reinforcement learning with function approximation, and fruitful results
have been achieved under the respective model representations (Munos, 2003; Chen and Jiang, 2019;
Yang and Wang, 2019; Du et al., 2019; Sun et al., 2019; Modi et al., 2020; Jin et al., 2020b; Ayoub
et al., 2020; Zanette et al., 2020; Jin et al., 2021a; Du et al., 2021; Jin et al., 2021b; Zhou et al.,
2021a; Xie et al., 2021a; Min et al., 2021; Nguyen-Tang et al., 2022; Li et al., 2021; Zanette et al.,
2021; Yin et al., 2022; Uehara et al., 2022; Cai et al., 2022). However, most works consider [lin-
ear model approximators (e.g. linear (mixture) MDPs) or its variants. While the explicit linear

'Check Arulkumaran et al. (2017) and the references therein for an overview.
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structures make the analysis trackable (linear problems are easier to analyze), they are unable to re-
veal the sample/statistical complexity behaviors of practical algorithms that apply powerful function
approximations (which might have complex structures).

In addition, there is an excellent line of works tackling provably efficient offline RL with general
function approximation (e.g. (Chen and Jiang, 2019; Xie et al., 2021a; Zhan et al., 2022)). Due to the
generic function approximation class considered, those complexity bounds are usually expressed in
the standard worst-case fashion O (V.2 \/% ) which lack the characterizations of individual instance

behaviors. However, as mentioned in Zanette and Brunskill (2019), practical reinforcement learning
algorithms often perform far better than what these problem-independent bounds would suggest.

These observations motivate us to consider function approximation schemes that can help address
the existing limitations. In particular, in this work we consider offline reinforcement learning with
differentiable function class approximations. Its definition is given in below.

Definition 1.1 (Parametric Differentiable Function Class). Let S, A be arbitrary state, action spaces
and a feature map ¢(-,-) : S x A — ¥ C R™. The parameter space © € R%. Both © and V are
compact spaces. Then the parametric function class (for a model f : R? x R™ — R) is defined as

Fo=1{f(0,6(,)):Sx A>R,0cO)

that satisfies differentiability/smoothness condition: 1. for any ¢ € R™, f(0, ¢) is third-time differ-
entiable with respect to 0; 2. f, 0y f, 83_’91”, Ggﬂﬁf are jointly continuous for (6, ¢).

Remark 1.2. Differentiable Function Class was recently proposed for studying Off-Policy Evalua-
tion (OPE) Problem (Zhang et al., 2022a) and we adopt it here for the policy learning task. Note
by the compactness of ©, VU and continuity, there exists constants Co, Br, k1, ko, k3 > 0 that
bounds: H9||2 < Ce, |f(9’ qb(s,a))| < Br, Hvef(97 (b(S, a))HZ < K1, | vg@f(ev ¢(S,Cl))”2 <
Vggef(g,qb(s,a))HQ < rkgforall € ©, s,a e S x A?

R2,

Why consider differentiable function class (Definition 1.1)? There are two main reasons why
differentiable function class is worth studying for reinforcement learning.

* Due to the limitation of statistical tools, existing analysis in reinforcement learning usually
favor basic settings such as tabular MDPs (where the state space and action space are finite
(Azar et al., 2013; 2017; Sidford et al., 2018; Jin et al., 2018; Cui and Yang, 2020; Agarwal
et al., 2020; Yin et al., 2021a;b; Li et al., 2020; Ren et al., 2021; Xie et al., 2021b; Li
et al., 2022; Zhang et al., 2022b; Qiao et al., 2022; Cui and Du, 2022)) or linear MDPs
(Yang and Wang, 2020; Jin et al., 2020b; Wang et al., 2020; Jin et al., 2021b; Ding et al.,
2021; Wang et al., 2021a; Min et al., 2021) / linear Mixture MDPs (Modi et al., 2020;
Cai et al., 2020; Zhang et al., 2021a; Zhou et al., 2021b;a) (where the transition dynamic
admits linear structures) so that well-established techniques (e.g. from linear regression)
can be applied. In addition, subsequent extensions are often based on linear models (e.g.
Linear Bellman Complete models (Zanette et al., 2020) and Eluder dimension (Russo and
Van Roy, 2013; Jin et al., 2021a)). Differentiable function class strictly generalizes over the
previous popular choices, i.e. by choosing f(6,¢) = (0, ¢) or specifying ¢ to be one-hot
representations, and is far more expressive as it encompasses nonlinear approximators.

* Practically speaking, the flexibility of selecting model f provides the possibility for han-
dling a variety of tasks. For instance, when f is specified to be neural networks, 8 cor-
responds to the weights of each network layers and ¢(-, -) corresponds to the state-action
representations (which is induced by the network architecture). When facing with easier
tasks, we can deploy simpler model f such as polynomials. Yet, our statistical guarantee is
not affected by the specific choices as we can plug the model f into Theorem 3.2 to obtain
the respective bounds (we do not need separate analysis for different tasks).

1.1 RELATED WORKS

Reinforcement learning with function approximation. RL with function approximation has a
long history that can date back to Bradtke and Barto (1996); Tsitsiklis and Van Roy (1996). Later,

*Here ||Vig0.f (6, (s, a))H2 is defined as the 2-norm for 3-d tensor and in the finite horizon setting we
simply instantiate Br = H
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‘ Algorithm ‘ Assumption ‘ Suboptimality Gap v* — v™ ‘
VEQL, Theorem 3.1 | Concentrability 2.2 Vo H - \/ H2di2C3 ﬁ\/ ez 4\ [CoH3er + Her

PFQL, Theorem 3.2 | Uniform Coverage 2.3 Zthl 16dH - E \/V;f(Q,*L, B(shyan)) X5 Vo f (05, (sn, an))

VAFQL, Theorem 4.1 | Uniform Coverage 2.3 | 16d- 51, Eve | /¥ £(8}, &(sn. 1)) A7 Vo (65, d(s1, 1))

Table 1: Suboptimality gaps for different algorithms with differentiable function class 1.1. Here
we omit the higher order term for clear comparison. With Concentrability, we can only achieve the
worst case bound that does not explicit depend on the function model f. With the stronger uniform
coverage 2.3, better instance-dependent characterizations become available. Here Cg is in 2.2, 3*
in3.2, A*in4.1 and €x in 2.1.

it draws significant interest for the finite sample analysis (Jin et al., 2020b; Yang and Wang, 2019).
Since then, people put tremendous efforts towards generalizing over linear function approximations
and examples include Linear Bellman complete models (Zanette et al., 2020), Eluder dimension
(Russo and Van Roy, 2013; Jin et al., 2021a), linear deterministic @* (Wen and Van Roy, 2013)
or Bilinear class (Du et al., 2021). While those extensions are valuable, the structure conditions
assumed usually make the classes hard to track beyond the linear case. For example, the practical
instances of Eluder Dimension are based on the linear-in-feature (or its transformation) represen-
tations (Section 4.1 of Wen and Van Roy (2013)). As a comparison, differentiable function class
contains a range of functions that are widely used in practical algorithms (Riedmiller, 2005).

Offline RL with general function approximation (GFA). Another interesting thread of work con-
sidered offline RL with general function approximation (Ernst et al., 2005; Chen and Jiang, 2019;
Liu et al., 2020; Xie et al., 2021a) which only imposes realizability and completeness/concentrability
assumptions. The major benefit is that the function hypothesis can be arbitrary with no structural
assumptions and it has been shown that offline RL with GFA is provably efficient. However, the
generic form of functions in GFA makes it hard to go beyond worst-case analysis and obtain fine-
grained instance-dependent learning bounds similar to those under linear cases. On the contrary, our
results with DFA can be more problem adaptive by leveraging gradients and higher order informa-
tion. In addition to the above, there are more connected works. Zhang et al. (2022a) first considers
the differentiable function approximation (DFA) for the off-policy evaluation (OPE) task and builds
the asymptotic theory, Fan et al. (2020) analyzes the deep Q-learning with the specific ReLu activa-
tions, and Kallus and Uehara (2020) considers semi-parametric / nonparametric methods for offline
RL (as opposed to our parametric DFA in 1.1). These are nice complementary studies to our work.

Our contribution. We provide the first Instance-dependent offline learning bound under non-linear
function approximation. Informally, we show that (up to a lower order term) the natural complexity

measure is proportional to ZhH:1 Ew*7h[\/90(57 a) 7%, go (s, a)] where go(s,a) := Vf(0,¢(s,a))
is the gradient w.r.t. the parameter * at feature ¢ and X, = >, 9(Sin, @i,n)9(Sin, a; )" is the

Fisher information matrix of the observed data at f. This is achieved by analyzing the pessimistic
fitted Q-learning (PFQL) algorithm (Theorem 3.2). In addition, we further analyze its variance-
reweighting variant, which recovers the variance-dependent structure and can yield faster sample
convergence rate. Last but not least, existing offline RL studies with tabular models, linear models
and GLM models can be directly indicated by the appropriate choice of our model F.

2 PRELIMINARIES

Episodic Markov decision process. Let M = (S, A, P,r, H, d;) to denote a finite-horizon Markov
Decision Process (MDP), where S is the arbitrary state space and A is the arbitrary action space
which can be infinite or continuous. The transition kernel P, : S x A + AS (A® represents a
distribution over states) maps each state action(sy, a,) to a probability distribution Py, (-|sp, ar,) and
Py, can be different for different h (time-inhomogeneous). H is the planning horizon and d; is the
initial state distribution. Besides, 7 : S X A — R is the mean reward function satisfying 0 < r < 1.
A policy m = (my,...,my) assigns each state s, € S a probability distribution over actions by
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mapping sy, — 7 (+|sp) Vh € [H] and induces a random trajectory $1, a1, 71, ..., SH, G, "H, SH+1
with 81 ~ dy,ap ~ w(-|sp), Sht1 ~ Pu(:|sh,an),Vh € [H].

Given a policy 7, the V-value functions and state-action value function (Q-functions) Q7 (-,-) €
RS*4 are defined as: V7 (s) = E.[X7, relsn = s,  Qf(s,a) = B[, rilsn,an =
s,a], Vs,a,h € S, A,[H]. The Bellman (optimality) equations follow Vh € [H|,s,a € S x
A:QZ(S»G) = rh(sva) + fs VhﬂJrl(')dPh("S’a)’ Vhﬂ(s) = EaNWh(S)[QZ(Sva)LQ;L(Sva) = rh(sva) +
Js Vi1 ()dPu(:]s,a),  Vi'(s) = maxq Qj(s,a). We define Bellman operator P, for any func-
tion V€ RS as P (V) = r, + fs VdPy, then Pp(V7 ) = QF and Pr(Vy,,) = Q.
The performance measure is v™ := Eq, [V{"] = Er.q [Zfl: 173]. Lastly, the induced state-
action marginal occupancy measure for any h € [H] is defined to be: for any E C S x A,
d‘lhr(E) = E[(sh,ah) S E|81 ~ dl,al— ~ 7T(|Sl),81 ~ 2',1(‘|8i,1,(1i,1),1 S ) S h] and
Ernlf(s,a)] := fSXAf(&a)dZ(s,a)dsda.

Offline Reinforcement Learning. The goal of Offline RL is to learn the policy 7* := arg max,_ v™
using only the historical data D = {(s},, a},, 7., s7, +1)}f§[[§]]. The data generating behavior policy is
denoted as p. In the offline regime, we have neither the knowledge about 1 nor the access to further
exploration for a different policy. The agent is asked to find a policy 7 such that v* — v™ < € for the
given batch data D and a specified accuracy € > 0.

2.1 ASSUMPTIONS

Function approximation in offline RL requires sufficient expressiveness of . In fact, even under
the realizability and concentrability conditions, sample efficient offline RL might not be achievable
(Foster et al., 2021). Therefore, under the differentiable function setting (Definition 1.1), we make
the following assumptions.

Assumption 2.1 (Realizability+Bellman Completeness). The differentiable function class F in Def-
inition 1.1 satisfies:

* Realizability: for optimal Q3, there exists 0 € © such that Q7(-,-) = f(05, ¢(-)) Vh;

* Bellman Completeness: Let G := {V(-) € RS : such that ||V|_, < H}. Then in this
case supy g infrer ||f = Pr(V)|| < €r for some ex > 0.

Realizability and Bellman Completeness are widely adopted in the offline RL analysis with general
function approximations (Chen and Jiang, 2019; Xie et al., 2021a) and Assumption 2.1 states its dif-
ferentiable function approximation version. There are other forms of completeness, e.g. optimistic
closure defined in Wang et al. (2021b).

Data coverage assumption. Furthermore, in the offline regime, it is known that function approxi-
mation cannot be sample efficient for learning a e-optimal policy without data-coverage assumptions
when ¢ is small (i.e. high accuracy) (Wang et al., 2021a). In particular, we consider two types of
coverage assumptions and provide guarantees for them separately.

Assumption 2.2 (Concentrability Coverage). For any fixed policy 7, define the marginal state-
action occupancy ratio as dji(s,a)/d} (s, a) Vs, a. Then the concentrability coefficient is defined

- 2
as Co := supz suppe(a) 17/ dy [ g where 905 )l qu = v/ Banlg (-, -)?] and C < oo,

This is the standard coverage assumption that has has been widely assumed in (Ernst et al., 2005;
Szepesvari and Munos, 2005; Chen and Jiang, 2019; Xie and Jiang, 2020a), and 2.2 is fully charac-
terized by the MDPs. In addition, we can make an alternative assumption 2.3 that depends on both
the MDPs and the function approximation class . It assumes a curvature condition for F.

Assumption 2.3 (Uniform Coverage). We have Vh € [H), there exists k > 0,

© Eun [(F(01,8(,-) — £(02,6(-,)))%] = K [|61 — 0215, V01,05 € ©; (x)
* Eun [VF(0,6(s,0)  VI(0,8(s,0) ] = kI,V0 € ©. (%)

3Generally speaking, 2.2 and 2.3 are not directly comparable. However, for the specific function class
f = (0, ¢) with ¢ = 1(s, a) and tabular MDPs, it is easy to check 2.3 is strong than 2.2.
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In the linear function approximation regime, Assumption 2.3 reduces to 2.4 since (%)
and (xx) are identical assumptions. Concretely, if f(0,¢) = (0,¢), then (%)
Epun[(f(01,6(-) = f(62,6( )] = (61— 02) "Ep [, )b (-, ) T1(01 = 62) > & |61 — 625 V61, 62 €
© & 24 (W0)Eun [VF(0,0(s,a)) - VF(0,0(s,a)) | = kI. Therefore, 2.3 can be considered as a
natural extension of 2.4 for differentiable class. We do point that 2.3 can be violated for function
class F that is “not identifiable” by the data distribution p (i.e., there exists f(6;), f(02) € F, 6, #
Oz s.t. By n[(f(61,0(,-)) — f(02,0(, )))?] = 0). Nevertheless, there are representative non-linear
differentiable classes (e.g. generalized linear model (GLM)) satisfying 2.3.

Example 2.4 (Linear function coverage assumption (Wang et al., 2021a; Min et al., 2021; Yin et al.,
2022; Xiong et al., 2022)). Xfeature .= | [¢(3, a)g(s, a)T] = kI Yh € [H] with some k > 0.
Example 2.5 (offline generalized linear model (Li et al., 2017; Wang et al., 2021b)). For a known
Sfeature map ¢ : S x A — By and link function f : [—1,1] — [—1, 1] the class of GLM is Faim :=
{(s,a) = f((¢(s,a),0)) : 6 € O} satisfying E,, 5, [¢(s,a)d(s,a) "] = k1. Furthermore, f(-) is
either monotonically increasing or decreasing and 0 < r < |f'(2)] < K < o0, |f"(2)| < M < 0
forall |z| <1 and some k, K, M. Then Fgim satisfies 2.3, see Appendix B.

3 DIFFERENTIABLE FUNCTION APPROXIMATION IS PROVABLY EFFICIENT

In this section, we present our solution for offline reinforcement learning with differentiable function
approximation. As a warm-up, we first analyze the vanilla fitted Q-learning (VFQL, Algorithm 2),
which only requires the concentrability Assumption 2.2. The algorithm is presented in Appendix I.

Theorem 3.1. Choose 0 < A < 1/ 2CO in Algorithm 2. Suppose Assumption 2.1,2.2. Then if
4
K > max {512ﬂ <1og(2Hd) + dlog(1l+ M)) 4’\} with probability 1 — 6, the output ©

of VFQL guarantees: v* —v™ < /Cog H - 19) (\/ L d+)‘c‘2) + ’ﬁ/ H3d€f)+0 VCeg H3e¢r+ Her)

If the model capacity is insufficient, 3.1 will induce extra error due to the large er. If ex —
0, the parametric rate \/% can be recovered and similar results are derived with general function

approximation (GFA) (Chen and Jiang, 2019). However, using concentrability coefficient conceals
the problem-dependent structure and omits the specific information of differentiable functions in the
complexity measure. Owing to this, we switch to the stronger “uniform” coverage 2.3 and analyze
the pessimistic fitted Q-learning (PFQL, Algorithm 1).

Motivation of PFQL. The PFQL algorithm mingles the two celebrated algorithmic choices: Fitted
Q-Iteration (FQI) and Pessimism. However, before going into the technical details, we provide some
interesting insights that motivate our analysis.

First of all, the square error loss used in FQI (Gordon, 1999; Ernst et al., 2005) naturally couples
with the differentiable function class as the resulting optimization objective is more computation-
ally tractable (since stochastic gradient descent (SGD) can be readily applied) comparing to other
information-theoretical algorithms derived with general function approximation (e.g. the maxmin
objective in Xie et al. (2021a), eqn (3.2)).* In particular, FQI with differentiable function approx-
imation resembles the theoretical prototype of neural FQI algorithm (Riedmiller, 2005) and DQN
algorithm (Mnih et al., 2015; Fan et al., 2020) when instantiating the model f to be deep neural
networks. Furthermore, plenty of practical algorithms leverage fitted-Q subroutines for updating the
critic step (e.g. (Schulman et al., 2017; Haarnoja et al., 2018)) with different differentiable function
choices.

In addition, we also incorporate pessimism for the design. Indeed, one of the fundamental chal-
lenges in offline RL comes from the distributional shift. When such a mismatch occurs, the esti-
mated/optimized (Q-function (using batch data D) may witness severe overestimation error due to
the extrapolation of model f (Levine et al., 2020). Pessimism is the scheme to mitigate the error
/ overestimation bias via penalizing the Q-functions at state-action locations that have high uncer-
tainties (as opposed to the optimism used in the online case), and has been widely adopted (e.g.
(Buckman et al., 2020; Kidambi et al., 2020; Jin et al., 2021b)).

“We mention Xie et al. (2021a) has a nice practical version PSPI, but the convergence is slower (the rate

O(n~3)).
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Algorithm 1 description. Inside the backward Aiteration of PFQL, Fitted Q-update is per-
formed to optimize the parameter (Line 4). 6 is the root of the first-order stationar-
ity equation Z,[f:l (f(&,(bh’k) —Thi— XA/hH(sﬁH)) Ve f0,¢nr) + A0 = 0 and ¥, is
the Gram matrix with respect to Vgf|,_5 . Note for any s,a € § x A, m(s,a) =
(Vof(@“ o(s, a))TEﬂng(ah, #(s,a)))~! measures the effective sample size that explored s, a
along the gradient direction Vy f|,_g , and 3/ m ) is the estimated uncertainty at (s, a). How-
ever, the quantity m(s, a) depends on Hh, and Gh needs to be close to the true 67, (i.e. Qh ~ f(Gh, ?)

needs to be close to (7;) for the uncertainty estimation I'j, to be valid, since puttrng arandom 6 into
m(s,a) can cause an arbitrary I', that is useless (or might even deteriorate the algorithm). Such

an “implicit” constraint over 8, imposes the extra difficulty for the theoretical analysis due to that
general differentiable functions encode nonlinear structures. Besides, the choice of / is set to be

O(dH) in Theorem 3.2 and the extra term O( ) in ', is for theoretical reason only.

Algorithm 1 Pessimistic Fitted Q-Learning (PFQL)

1: Input: Offline Dataset D = { (s}, a, ¥, SZH)}::;' Require 5. Denote ¢, 1 := ¢(sk,ak).

2: Initialization: Set Vir41(-) < 0and A > 0.

3: forh=H,H—-1,...,1do
- ~ 2

4:  Set 0 < argmingcg {Zi{:l [f (0, Pnk) —Thk — Vh+1(slﬁ+1)} + A ||9H§}

50 Set¥j Zf Vo fOn, 611)V f(On, dni) + Ma.

6: SetTh(-,) ¢ erf (@, 6 )) TS5 Vo O, 9, )) (+0(3))

7: o SetQn(-:) FOn, ¢()) = Ta(-,)

8 Set Qn(-,- ) < min {Qx (-, ),H—h,—i—l}jL

9:  Set@h(-|-) « argmaxn, <Qh(-,~),7rh(- | -)>A, Vi(+) < maxz, (Qn(:,), mn(- | ')>A

10: end for

11: Output: {71 }/",.

Model-Based vs. Model-Free. PFQL can be viewed as the strict generalization over the previous
value iteration based algorithms, e.g. PEVI algorithm (Jin et al. (2021b), linear MDPs) and the VPVI
algorithm (Yin and Wang (2021), tabular MDPs). On one hand, approximate value iteration (AVI)
algorithms (Munos, 2005) areAusually model-based algorithms (for instance the tabular algorithm
VPVI uses empirical model P for planning). On the other hand, FQI has the form of batch Q-
learning update (i.e. Q-learning is a special case with batch size equals to one), therefore is more
of model-free flavor. Since FQI is a concrete instantiation of the abstract AVI procedure (Munos,
2007), PFQL draws a unified view of model-based and model-free learning.

Now we are ready to state our main result for PFQL and the full proof can be found in Ap-
pendix D,E,F.

Theorem 3.2. Let 3 = 8dH. and choose 0 < X\ < 1/2C3 in Algorithm 1. Suppose Assump-
tion 2.1,2.3 with ex = 0.5 Then if K > max {512”1 (log(ZHd) + dlog(1 + M)) ; %},
with probability 1 — 6, for all policy w simultaneously, the output of PFQL guarantees

Chot )
K

H
VT — " < Z 8dH -E, {\/V;—f(é\h, ¢(3h,ah))E;1V9f(§h7 é(sn, ah))] L+ O(
h=1

where ¢ is a Polylog term and the expectatwn of 7 is taken over sy, ay. In particular, if further

K > max{o( (Hl-i-k) H§K1H4d2) 128&1 1;)g(2d/6)} we have

0<v™ — 0" < Z 16dH - Er- {\/Wf(%¢(sh7ah))22‘1Wf(‘92’¢(5’“ah))] L+O(0}?t)

h=1

SHere we assume model capacity is sufficient to make the presentation concise. If ez > 0, the complexity
bound will include the term €. We include more discussion in Appendix H.
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Here ¥} = Zk Vo f (05, b(sk, ah))VTf(G}*” o(s¥,ak)) + N, and the definition of higher order
parameter Chyoy, CY,, can be found in List A.

Corollary 3.3 (Offline Generalized Linear Models (GLM)). Consider the GLM function class de-
fined in 2.5. Suppose B, A\, K are defined the same as Theorem 3.2. ¢z = 0. Then with probability
1 — 6, for all policy m simultaneously, PFQL guarantees

Chot )
K

H
v — " < Z8dH ‘E, [\/f/(<§h:¢(5haah)>)2 T (s, an) Sy d(snyan) | -t 4+ O(
h=1

PFQL is provably efficient. Theorem 3.2 verifies PFQL is statistically efficient. In particular, by

K dH?k
Lemma L.5 we have | Vg f (6, ¢) ”2;1 hS \;71 resulting the main term to be bounded by wﬁﬁl

that recovers the standard statistical learning convergence rate \/E'

Comparing to Jin et al. (2021b). Theorem 3.2 strictly subsumes the linear MDP learning bound
in Jin et al. (2021b). In fact, in the linear case Vg f(6,¢) = Vg(0,¢) = ¢ and 3.2 reduces to

O(AH 1y B [y 6(50 ) T (S°) 16 (1, 1))

Instance-dependent learning. Previous studies for offline RL with general function approxima-
tion (GFA) (Chen and Jiang, 2019; Xie and Jiang, 2020b) are more of worst-case flavors as they
usually rely on the concentrability coefficient C. The resulting learning bounds are expressed

in the form® O(V;2

max

%) that is unable to depict the behavior of individual instances. In con-
trast, the guarantee with differentiable function approximation is more adaptive due to the instance-

dependent structure Zthl E, {\/ vV, f(0r, ¢)22_1V9 16z, (b)} This Fisher-Information style

quantity characterizes the learning hardness of separate problems explicitly as for different MDP
instances M, Ma, the coupled 6 ), , 0} ), will generate different performances via the measure

S e [\/ng(eﬁ,Mi7¢)22_1v9f(92,1wi7¢)J (¢ = 1,2). Standard worst-case bounds (e.g.
from GFA approximation) cannot explicitly differentiate between problem instances.

Feature representation vs. Parameters. One interesting observation from Theorem 3.2 is that
the learning complexity does not depend on the feature representation dimension m but only on
parameter dimension d as long as function class F satisfies differentiability definition 1.1 (not even
in the higher order term). This seems to suggest, when changing the model f with more complex
representations, the learning hardness will not grow as long as the number of parameters need to be
learned does not increase. Note in the linear MDP analysis this phenomenon is not captured since
the two dimensions are coupled (d = m). Therefore, this heuristic might help people rethink about
what is the more essential element (feature representation vs. parameter space) in the representation
learning RL regime (e.g. low rank MDPs (Uehara et al., 2022)). We leave the concrete understanding
the connection between features and parameters as the future work.

Technical challenges with differentiable function approximation (DFA). Informally, one key
step for the analysis is to bound |f (Hh, ¢) — f(67,¢)]. This can be estimated by the first order

approximation V f (Gh, )" (6h — 65). However, different from the least-square value iteration
(LSVI) objective (Jin et al., 2020b; 2021b), the fitted Q-update (Line 4, Algorithm 1) no longer

admits a closed-form solution for 0. Instead, we can only leverage 6}, is a stationary point of
Zn(0) = S0y [F (0, 0nk) = T = Vis (551) | V(0 6n0) + A+ (since Z,(B1) = 0). To
measure the difference 8),— 07, forany 6 € ©, we do the Vector Taylor expansion Z n(0)— 2y, (ﬁh) =
X5 (0 — 6n) + Ri(0) (Where Ri (0) is the higher-order residuals) at the point 6, with

s ) o (& -
5= —zh(m’ = = (D2 [F O 6nk) = mnk = Visr(shyn)| TFO, dnp) +A- 0
a0 0—=0 90 \ — ~
3 k=1 0=0),
=>" (f(9h7 Shk) = Thik — Vh+1(82+1)) Voo On, dn i)+ > Vof(On, on1)Vg FOnkrdni) + Ma.
k=1 k=1
=X5s =%,

SHere n is the number of samples used in the infinite horizon discounted setting and is similar to K in the
episodic setting.
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The perturbation term Ay: encodes one key challenge for solving 6, — 6 since it breaks the positive
definiteness of X7, and, as a result, we cannot invert the 37 in the Taylor expansion of Z;,. This
is due to DFA (Definition 1.1) is a rich class that incorporates nonlinear curvatures. In the linear
function approximation regime, this hurdle will not show up since V3,f = 0 and Agx: is always
invertible as long as A > 0. Moreover, for the off-policy evaluation (OPE) task, one can overcome
this issue by expanding over the population counterpart of Zj at underlying true parameter of the
given behavior target policy (Zhang et al., 2022a).” However, for the policy learning task, we can-
not use either population quantity or the true parameter §; since we need a computable/data-based
pessimism I';, to make the algorithm practical.

3.1 SKETCH OF THE PFQL ANALYSIS

Due to the space constraint, here we only overview the key components of the analysis. To begin
with, by following the result of general MDP in Jin et al. (2021b), the suboptimality gap can be
bounded by (Appendix D) >+ 2B [Ty (sn, an)] if |(PuVig1 — f(On, 8))(s,a)| < Th(s,a). To
deal with PhYA/hH, by Assumption 2.1 we can leverage the parameter Bellman operator T (Defini-
tion D.1) so that Py, Vhﬂ =f (9T‘7h+1 , ®). Next, we apply the second-order approximation to obtain

PuVitr = FOn,®) = VF(0r, )T (Oyp, ., — 0n) + 3005, — On) Vi3S (On, 0)(Oyp, ., — On).
Later, we use (1) to represent Zh(HT‘A/hH) - Zh(@‘\h) = E;”L(GT@H - §h) + RK(GT‘A/HI) =
Sn(0p5,,, — On) + Ri(0yp, ) by denoting R (0pp, ) = Asy (On — Orp, ) + Br (05, ).
Now that Z,:l is invertible thus provides the estimation (note Z h(éh) =0)

Or5,,, — O, =%, Zn(Orp,,,) — z;lﬁK(e)mH).
However, to handle the higher order terms, we need the explicit finite sample bound for ||0m7h+1 —
O ||2 (or |65, — 61]|2). In the OPE literature, Zhang et al. (2022a) uses asymptotic theory (Prohorovs

Theorem) to show the existence of B(J) such that ||§h -0 < %. However, this is insufficient

for finite sample/non-asymptotic guarantees since the abstraction of B(J) might prevent the result
eH log(%)

VK

from being sample efficient. For example, if B(8) has the form e log(3), then is an

inefficient bound since K needs to be ! /¢ large to guarantee € accuracy.

To address this, we use a novel reduction to general function approximation (GFA) learning proposed
in Chen and Jiang (2019). We first bound the loss objective E,, [01,(61)] — Eplh(Opp, )] via a
“orthogonal”” decomposition and by solving a quadratic equation. The resulting bound can be directly
used to further bound HGT%H — b ||2 for obtaining efficient guarantee 6(%) During the course,

the covering technique is applied to extend the finite function hypothesis to all the differentiable
functions in 1.1. See Appendix G and Appendix D,E,F for the complete proofs.

4 IMPROVED LEARNING VIA VARIANCE AWARENESS

In addition to knowing the provable efficiency for differentiable function approximation (DFA), it
is of great interest to understand what is the statistical limit with DFA, or equivalently, what is the
“optimal” sample/statistical complexity can be achieved in DFA (measured by minimaxity criteria)?
Towards this goal, we further incorporate variance awareness to improve our learning guarantee.
Variance awareness is first designed for linear Mixture MDPs (Talebi and Maillard, 2018; Zhou et al.,
2021a) to achieve the near-minimax sample complexity and it uses estimated conditional variances
Varp(.|s,a)(Vjry1) to reweight each training sample in the LSVI objective.® Later, such a technique
is leveraged by Min et al. (2021); Yin et al. (2022) to obtained the instance-dependent results. In-
tuitively, conditional variances 02 (s, a) := Varp(.|s.q)(V;5,1) serves as the uncertainty measure of

the sample (s, a,r, s’) that comes from the distribution P(:|s,a). If 0%(s, a) is large, then the dis-
tribution P(+|s,a) has high variance and we should put less weights in a single sample (s, a, 7, s’)

7i.e. expanding over Z7(0) :=E, o /[(f (8, ¢(s,a)) =7 — V7 1(s))V (0, ¢(s, a))], and the correspond-
ing AE.; in %Zh(e) |ezgg is zero by Bellman equation.
8We mention Zhang et al. (2021b) uses variance-aware confidence sets in a slightly different way.
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rather than weighting all the samples equally. In the differentiable function approximation regime,
the update is modified to .

~ ~ 2
On < arg min { > [f (0,0nk) = Thk — Vh+1(8§+1)} Joi(sh,an) + - |0]I3 }
€6 k=1

with o2 (-, ) estimated by the offline data. Notably, empirical algorithms have also shown uncertainty
reweighting can improve the performances for both online RL (Mai et al., 2022) and offline RL (Wu
et al., 2021). These motivates our variance-aware fitted Q-learning (VAFQL) algorithm 3.

Theorem 4.1. Suppose Assumption 2.1,2.3 with ex = 0. Let § = 8di and choose 0 < \ <

1/2C3, in Algorithm 3. Then if K > Ko and \/d > O(C), with probability 1 — &, for all policy T
simultaneously, the output of VAFQL guarantees

" _
v — T < Z 8d-E {\/ng@\hy &(sn, ah))A;1V9f(§h, ¢(sn,an))| -+ 5(CI}?t )
h=1

where v is a Polylog term and the expectation of m is taken over sp,ap. In particular, we
have 0 < v — o7 < 16d - 3 Epe [\/ng(f)i,cﬁ(sh,ah))/\ﬁ1Vef(92,¢(sh,ah))} L

O(%g). Here N, = 37,y Vo (65, 61,4V f (05, 6n1) /04 (k. af)? + Ma and the o (-, -)? =
max{1, Varp, V) | (-,-)}. The definition of Kq, Chot, CY,o, can be found in List A.

In particular, to bound the error for uy,, vy, and 8,21, we need to define an operator J that is similar to
the parameter Bellman operator D.1. The Full proof of Theorem 4.1 can be found in Appendix J.
Comparing to Theorem 3.2, VAFQL enjoys a net improvement of the horizon dependence since
Varp(V;¥) < H?. Moreover, VAFQL provides better instance-dependent characterizations as the
main term is fully depicted by the system quantities except the feature dimension d. For instance,
when the system is fully deterministic (transition P,’s are deterministic), o}, ~ Varp, Vi, (+,-) =0
(if ignore the truncation) and A*~! — 0. This yields a faster convergence with rate O(%) Lastly,

when reduced to linear MDPs, 4.1 recovers the results of Yin et al. (2022) except an extra V.

On the statistical limits. To complement the study, we incorporate a minimax lower bound via a re-
duction to Zanette et al. (2021). The following theorem reveals we cannot improve over Theorem 4.1
by more than a factor of v/d in the most general cases. The full discussion is in K.

Theorem 4.2 (Minimax lower bound). Specifying the model to have linear representation f =
(0, p). There exist a pair of universal constants c,¢’ > 0 such that given dimension d, horizon
H and sample size K > c'd3, one can always find a family of MDP instances such that for any

P w“p _ K Vol(0}.9(sf.a8) Vo (0F.6(sF.af) T
algorithm 7@ (where A})P = ]E[ b1 Varn (V) (a5 )

T MeM

H
inf sup En[v" —v"] > eVd: Y B [\/vgf(ez,¢(~,~>)(A;’P)*1vef(9;,¢(~,-)) @
h=1

5 CONCLUSION, LIMITATION AND FUTURE DIRECTIONS

In this work, we study offline RL with differentiable function approximation and show the sample
efficient learning. We further improve the horizon dependence via a variance aware variant. How-
ever, the dependence of the parameter space still scales with d (whereas for the linear case it is v/d),
and this is due to applying covering argument for the rich class of differentiable functions. For large
deep models, the parameter dimension is huge, therefore it would be interesting to know if certain
algorithms can further improve the parameter dependence, or whether this d is essential.

Also, how to relax uniform coverage 2.3 is unknown under the current analysis. In addition, under-
standing the connections between the differentiable function approximation and overparameterized
neural networks approximation Nguyen-Tang and Arora (2023); Xu and Liang (2022) is important.
We leave these open problems as future work. Lastly, the differentiable function approximation
setting provides a general framework that is not confined to offline RL. Understanding the sam-
ple complexity behaviors of online reinforcement learning (Jin et al., 2020b; Wang et al., 2021b),
reward-free learning (Jin et al., 2020a; Wang et al., 2020) and representation learning (Uehara et al.,
2022) might provide new and unified views over the existing studies.
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Appendix

A NOTATION LIST

52(6) Epn [V1(0,0(5,)) - V(6. 6(5,0) 7]

K ming, g Amin (3}, (0))

0% (s,a) max{1, Varp, (V)(s,a)} for any V

) Failure probability

Ky max {512% (log(%) + dlog(1 + 4”‘?“":\$KS)) , %}

¢ 2 (o el e D ()

Chot = Chot “\I/EH + H%Pfjdg + \/@—F Ko max( =L, ﬁ)d?H3 +
dzH%g:Amc@ + H322d2

Chot = C’]/iot Chot + meI/{;dQ

B FURTHER ILLUSTRATION THAT GENERALIZED LINEAR MODEL EXAMPLE
SATISFIES 2.3

Recall the definition in 2.5, then:

For (xx),
B [VF(6,6(s,0)) - VI(8,8(s,0)T] = By [£/((0, 65, 0))) () - ()]
= B [0(,) o(,) "] = KT, V0€©

For (x), by Taylor’s Theorem,

Epn [(F(01,0(,7)) = F(02,0( )] = Buunlf'(Brar 60, ))2(01 = 62) 6, )0, )T (61 = 02)]
> K2, 1[(01 — 02) o, )(, ) T (01 — 02)] = K2(01 — 02) "En[o(, )B(-,-) (01 — 02) > k3|64 — 02”3

3

and choose k3 as & in 2.3.

C ON THE COMPUTATIONAL COMPLEXITY

For storage of Pessimistic Fitted Q-learning, at each time step h € [H] in Algorithm 1, we need to
store O, 3, and V f (5,“ ®n.k). Therefore, the total space complexity is O(dH +d*H +dK H). For
computation, assuming §h is solved via SGD and let M denote the number of gradient steps, then the
complexity is dominated by computing 5,“ Y5, and Z;l, which results in O(MH + KdH + d*H)
complexity (where H comes from h = H,...,1).

The space complexity and computational complexity for VAFQL has the same order as PFQL except
that the constant factors are larger.

D SOME BASIC CONSTRUCTIONS

First of all, Recall in the first-order condition, we have

K
Vo {Z {f (0, 6nk) = Th — Vi (Slliﬂ)r + A ||9||§} =0, Vhe [H].
k=1

6=0;,
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Therefore, if we define the quantity Z(-,-) € R as

=

Zn(OIV) => " [f(0,0nk) =i =V (s511)] VIO, dnp) + A-0, V0 €O,[[V], < H,
k=1

then we have (recall 8}, € Int(0©))
Z(0n|Vhs1) = 0

In addition, according to Bellman completeness Assumption 2.1, for any bounded V' (-) € R® with
IVile < H,infrer ||f —Pu(V)| < er. VR (recall (V) = ry + [ VdPy). Therefore, we
can define the parameter Bellman operator T as follows.

Definition D.1 (parameter Bellman operator). By the Bellman completeness Assumption 2.1, for any
IV, < H, we can define the parameter Bellman operator T : V' — 01y € © such that

Ory = argmin || f(0, ¢) — Ph(v)”oo
[SC]

Denote oy = f(Ory,¢) — Pr(V), then we have || f(Orv,¢) — Pr(V)|lo = l0vile < €r. In
particular, by realizability Assumption 2.1 it holds QTVhf+ = 07 and this is due to f(Ory Vi @) =

Pu(Viia) = Vi = £(0;, )

D.1 SUBOPTIMALITY DECOMPOSITION

Denote ¢, (s, a) := PpVis1(s, a) — Qn(s, a), by Jin et al. (2021b) we have the following decompo-
sition.

Lemma D.2 (Lemma 3.1 of Jin et al. (2021b)). Let T = {%h}le a policy and @h be any estimates
with Vi, = (Qn(s, ), Th(- | 5)) 4. Then for any policy w, we have

H H H
= Exlon(sn an)]+ Y Exlen(snsan)] + Y Exl(@n (sn,) 7 (- | 5) = 7 (- 50)).a].
h=1 h=1 h=1
In particular, if we choose T,(-|s) := arg max_(Qn(s, ), 7 (- | 8)) 4, then
- H H
= — Z Eﬁ[Lh(Sh, ah)] + Z ETr[Lh(S’H ah)]'
h=1 h=1

Lemma D.3. Let Py, be the general estimated l/?\ellman operator. Suppose with probability 1 — 9, it
holds for all h,s,a € [H] x 8§ x A that |(PyVi+1 — PrVit1)(s,a)| < Th(s,a), then it implies
Vs,a,h € & x A x [H]|, 0 < (p(s,a) < 2T'w(s,a). Furthermore, it holds for any policy
simultaneously, with probability 1 — 6,

Vi (s)

7 [Ch(sh,an) | s1=s5

uMm

Proof of Lemma D.3. This is a generic result that holds true for the general MDPs and was first
raised by Theorem 4.2 of Jin et al. (2021b). Later, it is summarized in Lemma C.1 of Yin et al.
(2022). O

With Lemma D.3, we need to bound the term | P, Vi 41 (s, a) — P Viia (s, a)]-

“Here without loss of generality we assume Q} can be uniquely identified, i.e. there is a unique 8* such

that (6, ¢) = Qj,.
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E ANALYZING |73h‘7h+1(s, a) — 73h‘7h+1(s, a)| FOR PFQL.

Throughout this section, we suppose ez = 0, i.e. f(O1v, @) = Pr(V). According to the regression
oracle (Line 4 of Algorithm 1), the estimated Bellman operator Pj, maps V}, 1 to 6, i.e. P Vi1 =
6y, ®). Therefore (recall Definition D.1)

PuViia(s,a) — PuVisi(s,a) = PuViia(s,a) — f(On, (s, a))
= (61, ¢(s,)) = F(Bn, b(s,0)) 3)
:vf(é\ha ¢(87 a)) (e’ﬂ‘\7h+l - é\h) + HOth,lv

where we apply the first-order Taylor expansion for the differentiable function f at point @\h and
Hoty,,1 is a higher-order term. Indeed, the following Lemma E.1 bounds the Hotj, ; term with

Lemma E.1. Recall the definition (from the above decomposition) Hoty, 1 := f (HT(/}L+1 ,¢(s,a)) —
FOn, 6(s,a)) — VO, d(s,a)) (GT%H - é\h> then with probability 1 — 6,

18 H2 ko (log (H /) :ch,logK) +R2ACE (H].

|H0th71| S

Proof of Lemma E. 1. By second-order Taylor’s Theorem, there exists a point £ (lies in the line seg-
ment of 8, and HT‘A,’ +1) such that

~ . T N\ 1 ~NT
f(eTf/hH 2 9(8,0))=f(On, ¢(s,a)) = V f(Or, ¢(s,a)) (quf/h+1 - 9h>+§ (911‘\7h+1 - 6’h) Voo f(& ¢(s,a)) (aTﬁ,LJrl
Therefore, by directly applying Theorem G.2, with probability 1 — 4, for all h € [H],

1 T, _
[Hotn| =5 (%v,m = 9h> Voo f(&: ¢(s,a)) (GW;M - 9h,)
1 ~ 12 18H2l€2(10g(H/5) + Cilog K)+ Iig)\cg)
<gwe- [t~ < R

E.1 ANALYZING Vf(@h, ¢(s,a)) (HWhH - §h) VIA Zp,.

From (3) and Lemma E. 1, the problem further reduces to bounding V f (§h, @(s,a)) (91“7“1 - @\h) .
To begin with, we first provide a characterization of 6T‘7h+1 —6},. Indeed, by first-order Vector Taylor
expansion (Lemma L.1), we have (note Zy, (0,|Vy,+1) = 0) for any 0 € O,
Zn(O1Vii1) = ZnOnlVisa) = S50 = O) + R (), )
where R (6) is the higher-order residuals and 5 := %Zh(e@ﬂ)‘ _ with
h

0 (& ~
] (Z [f (0, bnk) = Thik — Vh+1(82+1)} VIO, bng)+ - 9)
0=0,, N

k=1

On

K
=> {(f(é\hv Phk) = Thik — Vh+1(82+1)) V30 f (On, ¢h,k)}

k=1
=Kzy
K ~ -~
+ Z VofOn ni)Ve fOni,dn i) + Ma,
k=1

=X

(&)
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here V2 = V ® V denotes outer product of gradients.

Note Ay is not desirable since it could prevent j, from being positive-definite (and it could cause
>7 to be s1ngular) Therefore, we first deal with Ags in below.

Lemma E.2. With probability 1 — 6, for all h € [H),

1
74 |As: ], = H % Z ( Ons dnre) — Thok — Vh+1(5h+1)> Vo f (On, 1)

2
K1 dHQ(log(QH/é) + dlog(l + 20@HH3K) + Od,log K) 1
NG 1) + =

K K
Proof of Lemma E.2. Stepl: We prove for fixed § € ©, with probability 1 — §, for all h € [H],

<9ko max(

H2(log(2H/0) 4+ Ca,iog i)

KZ( 9h,d>hk *Thk*Vh-s-l(ShH)) Voo f (0, én) K

< 9ka max

Indeed, we have

(f(gh, k) = Thik — ‘7h+1(5§+1)) V3ef (0, ¢n)

==

2

(£ n0) = F(Og, , 0n)) - Viaf (0, 00) ©)

2

+ (f(%f/m,%,k) = Thk — ‘7h+1(5§+1)) Vo f (0, ¢n)

=| =

IA
x| =
M I 11

~
Il
-

2
On one hand, by Theorem G.2 with probability 1 — §/2 for all h € [H]|

K
1 n = o~
=5 (B 0n0) — FOrg,., . 000)) - T3 @.00)|| < 2 max [V 16,05, ), B — 0, |
k=1 9 58,
~ 36H?2 (10g(H/5) + Cd,lo K) +20C2 bd,K,e 2Her
R e IREDI W TP I |
(7N

On other hand, recall the definition of T, we have
E [(£(0x5,..,+ @n) = ik = Vi (5510)) - Vi (0, 0n.s) . af
=E {f(%r/, L Ohk) = Thk — ‘7h+1(82+1)‘8§’>a§} Vo (0, dn.1)
— ((PaVhs) sk, ) ~ E [rie + Vi (k1) |shs k] ) - 930/ (8, 0n)
= ((PuVas)(sh, af) = (PuVhsa(sh)) sk ak) ) - V3 (0 6nk) = 0.
Also, since H (f(eqrvh+1v¢h,k) —Thk — 17h+1(s§+1))> V2, f(0 th)H2 < Hko, denote 02 := K -

H?k3, then by Vector Hoeffding’s inequality (Lemma L.2),

K
P ( %Z (f Org, > Onk) = Thik — Vh+1(5h+1)> Vool (0, 9n)| >t/K
k=1

2

kE k1K —t?/8dKH?K2 |
{Shvah}k_1> <de "/ "2i=4

which is equivalent to

_ \/ 8dH?2 k3 1og(d/s)
= K

K
P ( %Z (f s> P, k) = Tha — Vh+1(3h+1)> Viof (0, én)
k=1

{sz,am_l) S 1

2
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Define 4 )% Zh (FOrg, , 00) = i = Vs b)) - V3 @on)]|, <
%IW}, then by law of total expectation P(4) = E[14] = E[E[1a|{sF,af} £ ]| =

E[P[A[{s},af}E )] > E[l — 6] = 1 — 4, i.e. with probability at least 1 — §/2 (and a union bound),

2

2,2
_ \/SdH w3log(2Hd[0)

1 & - _
Ve > (f(QT@L+17¢h,k) —Thk — Vh+1(8ﬁ+1)) Vi f (0, on) 7 ; [H].
k=1

Using above and equation 6, equation 7 and a union bound, w.p. 1 — ¢, for all h € [H],

K
1 ~ = ~ H2(log(2H/d) + Ca,10 8dH?2k2log(2Hd/6
6 22 (100 60) = s~ Vs(6h.0) - VS .00 256m1\/ UoB(2H/0) + Cuseare) ,  [BdHF og(2Hd/o)

2
< 9o max(%, 1)\/dH (log(ZHé;S) + Ctog 1)
K

Step2: we finish the proof of the lemma.

Consider the function class {f(é) = H% Zszl ( (Gh, Ohk) — Thik — Vh+1(3h+1)) Veaf 0, ) H ‘0 € @}
then by triangular inequality

K

%Z (f(gh»¢h,k) —Thk — ‘7h+1(5]}2+1)) [V5ef(01,6n) — Voo f (02, 1))

k=1
<H -sup || Vs f (01, ¢n) — Voo (02, 01|, < Hrs ||6h — 02|, -

| (01) = f(02)] <

2

By Lemma L.8, the covering number C of the e-net of the above function class satisfies logC <
dlog(1+ 2¢ef%s) By choosing € = 1/K, by a union bound over C cases we obtain for all h € [H]

K
%Z (f(é\h, Phk) = Thik — ‘7h+1(5]f€1+1)) V36 On, bn)
k=1

2

dH?(log(2H/6) + dlog(1 + 2Co Hrs K o 1
<9k max(:jlg,l)\/ (log(2H/6) + dlog I;r ColrsK) + Caios k) + 5
O
Combing Lemma E.2 and Theorem G.2 (and a union bound), we directly have
Corollary E.3. With probability 1 — 6,
1 N Ky max(%, T)dQH2
HKA? (B — ba5, ) L < HKAEZ 2 00— ba,...||, < O - )
Here O absorbs all the constants and Polylog terms.
Now we select 6 = 0rp,  in equation 4, and denote EK(HT%H) = As: (§h - GT%H) +

Rx (QTWH ), then equation 4 is equivalent to
Zn(Opp, , WVas1)=Zn(On|Vit1) = B3Oy, —On)+Ri (015, , ) = ZalOrp, , —0n)+Ri (O, )
Note A > 0 implies Y, is invertible, then we have (recall Zh,(§h|§h+1) =0)

O20,., — O =23 [Z0(0gg, ,  [Vie1) = Zu(@n|Visr)] — 2 Ric (059, )
:zgl[zhme Vig1)] — E;lRK(QMH)
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Plug it back to equation 3 to get

Vf(é\}u (s, a)) (GT‘A@H B é\h)

=V f(On, ¢(5,0))Z;* [Zn Oy, ., V1)) = V£ (On, 6 (s, a))EglﬁK(ele)
K

=V f(On. d(s, )z D (f(%vhﬂ,(bh,k) —Thk — Vh+1(sfi+1)) : V(;rf(ewhﬂ,%ﬁ) + My,
k=1

—V £ (B, b(s, a))E‘lf%K(@mH)

=V f(On, 6 Z ( Or, > Onk) = Thik — ‘7h+1(82’+1)> -V [(Org,., > Snk)]

=1
~Vf(On, $(5,0))2; " [EK(em+ ) + MWW}

:=Hots

®)
We will bound second term Hoto to have higher order O(%) in Section E.5 and focus on the first
term. By direct decomposition,

1=V (O, ¢(s,0)%; [ (f(0m+1 ,Ohk) = Thik — x7h+1(s§+1)) Vo (00, )]

M= 1=

=V f(On, ¢(s, )55 | (f(enrv o @hk) = Thok — Vh+1(3h+1)) Vg f(Ons $n.r)]

b
Il
-

=1

N

+ VS @, &5, )T 1Y (S Ocg,,, 00) = FOrvi, s 0n0) = Visa (k1) + Vila (shin) ) - Vo (B, 6n,0)]
k=1

:=1Ig

K
+V £ (On, 6 e [Z ( Org,, > hok) = Tk — ‘7h+1(8§+1)) - (V;;rf(ewhﬂﬁh,k) - V;f(amdbh,k))]

k=1

=13

E.2 BOUNDING THE TERM I3

We first bound the term /3. We have the following Lemma.

Lemma E4. For any fixed V(-) € RS with ||V||, < H and any fixed 6 such that |0y — 6|, <
\/36H2(log(H/5)+Cd 1o K)+F2AC2, et

KK

K

n D (FOrv, dn) = i = V(sii1)) - (Vo f (Brv, dnr) — Vol (0, 6nr)) | »

k=1

I3 - vf(ehv

and if K > max {512:—; (log(%) + dlog(1l + 4“1[)2';730("[(3)) , %} then with probability 1 — 4,

\/(144dH2n§(H2 log(H/6)+Cl 1o k) +8dH2£ZAC2) log(d/5) Y
K

(Where D = max{k1,

).

\/ (144dH2k3 (H? log(H/8) + Caog 1) + 8dH2K3MC3) log(d/d) 1 1

13| < 4k 3 K + O(K3/2
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Proof of Lemma E.4. Indeed, with probability 1 — §/2,

3| =

VF(On, é(s,a)) T3 [Z (f(9Tv7¢h¢k) = Thk — V(SIZH)) “(Vof(Orv, nx) — Vef(é),qu,k))] H
o( ( (Orv, énk) = Tk — V(S’iﬂ)) “(Vof(Orv,énk) — Vo f (0, dnr))

—1

SHVf(@;h s,a) ’

h k=

H

-1
zy
K

Z ( Orv, o) — Thk — V(Slﬁﬂ)) (Vo f(Orv,dnk) — Vof(0, dnk))

k=1

<

(Ve ")

=t
where, under the condition K > max {512%1 (log(%) dlog(1+ M)) ,%}, we ap-
plied Lemma L.5 .

Next, on one hand, [[Vof(Orv,onk)—Vof(0,onr)ll, < K2 - |0rv -0, <

K2 \/36H2(log(H/5)+Cd og K)+220CE . On the other hand,

rK
E [(f(Orv, onk) — hi — V(sii1)) - (Vg f(Orv, dni) — Vg f(0,0n1))|sk. af]
=E [(f(0rv, dni) — he — V(sii1))|shar] - (Vg f(Orv, dn) — Vg £(0, bnr))
= ((PuV) (s, ax) — (PaV)(si.ar)) - (Vo f(0rv, dni) — Vo f(0,0nk)) =0

Therefore by Vector Hoeffding’s inequality (Lemma L.2) (also note the condition for boundedness
| (f Orv, dnp) = rni = V(si 1) - (Vof(Orv, énr) — Vaf (0, oni))||, < Hrz- [|0rv — 0], <

Heko \/36H2(10g(H/6)+Cd e +2AC@) with probability 1 — §/2,

kK

K
L Z ( (Orv, dnk) — Thk — V(SZH)) (Vo f(Orv, dnr) — Vof (0, dn.r))

k:l

2

2
. 2
4d (Hm \/36H2(10g<H/5):;€d'10g K+ % ) log(%)
K

- \/ (144dH?r2 (H?1og(H/8) + Ca g i) + 8AH2£ZAC2) log(d/d) 1
- K 'K

<

and this implies with probability 1 — §/2,

Z (Orv, nk) = ik = V(stir)) - (Vof (Orv, dng) = Vo f (0, dnr))

_ \/ (144dH?k3 (H? log(H /8) + Carog 1) + SAH2K3NCZ) log(d/5)
- K

2

choose u = S5 (f(0rv,dnn) — mhi — V(sfi1)) - (Vof(Orv,dnr) — Vof (0, énr)) in
Lemma L.5, by a union bound we obtain with probability 1 — §

|Is| =

VF(On, 6(s,0)) "5, [Z (f(91rv7¢h,k) = Thk — V(Sﬁle)) “(Vof(Orv, éni) — Vef(@%,k))] H

k=1
(i )

K
Z ( (Orv, dnk) — Thie — V(Slﬁﬂ)) (Vof(Orv,dnr) — Vof(0,dnr))

k=1 2;1
- 2&1 ) \/ (144dH2k3 (H?log(H /) + Ca,log k) + 8dH2K3AC3) log(d/d) Lo 1 )
—\ Vs k2K K
e \/(144dH2K2 (H?log(H/5) + Cajos ) + 8dH?k3AC3) log(d/s) 1 Lo 1 )
==l w3 K K3/27
O
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Lemma E.5. Under the same condition as Lemma E.4. With probability 1 — 6,

(144dH2I€§ (H2 log(H/5) + Dy log K +Cy logK) +8dH2K§)\C(2_))(10g(d/(S) + Dy logK) 1 1
|Is| < 4k1 ’ - ’ —+0( ).
K K K3/2
Here Dgjog i = d - log(l + 6Co(2k?+ Hk2)K) + dlog(l + 6CeoHk:K) +
dlog (1+ 288Cok?(k1/Co + 2v/Brira)?K?) + d*log (1 + 288\/ﬁB/-c‘1‘K2) = O(d®) with O

absorbs Polylog terms.

Proof of Lemma E.5. Define

K

h(V,0.0) = 3" (0.6n0) = s = Vishi)) - (Vaf (0. 610) = Vaf (0.6n.0))

k=1
then
|h(VA, 01, 1) — h(Va, 2, 02)]

K
< (101, 800 = Vilsho)) = [F (B2 6n,0) = Valshy)]) - (Vo By 6ns) = Vaf (01, 6n0)) ’
k=1
K
+1) (f(ag, Phk) = Thik — V2(8§+1)) : ([Vef(gl, Sni) — Vol 01, 0n1)] — [Vof (02, éni) — Vo f (62, ¢h7k)])
k=1
<K sup £ (01, 6(s, a)) = (B2, 6(s,))] — [Vi(s") = Va(s)] , 2k
+KCH - sup||[Vof B 6(5.)) — VoS (B1.0(s.0))] - [Vof (B2, 6(s.)) = VoS (02 0(s. )]
SKQK)% ’ 51 - 52”2 + 2KI€1 ||V1 - Vé”oo + HKHQ Hal - 52”2 + HKHQ ||91 — 92”2

= (262 + Hro)K Hél - @HZ + 26 K |[Vi — Va|o + HE 5 |01 — 6],

Let C, be the Wﬁ%-covering net of {0 : ||0]|, < Ce}, Cv be the g “p-covering net of V
defined in Lemma L.9 and Cj, be the 575—-covering net of {0 : [|0||, < Ce}, then by Lemma L.8
and Lemma L.9,

6CoHro K
log |Cy| < d-log(1 + YLelira it

), log|Cy| < dlog(1 + )

. 288Ceni(r1vCo + 2\/3,{1@)%2) ¢ log (1 N 288\/EBH‘1‘K2> .

6Co(2k2 + Hrp)K
€

logCy < dl
ogly = alog < 2 2
Further notice with probability 1—4§/2 (by Lemma L.5), for all fixed sets of parameters 0, V' satisfies

36 H2(log (2H/8)+Ca 1o IMNCZ .
[|6ry — 0], < \/ (og(2H/ in d.tog 1) F22C simultaneously,

|75 — f:’,| < va(é\h7¢(s’a))HZ;1 ’ Hh(f}h"'l"g'ﬂ‘vwrl’é\h) -V, 9TV79)H2;1

2/‘61 1 =~ ~
<(F+00)) - [Thinbag, . B0) = Vb6
and ’ 019 ps ~ n H2 < \/%Hz(log(ZH/JLJ;{Cd’bgKHQAC‘% with probability 1 — §/2 by Theorem G.2.

Now, choosing ¢ = O(1/K?) and by Lemma E.4 and union bound over covering instances, we
obtain with probability 1 — §

(144dH2I€§ (H2 log(H/5) + Dd,logK + Cd,log K) + 8dH2H§)\C(2_))(10g(d/5) =+ Dd,log K) 1 1
|[5| S 4/431 3 *4’0( )
K K K3/2
L]
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E.3 BOUNDING THE SECOND TERM I5

In this section, we bound the term
K

Iy =V f(0n, 6(s, )5, > (f(eqrle s Gnk) = F(Orve,  dnk) = Vira(shin) + Vh*+1(8§+1)) V5 fOn, bn.1))-

k=1
The following Lemma shows that I is a higher-order error term with rate 5(i)
Lemma E.6 (Bounding I,). If K satisfies K > 5125} (log(2d) +dlog(1 + M)) , and
K > 4\/k, then with probability 1 — §
2772 72
~ k1H"d” ~ 1
< -

Here O absorbs constants and Polylog terms.

Proof of Lemma E.6. Stepl. Define 1,(V) = f(0rv,¢nx) — f(Orvy, dnk) — Vsiii) +
Viia(sf,y) and let |[V(-)| < H be any fixed function such that Sup k| Ink(V)| <
O(an 2,/ ;-;T()’ i.e. arbitrary fixed V' function in the neighborhood (measured by nx) of V}*, ;.
Then by definition of T it holds E[n (V, )]s, ah} = 0. Let the fixed § € © be arbitrary and define

2(0) = Vo f (0, ¢nk). Next, define G1,(6) = Zk V0, 6(sh,ap) - VO, 6(sy.af) T+ Ma,

since |lzkll, < k1 and |mg| < O(k H 2,/ 7 )» by self-normalized Hoeffding’s inequality
(Lemma L.3), with probability 1 — § (recall ¢ := K in Lemma L.3),

X ~ L [& A+ Kky
;Ik(e)ﬁk(v) <O(kiH KK)\/leg <>\5)

Step2. Define h(V,0) := 25 2,(0)ne(V) and H(V,0) = HZL mk(e)nk(V)H , then

Gr(0)~1
note by definition |75 (V)| < 2H, which implies ||h(V,0)|, < 2K Hk; and
7k (V1) = e (Vo) < [PrVi = PulVal + [Vi = Vol < 2([Vi = Vall

ap, Sh+1

Gr(0)~*

and
1A(V1,01) = h(V2, 02) || <K max (2H |k (01) — 25 (02) |5 + mrlm (Vi) — e (V2)])

<K(2H#k2 ||01 — 025 + 261 |Vi — Va||.).
Furthermore,
Gn(62) "~ Gn(0) ", < 1168 (60) [, G (81) — Ga @)l [ Gn(62)

QKSHPHVf (01, Pni) - VI(Or, 0np) — V02, 0nk) - VF(O2, bnk) H

A
7/\2Ksup [H (Vf(6r,Pn,k) — V02, Pnk)) - VI(61, Pnk) H +va 02, dn.k) - (Vf(017¢hk) _Vf(927¢hk H}
32’11;(&2 |01 — 02|, = Qlﬁ;;K |01 — 2], .

All the above imply
|H(V1,01) — H(V2,0:)] < \/Ih(Vl,91)TGh(91)*1h(V1,01) — h(Va,02) TGp(02) " h(Va, 62)]

<\ IH(VR,80) — Vo ) 20y K Es - G(61) 1 — Galla) ], - 2K Hi

+\/2KH/-@1 RV, 01) — B(Va, 63)]]

1 2k1Kko K
§2\/K(2Hn2 161 — Oally + 261 [[V2 — Val|) - 3 2K Hrky + \/QKHm ”;72 101 — 02|, - 2K Hrky

1 1 P
( \/K3H2I£1/’122)\ \/8K3H2KZ Hg)\ ) ||01922+4\/K3 2H7 ||V1 ‘/QH
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Then a e-covering net of {H(V,0)} can be constructed by the union of

E2

~covering net of {# € ©} and — —S— —coverin
4(4\/K3H2;<;1n2%+\/8K3H2n§m2/\%)2 verme { } aay/KemaE Ly OVenng
net of V in Lemma L.9. The covering number N, satisfies
2
8Co (4y/K3H2kikad + \[SK? H2kha 3 )
log N, <dlog | 1+ 5
€
8C vCo + 2v/B 2 8V dBk?
tdlog [ 1+ 30elnvCo t2VBmR2) ) | g2y, (4 ﬂ
16(44/K3Kk2H 5 )4 16(44/K3Kk2H $)*
Step3. First note by definition in Step2
K
> (f(ewhﬂvd)h,k) — fOrvi, s Snk) = Vara(si) + Vh*+1(8;’i+1)) -V f(On, bnk) = H(Viy1,0n)
k=1 »-1

h

and with probability 1 — §
e (Vi) =f Oy, Onk) = F(Orvye > np) — Vi1 (s 1) + Vi (s )|

* % *
oo, 5]

2 2 2 _ 2
Sm\/BGH (log(H/0) + Caog 1) + 22C8 e [ @ 6w [
kK kK kK

9)

where the second inequality uses 6TV€+1 = ¢} and the third inequality uses Theorem G.2 and Theo-

rem G.3. The last equal sign is due to Cg 10g x < 6(d2) (recall Lemma G.1).

Now choosing ¢ = O(1/K) in Step2 and union bound over both equation 9 and covering number in
Step2, we obtain with probability 1 — 4,

K
~ ~ ~ ~ ,% H2d?
H Vi, 0) = || > o (0n)m (Vier) < O( /<J1H2\/ )Wd+d2=0(— )
k=1 7 VK
= Gh(gh)—l
(10
where we absorb all the Polylog terms. Meanwhile, by Lemma L.5 with probability 1 — 9,
~ 2[%1 1
Vf(0hn, bs.a < O(—=). 11
|90 00, < Tz +0l) an
Finally, by equation 10 and equation 11 and a union bound, we have with probability 1 — 4,
K
L] := |V £ (O, ¢(5, ), D (f(emﬂ s bnk) = F(Orvy s dnw) = Vs (shia) + V;H(siiﬂ)) Vg f(On, b))
k=1
~ K ~ ~
< HVf(9h7¢s,a) - > (f(ewhﬂﬁh,k) — [0y, s Oni) = Vara(shia) + V}f+1(8§+1)) Vo f(On, bn.k)
h k=1 2;1
B ~ S A 2k1 1 ~ ki H?d> <~ kiH?d® ~ 1
—va(9h7¢s,a) o1 H(Vh+179h) < ( /T,K—"_O(E)) O( /K )_O( kK )+O(K3/2)
where the first inequality is CauchySchwarz inequality. O
E.4 BOUNDING THE MAIN TERM [
In this section, we bound the dominate term
R K
1=V f O 005, )55 (30 (FOnvi, 0) = Tk = Vit (5520)) - V3 T B )
k=1
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First of all, by CauchySchwarz inequality, we have

11 <[5 @0t ),

K
> (f(91rvh+1’¢h,k) —Thk — Vh+1(5h+1)) Vo fOn, dnr)
k=1

=t
(12)
Then we have the following Lemma to bound I;.

Lemma E.7. With probability 1 — 6,
~ ~ K1
|| < 4Hd va(9h7¢(5,a))HE;1 ~Csrog K + O(W)v

where Cs 1o¢ i 0nly contains Polylog terms.

Proof of Lemma E.7. Stepl. Let the fixed § € © be arbitrary and define x(0) = Vo f(0, dn k).
Next, define G, (0) = Zkl,(zl VO, 0(sk,af)) - V0, p(sk,af))T + Ny, then ||zg]l, < K1. Also
denote ny, = f(Orvy, ,, Pnk) — T — Vi1 (sfy), then Elng|sy,af] = 0 and |ne| < H. Now
by self-normalized Hoeffding’s inequality (Lemma L.3), with probability 1 — § (recall ¢t := K in

Lemma L.3),
K
A+ K
Zxk(ﬁ)nk < 2H\/dlog <+)\5I{1>
k=1 Gr(9)~—*
Step2. Define h(0) := Zszl x(0)n, and H(0) := sz 1 2k (0)n H - then note by defini-

Gnr(8
tion || < H, which implies [|h(0)|, < KHr, and by z4(61) — x(02) = gef(g, @) - (01 — 09),

18(61) = h(02) |y <K max (H ||z (61) — ax(02)],) < HE®2 [|61 — 6], -
Furthermore,

GR(61) ™" = Gu(02) 7|, < ||Gu(61) 7|, 1GR(61) — Gr(B2)l, |G (62) 7],
S%K sup [V £ (01, bnp) - V (01, 6nk) " — VIO, ) - V(02 nk)" ||,

A
<2H1K 2H1H2K

wa (|01 — 02, = 01 — Oa]|, -

All the above imply

H(6,) — H(02)| < \/|h 01) TG (01) " h(61) — h(02) TGr(62) " h(62)]

\/||h 01) — ()|, - ~ KHm—i—\/KHm 1GA(01)=" — Gr(02)], - K H:

—|—\/KHI€1 : X : Hh(el) - h(92)||2

2/61/12[(
A2

< ( 4K2H2:‘$1I€2/)\+ \/2K3H2I€:1‘)I$2/)\2> \/HHl — 92”2

1
S2\/KHI€2 ||91 —92”2 . X . KHIQl + \/KHHl ||91 — 92“2 KHlil

Then a e-covering net of {H(A)} can be constructed by the union of
: z-covering net of {# € ©}. By Lemma L.8, the covering

€
(VARZHZk1ma /3 /2K H? 133 /52 )
number N, satisfies

2
2Ce <\/4K2H2/-smg X+ /2K H2R3 ks /)\2>
2

log N, <dlog | 1+ = 0(d)

€

25



Published as a conference paper at ICLR 2023

Step3. First note by definition in Step2

K

Z (f(91rv o Ohk) = Th — V§+1(Slﬁ+1)) ' ng(é\haﬁbh,k)

k=1

~

= H(0n)
=t

Now choosing e = O(1/K) in Step2 and union bound over the covering number in Step2, we obtain

with probability 1 — 9,
)\ + Klil ~ 1
< _ —).
< 2H\/d [log( & ) +0(d)} FO(E). (3

where we absorb all the Polylog terms. Combing above with equation 12, we obtain with probability
1-46,

G (Bn)—1

1] <[V @ o050, i( POy, n) = e = Vitia (s5:0)) - Vi FBn 6n.0)

k=1 2;1
A+ Kk ~ 1
< - il
HVf On, 6(s, ) (2 \/ = ) +O(d)} +0(K)>
<4Hd||Vf(0 - Cs1o 6
< va h,fb(&a))HE; 5,log K+ (IK)
where Cs 10 k only contains Polylog terms. O

E.5 ANALYZING Hoty IN EQUATION 8

episode K satisfies K > max {512:—;1 <log(%) + dlog(1 + %)) ) } then with proba-

bility 1 — 6,

Lemma E.8. Recall Hoty := Vf(é\h, o(s,a)); " [EK(GTV + My, } If the number of
d E2
K

2773
_ Ko max<?1 T)dZHQ d“H mg:knlc@

<
<0 I

Vf(é\h, o(s, a))Eﬁl [EK(GTVMA) + /\GTVHJ

where O absorbs all the constants and Polylog terms.

Proof of Lemma E.8. Stepl: we first show with probability 1 — §

vf(é\hv ¢(57a))2;1EK(0T‘7h,+1) = 6(%)

Recall by plug in 0, . in equation 4, we have

. P o . .
Zn(Opp, , Vis1) = Zn(0n]Vhsr) = %Zh(eﬂvh—i-l)(eqrf/hﬂ —0n) + Ri(Oyp, ), (14

and by second-order Taylor’s Theorem we have

N B 9 N
HRK(QTVM) )2 = ’ Zn Oy, WVht1) = Zn(On Vi) — %Zhwh“/hﬂ)(%r/h+1 —0n) )
s 0072 2Ty, ) (15)
3 || TV 600 s ,
1 -
ST ¥
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Note

82

K
209 = s =3 (1€ 01w) — s~ T (5h)) - VS (€ 6ni) )

0=¢ k=1

Z(0|Vigr)

0
ey 55 (VoF (€ 0n)V3 F(§6ns) + Mo)
=1

(16)
Therefore, we can bound k., with ., < (Hk3+3k1k2)K and this implies with probability 1—§/2,
1 12
9’]1‘\/; 1 ehH (H/ig + Sﬁlﬂg)K . HHT‘?}1+1 — H}L )

36H ?(log(H/b) + Cajog ) + 2AC3

kK

1

, <3

272
1

SE(HI€3+3K)1I€2)K-

|6

<O((Hrks + 3k1k2)H?d? /K).
And by Corollary E.3 with probability 1 — 6/2,

|As; @0 <0(1),

T‘A/Hl) ’2

Therefore, by Lemma L.5 and a union bound with probability 1 — J,
V£ @605, @) "S5 Bic(0rg, )| = |V B 05,0)) TS5 (D (Bn — a,, ) + Riclng, ) )|

< HVf(é\ha ¢(5, a)) ’271 7 (é\h — GT‘A/h,+1) + RK(QT‘A/HI)
2/4}1
: <m +0(% ) HAES QT‘A/h,H) + RK(HT‘A/h,_*_l) ‘2*1

< (T o) (J5 o) =0~ morlh R P

-
zy,

d d®H3k3
K

where O absorbs all the constants and Polylog terms. Here the last inequality uses bound for
|, and | As; @ — 0z, ,,)

’2'
Step2: By Lemma L.5, with probability 1 — 4,

|05,

\ZICRECRI ST EPY (OO

9TVh+1 e 1

A (o) (T2 o) = PacE o)

3
2

F PROOF OF THEOREM 3.2

Now we are ready to prove Theorem 3.2. In particular, we prove the first part. Also, recall that we
consider the exact Bellman completeness (ex = 0).

F.1 THE FIRST PART
Proof of Theorem 3.2 (first part). First of all, from the previous calculation (3), (8), we have

P Vs (s, a) — 73h‘7h+1(8»a)’ < ‘Vf(gh, o(s,a)) (%rfhﬂ - ah)’ + [Hotp,1|
<|ILi|+ |I2] + |13
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Now by Lemma E.5, Lemma E.6, Lemma E.7, Lemma E.8 and Lemma E.1 (and a union bound),
with probability 1 — 4,

~ d3H2li%I€% 1
13| <O(4/ T)E’

~ KTH?*d*>  ~ 1
|IQ| SO( 1I<LK )+O(K3/2)a
~ ~ K1
< .
(1] <4Ha 95O ol )|, - Catos ¢ + Ol 7).

2773
_ Ko max(%’ )d2H2 d“H ng}jz\mCe

|H0t2}h| SO

s

K )

H K9 d2
Hoty 5| <O .
[Hot | <O("-2%)
Finally, Plug the above into Lemma D.3, by a union bound over all h € [H], we have with probability
1 — ¢, for any policy T,

H

v — 'U% < Z 2. Eﬂ [|Il| + ‘I2| + |I3‘ + |H0th72| + ‘HOthJH
1

ChOt )
K .

-
< S SAHE VT 050,005, B o)) 0+ O
h=1

where ¢ = Cj 10 i Only contains Polylog terms and

kiH  kIH3d? d3 H* k33 K1 o3 d*Hk3 + Mi1Co  H3kod?

Chot = —,—=)d“H"+
ot = = = e max( f) P T
O
F.2 THE SECOND PART
Next we prove the second part of Theorem 3.2.
Proof of Theorem 3.2 (second part). Stepl. Choose m = 7* in the first part, we have
a = = o
0 S v =" S Z 8dH - Eﬂ'* |:\/v6Tf(9h7 ¢(Sha ah))z}:lng(Hh, (b(s}u ah)):| L+ O( }-};?t)
h=1

Next, by the triangular inequality of the norm to obtain

[Vos @ otom )], = 19656 (5, an)l

1

< Vo Bns (s 1) = Vo 6, osn, )|

= | w3or € o5 an)) - (0 - 67) |

‘ 71’

since with probability 1 — 6,

[3ar€.tsman) - (3 07)|, < e [ 03], <O (”lffd ;{) |

where the last inequality uses part three of Theorem G.3. Then by a union bound and Lemma L.5,

< O (K,lligsz ) 1) )

DR k32 K

Hvéaﬂa, ¢(sn,an)) - (@L N 92)
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Step2. Next, we show with probability 1 — 4,

IVof(0h, (sh, an))llg-1 < 2(Vof(0F, ¢(sn,an))|lg:- -

First of all,

Il((ZVf(é\m(s,a>>Vf(5h,¢<s, a))" =V [0}, ¢(s,a)V (0}, (s, >>T>

k=1

zh—Kzg -

[em -5l

<sup ([| (V1@ 615, @)) = V165, 605, @) V7B, o(5,0)

2

(VF@s 0(5,0)) = V163, 6(5.))) VB 6(5,))| )
<0 <H2/€%H2d 1)
2 K K

Second, by Lemma L.6 with probability 1 — §

<2k9k1 Hé\h — 9;

i M| 4veRd [ 2d\'?
% — e wasor owason o1 - 2| < 22 (10g )
This implies
¥r 4 2d
2] < . wasr. o0was @ 07 + 2+ 225 (10522

9d\ /2
<Kk?+ A+ 4V2k? <log 5)

and also by Weyl’s spectrum theorem and under the condition K > w, with probability
1-946
O A 4V2R3 [ 24\
)\min - >)\min E 05 7> 1 1 ~
(G2) 2hmin (B¥0 61,0190 6,0)7]) + 3 = 25 (10 )
A 4V2k2 2a\'* _ k
> — — log — >
Rt T Uk U8 =9
then H H < 2 . Similarly, with probability 1 — fh -1 || < 2 . Then by Lemma L.7,

906,006, D s < |1+ SIS/ K255/ = Z3/K1 - 190G 6060l

~ 27172
< [1 + J 203 + 00 (“K“\/E)] V0 (05 (5,0 ez

<2||Vof(6F,¢(s, a))sz;L—l

(k24-0\)?k2K2H*d?
(=)

as long as K > 0] . The above is equivalently to

Ve f(0h, o(sns an))llss < 2[Vaf (O, d(sn, an)) g -
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Combining Step1, Step2 and a union bound, we have with probability 1 — 4,

H
* T n — n Co
0<v™ —v s;&lH-Eﬁ* {\/ng(eh,¢(Sh,ah))2hlvef(9h,¢(smah))] L+ O(2)
- T gk 1 N Chot | ~ (mik2H*d* 1
};SdH Exr |97 104 6(on, 1) S5 Vol 0, 6lsn,an)) | -0+ O(T) + 0 (20—
- i
< 16dH - E,- va (03, $(sn, an))h 1vaf<0;,¢<sh,ah))] L+ O(72t)
h=1
/ kiko H*d?
where Cf ; = Chot + "5
O

G PROVABLE EFFICIENCY BY REDUCTION TO GENERAL FUNCTION
APPROXIMATION

In this section, we bound the accuracy of the parameter difference Heh — 911.‘7“1 H via a reduction
+1 12

to General Function Approximation scheme in Chen and Jiang (2019).

Recall the objective

Mw

~ 2\
(£ (0,005 ab) = r(shaf) = Vi (k)] + - l0l; (D)
k:

Then by definition, 8}, := arg mingeg n(0) and O, ., satisfies f(GT‘;h+1 @) = PrVii1 + 09, -
Therefore, in this case, we have the following lemma:

Lemma G.1. Fix h € [H|. With probability 1 — 6,

36 H?(log(1/3) 4+ Caog i) + AC3 N \/ 16H3ex(log(1/6) 4+ Catog i)

B, [0 (Bn)]~Eu 04 (059, )] < = i +4Her.

where the expectation over | is taken w.rt. (sﬁ,az,sﬁﬂ) k = 1,..,.K only (ie.,
first compute E,[(,(0)] for a fixed 0, then plug-in either §h+1 or F)T‘;h“). Here

Caog(k) = dlog(1+24Ce(H + 1)k1 K)+dlog (1 + 288H?Co(k1v/Co + 2\//<51/$2/)\)2K2) +
&2 log (1 + 288 H2\/dr2 K> /)\).

Proof of Lemma G.1. Stepl: we first prove the case where A = 0.

Indeed, fix h € [H] and any function V(-) € RS. Similarly, define fy(s,a) := f(f01v,d) =
PnV + dy. For any fixed § € ©, denote g(s,a) = f(0, ¢(s,a)). Then define'®

X(g.V.fv) = (g(s,0) =7 = V() = (fv(s,a) —r = V()"

Since all  episodes are independent of each other, Xi(g,V, fv) =
X(g(sf,af), V(sf,1), fv(sh,af)) are independent r.v.s and it holds

K
X9 Vafv) = Ug) — (). (18)
k=1

1%We abuse the notation here to use either X (g, V, fv') or X (6, V, fv'). They mean the same quantity.
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Next, the variance of X is bounded by:
[X(9,V, f)] <E,u[X(g, . f)?]
=E { 9(snyan) —rn = V(sni1))* = (fv(snan) —ra — V(Sh+1))2>1
[ (sh,an) fv(Sh,ah))g(g(Sh, an) + fv(sn,an) — 2rp — 2V(3h+1))2}
§4H2 B [(9(sn,an) — fv (sn,an))?]
<4H? B, [(9(sn, an) = = Visne1)) = (Fv (snan) = 70 = Visnsa))*] + 8Her (+)
=4H? -Eu[X(g, f, fv)] + 8H ex

where the step (*) comes from

Var

Eye (95 an) =i = Vsne1)® = (v (snyan) = 7 = V(sns0))?]
=K, [(9(sn,an) = fv(sn,an)) - (9(sn, an) + fv(sn,an) — 2rn — 2V (spy1))]
=E, [_(g(shvah) — fv(sn,an)) - (g(Sh, ah) fv(sn,an) +2fv(sn,an) — 2rp — 2V (sp41))]

2

=E, _(9(5h7ah) fv(sn,an)) 9(sn,an) = fv(sn,an))Ep, [fv(sn,an) —rn — V(sht1) | sn,an]

>E,. [(g(sn,an) = fy (sn,an)) } = 2H [0y | 2 By (9(sns an) = fu (sn,a0))*| = 2Her

19)
where the last step uses law of total expectation and the definition of fy,.

Therefore, by Bernstein inequality, with probability 1 — 9,

[ (gafva Zngfva)

. \/War[X(g,f, fi)llog(1/0) | A log(1/4)

K 3K
- \/SHQ]EH[X(QJ fv)]log(1/5) ¢ 16H3 e log(1/5)  4H?log(1/9)
< K + K + 3K .

Now, if we choose g(s,a) := f (§h, o(s,a)), then 6), minimizes £1,(0), therefore, it also minimizes
LS X0, Vi, fv,,,) and this implies

K

K
ZXk Gh,VhJ,-l,thJrl < E thr+17‘/h+17f‘7h+1) =0
k 1 k=1

Therefore, we obtain

55 8H? - Eu[X (On, Vi1, f,., ) 108(1/0)  [16Her log(1/0) AH?log(1/6
]Eu[X(Hh,VhH,fr/,H)] <\/ " TV +\/ erlog(1/ )+ og(1/ )'

K K 3K
However, the above does not hold with probability 1 — ¢§ since é\h and ‘7h+1 =
min{max, f(0h+1, \/Vf (Op+1,0(-,a))TA-Vf(0,4(-,a)), H} (where A is certain sym-

metric matrix with bounded norm) depend on Gh and §h+1 which are data-dependent. Therefore, we
need to further apply covering Lemma L.10 and choose ¢ = O(1/K) and a union bound to obtain
with probability 1 — 4,

S 8H2 - E,[X (Bn, Vi1, fo )] (10g(1/8) + Catog ) | TH2(10g(1/8) + Cu,
E [X(0’1>Vh+17f‘7h+1)} S \/ H V[hg.l g (Og( /3})( d,l gK)

\/16H3ef(log(1/5) + Cilog i)
+ K

+4Her
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where Cy 1og() = log(1424Co (H + 1)1, K )+d log (1 + 288H2Co (k1v/Co + 21/k1rz //\)2K2>+
d?log (1 + 288 H?\/dk3K?/ )\) . Solving this quadratic equation to obtain with probability 1 — &,

36H2(10g(1/6) + Cd,log K) +\/16H36_7:(10g(1/5) + Cd,log K) AHer

Eu[X (O, Vitr, f5,, )] < e i

Now according to equation 18, by definition we finally have with probability 1 — § (recall the
expectation over i is taken w.r.t. (s, af, sy, ) k=1, ..., K only)

Eulln(On41)] = Bulla 6y, )] = Eu[X (On, Vs, fr,, )]

36H2(log(1/8) + Cyog i) \/ 16H3ex(10g(1/6) + Catog k)
= K + K

(20)

+4H€]:

Step2. If A > 0, there is only extra term % (H@\hH — HHT\Z o
9 .

to above. This finishes the proof.

-~ 2
) < %], = 2% in aadition
2 2

O
Theorem G.2 (Provable efficiency (Part 1)). Let Cg 105 ' be the same as Lemma G.1. Then denote
biKer = \/ LM% er (os U/ Catox ) 4 He, with probability 1 — §

2 2
< \/36H (log(H/6) : qu,logK) +2XC2, N \/bdiﬁ N \/2Hef, vh e [H].

Heh - GT‘A/;L+1

Proof of Theorem G.2. Apply a union bound in Lemma G.1, we have with probability 1 — 4,

~ 36H2(log(H/8) + Calog ACZ
Bl 00)] ~ Baltn 0z, )] < 2T OB+ Caront) £2C0 4y, e
~ Xl |2 P 2 36H?(log(H/S) + Calog k) + 2AC3
:EM[&E(G’Z) - ? ‘ahHg} N E“[Zh(e'ﬂ‘r/;ﬁd) - ? HOTV;L+1 2] < ( / K diog X o + bdevSJ-'
(21)
Now we prove for all h € [H],
—~ |12
n 2 n /\Hah 2 >\H€T‘7’l'*'1 2
E. (f(emtf’('y ) = f(Opp, (s '))) <Eu [£n(0n) - 5 | B (07, ,,) — +2HeF.
(22)
Indeed, similar to equation 20, by definition we have
12 2
o Ao, M o5 -
]E/J' Eh(eh) - T - ]E,LL Eh(GT%H) - T = EH[X(H]—“ Vh+17 f‘7h+1 )]

=E, ([f (é\h, ¢(Sh,ah)> —Th — ‘7h+1(5h+1)}2 - [f (QTVHI;Q{)(Shyah)) —Th — ‘7h+1(8h+1)]2>

SB[ (F 00 ) — F0rg, . 60,) ] - 287

""Here in our realization of Lemma L.9, we set B = 1/ (since ”Z;l HQ < 1/N).
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where the third identity uses u is taken w.r.t. sp,ap,sp41 (recall Lemma G.1) and law of total
expectation. The first inequality uses the definition of QT‘A/’ e

Now apply Assumption 2.3, we have

~ 2 ~ 2

By | (70000~ 055, ,00.) | 2 5 [~ 05,
Combine the above with equation 21 and equation 22, we obtain the stated result. O
Theorem G.3 (Provable efficiency (Part 1I)). Let Cgalogx be the same as
Lemma G.l and suppose ¢ = 0. Furthermore, suppose N < 1/2C% and K >

4 3 3
max {512% <log(%) + dlog(1+ %)) ) %} Then, with probability 1 — 6, Vh € [H],
~ . 36H2(log(H?/8) + Ca,lo 20C%  2H?

sup | f (0, ¢(s,a)) — f(@h,cb(s,a))‘ < (mH\/ (log(H?/ )2 wiog i) + 22008 \/gm>

Furthermore, we have with probability 1 — §,

2 2 2 2
. (m " \/36H (log(H?/0) + Cujos 1) +22C3 , 2H dm> 1 1

- N 7 T0(%)
=0 <K1H2\/d7:\/g>

K K
where O absorbs Polylog terms and higher order terms. Lastly, it also holds for all h € [H]|, w.p.
1-9

sup H‘/}h -
h

=

2 2 2 2
< (mH\/mH (log(H?/0) + Cajos ) + INCE | 4H dm> 1ol

K K K K
= l€1H2d / 1

Proof of Theorem G.3. Stepl: we show the first result.

We prove this by backward induction. When h = H + 1, by convention f (é\h,qﬁ(s,a)) =
f(6r,6(s,a)) = 0 so the base case holds. Suppose for h + 1, with probability 1 — (H — h)d,

it holds true that sup, , ’f(§h+1, P(s,a)) — f(O5 1, d(s, a))‘ < Chy1y/+ + a(h + 1), we next
consider the case for ¢t = h.

On one hand, by Theorem G.2, we have with probability 1 — §/2,
F @i 6(s,0)) = (05 6(5,0))|

sup

s,a

< sup

s,a

F O 0(5.@)) = F(bag,. ., 05, )| + 50 | (O, . 6(5,0)) = (6}, 6(5,0)

~

vf(§7 QS(Sa a))T(eh - 9T‘7}1+1)

= Ssuf + Ssuf ‘f(eTVnJrl y QS(S, CL)) — f(o']]‘v}:Jrl , qﬁ(s, a))’

_ | _ )
<hr 0= e, |, + 5P [PrsaVis = PrsaVitia|

\/ 36H2(log(H /) + Carog i) + 20C
<kK1 :

kK
Recall Viy1() = min{max, f(Ons1,6(a)) — Tu(na),H} and Vi, () =
max, f(05 1, #(-,a)) = min{max, f(0}_,,¢(-,a)), H}, we obtain

‘ FOni1,0(s,0)) — f(B5 1, sb(s,a))’ + sup ' (s, a) (23)

h,s,a

2
S} i *
+ HVh+1 - Vh+1H ;
oo

Vi1 — Vh*+1H < sup
o s,a
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Note the above holds true for any generic I';(s,a). In particular, according to Algorithm 1, we

specify

Do) = GH Vo G, 00,757 Vs ) (400

and by Lemma L.5, with probability 1 — 4,

2dH k4 ~ 1
T, < 2228 L 5=
M= TVRK (K)

and by a union bound this implies with probability 1 — (H — h + 1)d,
sup| (B, 6(s,0)) = £ (63, 9(s, )

1 36H2(log(H/0) + Caiop i) + 2AC2  2dHrk,
o T ,
<Onery/ ¢ + “1\/ WK T VRE

+O(

1

K

)

)= G+ O()

\/36H2 (log(H/8)+Clalog k) +2AC2)
K

Solving for C',, we obtain C, < k1 H
union bound (replacing by §/H), we obtain the stated result.

+ H2dj’;l for all H. By a

Step2: Utilizing the intermediate result equation 23, we directly have with probability 1 — 4,

sup HVh - Vh*H < sup
h o] s,a

§ Bn; 8(s5,0)) = J (07, 0(5, )| +

where sup, ,

K

QdH/ﬂZl
VEEK

£(6n, o(s,a)) — f(65, &(s, a))’ can be bounded using Stepl.

+0(

1
E)a

Step3: Denote M :— (/ﬁH\/36H2(log(H2/6)+Cd,1og K)+2XC3 + 2H\j%m) /% + O(%), then by

Stepl we have with probability 1 — § (here & is some point between gh and 67) forall h € [H]|

M2 > sup | f (1. 6(s.)) — F(6F.6(5. )|

s,a

2y [(f B 005, ) — f (8. 6(s.)))°) = 5 B 6

2
2

where the last inequality is by Assumption 2.3. Solve this to obtain the stated result.

H WITH POSITIVE BELLMAN COMPLETENESS COEFFICIENT €+ > 0

In Theorem 3.2, we consider the case where ex = 0. If ex > 0, similar guarantee can be
achieved with the measurement of model misspecification. For instance, the additional error

\/16H36f(l°g(%6)+cd’l°g %) | 4Her will show up in Lemma G.1 (as stated in the current version),

1/ bd’i‘f + 4/ QHR <2 will show up in Lemma G.2. Then the decomposition in equation 3 will incur
the extra 5‘7’ ., term with 5‘7“1 might not be 0. The analysis with positive ez > 0 will make the

proofs more intricate but incurs no additional technical challenge. Since the inclusion of this quan-
tity is not our major focus, as a result, we only provide the proof for the case where ez = 0 so the
readers can focus on the more critical components that characterize the hardness of differentiable

function class.

I VFQL AND ITS ANALYSIS

We present the vanilla fitted Q-learning (VFQL) Algorithm 2 as follows. For VFQL, no pessimism

is used and we assume 6, € © without loss of generality.
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Algorithm 2 Vanilla Fitted Q-Learning (VFQL)

1: Input: Offline Dataset D = {(sh,alg,rﬁ,shﬂ)}kh .- Denote ¢y, . == o (sf;, af)).

2: Initialization: Set Vy,(-) « 0and A > 0.
3. forh=H,H—1,...,1do
4

—~ - 2
Set 0, < arg mingcg {ZkK—l [f (9, ¢h,k) —Th,k — Vh+1(32+1)} +A- ||9|g}

~ ~ +
Set On(-,-) « min {f(eh, &) H —h + 1}

Set Tp (- | -) «— argmaxy, <@h(~, Vs (- ] ')>A’ XA/h()  maxy, <Qh(-7 Sy 7mr (-] )>A
end for
Output: {7}/,

I.1 ANALYSIS FOR VFQL (THEOREM 3.1)

Recall ¢y, (s,a) = Ph‘/}hﬂ(s,a) - @h(s, a) and the definition of Bellman operator D.1. Note
min{-, H — h + 1} T is a non-expansive operator, therefore we have

~ ~ ~ + ~ +
lon (5, 0)| =|PuViga (s, a) — On(s,a)| = ‘min {Pth+1(s,a), H—h+ 1} — min {f(ah, &), H — h + 1} ‘

< [PuVhsa(s,) = B, 6, )| < £ Org,.,,) = FBns 6, )| + e

By Lemma D.2, we have for any T,

V=0T == Exlwn(snyan)l + D Exlon(snyan)] < Y Exllen(snyan)] + Y Exllen(sn, an)l]
SZ 1/ Bz, > 6()) = f(Bns 6 |]+Z]E 1/ Orp, &) = F(Brs 6(,-))[] + 2He
ZM [1£(6ag, -6+ ) = FBr. (- +Z¢E [1£(Brg, - 6(2)) = F@n. b )] +2Her

VTS JBun 17 Ory 1 60) — o D]+ 2

(24)
where the second inequality uses Cauchy inequality and the third one uses the definition of concen-
trability coefficient 2.2.

Next, for VFQL, there is no pessimism therefore the quantity B in Iiemma L.10 is zero, hence the
covering number applied in Lemma G.1 is bounded by C 105(x) < O(d) and

36 H2(log(1/6) 4 Catog i) + AC3 N \/ 16H3ex(log(1/6) + Catog i)

B[00 (00)]~Eulln (055, )] < = K

+4H€]:.

Now leveraging equation 21 and equation 22 in Theorem G.2 to obtain

" [(f(é\h’(b(’ )= f(eT‘A/hﬁ’(b(.’ ))>2] <E, gh(é\h) - M

A HGT‘A/’IH 2
B, |0y, ) — Sz | e,

K K

< 36H? (log(H/6) + Cdlog K)+ 2)\0%
- K

+biKk,er +2Her
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Plug the above into equation 24, we obtain with probability 1 — 4, for all policy ,

~ 36H2(log(H/d) + Cy10 2\CZ
,Uﬂ'_,Uﬂ'SZ /CeffH\/ (Og( /)‘;{ d,ng)'i’ ®+bd,K,e]_—+2H6]—'+2H6]—'

e \/36H2(log(H/5) - Catos 1) +2C3 \/16H3e}-(1og(1[é(5)+0d,10g;<)

+6Her +2Her

~ H2d + \C? 1/ H3d
:@H'O (\/;;_C@ + ‘/ KQF) +O(\/ CegH3€]:+H€]:)

This finishes the proof of Theorem 3.1.

J PROOFS FOR VAFQL

In this section, we present the analysis for variance-aware fitted Q learning (VAFQL). Throughout
the whole section, we assume ex = 0, i.e. the exact Bellman-Completeness holds. The algorithm
is presented in the following. Before giving the proofs of Theorem 3, we first prove some useful
lemmas.

Algorithm 3 Variance-Aware Fitted Q Learning (VAFQL)
1: Input: Split dataset D = {(sﬁ,a’fb, r,’j)}kKhIil D = {(sh, ax, )}k ,—, - Require 3.

2: Initialization: Set \7H+1(~) 0. Denote ¢, 1 = ¢(s5,af), dnr = H(55,ar)
3: forh=H,H—1,...,1do

_ ~ 2
4:  Setwup ¢ argmingq {Zé{:l [f (9, qﬁh,k) — Vh+1(§ﬁ+1)] + X H0||§}

_ ~ . 2
5 Setwy « argming o { [0 0n0) — VRG] A |\9||§}

6:  Set [@thHM, ) = f(vn, &(:, '))[O,(H,;LH)z] — [f(wn, o(-s )10, —n+11]
7 Set&n(-,-)? + max{1, Varp, Vii1(-,-)}

2
5 Seteheargmmee@{zk [ 0.000) = s = k)] 3R k) + - o3
9: Set Ap < 31, Vf(On, dnk) VIO, dni) /57 (sh,af) + X1,

2

10: SetTh () B1/Vof Gn,6(--) TA + Vs 000 (+0()
11: Set Qu(-,-)  f(On, é(-,-) = Tl ) ( ) min {Qn(,-), H —h+1}"
12:  Set@x(- | ) < argmaxy, <Qh 1), Th >A, Vi(?) = maxr, (Qn(:,), ma(- | ')>A

13: end for
14: Output: {7} ..

J.1 PROVABLE EFFICIENCY FOR VARIANCE-AWARE FITTED Q LEARNING

Recall the objective
~ 2 A
0(0): KZ{ £ (0.9(5%. k) = r(sh,ak) = Vasa(sh )] /52 (shoab) + 2= - 1013

Then by definition, 8), := arg mingcg ¢4 (0) and Oy, ., satisfies f(GT‘A/hH,qS) = PrVhs1(sf 1)
(recall ex = 0). Therefore, in this case, we have the following lemma:
Lemma J.1. Fix h € [H|. With probability 1 — 6,

~ 36H2%(log(1/8) + Cyio + ACZ
B0 (B1)] — By [n (0, )] < (log(1/9) . log K) 8

where the expectation over y is taken w.rt. (sZ,aZ,s’fLH) k = 1,..,.K only (ie.,

first compute E,[(,(0)] for a fixed 0, then plug-in either §h+1 or 0T§h+1). Here
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Cog(k) = dlog(1+24Ce(H + 1)k1 K)+dlog (1 + 288H2Cg(k1v/Co + 2\//£1n2//\)2K2)+
d?log (1 + 288H2\/EK%K2/)\) + dlog(1 4+ 16Ce H?k1 K) + dlog(1 + 32Ce H?k1 K).

Proof of Lemma J.1. Stepl: Consider the case where A = 0. Indeed, fix h € [H] and any function
V() € R®. Similarly, define fi-(s,a) := f(61v,¢) = P,V. For any fixed § € ©, denote
g(s,a) = f(0,¢(s,a)). Moreover, for any u, v € O, define
2
Ui,v(', ) = maX{Lf(”ﬁ(w '))[0,(H7h+1)’-’] - [f(uﬂb(', '))[O,Hchrl]] }

Then define (we omit the subscript u, v of O'Zw for the illustration purpose when there is no ambigu-

ity)
X(g, Vv, fVa 0,2) = (g(s, CL) —r—= V(S/))z B (fV(Sa a) —r—= V(SI))2 )
Uu,t)(sa CL)
Since all episodes are independent of each other, Xi(g,V, fv) =
X(g(sf,af), V(syi1), fv(sy,af),o?(sk, af)) are independent r.v.s and it holds
Ly Xi(g,V, H=y¢ ¢ 25
?Z k(ga 7fVa0-)_ (g)_ (fV) ( )
k=1

Next, the variance of X is bounded by
Var[X(gv ‘/7 fV’ 02)] S EM[X(ga f7 fV7 02)2]

=E, [((g<sh,ah> = Visnen))? = (v (sman) = = Visnen))?) /o(on >}

(9(sn,an) — fv(sn,an))?  (g(sn,an) + fv(sn,an) — 2rn — 2V(8h+1))2}

-

o?(sp,ap) o2(sp,ap)
§4H2 . EH[<9(8h7ah) — fV(Shvah»Q]
o?(sp,ap)
i, l<g<sh, an) =1~ V<sh+1>>§(— rlonon) v~ vwmﬁ] )
O“(Sh,ap

:4H2 : EIL[X(g7f7 fV70-2)]

(x) follows from that

[f(é\ha @(snyan)) = f(Ory, , ,» &(sn, an))
]El‘

02(sh,an)

B (f (QT‘Ath’gb(Sh’ah)) —Th— vh+1(3h+1)’sh, ah)] =0.
Therefore, by Bernstein inequality, with probability 1 — 4,

K
EM[X(g’fv fV7U2)} - %ZXk(gvf7 fV7U2)
k=1

S\/QVM[X(Q, f, fv,0*)log(1/9) 4H? log(1/9)

K 3K
- \/SHQIEN[X(g, 1 fv.0?)log(1/6)  AH?log(1/9)
- K 3K )
Now, if we choose g(s,a) := f(@h,gb(s,a)) and u = wup,v = vy, from Algorithm 3, then 6,

minimizes £, (6), therefore, it also minimizes + ) szl Xi(0, Vg, fo o7) and this implies
| X | X
= k§_1j X (O Virr, f,,,2 %) < 5 ;—1 Xi(Ogp, Va1, [y, ,,»00) = 0.
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Thus, we obtain

JU R 8H2 B, [X (0n, Vg1, fo . 62)]1og(1/6)  4H210s(1/6
]EH[X(ehvvh+1>f\7h+170}%)] S\/ " IR Vit I 3}g(( / )

However, the above does not hold with probability 1 — § since 5}“ 8,% and XA/hH =

min{max, f (11, o (-, a))—\/Vf(g;LH, d(,a)TA-Vf(0,¢(-,a)), H} (where A is certain sym-

metric matrix with bounded norm) depend on @\h, 1/9\h+1 which are data-dependent. Therefore, we
need to further apply covering Lemma L.11 and choose ¢ = O(1/K) and a union bound to obtain
with probability 1 — 4,

o 8H? - Eu[X (On, Visr, fr,,,02)1(08(1/8) + Catos ) 42 (log(1/8) + Curo
Eu[m,vbﬂ,f@lwaz)]s\/ & et e 2 (o8(L/0) + Clatonzc)

where Cly g (1) = dlog(1424Ce (H + 1)r1 K)+dlog (1 + 288H2Co (k1v/Co + 21/k1r2 /)\)2K2)+
d?log (1 + 288H2\/gn%K2/)\> + dlog(1 + 16Co H?k1 K) + dlog(1 + 32Ce H3k1 K) (where
we let B = 1/ since HA,:1 H2 < 1/X). Solving this quadratic equation to obtain with probability
1-46,

36H? (log(1/6) + Cd1og K)

Eu[X (On, Virr, [, )] < K '

Now according to equation 25, by definition we finally have with probability 1 — ¢ (recall the
expectation over 1 is taken w.r.t. (s¥, ak, s’fLH) k=1,..., K only)

_ 36H>(log(1/) + Cajog )

E,[0n(Bhs1)] — Ey [€n (b7, , )] = B, [X (On, Vier, fo ) < % (26)

where we used f(eqr\?h,+1’¢) = PuVit1 = fo 0

Step2. If A > 0, there is only extra term % (

ol = 6.0 < 2 6.1l < 2% in addition
Ry TVai1|ly) = K |70y = K

to above. This finishes the proof.
O

Theorem J.2 (Provable efficiency for VAFQL). Let Cy 10 k be the same as Lemma J.1. Then, with
probability 1 — §

, Vh € [H].

_ \/ 36 H4(log(H/8) + Catog i) + 20C3,
, S

th —0 kK

T"}thl

Proof of Theorem J.2. Apply a union bound in Lemma J.1, we have with probability 1 — 6,

36H2(1Og(H/5) :;.CdJog K)+ /\Cg)’ Vh e

Eulln(0n)] = Bulln (07, )] < [H]

~ VPR A 2 36H?(log(H /) + Cyog i) + 2AC3
:>Eu[€h(9h) - ? Hoh 2] - ]Eu Vh(eqr\?h“) - E HHT‘?}HA 2] <
27
Now we prove for all h € [H],
; 2 - Ao
By | (F@r0()) ~ FOrg,, 00 ) | = B | @)~ T2 | B, |0y, )~ — el
(28)
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Indeed, identical to equation 26,

—~ 112 2
NE A[6,0
E, |6n(0h) — H hH? —E, | (6,0 )—m — B[ X On, Vst for )]
w | “h\Vh K w [ FRATTV, K = Fu hy Vht+1, Jv,

=E, ([f (5h7¢(8h7ah)) —Th— ‘7h+1(8h+1)}2 [Gh(sn,an) — [f (9m7h+1>¢(5h,ah)> —rh = ‘7h+1(5h+1)]2 /ai(smah))
—E, -

£ 6(snsa0)) — 1(0ng, 8Csm ) - (£ (0ng, 1o 6lsnsn)) =1 — TrvaConsn)) /53 (smsan)]

suoan) /3 (sn,an)|

| (fBnr60.) = F(Og, .00, [3E(

where the third identity uses law of total expectation and that y is taken w.r.t. sp,ap, sp4+1 only
(recall Lemma J.1) so the E,QL can be move outside of the conditional expectation.12 The fourth

identity uses the definition of 6T\7h+1 since f (6’T‘7h+1 ,0(s,a)) = Ph,s,af/hﬂ.
Then we have

Eu | (F@as o) — FOgg, 00 /3()
( )

2

)

2

28| (£ 0 ) = 1(Bag, 00 0) | /2 = gz [ = 0ng

where the third identity uses . is over sy, aj, only and the last one uses 67 (-, -) < H?. Combine the
above with equation 27 and equation 28, we obtain the stated result. [
Theorem J.3 (Provable efficiency of VAFQL (Part II)). Let Cg 10g i be the same as Lemma J.1. Fur-

4 & &
thermore, suppose A\ < 1/2C3 and K > max {512% <log(%) + dlog(1 + 4@”%\#)) ,%}.
Then, with probability 1 — 6, Vh € [H]|

sup

s,a

J @, 0(s, @) = (03, 6(5,))| < <K1H¢ S6H*(log(H/9) + Caog i) +2XC8 2dH3“> Lol

Furthermore, we have with probability 1 — §,

~ H*(log(H/$ o 20C3  2dH? 1 1
‘Vh_v}:H S(HlH\/SG (Og( /)+Cd,1gK)+ C@+ d /{1) O(

p 7= JVE TR
:5<K1H3\/f\/g>

K +
where O absorbs Polylog terms and higher order terms. Lastly, it also holds for all h € [H]|, w.p.

1_5
T2H*(log(H?/6) + Cq10 + 4MC?2 4H3 /1 1
2<<H1H\/ (og( / ) d,ng) [€) dm) ——1—0(?:)

R K
3 KZlH3d /1

"ZRecall 57 computed in Algorithm 3 uses an independent copy D’.

sup
h

=
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Proof of Theorem J.3. Stepl: we show the first result.

We prove this by backward induction. When h = H + 1, by convention f (ah,¢(s,a)) =
f(6r,6(s,a)) = 0 so the base case holds. Suppose for h + 1, with probability 1 — (H — h)d,

Sup; , f(é\h, o(s,a)) — f(65, o(s, a))‘ < Ch+14/ %, we next consider the case for ¢t = h.

On one hand, by Theorem J.2, we have with probability 1 — §/2,

sup |/ (B 6(s.0)) = (6. 6(s, )|
<sup [ (Bh. 6(5,0)) ~ (b, . 0(s, )| + sup | (Brg, ,,» #(,0)) — S (B 0(s,0))|
=sup |VF (€, (s, a))" (On — HW,LH)‘ +sup ‘f(%r/,m ,0(s,a)) — (v, O(s, a))‘
SN , PhsaVivi1 = Phs,aVice |

\/ 36H(log(H/8) 4 Catog i) + 2AC
= kK

Recall we have the form ‘//\'h+1(~) = min{max, f(§h+1, ¢(-;a)) = Tn(-,a), H} and Vi () =
maxg f(05 1, (-, a)) = min{max, f(05 ,,#(-,a)), H}, we obtain

[ @ri1, 805, @) = [ 1,0(5,0))| + sup Tu(s,0)  (29)

h,s,a

2
e i *
+ HV}L+1 _Vh+1H ’
oo

HVh+1 - V;L*+1H < sup
oo s,a

Note the above holds true for any generic I';(s,a). In particular, according to Algorithm 3, we
specify

.~ - =~ <1
L) = dy/F0f B0 ) A Vs o o,0) (+0(50))

and by Lemma L.5, with probability 1 —§ (note here E;l is replaced by A,:l and HA;1 H2 < H?/K),
Qdelil 1

+0(—=

— (%)

and by a union bound this implies with probability 1 — (H — h + 1)J,
J O 9(5,0)) = 165, 6(5,0))|

1 36H*(log(H/0) + Cajog k) + 2XAC3  2dH?k, 1 1
< — ’ —) = —.
_Ch+1\/K+I€1\/ — + == +0() Ch‘/K

36H* (log(H/8)+Cad,10g Kk )+2AC,
K

ry, <

sup
s,a

Solving for C},, we obtain Cj, < k1 H \/

& dH?
&+ H20 forall H. By a
union bound (replacing § by 6/ H), we obtain the stated result.

Step2: Utilizing the intermediate result equation 29, we directly have with probability 1 — 6,

PN ~ 2dH? K, 1
V-Vl < On, d(s,0)) — F(0, 8(s,a))| + +0(=),
sup [V i | _ < sup | B, 6(s,0)) — 1165, (5,00 + =21+ 0(5)

where sup; , f(gh,, o(s,a)) — f(65, o(s, a))’ can be bounded using Stepl.

K

Step3: Denote M :— (KlH\/36H4(10g(H2/5)+0d,1ogK)+2)\Cé + 2H\jgm> /% + O(%L then by

Stepl we have with probability 1 — § (here & is some point between §h and 67) forall h € [H]|

M? > sup (Bh 6(s,0)) — (0} 6(s,0)|

s,a

~ 2

~ 2
> Bul(f 0ns 005, ) = £(05,6(5,0))) ] = [0 — 03]
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where the last step is by Assumption 2.3. Solving this to obtain the stated result.

J.2 BOUNDING |57 — 0}?|

Recall the deﬁnition 0’;;2( ) = max{l [Varp, Vi, 1](+,)}. In this section, we bound the term
*2

55 — o3| _H — 05 ()|l and
W
1 2 A 2
up, —ar(;gergl {K ; 0, bnk) — Vh+1(5h+1)} i ||9|2}
(30)
) 1 & 20 2
vy, :arégergm o z‘; [ 9 bn, lc) Vh+1(3h+1)} + e 1015

where

52(-,-) == max{L, f(vn, &, ) o.cr—nin2) — [F@ns S Nio.s—ns)] }
and true parameters wj, vy satisfy f(uy,o(-,-) = Epwo[Vi(s)], flvr,¢) =
Ep(s.,)[Vi2(s")]. Furthermore, we define

o2 (+,+) :== max{1, [Varph‘/}thl]('v )}

\
and the parameter Expectation operator J : V € RS — 6y € © such that:
f(Ov,0) =Ep,[V(s)], YIIVI, < B
Note 05, € O by Bellman completeness, reward r is constant and differentiability (Definition 1.1)
is an additive closed property. By definition,

57— 0% | <If(0n6) ~ [Orpe . 0)| + 1 (un0)” — [0y, .0
<If @ 8) ~ f(Oypa )|+ 2H | (wn, &)~ (b5, 6]
and
072 = Thl <If (Wi, @) — fon. d)| + | f(ufy, 8)° = f(vn, 6)°|
<|f(Vh, @) = f(on, )| + 2H - [ (uf,, ¢) — f(vn, @)
We first give the following result.
Lemma J.4. Suppose A < 1/2C% and K > max {512%1 (log(%) + dlog(1l + M)) ,%}.
Then, with probability 1 — §, Vh € [H],

36H2(log(H/8) 4+ O(d2)) + 2\C3
— 0.5 <
Jun =055, 2\/ — , Vh e [H],
36H4(log(H/8) 4+ O(d2)) + 2\C3
— 0.5, <
th ajvhﬂ 2_\/ kK , Vh € [H].
and
. 36H2(log(H?2/5) + O(d?)) + 2AC3  2H2d 1 1
sup | (un, 6(5,0)) — F(u 6(s. )] < (H\/ Uos{T2/0) + L) +22C ﬁ"l) Lol
. 36H*(log(H?/8) + O(d?)) + 2AC3  2H3d 1 1
sup | (0n. 6(5,)) — 1 (v 6(5,0))| < (H\/ Uopli?/0) + OWN + 206 ﬁl) £ +0()
The above directly implies for all h € [H|, with probability 1 — 6,
o - 36H*(log(H2/8) + O(d?)) + 2)\C2  6H'dx 1 1
|07 — o5 < 351H2\/ / - ) S+ NG - }‘FO(?)
H*(log(H O(d?)) + 2XC2
oy |<3Hﬁ1\/36 (og(#1/0) + O(a) + 21}
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Proof of Lemma J.4. In fact, the proof follows a reduction from the provable efficiency procedure
conducted in Section G. This is due to the regression procedure in equation 30 is the same as
the procedure equation 17 except the parameter Bellman operator T is replaced by the param-

eter Expectation operator J (recall here ¢y, ;. uses the independent copy D’ and 5(d2) comes

from the covering argument.). Concretely, the X (g, V, fi/) used in Lemma G.1 will be modified

to X(g,V, fv) = (9(s,a) = V(s'))? = (f(0yv, (s,a)) — V(s'))? by removing reward information

and the decomposition

Ep [(g(sn,an) = V(sng1))® = (f(Orv, d(sn,an)) — V(sng1))?] = Ep [(9(sn, an) — f(Oyv, d(sn, an)))?]

holds true. Then with probability 1 — 6,
042 = Ghl <If (v}, 6) = f(on, &) +2H - | £ (u},, ¢) — f(vn, )]

4 2 (2 2 4
< 3/~$1H2\/36H (log(H?/5) 4+ O(d?)) + 2XC3 +6]'{ dry 1 N 1
K NG K

and

o = 0%, | <If(0n,0) = f(O5p2 O +2H - [ f(un, ¢) = f(Oy5,.,. ¢)|

= th 6‘3‘7}?+1H2+2HH1 Huh_eJ‘A/’lJrl 2

H4(log(H O(d2)) + 2)\C2

<3Hm\/36 (og(71/5) - O+ 2C3.
K

J.3 PROOF OF THEOREM 4.1

In this section, we sketch the proof of Theorem 4.1 since the most components are identical to
Theorem 3.2. We will focus on highlighting the difference for obtaining the tighter bound.

First of all, Recall in the first-order condition, we have

K [f 0, 1) — Tk — Vit (SZH)} ’

Vo _ +X- 0I5 =0, Vhe[H]
2 HER :
0=0;,
Therefore, if we define the quantity Zj(-,-) € R? as
1 - V K
(9|V0' Z ¢’ k thk (Sthl)] Vf(k ¢h k) +)\ 9 = @ HV||2 < H
=1 O'(Sh,ah) O'(Sh,ah)

then we have R
Zn(0n|Vii1,07) = 0.

Accordmg to the regressmn oracle (Line 8 of Algorithm 3), the estimated Bellman operator Ph maps
Vhﬂ to Hh, ie. PthH f(6‘h, @). Therefore (recall Definition D.1)

PrVie1(s,0) — PpVigi(s,a) = PrVisa(s,a) — f(On, 6(s, a))
=f(Ong,,, #s.0) = f(On, O(s, ) 31)
=V f(Oh, (s, a)) (QW;M - 5h) + Hotp,1,

where we apply the first-order Taylor expansion for the differentiable function f at point é\h and
Hotp,,1 is a higher-order term. Indeed, the following Lemma E.1 bounds the Hotj, ; term with

O(%)-
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Lemma J.5. Recall the definition (from the above decomposition) Hoty, 1 := J”(GT‘;h+1 ,0(s,a)) —
F(On, d(s,a)) — V£ (On, (s,a)) (QT%H - é\h) then with probability 1 — 6,

~ 1
|Hotp 1| < O(==), Vh € [H].
K
Proof. The proof is identical to that of Lemma E.1 but with the help of Lemma J.2. O

Next, according to the expansion of Zj, (8|Vj,4 1, 77), we have

V£ (On. 6(s, a)) (Qm/ﬂ - é\h) =1 + I + I3 + Hoto, (32)
where
Hoty :=V f(Bh, 6(s, ) A" [Ric(0ap, ) + Ny, |

Ape = i (f(ah, Ohk) — Thk — ?ht:(s’;ﬂ)) . vgef(gh’ bk

S a2(sy,af)
X N N
VofOn, oni)Ve f(Onr, dnk)
Ay = h, R O0k) A
2 52(sF, aD)

EK(QT\A/;LH) :AAZ (eh o 0T\7n+1) + RK(GT‘A/;LH)

where RK(QT\?;LH) is the second order residual that is bounded by O(1/K) and

I =V f(Br, &(5, ) A, i (FOrvi, o 0n0) = i = Vitga (ki) - V8 F@ o)

CACHUY

k=1
N K (fOpp, 0nn) — FOrvy s dni) — Viga(shin) + Visa (k1)) - V3 f(On, dni)
I =V f(Bn, 6(s,0)) A, " Y (s, B )
P h\Sp, Qp,

(f(emlﬂaﬂﬁh,k) = Thk — ‘7h+1(8ﬁ+1)) : (V(;rf(@n?h“@h,k) — Vg f(On, ¢h,k))

o7 (sh» ai)

K
Iy =V f(On, 6(s,0)) A,

k=1

Similar to the PFQL case, I5, I3, Hoty can be bounded to have order O(1/K) via provably efficiency
theorems in Section J.1 and in particular, the inclusion of a?w will not cause additional order in d.'?
Now we prove the result for the dominate term I;.

Lemma J.6. With probability 1 — §,
R1

\/EK)?

(12| < 4Hd||V £ @ 65, 0))||__, + Coon 1 + O
h
where Cs 1o¢ i 0nly contains Polylog terms.

Proof of Lemma J.6. First of all, by CauchySchwarz inequality, we have

. K (f(Orve,, s Oni) = mhr — Vi (5 11) Vg fOn, bn)
11 < [97@n o6, )| |1 ( S )%
k=1

h Op\Sh» Ay, .
Ah
(33)

Recall that Ui,v('y -) :=max{1, f(v,é(-,"))[0,(H—h+1)2] — [f(u7¢('7 '))[O,H7IL+1]]2}'

*Note in Lemma L.11, we only have additive terms that has the same order has Lemma L.10.
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Stepl. Let the fixed 0 € © be arbitrary and fixed u,v such that o ,(-,-) > %Ji;ﬁv}t(-’ D) o=
éa;‘f( ,-) and define zx(0,u,v) = Vof(0,¢nr)/0uv(sk,af). Next, define G,,(0) =
S VA6, 0(skab) - V(6 0(sh ab))T Jo2(sk,ab) + Al then i, < . Also denote

k
IL
M= [F(Orvy, > Onk) = Thoi — Vi (sk 1))/ w0 (55, afy), then Efny|sy, aj] = 0 and

Var(f(Orvy, ,, Shk) = Thi — Vs sk q)Isk af]
o2 (s, af)

Varlie|s), aj] =

<2var[f(9TVh*+1’¢h’k) ~Thik T V;:+1(SZ+1)|S§, ay]
- or2(sk,ar)
_Q[Varph V}f_i_l](s’,i, a’}«i) <9

or?(sk,ab) -7

then by Self-normalized Bernstein’s inequality (Lemma L.4), with probability 1 — 4,

K

Kk? 4K? 4K? ~
ka(e,u,v)nk < 16\/dlog (1 + d ) log (5)+4C1og (6) < O(Vd)
k=1

1Oy, B(5,0) —r—V;iyy ()]

or(s,a)

G(0,u0)~1

where |7, < ¢ with ( = 2max; 4 ¢ and the last inequality uses v/d >

().
Step2. Define h(6, u,v) := Sr | 21(0, u, v)n (u,v) and H(0,u,v) := ||h(0,u, g, ,0)-1>

(01, ur,v1) — h(02,u2,v2) |5 < Km}iix | (zk - m1) (01, w1, v1) — (25 - M) (B2, w2, v2) ]|

2 k k 2 k k
S Kmax<{ H Vf(917 QZL k) *kvflgobgbh,k) + Hlil UU12,111 (sh;:"h)k* Zuz,vz (:hvgh)
k Oy, vl(sha ah) Oy, 1;1(5hv ah)0u2 Vo (sh, ah)
< KHgrq H91 — 92”2 + KHkq HO‘ul vy 032,1&”2
Furthermore,

HGh(Gl,uhm) — Gh(02,u2,v2)” ”2 < HGh(Qlyuh’Ul)_lHQ |Gr(O1, ur,v1) — Gr(B2,uz2,v2)|, HG;L(Qz,UQ,Uz)_lHQ

1 V01, 0nk) VIO, dnk) VIO, dnk) V02, dni)"
§—2Ksup 2 E & - 2 k ok

A Uul vl (Sh7ah) U“z,vz (Shvah) 2
_)\2 (Klizlil ”917‘92H2+K’€1H0—u1 v1 0'32’2,2"2)
All the above imply

|H (01, u1,v1) = H(02,u2,v2)| < v/[A(01, u1,01) T Guy,vy (01) " (01, u1,v1) — h(2, 2, 02) T Gy vy (02) (02, uz2, v2)]

memm — (s un, 02)ly - + - KHpy A+ \KHr - [Guy oy (60) 7 — Guig (62) 1, - K H

A

1
+\/(KHK1 : X) : ||h(01,'LL1,1)1) - h’(927u27v2)“2

1

K
-KHky + \/KQHQK% . /\IZ (K/Q H(91 — 92”2 + K1 HO’%LH1 — 0'721271,2H2)

1
SZ\/KHKl(H‘gl - 92”2 + ||U72n,v1 - 0'52,1;2”2) . X

< (\/4K2H2:<§/)\ n \/KSH%?;HQ/AQ) V116x =611, + (\/4K2H2:@§/)\ n \/K?’H?n‘l‘/)\?) N

note

|05, 0, (5:0) = 03, 4, (5,0)| < |f(v1,0(s,a)) — f(v2, 6(s, )|+ 2H | f (ur, ¢(s, ) — f(uz, ¢(s, a))]

<k1 [lv1 — v2lly + 2H k1 [Jur — uzl|y,

Then a e-covering net of { H(6, u, v)} can be constructed by the union of covering net for 6, u, v and
by Lemma L.8, the covering number N, satisfies (where O absorbs Polylog terms)

log N <O(d)
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Step3. First note by definition in Step2
K (f(ﬁnrv s Phk) — Thie — V{H(S’fLH)) Vg [On, bn)

— a7 sk, ak)

= H(On, wn, vn)
At
Now choosing ¢ = O(1/K) in Step2 and union bound over the covering number in Step2, we obtain
with probability 1 — § (recall vVd > O()),

2

H(Op, wn, vp) §16\/dlog (1 + ]id ) [log ({?) +0(d)] + 4¢[log ({]f) +0(d)] + 0(%)

<0(d) +0(%>

where we absorb all the Polylog terms. Combing above with equation 33, we obtain with probability
1-46,

112] <[V B, 6(5,0)|_, - HBny o vn)

< [95@notsan] - |G@+ o)

N

<0 (a[vs@nots.an], )+ 0120

O
Combing dominate term /; (via Lemma J.6) and all other higher order terms we can obtain the first
result together with Lemma D.3.

The proof of the second result is also very similar to the proofs in Section F.2. Concretely, when
picking m = 7*, we can convert the quantity

\/V(—;rf(ah, P(sn, ah))Aﬁlvaf(am ¢(Sh,an))

to

VYT F O, 65 an)A; Vo (6, 6(sn. an))

using Theorem J.3, and convert

VY £} 05 a)A, Vo f (65 6(sn, an)

to

VY3 SO S5 an)) A Vo f (05 6(sn,an)

using Lemma J.4.

K THE LOWER BOUND

Theorem K.1 (Restatement of Theorem 4.2). Specifying the model to have linear representation
f = (0, ). There exist a pair of universal constants ¢, ¢’ > 0 such that given dimension d, horizon
H and sample size K > c¢'d®, one can always find a family of MDP instances such that for any
algorithm 7

inf sup Eas[v" —v7] > ¢ V- ZEw Wvg 0. 6(, DA Ve (0. 00. )|, (4

T MeM

“p _ K Vof(0h.é(s,af))-Vof (0} d(sf af)) T
whereAhp—E[Ek 1 bt +1)(sh}h) hot ]
Remark K.2. Note Theorem 4.2 is a valid lower bound for comparison. This is because the upper
bound result holds true for all model f such that the corresponding F satisfies Assumption 2.1, 2.3.
Therefore, for the lower bound construction it suffices to find one model f such that the lower bound
equation 34 holds. Here we simply choose the linear function approximation.
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K.1 REGARDING THE PROOF OF LOWER BOUND

The proof of Theorem 4.2 can be done via a reduction to linear function approximation lower bound.
In fact, it can be directly obtained from Theorem 3.5 of Yin et al. (2022), and the original proof
comes from Theorem 2 of Zanette et al. (2021).

Concretely, all the proofs in Theorem 3.5 of Yin et al. (2022) follows and the only modification is to
replace

_ 1 1
VEw 6] (A3) 7 Enrl6] < 5 16 (HLwn)ll (g1 + 5 10 (- Loun) |y
in Section E.5 by

1 1
ﬂ-* |:\/¢ ¢( ] - §}|¢(+1vuh)”(/\;m)—1 + §H¢(7]‘7uh)”(/\;wp)—l7
and the final result holds with ¢(-,-) = Vi f (0}, ¢(-,-)) by the reduction f = (0, ¢).

L AUXILIARY LEMMAS

Lemma L.1 (k-th Order Mean Value Form of Taylor’s Expansion). Let k > 1 be an integer and let
function f : R® — R be k times differentiable and continuous over the compact domain © C R
Then for any x,0 € ©, there exists & in the line segment of x and 0, such that

@) = £6) =V ) (@ =)+ 5500 = 0) Vg fO)a =)+ .+ V10 (@ =)
1 k
=V (R -0) -

Here V* f(0) denotes k-dimensional tensor and Q) denotes tensor product.

Lemma L.2 (Vector Hoeffding’s Inequality). Let X = (X1, ..., X4) be d-dimensional vector Ran-
dom Variable with E[X] = 0and || X||, < R. XM ..., X(") s are n samples. Then with probabil-

ityl—24,
1 3 X0
n 4
=1 2

4dR?
< I
< - og( 5)

Proof of Lemma L.2. Since || X ||, < R implies |X;| < R, by the univariate Hoeffding’s inequality,
forafixed j € {1,...,d},denote Y; := L 3" | XJ(Z). Then with probability 1 —§ (note |X;l)| < R),

R? 1
P||Y;| =24/ —log(=) ] <6.
< ]l = n Og((s)) —
By a union bound,

IP(EIis.t.szZ log(é))<d6<:>IP’<Vz|Y|< \/ log(= >>1—d(5
)) >1-dé§

4dR?

SR

o AR? 1
S P|ViY] STlog(g) >1—-do=P|( Y], < log(

4dR? d
P<|Y||2 </ 10 g<5>> >1-4

O

Lemma L.3 (Hoeffding inequality for self-normalized martingales (Abbasi-Yadkori et al., 2011)).
Let {n;:}32, be a real-valued stochastic process. Let {F;}2,, be a filtration, such that n; is Fy-
measurable. Assume 1y also satisfies 0, given F,_1 is zero-mean and R-subgaussian, i.e.

YAeER, E [e)‘”‘ | Ft_l] < N R/

46



Published as a conference paper at ICLR 2023

Let {x;}$°, be an R%- valued stochastic process where x, is Fy_1 measurable and ||x|| < L. Let
Ay =M+ Zé L xsx ). Then for any § > 0, with probability 1 — &, for all t > 0,

< 8R2. 71 (M>

s Y

A 1

Lemma L.4 (Bernstein inequality for self-normalized martingales (Zhou et al., 2021a)). Let {n:}$2,
be a real-valued stochastic process. Let {F;}32, be a filtration, such that 1, is Fi-measurable.
Assume 1y also satisfies

el <R E[ne | Foa] = 0,E [0} | Fioa] < 0.

Let {x:}32, be an R- valued stochastic process where x is Fy_1 measurable and ||z;|| < L. Let
A=A+ Zg 1 Ts xl. Then for any § > 0, with probability 1 — §, for all t > 0,

t
tL? 442 442
szns < 804 /dlog <1 + ) log <> + 4R log ()
g At Ad ) 0
t

Lemma LS. Let Vf(0,6(,-) : S x A — R? be a bounded function s.t.
supgee |V (0, 0(, )y < k1. If K satisfies

4ﬁlB2HQC@K3 )> 4)\}
" K

K > max {512"21 <log(2d) + dlog(1+
K ) A2
Then with probability at least 1 — 6, for all ||u||y < B simultaneously, it holds that
2B
VEK

where ¥}, = Zk 1 Vf(eh, ¢(3h»ah)) Vf(ehu ¢(3h»ah)) + M.

1
+O(

Jullgy s < =)

Proof of Lemma L.5. For a fixed 0, define G = Zk L VFO,0(sk,ak))- V0, (sk,ak)T + Ay,

and G = E,[Vf(0,(sn,an)) - Vf(0,¢(sn,an)) "], then by Lemma H.5. of Min et al. (2021), as
long as

K > max{512x* |G| lg 5 ), 4x[|G7H, ), (35)

then with probability 1 — 4§, for all u € R? simultaneously,

ullg-1 < \/7 l|u]|g—1. As a corollary,

if we constraint u to the subspace ||u||, < B, then we have: with probability 1 — §, for all {u € R? :
|lull, < B} simultaneously,

<2 2 ey 2BVIGT, .
ullg-2 < \/? [ullg-» = \/7 U U= T (36)

Next, for any 6, define

—1
ho(0) :=|lullgr = VuT G lu= | uT (ZVf 0, p(sk,ak)) - Vf(0,(sk,ak))T +)\Id> u

k=1

and G(0) = Zk L V0, 0(sF,ak)) -V f(0,6(sF,af))T + A4, we have for any 601, 0,

IG(#1) - G@)]], <

K
Z Vf 91’ Shvah)) - Vf(GQv ¢)(Sl}€“ ai))) : Vf(elv ¢(Sil§7alfi))T
k=1

K
130V 102, (55, a)) (V (01, 6(s8, af)) — V (02, 0(sh, af))
2

<Kkok1 H91 — 92”2 + Kkokq H91 — 92”2 < 2K Kok ||91 — 92”2 .
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Use the basic inequality for a,b > 0 = |\/a — Vb| < \/|a — b,

Sup [y (61) — u(62)] <supy/|uT (G(B1)~1 — G(02)~1) u] < \/B2 - G(61) 1 — G(62)1]

<y/B2-(|G(01) 1|, [G(8r) — GO:)]], 1 G(62) 1

” l - \/2B2Kﬁ1l€2 H91 - 92”2
X A2

1
S\/BQA2K/€2K1 H91 —

-covering net of {6 :

Therefore, the e-covering net of {h(0) : 6 € O} is implies by the m

6 € ©}, so by Lemma L.38, the covering number N, satisfies

4BgKIi1I€QC@

log V. < dlog(1 + 2 ).

Select 6 = 6),. Choose € = O(1/K) and by a union bound over equation 36 to get with probability
1 — ¢, for all ||ul|, < B (note By Assumption 2.3 ||G’1||2 < 1/k),

2B 1
Ully-1 < — + O(—=
H ”Zhl = \/H? (K)
if (union bound over the condition equation 35)
4 2 3
K1 2d 4k1 Bk Co K 4
K > max {512H2 <10g(5) + dlog(1l+ T) 'y

where this condition is satisfied by the Lemma statement.
O

Lemma L.6. let ¢ : S x A — RY satisfies ||¢(s,a)|| < C for all s,a € S x A. For any

K > 0,\ > 0, define G = Zk:l B(sk,ar)d(sk,ar) " + Ay where (sg,ay)’s are i.i.d samples
from some distribution v. Then with probability 1 — §,

% -5 (5] <2 ()"

Proof of Lemma L.6. See Lemma H.5 of Yin et al. (2022) or Lemma H.4 of Lemma Min et al. (2021)
for details. [

Lemma L.7 (Lemma H.4 in Yin et al. (2022)). Let Ay and Ay € R4*? are two positive semi-definite
matrices. Then:
AT < IAZH]+ AT IAZ Y] [1As = Al

and

[ll5-1 < [1 AT A (AT - 1A — Aall] - 1l51

forall p € R%.

L.1 COVERING ARGUMENTS

Lemma L.8. (Covering Number of Euclidean Ball) For any € > 0, the e-covering number of the
Euclidean ball in R? with radius R > 0 is upper bounded by (1 + 2R /€)%

Lemma L.9. Define V to be the class mapping S to R with the parametric form

V() := min{max (6, 6( ) — \/V (0, 6(,0))TA- V (0, 6(,0)), H}

where the parameter spaces are {0 : ||0||, < Co} and {A : ||Al|, < B}. Let NY be the covering
number of e-net with respect to |, distance, then we have

/ / 2 2
80@(/431 C@ +2 Blillﬂlg) ) +d2 log <1 + 8\/&2BK21> )
€

Vv
log NV < dlog <1 + 2
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Proof of Lemma L.9.

up |Va(s) = Va(s)

<sup
s,a

F(01,6(5,@)) = VI (01, 65, @) T A1 - V{1, 0(5.0)) = £ (02, 6(5,@)) + v/VF (02, 6(5,@)) " Az - Vf (2, 65, 0))|

V(& ¢(s,a)) - (61 — 02) = /V [(01,6(s,) T A1 - V[ (01,6(s,a)) + /Vf(02,6(s,a)) T Az - Vf(927¢(8,a))‘

=sup
s,a

<K1- Hel - 92“2 + sup ‘\/Vf(elv ¢(57 a))TAl . Vf((gh (;5(8,&)) - \/Vf(927 ¢(57 a))TA2 . Vf(927 ¢(S7 a))’

<k1 - (|01 — bal, +sup /|[V (01, 6(s,a)) — V f (62, 6(s,)]T A1 - V (01, 6(s, a))|

+sup VIVF(02,6(5,0)) T (A1 — Az) - V (01, ¢(s,0))| + Sup VIV (02, ¢(s,0))T Az - [V f(01,6(s,a)) = V [ (02, 6(s, )]

<110 O, + 2500 IV £ (01, 8(5, @) = V£ (62, 6(s,0)l, - B 1 + 1/ [ A1 — s

<110 = 02, + 2500 [V F (01, 8(5, @) — V£ (62, 6(s,0)l, - B 1 + 1/ [ A1 — sl

<1 - |61 — 02|, + 2sup \/||Vf(91,¢(87a))||2 101 = 02|l - B - k1 + \/ﬁf A1 — Az,

<k (101 = Oall, + 24 w2 1101 = Osll, - B w4 /3 [ A1 = As]l
< (mVCs +2vBrinz) /161 — :ll, + r1y/I1 A1 — Az, < (1v/To + 2VBrara ) \/ 1101 — 02l + 1/ 41 — Aol

. . 2
Here ||-|| » is Frobenius norm. Let Cy be the 4(H1@+€2\/3K1N2)2—net of space {6 : ||f]|, < Ce}

and C,, be the %—net of the space {A : || A||, < V/dB}, then by Lemma L.8,

2

€

d d
e\K1V (S] Vv D dB 1

Therefore, the covering number of space V satisfies

2 2
8Co(r1v/Co j 2v/Brika) > dlog <1 N 8\/&f,<;1>
€

€

log VY <log(|Cuw|-|Cal) < dlog <1 +
O

Lemma L.10 (Covering of E,, (X (g, V, f))). Define

X(0,0") := (f(0,6(s,a)) =1 = Vo (s)* = (fv,, (s,a) =7 = Vr (s"))?,

where fy := PpV + 0y and V (s) has form Vy(s) that belongs to V (as defined in Lemma L.9). Here
X(0,0') is a function of s,a,r, s’ as well, and we suppress the notation for conciseness only. Then
the function class H = {h(0,0") == E,[X(0,0")]| ||0]|, < Ce,Vy € V} has the covering number
of (e + 4Hex)-net bounded by

dlog(1

| 24Ce(H + )y |, 288H2Co(r1vCo + 2\/351/@2)2)%2 log (1 N 288H2\/&Bn§> |
€

)+dlog ( = =

Proof of Lemma L.10. First of all,

X(0,0") =£(0,6(s,0))*  fv, (s,a)* = 2f(0.¢(s,a)) - (r + Vo (s)) + 2fv,, (s,a) - (r + Vi (5)),
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For any (61, 6"), (02, 6%),
X (01,01) — X (02,05)| < |f(61,0(s,a))* = f(02,6(s,a))?]
+|fV9/1 (87 CL)2 - fveé (Sva)z‘ + 2‘fvei (s,a) - ngé (sva)l : (T‘ + V—Gi (sl))
+21v,, (s,0) - [Viy (") = Viy ()] + 21/ (61, (5, 0)) = f(02, ¢(s, )| - (r + Vo; (5))
+21f (02, 6(s,a))| - Vg (s") = Vi (s)]
<2H - [f (01, 6(s,a)) = [(02,0(s,0))| + 2H - | fv,, (s,a) = fv,, (s, a)]|
+HAH - Vi (s") = Voy () + 4(H + 1) - | f(01, 6(s, a)) = [ (62, (5, )|
<(6H +1)-|f(01,0(s,a)) — f(b2, (s,a))|—|—2Hmax|V3/( " — Vo, ()| +4Her
+4H - |V, (s') = Vo, (s')]
<(6H +1) [V £(&, ¢(s,0))lly - 101 — ball, + 6H [|Vo; — Vo,
<(6H + 1)k - |61 — bal, + 6H ||[Vo, — Vi, || +4Her

o +4Her

where the second inequality comes from fi, = P,V +dy. Note the above holds true for all s, a, r, s,
therefore it implies

B [X(61,01)] — EL[X(02,05)]] < sup [X(61,067) — X (62,065)|

s,a,s’

<(6H + 1)ky - |01 — 2|, + 6H || Vg, — Vg,

o —|—4H€].‘

Now let C; be the 1575y, -net of {0 : |||l < Co} and C, be the ¢/6H-net of V, applying
Lemma L.8 and Lemma L.9 to obtain
24Ceo (H + 1),"61

log|C1| < dlog(1+ .

2 2 2
. log|Cal < dlog< 288 H2Co (r1v/Co + 2v/Brika)? >+d2 log (1 | 288H \/&Bm>

€2 €2
which implies the covering number of H to be bounded by

288 H?Co (k1 Co + 2/ Br1ikz)? 2 288 H?\/dBk?
+dlog |1+ ———F5—— | .

log |C1|-|Ca| < dlog(l-&-w

€2 €2

)+dlog (1 +

O

2

Lemma L.11. Denote o3 ,(-,-) := max{1, f(v, ¢(-,"))o,(r—n+1)2] — [f (1 ¢(,-))o.m-n+1] }

and define

(f(8,(s,a)) — 1 — Vo (5')* = (fv, (s,a) =7 — Vo (s))?
o4 (s, a)

where fy = P,V and V(s) has form Vy(s) that belongs to V (as defined in Lemma L.9). Here

X (0,0, u,v) is a function of s,a,r, s’ as well, and we suppress the notation for conciseness only.

Then the function class H = {h(0,0',u,v) := E,[X(0,0",u,v)]| 0], < Co,Vs € V} has the
covering number of e-net bounded by

X(0,0 ,u,v) =

b

2
Jlog(1+ 24(1@(Hef+1)m) +dlog( 288 1 Co(/ﬂ\/f;o +2y/Brira)? >+d2 1og< 288 H E\QFBH )
2 3
+dlog(1+ 160@6H lﬂ)+ dlog(1 + 320@EH H1)
Proof of Lemma L.11. Recall o7 ,(-,-) = max{1, f(v, (-, )o,(H-ht1)2] —

2 . . . .
[ f(u,¢(~,~))[07H_h+1]] }, and since max, truncation are non-expansive operations, then we
can achieve for any s, a

|05 0, (5,0) = 03, 1, (5, 0)| <[ f(v1,0(s,)) — f(v2, 6(s, )|+ 2H | f (w1, ¢(s, ) — f(uz, ¢(s, a))]

<k [lv1 — vally + 2H Ky [lur — uzl,,
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Hence

B _ X(6,,0 X (6, 64
‘X(elve/lauhvl) _X(927912;u27v2)| = ( ! 1) - ( 2 2)

0—121.1,1)1 0-’121,271)2
< | X(01,61) — X(6:,05) X(02,05) 5 2
2 0.2 0.2 (O—u171)1 - O—u2702)
u1,v1 U,V T U2,V2

< |X(01,07) — X(02,04)| +2H? |02, — 02, .|

<|X(61,67) — X(02,605)| + 2H?k1 |[vg — vally + 4H?ky |lug — us,
< (6H + 1)k1 - |61 — 02|, + 6H || Vo — Vg

oo + 2H2I£1 H’Ul - ’U2H2 + 4H31431 ||U1 - U2H2
Note the above holds true for all s, a, r, s’, therefore it implies
|]EH[X(917 9/17 Ut, Ul)] - EM[X(92’ 9/27 Uz, UQ)H
<(6H + 1)k1 - ||01 — 92”2 +6H HVQ’I — Vg/z

o T 20 [[or = vally + AHP Ky [luy — s,

and similar to Lemma L.10, the covering number of e-net will be bounded by

2 2 2 2
dlog(1 + 22TV, 4 10 (1 1 B8H Co(r1VCo + 2/Brara) ) +dlog (1 + M)

€ €2 €2
2 3
+dlog(1 + 160@€H K1 )+ dlog(1 + 3QC@€H K,l)

Comparing to Lemma L.10, the last two terms are incurred by covering u, v arguments.
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